PHYSICAL REVIEW D 103, 064009 (2021)

Asymptotic symmetries in spatially flat FRW spacetimes
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We perform an off-shell treatment of asymptotically decelerating spatially flat Friedmann-Robertson-
Walker (FRW) spacetimes at future null infinity. We obtain supertranslation and superrotationlike
asymptotic diffeomorphisms which are consistent with the global symmetries of FRW, and we compute
how the asymptotic data are transformed under them. Further, we study in detail the effect of these
diffeomorphisms on some simple backgrounds including unperturbed FRW and Sultana-Dyer black
hole. In particular, we investigate how these transformations act on several cosmologically perturbed

backgrounds.
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I. INTRODUCTION

Since its discovery in 1915, general relativity [1] has
been extensively explored. Nevertheless, the asymptotic
structure of the theory was not investigated until the
seminal work of Bondi, van der Burg, Metzner, and
Sachs (BMS) [2,3]. Contrary to the intuitive idea that
one should only recover the Poincaré group at future null
infinity of asymptotically flat spacetimes, they unveiled a
much richer set of asymptotic transformations which also
included the so-called supertranslations. The literature
around this topic was surrounded by mathematical formal-
ity in those days (see e.g., [4—12]).

A couple of decades after BMS, Brown and Henneaux
[13] applied a similar approach to AdS;, noticing that the
algebra of asymptotic diffeomorphisms (and their charges)
corresponded to a two-dimensional (2D) conformal field
theory (CFT). Their paper was followed by successful
attempts to roughly estimate a microscopic description for
the BTZ black hole entropy [14-16], and it was intimately
related to the holographic current [17-19] falling into
Maldacena’s AdS/CFT correspondence [20].

The modern era of asymptotic symmetries started with
the Kerr/CFT correspondence [21] and the inclusion of
superrotations [22-24]. They were merged with memory
effects and soft theorems into infrared triangles [25,26]. It
diversified into a wide variety of topics, among which we
would like to highlight flat holography [27-35], black hole
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entropy [36—45], algebraic oriented studies [46-50], as well
as extensions to timelike [51] and spatial flat infinity [52],
to dS; and AdS, [53], to string theory [54-57] and the
swampland [58], to higher dimensions [59-61] and Kaluza-
Klein [62], to the membrane paradigm [63—-65], to alter-
native gravity theories [66—68], and also to cosmological
settings.

Surprisingly, the literature regarding the infrared structure
of cosmology is scarce [69-76]. Our work is framed in this
context with delving into the not yet well-understood
asymptotic symmetry corner of the cosmological infrared
triangle being our main objective. More concretely, we study
asymptotically decelerating spatially flat Friedmann-
Robertson-Walker (FRW) spacetimes at future null infinity
Z™" using an off-shell formalism. Our approach is therefore
not restricted to general relativity and can be applied
to alternative gravity theories which include FRW as a
solution. We define the class of metrics to be considered
asymptotically decelerating spatially flat FRW, without
explicitly fixing matter content or establishing relationships
among the metric coefficients in the large r-expansion. An
on-shell analysis is the natural step to pursue in future studies.

Our universe is not asymptotically flat; therefore, we aim
to translate a BMS-like analysis into a more phenomeno-
logical framework. Even though experimental data suggest
that we live in a FRW with accelerating expansion [77], we
chose a decelerating FRW to have a boundary at null infinity.
As our universe went through a phase of decelerated
expansion, we can imagine ourselves as observers looking
at a decelerated universe from null infinity. This is only true
as an approximation, and we would have to extend our
analysis to accelerated FRW spacetimes to get exact realistic
results.

The price of going from asymptotically flat to asymp-
totically FRW is that now we have to consider a

Published by the American Physical Society


https://orcid.org/0000-0002-3145-4174
https://orcid.org/0000-0002-9482-0282
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.103.064009&domain=pdf&date_stamp=2021-03-08
https://doi.org/10.1103/PhysRevD.103.064009
https://doi.org/10.1103/PhysRevD.103.064009
https://doi.org/10.1103/PhysRevD.103.064009
https://doi.org/10.1103/PhysRevD.103.064009
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

MARTIN ENRIQUEZ ROJO and TILL HECKELBACHER

PHYS. REV. D 103, 064009 (2021)

time-dependent boundary metric instead of the simpler
time-independent Minkowski. However, we manage to
obtain consistent supertranslation and superrotationlike
transformations and their action on the asymptotic data.
We consistently recover the asymptotically flat results in
the appropriate limit. Furthermore, we apply these diffeo-
morphisms to unperturbed FRW, Sultana-Dyer, and cos-
mologically perturbed FRW backgrounds. These examples
already permit us to appreciate the advantages, as well as to
discover the limitations of our approach.

Let us now shortly discuss the unique works to date
which tackle this class of spacetimes:

(1) The first work delving into the infrared structure of
decelerating spatially flat FRW at null infinity is [78].
Concretely, they focused on the cosmological gravi-
tational memory effect and analyzed BMS trans-
formations on FRW spacetimes. While recognizing
their pioneer labor, the authors made unfortunate
computational mistakes which question most of the
analysis at the quantitative level. More fundamentally,
they considered flat BMS transformations as asymp-
totic symmetries of FRW spacetimes, which they are
not because they do not respect their isometries.
Besides, they incorrectly denominated several coef-
ficients as cosmological modes when they do not
transform as such under rotations. Whereas super-
translations were considered, we extend the analysis
to superrotations with a more general ansatz.

(i) On the course of the elaboration of this paper, Ref. [79]
was published. The authors followed a more formal
approach than ours, using the covariant formalism of a
conformal completion a la Penrose. It might be better
suited for some features, such as an on-shell descrip-
tion, while ours is more general and straightforward
for practical usage and application to examples. They
have also noted the inconsistencies in [78], and they
did not study superrotations. It would be interesting to
explore the compatibility between both works and
how they can be complemented.

This paper is organized as follows: in Sec. II we shortly
review asymptotically flat spacetimes. In Sec. III we
analyze asymptotic diffeomorphisms on perturbed spatially
flat FRW spacetimes. This comprises to define the asymp-
totic metrics we consider, to obtain the supertranslation and
superrotationlike transformations which preserve them, and
to analyze their effect on the metric coefficients. In Sec. IV
we discuss various background examples, and Sec. V
contains our conclusions. In two Appendixes, we have
collected the Einstein equations and the Lie derivatives for
the asymptotic metrics.

II. REVIEW OF ASYMPTOTICALLY FLAT
SPACETIMES

In this section we briefly review asymptotically flat
spacetimes at future null infinity ZT, paving the way for the

analysis in Sec. III. The following discussion is mostly
based on [26,75,80,81].

Since the pioneer works of Bondi et al. [2] and Sachs [3],
many studies have been performed allowing for different
falloff conditions on the metric and on the diffeomorphisms
generating the asymptotic transformations. A common
feature most of these approaches share is the use of

Bondi coordinates
u=rt—1/x'x, r=1/x'x;,

x' 4 ix? _ xb—ix?
223%7 223%, (1)
X7 4/ x'x; X7 4/ x'x;

adequate to describe the asymptotic metrics near 7+,
together with the Bondi gauge

9rr = 9ra = 0, ar det <gA_zB> =0, (2)
r

which completely fixes the local
invariance.

Nevertheless, we still need to specify what we consider by
asymptotic flatness. This is accomplished through a choice of
falloff conditions on the metric components at large r. The
asymptotic symmetries are generated by diffeomorphisms
that preserve the Bondi gauge (2), as well as the selected
boundary conditions. Therefore, a final ingredient is the

large-r falloff conditions on the diffeomorphisms.

diffeomorphism

A. Supertranslations

Supertranslations are derived from a rather restrictive
choice of boundary conditions, which still allows for
interesting physical solutions, given by
G =—1 +O(r_]);

gur:_1+0(r_2); guz:O(l)’

(3)

G2z = O(I‘); 9z = FQYZE + OU); 9rr = 9rz

I
~~ p

and

§.e~0(1), EE~OF). (5)
At large r, the structure of the metric is constrained to be
of the form'

lAssuming the falloff conditions (2.6) in [82] for the stress
energy tensor and using Einstein equations. Such assumptions are
motivated by the behavior of radiative scalar field solutions in
Minkowski spacetime.
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2
ds? — — ( 1— _’"> du? - 2dudr 4 D*C_.dudz
r

2

+ D*C;-dudz + 5dzdz + rC_,dz* + rC..dz?

