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We give detailed results of O(a) QED corrections (both real emission and virtual corrections) to
B — K¢*¢~ modes. Requiring the real emission to be gauge invariant, the structure of the contact term(s)
is fixed. The calculation is done with a fictitious photon mass as the IR regulator and results are shown to be
independent of it, establishing the cancellation of the soft divergences. Results are presented for a choice of
photon energy, k.., and photon angle 6.,. The QED effects are negative, thereby reducing the rate
compared to that without QED effects. Electron channels are shown to receive large corrections (O(20%)).
Impacts on lepton flavor universality ratio R’ are also discussed.
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I. INTRODUCTION

Flavor changing neutral currents, being both loop and
Cabibbo-Kobayashi-Maskawa (CKM) suppressed within
the Standard Model (SM), are an ideal hunting ground for
physics beyond the SM. Quark level transitions b —
s¢¢~ have played an important role in our quest for
searching for new physics as well as better understanding
of the very interesting coupled dynamics of the electroweak
and strong interactions governing the purely leptonic
channel B, —» £7¢~ [1-4] and exclusive semileptonic
channels B — K"¢#+¢~ (see for example [5-20]).

More and better data have hinted at some deviations
[21-23] from the SM expectations [24] in B — K£T¢~
decays. Though not completely conclusive at this point,
these deviations could be hinting at new physics just at the
corner. However, such an unambiguous conclusion is
somewhat masked due to hadronic uncertainties emanating
from form factors as well as possible contamination from
other long distance effects like tails of the charmonium
resonances. The quest for precision tests of the SM via the
flavor changing neutral currents and searches for possible
new physics have led to consideration of theoretically clean
observables (sometimes also called optimized observables
in specific contexts). The basic idea is to consider or
construct observables—usually ratios of quantities—which
are (almost) free of the hadronic uncertainties, at least in a
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chosen kinematic range. The decay modes B — K£¢~
allow us to test the lepton flavor universality (LFU), i.e.,
whether the decays into £ = e or u proceed with equal
strengths. Within the SM, the flavor universal coupling of
the Z boson with the leptons ensures this, of course up to
the difference in the lepton masses. If the kinematical
range is chosen such that the dilepton invariant mass is way
larger than for either of the leptons chosen, then it is
expected that the ratio of the two branching fractions is
unity to a high accuracy. To this end, the following quantity
is often considered as a clean test of the LFU and thus SM
itself [25]:

6 GeV2 7 2 dU(B° =K u"yu™)
ue __ J1 GeV? dq’ (1)
K ™ 6 Gev? da? dr(B’—K%ete™)

1 Gev? 44 a7

Within SM, this ratio is unity while experimentally it has
shown deviations from this expectation [23]:

R lexp = 0-846 10653 0014 - (2)
More data and smaller errors will eventually provide
possible evidence of new physics with greater confidence.
In the meantime, it is important to critically analyze all
possible sources of uncertainties or any other effects that
may affect theoretical predictions. Theoretically, following
the standard approach of operator product expansion and
integrating out heavy degrees of freedom, an effective
Hamiltonian is built out of relevant degrees of freedom that
are then evolved down to the scale of a b quark with the
help of renormalization group equations. With this set of
quark level operators, the physical hadronic matrix ele-
ments are computed and it is this step that involves the
introduction of the form factors. As mentioned above, some
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of the largest uncertainties stem from form factors and this
deficiency is partly taken care of by considering observ-
ables that have very little sensitivity to form factors. The
strong interaction effects, both perturbative and nonpertur-
bative, are included via the renormalization group equa-
tions and form factors, respectively. Are there any other
effects that may be relevant but have not been included
explicitly? In particular, what about QED corrections? With
charged particles involved, the soft photon corrections
could be non-negligible and therefore should be system-
atically included. Such soft photon corrections have been
computed for B decays [26-30] and have been shown to
have some impact. In the present work, we focus our
attention on the modes B — K¢~ and compute the QED
corrections. There are both virtual corrections to O(a) as
well as one photon emission real contributions. As is well
known [31-38], the sum of the two yield a finite result.
These effects are important in the light of the relevance of
these modes. As this work was underway, [39] appeared
which addresses the same issues. The results found here
broadly agree with those in [39], though there are some
differences. We comment on these later.

II. B - K¢+*¢~ WITHOUT QED CORRECTIONS

The effective Hamiltonian relevant for describing the
b — s~ transition reads [40,41]

Ceff C + Ypert(qZ)

ett - 4 V;‘v th Z C (3)

Where, G is Fermi constant, Vj; and V, are CKM
elements, C;s are the Wilson coefficients, and O;s are
the operators. y is the scale separating long distance physics
from short distance physics. C;(u) contain the information
of short distance physics and can be determined using
perturbation theory. O;(u) contain the information of long
distance physics. The matrix elements of these operators
are genuine nonperturbative quantities that can be para-
metrized in terms of form factors using Dirac and Lorentz
structure. The operators most relevant for this semileptonic
process are O, Oy, and Oj:

e 2my .

