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Two polarizations of the gravitational waves, the plus and crossmodes, are derived from general relativity.
However, alternative theories of gravity can yield the gravitational waves with up to six polarizations.
Searching for the polarizations beyond plus and cross is an important test of general relativity. In principle,
one spaceborne detector, like LISA, could measure the gravitational wave polarizations from a long time
observation with its orbital motion. With comparable sensitivities, the joint LISA and TAIJI missions will
improve the observations on the polarization predictions of theories beyond general relativity. In this work, a
class of parametrized post-Einsteinian waveforms is employed to describe the alternative polarizations, and
six parametrized post-Einsteinian parameters quantifying the deviation from the general relativity wave-
forms are examined by using the LISA-TAIJI network. Our results show that the measurements on
amplitudes of alternative polarizations from joint LISA-TAIJI observation could be improved by more than
10 times compared to LISA single mission in an optimal scenario.
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I. INTRODUCTION

From O1 to O3a of the Advanced LIGO and Virgo runs,
about 50 gravitational wave (GW) events have been
reported [1,2]. The mergers of binary compact objects
offer the unique chance to test general relativity (GR) in the
extra strong and dynamical gravitational field [3–5]. During
these tests, the polarization of GWs is an important issue.
General relativity (GR) predicts only two tensor polar-
izations: plus (þ) and cross (×) modes. However, the
metric theories of gravity may yield up to six polarizations,
which are two vector modes, two scalar modes, and the two
transverse-traceless polarization modes in GR. For exam-
ple, scalar-tensor theories like as Brans-Dicke theory
predict an extra scalar polarization (breathing, b) mode
[6,7]; vector-tensor theories can excite vector modes
(x, y modes) [8]; the Einstein-Aether theory [9] predicts
the existence of five polarization modes; and tensor-vector-
scalar theories such as TeVeS [10], bimetric [11,12], and
stratified theories, such as the Lightman-Lee theory [13],
predict the existence of all six polarization modes (þ, ×, x,
y, b, L), where L mode means longitudinal and is another
scalar polarization mode.

In general, for the transient GW signals, at least three
detectors are required to constrain additional modes [14].
Four detectors are necessary to constrain the vector modes,
and in order to fully disentangle the polarization content of
a transient signal, at least five detectors are needed to break
all degeneracies [5,14]. After the Advanced Virgo joined
the GW observation network, the tensor polarizations have
been tested to see if they are preferred over the other modes
with GW170814 and GW170817 [15,16]. The KAGRA in
Japan has begun operating and will improve the measure-
ment of polarizations in the near future [17–21].
The spaceborne detectors, including LISA [22], TAIJI

[23], and TianQin [24], are planed to been launched around
the 2030s, targeting to detect the GW in the low frequency
band. As a benefit of the periodical motions orbiting the
Sun/Earth, the detectors can observe (long-lasting) GW
signals at different positions and orientations. And then one
single mission, like LISA, could measure the polarizations
independently [25,26], especially for the sources at an
optimal position and inclination. However, for the massive
black hole binaries (MBHBs), the duration of the signal is
about a few weeks and may not be enough to constrain the
polarizations. The joint observation from the LISA-TAIJI
network may improve the resolution of the measurements.
With the comparable sensitivities of the two missions, there
will be lots of merits by LISA-TAIJI joint observations.
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Ruan et al. [27] and Wang et al. [28] demonstrated a
significant improvement in sky localization capacities by
the LISA-TAIJI network. Omiya and Seto [29] and Orlando
et al. [30] calculated the overlap reduction functions of the
two missions and evaluated the impacts of the joint
observations on the stochastic GW observation. Liu et al.
[31] estimated the constraint on polarizations from single
TAIJI observations.
In this paper, following our previous work in [28], by

using the LISA-TAIJI network, we evaluate the capacity
of observation for the polarization predictions beyond
general relativity. A set of parametrized post-Einsteinian
(ppE) waveforms is employed to represent the GW signals
of six potential polarization, and six ppE parameters are
used to quantify the deviations of GW from GR. The Fisher
information matrix algorithm is utilized to determine
measurements on the six parameters from two MBHB
sources. The results show that the measurements on the
amplitudes of alternative polarizations from a joint LISA-
TAIJI observation could be improved by more than tenfold
compared to a LISA single mission in an optimal scenario.
This paper is organized as follows. In Sec. II, we intro-

duce the model independent waveforms with GW and
alternative polarization modes. In Sec. III, we specify the
responding functions of the time-delay interferometry (TDI)
to the polarizations and evaluate the average sensitivities for
the different polarization modes. The Fisher information
matrix method utilized and the determinations on the ppE
parameters are presented in Sec. IV. We recapitulate our
conclusions in Sec. V. (We set G ¼ c ¼ 1 in this work.)