4r
(1+2z7)

1/4 1
+- <§ (N, +ud,m) — ZGZ(CZZCZZ)>dudz
,

+cc.+---, (6)

and the asymptotic killing vectors are given by

&(f(z.2)) = O, + DD, [0, —%DAfaA 4o,
A=2z72 (7)

Note from (7) that the asymptotic killing vectors are fully
determined by smooth functions on the sphere
f(z,2) € C®(5?). Expanding f in spherical harmonics,
one can prove that the modes / =0, 1 correspond (to
leading order), respectively, to time and space translation
generators [26], while the remaining modes can be roughly
interpreted as “angle-dependent translations associated
with the conservation of energy at every angle” [26,63].

B. Superrotations

The transformations can be enlarged by relaxing some of
the previous conditions, while taking care that the solutions
are still physically acceptable. We consider now diffeo-
morphisms with the following large r behavior:

&g ~o(1)., &E~00). (8)

The novel O(1) modes in & allow for extra asymptotic
symmetries naturally associated with rotations and boosts:

E(VA(2.7)) = VAD, + gDAVAa,, - %DAVA&
- %DADBVBaA n %DBDBDAVA& N
)

Therefore, the enhanced asymptotic symmetries are
given by

E(f.VA) = &(f) +&(VA). (10)

Nevertheless, the previous falloff conditions for the
metric (4) are not generally preserved under (9). Con-
cretely, terms with 8g,3 ~ O(r?) and &g, ~ O(1) arise.
This leads us to the following possibilities analyzed in the
literature:

() SO(1,3) X C®(5?) [2,3]

If the only allowed superrotations are
VA =1,z,72,1,iz,i7%, that is, the six global con-

formal Killing vector (CKV) on S2, one can show to
leading order in r that (9) generates the Lorentz
transformations [26]. Therefore, together with the
[ =0, 1 modes of f in (7), we recover the Poincaré
algebra from (10). Terms with g4 ~ O(r?) and
8Guu ~ O(1) do not show up.

(i) conf(S?) X C®(S?) [22-24,83]

Another natural possibility is to admit also the
locally defined CKV on S?. Terms with 8¢,z ~
O(r?) arise only at isolated points corresponding
to the singularities of the meromorphic CKV in a
similar fashion as found long ago in 2D CFT [84].

(iii) Diff(S?) X C*(S%) [80,85]

A broader possibility is to consider all the diffeo-
morphisms on S? [80]. Terms with 8g,p ~ O(r?)
and &g,, ~O(1) are present. Expanding VA €
Vect(S?) in vector spherical harmonics, one can
prove that the modes / = 1 correspond (to leading
order), respectively, to the six global CKV gener-
ators on S? [26], while the remaining modes can be
roughly interpreted as “angle-dependent rotations
associated with the conservation of momentum at
every angle” [26,63].

III. ASYMPTOTICALLY SPATIALLY FLAT
FRW SPACETIMES

We now turn to analyze asymptotically spatially flat
FRW spacetimes at Z+.

A. Asymptotic metric

Spatially flat FRW spacetimes are conformal to flat
spacetimes. In Bondi coordinates

u=n—+/xx,

r=/xx;,
x4 ix? _ xl —ix?
= S = = (11)
X7+ /x'x; x° 4/ x'x;

their metrics can be written as

r+u\%* 4r?
ds? = —du? = 2dudr + —_dzdz ),
’ ( L ) ( T Ty ”)

(12)

where 7 is the conformal time and k = 2/(3w + 1), with
@ = p/p being the equation of state parameter of the fluid.

These spacetimes can be divided into accelerated
(-l<w<-1/3, k<0) and decelerated (-1/3 <
w <1, k> 0) expansion. It turns out that only the
decelerated have future null infinity Z*, such that our
analysis restricts to them. Further discussion on the
conformal structure of spatially flat FRW in the context
of asymptotic symmetries can be found in [78,79].
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The next step is to define the class of metrics to be con-
sidered as asymptotically spatially flat FRW. The approach
we follow here is to include the most general possible
terms compatible with the Bondi gauge and frame (round
metric on S?), which allow for scalar, vector, and tensor
perturbaltions2 but do not change to leading order the
characteristic homogeneous, isotropic, and spatially flat
FRW profile, as well as its matter content (codified in

|

a constant k), when r — co. A consistency check is that
the transformed metrics, generated by general asymptotic
diffeomorphisms, close in the r-expansion. Moreover, one
can test by means of Einstein equations (Appendix A) that
the trace and components of the energy momentum tensor
generated by such terms remains finite when dimensionally
scaled.
This leads to the asymptotic metrics’:

2% 2 K
ds? — <r+”) {-(1 —<I>—m>du2—2<1 —‘P—)dudr
L r r

N N:
—2(r®Z + U, + Z)dudz - 2(1‘@2 +U: + Z)dudZ

2r7(1+Q)
2( (1+z22)?

r

+ hzz) dzdz + (rC,, + h,,)dz> + (rCs: + hzz)dz2}

= az{—(l —¢>—2—m)du2 —2(1 —‘P—§>dudr—2<r®A +U,
r r

1
+ ;NA) dudxA + ((1 ‘I‘ Q.)rzyAB + VCAB + hAB)dXAdXB}. (13)

Ultimately, the metrics (13) should verify Einstein equa-
tions. In general, this would introduce extra constraints and
relations between the a priori independent parameters in the
r-expansion. Nevertheless, if there are no restrictions on the
allowed matter and the energy momentum tensor is uncon-
strained, Einstein equations do not lead to such relationships.
To actually perform an on-shell analysis, we would need to
constrain and classify the allowed matter with the corre-
sponding falloff conditions. Although it has been accom-
plished for asymptotically flat spacetimes (cf. footnote 1), it
is more subtle in our setting where we cannot restrict to
isolated matter distributions, but instead the whole space-
time is filled with hydrodynamical content.

Furthermore, one should explicitly check that the new
metrics obtained after application of the asymptotic diffeo-
morphisms also verify Einstein equations. Such a task is
cumbersome, mainly due to the fact that we are dealing
with metrics corresponding in general to infinite expan-
sions in r, which would require one to check Einstein
equations order by order. We are not aware of the existence
of the mathematical machinery to perform such an analysis
for a complex class of metrics such as ours.”

*More details concerning cosmological perturbations will
come in Sec. IV C.

3A similar asymptotic metric, but derived in a different manner,
can be found in [78].

*Technical tools were recently developed for simpler asymp-
totic metrics, such as AdS; [39,86,87] due to its topological
nature. Nevertheless, even for asymptotically flat spacetimes in
four dimensions, such instruments, to our knowledge, are not
available.

|

Our first goal is to find and understand the more general
class of asymptotic diffeomorphisms acting on and relating
to such a general class of cosmological metrics (13),
regardless of the matter content. Therefore, we consider
this final step beyond the purpose of this paper and leave it
for future research.

Before we continue, let us note that a different approach
was independently developed in [79], where the construc-
tion is more geometric and closer to the original BMS
analysis. It would be interesting to investigate to which
extent our results are compatible.

B. Supertranslations

Following the conventional analysis in flat space, we
begin by studying supertranslations alone

. ) el ﬁr(n) © ij(") © gz(n)
525 (M,r,Z,Z)au‘i‘; 1 ar+; rn 6Z+Z I az~

n=1

(14)

1. General case
The starting point consists of imposing the Bondi gauge.
We observe from (B1) and 0 = a2Leg,, that 9, = 0.

Consequently, the general ansatz for supertranslations (14)
becomes

o gr(n) o gz(n) ®_ £Z(n)
AL RO D RS S S Ses N
n=0 n=1

r n=1

(15)
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The next step is to require 0 = a=>Lg,4, which together We can now expand the determinant around the metric
with (B5) leads to (13) with an infinitesimal perturbation L:g,5 (B6) and (B7),

9ap + Legap 1

53(1) _ _(1 —T) DBfu, (16) det(az—r25> = det(g) det <H+WQACL§QCB>
tre A A AC
F 1/ S CA°F
L/ 1=V K :det(g)[1+1+AC+;<l+AQ_(l+QC)A2>
58(2) ——— <( CABDAé:u + DBgu) . (17)

2\(1+Q)? 1+Q

+l2 1 <K2 3 CBS,p CéCCBF/;B 3 hABFABﬂ
To fix the last gauge condition we have to demand that rl+Q I+Q 1+Q) 1+Q
(19)
+L

0, det (W) =0. (18)  such that for (18) to be obeyed we need to require the terms

ar O(r7!) and O(r72) to vanish. This leads to

|
0 = D, ((1 4+ Q)&M) = 2k(1 + Q)& — @D ,&"], 20
&) = L 2ku(1 + Q) (& + &) + w—UAD &= Dy((1 +Q)&?) (21)
2(1 4 k)(1 +Q) 1+Q A A '

The remaining Lie derivatives (B2)-(B4) close in the r-expansion (13). As a consequence, we do not get more conditions.
Summary of results
(1) Supertranslations have the form

£=&(u,2,7)0, + |:§r(0) +%€r(l):|ar+ [%58(1) +%53(2)}53. (22)

(2) The only free parameter is &“(u, z, ).

