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Fully developed relativistic turbulence
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We use a simple model consisting of energy-momentum tensor conservation and a Maxwell-Cattaneo
equation for its viscous part to study nonlinear phenomena in a real relativistic fluid. We focus on new types
of behavior without nonrelativistic equivalents, such as an entropy cascade driven by fluctuations in the
tensor degrees of freedom of the theory. We write down the von Kdrman—Howarth equations for this kind of
turbulence and consider the correlations corresponding to fully developed turbulence.

DOI: 10.1103/PhysRevD.103.056018

I. INTRODUCTION

Although relativistic turbulence finds many applications
in astrophysical contexts [1-3], it is in the fields of
relativistic heavy ion collisions (RHICs) [4,5] and reheating
after inflation [6,7] that we find the whole range of
dynamical possibilities in the theory. In both cases we
find a scenario known as “turbulent thermalization” [8—10].
Some mechanism (the original collision in RHICs or the
decay of the inflaton in reheating after inflation) brings a
narrow set of modes to a highly excited state. The excitation
then spreads in mode space, forming a turbulent cascade,
and finally the system returns to the linear regime and
relaxes toward equilibrium. It is the intermediate, turbulent
stage which is the focus of attention here. It must be noted
that although we are concerned with very fast processes, a
hydrodynamical description is nevertheless relevant, as
hydrodynamics acts as an attractor for the more complex
underlying dynamics [11,12]. It is therefore important to
develop an understanding of what kind of flow patterns
may be supported by a turbulent, real relativistic fluid. In
spite of many important contributions [13—19] such an
understanding is still lacking.

Recently [20], it has been proposed that relativistic
turbulence proceeds not through an energy cascade, but
an entropy [21] one (see also [22-24]). If confirmed,
this insight will mean a substantial step forward in our
understanding of the subject. Our goal is to provide a
further illustration of the issues at hand by studying
relativistic turbulence under the assumption of homo-
geneity and isotropy.

Unlike the case for ideal fluids [25-28], for real
relativistic fluids there is no agreement on what are the
equations of motion. There are two large families of
theories, the so-called first-order theories (FOTs), where
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the dynamical variables are the same for real and ideal
fluids [29-37], and the second-order theories (SOTSs),
where the set of variables for a real fluid is larger than
for an ideal one. In a typical second-order theory, the
viscous part of the energy-momentum tensor is regarded
as a hydrodynamic variable on its own. Theories of this
class are Israel-Stewart [38—42], divergence-type theories
[43-53], Denicol, Niemi, Molnar, and Rischke (DNMR)
[54-62] and anisotropic hydrodynamics [63—71]. An impor-
tant feature of SOTs is that they clearly display the dynamics
of the traceless, divergenceless part of the energy-momen-
tum tensor. This is very relevant in the application of the
theory to reheating after inflation, because this is the part of
the energy-momentum tensor which couples to gravitational
waves [2,72,73], raising the possibility that early turbulence
left an imprint on the cosmic background of gravitational
radiation [74].

Even after choosing to work within the SOT framework, a
large number of alternative models remain. We shall study
turbulent behavior in a minimal model where the equations
of motion are energy-momentum conservation and a
Maxwell-Cattaneo-like equation for the viscous part thereof
[75-78]. As in nonrelativistic turbulence, we shall keep only
quadratic terms in the equations of motion. The motivation
for this model is further discussed in Appendix A. See also
[52,79,80].

Following [20], our interest is in phenomena with no
nonrelativistic equivalents. Because of this and its relevance
to reheating after inflation we shall focus on the, maybe
unrealistic, case where turbulence is driven by the tensor
degrees of freedom in the theory. Our goal is to discuss
what are the relevant correlation functions for the rela-
tivistic turbulent fluctuations, what constraints are placed
on them by homogeneity and isotropy, what are the relevant
von Kéarman—-Howarth equations [81-87], and finally
whether there is something like “fully developed” relativistic
turbulence.

© 2021 American Physical Society
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It ought to be noted that we are considering fluids very far
from equilibrium. The thermal fluctuations of a relativistic
real fluid are discussed in [53].