II. PARAMETRIZED POST-EINSTEIN
WAVEFORMS WITH ALL POLARIZATIONS

The GWs derived from GR have only two polarization
modes, hþ and h×; the time-domain waveforms of a binary
system inspiral with quadrupole approximation are

hþ ¼ −
2μM
Dr

cos 2Φð1þ cos2 ιÞ; ð1Þ

h× ¼ −
4μM
Dr

sin 2Φ cos ι; ð2Þ
where M the total mass, μ is the reduced mass m1m2

m1þm2
, r the

separation of two bodies, Φ the orbital phase, D is the
luminosity distance, and ι is the inclination angle of
the source with respect to the light-of-sight. The response
signal in a detector to the GW will be

hGRðtÞ ¼ Fþhþ þ F×h×; ð3Þ
where Fþ and F× are the antenna pattern functions of
the detector to the two polarizations. On the other side,
the frequency evolution of a binary under post-Newtonian
(PN) approximation is a classical solved problem [32,33],
and the GW from GR in frequency domain could be
approximated as [34]

h̃GRðfÞ ¼
�
5π

96

�
1=2

AGR
M2

D
ðπMfÞ−7=6e−iΨGR ; ð4Þ

where M is the chirp mass of the binary ðm1m2Þ3=5=
ðm1 þm2Þ1=5 and AGR is the responding amplitude of the
polarization modes (þ;×) from a detector,

AGR ¼ −Fþð1þ cos2 ιÞ − 2iF× cos ι: ð5Þ
In general, GW metric perturbations at a given space-

time point can be expressed as

hijðt; Ω̂Þ ¼ haðtÞeaijðΩ̂Þ; ð6Þ
where Ω̂ is the sky direction of a GW source. In metric
theories of gravity, there are up to six possible polarization
modes because the polarization tensors eaijðΩ̂Þ could have a
maximum of six combinations, which are defined as

eþab ¼ êx ⊗ êx − êy ⊗ êy; ð7Þ

e×ab ¼ êx ⊗ êy þ êy ⊗ êx; ð8Þ

exab ¼ êx ⊗ êz þ êz ⊗ êx; ð9Þ

eyab ¼ êy ⊗ êz þ êz ⊗ êy; ð10Þ

ebab ¼ êx ⊗ êx þ êy ⊗ êy; ð11Þ

eLab ¼
ffiffiffi
2

p
êz ⊗ êz; ð12Þ

where the set of orthonormal unit vectors fêx; êy; êzg is
GW basis; i.e., êz ¼ −Ω̂ is a unit vector in the direction
of propagation of the GW, and êz ¼ êx × êy. Then in
Eq. (6), a ¼ þ;×; x; y; b;L are the polarization indices
that correspond to two tensor modes (hþ, h×), two vector
modes (hx, hy), and two scalar modes (breathing hb and
longitudinal hL).
By assuming all six polarization modes exist, an

observed GW signal in a detector can be written as

hðtÞ ¼ Fþhþ þ F×h× þ Fxhx þ Fyhy þ Fbhb þ FLhL:

ð13Þ
Similar to Eq. (3), the Fx, Fy, Fb, and FL are the response
functions of the detector to the extra polarization modes
beyond the GR. However, hx, hy, hb, and hL are the GW
waveforms for the corresponding polarizations, and they
are derived in different forms from various theories. Also,
not all of the polarization modes appear in different
theories. For instance, the Brans-Dicke theory (a scalar-
tensor theory) only predicts one more mode, hb. Vector-
tensor theories usually predict the existence of preferred
directions and the excitation of vector modes hx, hy [8].
Einstein-Aether theories will allow five polarization modes
[9], while the tensor-vector-scalar theories, bimetric and
stratified theories, allow all six polarization modes [10–13].
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The above alternative gravity theories predict a different
formalism for a certain extra polarization. One can refer to
Ref. [14] for the time-domain waveforms with different
coupling parameters for a few of these theories. For the
testing of these polarization modes, it is not convenient to
focus on just one special theory. Alternatively, a model-
independent waveform model, which can include a set of
parameters corresponding to various theories, should be
more appropriate for tests of polarization.
Furthermore, for data analysis, frequency-domain

waveforms are will be more convenient than the time-
domain ones. And the waveforms in frequency domain
have different formulas for different theories not only due
to the time-domain waveforms but also due to varied
radiation reactions. A general framework that can incor-
porate the possible alternative theories of gravity will be
convenient to test the potential polarizations beyond
the GR.
To test the GR in the post-Newtonian limits, the para-

metrized post-Newtonian (ppN) formalism was developed
in the 1970s [35–37]. The ppN formalism provided a good
approach on tests of the gravity theories in the Solar
System, binary pulsars, motion of objects around super-
massive black hole, and etc. [7]. To test the alternative
theories of gravity beyond the GR, by adopting a similar
strategy like the ppN, Yunes and Pretorius [38] developed a
parametrized post-Einsteinian (ppE) formalism to incorpo-
rate the alternative theories beyond GR. Chatziioannou
et al. [14] extended a model-independent framework to
include the complete polarization content. The ppE
approach provides a approach for testing GR through
the GW observations.
The standard ppE waveform in frequency domain can be

generally expressed as

h̃ðfÞ ¼ h̃GRðfÞ½1þ α0ua0 �eiβ0ub0 ; ð14Þ

where (α0, a0) are ppE parameters on the amplitude
modification, and (β0, b0) are parameters on the phase
correction. Here, we use the superscript 0 to distinguish the
following parameters α, β, and b, which have coefficient
differences defined in [14]. u ¼ πMf when the dominant
GW mode is considered. The waveform will return to the
PN waveform described in GR h̃GRðfÞ when the ppE
parameters go to zero.
When the full six possible polarization modes are

considered, by taking the waveform from the harmonic
l ¼ 2, a model-independent ppE framework from [14] is
described as