(3) The other coefficients in (22) are given by (20), (21), (16), and (17).

(4) From the Lie derivatives in Appendix B 1, we observe that the action of (22) satisfies the falloff conditions (13)
automatically, such that we do not get any additional restrictions on the supertranslations, and induces the following
transformations in the asymptotic data:

50 = £19,® - 2(1 = ¥)9,&0) = 2(1 - ), & + 200,50, (23)

Sm = E'9ym — k(1 — ®) (& + £10)) 4 %EA(')DAd) + K9,£70)

- (1 =)0, + U409,V 4+ 050,653 + 2md, &, (24)

S = £9,¥ — (1 — )9, &, (25)

0K = E“9,K + KO, — 2k(1 =) (&" + &) + 80 (9,¥ — Op), (26)
5Q = 40,9, (27)

8Cap = E"0,Cp +2(1 + k)yap(1 + Q)& + 2k (1 + Q)yap
+ (1 +Q)(Dagy) + Dp) + 74peCVDQ + O DpE" + O, ", (28)

80, = £9,0, + yap(1 + Q9,650 + 0,0, (29)
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Uy = EO,Uy + Up0,8" + 0,80 1 2k0, (8 + &0)) — (1 — D)D &
-(1- lP)[)Afrw) + E8DRO, + @D 48N + Cyp0,E5W

+ 7AB(1 + Q)auéBQ)’

(30)

SN, = E“O,N4 + N40,E" + VEDEN, + NgD,VE — (1 = 2k)N &)
+ EBIDRU, + UgDy 8V + E8CI D0, + @D, £5C)
— (1 =¥)D& V) + 2mD 4 &" + 2kU 4 (£"0) + &4 — ugrV))
+ 2k0, (P& V) — u (O + 1) 4 EV) 4 @, + Cyp0, 52

+ KD,EO) + hypo, 80,

(5) Note that setting ®=¥Y=K=Q=0,4 =0 and
k = 0 we consistently recover the same results as for
asymptotically flat spacetimes.

New physical insight

A closer look to Egs. (23)—-(30) reveals a much richer

picture than in the flat case. Let us point out some of the
more relevant features:

(i) Terms with g, ~O(~') and g, ~O(r!) are
unavoidably generated for k # 0, as can be seen
from (24) and (26).

(i) For general setting and supertranslations, all the
modes transform nonlinearly except €.

(iii) While W and Q receive at most contributions from
themselves, @, K, ©4, C45, and N, feel the effect of
other modes, and m can be affected by all the modes
except Cyp and N,.

(iv) Demanding the absence of terms g, ~ O(1) leads to
0,&" = 0, recovering the well-known result in the
asymptotically flat case & = f(z,z) € C®(S?). On
the other hand, imposing g,4 ~ O(1) and/or g,, ~
O(r7") fixes the u-dependence of &“. Otherwise, &
can depend arbitrarily on u for a generic setting.

2. Global Killing vectors

The goal of this section is to show how we recover
the global Killing vectors (GKV) associated to trans-
lations consistently from the supertranslation diffeomor-
phisms (22).

The GKYV are the solutions of the equation

£§g/,w = é:laig;w + gvﬂaﬂéﬂ + gﬂﬂavgll ; 0. (32)

Maximally symmetric spaces have the maximum number
of GKV given by d(d + 1)/2. In flat space, we obtain ten
GKY, four associated with translations and six associated
with rotations and boosts. Unperturbed FRW spaces are
homogeneous and isotropic in the spatial components, and,
therefore, we obtain six GKV associated with the three
spatial translations and three rotations. On the other hand,

(31)

0, is no more a GKV but 9, is a conformal Killing
vector (CKV).

The large r-limit of (22) when ©,Q,¥,0, — 0 is
given by

1
2(1+k)

§=¢"(1.2,2)0, + [DADAE" = 2kE" + O(r")]0,

(33)
+ —%DBéj“ 00 |0y + O@,0,%,0). (34)

More concretely, if we only allow for Leg,, = O(r™'),
& = f(z,z) + O(¥) in the limit ¥ — 0, and we obtain

E=1(z,2)0,
+ 2(1 n k) [DADAf(Z, Z) — Zkf(z, Z) + O(r—l)]ar
(35)
1

+ —;DBf(z, 2)+0(r2) |05+ O0(@,Q,¥,0),  (36)

whose action is equivalent to the following coordinate
transformations:

1
u—u+f, r—>r—|—2(1+k)(DADAf—2kf), (37)
1 I
7z = z——Df, 7 —>Z7—-Df. (38)
r r

Using the following convention [26] for the [ =0, 1
spherical harmonics:

1-zz2 1 z
-9 Y] - )
142z 142z
(39)

4
0
Yl

=1 Y}:1+ZZ’
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we aim to recover the unperturbed FRW GKVs generating
the spatial translations as some linear combinations of

£(YD), &(¥1), &(YY), and &(¥71),

k 1+ 2k)

S0 = 0= g 0 = O - ((1Tk)8” (40)

) = 0,0 +1 (S0.-30.). @
) = T (0= 0,) (0. +70:), (42)
g(y;'):ﬁ(@u—a,)%(—%aﬁ%az). (43)

We can write them in terms of the Cartesian generators
X; =0, as

1
§YY) =—Xs.  £(1)) =5 (X +ix?),

(YT = —5 (X! = ix?), (44)

obtaining exactly the same result as in flat space [26].

Consistently, we do not obtain the time translation
generator from &(Y9), due to the fact that it is not a
GKYV in spatially flat FRW but a CKV. Therefore, there is a
linearly independent (and so unavoidable) correction term
which corresponds to a spatial dilatation D pondered by the
inverse of the radius

&Xg) = ﬁ [8,7 - éxiax,] = (liJlrk) |:TC0nf - ];CD} .

(45)

Remarks

(i) In the case of considering flat BMS supertrans-
lations (as in [78]), instead of the asymptotically
spatially flat FRW supertranslations that we study,
the relations (44) would be analogously verified,
but (45) would be replaced by &(Y) = Tcont
being in line with the fact that pure spatially
flat FRW is conformal to Minkowski after replac-
ing ¢ by n. However, we observe from the above
discussion that we do not recover the correct
global isometry group of FRW from flat BMS
supertranslations. Therefore, flat BMS are not
consistent asymptotic symmetries in our cosmo-
logical setting.

(ii) If the coefficients ®@,Q,¥,®, are nonzero, they
survive at infinity and we should recover the GKV of
the corresponding perturbed spatially flat FRW.
Nevertheless, such spaces generally do not have

GKV. Although, if ®,Q,¥,0, < 1,” then one can
expand them in series and we obtain the previous
results as a first approximation.

(iii) The same results follow for the general case (34)
from the u-independent and /=0, 1 spherical
harmonic modes of &“.

C. Superrotations

Next, we allow also for superrotations. The ansatz for
infinitesimal diffeomorphisms generating superrotations is
similar to the supertranslations, but includes an O(r)
contribution in the r component and an O(r°) contribution
in the angular components

0 gr(n)
Er = éu(u“xA)au + <r§r(V) + Zé:rn >ar

n=0

+ (vA + i?) O, (46)

1. General case

The first step is to fix the Bondi gauge. 0 = L;g,, is
automatically verified by (46) and 0 = L;g,, provides us
with the Lie derivative (B11) and the same conditions (16)
and (17) as before. The last gauge condition we need to
impose is (18). Following the same steps as in Sec. III B,
we obtain (19), which, together with C4 = 0 and (B13),
leads us to

€0 =t | a1+ 29

1
— @D & + kusV) — kf“] . (47)

2(1+Q)
2004+k(1+Q) | 1+Q

—2k(1 + Q) () — ugr®) — ygv)

~DA((1 + Q)FO) UADAH] (48)

Contrary to the supertranslations, the Lie derivatives
(Appendix B 2) do not close in the r-expansion (13). In
order to be consistent with (13), the remaining falloff
conditions we require are

Eéfguu = 0(1)7 Eéfgur = O(l)’ EéfguA = O(}"),

(49)

3As physically expected, otherwise the perturbations would
spoil the observed homogeneity and isotropy at large r scales in
our universe.