This paper is organized as follows. We present our model
in next section; as said, further motivation is given in
Appendix A. The model is such that positive entropy
production is built in; nevertheless, we provide a direct
check in Sec. II A, whereby we identify the relevant
entropy flux, whose scale invariance will signal an entropy
cascade. Then in Sec. III we analyze the fluid correlation
functions under the assumption of homogeneity and isot-
ropy. In Secs. [81] and V we discuss the relativistic von
Kéarman—Howarth equations and the would-be fully devel-
oped turbulence. We conclude with some final remarks.

II. THE MODEL

To investigate the nonlinear behavior of relativistic real
fluids, we shall assume a minimal model, consisting of the
conservation law for the energy-momentum tensor and a
Maxwell-Cattaneo equation for the viscous part thereof.

Let us analyze these currents more closely. As usual, we
may decompose

1
™ =p u"u”+§A’“’+H’“’ , (1)

where p = pye? is the energy density. Here p is a fiducial
homogeneous background, and § represents the inhomo-
geneous deviations from it. We assume the conformal
equation of state p = p/3. u* is the Landau-Lifshitz fluid
four-velocity obeying u?> = —1, and

A/u/ = NMw + u,u, (2)

is the orthogonal projector. The viscous energy-momentum
tensor IT# is assumed to be dimensionless, transverse and
traceless 1T, = " u, = 0.

Energy conservation leads to

. 4
5430 +TV7u,, =0,

4 1
_ I:ty + g AW(S,/) + H#Z/ + H,ullé'ﬂ _ u”H/’”u

3 po 0, (3)

where x = u¥x, and
0=u)y. (4)

The Maxwell-Cattaneo equation of motion for IT* reads
(see Appendix A)
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A. Entropy
In this model, the entropy flux

S* = S(p.x. y)u", (6)
where x = IIJTT, and y = I)TITL,. So
St =S+ 6. (7)
On dimensional grounds,
S =ps(x.y). (8)
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To order IT3

s> WE propose an entropy density

s = sge” (10)

then, keeping only terms quadratic in TT#,
3
51T,
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The coefficients are determined by the condition that the
terms containing derivatives, which are not positive defi-
nite, must cancel. The solution is
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p=-15% (12)

In this way the entropy production is positive and reads

45 5
S{L = @SH” H”y. (13)

B. 3+1 decomposition

So far the discussion has been fully covariant, but it is
convenient to adopt an explicit 3 + 1 decomposition to
bring forward the independent degrees of freedom in the
theory. In principle this decomposition may be worked out
in any frame but it is natural to choose a particular frame to
simplify the dynamics as much as possible. The physical
picture we have in mind is that of a fluid contained in a
domain of finite size, say with a linear scale L. Then we
may choose the frame where the fluid in globally at rest.
This is a well-defined concept since it is enough to measure
the gravitational field sourced by the fluid, very far from the
fluid itself. Of course after this the theory is no longer
covariant.

To separate explicitly time and space variables we begin
by defining

u' = ur#, (14)

where v* = (1,2%/c) and u® = (1 — v?/c?)~"/2. Then

(%)’

W = uOvhY vk = WO [ ok b,
c

0 = u’[v?, + ], (15)

4 . _.
0= C5/ + §v{] + HJk’l)jyk,
4

where b* = (u°)?v;0*/c* and a=wv,b*. Also call
X' = v#X,. Observe that o = u’u" = (u°)*[v"" + av]
and (u°)?v*v, = —1. Also

v, 1% + 10, , = 0. (16)

We may decompose IT# as

I :ﬂnij’
c
ViV
% :%HU, (17)
and
: V;v; ..
H§ :7"1'[’1. (18)

This suggests writing

. _ .1 .
9 = 10 2 811, (19)
I} = 0. Then
Uﬂ]j .._’Ul'/ljj_.. 1 L.
71—1’] = 71_1[] + Fiﬁl)ﬂ)jnu (20)
and
I T,
Hlj:HU—i_?éljl_lﬁ' (21)
3¢?

We introduce these variables in the equations of motion
keeping only quadratic nonlinearities. Observe that b is
already quadratic in ¢ and a is cubic. So we have

4 1 . . _ _
0==cv’— 5 viok + gczé’f + (v V%), + czl'[,J,ic + ks,
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In the only quadratic term still containing time derivatives, we replace these derivatives by their value according to the

linearized form of Eqgs. (22) to get
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III. HOMOGENEOUS ISOTROPIC FLOWS

We shall now investigate the structure of the velocity and
viscous energy-momentum tensor correlations in a sta-
tistically homogeneous, isotropic flow.

