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We study the noncommutativity of different orders of zero energy-momentum limit pertaining to the
axial chemical potential in the chiral magnetic effect. While this noncommutativity issue originates from
the pinching singularity at one-loop order, it cannot be removed by introducing a damping term to the
fermion propagators. The physical reason is that modifying the propagator alone would violate the axial-
vector Ward identity and as a result a modification of the longitudinal component of the axial-vector vertex
is required, which contributes to chiral magnetic effect (CME). The pinching singularity with free fermion
propagators was then taken over by the singularity stemming from the dressed axial-vector vertex. We show
this mechanism by a concrete example. Moreover, we proved, in general, the vanishing CME in the limit
order that the static limit was taken prior to the homogeneous limit in the light of Coleman-Hill theorem for
a static external magnetic field. For the opposite limit that the homogeneous limit is taken first, we show
that the nonvanishing CME was a consequence of the nonrenormalization of chiral anomaly for an arbitrary

external magnetic field.

DOI: 10.1103/PhysRevD.103.056004

I. INTRODUCTION

The collective macroscopic behavior of chiral matter
subject to an external magnetic field or a vorticity field, by
the interplay with chiral anomaly, could manifest in
anomalous transport phenomena. For instance, an electric
current along the magnetic field could be induced in
response to the magnetic field in the presence of a chirality
imbalance, which is known as chiral magnetic effect
(CME) [1-3]. It is of great interest to the phenomenology
in the relativistic heavy ion collisions [4-6], as well as in
the condensed matter systems, such as the Weyl and Dirac
semimetals [7—10]. It is believed that the charge separation
observed in the correlation of final hadrons in noncentral
heavy ion collisions and the negative magnetoresistance
observed in some semimetals are the consequences of
the CME. Because of the noisy background, however, the

“houdf@mail.ccnu.edu.cn
"Renhc @mail.ccnu.edu.cn

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010/2021/103(5)/056004(16)

056004-1

CME in heavy ion collisions remains controversial and the
intensive investigations are ongoing [11-14].

With the chirality imbalance proxied by a constant axial
chemical potential ps, the chiral magnetic current in a
constant magnetic field B takes the simple form [2,3]

62
J:le—ﬂzﬂsB, (1)

with # a factor associated with color and flavor degrees of
freedom. In the reality of heavy ion collisions, however,
both magnetic field and chirality imbalance are inhomo-
geneous and time dependent, and (1) serves an approxi-
mation for slowly varying us and B. With an arbitrary
magnetic field and arbitrary axial chemical potential, the
chiral magnetic current in momentum representation reads

g+ k) =n 3G (a. s (A (). (2)

where G*?(q, k) is proportional to the Axial vector-Vector-
Vector (AVV) three-point functions with one of the photon
vertices and the axial-vector vertex bearing incoming
4-momenta ¢ and k. The current in the form (1) corresponds
to its infrared limit, ¢ — 0 and k — 0, but this limit is subtle
at a nonzero temperature.

At a constant us, i.e., k =0, G/%(g,0) can be para-
metrized as
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G(q,0) = —iF(q)e'*q*. (3)

For the benefit of the subsequent discussions, we empha-
size here that this structure solely follows from the rotation
invariance and the parity oddness without applying any
Ward identities [15]. It was first found in [3] that the
limits q -0 and ¢°—> 0 do not commutate, i.e.,
limg_o limy_o F(g) = 1 and lim_limg_o F(q) = 1/3.
This noncommutativity in different order of limits was
later confirmed by the calculations with Pauli-Villars (PV)
[15] and lattice regularizations [16]. Note that, however,
the calculations with a proper regularization give rise to
different results, ie., limg_olimpo_oF (¢9)=0 and
limyo_olimg_F(q)=-2/3. In the PV regularization
scheme, for example, the extra contribution making the
difference comes entirely from the regulator term.