®The fact that &" has to be r-independent follows from (B1).
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Legap = (1+Q+0Q)y4p + O(r). (50) £=&(u,2,2)0, + [rﬁ’“”(z, 2+ &0 4 lgr(l)] a,
r

From the Lie derivatives (B8) and (B10) we get the

1 1
additional requirements + [VB(Z, z) +-&80 4 258(2)] I (53)

r r

9, vA =0,V =0, (51)
(ii) There are three free parameters, namely &(u, z, 7),
and, from F,p in (B13), we have to restrict V¢ to be VB(z,2), and &V)(z,3).
conformal Killing vectors on the sphere (iii) The other coefficients in (53) are given by (47), (48),
(16), and (17).

D,V + DgVy=yapDcVE. (52) (iv) From the Lie derivatives in Appendix B2, we

observe that the action of (53) satisfies the falloff
conditions (13) automatically, as long as V4 are
CKV on the sphere, and induces the following
transformations in the asymptotic data:

Summary of results
(1) General superrotations have the form

6D = VAD,® + £0,® — 2(1 — ¥)0,& 0 — 2k(1 — d)&V)
-2(1 = ®)0,&" +20,09,&40), (54)
om = E0,m — k(1 — ®)&* — ((1 = 2k)m — ku(1 — @))&V)
1
— k(1 = ®)&O) + VAD, m + §§A<'>DA<1> + K9,
— (1 =9)9,& V) + md, & + Us0,E"V + 0,0, (55)
W = VAW + €40, % — (1 4 2k)(1 = P)&V) — (1 = ¥)9,&", (56)
6K = £90,K + VAD,K + K0,&" + &2V D, ¥ — @,£40)
4 2k(1 = W) (uV) — gv — g0y 4 2kKEY), (57)
8Q = VEDQ + E0,Q +2(1 + k)&V) + (1 + Q)D, VA, (58)
8Cyp = "0, Cap + VEDCyp + CocDpVE + CpeDpVE
+2(1 + Q)yap((1 + k)& — kug™V) 4+ k&) + 7,6V DQ
+(1+ Q)(DAfg) + Dseﬁ”) + O, D" + @Dy L
+ (14 2k)Cppe™™, (59)
60, = VEDO, + 40,0, + (1 +2k)0,&V) + ©@zD,VE
—(1=9)0,& V) + 0,0, + (1 + )9, (60)
SU, = (2kO4 4+ 0,U4)E" + (1 4 2k)0 &0 + 2k V(U — u®,)
+ VEDRU, + E8D0, + OpD 80 + UgD,VE
— (1 =¥)D,E" O + KD EWV) — (1 = )D& + Ua0,E"
+ CABauéB(l) + (1 + Q)aué&mv (61)
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SN,y = EO,Ny + N0, E" 4+ VEDyN, + NpD,VE — (1 = 2k)N,&V)
+ DU, + UpDa®) + EADO, + O5D4E5P + KDy &0

— (1 =)Dy V) 4+ 2mD & 4 2kU 4 (&0 + &4 — ugr™))
+ 2k0, (uE V) — u (&) 4 &) 4 &) + 0,V + Cyp0, E5?) + hyp0, E8V. (62)
[
1
r(V) — = [eu A
(v) Note that setting =¥ =K=Q =0, =0 and ¢ 2(1+k) 0.2+ Da((1+ V)] (65)

k =0 we consistently recover the same results as
for asymptotically flat spacetimes. Furthermore, im-
posing &) = VB =0 leads us to the analysis of
Sec. III B.
New physical insight
Equations (54)—(62) show a richer picture than allowing
only for supertranslations. Let us briefly mention some of
the more relevant features:
(i) For general setting and superrotations, all the modes
transform nonlinearly.
(ii) Demanding the absence of terms g,, ~ O(1) fixes
&) to be

1
r(V) — .~ u

This means that £ is at most linear in u as in the
asymptotically flat case. Besides, imposing g, ~
O(1) and/or g,,, ~ O(r~!) fixes the u-dependence of
&". Apart from that, & can depend arbitrarily on u
for a generic setting.

(iii) For k # 0, &(V) generates unavoidable contributions
for all the modes except C,p. Remarkably, m and K
become “dynamical” through the u-dependent term
kue'V).

(iv) VA together with £V) generate an inevitable term
in 60,.

(v) For k #0, &) enters directly the subleading £"(©)
and &) components of the asymptotic superrota-
tion diffeomorphisms.

Strong Bondi gauge

In the asymptotically flat case, the determinant (19) is

usually required to be exactly det(g) [75], which is a
stronger requirement than just the Bondi gauge (18) [88].
Following the same path would lead to demand that
F% = 0, which gives the requirement

VEDQ +2(1 + k)EY) + £49,Q + (1 + Q)D,VA = 0.
(64)

This condition fixes &V)7 in relation to VA and &,

"When the parameter &(V) is free, it represents, to leading
order in r (£  &()r9,), angle dependent dilatations. They might
be related to the superdilations in [32].

which now remain independent as the unique parameters in
the asymptotic symmetry group.

Note that we could have required the strong Bondi gauge
already for the supertranslations &(V) = V4 = 0. This
would force Q to be independent of u, such that it would
not be a dynamical field in the asymptotic expansion but a
coordinate transformation.

Let us point out that replacing (65) in (B13) leads to

Fap = (14+Q)(DsVg+ DpVy —yapgDcVE),  (66)

meaning that V4 must be a CKV on the sphere if we require
Oyap = 0, identically to the situation encountered in the
asymptotically flat case (Sec. II B).}

To summarize, imposing the strong Bondi gauge leads to
Legap ~ O(r) causing 6Q = dy,p = 0. In the case of
supertranslations, it forces 9,Q = 0 and for superrotations
Q can still be a dynamical coefficient but severely restrict-
ing the u-dependence of &* through 0,&V) = 9,VA =0
and (65).

2. Particular cases

We notice that the inclusion of dynamical  is in tension
with the strong Bondi gauge, potentially causing incom-
patibilities with many interesting cosmological settings and
opening several possibilities:

(i) Allow for arbitrary Q(u, z,7).

The application of the strong Bondi gauge is not
appropriate because then 6Q = 0, preventing us
from analyzing how it transforms under the asymp-
totic diffeomorphisms.

(ii) Restrict to metrics with 0,Q = 0.

Q is not a dynamical cosmological mode, & is
unconstrained, and the strong Bondi gauge is appli-
cable. The normal Bondi gauge allows for z, z-
dependent contributions to €2, while the strong
Bondi gauge freezes any change in Q.

8Alternatively, one could allow for general diffeomorphisms
on S? but then the round metric 7,45 should be replaced by a
general ¢,5(u, 7, Z) in (13) and the entire analysis repeated. Note
that, for a u-dependent €, it is clear from (66) that a u-dependent
qap would be generated.
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(iii) Limit to &) = 0.

Taking into account that boost generators are not
GKYV for FRW (cf. Sec. Il C 3), it is not necessary to
add the r&") term in (46). In fact, it is possible to
restrict to this subclass of diffeomorphisms, being
still consistent with the obtainment of the GKVs
of FRW.

(iv) Perform again the analysis to allow for general

diffeomorphisms on S>.

It would permit us to describe a richer variety of
cosmological perturbations to FRW at leading order,
including anisotropies of the form r?[A(u, z,7)dz*+
B(u, z,7)dz*] C ds?, obviously incompatible with
the strong Bondi gauge. We leave this for future
research due to its length and technical difficulty.

Remark:

It is important to clarify that allowing for a dynamical Q
provides us with a third scalar mode, such that there is still
gauge freedom. From the perspective of analyzing cosmo-
logical perturbations, we could (and should) fix totally the
gauge and restrict to metrics with Q = 0, but it is still
fruitful to leave this coefficient free from the perspective of
exploring off-shell the most general asymptotic transfor-
mations between asymptotically spatially flat FRW space-
times. In Sec. IV C, we will come back to this point in more
detail.

3. Global Killing vectors

In this section, we consistently obtain the global Killing
vectors, associated with rotations, from the superrotation
diffeomorphisms (53). In contrast to the asymptotically flat
case, the boosts are no longer global Killing vectors.

The first step is to derive & for the global CKV on $? in
the limit @, Q, ¥, 0, — 0. For the sake of simplicity, we
adopt the strong Bondi gauge. We find from (65), (16), and
(B9) that

1

W) —
& 2(1+k)

D, VA, (67)

fA(l) _ _DAgu. (68)

To fix £ we have to make the leading contribution to either
(B9) or (B10) vanish. Note that for 5’(‘/) # 0 there is no way
to make both terms vanish at the same time. That means
we will always generate a ¥ or ®, term in the metric.
Comparing this to the situation in asymptotically flat space
[26], we see that the transformations with 5’(") # 0 include
the boosts. As a consequence, our observation that for those
transformations we cannot make all the leading terms in the
Lie derivative vanish reflects the fact that boosts are no
longer GKVs of FRW.

