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Binary black holes (BBHs) can form from the collapsed cores of isolated high-mass binary stars. The
masses and spins of these BBHs are determined by the complicated interplay of phenomena such as tides,
winds, accretion, common-envelope evolution (CEE), supernova natal kicks, and stellar core-envelope
coupling. The gravitational waves emitted during themergers of BBHs depend on their masses and spins and
can thus constrain these phenomena. We present a simplified model of binary stellar evolution and identify
regions of the parameter space that produce BBHs with large spins misaligned with their orbital angular
momentum. In Scenario A [B] of our model, stable mass transfer (SMT) occurs after Roche-lobe overflow
(RLOF) of the more [less] massive star, while CEE follows RLOF of the less [more] massive star. Each
scenario is further divided into Pathways 1 and 2 depending on whether the core of the more massive star
collapses before or after RLOF of the less massive star, respectively. If the stellar cores are coupled weakly to
their envelopes, highly spinning BBHs can be produced if natal spins greater than 10% of the breakup value
are inherited from the stellar progenitors. BBHs can alternatively acquire large spins by tidal synchronization
during theWolf-Rayet stage in Scenario A or by accretion onto the initially more massive star during SMT in
Scenario B. BBH spins can be highly misaligned if the kicks are comparable to the orbital velocity, which is
more easily achieved in Pathway A1, where the kick of the more massive star precedes CEE.
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I. INTRODUCTION

The LIGO/Virgo Collaboration reported ten stellar-mass
binary black-hole (BBH)mergers andonebinary neutron-star
merger during its O1 and O2 observing runs [1]. Hundreds of
additionalBBHmergers are expected in thenext decade as the
LIGO/Virgo detectors improve in sensitivity and as new
gravitational-wave (GW) detectors come online [2–5].
Two possible channels in which BBHs form are the

dynamical channel, where individual BHs form binaries
through dynamical interactions with a cluster of stars, and
the isolated channel, in which BBHs evolve from isolated
binary stars. Both channels can explain the origin of the
current LIGO/Virgo sources, and future observations may
identify the fractional contribution from each channel
[6–14]. Measurements of BBH spin orientations help to
discriminate between the possible formation channels
[12,13,15–26]: in the dynamical channel the spin directions
are isotropic, whereas in the isolated channel the spin
directions are determined by astrophysical processes like
tides, accretion, and supernova natal kicks.
Most of themassive stars that evolve into BHs are found in

binary or triple systems [27–29]. Rather than using existing
comprehensive models of binary stellar evolution, we

parametrize zero-age main-sequence (ZAMS) binary stars
by their initial masses, spins, metallicity, and binary sepa-
ration, then evolve the systems as the stars develop through
the various stages of nuclear evolution and interact with each
other. This work focuses on how stellar and binary processes
determine BBH spins in the isolated channel.
The most significant uncertainties in predicting the masses

and spins of theBBHs formed frombinary stars arise from the
transport of angular momentum within each star (i.e., the
strength of core-envelope coupling and of stellarwinds), from
the transport of mass and angular momentum throughout the
binary (i.e., the relevance of mass transfer and of tides), and
from the gravitational collapse of each star into a compact
object (i.e., the supernova and kick mechanisms).We explore
how these processes affect BBH spins and identify key
regions of the parameter space from which candidate pre-
cessing BBH systems arise.

A. Isolated channel of BBH formation

Stars generally increase in radius as they age. If the
binary separation is sufficiently small, a star will fill its
Roche lobe (RL)—the region around the star in which
material is gravitationally bound to it. This Roche-lobe
overflow (RLOF) initiates a mass-transfer event. As more
massive stars evolve more rapidly, the initially more
massive star in a binary will undergo RLOF first, followed
by the initially less massive star.
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The stability of the mass transfer, which depends on the
response of the donor’s RL and stellar radius to changes in
the mass-transfer rate, determines the type of mass-transfer
event. If the mass transfer is stable, the companion (a star or
a BH) can be spun up by accreting a fraction fa of the
envelope of the donor star. If the mass transfer is unstable, a
common envelope engulfs the binary, and energy and
angular momentum are transferred from the binary orbit
to the envelope, expelling it from the system. This
common-envelope evolution (CEE) shrinks the orbital
separation by a factor of ≳100 and may prematurely merge
the binary. The physics of CEE is uncertain [30–32], yet it
is crucial for the isolated channel, since only compact
binaries with small enough separations can merge within
the age of the Universe and thus emit observable GWs.
After a donor star loses its envelope, its core is exposed

and emerges as a Wolf-Rayet (WR) star which experiences
mass loss through winds [33–35]. The initial spin of the
WR star depends crucially on the strength of the spin
coupling between the core and envelope of its progenitor:
the more efficiently angular momentum is extracted from
the core by the envelope, the smaller the initial spin of the
WR star. This process is uncertain [36,37], but it is
important in modeling the spin of BH progenitors [38].
For small separations, winds and tides compete to

determine the final spin magnitude of the WR star, and
tides may align the stellar spin with the orbital angular
momentum. At the end of the WR lifetime, stellar collapse
occurs and may result in a supernova (SN). For conven-
ience, we refer to these stellar collapses as supernovae
(SNe) regardless of whether they are accompanied by a
luminous transient. Matter and energy may be ejected
asymmetrically in this supernova, causing the compact
remnant to receive a natal kick [39]. We assume that these
natal kicks are isotropic in direction with magnitudes given
by a Maxwellian distribution of velocity dispersion σ. Natal
kicks directed out of the initial orbital plane will tilt the
orbital angular momentum, and kicks of sufficient strength
will unbind the binary. Binaries that survive the kick may
have significant spin-orbit misalignment depending on how
the kick velocity compares to the orbital velocity prior to
the supernova. If the dimensionless spin magnitude of the
collapsing stellar core exceeds unity, it must lose angular
momentum (potentially accompanied by significant mass
loss) to satisfy the Kerr spin limit for black holes and avoid
becoming naked singularities [40].
Compact-object formation depends on the mass and

metallicity of the progenitor [41,42]. We consider initial
masses between 30 M⊙ and 100 M⊙ and assume that all
stars in this mass range collapse directly into black holes at
the end of their WR lifetimes (no fallback accretion or pair-
instability supernovae). The resulting BBHs inspiral due to
GWemission for≲Gyr until coalescence. The BBHmasses
m1 and m2 and dimensionless spin magnitudes χ1 and χ2
are constant, while the misalignment angles θ1 and θ2

between the BBH spins and the orbital angular momentum
evolve on the precession timescale. Nonetheless, the
effective aligned spin parameter [43]

χeff ≡ χ1 cos θ1 þ qχ2 cos θ2
1þ q

; ð1Þ

with mass ratio q≡m2=m1 ≤ 1, is conserved through the
inspiral [44]. This implies that some information describing
the initial BBH spin orientation, which can be used to
constrain aspects of the BBH formation described above, is
preserved until the BBHs emit GWs at detectable frequen-
cies near merger [45,46].
Eight of the ten BBH mergers in the O1 and O2 LIGO/

Virgo catalog [1] have posteriors within the 90% credible
interval −0.1 ≤ χeff ≤ 0.1, although this conclusion
depends on the choice of priors [47,48]. This may be
explained by BH spins that are either (1) both small,
(2) both high and directed in the orbital plane, or (3) nearly
equal in magnitude and opposite in direction. The other two
mergers, GW170729 and GW151226, are consistent with
0.11 ≤ χeff ≤ 0.58 and 0.06 ≤ χeff ≤ 0.38, respectively.
Consistently modeling the evolution of the BBH progenitor
masses, spin magnitudes, and spin directions is important
for understanding BBH formation.
BBH spin precession modulates the GW amplitude and

frequency and has recently been detected at marginal
significance in LIGO/Virgo events [49,50]. Exploring how
this precessional modulation can be produced in the isolated
formation channel is the primary motivation for this work. If
BHs form with large spins, spin precession is generic for a
BBH formed in the dynamical channel where isotropic spin
orientations are expected. Various aspects of stellar-binary
evolution conspire to suppress spin precession in the isolated
channel, but there are still regions in the stellar-binary
parameter space that produce precessing BBH systems.
We attempt to identify these regions, although we do not
predict the distributions of initial parameters as would be
provided by genuine population synthesis. Calculating the
observability of BBH precession is an open question [51,52].

B. Executive summary

Previous studies of BBHs formed in the isolated channel
considered how stellar processes such as core-envelope
coupling, stellar winds, and core collapse, as well as binary
processes such as tidal interactions, mass transfer, and
accretion, affected the distribution of BBHmasses and spins.
If the BBH spins are initially aligned, the main astrophysical
source of spin-orbit misalignment is the recoil kick possibly
received by a star undergoing gravitational collapse. Tides or
strongly torqued accretion disksmay realign the spin with the
orbital angular momentum. Typically, the BBH spin orienta-
tion is calculated in binary stellar-evolution models either
from arbitrary prior distributions [53,54], by completely
ignoring misalignments [55–57], or by postprocessing the
effects of SN kicks [21,58–60]. Some models address the
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uncertainties of BH accretion but ignore tidal realignment of
the WR spin [61,62].
We use our ownmodel that incorporates the various effects

described above to identify regions of parameter space that
lead to precessing BBHs. We assume either maximal stellar
core-envelope spin coupling, resulting in low natalWR spins,
orminimal coupling inwhich the newly bornWRstar inherits
an initial spin that we parametrize by the fraction fB of its
breakup value.We assume that RLOF immediately initiates a
mass-transfer event either through common-envelope evolu-
tion (CEE),which drastically shrinks the binary separation, or
in stable mass transfer (SMT), in which a fraction fa of the
donor’s envelope is accreted. If the dimensionless spin of the
collapsing WR star exceeds the Kerr spin limit (χ ¼ 1), we
assume that mass loss reduces the BH spin to this limiting
value.We consider the two extreme possibilities of negligible
mass loss or isotropic mass loss from the stellar surface.
Our prescription for the tidal evolution of the BH

progenitor—the WR star—consistently evolves the spin
magnitude and misalignment as mass is lost due to winds
[see Eqs. (17a) and (17b)]. BBH spin-orbit misalignments

are determined by supernova (SN) natal kicks (parame-
trized by σ). Misalignments from SN kicks are imperative
for producing precessing systems in our model.
We define the primary (secondary) as the initially more

(less) massive star. Figure 1 depicts the two scenarios of
binary evolution that we explore defined by whether CEE,
required to produce BBHs with sufficiently small separa-
tions that merge within the age of the Universe, occurs
following the RLOF of the primary or secondary star.
Scenario A, in which RLOF of the primary (secondary)
leads to SMT (CEE), is expected to dominate for small natal
kicks. Scenario B, in which RLOF of the primary (secon-
dary) leads to CEE (SMT), dominates for large natal kicks
where CEE is needed to prevent the binaries from becoming
unbound following the first kick [21]. These kicks are
needed to produce misaligned BBHs in the isolated for-
mation model given our assumption that the initial spins are
aligned with the orbital angular momentum L [63].
As shown in Fig. 1, Scenarios A and B are each split into

two unique pathways of binary stellar evolution depending
on whether the supernova of the primary (SN1) occurs

FIG. 1. Diagram of the four evolutionary pathways that we explore. Top: Scenario A, where the primary RLOF leads to stable mass
transfer (SMT1), and the secondary RLOF leads to common-envelope evolution (CEE2). Bottom: Scenario B, where the primary RLOF
leads to common-envelope evolution (CEE1), and the secondary RLOF leads to stable mass transfer (SMT2). In Pathway 1 (Pathway 2)
of each scenario, the primary supernova SN1 occurs before (after) secondary RLOF. We also allow the misaligned spins produced from
SN1 to precess prior to the secondary SN (SN2) if the precession timescale following both SN1 and CEE, given by Eq. (22) and
indicated by tpre in the diagram, is shorter than the time until SN2.
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before (Pathway 1) or after (Pathway 2) RLOF of the
secondary. Pathway 1 occurs for binaries with ZAMS mass
ratio below a transition value qtrans, where we define the
ZAMSmass ratio to be less than unity. This work is the first
to systematically explore how these different scenarios and
pathways of stellar-binary evolution affect the properties of
the BBHs they produce.
The fraction of binaries that remain bound after a SN

kick monotonically decreases with σ (see Fig. 6), so we
expect Pathways A2, B1, and B2, in which CEE precedes
the first natal kick, will dominate at large values of σ. In
Pathway A1, a smaller value of σ is required for binaries to
survive the SN kick that occurs at pre-CEE separations. We
stress that the boundary qtrans between Pathways 1 and 2 is
distinct from the criterion for mass-ratio reversal (MRR),
where the primary star evolves into the less massive BH.
The occurrence of MRR in Scenario A depends on the
fraction fa of the donor’s envelope that is accreted during
SMT. In Pathway B2, it additionally depends on the
amount of mass loss that accompanies the angular-
momentum loss needed during core collapse of the primary
to preserve the Kerr spin limit on the resulting BH.
Initial separations aZAMS that allow a binary to survive

until BBH formation depend on the interplay of stellar
evolution and mass transfer. This implies the existence of a

model-dependent “Goldilocks zone” for the production of
highly precessing BBHs; properties of typical BBHs
produced in this region of parameter space for each
pathway are listed in Table I. We chose a low metallicity
(Z ¼ 0.0002) when preparing this table to reduce the
effects of stellar winds and emphasize those of binary
evolution.
The early onset of CEE in Scenario B creates the

possibility of the secondary filling its Roche lobe before
leaving the main sequence and thus destroying the binary
[64,65]. This necessitates larger aZAMS (i.e., ≳10000R⊙)
than in Scenario A, as seen in the aZAMS row of Table I.
These wider initial separations imply that only accretion
during stable mass transfer can spin up the primary in
Scenario B, whereas tidal synchronization may spin up the
WR star in Scenario A.
In Scenario A, binaries with initial separations that are

too small (i.e., ≲3000R⊙) have negligible misalignments
due to tidal alignment (contrast the strong and weak A2
columns of Table I). Tides can temporarily preserve or even
increase spin misalignment for the large spins that can be
attained with minimal core-envelope coupling or from
accretion onto a WR star (see Fig. 19), but we do not
explore this possibility, since it only occurs in a finely-
tuned portion of the parameter space.

TABLE I. Typical examples of BBHs with large, misaligned spins produced in the evolutionary pathways
depicted in Fig. 1. All the binaries listed in this table have an initial metallicity Z ¼ 0.0002, a primary ZAMS mass
m1;ZAMS ¼ 70 M⊙, and an accreted fraction fa ¼ 0.2 during stable mass transfer. The first column lists our
assumptions, initial parameters, and final parameters (evaluated after SN2) of the binaries. From top to bottom, the
rows give the core-envelope coupling (strong or weak), secondary ZAMS mass m2;ZAMS (which determines the
pathway of evolution), ZAMS separation aZAMS, one-dimensional velocity dispersion σ, initial fraction of WR
breakup spin fB, average BBH semimajor axis āBBH, average primary (secondary) BH mass m1 (m2), average
primary (secondary) BH dimensionless spin χ1 (χ2), average cosine of primary (secondary) BH misalignment cos θ1
(cos θ2), fraction of binaries that remain bound after each SN fbound, average BBH aligned effective spin χeff ,
average time until BBH merger tmerge, and the fraction fmerge of binaries that merge within the age of the Universe.
The next eight columns show the results of our model.