h̃ppEðfÞ ¼ h̃GRð1þ cβubþ5
2 Þe2iβub2 þ ½αbFbsin2ι

þαLFLsin2ιþ αxFx sin 2ιþ αyFy sin ι�

×
M2

D
u−7=22 e−iΨ

ð2Þ
GRe2iβu

b
2 ; ð15Þ

where u2 ≡ ðπMfÞ1=3 as defined in this case, β and b
are the free ppE parameters, c is a coefficient decided by
b. αb, αL, αx, and αy are the parameters related to the
breathing, longitudinal, and vector polarization x and y
modes, respectively. Fb;L;x;y are the response functions of
one GW detector to each corresponding polarization mode.
c is defined as follows to incorporate the conservative and
dissipative corrections as defined by Eq. (11) in the Erratum
[39] of [14],

c ¼ −
16

15

bð3 − bÞðb2 þ 7bþ 4Þ
b2 þ 8bþ 9

: ð16Þ

The relation between b and c means that the modification
on the GW phase will definitely influence the amplitude as
analyzed in [14]. The GW approximation in this work is
based on the Eq. (15), and the antenna pattern functions for
the polarization mode p. Fp for LISA-like detectors will be
specified in the next section.

III. GW RESPONSE IN TDI

A. The LISA and TAIJI orbital configuration

The updated LISA mission proposed a 2.5 × 106 km
arm length and trails the Earch by around 20° [22]. The
formation plane of the three S/C would have a 60°
inclination angle with respect to the ecliptic plane as shown
in Fig. 1. The TAIJI mission proposed a LISA-like
formation with a 3 × 106 km arm length [23]. The triangle
constellation will be in front of the Earth by around 20°, as
shown in Fig. 1.
With a separation of ∼1 × 108 km, the joint LISA-TAIJI

observation from the long baseline will bring merits for
GW detections. In our previous work [28], we evaluated the
sky localization improvement of the joint observation on
the supermassive black hole binaries. By employing the
numerical mission orbit in [28,40], we will explore the
detectability of the joint network to the alternative GW
polarization modes beyond the GR.

B. Michelson and optimal TDI channels

The optimal channels of the first-generation Michelson
TDI channel are employed to perform the detectability of

FIG. 1. The diagram of LISA and TAIJI mission orbital
configurations.
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the LISA/TAIJI mission. The Michelson X channel space-
craft (S/C) layout-time delay diagram is shown in Fig. 2, as
generated in [41]. Following the diagram, the expression of
measurements in the X channel will be [42].

X ¼ ½D31D13D21η12 þD31D13η21 þD31η13 þ η31�
− ½η21 þD21η12 þD21D12η31 þD21D12D31η13�;

ð17Þ
where Dij is a time-delay operator, DijηðtÞ ¼ ηðt − LijÞ.
The ηji are the combined observables from S=Cj to S=Ci,
which are defined as [43–45], and the specific expressions
for this work are defined by Eq. (2) in [41].
A group of optimal TDI channels (A, E, and T) can be

generated from linear combinations of the three Michelson
channels (X, Y, and Z) as following [46,47]:

A ¼ Z − Xffiffiffi
2

p ; E ¼ X − 2Yþ Zffiffiffi
6

p ; T ¼ Xþ Yþ Zffiffiffi
3

p :

ð18Þ

The Y and Z channels are obtained from cyclical permu-
tation of the S/C indexes. The joint three optimal channels
would represent the ultimate detectability of a LISA-like
space mission. Therefore, the joint optimal channels are
employed to study the capability of the LISA and TAIJI
mission to the GW signals.

C. Response formulation of TDI channel

The final GW response of a TDI channel is combined
from the response in each single link. The response to a
GW þ and × polarizations in a single link Doppler
measurement has been formulated in [48,49], and specific
formulas were described in Vallisneri and Galley [42] and
Vallisneri et al. [47]. Tinto and da Silva Alves [50]
developed the response functions for the alternative polar-
izations and evaluated the sensitivities. We employ the
formulas as follows to investigate the response of TDI to
the six polarizations.
For a GW source locating at ecliptic longitude λ and

latitude θ with respect to the Solar System barycentric
coordinates, the GW propagation vector will be

k̂ ¼ −ðcos λ cos θ; sin λ cos θ; sin θÞ: ð19Þ

The þ or × polarization tensors of the GW signal, as well
as the (potential) alternative polarization tensor, scalar
breathing (b), scalar longitudinal (L), vector x and y,
combining with the factors from inclination angle ι of
the source are

eþ ≡O1 ·

0
B@

1 0 0

0 −1 0

0 0 0

1
CA ·OT

1 ×
1þ cos2ι

2
; e× ≡O1 ·

0
B@

0 1 0

1 0 0

0 0 0

1
CA ·OT

1 × ið− cos ιÞ;

eb ≡O1 ·

0
B@

1 0 0

0 1 0

0 0 0

1
CA ·OT

1 × sin2ι; eL ≡O1 ·

0
B@

0 0 0

0 0 0

0 0 1

1
CA ·OT

1 × sin2ι;

ex ≡O1 ·

0
B@

0 0 1

0 0 0

1 0 0

1
CA ·OT

1 × sin ι cos ι; ey ≡O1 ·

0
B@

0 0 0

0 0 1

0 1 0

1
CA ·OT

1 × i sin ι; ð20Þ

with

O1 ¼

0
B@

sin λ cosψ − cos λ sin θ sinψ − sin λ sinψ − cos λ sin θ cosψ − cos λ cos θ

− cos λ cosψ − sin λ sin θ sinψ cos λ sinψ − sin λ sin θ cosψ − sin λ cos θ

cos θ sinψ cos θ cosψ − sin θ

1
CA; ð21Þ

where ψ is the polarization angle. The response to the GW polarization p in the link from S=Ci to j will be

yhp;ijðfÞ ¼
n̂ij · ep · n̂ij
2ð1 − n̂ij · k̂Þ

× ½expð2πifðLij þ k̂ · piÞÞ − expð2πifk̂ · pjÞ�; ð22Þ

FIG. 2. The S/C layout-time delay diagrams for Michelson X
channels as generated in [41].
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where n̂ij is the unit vector from S=Ci to j, Lij is the arm
length from S=Ci to j, and pi is the position of the S=Ci in
the Solar System barycentric (SSB) ecliptic coordinates.
The response of a TDI combination for a specific

polarization p in the frequency domain will be simplified
by summing up the responses in the time shift single links.
For instance, the response in the X channel could be
described by