The two different choices for £ that make 6¥ or 6@,
vanish, respectively, are given by

1+ 2k
W=0: =& —gﬁof,vhrf(xf‘), (69)
50, =0: = gngLDAVAJrf(xA). (70)

21+k

Setting f — 0 and using these equations and the fact that
DsDADyV8B = —2DzV?® for CKV on the sphere, Eq. (53)
becomes

u (1 +2k)

2 (1+k)
1

C2(14 k)2

4 u (1+2k)
+<V 2r (1+k)
u 1

T2(1+4k)
1
21+ kP

A_ U 1 A B
+ <V sV )aA. (72)

5‘? = DAVAau
[r(1 + k) + u(1 + 4k + 2k*)|D,VAD,

DADBVB>8A, (71)

D,V40,

¢o

[r(1 4+ k) + u(1 + 2k)|D, VA9,

It is straightforward to check that the choices

Vi=iz,  Vi=-iz,
i .

Vi==(Z-1), Vi=2(1-7%),
5 ( ) 5(1-77)
1 .1

V2:5(1+z2), vzz§(1+zz) (73)

verify D,VA = 0 which means &(V) = 0 and correspond,
respectively, to the rotation generators Ji,, Jo3, and J3,
where J;; = x'0; — x/9; in Cartesian coordinates.

Moving on to CKVs with D,V # 0, we can consider
the choices

1 1
Vi=_(1-22 Vie_(1-2). (74
J0-2), J0-2), ()
VZ:%(1+Z2), V?:—%(sz), (75)
Vi=—z,  Vi=-z (76)

In the asymptotically flat case these correspond to the
boosts in x, y, and z directions, respectively. To see how a
flat boost would look in our case we plug (74)—(76) into
(71) and (72). After transforming the result into Cartesian
coordinates we discover that these transformations can be
written in terms of a conformal boost term perturbed by a
superposition of deformed conformal transformations:
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A R

+ ((6 + 5K) g — (Sk+ 4)>xiD + x,nTc] } (78)

— I +5 14+ Nk
o (1+k)2{ ’+r{ ( * +r>
+ (3 T, k) XD+ x,nTc} } (79)
r

where the boosts B;, special conformal transformations K,
dilatation D, and conformal time translation 7' are given by

Bi = 178, + Xian; Ki = 2x,-xj3j - rzai;
D = xiai; Tc = 8,7. (80)

Analogous remarks to those at the end of Sec. III B 2
apply here.

IV. EXAMPLES

To get a feeling for the physical meaning of the trans-
formations we considered in the previous section, we will
now apply them to some example spacetimes. We start with
a pure FRW universe and realize that the asymptotic
transformations can be classified into orbits according to
the leading order terms they generate. We move on to
describe the transformations of a FRW universe with a
nonvanishing Bondi mass. Finally, we consider cosmo-
logical perturbations and their transformation behavior.

A. Pure FRW

The asymptotic data and diffeomorphisms are consid-
erably simplified starting from pure FRW:

5Py = —20,80) — 2k V) — 20,8, (81)

Smpgw = —k&" + kug"V) — kgr® —9,& ), (82)

MWrrw = —(1 +2k)&"Y) - 9,¢", (83)
0Kprw = 2k(“§r(v> - - §r<0>’) (84)
8Qpgw = 2(1 + k)&V) + D, VA, (85)
SCaprrw = 2745((1 4+ k)& — kug™) + k&)
+(Dagy’ + Dy, (86)
3®armw = —Da& V) + 8,6}, (87)
SUpprw = —D&"0 = D&, (88)

ON gprw = —DAfr(l)Q (89)
‘SFRW —DAg;
1 1
SrRw = Tk [5 (DyD* = 2k)E" + kufr(v)] ; (90)
—0: — ku 1 u r(V)
Srrw = 0; fpkw—m E(DAD +2)&" —ué .
(91)

Note that, for general transformations, all the asymptotic
data can be generated. Particularly, this means the gen-
eration of cosmological modes out of the vacuum. This is,
however, to be expected as the asymptotic transformations
are in general no GKVs of FRW as we described in the
previous section. An observer at null infinity undergoing an
asymptotic transformation that is not a GKV will therefore
see a different spacetime that is slightly deformed com-
pared to the original FRW. In contrast to an asymptotically
flat spacetime, a FRW universe is filled with a homo-
geneous and isotropic hydrodynamic fluid everywhere. The
observer at null infinity will therefore experience the
deformations of the universe as perturbations in the dis-
tribution and flux of the fluid which is why all the
asymptotic data can be generated from the FRW vacuum
by a general transformation. This effect does not exist in the
asymptotically flat case.

1. Orbits of transformations

We classify the general transformations into orbits
according to which leading order terms vanish. This is
equivalent to enforcing a certain extra falloff behavior in
the metric:

(1) 8% =0= & = —u(1 +2k)&"") + f(z,%) + const.

(2) 60 =0 = k&) = “’A?j 0,E".

(3) 60, =0 = & = uf’ +f(z Z) + const.

@ 68Q=0= &l = (1+k) D,VA  (strong Bondi

gauge).

In the upcoming analysis we take into account that
k€ Q\[(=0,0) U (1,00)], that D?>=D,D* has as
unique eigenfunctions on S? the trivial function and the
spherical harmonics Y/, with eigenvalues —I(I+ 1),
1=0,1,2,..., and that V4 being a CKV implies that
D*D,VA = —=2D, VA, such that D,VA =", al'Y},.

Compatibility by pairs:

(1) 6Q = 0 is compatible with all the others, as it is the

only one involving the parameter V4.

(i) 6¥ =0 is only compatible with 60, = 0 if k =0

and/or &) =0,

(iii) oW = 0 is compatible with 6® = 0 if et

V) =37,b'Y), #0 and k = 0.

) =0 orif
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(iv) 6@ = 0 is compatible with 60, = 0 if &V) =0, if
gV =3¢y, #0and k = 0, orif &V) Y} and
k =1 (free scalar field).”

We observe the following interesting facts:

() If &) =0, then the first three conditions are
verified together and can be extended to also include
8Q = 0 in the case that V4 are rotations.

(i) For k = 0, we recover the expected results for flat
space. The four conditions are fulfilled simultane-
ously in the so-called strong Bondi gauge. If one
allows for 6Q # 0, the other three conditions can be
verified only if &(V) = 0 or it consists of any linear
combination of / =1 spherical harmonics. Other-
wise, at most 6% = 0 and 60, = 0 are compatible.

(iii) In the case that k # 0, the unique possibility to
compatibilize more than two conditions is the
previously discussed &) = 0.

(iv) Among the first three conditions, the only one which
allows for arbitrary u-dependence on £" is 6@ = 0 in
the case that k&(Y) = 0 and at cost that its angular
part is restricted to combinations of Y 1. For k #0,
8Q =0 would be possible only for V4 being
rotations, whereas for k = 0 it would be uncon-
strained.

2. Particular transformations

Next, we show the nonvanishing contributions of some
simple subsets of transformations to the asymptotic data:
(i) &V =vA =0 and &(u,z,z) = f = const

_ k(k+2)
=t

2k

(i) &) =VA=0and &(u,z.2) = f(z.2)

k(k+2
m — _ﬁ (DDA +2]f(z,2);
8C.. = —2D.D._f(z,7); (93)
5K = _rkk [D,D* +2]f(z,2);
8C.: = —2D.D.f(z.2); (94)
oUu, = —mDA [DeDC +2]f(2.2); (95)
SN, = — ku D4[DcDE +2]£(z.2).  (96)

2(1+k)?

It is interesting to note that another solution exists outside our
regime, that is, &) « Y and k = —1 (scalar field with vanishing
kinetic energy).

(iii)

@iv)

)

(vi)

(vii)

064009-12

Notice that all variations vanish in the case
f(z,Z) « Y},, which consistently correspond to the
spatial translations analyzed in Sec. III B 2. Besides,
om, 6K, and 6N, are generated for k # O.