Pathway A1 A2 B1 B2 A1 A2 B1 B2

Coupling Weak Weak Weak Weak Strong Strong Strong Strong
m2;ZAMS (M⊙) 50 67 50 60 50 67 50 60
aZAMS (103R⊙) 6 6 12 12 6 1.5 12 12
σ (km/s) 30 200 200 200 30 200 200 200
fB 0.01 0.01 0.01 0.01 � � � � � � � � � � � �
āBBH (R⊙) 19 20 20 16 19 11 20 16
m̄1 (M⊙) 23 23 29 20 23 21 29 20
m̄2 (M⊙) 19 25 16 19 19 23 16 19
χ̄1 0.15 0.15 0.7 1 0.006 1 0.6 1
χ̄2 0.35 0.16 0.17 0.16 0.2 1 0.004 0.005
cos θ1 0.4 0.6 0.7 0.7 0.4 0.9 0.7 0.7

cos θ2 0.6 0.6 0.7 0.7 0.6 0.9 0.7 0.7
fbound;SN1 0.4 0.7 0.7 0.7 0.4 0.9 0.7 0.7
fbound;SN2 1 0.7 0.7 0.7 1 0.9 0.7 0.7
χ̄eff 0.1 0.1 0.35 0.4 0.1 0.9 0.3 0.35
t̄merge (Gyr) 3 2 3 2 3 0.5 3 2
fmerge 0.75 0.6 0.5 0.6 0.75 0.9 0.5 0.6
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In Pathway A1, significant spin misalignments (cos θi ≲
0.7) are possible with modest kicks (σ ≳ 30 km=s). If we
assume maximal core-envelope coupling, natal BH spins are
very small, i.e., χ ∼ 0.001, unless the initial separation is small
enough, i.e., aZAMS ≲ 3000R⊙, for tidal synchronization to
operate during theWR stage (contrast the strong-coupling A1
and A2 columns of Table I). If we assume minimal coupling
with fB ≳ 0.01, the BBHs can have significant spin magni-
tudes (χ ≳ 0.1) and significant misalignments as shown in the
weak coupling columns of Table I. Also, the spin of the
secondaryBH inPathwayA1 is on average larger than the spin
of the primary BH, since SN1 produces a scatter in the
semimajor axes. The semimajor axes are then shrunk consid-
erably by circularization in RLOF and by CEE of the
secondary prior to the tides acting on the secondary WR star.
In Pathway A2, since CEE of the secondary occurs before

the primary SN kick, a larger value of σ (≳150 km=s) is
needed than in A1 to obtain significant misalignments. The
spin magnitudes remain small when maximal core-envelope
coupling is assumed. Tidal synchronization can produce
large spins at small initial separations, but tidal alignment
also causes the misalignments to vanish. For a fairly narrow
range of binary separations, we can obtain large spins
through tidal synchronization without having enough time
for complete tidal alignment, as shown in the strong coupling
column for A2 of Table I.
If we instead assume minimal coupling, an initial WR

spin of fB ∼ 0.01, and modest kicks, the BBH has both
significant spin magnitudes (χ ∼ 0.1) and misalignments
for a broad range of initial binary separations aZAMS, as
shown in the weak coupling column for A2 of Table I. We
find that fB ≳ 0.1 produces highly spinning BHs for all
masses and metallicities, making Pathway A2 a likely
source of precessing BBHs.
In Scenario B, significant spin misalignments (cos θ≲

0.7) also require large kicks (σ ≳ 150 km=s). If we assume
maximal core-envelope spin coupling, avoiding RLOF on
the main sequence (MS) implies that the secondary spin
remains small. Accretion by the primary BH in Pathway B1
or by the primary WR star in Pathway B2 during SMT from
the secondary results in a high primary BH spin (χ ≳ 0.5).
The amount of the secondary’s envelope that is accreted is
uncertain. For Pathway B1, if fa ¼ 0.2 as in Table I, then
χ ∼ 0.6, and if fa ¼ 0.5, then χ ∼ 0.8. For Pathway B2,
χ ¼ 1 for fa > 0 because of the larger specific angular
momentum of the gas that is accreted at the stellar surface
of the WR star. If we assume minimal coupling with
fB ≳ 0.01, then both BHs have significant spins.
This paper focuses on the spin magnitudes and misalign-

ments produced in our four pathways of isolated binary
stellar evolution. In future work [66], we shall use the code
PRECESSION [67] to evolve the BBHs that we identify in this
work as expected precessing candidates down to the small
binary separations at which they produce detectable GWs
in order to quantify their precessional properties.

C. Outline of the paper

This paper is organized as follows: Sec. II explains our
model of binary stellar evolution. Section III presents our
results pertaining to the BBH masses and spins, the
transition mass ratio qtrans between Pathways 1 and 2,
and the possibility of mass-ratio reversal. Section IV
summarizes these results and discusses their implications.
Additional details of our model are described in the
Appendixes.

II. BINARY-EVOLUTION PRESCRIPTIONS

Studies that evolve binary stars into compact binaries
typically adopt one of two strategies. In the first approach,
large statistical samples of binary populations are syn-
thesized using fits to simplified stellar-evolution models
[21,24,53,54,58,60,63,68–74]. In the second approach,
numerical models of stellar structure are used to perform
more accurate and computationally expensive stellar evo-
lution on a smaller number of systems while binary
processes are simplified [55–57,75]. Given current com-
putational limitations, both approaches have challenges
predicting the complicated dependence of BBH spins on
the astrophysical evolution of the BBH progenitors. A
recent hybrid approach found BBH spin magnitudes that
are consistent with each strategy, but they did not study
BBH spin misalignments in depth [76]. Rather than
utilizing these existing comprehensive models, we simulate
binary stellar evolution with simplified stellar-evolution
formulas and with binary processes pertinent to the
evolution of the spin magnitudes and directions.
Gerosa et al. [21] showed that the detection rates of GW

events are dominated by binaries that experience a single
episode of common-envelope evolution (CEE) (see their
Fig. 3). We therefore focus on such formation scenarios,
rather than those with zero or two episodes of CEE
(Channels II and III of Neijssel et al. [77]). When this
CEE occurs after the supernova (SN) of the primary, the
kick velocity dispersion σ must be small to avoid unbinding
the binary. Larger values of σ are allowed when CEE occurs
before the SN of the primary, due to the small post-CEE
binary separation.
Inspired by these results, we define two scenarios of

binary stellar evolution according to how mass transfer
proceeds from Roche-lobe overflow (RLOF). In Scenario
A, the initially more massive star (primary) fills its Roche
lobe first and loses its envelope by stable mass transfer to
the initially less massive star (secondary). The secondary
RLOF then leads to CEE. In Scenario B, the roles are
switched so that the primary CEE occurs first and then the
secondary stably transfers mass to the primary.
For both scenarios, when the ZAMS mass ratio

(qZAMS ≤ 1) is sufficiently small, the secondary evolves
slowly enough that it experiences RLOF after the primary
SN at the end of its Wolf-Rayet (WR) lifetime. We call this
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possibility Pathway 1, and Pathway 2 is when RLOF of the
secondary precedes the primary SN. The sequences of
events in these four different evolutionary pathways (A1,
A2, B1, B2) are depicted in Fig. 1. The analysis of Gerosa
et al. [21] suggests that Pathway A1 dominates the event
rate for low σ, while some combination of the remaining
three, all of which have CEE prior to the primary SN,
dominate for high σ.
Our initial stellar binaries are parametrized by the ZAMS

massmZAMS of each star, the metallicity Z, the initial binary
separation a, the fraction fa of the donor envelope accreted
during SMT, the SN kick strength σ, and the initial spin
magnitude of each star defined as a fraction fB of the
breakup spin at which the star’s centrifugal acceleration
exceeds its self-gravity. For maximal core-envelope cou-
pling, fB is chosen at ZAMS, and for minimal coupling, fB
is chosen for the natal WR star. For simplicity, we assume
both members of the binary have the same fB and Z. The
primary (secondary) is indexed by the subscript 1 (2), so the
ZAMS mass ratio is qZAMS ≡m2;ZAMS=m1;ZAMS ≤ 1.
Depending on the value of fa, stable mass transfer can
cause mass-ratio reversal (MRR) in which the primary
evolves into a BH less massive than the secondary. We
simulate single stellar evolution by directly implementing
the formulas of Hurley et al. [78] and incorporate binary
interactions.

A. Initial stellar spin

The initial dimensionless spin χ0 ¼ fBχB of each star in
our binary is parametrized with the fraction fB of the
dimensionless breakup spin,

χB ¼ cjSBj
Gm2

¼ cr2gR2ΩB

Gm
¼ r2g

�
c2R
Gm

�
1=2

; ð2Þ

where m is the mass of the star, R is the stellar radius, rg is
the radius of gyration, and ΩB is the breakup angular
frequency. A numerical fit [78] to observations of the initial
mean-equatorial velocity of high-mass main-sequence
stars [79] suggests that, with the ZAMS radius given by
Tout et al. [80], fB ranges from 0.004 at high mass
(mZAMS ¼ 100 M⊙) and metallicity (Z ¼ 0.02) to 0.1 at
low mass (mZAMS ¼ 10 M⊙) and metallicity (Z ¼ 0.0002).
There is no simple formula for the initial spin of WR stars
[81]. We treat fB as a free parameter to explore the effects
of uncertainty in the initial spin magnitudes on the final
BBH spins.
Another uncertainty is the extent to which the rotation of

the stellar core is coupled to that of the stellar envelope
[37,38,82–85]. Detailed stellar-evolution codes have been
used to explore the effects of core-envelope spin coupling
on the spin magnitudes of compact binaries [56,57,60,86],
but the results are model dependent and the strength of
the coupling likely depends on the stage of nuclear

evolution [87]. Since this issue remains elusive, we simply
consider two extreme possibilities for core-envelope spin
coupling: maximal coupling in which the entire star is a
rigid rotator so that the initial spin of each star, χ0, is chosen
at ZAMS, and minimal coupling in which the stellar core
rotates independently from its envelope so that the initial
spin of each star, χ0, is chosen at zero-age Wolf-Rayet
(ZAWR). The effect of core-envelope spin coupling on
stellar misalignment evolution is very uncertain, so we
assume that the core and envelope share the same misalign-
ment at all times.
Figure 2 shows the dimensionless spin χ as a function of

ZAMS massmZAMS at the beginning and end of the MS for
stars that begin the ZAMS spinning at breakup. The ZAMS
stellar radius R increases less than linearly as a function of
mZAMS, implying that χBðmZAMSÞ monotonically decreases
[see Eq. (2)]. As the metallicity Z increases, χB increases
since R increases. Winds are more effective at higher
metallicity, implying a greater gap between the solid and
dashed curves (which denote the beginning and end of the
MS) for high values of Z.
Figure 3 displays the dimensionless spin χ of Wolf-

Rayet (WR) stars. WR stars that begin the WR stage
spinning at breakup have a dimensionless spin χB;WR ≈
15.8ðmWR=10 M⊙Þ−0.2 as a function of their mass mWR,
shown by the solid black curve. High-mass WR stars have
much smaller radii than MS stars of comparable mass and
correspondingly smaller moments of inertia and breakup
spin angular momenta. We assume that all WR stars have
zero-age radii RWR given by Eq. (A1) independent of

FIG. 2. The dimensionless spin χB as a function of zero-age
main-sequence stellar mass mZAMS. The solid (dashed) lines
correspond to spins before (after) mass loss due to winds over
the MS lifetime. Red circle, green cross, and blue star
curves correspond to metallicities Z ¼ 0.0002, 0.002, and 0.02,
respectively.
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metallicity. As on theMS, the stronger winds at higherZ lead
to smaller spins at the end of the WR stage.
The initial spins of WR stars depend on the choice of

core-envelope coupling during their evolution. In the case
of maximal coupling, the initial spin that the WR star
inherits from losing its envelope in RLOF via Eq. (6) is
small. For minimal coupling, MS stars can be differentially
rotating, and therefore the initial WR spins depend on the
value of fB chosen at the start of the WR stage.
Although much progress has been achieved in explaining

the formation of binary stars and multiple systems, many
uncertainties remain [88–90]. Recent studies of stellar
clusters suggest that the initial misalignments between
binary star spins and their orbital angular momentum are
very small [91], but turbulent and dynamical processes may
produce misaligned spins [92]. If stellar spins in isolated
binaries are initially isotropic, this isotropy is likely
retained by the final BBHs unless binary interactions like
tides or accretion realign the spins [53], but we do not
explore this here. Since we are interested in whether natal
kicks can generate significant misalignments, we make the
conservative assumption that the initial stellar spins are
aligned with the orbital angular momentum.