The authors of [17] provided a resolution to this non-
commutativity problem by considering the interacting
chiral fermion system. Specifically, it amounts to replacing
the free fermion propagator with a dressed fermion propa-
gator incorporating a damping term in its self-energy. As a
result, because of the finite relaxation time, the pinching
singularity underlying the noncommutativity in different
order of limits disappears. The authors therefore found that
in both orders of limits the form factor F(0) = 1. This
result is also consistent with the calculation in the strong
coupling regime using the AdS/CFT correspondence [18],
where the limit ¢ — 0 is unambiguous. An interesting
discussion of this noncommutativity problem in the frame-
work of chiral kinetic theory including Berry curvature
[19-22] was presented in [23], where a new contribution
called magnetization current to CME was identified and
attributed to the removal of the discontinuity of the CME
conductivity in different order of limits.

Coming to the infrared limit k = (k% k) — 0, the
explicit one-loop calculation under the PV regularization
in [15] reveals the following noncommutativity. If the static
limit of the chiral imbalance is prior to its homogeneity
limit,

lim lim G°(q. k) = 0. (4)

for a static magnetic field in the homogeneous limit, i.e.,
q = (0,q) — 0. In the opposite order, if the homogeneity
limit is prior to the static limit

lim lim G/0(q, k) = ie'*g*, (5)
K—0k—0

for arbitrary ¢. The latter order of limit gives rise to the
chiral magnetic current
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which differs from (1) by a sign. The sign difference,
however, cannot be detected with parity-even signal such as
charge separation in heavy ion collisions or magnetoresist-
ance in Weyl/Dirac semimetals. The authors of [15] related
(4) to the vector Ward identity and (5) to the anomalous
axial-vector Ward identity. Both identities go beyond one-
loop order suggesting that the noncommutativity of the
infrared limit persists to all orders.

As will be shown in the next section, the noncommu-
tativity associated with the axial-vector vertex at one-loop
level stems from the same pinching singularity as that
underlying the noncommutativity of the photon vertex. A
natural question that arises is why the dressed propagator
fails to smear the difference between (4) and (5), and its
answer together with related analysis occupy the rest of this
work. Briefly speaking, a Ward identity links the longi-
tudinal component of a vertex function with respect to the
four-momentum transfer to the self-energy function of the
fermion propagator attached to it. Therefore it is incon-
sistent to modify a fermion propagator alone. In case of the
vertex of the magnetic field, only the transverse component
contributes so the inconsistency does not manifest. This,
however, is not the case with the axial-vector vertex. While
the limit order (4) projects out the transverse component of
the vertex and the inconsistency does not contribute, the
opposite order of limits (5) does pick up the longitudinal
component and the modification of the vertex function
cannot be ignored. Through a subset of diagrams contrib-
uting to CME with the recipe [17] of the modified
propagator, we shall demonstrate that the role of the
pinching singularity of free propagators is taken over by
the new infrared singularity of the modified axial-vector
vertex and the difference between the two orders of limits
(4) and (5) remains.

The rest of the paper is organized as follows: in Sec. II
we shall present a one-loop calculation in order to elucidate
the role of pinching singularity in the noncommutativity
issue at the axial-vector vertex. A recapitulation of the
Ward identity arguments in [24] in the light of the
Coleman-Hill’s theorem and the nonrenormalization theo-
rem of anomaly will be presented in Sec. III for self-
containedness. In Sec. IV, a concrete example is given
for demonstrating the mechanism of the failure of the
dressed fermion propagator in the noncommutativity issue.
Section V concludes the paper. For the sake of simplicity,
we shall mainly consider a static magnetic field. Except for
Sec. IIT A, we shall work in the framework of the closed-
time path (CTP) Green’s functions which is detailed in the
Appendix. Throughout the paper, we will stay with the
Minkowski metric and four vectors represented by
¥ = (x°,x), ¢ = (¢°,q) with ¢° the energy.
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II. ONE-LOOP ANALYSIS