It is convenient to separate the equations of motion into
scalar, vector and tensorial equations. For this end, we
define

Uj = ¢.,j + ij
_ 1
IL; :l//,ij—§5ijAll/+qz‘.j+61j,i+ Qij, (24)
where
. . " .
Vi=dq;=0k=0;=0. (25)

The linearized equations of motion decouple, so we have a
theory with scalar degrees of freedom (8, ¢,y ), vector
degrees of freedom (V;,q;) and a tensorial degree of
freedom Q. These modes propagate at different velocities
[88,89]. For our model we get \/3/75 ¢ for the scalar modes,

v/ 1/5¢ for vector modes, and 0 for tensor modes. In other
words, the tensor sector are the “slow” degrees of freedom,
and there is an incompressible limit where scalar modes are
frozen, and vector modes are slaved to tensor ones. We
shall work within this regime in what follows; namely, we
shall disregard the scalar degrees of freedom and assume
that I/ contains tensor degrees of freedom only (since it
then becomes identical with Q/%, we shall drop this latter
notation). Then the equations of motion become

.3 _ 1 . .
0= U/j_I;vknjk_gvk[vj.k_"_vk,j]’

- - 6. _ 2
0 = [k + %ij + 7 [Hllvﬁ +IT¥ ,jl - géjknlmvl.m]

1= _ 2
-5 [H/’U’,k + ¥y — géfkl'llmvl,m} ) (26)

The correlation functions most relevant to our discussion
are the two-point function

3

00 = [ G e P )

and
(I (x, TV (y, 1) 04 (2, 1))

3,73
- / dé) iaq P0G (p g.1), (28)
T

where the brackets () denote average over flow realizations.
Both are severely restricted by the isotropy assumption.
Fk(p, t) has to be symmetric in (i, j) and (k, [) and under
the exchange of these pairs by one another. Also
p;Fiik = Fiikl — (), So we must have

iy 1 . o y
FiM(p.1) = S [hifhy + highy = hhg1f (p.1). (29)

where p = |p| and
p'p

hik = sik _
r p2

(30)

Observe that f(p,f) may be obtained as the Fourier
transform of the fully contracted correlation

3
(T e, T (. 1)) = 2 / (;iﬂl; P f(p, 1) (31)

G*  obeys p,G'* =q,G* = (p+q),G"* =0 and
G*(p,q,t) = G/*(q, p,t). Therefore

G*(p,q,1) = (=) hhy" e, g™ (p.q.1), (32)

where
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9" (p.q.r) = q14'p"(p — q)" + 924'6™ + g5 p" " + g3(p — q)"6™. (33)
The coefficients are functions of |p|, |¢|, and pg = p;q', and ¢ (p, ¢, pq.t) = 9:(q. p, pq, t). Observe that g, = —g! and
g3 = —g%. We observe the contractions
o i (pa)*\ 1 (pq) (ra)\ , 1 +(pq) (pq) (pg)*
=ty =0 | opa) (1= 00 ) =30 02 (10 08) St D (14 020 ) gy (14 00
-y : 1 (pg)\ 1 7> (pq) (pq)
Gkik — pim ——aAl1 ) - = 1 1
l qpm{ 27! < T ) TP\ TR i
A (pq) (pq)
+29T<1——>+2g 1+ ,
’ 8p? *(p+q)? p?
i i |1 rq A
lG J] —= hplql {591A<1 + (q—2)> + 292 <1 —g>
1. p? ( (pq)> < (pq)> (pq) (pq)
-—g 1+ 14+-H2) —2g 1+ , (34)
272 (p+4q)° P> 7 (p+q)? 7
where
4p*q* (pg)*
A=(p-q)fn" (p-q)=—"-(1- : (35)
(pta) (p+a)\  Pq

IV. VON KARMAN-HOWARTH EQUATIONS

The above correlations are further constrained by the relativistic von Karmdn—Howarth equations. To derive this
equation, we consider Eq. (26) for T1/*(z), fully contracted with [1/%(x) [by Eq. (31), the full correlation may be
reconstructed from the contracted form]. We repeat exchanging z and x, average over flow realizations and add to obtain