FX;pðfÞ ¼ ð−Δ21 þ Δ21Δ13Δ31Þyhp;12
þ ð−1þ Δ13Δ31Þyhp;21
þ ðΔ31 − Δ31Δ12Δ21Þyhp;13
þ ð1 − Δ12Δ21Þyhp;31; ð23Þ

where Δij ¼ expð2πifLijÞ. The GW responses in the
optimal A, E, and T channels are obtained by applying
Eq. (18) straightforwardly. One polarization of the GW
waveform in a TDI channel could be expressed as h̃TDI;p ¼
FTDI;ph̃ as will be shown in Fig. 4, where the h̃ is the
intrinsic GW waveform in the frequency domain. By using
Eq. (15), the alternative GW waveform with six polar-
izations in one TDI channels could be modified as [14]

h̃ppE;TDIðfÞ ¼ ½ðFþ þ F×Þð1þ cβubþ5
2 Þ þ αbFb þ αLFL

þαxFx þ αyFy�h̃GRe2iβub2 ; ð24Þ

where h̃GR is the intrinsic GW waveform from GR
described by the approximant IMRPhenomPv2 [51] in
our calculations. The β, b, αb, αL, αx, and αy are the six ppE
parameters to be determined.

D. The average sensitivities of LISA
to the polarizations

Considering the various response in TDI channels, we
evaluate the average sensitivities of the LISA and LISA-
TAIJI network to the six polarization modes at first.
Following the method we used in Wang et al. [41], 105

sources are simulated randomly, which are located over the
sky and polarization at each frequency. The response of one
TDI channel to a polarization mode is calculated by using
the Eqs. (18)–(23) with an optimal inclination (for instance,
inclination ι ¼ 0 yields the maximum amplitude for tensor
polarization, and ι ¼ π=2 yields the strongest GW for
scalar polarizations). The median responses of joint A+E
+T channels over sky and polarization angle are chosen to
represent the average capacity of one mission to a specific
GW polarization mode. And the response of LISA and
TAIJI to a source are calculated simultaneously.
The acceleration noise and optical path noise are

considered to evaluate the sensitivity of LISA/TAIJI. The
noise budgets are from the updated upper limit of their
noise requirements [22,52]. The acceleration noise Sacc

requirements are assumed to be the same for both LISA
and TAIJI,

S1=2acc ¼3×10−15
m=s2ffiffiffiffiffiffi
Hz

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

�
0.4mHz

f

�
2

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

�
f

8mHz

�
4

s
:

ð25Þ

And the optical path noises Sop requirement for two
missions are slightly different, which are

FIG. 3. The average sensitivities of LISA mission (upper panel)
and joint LISA-TAIJI network (lower panel) to the different
polarization modes at the optimal inclination angles. The upper
plot of the upper panel shows the joint LISA Aþ Eþ T channel
would improve the sensitivity by a factor of

ffiffiffi
2

p
to 2 compared to

its fiducial Michelson X channel. The lower panel shows the joint
LISA-TAIJI network can improve the sensitivities by a factor of
≥

ffiffiffi
2

p
than the single LISA mission.
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S1=2op;LISA ¼ 10 × 10−12
mffiffiffiffiffiffi
Hz

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

�
2mHz

f

�
4

s
;

S1=2op;TAIJI ¼ 8 × 10−12
mffiffiffiffiffiffi
Hz

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

�
2mHz

f

�
4

s
: ð26Þ

The combined noise PSDs of the TDI channels are
calculated by implementing the algorithm in [41,53].
The average sensitivities of the LISA’s Aþ Eþ T

channel and joint LISA-TAIJI network to a polarization
mode p are obtained by

SLISA;p ¼
�X

A;E;T

jFTDI;pj2
Sn;TDI

�−1
; ð27Þ

Sjoint;p ¼
�XTAIJI

LISA

X
A;E;T

jFTDI;pj2
Sn;TDI

�−1

: ð28Þ

The average sensitivities of the LISA mission for different
polarization modes are shown in the upper panel of Fig. 3.
The upper plot of the upper panel shows the increase of
joint Aþ Eþ T sensitivity compared to the fiducial
Michelson X channel. As we expatiated in Wang et al.
[53], the joint Aþ Eþ T channels will improve the
sensitivity by a factor of

ffiffiffi
2

p
to 2 times than the X single

channel. The joint LISA-TAIJI observation can further
improve the sensitivity of LISA by a factor of ≥

ffiffiffi
2

p
as

shown in the lower panel of Fig. 3. We can also notice that
the sensitivity for the vector mode and the longitudinal
mode do not quickly decline as the tensor mode, and this
should be due to the higher response at the high frequency
band in the TDI for these polarization modes as discussed
in [50,54].
The sensitivities for alternative polarizations in Fig. 3 are

calculated by assuming the ppE parameter αi ¼ 1 in
Eq. (24) and an optimal inclination ι in Eq. (20). The
sensitivities could be scaled by the tuned factors.