In this section, we shall calculate the contribution to
CME from the one-loop AVV three-point function in
terms of CTP Green functions at a nonzero temperature in
order to exhibit the role of the pinching singularity. The
CTP Green’s functions [25] are generated by a path
integral whose action is the integration of the classical
Lagrangian along a closed time path that consists of a
forward branch and a backward branch. The quantum field
operator in CTP is denoted by ¢,(x) with a =1, 2
labeling the forward and backward branches. For more
details about CTP Green’s functions, see the Appendix
and Ref. [25]. The amplitude of Fig. 1 in CTP formalism
reads

A

(p.c)

p+qg+k

<
<
p

FIG. 1. The AVV triangle diagram. There is a second diagram
with the photon four-momenta and polarization as well as CTP

indices interchanged.

y . d*p
foe(q. k) = —ie? / 2a)? Tr[[¥n,S(p + q + K)I"51.S(p + )T, S(p) + T, S(p + g + k)T, S(p + k)I7n.S(p)),
(7)

HUp

where the trace Tr(...) was extended to Dirac and CTP indices. The subscriptsin G,

1 and 2, which are projected by the 2 x 2 matrices

A o

The bare vertices and propagators take the form

are CTP indices each taking values

o0 Hyd 0
Fﬂ—(y ) FM5—<},Y 5>, 9)
0 - 0 =
with the negative sign taking into account the reversed time integration along the backward branch, and
S S
sir) = ( , (10)
Sy Sn
with
i
Siu(p) = s 22pl0(=po) + €(po) fr(P0)]6(P?),

S12(p) = —2zpe(po) fr(po)d(p?).
$51(p) = =2zpe(po)lf r(po) — 116(p?).

$2(p) = 5 = 2810(=p0) + e(po)f £ (p0)13(p?), (1)

for massless fermions with f(x) = 1/(e/* + 1), the Fermi-Dirac distribution function at temperature 7 = 1/4. We also
defined #(x) = 1 if x > 0 and vanishing otherwise as well as e(x) = 1 for positive and negative x, respectively. The AVV
three-point function underlying retarded responses of the CME current to the magnetic field and axial chemical potential was
obtained by restricting the electric current operator within the forward branch and summing up the rest CTP indices, i.e.,
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Plat =Y dlia

. d*p . . 4
= —ie? / WTW [Sr(p+ g+ k)Y Sg(p + @) Sc(p) + Sc(p+ a + k)Y’v’Sa(p + @)v'Sa(p)

+Sr(p+a+ )77 Sc(p + @)Y/ Sa(p) + Sc(p +q + k)y/Sa(p + k)r°7’Sa(p)

+ Sg(p + g+ k)Y Sc(p + k)r°r’Sa(p) + Sk(p + q + k)y/Sg(p + k)77’ Sc(p)). (12)
where we have switched to the physical representation of CTP formalism and the trace tr(...) extends to Dirac indices only.
The physical representation can be obtained from (10) by an orthogonal transformation given in the Appendix and we have
the retarded and advanced fermion propagators, and the correlator given by

Selp) = ——
R =070
i

Sa(p) =i

Sc(p) = 2zp(1 =21 (p%))5(p?). (15)

Substituting the Kubo-Martin-Schwinger (KMS) relation S¢(p) = [1 = 2f(p°)][Sz(p) — S4(p)], we have

d* A
l j0 . 14 i

x {fr(P")[Se(p +q + k)Y’ Sk(p + @)Y/ Sr(p) + Sk(p + q + k)r/Sg(p + k)y’r’ Sk(p)

—Sp(p+ g+ k)’ Sg(p + @)Y/ Sa(p) = Sr(p + g + k)Y Sk(p + k)r°r’Sa(p)]

~fr(P’ +q° +KO)[Sa(p + g+ )77 Sa(p + @)1/ Sa(p) + Sa(p + q + k)Y Sa(p + k)77’ Sa(p)
—Sp(p+ g+ K’ Salp + @)v/Sa(p) = Sr(p + g + k)Y Sa(p + k)r’r’Sa(p)]