O1= 12, i(50,,q"Rb)(Iy"1),
JT
2
Oy = 1 — (57,Lb) (Iy*1),
62
O10 = e~ — (57, Lb)(Iy'ysl). (4)

The Wilson coefficients used in the calculation are
Ceff —0.319, Cy =4.228, and C;y = —4.410. Ceff i
defined by [42]

1 4 64
Ypert( ) = h(q m )( Cl + CZ +6C3 +60C5>) _Eh(q27mb) (7C3 +§C4 +76C5 +?C6>

4 64 4 64 64
—§h<q2,0)<C3+§C4+16C5 +?C6>+§C3 +?C5+ﬁc6’ (5)
where
4 (m? 8 4 /4m2\ 4 4m? 4m?
h(q?, “Inl =4 S [ A I I R —4_
(£ mq) 9H<H2> 27 9 qz) 9<+q2> ‘qz
4m?
i /1= m
Z+1In 42"2 , 1f4—2"§1
x g (6)
arctan( L ) if 4;"2‘2’ <1
4;7124_1
The amplitude for the process B(py) = K(p,)¢*(p2)¢~(p3) can be written in the following form [6]
Gra|V;, th|> 7 7
M = [ ——2NTL(Iy*]) + T2 (Iy*y 1),
(STl s + T30
Gra|V; Vth|> 7
= |—Z2 2 @ H P, 7
G [LUET NG )
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where

i =74, T1,(po.p1) =A'p, + Bq,, (8)

and

o, =77, T5,(po.p1) = C'p, +D'q,. 9)

Further, we have defined the following combinations of momenta: p, = (po + p1), and g, = (po — p1), = (P2 + p3),-In
the following, the two kinematical invariants used frequently are given by s = p?> = (p, + p;)? and the dilepton invariant
mass squared, g*> = (po— p1)> = (p» + p3)>. The other factors entering the amplitude above, depending on the
combinations of the Wilson coefficients (CS, CSf, and Cy) and form factors (f, f_, and f7), are given as

A/ — Ceff 2 b Ceﬁ 2 ,
9f+(Q)+—mK+mB 7fT(Q)
2my,(mg —m
B =iy () - =) 2 9 (),
C' = C10f+(q2), D' = ClOf—(q2)~ (10)

The nonradiative differential decay width is given by

d’To(B - KII~ 11
o = ) _ s |Mo(B - KITI7)
dg-ds (27)° 32my,

? (11)

where the explicit form of the matrix element is

Gpa 2meb
- V*‘V Ceff + Ceff A S u"
2\/§ﬂ 2 zh[({ 9 S+ 7 Mg + my P

2frm -
+ {csfff_ - C%ff% (mp — mk)}q"> (Iy,1)

M()(B - Kl+l_) -

C(Coofph + cmf_qﬂx?yyysz)} . (12)

The form factors £, (q?), f_(q?), and f1(q*) are parametrized as [10,43]

il =21

where, f;(0) = {0.34,0.34,0.39}, by; = {-2.1,-4.3, -2.2}, and m,,; = {5.83,5.37,5.41} fori = (4,0, T'), respectively,

V1o —q¢* =[5 =7,
and  z(¢?) = T ——=———",
VT =g+~ 7

1 (20 =20+ 5@ - 20) )|

2 2

fo= o= f) 705K

|
so-called contact term (CT) and arises due to the gauge
invariance of QED. In [39], a mesonic level Lagrangian is
assumed and, following the minimal coupling prescription,

with 7y = /75 (/75 — /T3 —7=) and 7, = (mp = mg)>.

III. QED CORRECTIONS

We now consider QED corrections. Figure (1) shows the
photon emission diagrams (x denotes possible places from
where a photon can be emitted, including B and K legs
when charged and computed assuming the mesons to be
point like and employing scalar QED). Figure 1(b) is the

these are computed. Our approach is different from theirs and
is discussed in detail below. Figure (2) shows some of the
representative diagrams that contribute to the virtual correc-
tions. As is clearly shown, the diagrams which involve
photon from the contact term are also included to ensure
cancellation of the infrared divergences and having a gauge
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B I

K - K =

(a) X :Photon emission (b) Contact term

FIG. 1. Representative diagram for real photon emission.

invariant result. The photon momentum is denoted by k in the
calculations below, and the polarization vector is denoted by
€,(k). Consider the general case where the charges of the B
and K meson are denoted by QO and Q. Since we are only
interested in lepton number conserving processes, eventually
we impose Qp = Qg, but for the time being we keep them
general.

A. Contact term

Before explicitly computing the virtual corrections and
the real emission contributions, it is important to fix the
contact term. To this end, consider photon emission
from different legs. The process under consideration thus
is B(pg) = K(p1)¢"(p2)¢~(p3)y(k). For the mesons,
employing scalar QED, the matrix element for photon
emission from the external legs, written in terms of
quantities for the nonradiative decay, reads

- _ +K)—m
1= —ec,(0(pa) Ty P = ) Hoy ()
p3.k
_ +K)+m
tee,0atp P M) @ oy (o)
P2k
2 a
+eQpea(k)5 LU p2)Thv(ps) ® Hay(po =k, p1)
po.k
2 a
—eQuea (k)5 L i(p2) T v(ps) ® Hay(po.p1 ).
pl'k
(13)
B " B [
K - K -
(@) (b)