G 5 ) = ()T )
{2, 1) (0T e 1) (T, ) (08 2. ) - (0. ) (08 . 0)
= 24 ) (V) (2, 1)) = 2 (4, ) (V0 (). (36)
Now
. 3 3
() 0) = (=0) [ e [ £G4 p.q.0) 37)
It is clearly symmetric in (x, z). Similarly
3 3
()@t ) = (=0) [ SEsep, [ 6.0, (38)
3 3
(I (x, 1) (V10! ) (2. 1)) = (i) / (‘21”’;3 eirl=2) / éﬂ; 4G (p.q.1), (39)
so the von Kdrman—Howarth equation reads
=3 g ) ) ) = ()T 1)
() (V08 2. 0) = (T4 e )W) (20), (40
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or in momentum domain

2l =

In terms of the decomposition Eqgs. (32) and (33)

. [ dq . 2 .. 2 .
TRl /Jf(l%t) =l/ [ka“"(p,% t)+7kaf’”(p,q, t)—quG"“(P,q, 1| (41)

ip Gk = iﬁ [—291(pq)(P*q* — (p9)*) + 295(P*¢* + (pq)*) — 92(Pq)(4* + Pq) + 92 (Pq)(P* + Pg)].

o 1 A
ipGH = —— ——
Ap*q’

291(p*¢* = (pa)*)[P* + pal + 9:la* P> + (pa)P* + (Pa)4* + (pq)?]

- 2p* + p*q* +4p*(pg) + (pqg)?) — 293(pq)[p* + (p9)]l.

iqukjj :1 A
4p*q*

291(p*q* = (pa)*)(¢* + pq) + 9(P*a* + 24" + 44*(pq) + (pq)?)

- 2 (¢*P* + (pa)p* + (Pa)d* + (p9)?) — 295(Pq)l4* + p4]]. (42)

where (pq) = piq'.

V. FULLY DEVELOPED TURBULENCE

From now on we shall work in the incompressible limit
where the scalar degrees of freedom are frozen. We shall
also assume that u° &~ 1. From the expression Egs. (6), (8),
(10) and (14) for the entropy density, we see that the
transport term in the entropy balance equation (13), to
lowest nontrivial order in IT* and averaged over flow
realizations, is given by

1
cSh = (uPvrs) , ~ 2s [?e + g] . (43)
where

e =3 (W),

! = —(WH (T ). (44)

where as above the brackets () denote average over flow
realizations. € corresponds to the nonrelativistic cascade;
although one may use these equations to work out the
relativistic corrections to the Kolmogorov spectrum, we shall
not discuss it further. On the other hand, 7! corresponds to a
new kind of cascade with no nonrelativistic analog.

The expressions Eq. (44) require to be interpreted, since
in an homogeneous flow all expectation values at a single
point are translation invariant. We take them to mean

G(ij),(kl).m(r) _ ri[5jk61m 4 §ilgkm
+ rj[éikélm + 5i15km

_ 65jm5kl]
— 65™8] + rF8(518m + §'5™) — 6515

[
e~ (v/(x)(v4v;) (),

o = —([1(x) (011 1 (2)) = (00 (0 T1)(2)). (45)

We shall discuss later what range of x and z is intended.

Fully developed turbulence is the case where the
dynamically generated dimensionful variable z defined
in Eq. (44) is scale independent:

A0 (2)) =t = const,  (46)

or else

3
ine [ (;’ﬂ‘; G (p.q.1) = 2x)8(p).  (47)

These equations are the relativistic counterpart to the
Kolmogorov 4/5 law [82-87].

Since 7 has dimensions of time, the simplest dimension-
ally correct ansatz for (IT/ (x)IT¥(y)v™(z)) would be linear
in r=x—z and s =y — z. Imposing the relevant sym-
metry, tracelessness and divergencelessness constraints, we
obtain the most general form

()07 (2)) = 2 (G (1) + G0 (5)),
(48)

where

+ rl[8(5ik5jm + 5irn5jk) _ 65ij5km] + 7 [_6(5ik5jl + 5il§jk> + 851’}'5/(1]’ (49)
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which reduces to

_ 7A L - . . . o
(I ()T ()04 (2)) = —{=rio/k — k&1 + 4risik — sigk — sksii + dsisik}, (50)
7