B. Mass transfer

A high-mass star generally expands as it ages and may
fill its Roche lobe if the binary separation is sufficiently
small. Roche-lobe overflow (RLOF) causes a star to
transfer mass and angular momentum to its companion
or out of the system entirely. In our model, we assume

RLOF causes a star to lose its entire envelope. The physics
of binary mass transfer has long been studied, but it is still
poorly understood [93,94]. A fully consistent implementa-
tion of RLOF and mass transfer is difficult to obtain [95].
The Roche-lobe (RL) radius of an object in a binary is

the distance from the center of the object within which
material remains gravitationally bound to it. For a star with
mass m1 that is synchronized in a circular binary, the RL
radius is approximated [96] by

RRL ¼ 0.49

0.6þ q2=3 lnð1þ q−1=3Þ ai; ð3Þ

where q ¼ m2=m1, and ai is the binary separation at the
start of RLOF.
Our ZAMS binaries are circular, so RLOF and the core

collapse of the primary (SN1) each occur in a circular orbit.
In Pathway 1 (see Fig. 1), the secondary experiences RLOF
after the kick in SN1 has generated orbital eccentricity.
However, Eq. (3) is only valid for circular orbits. We
approximate the RL radius on eccentric orbits by replacing
the binary separation ai in Eq. (3) with aið1 − e2i Þ, the
binary separation of the circular orbit with the same orbital
angular momentum. This approximation is unnecessary in
Pathway 2, where RLOF always occurs before either of the
core-collapse events.
The outcome of RLOF depends on the stability of the

mass transfer, which is determined by how the stellar radius
and Roche lobe change relative to the mass transfer rate
[97]. Population-synthesis codes typically implement mass
transfer using a formalism [31,98] where time-dependent
mass-radius exponents describe the response of the stellar
radius and RL to mass loss. Since we model mass transfer
as a discrete event rather than evolving the stellar masses
and radii dynamically, we must adopt a different approach.
We find the time at which RLOF occurs [i.e., R�ðtRLOFÞ ¼
RRL] and then calculate the stellar core mass at that time
using the formulas of Hurley et al. [78]. This procedure
provides the core mass and the binary separation after a
mass transfer event and is explained in greater detail in
Sec. I of Appendix B. We assume that after a donor star
loses its envelope, its core emerges as a WR star.
In unstable mass transfer, the mass-transfer rate is large

enough that the donor star’s RL radius shrinks faster than
its stellar radius. Common-envelope evolution (CEE)
ensues when the companion’s accretion rate cannot keep
pace with the mass transfer rate. Energy and momentum are
transferred to the envelope by the viscous friction of the
binary’s motion through the envelope on the very short
dynamical timescale of the donor. This transfer either ejects
the envelope or merges the binary [30], and the orbital
separation shrinks by several orders of magnitude even in
systems that survive.
The result of CEE depends on the stage of nuclear

evolution of the donor star. For instance, donors on the MS

FIG. 3. The dimensionless spin χ of Wolf-Rayet (WR) stars as a
function of their zero-age stellar mass mZAWR. The solid black
curve corresponds to the beginning of the WR stage for stars
spinning at breakup, while the dashed red, dotted green, and dot-
dashed blue curves correspond to spins after mass loss due to
winds over the WR lifetime [Eq. (A2)] for metallicities
Z ¼ 0.0002, 0.002, and 0.02, respectively.
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and Hertzsprung gap (HG) are argued to prematurely
merge the binary during CEE since they lack a steep
core-envelope density gradient [64,65]. Several authors
have explored this with population synthesis, e.g.,
Refs. [99–102], but the physics of CEE remains highly
uncertain [30–32]. To more broadly explore the parameter
space of BBH spins and misalignments, we allow binaries
to survive CEE if the donor fills its Roche lobe on the
HG [103] or later stellar stages. The ratio of the binary
separation af after CEE to its initial value ai follows from
conservation of the sum of the stellar envelope’s binding
energy and the binary’s orbital energy [104–107]:

af
ai

¼ mf;D

mi;D

�
1þ 2ai

λRRL

mi;D −mf;D

mA

�
−1
: ð4Þ

Here mi;D and mf;D are the initial and final masses of the
donor star,mA is the mass of the companion which remains
fixed during CEE [108–110], and λ is a dimensionless
parameter of order unity which depends on the structure
and mass of the donor star. We use a numerical fit for
λðRRLÞ first presented in Eq. (A31) of Gerosa et al. [16]
based on the results of Dominik et al. [99]. We assume that
CEE is too brief for significant accretion or change in the
spin directions to occur.
In stable mass transfer (SMT), the mass transfer rate is

low enough that the donor’s RL radius does not shrink
uncontrollably relative to the stellar radius. We assume that
some fraction fa of the envelope is accreted by the
companion. The value of fa is uncertain and can range
from fully conservative (fa ¼ 1) to fully nonconservative
(fa ¼ 0) [111]. Following previous work [20,60], we
consider the two values: fa ¼ 0.2 and fa ¼ 0.5. The effects
of this choice on whether systems experience mass-ratio
reversal are explored in Sec. III C. SMT generally occurs
over the donor’s thermal timescale and changes the binary
separation due to isotropic reemission of the donor’s
envelope [31] according to

af
ai

¼ mi;D þmi;A

mf;D þmf;A

�
mi;D

mf;D

�
2

e−2ðmi;D−mf;DÞ=mi;A : ð5Þ

RLOF and the subsequent mass transfer determines the
range of initial binary separations allowed in the BH
formation scenarios we consider. If the binary stars are
too widely separated initially, the RLOF criterion given by
Eq. (3) will not be satisfied, implying the binary separation
will never be reduced by CEE given by Eq. (4) to a value
small enough for the BBHs to merge within the age of the
Universe. However, if the initial separation is too small, one
or both of the stars may fill their Roche lobes during the MS
or WR stages, leading to the destruction of the binary.
RLOF is discussed in greater detail in Sec. I of Appendix B.
As a donor star’s envelope is lost during mass transfer, it

will carry away angular momentum and reduce the spin of

the emergent stellar core by an amount that depends on the
strength of core-envelope coupling. To avoid introducing
further uncertainties (see Sec. II A), we consider two
limiting cases. For maximal core-envelope coupling, we
assume the envelope is shed isotropically in a spherical
shell so that conservation of angular momentum yields a
zero-age Wolf-Rayet (ZAWR) dimensionless spin,

χf ¼ χi

�
mf

mi

�
2=3r2g−2

: ð6Þ

This equation was derived by assuming that the stellar
radius and the radius of gyration rg remain constant at their
WR values during mass transfer, analogous to wind-driven
mass loss. This is a conservative estimate of the angular
momentum loss, since the larger stellar radii prior to RLOF
imply that a given amount of mass will carry away even
more angular momentum. For r2g ¼ 0.075 [112], these
ZAWR spins are small (χf ∼ 0.01) for metallicities Z ¼
0.02 and 0.002, and even smaller (χf ∼ 0.001) for lower
metallicity Z ¼ 0.0002 because of the smaller radii, and
thus smaller dimensionless spins χi, of these stars at RLOF,
as shown in Fig. 2. In the case of minimal core-envelope
coupling, the core’s spin is unaffected by the loss of its
envelope and is freely specified after mass transfer by its
fraction fB of the WR breakup spin given by Eq. (2).

C. Tides and winds

1. Tides

Tidal forces in a close, detached binary system drive the
exchange of kinetic energy and angular momentum
between the rotation of the components and their orbital
motion. The binary approaches an equilibrium state of
minimum kinetic energy where the orbit is circular, and the
spins are synchronized and aligned with the orbital angular
momentum. The strength of the tidal interaction is deter-
mined largely by the orbital separation and by the effi-
ciency of the mechanisms that dissipate kinetic energy
[113]. Various dissipation mechanisms misalign the tidal
bulge relative to the line connecting the two stars’ centers,
which produces a torque as angular momentum is
exchanged between the orbit and the rotation of the star.
Two dissipation mechanisms are typically considered:
(1) viscous/turbulent dissipation (convective damping)
acting on the equilibrium tide, and (2) radiative damping
acting on the dynamical tide [114].
We only consider tides acting on Wolf-Rayet (WR) stars

after CEE has occurred, since the tidal torque is negligible
at the very large pre-CEE separations, and since stable mass
transfer alone shrinks the separation insufficiently [102].
Tidal evolution depends on the orbital eccentricity of the
binary, but in our model tides only operate after circulari-
zation due to RLOF (Pathway 1) or after the SN of the
primary has produced modest eccentricity (e < 0.4)
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(Pathway 2). For these reasons, we assume circular orbits in
our tidal evolution.
WR stars have radiative envelopes and convective cores,

implying that radiative damping of the dynamical tide is the
dominant mechanism of tidal dissipation [115]. However,
we assume for simplicity that the tidal dissipation is given
by that of an equilibrium tide with a constant time lag in the
weak-friction approximation, which leads to the following
synchronization, alignment, and circularization timescales
[116] for tides acting on a star of mass m due to its
companion of mass mc in a circular binary:

tsync ¼
����Ωorb − Ω

_Ω

���� ¼ Tr2g
3kq2t

�
a
R

�
6

; ð7aÞ

talign ¼
���� θ_θ
���� ¼

����Ωorb

Ω
−
1

2
ð1 − ηÞ

����
−1
tsync; ð7bÞ

tcirc ¼
���� e_e
���� ¼ qt

9r2gð1þ qtÞ
����1 − 11

18

Ω
Ωorb

����
−1
�
a
R

�
2

tsync; ð7cÞ

where k is the dimensionless apsidal motion constant
proportional to the quadrupole moment raised on the
WR star [117], qt ≡mc=m is the ratio of the companion
and WR masses, R is the WR radius [Eq. (A1)], Ω is the
rotational frequency of the WR star, Ωorb ¼ ðGM=a3Þ1=2 is
the orbital frequency,

η ¼ r2g

�
mþmc

mc

��
R
a

�
2
�

Ω
Ωorb

�

¼ fB;WRr2g
qt

�
Rð1þ qtÞ

a

�
1=2

ð8Þ

is the ratio of the rotational angular momentum of the WR
star to the orbital angular momentum, fB;WR ¼ Ω=ΩB is the
ratio of the rotational frequency of the WR star to its value
at breakup, and

T ¼
����Ω −Ωorb

ϕlagΩ2
B

���� ð9Þ

is the timescale on which significant tidal evolution
changes the orbit. In Eq. (9), ϕlag is the angle between
the tidal bulge raised on the WR star and the separation
vector of the binary. For the radiative damping of the
dynamical tide relevant to WR stars,

k
T
¼ 1.9782 × 104 yr−1ð1þ qtÞ5=6E2

×

�
m
M⊙

�
1=2

�
R
R⊙

��
a
R⊙

�
−5=2

ð10Þ

after accounting for the typo in Eq. (42) of Ref. [98].

The value of the dimensionless tidal torque constant E2,
first introduced by Zahn (1975) [114], is uncertain because
of its dependence on the stellar core radius [56,112,118].
For simplicity, we follow the prescription presented in
Ref. [98], where

E2 ¼ 1.592 × 10−9
�

m
M⊙

�
2.84

: ð11Þ

Substituting r2g ¼ 0.075 [112], Eqs. (10) and (11), and
the large-mass limit of the WR mass-radius relation [in
which Eq. (A1) implies R ∝ m0.6] into Eq. (7a) yields

tsync ¼
17.8 Myr

ð1þ qtÞ5=6q2t

�
a
R⊙

�
17=2

�
m
M⊙

�
−7.54

; ð12Þ

where the exponent of the WR mass arises from
m−½7ð0.6Þþ0.5þ2.84� ¼ m−7.54. The rotation of the WR will
synchronize (Ω ¼ Ωorb) if its lifetime tWR is longer than
this synchronization timescale, which occurs for binary
separations less than

async
R⊙

¼ 4.77

�
tWR

0.3 Myr
ð1þ qtÞ5=6q2t

�
m

10 M⊙

�
7.54

�
2=17

;

ð13Þ

where 0.3 Myr is a typical WR lifetime given by Eq. (A2).
The dimensionless WR spin χsync at the synchronization
separation async as a function of WR mass m for three
different companion masses mc is shown in Fig. 4. If the

FIG. 4. The dimensionless spin as a function of mass of a WR
star at the widest separation that tidal synchronization can occur.
The styles of the lines correspond to different values of mc: The
dot-dashed red line, dashed green line, and solid blue line
correspond to companion masses mc ¼ 15 M⊙, 30 M⊙, and
60 M⊙, respectively. These spins are well below the WR breakup
spin shown in Fig. 3.
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binary separation is small enough for tidal synchronization
to occur (a ≤ async), Fig. 4 suggests that tides are capable of
producing a highly spinning BH progenitor.
We show the approximate synchronization separation

async given by Eq. (13) as a function of WR mass with the
dot-dashed brown line in Fig. 5. The solid lines in this
figure show the binary separations below which the WR
spin is aligned with the orbital angular momentum
(talign < tWR) for various WR spin magnitudes. As indi-
cated by Eq. (7b), larger initial spins take longer to align
and therefore can only be aligned within the WR lifetime at
smaller separations. Almost all WR spins acquired through
tidal synchronization (below the dot-dashed brown line) are
also aligned (below the solid black line). Tides may briefly
increase the misalignments of large spins (see Fig. 19 in
Appendix B), but we neglect that possibility here, as it only
occurs in a narrow portion of parameter space.
To determine the relevance of tidal synchronization and

alignment to GW sources, we must identify the allowed
range of initial binary separations. The upper bound is
determined by the requirement that the BBHs merge within
the lifetime of the Universe. The time to merger for circular
orbits, which is an upper bound on the time to merger for
eccentric orbits [119], is

tmerge ¼
5ð1þ qtÞ2
256qt

GM
c3

�
a

GM=c2

�
4

≈ 602 Myr
ð1þ qtÞ2

4qt

�
M
M⊙

�
−3
�

a
R⊙

�
4

; ð14Þ

where M is the total mass. Setting tmerge equal to 13.8 Gyr
[120] and solving for the binary separation a yields the
dashed black line in Fig. 5. The lower bound on the allowed
range of initial separations is determined by the require-
ment that the WR star avoids RLOF until it can collapse
into a BH. Setting Eq. (3) for the RL radius equal to
Eq. (A1) for the WR radius and solving for the separation a
yields the black crosses in Fig. 5.
The upper bounds for tidal synchronization and alignment

fall within this allowed range. The solid colored lines show
thatWR starswhich acquire spins through othermeans (such
as accretion or a weakly coupled core) can avoid tidal
alignment. The dotted orange and pink lines are contours
of constant dimensionless spin χ ¼ 1 and χ ¼ 2 for
synchronized systems (Ω ¼ Ωorb). The portions of these
lines below the dot-dashed brown synchronization line show
that tides can produce largeBH spin,which can subsequently
become misaligned by the recoil in the SN of the secondary.
We also estimate the upper bound on the binary separation

of systems that experience differential spin precession
between the primary and secondary SNe. Setting the differ-
ential precession time tpre given by Eq. (22) equal to an
estimate of the time between the SNe (≈0.01 Myr) and
solving for the binary separation a yields the dotted purple
line in Fig. 5. Differential precession is important because it
allows themisalignment angles θ1 and θ2 to differ even in the
absence of tidal alignment.

2. Winds

Winds from a hot, luminous star’s surface are best
explained by the line-driven model [121] in which the
wind mass-loss rate is an increasing function of stellar mass
and metallicity [122–124]. Although winds occur through-
out the star’s life, for simplicity we only consider them
during the main-sequence (MS) and WR stages. Winds are
important for stellar spin evolution, because the fractional
change in the angular momentum of a WR star due to a
wind launched from its surface is a factor r−2g ≃ 13 larger
than the fractional change in its mass. We ignore the effects
of magnetic fields which would increase the specific
angular momentum of the wind.
For a MS star of mass m, we use the Z-modified

Neiuwenhuijen and de Jager mass-loss rate

_MNJ ¼ −9.6 × 10−15 M⊙=yr

�
Z
Z⊙

�
1=2

�
R
R⊙

�
0.81

×

�
L
L⊙

�
1.24

�
m
M⊙

�
0.16

; ð15Þ

FIG. 5. Separations at which various processes operate as a
function of the mass of a WR star in a binary with a companion
that has a 10% larger mass. The dashed black, dotted purple, and
dash-dotted brown lines are the upper bounds on binaries that
(1) merge through GW emission in less than the age of the
Universe, (2) have spins that precess with a period of 0.01 Myr,
comparable to the time between SNe, and (3) tidally synchronize
the WR spin. The solid lines are upper bounds on tidal alignment
for WR stars with dimensionless spins of 0.01, 0.1, and 0.3 (red,
green, and blue) and synchronized with the orbit (black). The
dotted brown and pink lines show WR stars with synchronized
dimensionless spins of 1 and 2. The black crosses show the lower
bound on binaries that avoid destroying the WR star through
RLOF. The shaded gray regions above the dashed line and below
the crosses do not produce observable GW sources.
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where R is the MS radius and L is the MS luminosity [78].
To compute the amount of mass lost over the MS lifetime,
we integrate Eq. (15) while accounting for the time-
dependent stellar radius and luminosity. We ignore winds
during the brief HG and CHeB stages, since the large radii
during these stages imply that Eq. (15) overestimates the
mass loss [125,126].
The rate at which WR stars lose mass due to winds is

crucial in determining whether a neutron star or black hole
forms for a given mass and metallicity [127]. We calculate
the final WR mass and spin using the recent mass-loss rate
of Vink [128],

_MV ¼ −10−13.3 M⊙=yr

�
Z
Z⊙

�
0.61

�
L
L⊙

�
1.36

; ð16Þ

with a mass-dependent WR luminosity [78].
We assume wind mass loss is isotropic [55], implying

that the star is spun down according to Eq. (6). The radius
of gyration generally depends on time, but for simplicity we
assume for MS stars r2g ¼ 0.2 [129,130] and for WR stars
r2g ¼ 0.075 [112]. We do not consider accretion by the
companion of mass lost due to winds.