It is clear from the above equation that when the photon is
emitted from one of the leptons, the momentum depend-
ence of the hadronic part, H,, remains the same as in
nonradiative decay while the dependence is appropriately
modified in case of emission from the meson legs. Given
the explicit structure of H,,, the above can be written in a
more explicit and convenient form:

a
M = Moce, 3 el (R
where, p; and Q; are the momenta and charges of different
particles, respectively, and #; are +(—) for outgoing (incom-
ing) particle [34]. M, is the amplitude for the process without
the photon emission. The first term above is nothing but
the Low’s soft photon amplitude: M(a — by(k))|_o =
S ® M(a — b), where S is the universal soft function given
by the quantity multiplying M,,. It can be explicitly verified
that the Low’s term is gauge invariant by itself. This piece is
easy to compute as the hadronic contribution is same as that
in the case of nonradiative amplitude. The remainder is
written as M’(k) and is the noninfrared contribution; i.e.,
unlike the Low’s term, which is O(1/k), the terms in M’ (k)
are O(k) and higher. We now turn to M’ (k).

M’ (k) consists two contributions: M, arising from the

emission from the leptons, and M/, from the mesons.
These are given by

_ K
M. = ee,(k Cp—_—
lept eeq( )[”(Pz)}’ 2prk Wo(p3)

- ﬁ(m)F’;TZy“v(m)] ® Hy(po.p1). (15)

and

M;nes = _eea(k) |:QBaA T()k

X u(py)Thv(ps)ky,. (16)

ay=A"+B orC'"+ D' and g, =A"— B or C' — D’ for
A =1, 2. In obtaining this form, we have made use of the
fact that the general structure of H,, has the form

B I+ B I

(©) (d)

FIG. 2. Representative diagrams contributing to virtual corrections.
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Hy,(p.q) = Xapy + Yaq,. (17)
Thus, it is straightforward to incorporate the appropriate
shifts in the momentum dependence due to an additional
photon being emitted, and one immediately arrives at the
form above. Therefore, the total contribution beyond Low’s
soft photon contribution
M/(k) lept + M;nes (18)
As mentioned above, Low’s contribution is automatically
gauge invariant. Let us now check the gauge invariance
of M'(k) by making the replacement: ¢, — k,. This
replacement in M{ept yields zero. Therefore this subset is
gauge invariant by itself. Turning now to M., the
replacement yields
M, —e(Qp + Qk)éak,[u(p2)yv(ps)]. (19
Here, £, = A'(¢°)(C'(¢?)) for A = 1(2).

This is the extent by which gauge invariance is violated.
Therefore, negative of this quantity is the contribution that
should be there to ensure gauge invariance of the full
amplitude. Moreover, this has the form of a contact term
and should be added to the amplitude M’ to ensure a gauge
invariant result. Rewriting this as an additional term in the
effective Hamiltonian at the hadronic level (the result for
€ — k, therefore flipping back to ¢€)

e§|6a—>k

eff = ieé,(Qp + Q)[0t (Pz)FﬁU(P3)]Aa¢;<¢B- (20)
This then provides the contact term [Fig. 1(b)] and will
contribute both to the real emission and virtual corrections
and is O(k). The contact term is proportional to the sum of
the Op and Oy, and clearly it plays no role when B and K
are neutral. Our way of determining the contact terms
is very different from that adopted in [39]. There, a mesonic
level Lagrangian with specific operator structure is
assumed, and then, following the minimal coupling pre-
scription 9, — 0, — ieA,, the required contact terms are
obtained. The contact terms obtained here include effects
due to all operators that contribute to this process. This
leads to some difference in the numerical values of the
corrections compared to that in [39], but, as we see later,
there is in general good agreement between the two results.
At this stage, it may be useful to compare the contact
terms within the two approaches in some more detail. The
effective mesonic part of matrix amplitude reads
HA,u(p’ q) :XAp;t + YA‘]/N (21)
where X,_;(Y4—;) =A'(B') and X,_,(Y,_,) = C'(D’).
Explicit form of A/, B/, C’, and D' are given above in
terms of form factors. Compared to [39], we have CSff
present. At the mesonic level, the effective Lagrangian

should be built as a tower of derivative operators and
invariant under QCD x QED. The contact term that is
obtained here can be matched to the lowest term in such an
expansion. Reference [39] also includes the first order
derivatives.

After having fixed the contact term, ensuring the require-
ment of gauge invariance of the full amplitude, we now turn
to computing the O(a) corrections: real photon emission
rates and virtual corrections to the nonradiative amplitude
to that order and then squaring the amplitude retaining up to
the interference terms between the lowest order and O(a)
terms. Finally, to obtain the rate to be compared with the
experimentally observed one, these two are incoherently
added. We closely follow [31] in our explicit calculations.
In particular, the photon is imparted a small mass m, = A.
This takes care of the IR divergences. The loop integrals are
regularized using dimensional regularization.

B. Real photon emission
The total contribution to the real photon emission
amplitude B(po) = K(p)Z"(p2)¢~(p3)y(k) will then
be sum of Low’s IR terms, M’'(k) with the contribution
from the contact term included properly. At the decay rate
level, one then writes

dl\eq = dTo(1 + 2aB) + dI”, (22)

where, dI,, is the nonradiative decay rate and the quantity B
given below captures the IR contribution stemming from
the Low’s term.