&V = VA =0 and £ (u,z,2) = f(u)

oD = _ﬁauf; oV = -0,f; (97)
om = — e [(k+2) +ud,]f;
2k
6K:—(l+k)f. (98)

&) =0, D,VA =0, and &(u,z,2) = f(u)Y},

oV = -0,¢&"; 60, = —=D,0,&".  (99)
E=VA=0and &V)(z,7) =g
2k(2 + k)
0D =————g o¥Y=-(1+2kg; 100
el (1+2K)g:  (100)
k(k+3) 2k
om = ———3ug; 0K = ; 101
6Q =2(1+k)g. (102)
Observe that m and K become u-dependent:
g=¢v) =0 and VA(z,2) #0
8Q = D, VA, (103)

It is zero for rotations but nonzero for general CKV
on §%:
& =0, &V) = g(z,2), and VA #0

2A(2 1k
o= —2KCEK) o w14 2009(2.2):
14k
(104)
k(k+3) _ 2k .
5 = s 5 5K - 5 5
"=y e e T
(105)

8Q=2(14k)g(z.2) + Do VA; 80,4 =-D,g(z.2);

(106)
k _
oUy = —I—MMDAQ(Z,Z);
ON, = — D ,Z). 107
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Apart from C,p, all the asymptotic data are
generated.

B. Inhomogeneities

In this section, we consider spacetimes with a central
inhomogeneity that manifests itself by nonvanishing sub-
leading terms of m and K.

1L.mu,z,2) #0

In a first step we consider a nonvanishing masslike term
m(u,z,Z) # 0. Such spacetimes are clearly inhomogene-
ous and may be anisotropic in the case that m is angle
dependent.

The asymptotic diffeomorphisms remain exactly as in
Sec. IVA and the asymptotic data change only in the
following terms:

om = Smpgy + E“Oym — (1 = 2k)méY) + VAD ,m

+ mo,&", (108)

5NA = 5NAFRW+2mDA§“. (109)
Depending on whether m depends on u and/or z, Z, some
terms are present or absent. Furthermore, the orbits of
transformations analyzed in Sec. IVA do not change
because no leading term is affected (by a single trans-
formation) with respect to a pure FRW background.

We list only the new terms generated under the appli-
cation of the same transformations as in Sec. IVA, and we
denote the expressions from that section with the sub-
script “FRW””:

Q) &V =vA=0and &(u,2,.2) = f

Sm = Smgpy + fO,m. (110)
(i) &) =VA=0and &(u,z,2) = f(z,%)
om = Smepw + (9,m)f(z2,2);
8N4 = ONaprw + 2mDaf(2.2). (111)
(i) &) = VA =0and &(u,z,7) = f(u)
ém = Smppw + (O,m)f(u) + mo, f(u). (112)

(iv) &) =0, DoVA =0, and &(u,z,2) = f(u)Y},

dm = EO,m + VAD ,m + m0, &,

SN, = 2mD,&". (113)
(V) & =VA=0and &V (z,2) =g

(vi) & =¢&WV) =0 and VA(z,7) #0

5m = émpRW + VADAm. (115)
(vil) & =0, &) = g(z,2), and VA £ 0
om = Smgrw — (1 —2k)mg(z,z) + VAD,m. (116)

Note that the unique different contributions with respect
to the same background in the flat case are in (114) and
(116). They vanish for k = % (free scalar field) and flip sign
for k = 1 (radiation).

2. Sultana-Dyer

Another seemingly simple example would be the
Sultana-Dyer black hole solution [89].10 However, upon
coordinate transformation into Bondi coordinates, we
discover that it is not covered by our ansatz, as the scale
factor acquires an additional logarithmic r-dependence. To
leading order in the %—expansion the Sultana-Dyer solution
can be described in our ansatz as a spacetime with non-
vanishing constant m and K. The Sultana-Dyer metric in
the original form [89,91] is written as

2% 2 4
ds? = (ﬁ> [— <1 - _m) dn? + —mdndr
L r r

2m
+ <1 + T) dr? + 2r2yzzdzd2] . (117)

This can be brought into Bondi form. However, there are
two ways to write the metric corresponding to two different
choices for the radial coordinate:

s <u+r+2mlog(ﬁ—1)>2k
S =

L

2
X [— (1 - —m) du? — 2dudr + ZrZyszde} , (118)
r

o= () [-(1- 7)o
2 <1 - %) dudr + 2r(7)2yzzdzd2} (119)

where r and 7 are related by

7=r+2mlog <2L—1).
m

(120)

'%Such a solution is formally equivalent to McVittie [90] with
constant mass (and therefore accretion). It is a conformal
Schwarzschild, which corresponds to a black hole embedded
in a dust-filled (k = 2) spatially flat FRW metric [91].
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It is obvious that (118) is not covered by our ansatz, as the
scale factor picks up an additional r-dependence. To cover
spacetimes that include (118) we would have to generalize
our ansatz for asymptotically FRW spacetimes. This might
be necessary to include many interesting examples, but for
now we leave this for future investigations.

In (119) we have the problem that there is no easy way to
expand r(7) in orders of 7 as the inverse of (120) is given by
the Lambert W function. Assuming that the leading order is
proportional to r, the Sultana-Dyer solution would corre-
spond, to leading order, to an asymptotically FRW space-
time with constant m and K = 2m.

The asymptotic diffeomorpisms in this case are given by

gA) = gt . AR = mpAge; &0 = g
(121)
W =gl ™ p pagu 122
£ Errw 20+ &) D& (122)

The asymptotic data change in the following terms. Again
we only list the terms that transform differently to the pure
FRW case:

om = Smpgy + m0,&" + 2md, & — (1 = 2k)yme"V),

(123)
6K = 0Kppwy + 2m0,E" + 4kmé V), (124)

SNy = 6N 4 prw - %DADBD%“ 2mD g
+2mD &), (125)

By comparing (123) and (124) we see that after a general
transformation, the new metric does not look like a Sultana-
Dyer spacetime, as K = 2m is no longer true.

C. Cosmological perturbations

Cosmological perturbations are usually classified into
scalar, vector, and tensor modes according to their trans-
formation behavior under spatial rotations. It turns out that
Bondi coordinates and Bondi gauge are suited to easily
identify the cosmological modes.'" The perturbed spatially
flat FRW metrics we consider'” can be written in Bondi
coordinates as

ds? = a*{—(1 — ®)du? — 2(1 — ¥)dudr — 2r0 ;dudx”
(14 Q)r?yap + rCpp)dxtdx”}, (126)

"For a more detailed treatment of the cosmological perturba-
tions and their physical relevance we recommend [92].

"Note that the more general class of metrics would contain
(745 + qag). This would allow for leading order tensor degrees
of freedom, but it is incompatible with the restriction of VAtobea
CKYV and the Bondi gauge.

where all the coefficients are small (perturbations), have
a priori arbitrary dependence on u, z, 7, and their dependence
on r is only restricted to be at most O(1) at large r.

Written in this form, ®, ¥, Q, and Cﬁ transform as scalars,
®, as a vector and the traceless part of C,p as a tensor under
spatial rotations. This can easily be checked by using the
definition of spatial rotations in Bondi coordinates that are
given in (73) and the general transformation laws (54)—(62).
Note that we can still create additional scalar, vector, and
tensor modes by adding or contracting with a covariant
derivative.'® This is due to the fact that we are still using an
off-shell formalism. Once we enforce the equations of
motion and make restrictions for the matter content we
allow in the energy-momentum tensor, the degrees of free-
dom should be completely fixed to two scalar modes, two
vector modes, and two tensor modes. But even if we assume
that there are no hidden additional modes in (126), there are
still four scalar modes instead of two. This is due to the fact
that we have not imposed the strong Bondi gauge yet which
fixes the gauge completely and restricts = 0 or Q being
nondynamical and C4 = 0.

In summary we can say that the modes in our ansatz (126)
represent the maximal number of degrees of freedom we can
have for each perturbation. Nevertheless, only an on-shell
treatment using the energy momentum tensor determined by
a theory (for example general relativity) can tell us whether
those modes are actually real. Such on-shell treatment was
performed in Cartesian coordinates long ago [92] but not in
Bondi coordinates in a compatible way with the r-expansion.
It is extremely interesting because then one would be able to
determine how exactly on-shell asymptotic diffeormor-
phisms change the cosmological modes for different observ-
ers, butitis also challenging and we leave it for future studies.
We will now work out three particularly simple cases off-
shell and leave their on-shell treatment, as well as more
complicated examples for future treatment.

1. Scalar mode background

Let us take a background with only one leading order
scalar mode @ # 0 and the rest of the asymptotic data to
vanish. In such a case, the asymptotic diffeomorphisms
remain exactly as in Sec. IV A and the asymptotic data read
as follows:

5D = 6@y + VAD,® + £40,® + 2kDEY) + 200, ",
(127)
1
Sm = Smpgy + kDE — kudE) 4+ kdE0) 4 EéAU)DACI),
(128)
BFor example, for a scalar E the term D4 E would transform as

a vector, while for a tensor J 45 the divergence D*J ;5 transforms
as a vector as well.
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0Up = 06U gprw + @D 4E". (129)
Note that unless &" is angle dependent, the background
scalar mode does not generate any mixed modes by itself
apart from the pure FRW background. In such a case, still
the vectorlike contribution could be revealed to be “fake”
by the equations of motion in an on-shell treatment. Let us
note that, for a constant supertranslation * = f, the only
nonvanishing components for pure FRW background are
Oomprw and 0Kgrw. Moreover, both were just constant and
therefore can be regarded just as a background shift.
Nevertheless, the ®-background mode evolves at leading
order in r picking up a linear f0,® contribution and
generates to subleading order a u-dependent contribution
m(u) — Smpgyw = k®f + kdE ) in the supertranslated
frame.