IV. CONSTRAINING PPE PARAMETERS FROM
SMBH BINARY COALESCENCE

A. Source selections

Following our previous work [28], we choose the
supermassive black hole (SMBH) binaries with a mass
ratio q ¼ 1=3 at redshift z ¼ 2 to examine the detectability
of the LISA-TAIJI network and compare the results to a
single LISA mission. Two masses setups are employed
which are source1 (m1 ¼ 105 M⊙, m2 ¼ 3.3 × 104 M⊙)
and source2 (m1 ¼ 106 M⊙, m2 ¼ 3.3 × 105 M⊙).
Another motivation for this selection is that these two
sources could be well sky localized by the two detector
network as studied in [28]. Therefore, an optimistic
scenario would be assumed that the source location

(direction and distance) could be determined by a multi-
messenger observation, and the known source location may
improve the achieved results.
The redshifted GW amplitudes of two sources in the

selected TDI channels and the ASDs of the channels are
shown in Fig. 4. The amplitudes incorporate the response
function of the TDI channels 2

ffiffiffi
f

p jh̃GR � FTDI;pj for the
specific source parameters ðθ ¼ π=10; ι ¼ 0.55 rad;ψ ¼
π=3Þ through the frequency band in the last one year of
coalescing. The ASDs of the TDI channels are the noise
level from the acceleration and optical-path noises. The
ASDs of A and E channels are identical, while the
amplitudes of GW signals in their channels are different.
The frequencies at 30 days before the coalescences are
annotated in the plot, and the SNRs from the last 30 days
are expected to be dominant for the detections. As we
previously studied in [41,53], the location around the
ecliptic latitude θ ¼ 18° would be an optimal choice for
the average response, and the longitude of sources is
coordinated with the positions of the LISA and TAIJI to
have an optimal response. The inclination of the sources is
one of the key factors which relates to the cadence of the
different polarization amplitudes. By presuming the polari-
zation modes beyond GR are much less significant than
þ=× polarizations from GW, the inclination angle is set to
be ι ¼ 0.55 rad, which is close to the favored angle of the
detections as shown in the upper plot of Fig. 6 [55]. And we
will also perform the investigations varying the inclination
in Sec. IV D. The polarization angle is set to be ψ ¼ π=3.

FIG. 4. The redshifted GW amplitudes 2
ffiffiffi
f

p jh̃GR � FTDI;pj of
the selected sources and ASDs in the optimal TDI channels for
one year evolution before coalescence. The GW amplitudes
include the TDI response function FTDI;p for the sources with
geometric angles ðθ ¼ π=10; ι ¼ 0.55 rad;ψ ¼ π=3Þ. The ASDs
of the TDI noises include the acceleration noises and optical
path noises. The source1@TDI indicates GW amplitude of the
source1 (m1 ¼ 105 M⊙, q ¼ 1=3, z ¼ 2) in the TDI channels,
and source2@TDI indicates the source2 (m1 ¼ 106 M⊙,
q ¼ 1=3, z ¼ 2).
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For the source1 (m1 ¼ 105 M⊙, q ¼ 1=3), the GW
frequency evolution during the one year to merger will
change from 0.14 mHz to 40 mHz, and the corresponding
u32 ¼ πMf value changes from [0.0003, 0.09]. And the
GW frequency from the binary (m1 ¼ 106 M⊙, q ¼ 1=3)
will start from 0.033 mHz to 4 mHz, and the range of u32 is
[0.00075, 0.09]. As estimated in Cornish et al. [56], the
bounds limits of β at a given b is expected to be inversely
proportional to the SNR and the range of ub2 .

B. Antenna patterns for polarizations

The response of a GW interferometer to the GW signals
changes with the source locations and orientations. The
antenna patterns of a ground-based interferometer for
the alternative GW polarization modes have been plotted
in [25,26]. To illustrate the antenna pattern of a LISA-
like mission, the joint responses of the A, E, and T TDI
channels to each polarization in the detector frame are
shown in Fig. 9 in the Appendix. As Fig. 9 shows, the
most sensitive directions for the tensor modes are the
normal/polar directions with respect to the interfero-
meter plane, while the most sensitive directions for the
scalar and vector x polarization are the equatorial direc-
tions. The optimal direction for the vector y polarization

observation is the direction π=4 with respect to the
formation plane.
As aforementioned, the S/C formation plane of a LISA-

like mission has a 60° inclination angle with respect to the
ecliptic plane. Considering the detector’s orbital motion,
the SSB coordinates are employed to incorporate the
modulations with the relative positions and orientation
changes between the interferometer and the GW sources.
The instantaneous sensitivities of LISA for the different
polarization modes are shown in Fig. 5. The sensitivity is
calculated by using Eq. (27) at 10 mHz for the ψ ¼ π=3 and
optimal inclinations ι for each polarization mode. As we
can see in two plots of the upper panel, the most sensitive
direction for the tensor modes observation is around �30°
ecliptic latitude facing by the S/C triangular formation. For
scalar polarization modes, the most sensitive directions of
the tensor modes are the most insensitive directions. For
vector modes, besides the insensitive directions to the
normal directions of the S/C formation plane, there are
some other unresponsive directions. This antenna pattern
also will change with the geometric angles (ψ and ι), the
GW frequency, and the time. With a 40° separation from
LISA as shown in Fig. 1, the TAIJI mission is expected to
have a similar antenna pattern with ∼40° spatial shifted
along the ecliptic latitude. The joint LISA and TAIJI