3. Wolf-Rayet spin evolution

Tides and winds compete to determine the final WR spin.
Tides dominate at small separations due to the strong
separation dependence of the tidal synchronization time-
scale given by Eq. (7a), while winds dominate at large
separations. Assuming constant binary separation (since
tsync ≪ tcirc) and radius, the change in the dimensionless
spin and the spin-orbit misalignment angle per unit change
in mass is

dχ
dm

¼
�
dχ
dm

�
tid;L

þ
�
dχ
dm

�
w

¼ χorb − χ

_mtsync
þ
�

2

3r2g
− 2

�
χ

m
; ð17aÞ

�
dθ
dm

�
tid;L

¼ −
θ

_mtsync

�
χorb
χ

−
1

2
ð1 − ηÞ

�
; ð17bÞ

where

χorb ¼ r2g

��
mþmc

m

��
R

Gm=c2

��
R
a

�
3
�
1=2

ð18Þ

is the dimensionless spin of the WR star at synchronization.
The first terms in Eqs. (17a) and (17b) are the linearized
tidal-evolution equations given by Eqs. (11) and (13),
respectively, of Hut (1981) [116]. The second term in
Eq. (17a) is derived assuming isotropic winds in the
corotating frame.

In the limit of large m, L ∝ m1.25 [78], implying
according to Eq. (16) that _m ¼ _MV ∝ m1.7 during the
WR stage. This allows us to integrate the coupled
Eqs. (17a) and (17b) to determine the final WR spin prior
to core collapse. The solutions to these equations are
discussed in Sec. III of Appendix B.

D. Natal kicks

Observations of pulsar motion suggest that neutron stars
receive natal kicks (or recoils) due to asymmetric energy/
mass ejection during their formation [131]. Natal kicks are
the most likely source of spin-orbit misalignment in close
compact binaries in the isolated channel [132]. Currently,
two types of kick mechanisms are favored in supernova
(SN) explosions: neutrino-driven kicks caused by asym-
metric neutrino emission, and hydrodynamical kicks asso-
ciated with asymmetric mass ejection. The mechanism that
drives the natal kick is uncertain, and it is unclear whether
BHs receive kicks [133–137]. Future observations may
constrain the prevalence of the two kick mechanisms for
BHs [59,138,139]. Hydrodynamical kicks may be sup-
pressed by the fallback of ejected material [140], which is
often modeled in population synthesis via a fallback
parameter. We do not include this parameter, since it would
be degenerate in our simplified model with the kick
velocity dispersion, and instead we assume that BHs are
formed through direct collapse.
We assume that the kick velocity vk is randomly drawn

from an isotropic Gaussian distribution with one-dimen-
sional velocity dispersion σ. The value of σ may be as low
as 15 km=s for double neutron-star binaries undergoing
electron-capture supernovae, and as large as 265 km=s for
iron-core-collapse supernovae [101]. This uncertainty jus-
tifies treating σ as a free parameter. For an initially circular
orbit, the binary will be unbound for

uk ≥ ð2β − sin2 θkÞ1=2 − cos θk; ð19Þ

where uk ¼ vk=vorb is the kick magnitude vk normalized by
the orbital velocity vorb ≡ ðGM=aÞ1=2 before the kick, θk is
the angle between the kick and the velocity of the
collapsing star, and β is the ratio of the final and initial
total masses [16,39,98].
Assuming initial alignment, the angle between the spins

Si and the orbital angular momentum L following
the primary natal kick (for systems that remain bound)
is given by

cosΘ ¼ 1þ uk cos θk
½ð1þ uk cos θkÞ2 þ ðuk sin θk cosϕkÞ2�1=2

; ð20Þ

where ϕk is the azimuthal angle of the kick in the plane
perpendicular to the stellar velocity, where ϕk ¼ 0 corre-
sponds to alignment with the initial orbital angular momen-
tum. Figure 6 shows the fraction of binaries that remain
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bound and the average value of cosΘ as functions
of σ=vorb.
Prior to the second SN, the binary components may have

different misalignments due to tidal realignment of the
secondary WR star or differential spin precession. After the
second SN, the angles θi between each BH spin and
the orbital angular momentum are

cosθi ¼
ð1þuk cosθkÞcosγi−uk sinθk cosϕk sinγi sinϖi

½ð1þuk cosθkÞ2þðuk sinθk cosϕkÞ2�1=2
;

ð21Þ

where γi is the angle between Si and L prior to the second
SN, and ϖi is the angle between the projection of Si into
the orbital plane and the binary-separation vector. Tidal
alignment can cause γi < Θ, while differential spin pre-
cession described below can causeϖ1 ≠ ϖ2. Equation (21)
reduces to Eq. (20) in the limit that γi ¼ 0. We use these
equations to translate the kick distribution into the distri-
butions of the BBH misalignment angles θi, and we also
compute the corresponding distributions of the BBH semi-
major axis and eccentricity.
The natal kick from the SN of the primary tilts the

direction of L, but it leaves S1 and S2 aligned with each
other, and thus ϖ1 ¼ ϖ2. However, post-Newtonian (PN)
spin precession can occur on a fairly short timescale even at
the ≈10R⊙ binary separations following CEE. Spin-orbit
coupling causes the spins of unequal-mass stars to precess
at different rates about L, implying that ϖ1 −ϖ2 is
randomized on a timescale

tpre ≡ 2π

jΩ1 −Ω2j

¼ 99.5 yrs
1þ qt
1 − qt

�
a
R⊙

�
5=2

�
M
M⊙

�
−3=2

; ð22Þ

where Ωi are the precession frequencies at lowest PN
order [141].
We compare this timescale to the time ΔtSN between

CEE and the SN of the secondary (Pathway A1) or between
the two SNe (Pathways A2, B1, B2), as shown in Fig. 1. We
set ϖ1 ¼ ϖ2 if ΔtSN < tpre or draw the angles ϖi inde-
pendently from a flat distribution between 0 and 2π
if ΔtSN > tpre.
Throughout this work, we assume that 10% of the pre-

SNWRmass is lost due to neutrino emission [60,142,143],
but the amount of this mass loss remains uncertain
[144,145]. We also assume that these neutrinos do not
carry away any angular momentum. Furthermore, we
enforce an upper bound χ ≤ 1 on the dimensionless BH
spin consistent with cosmic censorship [40]. Due to the
enormous uncertainties in the understanding of black-hole
formation [146], we explore two possible extremes for the
mass loss that accompanies this loss of angular momentum:
(1) either mass is ejected isotropically, in which case
mf=mi ¼ χ−1=6.89i , consistent with wind mass loss in
Eq. (6) with r2g ¼ 0.075, or (2) there is negligible mass
lost, consistent with angular-momentum transport outwards
through an extended accretion disk about the newly
formed BH.
The newly formed BBHs inspiral for a time tmerge given

by Eq. (14), reduced for nonzero eccentricity, before

FIG. 6. Left panel: The solid red line shows the fraction of binaries that are unbound by a SN as a function of the ratio σ=vorb of the
kick dispersion to the orbital speed. The dot-dashed green (dashed blue) line shows the fractions of binaries that remain bound but
change the direction of their orbital angular momentum by a tilt angleΘ < ð>Þ90°. The collapsing WR star has an initial mass of 35 M⊙
and an equal-mass companion; it loses 10% of its mass during the SN. Right panel: The average value of cosΘ as a function of the
ratio σ=vorb.
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coalescing [119]. We use this time to compute the fraction
fmerge of binaries that merge within the age of the Universe
in Table I. The spin misalignments given by Eq. (21) will
continue to precess until the BBHs merge. Once GW
observatories are sensitive enough to detect the effects of
this spin precession [52], we will be able to constrain the
many aspects of stellar-binary evolution described in this
section that affect BBH spin distributions.

III. RESULTS

Our model of stellar-binary evolution depends upon
seven initial parameters: the masses mi;ZAMS, separation
aZAMS, metallicity Z, fraction of breakup spin fB, kick-
velocity dispersion σ, and accreted fraction fa. Various
physical motivations, as summarized in Sec. I B, constrain
the values of these parameters. Low-Z systems best
illustrate the effects of binary processes on the component
spins, since high Z produces strong winds which suppress
such effects.
In both Scenarios A and B, the final BH spin is

independent of the ZAMS breakup spin fraction fB in
the case of maximal core-envelope coupling. However, for
minimal coupling, the final BH spin is dependent upon the
chosen value of fB for the WR progenitor. Small values
(fB ≲ 0.001) produce results that are essentially identical to
the maximal coupling case, intermediate values (fB ∼ 0.01)
produce significantly spinning BHs, and high values
(fB ≳ 0.1) produce highly spinning BHs for all masses
and separations. In the results below, we assume maximal
core-envelope coupling for Scenario A, and we assume
minimal coupling with fB ¼ 0.01 for Scenario B to assess
whether tides or accretion during SMT, respectively, can
produce highly spinning BHs.
We present results assuming mass is lost isotropically

from the stellar surface of the WR star at core collapse if the
star has a spin in excess of the Kerr limit. The other
extreme, of negligible mass loss during core collapse,
results in higher BBH masses only when small ZAMS
separations lead to strong tides following CEE in Scenario
A or when stellar accretion during SMT increase the
primary’s spin significantly in Pathway B2. The higher
mass of the primary in this case can reduce the probability
of a mass-ratio reversal (MRR), which has important
consequences for spin precession [16].
The value of σ determines the likelihood that a binary

remains bound after a supernova (SN) kick [21,39]. In
Pathway A1, the primary SN occurs before CEE, implying
binaries only have a high probability of remaining bound
for σ ≲ 110 km=s. In the other pathways, we consider
σ ≳ 150 km=s, since for smaller σ the resulting misalign-
ments are insignificant (cos θ ≳ 0.9). Overlining here and
in the rest of the paper refers to averaging over our
Gaussian distributions of natal kicks.

A. Binary black-hole masses and spins

1. Scenario A

To illustrate Scenario A, we choose initial parameters
m1;ZAMS ¼ 70 M⊙, Z ¼ 0.0002, fB ¼ 0.1, σ ¼ 30 km=s,
fa ¼ 0.2 with m2;ZAMS ∈ ð30; 69.9ÞM⊙ and aZAMS ∈
f1500; 3000; 6000gR⊙. We assume maximal core-
envelope coupling and isotropic mass loss for final spins
above the Kerr limit. For these initial parameters, secondary
RLOF occurs after the primary SN (Pathway 1) in binaries
with ZAMS mass ratios below the transition qtrans ≈ 0.83—
i.e., m2;ZAMS=M⊙ ≈ 0.83 × 70 ¼ 58. The figures in this
section have m2;ZAMS on the x axis and are divided into left
and right panels at this transition value (except Fig. 9), with
the legends for each panel specifying the orders of events in
Pathways 1 and 2 as shown in Fig. 1. This value of qtrans
implies that the majority of binaries evolve in Pathway A1
(qZAMS < qtrans) for a uniform distribution of ZAMS mass
ratios.
Figure 7 shows the mass evolution of the primary and

secondary in Scenario A. The primary mass is independent
of ZAMS secondary mass m2;ZAMS in Pathway A1, as
shown in the top-left panel. The primary loses mass through
winds on the MS, then loses its envelope following RLOF
during its core helium-burning (CHeB) stage (Fig. 18
shows the stage at which RLOF occurs as a function of
aZAMS and Z). After losing a small amount of mass from
WR winds, it loses 10% of its mass to neutrino emission
during core collapse to form a BH of mass m1 ≃ 23 M⊙.
The secondary evolves through a similar sequence of events
in Pathway A1 as shown in the bottom-left panel, except
that it accretes rather than loses mass through SMT
following RLOF of the primary. For small values of
m2;ZAMS and aZAMS, tides can spin up the secondary above
the Kerr limit during the WR stage, requiring additional
mass loss during core collapse shown by the dotted curves.
The mass evolution in Pathway A2 is similar, as shown in
the right panels, except that the primary is still in the WR
stage at the time of CEE following secondary RLOF,
implying that it too can experience tidal synchronization
above the Kerr limit, and subsequent mass loss during core
collapse for aZAMS ¼ 1; 500R⊙, shown by the dotted red
curve.
The top panels of Fig. 8 show the spin evolution of the

primary in Scenario A. In Pathway A1 (top-left panel), the
SN of the primary occurs before CEE, implying that tides
(which depend on the secondary mass and separation)
cannot influence its spin. Maximal core-envelope coupling
causes the primary to lose most of its spin during its RLOF
(≲0.01). Neutrino emission during core collapse causes a
slight increase in the dimensionless spin, because we
assume that these neutrinos carry away mass but not
angular momentum. In Pathway A2 (top-right panel),
CEE following secondary RLOF occurs before the primary
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SN, implying that the primary can be spun up by tides
during the binary WR stage. At the transition between
Pathways A1 and A2 (m2;ZAMS ≃ 58 M⊙), the secondary
RLOF and primary SN occur simultaneously, implying that
the binary WR stage has zero duration and therefore tides
do not have time to influence the primary spin. As m2;ZAMS

increases, the delay between secondary RLOF and primary
SN also increases, and the primary spin asymptotically
approaches its synchronized value χsync, shown in Fig. 4.
Wider initial separations aZAMS imply wider separations
during the binary WR stage, and thus smaller synchron-
ized spins.