+ e’ + @) [Sk(p +a+ )P Se(p + @)y’ Sa(p) = Se(p + q + k)Y’ Sa(p + @)y’ Sa(p)]

— fr(P° + KO)[Sk(p + g + k)Y Sa(p + K)y°Y’Sa(p) = Sr(p + g + k)y/Sg(p + k)Y’ Sa(p)]}- (16)

For a static magnetic field, i.e., ¢ = (0, q), the above equation is simplified to

d* .
ijO . 14 i
® (q.k) = —162/ (2”)4Trr

X {fr(p")[Sr(p + q + k)Y’ Sr(p + @)7'Sr(p) + Sg(p + g + k)y'Sr(p + k)7°r’ Sk (p))]
+ [fe(p® + k%) = fr(po)l[Sk(p + @ + K)7°r’Sa(p + @)/ Sa(p) + Sk(p + q + k)y/Sg(p + k)y°r Sa(p)]
—fr(P° + KO)[Sa(p +q + K)7°r’Sa(p + @)r/Sa(p) + Salp + g+ k)y’Sa(p + k)Y’ Sa(p)]}- (17)

The noncommutativity in the orders of limits k — O stems from the pinching singularity of the terms of the structure
Sgy%7>S,. If k% — 0 at a nonzero Kk, the poles of S; and S, on the complex p° plane are separate and prefactor [f(p° +
k%) — f#(p")] vanishes. The vanishing prefactor in this case renders the pinching not contributing when the limit k — 0 was
taken afterwards and we end up with

4
lim klolTog U(q.k) = ¢ / (d I;4fF(P )iTry 1Sk(p + @)Y Sr(p) = Salp + @)7’ ¥’ Sa(p)]. (18)

where the identities
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9
op°
VSSR(A)(P) = —SR(A)(P)}’S (19)

are employed. With a PV regularization, an expression with
Sk and S, in (17) replaced by massive propagators

SR(A)(p) = iSR(A)(P)YOSR(A) (p)s

i

S M)=——F+—, 20
R(p| S) ﬂ‘i‘ i0+]/0 _Ms ( )
i
S M) =————FF—— 21
A(pIM) =t e1)
|
d*p

. . ijO o 2
lim lim Gz"(q. k) = e / (2n)

has to be subtracted from (17). As the second identity in (19)
becomes

2iMy’
(PO +i0")*—p> =M}’
(22)

7> Sreay(PIM) ==Sga) (pIM,)y +

for massive propagators, we find the regularized version
of (18),

(%) % {Trw‘[sm P YISk(p) = Salp + W YiSa(p)]

=Y CTry [Sr(p + alM,)y >y Sp(pIM,) = Sa(p + Q|Ms)757jSA(p|Ms)]}

—2iZCM/d4—pf <p°>{[A< M)+ Ap(pIMTE ISk(p + 0777 Sk(p)]
- stHs (271_)41" R\P q\M R\P s 7 [Or\P q)V VY Or\P

~[Ba(p + alMy) + Aa(PIMITA [S4(p + P 1S4 ()] } (23)

with

i
p’ £i0")? —p* =M}’

Ara(pIM) = ( (24)

and >_, C; = 1. We choose C, such that the p’-integration
by part of the first two lines legitimate, which transfers % to

fr(p®). Then the p integral takes the form

/_Oo dp®[F(p° +i0") — F(p° —i0")] = ?gdeF(po),

(e8]

(25)

with C a contour going around the entire real axis of the p°-
plane clockwise. Consequently, all we need are the residues
of poles of F(p°) along the real axis. In the limit of infinite
regulator masses, only the massless poles contribute to the

integral with the integrand % and only the regulator poles
with p° < 0 (f(p®) — 1) to the integral in the last line of

(23). The two contributions cancel each other when
|

g =1(0,q) = 0, leaving a null chiral magnetic current.
[The illustration of this cancellation can be seen from the
example given in Sec. Il A from (38) to (48)].