FIG. 5. The instantaneous sensitivities of LISA joint Aþ Eþ T channels for various polarization modes at 10 mHz. The ψ is set to be
π=3, and inclination ι is optimal for each polarizations.
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network will improve their sky coverage and enhance their
detectability as we will see in the following subsections.
In this work, the coalescing SMBH binaries are selected

to investigate the polarization observations, and the
GW signals observations are mainly concentrated in the
last one month as indicated in Fig. 4. On the other side,
the observations of dominant tensor polarizations have the
inverse favored sky direction against other alternative
polarizations. It would be a trade-off for the selections
of the source location and merger time. When the obser-
vation simulation is beneficial to the tensor modes, the SNR
could increase and ppE parameters β and b could be well
constrained. Other polarization modes could be poorly
observed and parameters αi may be underestimated and
vice versa. In this investigation, the sources are selected to
make their mergers happen around detectors’ sensitive
directions for the tensor mode.

C. Fisher information method

The Fisher information matrix (FIM) is applied in this
investigation to determine the uncertainty of the parameter
estimation from the GWobservation as used in [[28,57–60]
and references therein]. The FIM from the single LISA
mission is obtained by summing up the three optimal
channels (A, E, and T), and the joint FIM of the LISA-
TAIJI network is achieved by summing up the FIM from
each mission,

Γij ¼
XTAIJI
LISA

X
A;E;T

�∂h̃ppE;TDI
∂ξi

���� ∂h̃ppE;TDI∂ξj
�
; ð29Þ

with

ðgjhÞTDI ¼ 4Re
Z

∞

0

g�ðfÞhðfÞ
STDIðfÞ

df; ð30Þ

where h̃ppE;TDI is the frequency domain GWwaveform with
all polarization modes as described by Eq. (24), ξi is the ith
parameter to the determined, and STDIðfÞ is the noise PSD
of one TDI channel from LISA or TAIJI.
In this investigation, 15 parameters are considered to

describe the GW signal of a binary binary inspiral,
which are ecliptic longitude and latitude ðλ; θÞ, polarization
angle ψ , inclination ι, luminosity distance D, the coa-
lescence time and phase ðtc;ϕcÞ, the total mass of binary
M and mass ratio q, and the six ppE parameters
ðβ; b; αb; αL; αx; αxÞ. Two scenarios are considered to
implement the FIM calculations. The first one is that the
location of the source is unknown and the FIM is calculated
for full 15 parameters. The second case is that the location
of GW source is known from other associated observation,
and the FIM is calculated for 12 parameters, excluding the
three parameters ðλ; θ; DÞ.
The variance-covariance matrix of the parameters could

be obtained by

hΔξiΔξji ¼ ðΓ−1Þij þOðρ−1Þ: ð31Þ

The standard deviations σi and correlation coefficients σij
of the parameters for the high SNR ρ ≫ 1 will be

σi ≃
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΓ−1Þii

q
;

σij ¼
covðξi; ξjÞ

σiσj
≃
ðΓ−1Þij
σiσj

: ð32Þ

We focus on the ppE parameters determinations from LISA
and the improvements from LISA-TAIJI joint observations
in this work.

D. Results with varying inclination

Weexamine the detectability of the ppE parameter varying
with the inclination of sources in this subsection. The
amplitude of a GW signal is modulated with the inclination
ι of the binary as read from Eq. (20). With only considering
the two GW polarizations from GR, the distribution of
inclination ι from the detections is expected to be [55]

ptensorðιÞ ∝ ð1þ 6 cos2 ιþ cos4 ιÞ3=2 sin ι: ð33Þ

The normalized distribution is shown by the blue curve in the
upper plot of Fig. 6. Similarly, if the vector polarizations or
the scalar polarization is only considered, the corresponding
distributions of inclination angle will be

pvectorðιÞ ∝ ðsin2 ι cos2 ιþ sin2 ιÞ3=2 sin ι;
pscalarðιÞ ∝ sin7 ι: ð34Þ

Their curves are shown in Fig. 6 upper plot by the orange and
green curves, respectively. These distributions show the
favored inclinations by the different polarizations, the most
favored inclination by the tensor polarization is around
ι ¼ 0.55 rad, and the distributions of ι have the peaks around
π=2 ¼ 1.57 for both vector and scalar polarizations.
By assuming the αi ¼ 1 for the alternative polarizations

and tensor polarizations from GR, their SNRs varying with
the inclinations from the two selected sources are shown in
the lower plot of Fig. 6. The SNR from (ι ¼ π=2, edge-on)
will be 1=

ffiffiffi
8

p
of SNR from (ι ¼ 0=π, face-on/off) for the

dominant tensor mode. For the inclination selection, con-
sidering the symmetry effects of the inclination in ½0; π=2�
and ½π=2; π� range, we perform the investigations for
ι ¼ nπ=24ðn ¼ 1 to 11Þ. One reason to avoid the ι ¼ 0 is
the astrophysical unlikely as shown in the upper plot of
Fig. 6; another reason is that ι ¼ 0 or π=2 will dissolve
some polarizations and make the FIM singular. The ppE
parameter b is given different values for the different
gravitational theories as shown in Table I of [56]. For
the first step, we pick the b ¼ −3, which corresponds to the
massive graviton theory [61–67], and we investigate the
other b valves in the next step. The β parameter is roughly
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set to be 0.01 from the bounded result at b ¼ −3 in [56].
The six ppE parameters are fixed for the FIM calculations,
which are ðβ; b; αb; αL; αx; αyÞ ¼ ð0.01;−3; 0; 0; 0; 0Þ.
The constraints on ppE parameters from the source1