~ 1 &k Q'LP? 2
R s 1V O B

where one can easily see the universal soft factor S =
€,(k)T%(k) for the present case

2pin;

2pin;

Te(k) = " 2k.pim;

Using charge conservation, >, Q;; = 0, B can be rewrit-
ten as

~ max pl p;l 2
B = -,
8 / \/k2 +/12 2 00y, <p k pj~k>

i#],i<]
(24)

where k., has been introduced explicitly. Only photons
below k.. cannot be observed experimentally and the
theoretical rate will thus depend on the value of k.
As seen from the equation above, the indices i and j then
take values i = 1, 2, 3 and j = 2, 3, 4, where the numbers
1, 2, 3, and 4 represent particles B, K, %, and ¢~
respectively.
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For the charged B meson decay, there will be six terms
in B,

B = EBK + Egﬁ + EB[‘ + Bkﬁ + El(l‘ + Bl*l‘-

After integrating over k, B reads (Appendix A lists the
integrals encountered during calculation)

B = Qin’?i’lj {1n<kr2naxmimj>

Y 277: A,ZEIEJ
. D. 1 2 1 2
e[ [y () s (2]
2 LJap \ES apr X
(25)

where we have defined the following combinations that are
convenient parametrizations while evaluating the integrals
like those above:

2py = (1+x)pi + (1 —x)pj,
2E, = (1+x)E; + (1 -x)E;,
2p = +x)pmi = (1 =x)p;n;. (26)

Here p; ; are the four momenta while E; ; are the energies of
the particles. These lead to

pi = (1+x)*p; + (1 = x)*p; +2(1 = x*)p;.p;,
pe = (1+x)p; + (1 =x)*p; =2(1 = x*)p;.pmin;.
(27)

The non-IR contribution includes terms beyond the Low’s
term in the amplitude, at O(k) and higher. The remaining
terms in the decay rate are the square of these non-IR terms
and the interference term between the IR and non-IR terms.
The contribution from the square of the non-IR terms is
found to be negligible and is not considered in the analysis.
On the other hand, the interference terms produce relevant
contribution. These interference terms depend on @, the
angle between negatively charged leptons and photons. We
observe (as shown below) that the correction factor as
defined later, denoted A’ (i = e) u below, is very sensitive
to a lower angular cut 6, for i = e due to the smallness of
electron mass, while, for the chosen values of k,,, there is
not much effect when i = pu.

C. Virtual photon corrections

There are three kind of diagrams contributing to virtual
corrections: (i) photon starting and ending at the same
charged particle leg [Fig. 2(a)]; (ii) photon line between two
different charged particles [Figs. 2(b) and 2(c)]; (iii) photon
from the contact term ending on a charged particle leg
[Fig. 2(d)].

B I B I+
K I~ K '
FIG. 3. Two photon contact term. Left: real emission. Right:

virtual correction.

We first consider the set of diagrams arising due to the
contact term. Specifically, we consider the case when
the photon from the effective contact term vertex attaches
to the lepton leg. This contribution gets canceled by an
equally opposite diagram where the photon attaches to
the antilepton leg. The other two diagrams with the photon
from the contact vertex ending at either the B or K leg can
be evaluated in a straightforward manner. These lead to UV
divergences and a finite part (M 7). These UV divergences
would require extra higher dimensional operators to be
canceled or absorbed systematically. It is worth noting that
the way we arrived at the contact term was by requiring
the real emission amplitude to be gauge invariant. This
amplitude is O(e), and therefore the contact term that
one gets is of this order only, i.e., with one photon.
Moreover, it is possible that one misses out on terms
that vanish for on shell photons but can contribute to
virtual corrections. Also when evaluating the virtual
corrections, there is an extra factor of e, and this
correction is O(e?). From an effective theory point of
view, there can be, or rather will be, operators corre-
sponding to a term with leptons, B and K mesons and
two photons like the one in Fig. 3. These would lead to
diagrams of the type shown on the right in Fig. 3. In
dimensional regularization, scaleless integrals would
simply be zero. One would also be required to include
other higher dimensional operators at O(e), including
the derivative operators, to the given order for con-
sistency. One may now start with the effective
Hamiltonian, including the one photon contact term,
and then require the two photon emission amplitude to
be gauge invariant, thereby fixing the two photon
contact term plus possibly more new terms, which
would actually correspond to some higher dimensional
operators. However, again there is no guarantee that the
terms will get completely fixed since one again is
requiring on shellness of the two photons. Or, as the
suggested prescription in [39], consider higher dimen-
sional derivative operators and, using minimal coupling,
generate required terms. However, recalling that mini-
mal coupling prescription may be ambiguous [44],
utmost care should be taken to fix the structure of
such terms and also to keep in mind that there could be

056022-6
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more than one structure for such terms.’ Perhaps the
right way would be to start with the quark level
operators and compute the following matrix element
say within a sum rule approach

(K(p1)t*+ ¢~y (R)|(ZT,6)(3T},b)|B(py)) o € / el
X (K(p)¢ "¢ |TLjg" () (ZT,¢) STb) ()1 B(po))-

This will in general have two type of terms: (i) photon
emission from leptons times the B to K matrix element
and (ii) the photon being emitted from the hadronic
system. Using the QED Ward identity, the general
structure of the hadronic tensor can then be fixed and

|

die’a, _

finally, the new form factors can be evaluated, or at least
estimated, in the factorization approximation. The pro-
cedure can then be repeated for two photon emission
case. It is evident that it will keep becoming rather
daunting to evaluate newer matrix elements. This will be
taken up separately, comparing the results of different
approaches.