The bottom panels of Fig. 8 show the spin evolution of
the secondary in Scenario A. SMT following primary
RLOF spins the secondary up to large dimensionless spins
χ ≳ 10, but maximal core-envelope coupling causes the
secondary to lose most of this spin angular momentum
during its ownRLOF. In PathwayA1 (bottom-left panel), the
primary SNoccurs before secondaryRLOF, so the primary is
a BH during the entire WR stage of the secondary. As
m2;ZAMS increases, the WR mass of the secondary increases
as well, and its synchronized dimensionless spin χsync
decreases, as shown in Fig. 4. In Pathway A2 (bottom-right
panel), secondary RLOF occurs before the primary SN,

FIG. 7. The average mass m̄1 (m̄2) of the primary (secondary) at different stages of its evolution as a function of the secondary ZAMS
massm2;ZAMS in Scenario A. The initial parameters arem1;ZAMS ¼ 70 M⊙, Z ¼ 0.0002, fB ¼ 0.1, σ ¼ 30 km=s, fa ¼ 0.2, and there is
maximal core-envelope coupling. Each color corresponds to a different ZAMS separation: red, green, and blue are aZAMS ¼ 1500R⊙,
3000R⊙, and 6000R⊙. The left (right) panels are Pathway A1 (A2). The solid black line (post-SMT) is after the primary loses its
envelope, the dashed line (post-SN) is after each star loses 10% of its final WR mass to neutrino emission, and the dotted line is after any
additional mass and angular-momentum loss from the surface of each WR star to preserve the Kerr spin limit. For the secondary,
additional solid lines marked with dots (post-BH/WR) show the final WRmass. The black diamonds denote the binaries listed in Table I.
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allowing the existence of a binary WR stage. As for the
primary spin shown in the top-right panel, the increasing
duration of this binaryWR stage asm2;ZAMS increases causes
the secondary spin to asymptote to its synchronizedvalue.By
the end of the secondary WR lifetime shown by the solid
curves marked with dots, there is always enough time for the
secondary spin to become tidally synchronized, with smaller
spins for wider separations.
The left panel of Fig. 9 shows the average values of the

cosines of the misalignment angles θi between the spins
and the orbital angular momentum due to SN kicks in
Pathway A1. Wider initial separations aZAMS lead to larger

misalignments after the primary SN, as does largerm2;ZAMS

because of the exponential dependence of the separation af
following SMTon the massmi;A of the accreting secondary
in Eq. (5). Since CEE occurs before the secondary SN, and
since we use a small value of σ here, the secondary kick has
a small effect on the misalignments, as indicated by the
proximity of the dashed and dotted lines. The primary
collapses into a BH before CEE in Pathway A1, so tides
cannot realign its spin with the orbital angular momentum
prior to the secondary SN. However, tides can fully realign
the secondary spin (tsync → 0, cos θ → 1) for small initial
separations (aZAMS ¼ 1500R⊙, shown by the solid red line

FIG. 8. The average dimensionless spin χ̄1 (χ̄2) of the primary (secondary) at different stages of its evolution as a function of the
secondary ZAMS mass m2;ZAMS in Scenario A with maximal core-envelope coupling and the same initial parameters and separations
(with the same corresponding colors) as in Fig. 7. The left (right) panels are Pathway A1 (A2). The solid black lines marked by dots
(post-MS) show the primary spin at the end of the MS, the solid lines (post-SMT) show the spins after SMT following primary RLOF,
the dashed lines (post-SN) show the spins after neutrino emission, and the dotted lines (post-BH) show the spins with the imposition
of the Kerr spin limit. The solid lines marked by X’s (post-WR/WR) show the spins at the end of the binary WR stage in Pathway A2,
while the solid colored lines marked by dots (post-BH/WR) show the secondary spin at the end of its WR stage.
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marked with dots), implying that generally θ1 ≠ θ2 once
the BBH has formed. The increasing residual misalignment
as m2;ZAMS → qtransm1;ZAMS ≃ 58 M⊙ for the wider initial
separations results from the wider separations (and thus
longer alignment times talign) of these binaries following
SMT as described above. Although CEE shrinks the binary
separation by several orders of magnitude, in our model the
separation remains an increasing function of m2;ZAMS.
The right panel of Fig. 9 shows the fraction of binaries

that remain bound after each SN. The smaller separations

following CEE between the two SNe leads to a bound
fraction near unity after the secondary SN (post-SN2) for
all three ZAMS separations. We do not show the results for
Pathway A2, as there are only small spin misalignments
and few unbound binaries for σ ¼ 30 km=s when CEE
occurs before the primary natal kick. For separations
aZAMS ≲ 1;500R⊙, binaries can also be destroyed by
RLOF of the secondary during the WR stage.
Figure 10 displays the aligned effective spin χeff , Eq. (1),

of the final BBHs as a function of the secondary ZAMS

FIG. 9. The average of the cosines of the misalignment angles θi (left panel) and the fraction of binaries that remain bound (right panel)
after the two SNe as a function of secondary ZAMS mass in Pathway A1 for the same initial parameters and separations as in Fig. 7. The
dotted lines show the values after the primary SN (post-SN1). In the left panel, the dashed (primary, post-SN2) and solid lines marked
with dots (secondary, post-SN2) show the misalignment angles after the secondary SN, which differ depending on the separation due to
tidal alignment of the secondary WR. In the right panel, the dashed line (post-SN2) shows the fraction of binaries bound after the
primary SN that remain bound after the secondary SN.

FIG. 10. The average BBH aligned effective spin χeff as a function of the secondary ZAMS mass m2;ZAMS in Pathway A1 (left panel)
and Pathway A2 (right panel) with maximal core-envelope coupling and the same initial parameters as Fig. 7.
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mass m2;ZAMS. At small m2;ZAMS, the slightly larger χeff for
the green and blue lines than the red line originates from the
dependence on the BBH mass ratio: binaries at larger initial
separations experience less mass loss in BH formation (see
Fig. 7) and hence have larger BBH mass ratios. Asm2;ZAMS

increases in Pathway A1 (left panel), χeff first increases as
the weight of the contribution from the more highly
spinning secondary increases, then decreases once the
secondary spin is no longer fully aligned, as seen in the
left panel of Fig. 9. When m2;ZAMS increases above
qtransm1;ZAMS, the binary evolution transitions to Pathway
A2 (right panel), in which CEE occurs before the primary
core collapse. In this case, the small value of the natal kick
velocity dispersion σ ¼ 30 km=s yields negligible mis-
alignments, so χeff depends strongly on the spin magni-
tudes. Tides can spin up the primary and secondary during
the binary WR stage for aZAMS ≲ 3000R⊙, as shown by the
red and green lines marked by X’s in the upper-right panel
of Fig. 8. This leads to the larger values of χeff for the
corresponding values of aZAMS in the right panel of Fig. 10,
provided that m2;ZAMS is sufficiently above the threshold
that the binary WR stage lasts longer than the synchroni-
zation time tsync.
This section demonstrates how the various processes of

stellar-binary evolution can conspire to suppress the emer-
gence of highly precessing BBHs in Scenario A. For
maximal core-envelope coupling, tidal synchronization is
the only mechanism available for producing significant
BBH spins, but the accompanying tidal alignment leaves
only a narrow sliver of parameter space for these spins to be
misaligned, as shown in Fig. 5. Significant misalignments
are possible for σ ≳ 30 km=s (in A1), as shown in the fifth
column of Table I, but the spin magnitudes will be small.
Conversely, if aZAMS is chosen to be small enough for tidal
synchronization to occur, as in the sixth column of Table I,
the spin misalignments will be modest for σ ≲ 200 km=s
(in A2). For minimal core-envelope coupling in Scenario
A, as shown in the first two columns of Table I, we can
obtain highly precessing BBHs by choosing aZAMS large
enough to avoid tidal alignment and fB large enough so that
theWR stars are still highly spinning even after strong wind
mass loss.

2. Scenario B

In Scenario B, RLOF of the primary leads to CEE, and
RLOF of the secondary leads to SMT, as shown in Fig. 1.
To avoid RLOF of the secondary occurring on the MS
before the formation of a well-defined stellar core, the
initial separation aZAMS must be chosen larger in Scenario
B than in Scenario A—i.e., ≳10000R⊙ for Z ¼ 0.0002 and
≳15000R⊙ for Z ¼ 0.02.
To illustrate binary evolution in Scenario B, we choose

initial parametersm1;ZAMS¼ 70M⊙, Z¼ 0.0002, fa ¼ 0.2,
with m2;ZAMS ∈ ð30; 69.9ÞM⊙ as in Scenario A. However,

differences between Scenarios A and B require three key
changes to produce highly precessing BBHs:
(1) We choose wider initial separations aZAMS ∈

f12000; 16000; 25000gR⊙ to avoid RLOF of the
secondary on the MS.

(2) We assume minimal core-envelope coupling with a
WR breakup spin fraction fB ¼ 0.01 as a lower
bound for producing a significantly spinning sec-
ondary BH in the absence of tidal synchronization—
the primary BH receives a high spin regardless of fB
from accretion.

(3) As in Pathway A2, we choose larger natal kicks
(σ ¼ 200 km=s) to provide significant spin mis-
alignments for SNe that occur after CEE.

The transition between Pathways 1 and 2 occurs at a
slightly smaller ZAMS mass ratio (qtrans ≈ 0.77) than in
Scenario A for Z ¼ 0.0002, because the wider initial
separations delay the RLOF of the primary and the start
of its WR stage. This gives less massive secondaries
additional time to evolve to fill their Roche lobes before
the primary core collapse, the order of events that defines
Pathway 2 as seen in Fig. 1. In the figures of this section,
the left panels (m2;ZAMS < qtransm1;ZAMS ≈ 53.9 M⊙)
correspond to Pathway B1, while the right panels
(m2;ZAMS>qtransm1;ZAMS) correspond to Pathway B2.
Figure 11 displays the mass evolution of the primary and

secondary as functions of m2;ZAMS. Unlike in Scenario A,
where tidal synchronization leads to separation-dependent
mass loss during core collapse to preserve the Kerr spin
limit, the mass evolution is nearly independent of aZAMS in
our model in Scenario B. In both pathways, the primary
loses mass during CEE following its RLOF. In Pathway B1,
it loses an additional 10% of its mass to neutrino emission
in core collapse, then gains a fraction fa of the mass of the
secondary’s envelope during SMT following secondary
RLOF. In Pathway B2, this SMT precedes the core collapse
of the primary, leading to a much greater increase in its spin
because of the higher specific angular momentum of the
accreted gas at the surface of a WR star compared to the
innermost stable circular orbit (ISCO) of a comparable-
mass BH. This leads greater isotropic mass loss (≳8 M⊙)
during core collapse to preserve the Kerr spin limit and
correspondingly lower primary BH masses, despite the
larger amount of accreted gas compared to Pathway B1.
Enough mass is lost during core collapse to cause a mass-
ratio reversal (MRR), in which the primary evolves into the
less massive BH, for m2;ZAMS ≳ 64 M⊙. The evolution of
the secondary is comparatively straightforward: it loses its
envelope during SMT following RLOF and then loses an
additional 10% of its mass to neutrino emission during core
collapse.
Figure 12 shows the evolution of the dimensionless spin

in Scenario B. TheWR stars are born following RLOF with
spins χ ≈ 0.1 from our choice of minimal core-envelope
coupling with a WR breakup spin fraction fB ¼ 0.01.
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Accretion by the primary during SMT following secondary
RLOF spins it up to χ1 ≈ 0.6 in Pathway B1, as seen in the
top-left panel, with the values of the specific energy and
angular momentum of the accreted gas at the ISCO
naturally imposing the Kerr spin limit. In Pathway B2
(top-right panel), the primary is still a WR star at the time of
SMT and can therefore attain a dimensionless spin χ1 ≈ 10
by accreting gas at its surface, which is much less compact
than the ISCO of a comparable-mass BH. Neutrino
emission of 10% of the final WR rest mass during core
collapse does not carry away angular momentum in our
model, increasing dimensionless spins below the Kerr limit
by a factor of (0.9−2 ≈ 1.23). For our choice of initial
parameters, this applies to the primary in Pathway B1 and

the secondary in both pathways; however, the large spin of
the primary after SMT in Pathway B2 implies that it is spun
down to the Kerr limit by mass loss during core collapse.
There is negligible wind-driven loss of mass and angular
momentum for the low metallicity Z ¼ 0.0002 we have
chosen in this section.
The top panels of Fig. 13 show the evolution of the

misalignment angles θi as functions of the secondary ZAMS
mass m2;ZAMS. Larger natal kick strengths (σ ¼ 200 km=s)
are needed to produce significant misalignments in Scenario
B because both SNe occur after CEE following primary
RLOF, as shown in Fig. 1. As in ScenarioA, shown in the left
panel of Fig. 9, larger ZAMS separations aZAMS lead to
smaller orbital velocities vorb ≡ ðGM=aÞ1=2 at the time of

FIG. 11. The average mass m̄1 (m̄2) of the primary (secondary) at different stages of its evolution as a function of the secondary ZAMS
massm2;ZAMS in Pathways B1 (left panels) and B2 (right panels). The initial parameters arem1;ZAMS ¼ 70 M⊙, Z ¼ 0.0002, fB ¼ 0.01,
σ ¼ 200 km=s, fa ¼ 0.2, and there is minimal core-envelope coupling. The dot-dashed lines (post-CEE) show the primary mass after
CEE following its RLOF, the dashed lines (post-SMT) show each mass after SMT following secondary RLOF, and the solid lines (post-
BH) show each mass after its collapse to a BH. The black diamonds denote the binaries listed in Table I.
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each SN, and thus larger normalized kicks uk ¼ vk=vorb and
larger misalignments, given by Eqs. (20) and (21). However,
unlike in Scenario A, the increase in the misalignments is
larger following the secondary SN than the primary SN. This
occurs because the decrease in the total binary mass M
following secondary RLOF reduces vorb and thus increases
uk in Eq. (21). Misalignments increase more following the
primary SN than the secondary SN in Pathway A1, because
CEE between the two SNe shrinks the binary separation a,
increasing vorb and thus reducing uk and the misalignments.
Another difference is that the mean misalignment fol-

lowing the secondary SN decreases with secondary ZAMS
mass m2;ZAMS in Scenario B, whereas the mean misalign-
ment following the primary SN increases with secondary
ZAMS mass m2;ZAMS in Scenario A. This occurs because

the secondary is the donor rather than the accretor during
SMT in Scenario B, and therefore its mass appears in the
numerator rather than the denominator of the exponent in
Eq. (5) for the decrease in binary separation during SMT.
Smaller separations following SMT lead to larger vorb and
smaller misalignments. The dependence of the BBH
aligned effective spin χeff on m2;ZAMS and aZAMS shown
in the bottom panels of Fig. 13 mirrors that of cos θi
following the secondary SN, as the spin magnitudes shown
in Fig. 12 are almost independent of m2;ZAMS and aZAMS.
The absence of tidal alignment in Scenario B suggests that
this could be a promising source of highly precessing
BBHs, provided that minimal core-envelope coupling
leaves significant residual spins in the WR stars born
following mass transfer.