ðm1 ¼ 105 M⊙; q ¼ 1=3; z ¼ 2Þ and source2 ðm1 ¼
106 M⊙; q ¼ 1=3; z ¼ 2Þ observations for different incli-
nation angles are shown in Fig. 7. The uncertainties of ppE
parameters β and b get improved when the inclination
approaches 0 (or π) as shown in the two plots in the upper
panel. Comparing to the LISA single detector, the joint
LISA-TAIJI observation can improve the accuracy of the
determination by a factor of ∼2, which should be the
contribution of a twofold SNR. When the position of
sources are known and the location parameters (λ, θ, D)

are excluded, it only slightly improves the constraints from
the single LISA observation and does not show improve-
ment for the LISA-TAIJI joint observation. Comparing the
constraints from the two sources, the source1 shows a better
ability to measure parameters β and b than the source2.
This could be due to the source1 having a relatively larger
frequency range in the one year evolution and then having a
larger range of the u2. The wider range of u2 could improve
measurements on the parameter β and b [56]. For the
ι ¼ 0.55 rad, the uncertainty of β could be constrained by
the source1 in 9 × 10−6 from the LISA observation, and it
could be constrained in 5 × 10−6 by the joint observation.
The uncertainty of the parameter b could be bound in
5 × 10−4 by LISA from source1 observation and be within
2.5 × 10−4 by the LISA-TAIJI network. In general, at any
inclination case, the joint LISA-TAIJI observation could
improve the β and b determinations by a factor of ∼2.
The measurement uncertainties of ppE αi from the two

sources are shownby themiddle and lower plots in Fig. 7. For
these four parameters, the jointLISA-TAIJI networkpresents
significant advantages. Without knowing the position of the
source, the joint observation could improve the parameter
measurements by more than ∼10 times in most of the cases
except the more than ∼4 times improvement for the αb. For
theαb,αL, andαy, their uncertainties tend to decreasewith the
increase of the ι, and the αx is better measured around the
ι ¼ π=4. We infer these tendencies from Eq. (20) which
shows that the amplitudes of scalar breathing, scalar longi-
tudinal, and vector y polarization modes increase with the
selected inclination angles, and the amplitude of vector x
mode has the maximum at ι ¼ π=4.
Compared to the results from two sources, the uncertain-

ties of parameters αb and αL from source2 are moderately
worse than the results from source1 for all scenarios (the
single LISA or joint observation, unknowing or knowing the
sky location) as two plots shown in the middle panel.
However, for the measurement on the αx and αy, the results
from source1 observations from the single LISAmission are
still better than the results from source2; the joint observa-
tions could promote the source2 to a better constraint than
source1, which could, due to the TAIJI mission, observe
the source2 with a better response than source1. For the
inclination ι ¼ 0.55 rad, the joint LISA-TAIJI observation
could improve the parameter accuracy bymore than 10 times
compared to a single LISA observation for αL, αx, and αy; if
the position of the source is known and excluded from FIM
calculation, the uncertainties of parameters could further
decrease, and this should be due to the degeneracy removed
between the sky location and αi.

E. Results with varying ppE parameters b and β

In this subsection, we examine the impact of the joint
LISA-TAIJI observation on the measurements of ppE
parameters with different given β and b values. As
aforementioned, the inclination ι of a source tunes the

FIG. 6. The distributions of the inclination ι from expected
detections considering the solo tensor, vector, and scalar polari-
zation modes (upper panel) and the LISA’s SNR of polarizations
for corresponding αi ¼ 1 from two selected sources with the
inclinations (lower panel). The tensor curve shows the distribu-
tion of ι from the standard GR GW detections which are
described by Eq. (33) [55]. The vector and scalar curve show
the distributions of ι when the solo vector or scalar polarization
GW waveform is detected as described by Eq. (34). The
distribution curve shows the distribution of ι from geometry,
pðιÞ ∝ sin ι.
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amplitudes of each GW polarization and affects the SNR
of the detection. Considering the tensor polarizations are
dominant for the GW radiation from the coalescing
compact binaries [4,16,20], we perform the investigations

by choosing the fixed ι ¼ 0.55 rad. The four αi coefficients
on polarization amplitudes are set to be zero as the
fiducial value (αb ¼ αL ¼ αx ¼ αx ¼ 0). Considering the
parameter β has been bound at a given b from the PSR

FIG. 7. The uncertainties of ppE parameters varying with the inclination ι from the source1 (m1 ¼ 105 M⊙; q ¼ 1=3; z ¼ 2) and
source2 (m1 ¼ 106 M⊙; q ¼ 1=3; z ¼ 2 for ppE parameters setup ðβ; b; αb; αL; αx; αyÞ ¼ ð0.01;−3; 0; 0; 0; 0Þ. Four scenarios results
are shown in each plots which are (1) the result from the single LISA observation without knowing the position of the source
(m1_unknown-LISA), (2) the result from joint LISA-TAIJI observation without information of source location (m1_unknown-joint),
(3) the result from the LISA observation with knowing position of the source and the FIM calculation excluding the three parameters:
direction of the source (λ, θ), and distance of the sources D (m1_known-LISA), and (4) the result from LISA-TAIJI joint observation
with knowing the position of the source (m1_known-joint). In the two plots in the upper panel, the curves for 1e6_unkonwn-joint and
1e6_known-joint are overlapped.
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J0737-3039 [68] and the LIGO and LISA simulation [56],
our choices of β at a given b are shown by the purple
triangles in the first plot of Fig. 8. And the FIM is calculated
subsequently by settling each pair β and b.