In the opposite order of limit, starting with k = 0, we use
the relation [26]

S(p 4+ k)Y’ Sa(p) = Sr(p + k)r°r’Sk(p)

L ISk(p) = Sa (. (26)

+k0

Then in the limit k° — 0, the poles of Sg(p + k) and Sk (p)
of the first term coalesce below the path of p® integration. As
one is free to deform the integration path away from the
double poles, this term does not contribute when multiplied
by the vanishing prefactor [fp(p® + k%) — fr(p°).
On the other hand, the 1/k° of the second term together
with the prefactor generates a nonzero contribution

—i(0fr(p°)/0p°)[Sk(p) = Sa(p)] in the limit k* -0
and we obtain that:

lim lim G’ (. k) = 62/ e {Fr(P") Ty [Sk(p 4+ @)Y Sk(p) — Salp + )7 v/ Sa(p)]}- (27)

k-0 k-0 (277.')4(9—[70
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When (17) is PV-regularized, the regulators do not con-
tribute the integral with [fp(p® + k%) — fr(p®)] in the
integrand as M — oo. This follows from the observation
that the pinching singularity occurs at the poles of the
propagators. In the infinite mass limit of the regulators,
their poles move to infinity, where [f7(p°®+ k%)—
fr(p®)] = 0. Consequently, the regulator contribution is
independent of the order of limits. However, because of
(27), the massless contribution associated with %ﬁ is

absent, and a nonzero chiral magnetic current emerges
from the regulator contribution alone.

It appears that the pinching singularity can be removed
by introducing damping term in the fermion propagator
[17,27,28], i.e.,

Sk(p) = Sr(p) = (28)

Su(p) = Salp) = ﬁ (29)

Then the poles of Sg(p + k) and S, (p) will never coalesce
in any orders of limit k — 0 and the noncommutativity
disappears. While this approach of smearing the non-
commutativity of limits works for the magnetic vertex, it
violates the axial-vector Ward identity for the A, yy*y
vertex (with A# and y, y axial-vector and fermion fields,
respectively) in our case as will be demonstrated in
subsequent sections.

The conclusion of our one-loop analysis is not tied to the
PV-regularization scheme employed above. The proof of
the Coleman-Hill-like theorem that underlies (4) does not
specify a particular regularization and (5) is a direct
consequence of the axial anomaly. Therefore the non-
commutativity of different orders of limit of the form (4)
and (5) is valid for any UV regularization that maintains the
electromagnetic gauge invariance [29]. Nevertheless, the
PV regularization appears to be the simplest approach for
the explicit demonstration in terms of Feynman diagrams.

III. A GENERAL ANALYSIS

In this section, we shall prove that the noncommutativity
issue at the axial-vector vertex persists to all orders of
perturbations. In one order of limits where the static limit is
taken prior to the spatial homogeneity limit, we shall follow
the argument of Coleman-Hill theorem [30]. In the opposite
order of limits where the spatial homogeneity limit is taken
first, we shall extend the diagrammatical technique
employed to derive the anomalous Ward identity at zero
temperature [31] to CTP Green’s functions. It is convenient
to revert to the conventional notation pertaining to the
three-point function underlying the axial anomaly, i.e.,
A*P(qy,q,) with g, and ¢, the four-momenta of two
outgoing photons. In terms of the external momentum setup

in Fig. 1, G"?(q,k) = N*’(q + k,—q) with k = q; + ¢
and ¢ = —q,. In the rest of this section A**?(q + k, —q)
will include all higher order corrections of Fig. 1.

A. The order of limit limy ¢ limo_,

Assuming a static magnetic field, i.e., ¢g° = 0, the first
limit k° — 0 renders all external momenta static and the
system is in thermal equilibrium. The general three-point
function A¥°(g + k, —q) could be evaluated by means of
the Matsubara formalism. Let

(41 q2) = im A (g + k. =¢). (30)

We have, in the limit k — 0,

Theorem.—T"(q, q) = O(|q|?) as q — 0.