2. Vector mode background

Next, we analyze a background with two leading order
vector modes ®4 # 0 and the rest of the asymptotic data to
vanish. In such a case, the asymptotic diffeomorphisms are
modified

AU =g EP =gy =0 (130)
£ = é’(o) _ 1 @D, & = gr(()) + Er(()) (131)
FRW 201 1 &) FRW ,
r r(1 ku u r(1 Er
) = = 5y @ Pad = G 8 (132)
and the asymptotic data transform as follows:
5D = 5@y — 20,80 4+20,0,60,  (133)
om = 5mFRW - k%r(o) - auér(l), (134)
5K = 5Ky — O, — 2kE0) (135)

8Cpp=58Caprrw +27a(1+k)EO +O,Dpé" + @D, &,
(136)

80, = 6O, prw + VEDEO, + £10,0, + (1 +2k)0,&V)
+ 0D, VE +0,0,8", (137)

SU, = 68U gprw + 2kO 484 + (1 4+ 2k)0 4" =2k V) u®,
+ &8 DRO, +OpD &P — D EO), (138)

8N4 = 6N yprw — D4 + 2k0 4 (u?E V) — u(EO) + &)
+&W) 40,60, (139)

It it easy to realize that, unless we apply an angle dependent
supertranslation, i.e., &* = f(z, 7), there is no mode mixing

apart from the FRW background shift and the effect of the
background vector modes ®, is restricted to the vector
components. That is because in such a case D& = 0 leads

also to &A= E0) = (1) —

3. Tensor mode background

Finally, we choose a background with two subleading
order gravitational modes C43 # 0 (C4 =0, C.., C:: #0)
and the rest of the asymptotic coefficients to vanish. In such
a case, the asymptotic diffeomorphisms are modified

1 .
R R L AL
(140)
r r(1 1 u r(1 Er
& = Gy = g Al D) = i + 1.
(141)
and the asymptotic data read as follows:
om = 5mFRW - 3,4?(1), (142)

8Cyp = 8Caprrw + £"0,Cap + VEDCap + CacDpV©

+ CpeDaVE + (14 2k)Cype™), (143)
SU, = 8Uppw + Cap0, 80 + 0,652, (144)
SNy = SN g prw — D&V + Cy0,£52). (145)

The same comments as in the end of the previous
subsection apply here, meaning that unless we apply an
angle dependent supertranslation, there is no mode mixing
apart from the FRW background shift and the effect of the
background gravitational modes C_, and C:: is restricted to
themselves. That is because in such a case D4&" = 0 leads

also to g = £AQ2) = &) —

V. SUMMARY, CONCLUSIONS, AND
FUTURE RESEARCH

In this paper we have studied asymptotically decelerating
spatially flat FRW spacetimes at future null infinity Z* in a
gauge similar to Bondi. More concretely, we have performed
an off-shell analysis where the Einstein equations have been
used only indirectly, in order to further motivate the ansatz
(13). Following the standard procedure in asymptotically flat
spacetimes, we have obtained asymptotic diffeomorphisms
consistent with the global symmetries of FRW, and we have
investigated their effect on diverse backgrounds. Our main
goals were to obtain the more general transformations
mapping asymptotically spatially flat FRW spacetimes
among themselves and to investigate how such diffeomor-
phisms transform the physically relevant asymptotic metric
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coefficients. Both fit within the aim of addressing the still
missing asymptotic symmetry corner of the cosmological
infrared triangle [26].

Summary of results

Let us summarize our main findings:

(@)

(ii)

We have motivated and defined the class of metrics
to be considered asymptotically decelerating spa-
tially flat FRW at future null infinity Z* (13). Next,
we have obtained the supertranslationlike diffeo-
morphisms that act consistently on them (22), and
then further extend to include superrotationlike
transformations (53) together with their effect on
the asymptotic data (54)—(62). Particularly, we have
checked that these transformations are consistent
with the GKV of FRW and recovered the asymp-
totically flat case in the limit £ = 0. Along the way,
we have adopted the normal Bondi gauge, such that
the gauge was not totally fixed, in order to allow for
more general metrics. Nevertheless, we have ex-
plained in detail how to fix the remaining degree of
freedom by means of the so-called strong Bondi
gauge and why it is important for a future on-shell
treatment of cosmological perturbations.

We have investigated how these transformations act
on a pure FRW background and noticed that,
contrary to the flat case, not only C,, and C:: but
all the asymptotic data can be generated out of the
vacuum. This partially reflects the still off-shell
treatment we developed but also the fact that vector
and scalar modes are allowed to be present in a
cosmological background. Besides, we have also
studied the compatibility between subclasses of
transformations which do not create leading order
asymptotic coefficients.

®

(i)

In order to make our analysis useful for the precise
description of physical data, we have to dive into an
on-shell description. Although we used Bondi gauge
and FEinstein equations to motivate the asymptotic
metrics (13), there are more coefficients in the off-
shell r-expansion (13) than the actual on-shell
degrees of freedom corresponding to two scalar
modes, two vector modes, and two gravitational
modes (126). The implementation of the equations
of motion should relate several of these coefficients,
providing with the right number of degrees of
freedom. Establishing a classification of asymptotic
metrics based on more strict falloffs for the allowed
matter content (energy momentum tensor) seems to
be the first reasonable step. Furthermore, exploring
the compatibility of our formalism with the more
geometric one of [79] might clarify the path to
follow in order to find the on-shell description.
Even though exact Sultana-Dyer is not a physical
solution [91,93], its inclusion would require one to
modify our ansatz (13) because it is not described by
a %—expansion. It might be possible to obtain inspi-
ration from polyhomogeneous expansions in flat
spacetime [94]. In general, it would be interesting to
broaden the analysis of Sec. IV B to more involved
cosmological black hole solutions [93], as well as
to the asymptotically spatially flat FRW LTB
(Lemaitre-Tolman-Bondi) metrics formulated in
[95]. The latter are better suited to describe the
collapse of a spherical mass distribution with over
density within a cosmological setting than Sultana-
Dyer and McVittie’s black hole. Furthermore, one
could also try to apply our analysis to flat Kerr-
Newmann black holes (k = 0) [96,97] and Kerr-
Newmann embedded in cosmology [98].

(iii) We have computed the extra contributions due to the ) L.
presence of nonvanishing m in the background. (iii) A beneficial feature of our off-shell analysis is that
Furthermore. we have realized that central inhomo- it is not restricted to Einstein gravity. It allows for
geneities are more involved to describe than an on-shell implementation in general gravity the-
Schwarzschild in the flat case. Its conformal ories which have decelerated spatially flat FRW as
counterpart, the Sultana-Dyer black hole back- . solutions. . . .
ground, has been explored, and we have realized (iv) In order to explore our fornllfhsm in spacetimes with
that it is not covered by our ansatz (13), although for leading qrder anlsotr(?ples (e.g. Blan.Chl Type D
large r it could be simulated by 2m — K — const and leading order diagonal perturbations to the

. A

(iv) Finally, we have considered some particularly sim- round sphere mefric, we have to allow for V" €

ple cosmologically perturbed backgrounds and an-
alyzed how the perturbations affect the remaining
asymptotic data under the action of the asymptotic
diffeomorphisms. We have admitted that a full
analysis would require an on-shell treatment but
we have given hints on how it could be performed,
and we have noticed subtleties and necessary details
to be considered.

Open questions and future directions

)

Vect(S?) instead of restricting V4 to be a CKV on
S52. The gauge we adopted is not suited for this task,
requiring a complete reformulation of the analysis
presented here.

The asymptotic diffeomorphisms we obtained (53)
are considerably more complicated than in the
flat case and depend explicitly on several metric

“Note that, due to 69,4 = 0, the only manner to introduce

We would like to conclude by listing some especially
relevant future research guidelines:

anisotropies is through generation of diagonal terms r’q,z
deforming the off-diagonal round metric.
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coefficients. We did not identify their algebra for
concrete special orbits or in full generality. However,
itis essential to understand the structure they describe
in order to make the connection with black hole
entropy, fluid-gravity duality, and membrane models
embedded in a cosmological setting. Three main
features make it more complicated than in asymp-
totically flat spacetimes: the asymptotic diffeomor-
phisms depend on several asymptotic data, &£ is
u-dependent, and £(") is another parameter to deal
with in case we do not implement strong Bondi gauge.