Given these issues, which are certainly beyond the scope
of the present work, we choose to simply evaluate the
virtual contributions assuming the contact term derived
above. Denoting the different contributions as CTV I, with
I=1, 2, 3, 4 such that 1, 2, 3, and 4 correspond to
contribution due to virtual photon starting from contact
vertex and ending at Zt, 7, B, and K legs, respectively:

CTvi) = 3 Satpmo(p) [ a1+ (2= loetep3h) ) ).

.2
_21e a .

CTv3() = o R iap) 1)) [ ax2 - (2 -1ogeni(nd)) ).

(47)

It is seen explicitly that the contributions due to the photon ending at lepton legs cancel with each other, while the remaining

terms result in

aa,

CTV3+CTV4 = (27)

T
a

—~

2r)

i ! 2
w(pThops) [ as(2 =) (o4 piylog () + poy gt ).

= {al [#(p2) plo(p3)(3logmymy —7)] + o, {Q(Pz)ﬁlifsv(m)@ logmymg —17)

Fapa) (424 P (ps) (3108 = )| = () (81 + p0)a(p)

In the neutral meson case there are no left over UV divergences, while for charged meson case, there are left over UV
divergences which should be taken care of by higher dimensional operators. At present, we choose to discard the UV
divergences above stemming from contact term, and include the finite part in our calculation. The finite part is proportional
to momenta of the particles and numerically contributes to ~1.4%, which is very close to what [39] finds for analogous
contributions.

Evaluating the rest of the diagrams, one then finds

a
M i = M [1 +aB + ﬂ} +Mecr. (28)

In this equation, the last term in the parenthesis is the magnetic moment like term, which is free of divergences. The quantity
denoted as B contains contributions from the self energy and vertex corrections and reads

i 1
B=— [ d*%
873 (k> = 2% + ie)

(29)

24: 0?(2p; — k)? s Z Q;Qmm;(2pim; — k).(2p;n; + k) _

i=1 (k2 - 2k-pi>2 i#j.i<j (k2 - 2k‘pi’7i>(k2 + 2k-pj’7j>

Using charge conservation » ; Q;n; = 0, B can be written as

"That there will be need to go beyond minimal coupling is also pointed out in [39].
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B= [ dh
T ( i#).i<j

e > 0:0mm;

2 _ L
( pin; —k (30)

2pin; + k* )2
= 2k.pin;

k2+2k.pj;1j

where, like for the real emission, i = 1,2, 3 and j = 2, 3, 4, and the numbers 1, 2, 3, and 4 represent particles B, K, £, and
¢~ respectively. Now, for B — K£#~, when both the mesons and the leptons are charged, a total of six diagrams will

contribute to B

B = Bgg + Bpi+ + Bp- + B+ + Bgi- + B

After integrating over k and employing dimensional regularization, the general structure of B;;

is calculated to be

imi\ 11 25 pipmin; [Vdx  (p?
B QQjﬂﬂ]{ln( e >+4/_ldxln<mimj>+ 5 ’/_lp;zln =) (31)

Relevant integrals encountered in the intermediate steps are
collected in Appendix B.

D. Sommerfeld factor

We have also considered the Sommerfeld enhancement
factor (Coulomb factor), arising due to the difference in the
scattering in the presence of potential versus the absence of
the potential [45]. This correction is a multiplicative factor
given by

270 1
Q.= =TT (32)
g ﬁij elii —1
mZ 2
where f;; =4/ 1 - o lp 32, representing the relative velocity

between the ith and jth particles.

E. Total O(a) QED corrections

We are now in a position to compute the decay rate to

O(a):
dT.., = dT, <1 +2aB + 2aB + 3) Q. (33)
T

Both B and B (or equivalently B; ; and B;;) depend on the
fictitious photon mass 4, which was introduced to regulate
the IR divergences. The result for the physical rate above
should be independent of A. Defining H;; = B;; + B; j

given as
2
dxln( Px )
mimj

M- QQ,M,[ (?ndx>

per / dx | (_) N2 1@1 (km>
;2 2 lpx E)zc

pl p d p
lpx

|
Recalhng, (1+x) +(1- x)2 2=2(1=x*)p;.pmim;,
=(1+ ) p?+ (1 —x) p; —|—2(1 — x?)p,;.p;, next
observe that, for 17,17, —1 (i.e., one incoming and one
outgoing particle), p’? = p2, which leads to the cancella-
tion of the A2 term in H,; ;- In the other case when n;n; = 1
(both are either incoming or outgoing particles), changing
x — 1/x leads to p’? — p2/x* and the final result is again
22 independent.2 This then explicitly verifies that the
physical rate is independent of the IR regulator A that
was introduced in the intermediate steps of the calculation,
and is thus free of IR divergences. This also provides a
crucial check on the calculation performed. To O(a), the
corrected double differential decay rate (with index i being
0 or ¢ for the neutral and charged B decay mode) can be
written as

aert
dsdq*

4T,

—— (1 4+ A, 35
i (1) (3)

where the correction factor A’ is defined as

T
Al = E};j ~1, (36)
sdq

A’ contains corrections due to infrared factors and non-
infrared factors up to O(k) terms. We have explicitly
checked that the O(k?) piece is rather small, and therefore
it has been dropped from the analysis. The other relevant
quantity is the shift in Ry due to the QED corrections. This
shift, Ag,., is defined as