Proof.—Consider the set of AVV diagrams for
I'/(q,,q,) where the outgoing photon with 4-momentum
(0,q,) is attached to a particular fermion loop £ of n
vertices (photons or the axial-vector corresponding to ).
There are n internal fermion lines of £ to which the
outgoing photon can be attached to, resulting in n such
diagrams for I'/(qy, q,). Denote by G'(q,) the amplitude
of the diagram prior to attachment (the progenitor I'”
according to [30]) and write

Gi(qy) = / (;l”l;3 F(p.q), (31)

where p is the momentum running through the fermion
loop £ and all other loop momentum integration as well as
all Matsubara summations are included in F(p,q,). The
axial vertex, i.e., us vertex, is not shown explicitly in
G'(q;). In the presence of the gauge invariant regulator,
e.g., Pauli-Villars regulator, shifting integration momentum
is legitimate, we have
3

Gi(qy) = /%Fi(p +06.q,), (32)

with § an arbitrary constant vector. Consequently, all terms
of the Taylor expansion of (32) in nonzero powers of &
vanish. To the linear power

dp 0 _
o [ Gapap Fan =0 (9

Since 6 is nonzero and its direction is arbitrary, one has

3
/ (‘;’f)gajmp,ql) (g 0)=0. (34)

The first equality follows from the observation that taking
derivative with respect to the loop momentum amounts to
attach a photon vertex of zero outgoing momentum to each
internal fermion line in succession because of
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: The theorem is thereby proved. The validity of this theorem

= — J
op; S(p) = S(p)r'S(p)- (35) requires at least two independent external spatial momenta
which is the case for a three-point function. Also, the

Repeating the same argument for the photon vertex of  presence of axial-vector vertices is not essential other than

incoming 4-momentum (0, q; ), we end up with providing an independent momentum for its proof, unlike
the anomaly nonrenormalization theorem presented in

I (0,q,) = 0. (36) Sec. IIIB. As a corollary of the theorem, the chiral
magnetic current under a constant magnetic field vanishes
Consequently i (0’ 0) — 0 and with this .order qf limits. n
As an illustration of the afore proved theorem, we shall
calculate explicitly the contribution of the one-loop triangle
=0.  diagram to the chiral magnetic current shown in Fig. 1 with
9=0 four-momenta ¢ = (0,q) and k = (0,k):

Oqy q=0 0411

Fij(‘ll,o)

0
+-2 1,00,
8q2k ]( q2)

q,=0

AP(q+k,—q) = ie ﬂsﬁZ/ s{trly'S(p + g+ k0)/°rS(p + 4/0)y/S(pl0)]

=Y Ctly'S(p + g + KM S(p + qIM)y S(pIM,)] + (g + k) < —q.i < j)}. (38)
with

S(pim) = (39)

the free propagator for quarks. Note that we have regularized the amplitude by PV regularization with > C; = 1 and
M, — oo after the integration. In the limit k — 0, we have

(g, ~q) zeusﬂz / {tr}/Sp+q|0) PS(p + ql0)S(pl0)]

=Y Ctrly'S(p + M)y S(p + qIM)y S(pIM)] + (g < —q.i < j)}' (40)

Using the identity

. 2 oS
S ) () (plm) = =2 s(plmyer - L (41)

we find that

3
AP(g,~q) = —62/4512/ (6277;))3 {tr [yi 35(1(’9:0%0) ysy-iS(p|0)]

j M, S(p+aqlM,) 5\ o
—ZCstr[y (mS(p+qlMs)7°y5+Ty5 YS(pIMs) | + (g < —q.i<j) . (42)

where the derivative with respect to p° is evaluated at the Matsubara frequency p® = i(2n + 1)zT. Since the integral is
properly regularized, one can shift the momentum in the last terms in parentheses by p — p + ¢ and has
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A”O(q,—q):—e%l}Z/%{ /(p,p+q|0) - (p.p+4qlM,)
—ZC [ @’/(p p+q|M)+L2®”(P+6] pIM; )}} (43)
(p+4q)* —M;
with
E(p. p + qlm) = uly'S(p|m)r*y'S(p + gqlm)]. (44)
and
®Y(p, p + glm) = tely'S(p|m)y°r’r’S(p + q|m)). (45)

Although the first term on the RHS of (43) is a total derivative, its contribution does not vanish at nonzero temperature
due to the distribution function that emerges from converting the Matsubara summation to a contour integral.