FIG. 12. The average dimensionless spin χ̄1 (χ̄2) of the primary (secondary) at different stages of its evolution as a function of the
secondary ZAMSmassm2;ZAMS in Pathways B1 (left panels) and B2 (right panels). The initial parameters are the same as in Fig. 11. The
dot-dashed lines (post-CEE) show the primary mass after CEE following its RLOF, the dashed lines (post-SMT) show each mass after
SMT following secondary RLOF, and the solid lines (post-BH) show each mass after its collapse to a BH. The black diamonds denote
the binaries listed in Table I.
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B. Transition mass ratio

As depicted in Fig. 1, binary stellar evolution is classified
as belonging to Pathway 1 (2) if the core collapse of the
primary, SN1, occurs before (after) the secondary experi-
ences RLOF. A binary will evolve along Pathway 1 (2) if
the primary WR lifetime t1;WR is less (greater) than the time
ΔtRLOF between the primary and secondary RLOFs.
Binaries with a ZAMS mass ratio m2;ZAMS=m1;ZAMS below
(above) qtrans will evolve along Pathway 1 (2). In our
model, this transition mass ratio depends on the scenario (A
or B), the primary ZAMS mass m1;ZAMS, the metallicity Z,
and the ZAMS binary separation aZAMS.
The transition mass ratio qtrans is distinct from the

mass ratio qMRR above which a mass-ratio reversal
(MRR) occurs—i.e., the primary star evolves into the less

massive BH. The asymmetry between the primary and
secondary spins as discussed in the previous subsection
implies that MRR has profound consequences for the BBH
spin-precession morphologies prior to merger [16] and the
masses, spins, and gravitational recoils of the final BH
produced in BBH mergers [147,148].
Figure 14 displays qtrans and qMRR as functions of the

primary ZAMS mass m1;ZAMS. According to the fitting
formulas for stellar evolution [78] that we adopt in our
model, the difference ΔtMS between the primary and sec-
ondary MS lifetimes (a good proxy for ΔtRLOF) scales as
m−1.5

1;ZAMS for fixed qZAMS in the large-mass limit. However,
the primary WR lifetime t1;WR has a much weaker depend-
ence on m1;ZAMS, since tWR ∝ m−0.5

WR in the large-mass limit
according to Eq. (A2) and mWR scales almost linearly with

FIG. 13. The average of the cosines of the misalignment angles θi (top panels) and the BBH aligned effective spin χeff (bottom panels)
as a function of secondary ZAMSmass in Pathways B1 (left panels) and B2 (right panels) for the same initial parameters and separations
as in Fig. 11. The red, green, and blue lines (marked by circles, X’s, and crosses in the bottom panels) correspond to ZAMS separations
aZAMS ¼ 12000R⊙, 16000R⊙, and 20000R⊙. In the top panels, the dotted lines (post-SN1) show the values after the primary SN, while
the dashed lines (post-SN2) show the values after secondary SN.
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mZAMS, as seen in Fig. 15. This implies that ΔtRLOF < t1;WR

for smaller values of qZAMS at larger values ofm1;ZAMS—i.e.,
qtrans is a monotonically decreasing function of m1;ZAMS as
seen in Fig. 14.
At high metallicity (Z ¼ 0.02), primary RLOF occurs on

the Hertzsprung gap (HG) shortly after the end of the MS
lifetime. In Scenario A, SMT following primary RLOF
increases the binary separation for low m1;ZAMS because of
the prefactors to the exponential in Eq. (5). This increase
implies that secondary RLOF will fail to occur for
m1;ZAMS ≲ 52 M⊙, and the binary will never experience
the CEE needed to bring the BBHs close enough to merge
within the age of the Universe. The blue lines correspond-
ing to Z ¼ 0.02 therefore do not extend below this value in
the left panel of Fig. 14. In Scenario B, the larger ZAMS
separation aZAMS ¼ 20000R⊙ needed to avoid secondary
RLOF on the MS implies that, for m1;ZAMS ≲ 44 M⊙,
stellar winds can drive the primary mass below that for
which primary RLOF occurs at this separation, as seen in
Fig. 18. The blue lines corresponding to Z ¼ 0.02 therefore
do not extend below this value ofm1;ZAMS in the right panel
of Fig. 14.
At low metallicity (Z ¼ 0.0002), the smaller stellar radii

on the HG imply that primary RLOF does not occur until the
core helium-burning (CHeB) stage, where the larger stellar
radii allow primaryRLOF to occur form1;ZAMS > 40 M⊙, as
shown by the dashed red lines in the left panel of Fig. 14. The
longer MS lifetimes for Z ¼ 0.0002 and the delay of RLOF
until theCHeB stage imply that higher ZAMSmass ratios are
needed if the primary WR star is to survive until secondary

RLOF in ScenarioA. This explainswhy the dashed red curve
is above the dashed blue curve in the left panel of Fig. 14. In
ScenarioB,CEE followingprimaryRLOFshrinks the binary
separation and causes secondary RLOF to occur on the HG.
For m1;ZAMS ≲ 60 M⊙, this decreases the value of qtrans for
Z ¼ 0.0002 close to its value for Z ¼ 0.02where secondary
RLOF also occurs on the HG. For m1;ZAMS ≳ 60 M⊙, the
reduced wind mass loss for Z ¼ 0.0002 leads to heavier,
more short-lived primary WR stars which require larger
values of qZAMS if they are to survive until secondary RLOF.
This explains the gap between the dashed curves in the right
panel of Fig. 14.

C. Mass-ratio reversal

Figure 14 also shows how qMRR, the ZAMS mass ratio
above which MRR occurs, depends on the primary ZAMS
mass m1;ZAMS. In Scenario A (left panel), SMT from the
primary to the secondary following primary RLOF leads to
MRR for qZAMS > qMRR ≈ 0.88 for low metallicity
(Z ¼ 0.0002), as shown by the dotted red line. As winds
are negligible for this metallicity and the mass of each star’s
envelope is roughly proportional to its ZAMS mass, qMRR
is nearly independent ofm1;ZAMS. Increasing the fraction fa
of the primary envelope accreted during SMT reduces qMRR
to ≈0.7, as shown by the dashed red line marked by filled
circles. The mass loss due to winds is a nonlinear function
of the ZAMS mass for high metallicity (Z ¼ 0.02), as
shown in Fig. 16. This implies that the heavier primary
loses more mass than the lighter secondary, making qMRR a

FIG. 14. The mass ratios of the pathway transition qtrans (dashed lines) and mass-ratio reversal qMRR (dotted lines) as functions of
primary ZAMS mass m1;ZAMS in Scenario A (left) with ZAMS separation aZAMS ¼ 10000R⊙ and in Scenario B (right) with ZAMS
separation aZAMS ¼ 20000R⊙. The red (blue) lines correspond to a metallicity of Z ¼ 0.0002 (Z ¼ 0.02). The lines that are unmarked
correspond to an accreted fraction fa ¼ 0.2, and the red line in the left panel marked by filled circles corresponds to fa ¼ 0.5. The blue
lines (Z ¼ 0.02) do not extend tom1;ZAMS ¼ 40 M⊙ because secondary (primary) RLOF fails to occur for low primary ZAMSmasses in
Scenario A (B). The red line in the left panel marked by filled circles (fa ¼ 0.5) does not extend below m1;ZAMS ≈ 43 M⊙ because
qMRRm1;ZAMS ≤ 30 M⊙ for these values. In Scenario B, MRR does not occur when we assume that negligible mass is lost in primary BH
formation due to the Kerr spin limit.
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decreasing function of m1;ZAMS, as shown by the dotted
blue line in Fig. 14.
In Scenario B (right panel of Fig. 14), SMT from the

secondary to the primary occurs after secondary RLOF, so
one might assume that MRR is not possible at low
metallicity (Z ¼ 0.0002), where winds are negligible.
However, MRR can indeed occur because of the asymme-
try between accretion and mass loss. Our model assumes
that accretion during SMT occurs through a thin disk
in the equatorial plane of the accretor. In Pathway B2
(qZAMS > qtrans—i.e., above the dashed lines), this implies
that the change in dimensionless spin of the accretor per
unit accreted mass is given by

dχ
dm

¼
�
c2R
Gm3

�
1=2

−
2χ

m
¼

�
1

fBr2g
− 2

�
χ

m
; ð23Þ

where fB is the fraction of breakup at which the accreting
WR star is spinning and rg is its radius of gyration.
Comparing Eq. (23) to the second term on the right-hand
side of Eq. (17b), we see that, for fB;WR ≪ 1, accretion is
far more efficient than isotropic mass loss at changing the
spin of a star. If accretion during SMT spins up the primary
above the Kerr limit, a greater amount of mass must be lost
isotropically during core collapse to preserve the Kerr limit
for the final black hole. This mass loss leads to MRR for
qZAMS > qMRR ≈ 0.93 for Z ¼ 0.0002, as shown by the
dotted red line. Although the exact values of the dimen-
sionless prefactors in Eqs. (17a) and (23) depend on the
simplifying assumptions of our model, accretion and mass
loss are genuinely asymmetric, so MRR through this
channel could potentially occur.
At high metallicity (Z ¼ 0.02), mass loss by the primary

prior to its RLOF reduces qMRR, as in Scenario A. It is
interesting to note in PathwayB1 that form1;ZAMS ≳ 90 M⊙,
qtrans acts as a floor for qMRR, since primary core collapse
precedes SMT, and therefore isotropic mass loss is not
needed to shed the angular momentum gained during
accretion.

IV. DISCUSSION

We have presented a simplified model of BBH formation
in the isolated channel that can produce BBHs with large
misaligned spins. This model, summarized in Fig. 1, is
divided into Scenarios A or B depending on whether the
CEE needed to produce small binary separations occurs
after RLOF of the secondary or primary star. Each scenario
can be further subdivided into Pathways 1 or 2 depending
on whether the core collapse of the primary occurs before
or after the RLOF of the secondary.
For these misaligned spins to produce detectable modu-

lation of the GWs emitted at frequencies observed by
ground-based detectors, they must be both large in

magnitude and sufficiently misaligned with the orbital
angular momentum. In our model, BHs can acquire large
spins through three mechanisms:
(1) Inheritance: The BH inherits a significant portion of

the natal rotational angular momentum of its ZAMS
stellar progenitor.

(2) Tides: The WR progenitor is spun up by tides
exerted by its companion at the small binary
separations that follow CEE.

(3) Accretion: The BH or its WR progenitor gains
angular momentum by accreting gas from its
companion during SMT.

The first of these mechanisms requires weak coupling
between the stellar core and its envelope [37,60,149,150].
In the limit that the core and envelope are entirely
decoupled, the WR star that forms from the stellar core
could in principle inherit a dimensionless natal spin as large
as the breakup value χB given by Eq. (2). In practice, the
WR star will only inherit a spin that is a fraction fB < 1 of
this value, but stellar models suggest that this fraction could
be large [36,81]. The first through fourth columns of Table I
indicate that WR stars born with a spin fraction fB ¼ 0.01
of their breakup value yield BHs with spins χ1 ≈ 0.15 in the
absence of further spin-up by tides or accretion. The BH
spin increases linearly with fB up to the Kerr limit, but
higher values of fB are needed to saturate this limit at high
metallicities because of spin-down due to WR winds, as
shown in Fig. 3. The tight upper bounds on the aligned
effective spin χeff observed in many LIGO/Virgo events set
upper bounds on the value of fB but do not eliminate the
possibility of minimal coupling.
Strong core-envelope coupling causes stars to lose

almost all of their rotational angular momentum when
they lose their envelopes. It produces BH spins χi ≲ 0.01,
as shown in the fifth through eighth columns of Table I, for
BHs for which neither tides nor accretion provide alter-
native sources of spin. We neglect the possibility that
additional mass and rotational angular momentum could be
lost in the collapse of the WR stars into BHs [151], but this
would further suppress the BH spins and must be avoided
to produce BBHs with large misaligned spins.
Tidal synchronization during the WR stage provides a

second mechanism for attaining large BH spins, but its
effectiveness varies with our scenarios and pathways of
binary stellar evolution. In Scenario A, CEE following
RLOF of the secondary can decrease the binary separation
below the synchronization separation async given by
Eq. (13). At such small separations, tides can spin up
WR stars, leading to the enhanced secondary BH spin χ2
seen in the bottom panels of Fig. 8 and listed in the fifth and
sixth columns of Table I. The primary BH spin χ1 depends
on the pathway. In Pathway 1, the primary collapses into a
BH prior to CEE and therefore never has a chance to be
tidally synchronized. This leads to the small values of χ1
seen in the upper-left panel of Fig. 8 and listed in the fifth
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column of Table I. In Pathway 2, the primary remains a WR
star at the time of CEE and can therefore be tidally
synchronized to the large values of χ1 seen in the upper-
right panel of Fig. 8 and listed in the sixth column of
Table I. In Scenario B, the large ZAMS separations needed
to avoid RLOF of the secondary on the MS (12000R⊙ in
the third, fourth, seventh, and eighth columns of Table I)
imply that tides are too weak to synchronize the WR stars
prior to their collapse.
The effectiveness of accretion in generating large BH

spins also depends on the scenario and pathway of stellar
evolution. In Scenario A, the secondary accretes during
SMT following RLOF of the primary, but the angular
momentum it gains is subsequently lost when the secon-
dary loses its envelope. In Scenario B, the primary has
already lost its envelope prior to the SMT, which follows
RLOF of the secondary. In Pathway 1, it has also collapsed
into a BH by this time. If super-Eddington accretion is
allowed during SMT, the primary can attain a large spin for
accreted fractions fa ≳ 0.2, as seen in the upper-left panel
of Fig. 12 and listed in the third and seventh columns of
Table I. In Pathway 2, the primary remains a WR star at the
time of SMT. The larger specific angular momentum at the
surface of a WR star compared to a BH of similar mass
implies that the same amount of accreted mass can provide
spins well above the Kerr limit, as seen in the upper-right
panel of Fig. 12. We assume that the excess angular
momentum is lost in the collapse to a BH, but this can
be accompanied by mass loss, as seen in the upper-right
panel of Fig. 11 and listed in the fourth and eighth columns
of Table I. We see that tides and accretion are thus
complementary sources of BH spin; tides operate exclu-
sively in Scenario A, while accretion is only effective in
Scenario B. Both sources have greater effects on the
primary in Pathway 2, because the primary is more readily
spun up by both tides and accretion during its WR stage
than as a BH.
The second ingredient needed to make precessing BBHs

is a source of misalignment between the BH spins and the
orbital angular momentum. In our model, natal kicks
during core collapse are this source of misalignment. As
shown in Fig. 6, the ratio of the natal kick velocity
dispersion to the orbital velocity must satisfy σ=vorb ≲ 1
to provide appreciable misalignments without unbinding
the majority of binaries. As vorb ∝ a−1=2, the kick
dispersion σ required to produce precessing BBHs
decreases with increasing binary separation prior to core
collapse. In Pathway A1, the primary core collapse occurs
before CEE shrinks the binary separation, implying that
σ ≈ 30 km=s can produce significant misalignments, as
seen in the first and fifth columns of Table I. In the other
pathways, both core collapses occur after CEE, and σ ≈
150 km=s is needed to produce significant misalignments.
Our model also predicts correlations between spin

magnitude and misalignment. Spins inherited from the

ZAMS stellar progenitors remain oriented along the direc-
tion of the initial orbital angular momentum. Unless
σ≳vorb, these spins will remain biased towards cosθi >0
even after both SNe, as seen in the left panel of Fig. 6.
However, the magnitude of the inherited spins is uncorre-
lated with their misalignment. In contrast, the similarity of
the tidal synchronization and alignment timescales given
by Eqs. (7a) and (7b) imply that spins sourced by tides only
remain misaligned in the narrow band of parameter space
between the dash-dotted brown and solid black lines in
Fig. 5. We can see this anticorrelation by comparing the
fifth and sixth columns of Table I, where the larger spin
magnitudes in Pathway A2 (aZAMS ¼ 1500R⊙) compared
to Pathway A1 (aZAMS ¼ 6000R⊙) come at the expense
of smaller misalignments. Although not included in our
model, the Bardeen-Petterson effect could generate a
similar anticorrelation between the magnitudes and mis-
alignments of spins sourced by accretion during SMT.
We also explored how stellar metallicity Z affects