%Since x € (—=1,1), changing it to % leads to trouble at x = 0.
We have checked that the imaginary part of the quantity B is
nothing but the Coulomb/Sommerfeld factor. Since we have
considered this term explicitly, we thus have taken only the real
part of B while evaluating the results.
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. ATY AT
leue = Rg’“ <F—;4ﬂ - Fle > . (37)

Below, we discuss the impact of these QED corrections.

IV. RESULTS

To O(a), the impact of QED corrections, real and
virtual, is captured by the quantity A’ [see Eq. (36)], with i
denoting the neutral (i = 0) or charged (i = ¢) B decay.
These are shown in Fig. 4 for the electron and muon
channels. Shown in these figures are the correction factors
for different choices of the maximum photon energy k.«
and the angular cut 6,. First, it is to be noted that the
correction factor for the electrons is about three times
larger than that for the muons (and both are negative, i.e.,
the correction factor will decrease the rate). This differ-
ence is essentially due to the smallness of electron mass
compared to the muon mass by about two orders of
magnitude. The QED corrections impact the more massive
charged particles significantly less compared to lighter

-0.23
-0.24

-0.25

S
o
q
-0.26 SR
- Ae(o)(kmax =25MeV, B¢yt =0.5°)
-=== Ao (kmax =25MeV, fcut = 2°) e
-0.27}
- 8O (kmax =25MeV, 6 =3°)  TTRun SR
—— A (Kmax =125 MeV, 8yt =3°) T
-0.28f . . : : :
1 2 3 4 ’ ’
q*(GeV?)
0
(a) AL vs. ¢2
—015 7/\
Ae(c) (Kkmax =25MeV, B¢yt = 0-510)
........ Aol (kmax = 25MeV, Oyt = 2°
= o0l e ( max cut )
<® _____ A (kmax =25MeV, 8cyt =3°)

86 (kmax = 125 MeV, 8cyt = 3°)

-0.25

(c) AL vs. q>

particles. There is a mild dependence on the photon
energy cut, k... The other important feature is the
sensitivity to 6., particularly for the case of electrons.
Choosing 0.,,~ few degrees, this sensitivity essentially
disappears.

An important set of terms are those in the IR terms
that have logarithmic dependence on the lepton mass,
In(m;). Figure 5 shows the sensitivity on m;. The lower
two curves essentially are what is expected for the
electron and muon case, respectively (being about 10%
as in A?) while the one in blue is for the case when
m; = 1079 MeV. There is clearly a much larger con-
tribution for this value and this is going to become
larger as m; — 0. Employing 6 ,~ few degrees takes
care of this issue. These In(m;) terms correspond to hard
collinear logs. These have been rigourously shown to
cancel in [39] by choosing the kinematical variables
appropriately, and choosing phase space slicing method.
All other IR divergences, including the In?(m;) terms are
explicitly seen to cancel when the virtual corrections
and real emission terms are added. To see this cancel-
lation in the present case, recall that

-0.051

-0.06

g
3
<
-0.07
—— B8, (kmax =25MeV, 8yt = 0.5°)
=== By (kmax = 25MeV, 8yt =2°)
008"~ Bu® (Kmax =25MeV, 6oyt =3°)
F— 8,5 (Kmax =125 MeV, 8¢yt =3°)
1 2 3 ¢ ’ ’
q*(GeV?)
0
(b) AL ) vs. ¢
-0.04 \
-0.06F © °
A% (kmax =25MeV, B¢yt =0.51°)
R — By (kmax = 25 MeV, 8yt = 2°)
~s -0.08F
B — Ay (Kmax =25 MeV, 8yt =3°)

B (Kmax =125 MeV, Byt = 3°)

-0.101

-0.12p, L I I I I

q*(GeV?)

(d) ALC) vs. ¢*

FIG. 4. O(a) corrections to neutral and charged B — K#¢ modes. Left: electrons. Right: muons.
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— AO)(k=25MeV, m; =10-50 MeV)

— AO)(k=25MeV, m; = 1MeV)
—— AO)(k=25MeV, m; =100 MeV)

Log(m;) Terms

3 4
*(GeV?)

FIG. 5. Behavior of In(m;) terms.