Fourier transforming, we obtain a representation Eqs. (32) and (33) with

g1 =0,
7Al 4q, O
_ 61413 O o3y ,\50)
=m0 2| 2 250 00 ),
g = | T4 L2 054500 (p) ~ 9500yt g) (51)
’ v |2]q*0q, p*op, '
We therefore find
1/k 1J0 .k — [Tk 1/ ,,/ _ 7A
(V% (x, 1) (TV' %) (2, 1)) = (IV*(x, 1) (TV' 0 ) (2, 1)) =-30—, (52)
3
but Al = / d—;]:4nln§. (56)
_ . L '<p<¢™! (g
(T (x, 1) (TR (2, 1)) = 0. (53) g

There is a similar situation in nonrelativistic incompressible
turbulence, because K41 theory requires (v/(x + r)x
(v;v%)(x))  erf, but an actual computation shows that
(v/(x + r)(v;v%)(x)) = O(r*) when r — 0 [87].

This shows that the ansatz Eq. (50) is too naive and must
be modified, and Eq. (51) suggests the modification must
be to include a nonzero g;. By way of example, we shall
discuss a simple choice for g; which is consistent with all
the constraints above.

From Egs. (46), (47) and (42), we see that what is
required is

Pq  p’q (Pg)*\?
o <1 - p2q2) a1(pq)

2_ %T—l (272)%60) (). (54)

A simple way to achieve this is (see Appendix B)

(P +q)*(pq) 89 (p)

g1 = —Br! ,
1 p4q4 qs
105
B =—(27)°A,

RIEk

The power of ¢ is chosen to give g; the right dimensions.
The integral defining A requires regularization. We assume
there is an outer length scale L, for example, the size of the
domain containing the fluid, and an inner scale # [see
Eq. (59) below], so

Ansatz (55) breaks the condition that g; = —g!, so we write
instead

g, = —Br~! (p+49)*(pq) [5(3)(17) ~ 5(3)(q):|
! 4 4 3 3 S
and we get

43 2.2 NG

/ (1 (pf)z 9(pq)
(27)* (p +q) g
1 _ A

— 57 1(27[)3 |:F ) (p):| ,

SO

etpr

%<ﬁ”(X)(v"ﬁu)(z)> =7 {A/aﬂp » 1} (57)

As in the nonrelativistic theory, we get the desired behavior
at not too short distances.

Let us now consider how the new g; affects the von
Kédrmén-Howarth equation (40). Because (pg)Ag; is an
even function of ¢, the contribution from g; to (TF*(x, ) x

(IV'v%)(z, 1)) is the same as to ([T (x, t)(v[lzl{lk)(z, 1)), and
the same holds for (I7* (x, r) (T, ) (z. 1)), but for the sign.

So if g, is chosen in this way, leaving g, and g; as in
Egs. (51) and (40) becomes

_ _ 3 einr
(T (x, 1)T* (2, t))zg [IOOA— 1 +A/d3p 3 }

(58)
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which corresponds to a scale-invariant spectrum o« p~ for
p # 0. Imposing the boundary condition that (IT/*(x, ) x
[/%(z, 1)) — 0 for large r we find A = 1/100.

Equation (58) shows that the typical size of tensor
fluctuations at a scale r is (4/cz)(r/L)?. This suggests
defining # as the scale where typical fluctuations are of
order 1, namely

£~ L(ct/2)'/3. (59)

VI. FINAL REMARKS

In this paper we have intended to show that the richer
dynamics of real relativistic fluids vis-a-vis their non-
relativistic counterparts allows for new kinds of turbulent
phenomena and have provided an example of how turbu-
lence driven by tensor degrees of freedom may look like in
the simple case of homogeneous, isotropic, fully developed
turbulence.

The solution we obtained depended on the existence of
two timescales in the theory. One is the timescale 4/ ¢, where
A has the meaning of a mean free path and it is carried over
from the Boltzmann equation in the relaxation time approxi-
mation Eq. (A1). This scale determines the size of the entropy
production in the entropy balance equation (13). The other is
the scale 7 introduced in Egs. (44) and (46). Unlike A/c, 7 is
not a parameter of the model, but rather of a particular
statistical realization. The ratio A/c7 regulates the size of
tensor fluctuations and in this sense it behaves as the
“Reynold’s number” of the theory. Tensor turbulence appears
when this ratio is larger than one.