BBH formation, with additional details provided in the
Appendixes. The strong winds at high ZAMS mass
mZAMS imply that the highest metallicity stars (Z ¼ 0.02)
produce the least massive BHs, as seen in Fig. 16. These
strong winds can also reduce the dimensionless spin χ
by a factor ≲2 during the WR stage, as seen in Figs. 3
and 17. This is particularly important when inheritance is the
only source of spin, as it is for the primary in Pathway A1 or
the secondary in Scenario B. The increasing wind strength
withmZAMS at highZ also drives theBBHmass ratioq above
the ZAMS mass ratio qZAMS, increasing the possibility of a
mass-ratio reversal (MRR).
MRR was a focus of Gerosa et al. [16] because of its

consequences for BBH spin precession. Figure 9 of this
paper reproduces a key result of that work, that the primary
spin misalignment is usually greater than that of the
secondary in Pathway A1. MRR determines whether the
more misaligned primary evolves into the more or less
massive BH, and thus whether the BBH spins librate about
ΔΦ ¼ �180° or 0° near merger. As illustrated in their
Fig. 3, Gerosa et al. [16] dealt exclusively with Pathway A1
and neglected the possibility that the primary WR star
could survive until after CEE as in Pathway 2 of this paper.
Although MRR can indeed occur in Pathway A1 for the
large accreted fraction fa ¼ 0.5 adopted in Gerosa et al.
[16], the left panel of Fig. 14 of this paper shows that MRR
in Scenario A occurs exclusively in Pathway 2 (dotted line
above dashed line) except at the lowest values of m1;ZAMS

for Z ¼ 0.0002 and the highest values of m1;ZAMS for
Z ¼ 0.02. This is critical, because tides can realign both the
primary and secondary spins following the primary SN in
Pathway A2, eliminating the difference in their misalign-
ments that determines the morphology of spin precession
near merger. Table I indeed shows that only in Pathway A1
do the mean primary and secondary spin misalignments
differ.
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We have also found that mass loss by the highly spinning
primary star during core collapse can induce MRR in
Pathway B2, as shown in the right panel of Fig. 14. As
SMT transfers mass from the secondary to the primary in
Scenario B, MRR can be prevented in this scenario by an
accreted fraction fa ≳ 0.5. As tides are inefficient in
Scenario B, no asymmetry in the spin misalignments which
could be inverted by a MRR will be produced in this
scenario. Increased magnetization of outflows during core
collapse could reduce the amount of mass loss needed to
preserve the Kerr limit in the resulting BH, preventing
MRR in Pathway B2.
One aspect of binary stellar evolution not included in our

model is the possibility that highly spinning MS stars may
experience enhanced rotational mixing, leading to chemi-
cally homogeneous evolution [137,152–155]. Such bina-
ries would avoid RLOF and must therefore originate at very
small aZAMS if they are to produce BBHs that merge within
the age of the Universe. Binaries with such small initial
separations could potentially evolve into BBHs with large
misaligned spins, but if sourced by natal kicks, this
misalignment would require large kick velocity dispersion
σ ≳ 150 km=s, comparable to that in Pathways A2, B1, and
B2 of our model.
Our study of the formation of precessing BBHs is timely,

as two GW events observed during the third observing run
of LIGO/Virgo show marginal evidence of spin
precession. GW190412 [49] has an effective precession
parameter χp ¼ 0.30þ0.19

−0.15 [156], leading to a precession
signal-to-noise ratio ρp ¼ 2.86þ3.43

−1.56 [52]. The small mass
ratio q ¼ 0.28þ0.13

−0.07 of this system suggests that it was
produced in Pathway 1, but the constraints on the individ-
ual spins (χ1 ¼ 0.43þ0.16

−0.26 ) are too weak to determine
whether the system was produced in Scenario A or
B. GW190521 [50] has an extremely large total mass
150þ29

−17 M⊙, implying that only a few GW cycles are
observed in band. The constraint of the effective precession
parameter χp ¼ 0.68þ0.37

−0.25 is quite broad, but there is
nonetheless a weak preference for a precessing orbital
plane (a log10 Bayes factor of 1.06þ0.06

−0.06 in favor of
precessing versus nonprecessing spins) [50]. This prefer-
ence is driven by a slight amplitude suppression of the
lowest-frequency part of the waveform which could arise
from the orbital angular momentum precessing into the line
of sight later in the inspiral. The mass ratio q ¼ 0.79þ0.19

−0.29 of
GW190521 is consistent with either Pathway 1 or 2, and
the individual spins are essentially unconstrained (χ1 ¼
0.69þ0.27

−0.62 , χ2 ¼ 0.73þ0.24
−0.64 ). If this system was produced in

the isolated formation channel, the precession of its orbital
plane suggests that even massive BHs experience nonzero
natal kicks, and these kicks must be quite large unless the
spins were inherited through weak core-envelope coupling
in Pathway A1.
In light of these discoveries, we are currently developing

a new model of the orbital-plane precession [157]. We will

use this model to explore the spin precession of the
astrophysical binaries generated here [66]. We hope that
this analysis can help to reveal the astrophysical origin of
individual high signal-to-noise events and the large samples
of lower signal-to-noise events [10,20] that will be found
by future GW detectors [2–5].
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APPENDIX A: SINGLE STELLAR EVOLUTION

These Appendixes review the prescriptions for binary
stellar evolution adopted in this paper. Our goal has not
been to advance the state of the art in this extraordinarily
rich field, but rather to identify scenarios that might
produce BBHs with large misaligned spins whose GWs
exhibit detectable signatures of spin precession.
We use the formulas of Hurley et al. [78] to model single

stellar evolution as a function of the zero-age main
sequence (ZAMS) mass and metallicity. Our BH progeni-
tors are O-type stars (mZAMS ≥ 30 M⊙) at subsolar metal-
licity (Z ≤ Z⊙) that burn hydrogen in their cores over the
main sequence (MS). After exhausting the hydrogen in
their cores, the stars enter the short-lived Hertzsprung gap
(HG) in which they are powered by hydrogen-shell burn-
ing. Helium burning, which commenced on the HG, comes
to dominate the stellar luminosity in the core helium-
burning (CHeB) stage; this stage can be further divided into
the blue loop (BL) and red giant (RG) phases. After the

FIG. 15. The core mass as a function of ZAMS mass at the end
of the three main stages of stellar evolution. The red, green, and
blue lines correspond to metallicities of Z ¼ 0.0002, 0.002,
and 0.02, while the dotted, solid, and dot-dashed lines correspond
to core masses at the ends of the MS, HG, and CHeB stages.
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stellar radius expands greatly during the HG and CHeB, the
star eventually loses its envelope, since the late-CHeB
radial expansion drives extreme wind mass loss. The stellar
core emerges as a Wolf-Rayet (WR) star with an inner iron
core surrounded by shells of lighter elements. The WR star
experiences strong winds for its small size and inevitably
collapses into a black hole (BH) for our choice of ZAMS
masses and metallicities [41].
Figure 15 displays the core mass as a function of ZAMS

mass at the end of the MS, HG, and CHeB stages for three
different metallicites in the absence of winds. These core

masses monotonically increase with ZAMS mass and
metallicity, but this monotonicity does not hold when
the effects of wind mass loss are included. The WR radius
and lifetime as functions of WR mass m are given by

RWR

R⊙
¼ 0.2391ðm=M⊙Þ4.6

ðm=M⊙Þ4 þ 0.162ðm=M⊙Þ3 þ 0.0065
; ðA1Þ

tWR

Myr
¼0.4129þ18.81ðm=M⊙Þ4þ1.853ðm=M⊙Þ6

ðm=M⊙Þ6.5
: ðA2Þ

We adopt these formulas because of their simplicity, but
WR stars are an active area of research [81,158], and their
evolution has important consequences for compact-object
formation [159].
Figure 16 shows isolated stellar mass evolution from

birth to core collapse. Winds drive metallicity-dependent
mass loss during the MS stage (solid lines), then the core
emerges as a WR star at the end of the CHeB stage (dot-
dashed lines). Winds drive further mass loss during the WR
stage (dotted lines), until core collapse produces a BH
whose mass has been reduced by 10% due to neutrino
emission during the collapse. At lower ZAMS masses,
winds are negligible, and the larger WR masses at high
metallicity lead to larger BH masses. At higher ZAMS
masses, greater wind-driven mass loss at high metallicity
leads to smaller BH masses.
The left panel of Fig. 17 shows the evolution of the

dimensionless spin χ as a function of ZAMS mass mZAMS
for maximal core-envelope coupling. In the case of maxi-
mal coupling, an initial spin that is a fraction fB ¼ 0.03 of
the breakup value is assigned at ZAMS, implying a
dimensionless spin χ ≈ 2 (lines marked by crosses).
Mass loss on the MS (solid lines) leads to a modest

FIG. 17. Evolution of the dimensionless spin as a function of ZAMS mass. The left (right) panels correspond to maximal (minimal)
core-envelope coupling in which the spin is initialized at a fraction fB ¼ 0.03 of the breakup value at ZAMS (ZAWR). The lines marked
by crosses show these initial spins, while the other line styles and the line colors are the same as in Fig. 16.

FIG. 16. Mass evolution of an isolated star as a function of
ZAMS mass. The red, green, and blue lines correspond to
metallicities of Z ¼ 0.0002, 0.002, and 0.02. The solid, dot-
dashed, and dotted lines correspond to the ends of the MS, CHeB,
and WR stages, while the dashed lines gives the BH mass after
additional mass loss during core collapse.
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decrease in the spin, particular for high mZAMS and Z. The
larger stellar radius and greater mass loss during the CHeB
stage (dot-dashed lines) yield χ ≲ 10−2 for all masses and
metallicities, which we assume removes the envelope.
Winds during the WR stage (dotted lines) further reduce
χ, most significantly for Z ¼ 0.02. Finally, the change
δm=m ¼ −0.1 in the mass due to neutrino emission during
core collapse fractionally increases the dimensionless spin
by an amount δχ=χ ¼ −2δm=m ¼ 0.2 (dashed lines).
The right panel of Fig. 17 shows the evolution of the

dimensionless spin χ as a function of ZAMS mass mZAMS
for minimal core-envelope coupling. As the spin of the
stellar core is independent of that of the envelope under this
assumption, it can be initialized to a fraction fB ¼ 0.03 of
the breakup value at the start of the WR stage, implying a
dimensionless spin χ ≈ 0.45 (lines marked by crosses). As
fB is a free parameter in our model, it can be chosen to
yield near maximal spins. As in the case of maximal
coupling, WR winds reduce the dimensionless spins by an
amount that increases from a few percent at Z ¼ 0.0002 to
≲50% at Z ¼ 0.02 (dotted lines). Neutrino emission during
core collapse again increases the dimensionless spin of the
BH by 20% compared to its value at the end of the WR
stage (dashed lines).
Our simplified model of single stellar evolution described

above reproduces the essential features ofmore sophisticated
models. For the ranges ofZAMSmass andmetallicity thatwe
consider, the mass evolution depicted in Fig. 16 is broadly
consistent with previous studies [54,56,58,70,78], as is the
range of BBHmasses [132,160,161]. Previouswork has also
explored the spin evolution of BBH progenitors under the
assumption of maximal [21,57,60] and minimal [53,56]
core-envelope coupling and arrived at qualitatively similar
results for the final BBH spins depicted in Fig. 17.We do not
consider the possibility that large spins could lead to
enhanced rotational mixing and chemically homogeneous
evolution [137,152–155].

APPENDIX B: BINARY STELLAR EVOLUTION

1. Roche-lobe overflow

A binary star experiences Roche-lobe overflow (RLOF)
when its radius R� is equal to its Roche-lobe radius RRL
given by Eq. (3). For our high-mass BH progenitors
(mZAMS ≥ 30 M⊙), R� increases monotonically during
each stage of stellar evolution. This implies that, for circular
orbits, there is a maximum binary separation at which
RLOF occurs during a given stage for each pair of stellar
masses mi and metallicity Z.
Figure 18 shows these maximum separations as a

function of the donor star’s mass assuming a companion
that is 10% less massive. They are linearly proportional to
the stellar radius, and therefore increase with metallicity
during the MS and HG stages. The stellar radius is

maximized at the end of the HG for Z ¼ 0.02, so a star
that does not fill its Roche lobe at that time will never
experience RLOF. We therefore only show the maximum
separations for the BL and RG stages for stars with Z ¼
0.0002 and 0.002 that continue to expand during these
stages.
Binaries with ZAMS separations aZAMS below the

maximum separation for RLOF on the MS will not form
BBHs, because the density gradient in the stellar interior
during this stage is insufficient to define a core-envelope
boundary [64,65]. This implies that RLOF will completely
disrupt the star rather than leaving behind a WR star.
Binaries with aZAMS above the maximum separation for
RLOF (on the HG for Z ¼ 0.02 and during the RG stage for
lower metallicity) will also fail to form GW sources,
because their merger times will be greater than the age
of the Universe in the absence of CEE. RLOF will also
destroy binaries if the change in separation during primary
or secondary RLOF causes either star to fill its Roche lobe
on the MS or during the WR stage.
Once we have identified the stage of stellar evolution

during which RLOF occurs, we find the time of RLOF by
equating the time-dependent stellar radius during this stage
to the Roche-lobe radius given by Eq. (3). We then
determine the core and envelope masses at this time, and
use them to calculate the WR mass and the new binary
separation according to Eqs. (4) or (5), depending on
whether the RLOF leads to CEE or SMT in the formation
scenario under consideration.