We have

i2n+1)aT

ﬁza J(p.p+4l0)] -

1
2m

2ni

dpo”” (p. p +4l0)

o .
dp® —5E"(p. p+ q|0)fr(p°)

c P dp
f r(p°)
op°

0 P’

= 2‘]k€ijk§£ dp® [(pO)zp 2 o2 T O(q?). (46)

— P2 (1 + ")

In the last step, we have taken the limit ¢ — 0 and kept only the linear term in . Carrying out the integrals, we obtain

ﬂZ/ 27r35p

p P+ q|0)|p0*t 2n+1)aT —

e2
2 2” qkeljk (47)

The contribution of the PV regulators on the RHS of (43) can be calculated without employing the Matsubara formalism
even at nonzero temperature because of the large regulator mass M in the quark propagators. Then the total derivative

vanishes and we end up with

SZ /d4

[ZM

-0 (p, p+ q|M,) +

oM,
(p+q)* - M;
|

0/ (p+q.p|My)

. d*p
= —16ie¢? ijk C.MZ./ O(q?
e Z ) @)t (p? - M2 [(p + q)* — M?] o)

2
=1 ¢ elik
o A~ 2 Hsqk€s

where we used the fact that Y C; = 1. The contribution of
the PV regulators (48) cancels that of the unregularized part
(47) in the one-loop triangle diagram. Therefore, for a
properly regularized AVV three-point function, the CME
current vanishes in the order of limits limy _,q lim;o_,, for a
static external magnetic field up to the linear order in its
spatial momentum q. This is exactly the expected result
from the theorem above.

(48)

B. The order of limit limo_, lim,_,

We shall consider in this section the other order of limit,
i.e., taking the spatial homogeneity limit prior to the static
limit in the axial-vector vertex. Let us consider the fermion
loop of an AVV diagram to which the axial-vector vertex is
attached, whose contribution is denoted by I', with n > 1
vector vertices as shown in Fig. 2. Note that the photon
lines attached to this loop could be either internal lines or
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external ones. In the case n = 2, Fig. 2 becomes the usual v and v,. By convention, the additional momentum k
one-loop AVV diagram. In this loop, the axial-vector field  running around the fermion loop from the axial-vector
with incoming momentum k was inserted between vertices ~ vertex would exit at vertex v;. We have in CTP formalism

U\ pUs -1,
FallcaZQ..,gn (k, k], ceey kn)

. \n dp v v, v /2
= —(~ie) / (2ﬂ)14 Tr[[753.S(p1 )T 10, S(py + k)T 0y S(pucy + k) - S(p3 + k)1, 8(p2 + k)25, S(p1 + k)],
(49)

where I'V, T¥3, and S(p), given in (9) and (10), are the bare vector, axial-vector vertices, and quark propagator, respectively.
Taking the divergence with respect to the axial-vector vertex and employing the identity

S(p + k) (=ik, )T, S(p) = n.r’S(p) + S(p + k)r’n, (50)
for massless fermions, we have

ik, Tt s, (koky. ... ky)

. dp
= (—ie)" / (27[)14 Tr[[14,1.7° (S(p1) = S(p1 + k)T 00, S (Pu + k)T 110 S(Puey +K) -+ S(p3 + k)[04, S(py + k).
(51)

Likewise, if the axial-vector vertex was inserted between vertices v, and v3, we will have

. Ui UapU3-l,
lk/)ralagca3...$n (k’ k] 3 ey kn)

- \n dp ” v v, v
= (—ie) / (2ﬂ)14 Tr[2,, 17> S(P1 )T 0, S(p + k)T 10 S(Puey + k) -+ - S(p3 + k)11, (S(p2) = S(p2 + k))].