The solution we have obtained is remarkable because
energy-momentum conservation is upheld throughout, in
the sense that there is no right-hand side to Eqgs. (3). The
fluid is not stirred by an external “force”; instead eddies of
size L produce entropy and then this entropy is distributed
across scales by the transport term in Eq. (13). Eventually
entropy is ejected into eddies of size r < £, which registers
as heat loss from the fluid, so in a more complete solution
we should be able to see the decay of the turbulent flow
pattern.

As in the usual Kolmogorov theory, the scale-free
spectrum « p~> could have been derived on dimensional
grounds alone. However, it is interesting to see that, again
as in the usual Kolmogorov theory, two- and three-point
correlations are closely related through the respective von
Karman-Howarth equations. Another point of contact is
that the presence of three-point correlations indicates a
strong departure from Gaussianity.

Of course the example we have presented is built on very
limiting premises, namely the extreme parameter range
7 < 1/c, the exclusion of scalar degrees of freedom, and the
subordination of vector degrees of freedom to tensor ones.
Clearly a more complete solution is required before we can
discuss its relevance to actual observations.

It also must be kept in mind that, as we mentioned
in the introduction, there are several approaches to rela-
tivistic real hydrodynamics. Even if we restrict ourselves
to SOTs, these different approaches contain different
nonlinear terms and different free parameters; therefore
the resulting von Karmidn-Howarth equations must be
expected to be different as well. In this sense our model,
which has the mean free path A as the only adjustable
parameter, may be regarded as a minimal model which still
enforces nonnegative entropy production to all orders in
departures from equilibrium. We believe the patterns we
have discussed will still be found in other approaches such
as DNMR [54-62] and anisotropic hydrodynamics [63—71]
but defer detailed comparison to future work.

To conclude, we regard this work as a proof of principle
that real relativistic fluids may display flow patterns which
are qualitatively different from those present in nonrela-
tivistic hydrodynamics but that nevertheless some insight
may be gained by using tools already well developed in the
turbulence literature. Even if it would be hard to reproduce
these patterns in actual situations, their existence may
influence observable flows, not unlike a nonthermal fixed
point structures flow in nonequilibrium field theory even if
not directly approached [90-93].

Our long-term goal is to assemble a turbulence toolkit to
assist in the development of phenomenological models of
reheating after inflation [6]. This is certainly the most
violent and far from equilibrium process in the history of
the Universe. As suggested some time ago [8,13,14],
turbulence may provide a qualitative understanding of this
process, which complements full-scale numerical simula-
tions already under way [7].
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APPENDIX A: MOTIVATING EQ. (5)

We consider the hydrodynamical description for a gas of
massless particles obeying a Boltzmann equation with an
Anderson-Witting collision term [3,94,95]

pﬂfw :%Mﬂp”[f—fo], (Al)

where f, is an equilibrium one particle distribution
function

fo= elors (A2)
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and

u, [T = T = 0. (A3)
thus enforcing energy-momentum tensor conservation.
Our primary concern is that the hydrodynamic descrip-
tion should enforce energy-momentum conservation and
positive entropy production. One simple way to achieve the
second requirement is to postulate an ansatz [52]
f = edalar (), (A4)
where the ¢*(p, x) are known functions of position and
momentum and the {4 will be the hydrodynamic variables.
The equations of motion are obtained from the moments of
the kinetic equation

/%5(-P2)9(P°)¢A(p,X){p”f,ﬂ —%u"pﬂ f —fo]}
o (AS5)

Positive entropy production follows from the kinetic theory
H theorem. The equations of motion are conservation laws
for currents

A / 2d*p

(2x)°

By choosing ¢° = p# and ¢, = B, we enforce energy-
momentum conservation as one of the equations of motion.
Our second choice will be ' = p#p*/(-U,p”). U* is a
fiducial unit vector to be identified with u* after deriving
the equations of motion, and we assume {}, = U#{ w =0
for a conformal fluid. This choice has been very successful

in reproducing flows in Bjorken and Gubser backgrounds
[52]. We get the currents

5(=p»)0(p°)¢* (p. x)p*f.  (A6)

o 2
= d45—290”D,
o 2 / prp’
A = o= s [ d'pd(=p*)0(p°)p" 5 ]
agvp (27[)3 (_Uﬂpg)
2 4 2 0
St =—— [ d*ps(=p*)o(p°)p*[1 —Inf]f. (A7)
(27)
T# and A" are symmetric and traceless on any pair of
indexes, and u,A*? = —T"’. The fluid equations are
T =0,