_Qin krzndx 1/1 p;cz
= -1 “ | ax
HU 27 n ElEj +4 —1 o m;ni;

J

pi-pj [lYdx . .. DiPj /1 dx | (kina
—1 —1 .
T /_lp%n(x)—f— 2 —1P)2cn ES
(38)

Here, we stress that H;; is only due to sum of IR part of
real emission and virtual correction. Note that contact
term contributions are not included in H;;. H;; is
enough to see the cancellation of IR divergences but
not enough in order to see the cancellation of collinear
divergences. Looking closely at H;; and extracting the
terms containing logm,, we find that the first three
terms in H;; are free of logm, dependence once the
integrations are carried out. Focusing on the fourth term,

opi [Vdx. (K2 12
—p2p~’/ —§1n< mg*) :—41nm,1n< max ) (39)
~1 Dy Ex E, E,

0.20

0.18f
— DRy O (Kmax =25 MeV, 8¢yt = 3°)

0.16}
— BRype O (kmax =125 MeV, ¢yt = 3°)

0.141 o s
— ARy e " (Kmax =250 MeV, 6cut =3°)

A Ryue (0)

012

0.10

L

2 3 4 5 6

q*(GeV?)

(a) A%%: vs. ¢?

We know that there other non-IR terms in the total
amplitude beyond H;;. To extract the remaining log m,
term(s), consider the complete differential decay rate:

Tt 4T d’r
deqz B—K¢+ ¢~ deqz B—K{£+ ¢~ deqz B—>Kf+f’y,
d’r a’r
=—2 (14+4A%) +-——. (40)
dsdq”|p_ ks ¢ dsdq

Second term of Eq. (40) contains all the non-IR terms
up to O(kpay). The non-IR part above contains the
log m, term that we are after, which is easily extracted
by integrating the term that has the form %

and finally has the desired form with coefficient py.k.
Now choosing the kinematical variable instead as ¢ =
(Pe =P s=(px+p2)* x=(p+k)? and ¢* =
(ps + p3)? and E; in the rest frame of (g + k), we
see that its coefficient is negative of that coming from
the fourth term in H;; above, and therefore total
differential decay rate is free from collinear divergences.
This then completes the explicit verification of cancel-
lation of the collinear divergences, once a suitable set of
kinamatical variables are chosen, similar to that dem-
onstrated in [39]. In matching with [39], H,;; above is
the sum of their H~,~js +H~,~j<h6) +ﬁj(s) and also some
part of F; j(h”). While discussing the numerical impact of
the QED corrections below, we follow the conventional
kinematical variables and impose cuts on the photon
energy and angle and report the results.

Figure 6 shows the impact of QED effects on Aje,,e, which
K

is defined in Eq. (37) for 6, = 3° as a function of g°. Also,
the charged mode is affected more as there are extra
contributions from the contact term, which being propor-
tional to (Qp + Q) are absent for the neutral mode. As the
QED effects are sizable ~20% for the electrons (~5% for
muons, and both are negative), Al,., and thus, RY,

Je
R’

0.18}

0.16 \_//

014} — Bgywe O (Kmax = 25MeV, fcut =3°)

012f — Agyre () (Kmax =125 MeV, ¢yt = 3°)

Ag,e©

— Bgycre 9 (kmax = 250 MeV, Byt =3°)

0.08}
o
1 2 3 s 5 6
q*(GeV?)
(b) Ag;}(e vs. ¢

FIG. 6. Shift in R%’ due to O(a) QED effects.
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increases. However, as mentioned above, all the quantities
are sensitive to Ky, and .. The shift in R, over the ¢*
range, is about 20% for k., = 25 MeV while with the
increase in k., to 125 MeV, it decreases to about 10%.
This is quite expected since, with the increase in k,,, the
muons also start to effectively behave as electrons, i.e., m,,
m, < kmax, and thus both are affected similarly. We have

checked that for such a case A;,,e is very close to zero.

K

In particular, choosing 6,.,~ few degrees and k., ~
250 MeV leads to a ~5% (positive) shift in R%

A;) = 5.34%, Agl% = 7.43%. (41)
The results obtained here are in general agreement with
the ones reported in [39]. The electron modes receive large
QED corrections, O(20%) where as the muon modes
receive smaller corrections. We have also checked that
choosing different k,,,, values for the muons and electrons
changes the shift in R} such that the final value of R%,
including the QED effects, deviates from unity by a few
percent. This is again in broad agreement with [39]. The
two studies essentially differ in arriving at the contact term
(s), leading to some differences in the numerical values in
the end, and in dealing with the In(m;) terms and phase
space. Despite these differences, it is encouraging to see
very similar conclusions being reached for the physical
quantities.