The constraints on the ppE parameters with different β
and b are shown in Fig. 8. The upper two plots show the
results for β and b from the source1 ðm1 ¼ 105 M⊙; q ¼
1=3; z ¼ 2Þ and source2 ðm1 ¼ 106 M⊙; q ¼ 1=3; z ¼ 2Þ.

FIG. 8. The constraints of ppE parameters with different β and b from the LISA observation and LISA-TAIJI joint observations. The
upper two plots show the results for β and b, and the middle and lower panels are the results for alternative coefficients αi. The (purple)
triangles are the β setups at a given b values which roughly referred from bounds in Cornish et al. [56]. The legend labels are same
defined as in Fig. 7, the keyword with 1e5 or 1e6 indicates the respective source1 or source2, and a label with unknown/know shows
if the position of source ðλ; θ; DÞ is included/excluded in the FIM calculations. In the upper two plots, the unknown and known curves
are overlapped for each scenarios. In the two plots in upper panel, the paired curves for m1_unkonwn-joint and m1_known-joint are
overlapped.
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As we can read from the upper left plots, for the presets of β
and b, the constraints on β get better with the b decreases
for both of the two selected sources. The source1 shows a
relatively better determination of β by around one order
than the source2 for the ðβ ¼ 10−2; b ¼ −3Þ. For other
cases, no significant difference between their results. The
joint observation of the LISA-TAIJI network could improve
by a factor of ∼2 as shown more clearly in the previous
subsection. For the measurement on parameter b, the
source1 demonstrates more than 10 times a better constraint
than source2 for b < −4.5. And the joint observation also
can improve by a factor of ∼2 on the parameter determi-
nation. The knowledge of the source position has a little
improvement on the measurement since the sky location
could be resolved from the loud signals, and their curves
are overlapped with the unknown cases. The measurements
of αi are shown in the middle and lower panels.
Considering the αi are relatively independent of the β
and b selections, the constraint on the αi are almost have no
change with the β and b values.
We conclude that, for the ppE parameter ðβ; b; αb; αL;

αx; αyÞ measurements from the selected sources, compared
to the LISA single detector observation, the joint obser-
vation of the LISA and TAIJI network could improve for
the β and b measurement by a factor of ∼2; the coefficients
of alternative polarization modes αi could be improved by
more than ∼10 times. With knowing the position of the
source, all the accuracy of the polarization coefficients αi
could be further improved for some cases. For the signifi-
cant promotions on the measurement of αi, we ascribe the
sky coverage compensation for LISA and TAIJI missions
as inferred in Fig. 5. For our selected locations of the GW
sources, the LISA could efficiently observe the GW tensor
polarization modes and insensitively detect the other
polarization modes. As a merit of the joint network, the
TAIJI mission could response to the alternative polar-
izations with a better antenna pattern in this case and
observe these polarizations with a higher sensitivity. A
caveat is that the different choices about the source location
and/or merger time may yield a different constraints on the
ppE parameters.

V. CONCLUSIONS

In this work, we explore the detectability of the
LISA-TAIJI network to the alternative polarization modes
compared to that of the single LISA mission. The ppE
formulation is employed to specify the parameters
ðβ; b; αb; αL; αx; αyÞ to be determined. To perform the
investigations, two sources are selected, which are source1

ðm1 ¼ 105 M⊙; q ¼ 1=3Þ at redshift z ¼ 2, and source2
ðm1 ¼ 106 M⊙; q ¼ 1=3Þ at the same distance. By using
the Fisher matrix algorithm, for the last one year to
coalescence, the ppE parameters are generally better
measured from the source1 observation than the source2.
The joint LISA-TAIJI network could improve the meas-

urement of β and b by a factor of ∼2 compared to the single
LISA mission. The joint observations show the significant
improvement for the uncertainty of the alternative polari-
zation modes coefficients αi, and the joint network could
reduce the uncertainty of the αi by a factor of ≳10
compared to LISA, except ≳4 for αb. In an optimistic
scenario, if the location of the source is determined by the
multimessenger observation, the joint LISA-TAIJI obser-
vation could further improve the measurement of the four
coefficients of alternative polarization modes αi, which
should be an outcome of removing the degeneracies
between the source distance and coefficients.
The current study employs the Fisher information matrix

algorithm to determine the uncertainties of the ppE param-
eters with a single event, and only the approximate limits
are achieved from this investigation. The Bayesian
approaches have been proposed by Del Pozzo et al. [69]
and Cornish et al. [56] to test the alternative gravitational
theories. And more rigorous bounds could be obtained by
applying the Bayesian algorithm to the LISA-TAIJI joint
observation. We plan to perform these analyses in future
studies.
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APPENDIX: ANTENNA PATTEN OF A
LISA-LIKE MISSION

For a LISA-like with full six functional links, the joint
responses of three optimal TDI channels (A, E and T)
represent the eventual response of the mission. And the
response for the different GW polarization modes in the
detector frame are shown in Fig. 9.
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