1
Sip {A’jfp - K"y, + 7 ™| =0, (A8)

where

Sion =3 [ Bu i + Do =54 (A9
[A,, as in Eq. (2)] and
ke = = [ @pal-p o P s (A0
(2z)° (=Ugp?)?
The fluid equations imply
S :%CHPTW’, (A11)
and so the second law is enforced as long as
$,py T 2 0. (A12)

Although we know that positive entropy production
follows from the kinetic theory H theorem, we may also
go through a direct check. In a frame where (;; =

diag(, +¢- ¢ —{-.~2¢,) and writing

p' = p(sinfcosp,sinfsing,cos ),  (Al3)
we have
5T = - VI(E) (Al4)
where £ = (£,.¢_) and
2 .
J= / PP oyt / d0 sin 9er<-(1-3¢05*0)
(27)* 0
% /ﬂ d(pef’c- sin” @ cos 290 (AIS)
If £ = ¢¢, &2 =1, then
) d
CupT r= C_J(CC)’ (A16)
¢
and the positivity follows from
d
—J(0) =0,
d? .
—J >0. Al7

Let us analyze the hydrodynamic currents more closely. As
usual, we may decompose the energy-momentum tensor as
in Eq. (1). Then, the requirement that

u, AP = —T (A18)

implies
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ARP = p{u"u"u’) + % [/ AYP 4 u? AFP + uP AY] + wTI + uTI + u”HW}.
Energy conservation leads to Egs. (3), and
SPHAE = pJ T 191'[”/’ ! AFP Y, + AP 2 A0
e =P ~3 Ty | AT T AT =
T+ P 3 LT 2 APPTIHO 1 VIIPH PTIHS
+ I, + Wy =3 u,w+z[u +u 16, ¢

where we have used the equations for p and #” disregarding quadratic terms in IT*.
It only remains to compute K**#° up to linear terms in IT*. Let us write the generic form

KPP = AuF uu’u’® + Blu'u? AP + ' uP A + ' u® AV + u’u’ A" + uCub A" + uP u® AW
+ Clu" v’ TIP? + wuT1* + wu° T + w’u*TI + u® u’TI* + u’ u’ 1]
+ D[AYAP? 4 AFPAYC 4 AFOAVP]
+ E[AYTIP + AFPTIY + AFOTTY + AYPTIFO + AYTI ++ APOTTH].

The condition that u, KHre = —Avwre reduces this to
1
KW = putuu’u’ + gﬂ[u”u”A/"’ + WU’ AV + W u A + uPuf AR+ uCut AP+ P u® AV
+p[u;4uunpo' + uﬂu/)HD(f + uﬂuanup + u/)uyH/m + uo—uuny/) + u/)uanyﬂ]

+ D[AY AP 4 AP AV 4 AFO Y]
+ E[ATIP° + APTI + AFOTI + AT + AT 4 APOTT).

Tracelessness implies
1
0=- gpAf’” + 5DA,
0=-p+T7E.
We therefore may write
1
Ko = p{uu* wu’ + 3 [t u” AP + ' uP AV + ufu® AP + uPu? A + u®u? AP + u’u’ A
+ w17’ + wful 11 + W u’T1” + w’ u’11° + uCu’ 11 + u’ u T
1
+ E [Abﬂ A/)o’ + AM/JAD(F + A"MAW)]

1
o (AT AT 4 AOTEP - AT - AT+ AT}

This contributes to the equations of motion a term

1 2
Sg;K’W”uM = p{E {A’”’u’} + Aroyy — gA/‘”Q

1 4
+= [nwu{g TVl + ATy o+ AT u, o + T40 — Avﬂnﬂduﬁ,ﬁ] }

We thus obtain Eq. (5).
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APPENDIX B: MOMENTUM MONOMIALS

In computing momentum integrals in the text we have
used the identities

J
p° -0,
)4 p=0
J pk 1 ..
PR — s, (B1)
14 p=0 3

leading to

(ra)]  _,
P4 p=0
(pg)* 1
) — g . (BZ)
P 49" 1p=0

Higher monomials were computed from Wick’s theorem:

<pq)2k+1
) =0,
p2k+1q2k+1 p=0
(pe)*| 1 (B3)
2k 2k - 2%k 41 .
pP—q p=0
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