(vi) Our analysis and diffeomorphisms are infinitesimal.
Ultimately, it would be desirable to extend them to
be finite.
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i I
6G,, = réG" + 66y +—8Gy) + 5 6G + 0r=).
r

APPENDIX A: EINSTEIN TENSOR

In this part of the Appendix we write down the Einstein
tensor in the l-expansion. The Einstein tensor can be
separated in the following way:

G/u/ = G/w =+ 5G/u/v (Al)

where wa is the Einstein tensor of the pure FRW back-
ground whose nonvanishing components are given by

G = 3r_k22 +0O(r ™), (A2)

G = 3r—'§2 + O, (A3)

G, =2 o), (A4)
G;: = —y:k(k=2)+O(r ™). (AS)

0G,, are the terms that are generated by the perturbations
in (13). We expand this in ! in the following way:

: (A6)

As the 5G,(fb>s are in general very lengthy and complicated, we write down only the terms that are of first order in the
perturbations. Therefore, they are only valid in the case where these perturbations are very small. To analyze the % behavior

of the Einstein tensor, however, this is sufficient:

5GY) = -2,

SGY) = —(1 4 K)9,® + 20,9 + (3 +2k)9,Q + 9,D,0",

(A7)

(A8)

6GY = (1 +4k)® = 2(1 + 2k)¥ — Q — 2(1 + k)D,O" — D, D ®
+2D DAY — D,D*Q + 20,K —2(1 + k)d,m + kud,®

— 2kud,Q + 8,D, U — 9,1,

5GLY) = 2(1 + k)9,

(A9)

(A10)

3
SGE = (1+ k20— 2 +2k+ )P -Q - 5 D4®" —2kD, 0"

+ DADA‘{I - DADAQ - ZkMaMQ,
5GY =(1+k)(©, — DW),

1
8G% =(1 4 2k)U, + ku(D,¥ — ©,) — 5D Cap =5 (3 + 2)D,K.

3 =

N[ =

(0,D,¥ —0,D,Q —0,0,),

(Al1)

(A12)

! (A13)

(A14)
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1 1
5G\) = (2 - K)k®, — kD, ® + 5 DaDy®" — 2 DyDPO, = 3,U,

+%auDBCAB +%auDAK1 (A15)

8GY = —(1 +2k)D.®, + D.D,¥ + kd,C... (A16)

8GY = (2= kC,, — 2kD,U, + 2kuD.®, + DD K — kud,C.,, — (1 — k)0, h... (A17)
6G7Y = —(1+ k)y..0,. (A18)

5G9 = y-((2 = KkQ + 2k¥ — 2D — 0, K + kud,Q) — 2D.D-P
+ (14 2k)(D:©, + D.0;), (A19)

8GY =y (2k(2 = k)m — K = 2ku((1 = K)® + ¥ + 2(2 — O)Q + 10, Q))

APPENDIX B: LIE DERIVATIVES

In this Appendix we collect the Lie derivatives resulting from the action of supertranslations (14) and superrotations (46)
in the asymptotically spatially flat FRW metric (13). Both cases share the Lie derivative

K
a*L:g,, = —2<1 —‘{‘—7+0(r‘2)>8,§”, (B1)
which translates into 9," = 0 to verify the Bondi gauge. Therefore, we consider only &“(u, z, 7).

1. Supertranslations
a_z‘cafguu = +[§M8uq) - 2<1 - lIJ)auifr(o) - 2(1 - q))aufu =+ 2®A8u§A(1)]

2 1
2| 0,m = K(1 - @) — k(1 = )"0+ £V D,
r

+ K9,&"0 — (1 =)0,V + md, & + Us0,64M+0,0,6%) | + 0(r?), (B2)

a*Leg,, = [£0,¥Y + (¥ —1)0,&] + % [£40,K + KO,&" + VD ¥
—0,&4 0 = 2k(1 = W) (& + &N + O(r2), (B3)
a2 Legun = rlE"0,0,4 + ©,0,8 + (1 + Q)0,80] + [(2k0, + 0,U,)¢"
+ (1 +2k)0,E 0 + 80D O, + @D EP) — (1 —W)D, &0
— (1= ®)D4E" + Upd,&" + Capdy V) + (1 +Q)3,£7)
+ % [£"0uNA + Na0u & + VDU, + UpDy£V + EP2D40,
+0pDEP) + KDy — (1 = ¥)Dy& V) + 2mD 4¢"
+ 2k U4 (&0 + &) + 2k@ 4 (—u(&0) + &) 4 &)
+ 0,8V + Cyp0,E5?) + 0,5V + O(r72), (B4)
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1
a2 Legn = =ran((1+QEW 4 (1= W)DPE") +— (KDp&" = 2(1 + Q& = Capt®V) + O072). (BS)
Cl_zﬁégAB = I”ZFAB‘I‘rSAB“‘KAB, (B6)
with
Fap = 74" 0,82,
S =21+ Q)yap((1 + k)OO + k&) + y5ESVDQ + O D&
+OpDAE + (1+Q)(Day) + Dpel’) + £9,Cap,
Kap = =2k(1 4+ Q)yap(ué©® + ué") +2(1 + k) (1 + Q)y &Y
+ 748ECPDQ + 40, hap + UyDpé" + UpDa&* + CyeDpECV
+ CpeDyECW + ECDCp + (1 4+ Q)(D4EY + Dye?). (B7)

2. Superrotations
a2 LGy, = 2r[020, V4 — (1 =¥)0,&V)] + [VAD,® + £0,® + 2U,0,VA = 2(1 = )9, — 2k(1 — @)&'V)
+2K0,&V) = 2(1 = ®)9,&" 4 20,0, V] + % [£40,m — k(1 = ®)E" — ((1 = 2k)m — ku(1 — ®))&")

1
— k(1= ®)& 0 + VAD,m + =D, + K0, — (1= ¥)9,£'

+ md,&" + U,0,M) + 0,0, + N0, VA + O(r2), (BS)

a2Legur = [(1+2k) (¥ = 1)V + VAG, ¥ + £40,¥ + (¥ - 1)9,&"]
+ % [£0,K + VADAK + KO,&" + EAVD W — &40

+ 2]((1 _ \P)(uér(v) _ 5“ _ 57‘(0)) + Zk](é:’(v)] + (’)(r_z), (Bg)

a2Legua =(1+Q)0,Var® + r[(1 4 2k)0,V) + VBGE0, + @0, VP
— (1= W), V) + Cupd, VE + E0,0, + 0,40,8" + (1 + Q)]
+ [(2kO, + D, U4)E* + (1 4 2k)O,E™ ) 1+ 2k V(U — u®,)
+ VEDRU, + 8D 0, + 05D, &5V + UgD,VE
— (1 =¥)D,EO + KD,EV) — (1 = ®)DLEY + hypd,VE
+ UAD,E + Cagd, &80 + (1 +9)0,8,]
+ % [E4O,Ny + NpO,E" + VEDgN, + NyD,VE — (1 = 2k)N & V)
+ DU, + UgDy&5V) 4 8D D0, + 05D 482 + KD 4 &)
— (1 =P)D4&" V) 4+ 2mD & + 2kU 4 (") + g4 — ug'™))
+2k0, (V) —u (g 4 g4) + &) + 0, + Cy0, 85
+ hyp0, 8] + O(r72), (B10)
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a2 Legon = —yap((1 + Q)EBW

1
+(KDp&" =21 + Q)8 — Cpe®) + O(72),

with

+ (1 =¥)DB&v)

Fap = 1ap(VEDeQ + 2(1 4+ K)&Y) + £9,Q) + (1 +Q)(DaV + DVa),
Sap = 2(1+Qrap((1 + k)& — kug™™) + k&) + 7455V DQ

+ CacDpVE + CpcDyVE + VEDCup + £49,Cap,

Kap = 2k(1 4+ Q)yap(u?EV) —ugr® — &) +2(1 4 k)(1 + Q)y 5"
+ 745EDDQ + E“D, hyp + hacDpVE + hgeDpVE + VEDchag
+ 2khypE"Y) + UyDpé" 4 UpDy&" + CycDpéV) + CpeD sV

(B11)
a‘zﬁégAB = I"ZFAB + rSAB + KAB’ (B12)

+(1+ Q)(DAfg) + DBé,Exl)) + @4 Dpé" + OpD4E" + (1 4 2k)CypeY)
(B13)

+ EMDCup + (1 4+ Q) (DAY + Dpe?).
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