V. SUMMARY AND CONCLUSIONS

We have calculated the O(a) QED effects to B —
K#+¢~ modes. These corrections are negative and thus
reduce the rates. Starting with the nonradiative amplitude,
and demanding the gauge invariance of the one photon
emission amplitude (treating the mesons as point particles
and employing scalar QED to calculate the amplitude), the
contact term is fixed. Both the real and virtual QED effects
are then calculated. While calculating the virtual correc-
tions due to the contact term, there are UV divergences that
should cancel against similar divergences of higher dimen-
sions, in particular two photon contact terms. For the
present, we take a more phenomenological view point of
these and simply discard the divergences and retain the
finite terms in the calculations. A fictitious photon mass, 4,
is chosen as the IR regulator. The physical differential
decay rate is shown to be independent of the regulator 4,
thereby showing the cancellation of the soft divergences.
The physical rate as well as the ratio of the rates into muons
and electrons are sensitive to the choice of the max photon
energy, k.. and the photon angle with respect to the
charged lepton 0,,,. We have also discussed the potentially
large In(m;) terms whose effect is canceled by choosing
0.~ few degrees. Electron channels are found to receive
~13-25% corrections while for muons the corrections for
the same k,,, and 6. are around 8%. For k., ~250 MeV,

the corrections to the lepton flavor universality ration, R%’
are about 5%. This seems like a large correction, particu-
larly given the fact that this observable has been exper-
imentally known to show deviations from unity (the value
of RY expected within the standard model without these
QED effects). This would worsen the tension between
theory and experiments. However, a word of caution is in
order. This O(5%) positive shift in R% is obtained by
choosing the same k,,,, and 6., for both the electrons and
muons. Changing these to suit the actual experimental cuts
would change these numbers. The results presented here
are in general agreement with those obtained in [39], which
appeared recently, though there are some differences in the
two calculations.

In conclusion, we have shown that the QED effects to
B — K£T¢~ are an important source of corrections and
should be systematically included. While the individual
rates, particularly for the electrons, do receive reasonable
corrections, with appropriate cuts (suiting the experiments),
observables like R may only receive very nominal shifts
~ few %, and these corrections depend on the cuts imposed.
This clearly shows the need for utmost care while compar-
ing the experimental results with the theoretical calcula-
tions. The present study and also [39] leave open the
question of left over UV divergences and computation of
two photon contact terms (and other higher dimensional
operators appropriate to the issue), calling for extra effort in
this direction. This is rather important so as to have an
unambiguous comparison with the experiments, particu-
larly given that observables like R} are heralded as very
clean probes of the standard model, and therefore of new
physics beyond it.
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APPENDIX A: REAL PHOTON EMISSION

~ —1 kmax d3k pl p 2
3282771"71/ 22]/2<ku_km ’
7 o (k*+2%) pi k.p;

-1 /k Pk

— g2 1M o (K"
[ m? N m? _ 2p;.p; }
(k.p))*  (k.p;)?* (kpi)(k.p;)]’

(A1)

First integral:

kmax d3k 1 1 k2 ’/},l2
— 27— In( max_ ) A2
/0 &+ )7 (kp,) ”m2“< E%) (42

1
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Second integral:

b &Pk I 1 (Ropm?
= 27— In( 2270 ) A3
A I+ 22 (kp 2 w2 n( B2 ) (A3)

Third integral:

/kmx &’k 1 5 /km dk /1 dx
o (K + )2 (k.pi)(k.p;) o (422 (T4 x)(kpi) + (1= x)(k.p;))*

- l/kmax Pk /1 dx

_2 0 (k2+/12)1/2 _1k2p)ZC’

_ 1 / Kmax Pk / 1 dx

2)o (B+2)V? ) e’ER -k p
1 [ldx kzm Xp)%

Substituting back all the individual integrals,

- 0:0mn; KmaxiM;\  Pi-Dj /1 dx . (ki /1 dx . (p?
B = ! - =i ()] L. AS
i 2 U\ PEE, > L™\ e )T L AR (A3)

APPENDIX B: VIRTUAL PHOTON CORRECTIONS

d*k < 2pin; —k 2pjn; +k )2
K> =22 \k*> =2k.pn; K>+ 2k.pn;

_ i d*k 2pin; 2pjn; P ! ! ’

= nn, -k -

822 | =2 |\ =2k pu, TR —2kpm, K =2kpim; K =2kpm;) |
Filli ey e I

. / &k ( mf L Am3 N 8p;.pmin; )
K> =22 \(K* =2k.pm;)* (K +2k.pn;)* (K =2k.pm;) (K* + 2k.p;n;)

/ d“k( L ; ﬂ
(K =2k.pim;)* (K +2k.pjn;)* (K = 2k.pm;)(k* = 2k.p;n;)) |

First integral:

d*k 1 —in?  (m?
/ 2 (12 2= lﬂ2 ln(—2’>. (B1)
(k* = 2%) (k* = 2k.pn;) 2m; A
Second integral:
d*k 1 —in? 2
/ 2 2\ (12 2= lﬂz In m_zl . (B2)
(k% = 27) (k* = 2k.pin;) 2m; A

Third integral:

/ d*k 1  —in? /1 dx (/12 - pﬁ?)
(k> =22) (k* = 2k.pm;) (k* = 2k.pjn;) 4 )i p? 2

-0 —i 2 1 2
img Zimt [hdx [Py (B3)
4 ) p? 2
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Fourth and fifth integral:

1
dk—
/ (k* = 2k.pjn;)?

Sixth integral:

1

d*k
/ (k* = 2k.pin;) (k> = 2k.pn;)

Substituting back all the individual integrals:

—nin; m;m; 1/1
B = | — dx1
= {n<12>+4_1xn

= —iz® In(m3). (B4)
—iT2 1
7 / dxIn(p?). (B5)
-1
15 pi-pjnin; / Ldx (p?
(). B6
mimj> - 2 Yy ! s (B6)
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