FIG. 18. The maximum binary separation at which Roche-lobe
overflow (RLOF) occurs during a given stage of stellar evolution
as a function of the donor mass. The blue, green, and red lines
correspond to metallicities Z ¼ 0.02, 0.002, and 0.0002, while
the solid, dot-dashed, dashed, and dotted lines correspond to the
main sequence (MS), Hertzsprung gap (HG), blue loop (BL), and
red giant (RG) stages of stellar evolution. The companion mass is
chosen to be 10% less than that of the donor star.
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2. Accretion during stable mass transfer

In our model, the companion accretes a fraction fa of the
envelope of the donor star during stable mass transfer
(SMT). The value of fa can range from 0 to 1 [111], but we
only consider fa ¼ 0.2 and fa ¼ 0.5 [20,60]. We assume
that accretion occurs through a thin disk and that the
Bardeen-Petterson effect [162] drives the inner edge of this
disk into the equatorial plane of the accretor.
In Pathways A1, A2, and B2, the accretor is a star as

shown in Fig. 1. The increase in its dimensionless spin per
unit of accreted mass is given by Eq. (23), in which the
stellar radius R is a function of mass given by Eq. (2) of
Tout et al. (1996) [80] for a MS star (with r2g ¼ 0.2) or
Eq. (A1) for a WR star (with r2g ¼ 0.075). As R ≫ Gm=c2

for both MS and WR stars, even a modest amount of mass
may significantly increase the accreting star’s spin
[163,164]. This increase in spin has little effect on the
spin of the secondary BH in Scenario A, due to the
secondary being subsequently spun down during CEE as
shown in the bottom panels of Fig. 8. However, accretion
by the primary WR star is responsible for the maximal spin
of the primary BH in Pathway B2, as shown in Table I and
the top-right panel of Fig. 12.
In Pathway B1, the accretor is a BH, and the increase in

its mass mBH and dimensionless spin χ per unit of accreted
rest mass are given by

dmBH

dm
¼ EðχÞ; ðB1aÞ

FIG. 19. Dimensionless spin χ and spin-orbit misalignment angle θ as a function of binary separation a at the end of the lifetime of a
Z ¼ 0.02, 30 M⊙ WR star with an equal-mass companion. The top (bottom) panels show an initial spin χi ¼ 10 (0.1); both cases have
an initial misalignment θi ¼ 30°. The solid red (dashed blue) lines show the linearized (full nonlinear) spin evolution. The solid green
lines show the tidally synchronized spin χorb. The dotted vertical lines async (aalign) in the left (right) panels show the separations at which
the synchronization (alignment) timescales tsync (talign) equal the WR lifetime.

PATHWAYS FOR PRODUCING BINARY BLACK HOLES WITH … PHYS. REV. D 103, 063032 (2021)

063032-27



dχ
dm

¼ LðχÞ
m2

BH
−
2χEðχÞ
mBH

; ðB1bÞ

where EðχÞ and LðχÞ are the specific energy and orbital
angular momentum of massive particles at the prograde
innermost stable circular orbit (ISCO) of a BH with
dimensionless spin χ [165]. According to these equations,
a BH accreting at the Eddington rate _mEdd ¼ LEdd=ϵc2 will
change its mass and spin on the Salpeter timescale [166]

tEdd ¼
mBH

_mEdd
¼ κTϵc

4πG
¼ 45.1 Myr

�
ϵ

0.1

�
; ðB2Þ

where κT is the Thomson opacity and ϵ is the radiative
efficiency. Since this timescale is much longer than the
duration of the HG and CHeB stages on which SMToccurs
(≲0.01 Myr and≲0.4 Myr, respectively), the BHmass and
spin will change by a negligible amount if accretion is
Eddington-limited. We allow super-Eddington accretion in
the results presented in Sec. III; imposing the restriction
_m < _mEdd would reduce the average primary mass m̄1 and
dimensionless spin χ̄1 to their post-BH values in the upper-
left panels of Figs. 11 and 12. It would also decrease the
average aligned effective spin χ̄eff in the bottom-left panel
of Fig. 13 and the entries corresponding to Pathway B1 in
Table I.

3. Tidal evolution

Tides and stellar winds determine the dimensionless WR
spin χ and spin-orbit misalignment angle θ according to the

coupled Eqs. (17a) and (17b). In Fig. 19, we show the
solutions to these equations at the end of the WR lifetime as
a function of binary separation a for the initial conditions
χi ¼ 10 or 0.1 and θi ¼ 30°. As the tidal synchronization
timescale tsync ∝ a17=2 according to Eq. (12), tides are
irrelevant for a ≳ 20R⊙, and χ decreases by ∼40% due to
winds while θf ¼ θi. For intermediate separations
10R⊙ ≲ a≲ 20R⊙, both tides and winds play a role, and
χ approaches its synchronized value χorb. For χ >
2χorb=ð1 − ηÞ and a≳ aalign as in the upper-right panel

of Fig. 19, _θ > 0 according to Eq. (17b), implying that θ
can increase by as much as ∼25%. This mechanism for
increasing the spin-orbit misalignment is interesting but
unlikely to affect many BBHs, given the narrow range of
binary separations aalign ≲ a ≃ async at which it operates. At
small separations, a ≲ 10R⊙, tides dominate the spin
evolution and χ → χorb, θ → 0°.
In Fig. 19, the solid red and dashed blue lines show the

linearized spin evolution given by Eqs. (17a) and (17b) and
the full nonlinear evolution given by [116]

�
dχ
dm

�
tid;NL

¼ 1

_mtsync

�
χorb cosθ−χ

�
1−

1

2
sin2θ

��
; ðB3aÞ

�
dθ
dm

�
tid;NL

¼ −
sin θ
_mtsync

�
χorb
χ

−
1

2
ðcos θ − ηÞ

�
: ðB3bÞ

The linear approximation is excellent, except that it can
overestimate the increase in the spin-orbit misalignment by
as much as ∼70%, as shown in the top-right panel.
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rotating massive stars: Impacts of various prescriptions,
in Lecture Notes in Physics, edited by M. Goupil, K.
Belkacem, C. Neiner, F. Lignières, and J. J. Green
(Springer Verlag, Berlin, 2013), Vol. 865, p. 3.

[39] V. Kalogera, Astrophys. J. 541, 319 (2000).
[40] R. Penrose, Nuovo Cimento Riv. Ser. 1, 252 (1969).
[41] A. Heger, C. L. Fryer, S. E. Woosley, N. Langer, and D. H.

Hartmann, Astrophys. J. 591, 288 (2003).
[42] E. O’Connor, The core-collapse supernova-black hole

connection, in Handbook of Supernovae, edited by A.W.
Alsabti and P. Murdin (Springer International Publishing,
Cham, 2017), p. 1555.

[43] T. Damour, Phys. Rev. D 64, 124013 (2001).
[44] É. Racine, Phys. Rev. D 78, 044021 (2008).

[45] M. Kesden, D. Gerosa, R. O’Shaughnessy, E. Berti, and U.
Sperhake, Phys. Rev. Lett. 114, 081103 (2015).

[46] D. Gerosa, M. Kesden, U. Sperhake, E. Berti, and R.
O’Shaughnessy, Phys. Rev. D 92, 064016 (2015).

[47] S. Vitale, D. Gerosa, C.-J. Haster, K. Chatziioannou, and
A. Zimmerman, Phys. Rev. Lett. 119, 251103 (2017).

[48] M. Zevin, C. P. L. Berry, S. Coughlin, K. Chatziioannou,
and S. Vitale, Astrophys. J. Lett. 899, L17 (2020).

[49] B. P. Abbott et al. (LIGO and Virgo Collaborations), Phys.
Rev. D 102, 043015 (2020).

[50] B. P. Abbott et al. (LIGO and Virgo Collaborations), Phys.
Rev. Lett. 125, 101102 (2020).

[51] R. O’Shaughnessy, J. Kaplan, V. Kalogera, and K.
Belczynski, Astrophys. J. 632, 1035 (2005).

[52] S. Fairhurst, R. Green, M. Hannam, and C. Hoy, Phys. Rev.
D 102, 041302 (2020).

[53] K. A. Postnov and A. G. Kuranov, Mon. Not. R. Astron.
Soc. 483, 3288 (2019).

[54] M. Arca Sedda and M. Benacquista, Mon. Not. R. Astron.
Soc. 482, 2991 (2019).

[55] K. Hotokezaka and T. Piran, arXiv:1707.08978.
[56] Y. Qin, T. Fragos, G. Meynet, J. Andrews, M. Sørensen,

and H. F. Song, Astron. Astrophys. 616, A28 (2018).
[57] J. Fuller and L. Ma, Astrophys. J. Lett. 881, L1

(2019).
[58] K. Belczynski, V. Kalogera, F. A. Rasio, R. E. Taam, A.

Zezas, T. Bulik, T. J. Maccarone, and N. Ivanova, As-
trophys. J. Suppl. Ser. 174, 223 (2008).

[59] K. W. K. Wong and D. Gerosa, Phys. Rev. D 100, 083015
(2019).

[60] K. Belczynski, J. Klencki, C. E. Fields, A. Olejak, E. Berti,
G. Meynet, C. L. Fryer, D. E. Holz, R. O’Shaughnessy
et al., Astron. Astrophys. 636, A104 (2020).

[61] K. Belczynski, R. E. Taam, E. Rantsiou, and M. van der
Sluys, Astrophys. J. 682, 474 (2008).

[62] T. Fragos, M. Tremmel, E. Rantsiou, and K. Belczynski,
Astrophys. J. Lett. 719, L79 (2010).

[63] K. Breivik, S. Chatterjee, and S. L. Larson, Astrophys. J.
Lett. 850, L13 (2017).

[64] N. Ivanova and R. E. Taam, Astrophys. J. 601, 1058
(2004).

[65] K. Belczynski, R. E. Taam, V. Kalogera, F. A. Rasio, and T.
Bulik, Astrophys. J. 662, 504 (2007).

[66] N. Steinle and M. Kesden, Precessing binary black-holes
from the isolated formation channel (to be published).

[67] D. Gerosa and M. Kesden, Phys. Rev. D 93, 124066
(2016).

[68] K. Belczynski, D. E. Holz, T. Bulik, and R. O’Shaughnessy,
Nature (London) 534, 512 (2016).

[69] S. Stevenson, A. Vigna-Gómez, I. Mandel, J. W. Barrett,
C. J. Neijssel, D. Perkins, and S. E. de Mink, Nat.
Commun. 8, 14906 (2017).

[70] N. Giacobbo and M. Mapelli, Mon. Not. R. Astron. Soc.
480, 2011 (2018).

[71] A. I. Bogomazov, V. M. Lipunov, A. V. Tutukov, and A. M.
Cherepashchuk, arXiv:1811.02294.

[72] M. U. Kruckow, T. M. Tauris, N. Langer, M. Kramer,
and R. G. Izzard, Mon. Not. R. Astron. Soc. 481, 1908
(2018).

PATHWAYS FOR PRODUCING BINARY BLACK HOLES WITH … PHYS. REV. D 103, 063032 (2021)

063032-29

https://doi.org/10.1038/nature23453
https://doi.org/10.1093/mnras/stx1764
https://doi.org/10.1093/mnras/stx1764
https://doi.org/10.1103/PhysRevD.98.084036
https://doi.org/10.1103/PhysRevD.98.084036
https://doi.org/10.3847/2041-8213/aaaa64
https://doi.org/10.3847/2041-8213/aaaa64
https://doi.org/10.3847/1538-4357/aab34c
https://doi.org/10.1103/PhysRevD.97.043014
https://doi.org/10.1103/PhysRevD.97.043014
https://doi.org/10.3847/1538-4357/ab80c0
https://doi.org/10.3847/1538-4357/ab80c0
https://arXiv.org/abs/2011.09570
https://arXiv.org/abs/2011.09570
https://doi.org/10.1086/522073
https://doi.org/10.1086/522073
https://doi.org/10.1126/science.1223344
https://doi.org/10.3847/1538-4365/aa6fb6
https://doi.org/10.3847/1538-4365/aa6fb6
https://doi.org/10.1007/s00159-013-0059-2
https://doi.org/10.12942/lrr-2014-3
https://doi.org/10.12942/lrr-2014-3
https://doi.org/10.3847/1538-4357/ab7014
https://doi.org/10.1134/1.1575853
https://doi.org/10.1134/1.1575853
https://doi.org/10.1051/0004-6361/201731449
https://doi.org/10.1051/0004-6361:20047106
https://doi.org/10.1051/0004-6361:20047106
https://doi.org/10.1103/RevModPhys.84.25
https://doi.org/10.1086/309400
https://doi.org/10.1023/A:1016578408204
https://doi.org/10.1086/375341
https://doi.org/10.1103/PhysRevD.64.124013
https://doi.org/10.1103/PhysRevD.78.044021
https://doi.org/10.1103/PhysRevLett.114.081103
https://doi.org/10.1103/PhysRevD.92.064016
https://doi.org/10.1103/PhysRevLett.119.251103
https://doi.org/10.3847/2041-8213/aba8ef
https://doi.org/10.1103/PhysRevD.102.043015
https://doi.org/10.1103/PhysRevD.102.043015
https://doi.org/10.1103/PhysRevLett.125.101102
https://doi.org/10.1103/PhysRevLett.125.101102
https://doi.org/10.1086/444346
https://doi.org/10.1103/PhysRevD.102.041302
https://doi.org/10.1103/PhysRevD.102.041302
https://doi.org/10.1093/mnras/sty3313
https://doi.org/10.1093/mnras/sty3313
https://doi.org/10.1093/mnras/sty2764
https://doi.org/10.1093/mnras/sty2764
https://arXiv.org/abs/1707.08978
https://doi.org/10.1051/0004-6361/201832839
https://doi.org/10.3847/2041-8213/ab339b
https://doi.org/10.3847/2041-8213/ab339b
https://doi.org/10.1086/521026
https://doi.org/10.1086/521026
https://doi.org/10.1103/PhysRevD.100.083015
https://doi.org/10.1103/PhysRevD.100.083015
https://doi.org/10.1051/0004-6361/201936528
https://doi.org/10.1086/589609
https://doi.org/10.1088/2041-8205/719/1/L79
https://doi.org/10.3847/2041-8213/aa97d5
https://doi.org/10.3847/2041-8213/aa97d5
https://doi.org/10.1086/380561
https://doi.org/10.1086/380561
https://doi.org/10.1086/513562
https://doi.org/10.1103/PhysRevD.93.124066
https://doi.org/10.1103/PhysRevD.93.124066
https://doi.org/10.1038/nature18322
https://doi.org/10.1038/ncomms14906
https://doi.org/10.1038/ncomms14906
https://doi.org/10.1093/mnras/sty1999
https://doi.org/10.1093/mnras/sty1999
https://arXiv.org/abs/1811.02294
https://doi.org/10.1093/mnras/sty2190
https://doi.org/10.1093/mnras/sty2190


[73] A. Vigna-Gómez, C. J. Neijssel, S. Stevenson, J. W.
Barrett, K. Belczynski, S. Justham, S. E. de Mink, B.
Müller, P. Podsiadlowski, M. Renzo, D. Szécsi, and I.
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