(52)

Therefore the first term in (51) will be canceled by the second term in (52). Similar cancellations take place between terms
from other pairs of diagrams with adjacent insertions of axial-vector vertices. Summing over all  insertions, we end up with

n

. V Vo VipVigy =V,
> ik e (e ky k)
i=1

. dp
= —(—ie)" / (2”)14 Tr[[n0,,n.7°S(p1 + k)T, S(py + k)T, S(puey + k) -+~ S(p3 + k)T0,,S(ps + k)

=10, 0.7 S(P1)T 10, S(P) T 14, S(Pui) - - S(P3)T 14, 8(p2)]. (53)

where the number i in the summation is modulo 7. Shifting the integration variable from p; to p; + k in the second term, if
it is legitimate, the two remaining terms cancel. As shown by Adler and Bardeen [32], the only circumstance that invalidates
this momentum shift was the diagram with n = 2. While the legitimacy of the momentum shifting can be restored by a UV
regulator, say a Pauli-Villars regulator, the regulator mass invalidates (50) and gives rise to the anomalous Ward identity

2
467€IJ|IJZ()!/),klakzﬂ’ Cc = al = a2 e 1’
. ULV o
_l(kl + k2)/1F51111422<k1’ k2) - —%Gl/wzaﬂklakzﬂ, C=da; =ay—= 2, (54)
0, otherwise.
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FIG. 2. The axial-vector vertex is attached to an internal
fermion loop with n > 1 vector vertices.

Consequently, the chiral magnetic current with this order of
limits takes the form of (6) [33]. This results is in contrast to
the null result in the order of limits, limy_,q limyo_,,, which
is only valid in linear order of a small magnetic field
momentum.

IV. A CONCRETE EXAMPLE

In this section, we shall show a concrete example which
demonstrates that dressing the fermion propagators could
not smear the noncommutativity of the order of the spatial
homogeneity limit and the static limit in the axial-vector
vertex. One important lesson we learn is that in order to
preserve the Ward identities for the vector or axial-vector
vertex, V,yyty or A ﬂy'/y”yS w, with dressed fermion propa-
gators, the vertex should be dressed accordingly.

In CTP formulation, the Ward identities satisfied by the
vector and axial-vector vertices are

S(p')ei(=igq,)T*(p', p)oiS(p) = S(p) = S(p'),  (55)
and

S(p')o1(=ig,)T*(p'. p)o1S(p) = rsS(p) + S(p')rs.
(56)
|

_TEWp) + 11 =2f (PR (P, p) = [1 = 2fr (PO)ITR (', P)

in the physical representation, where S(p) is the full
fermion propagator carrying both spinor and CTP indices,
I'*, T#3 are the amputated full vector and axial-vector vertex
functions with ¢ = p’ — p the momentum flowing into it,
and o is the Pauli matrix with respect to CTP indices, which
always accompanies the CTP Green functions in physical
representations. As shown, the Ward identity ties the longi-
tudinal component of the vertex function to the propagator.
Any dressing of the latter has to be reflected in the
longitudinal component of the former. In case of the triangle
diagrams underlying CME, while the longitudinal compo-
nent of the photon vertex contributes to neither order of limit
of the response to magnetic field, the longitudinal compo-
nents of the axial-vector vertex does contribute to the order of
limit in Sec. III B. The mechanism of removing the ambi-
guity of the orders of limit with respect to the magnetic field
does not contradict to the vector Ward identity but fails here
with respect to the axial-vector Ward identity.

In terms of the explicit form of the fermion propagator
and axial-vector vertex function

8<p>—( ;

Sk(p) G7)

o)

and

MS (1
Fﬂ5<p',p>:< ! F*‘(””’)) (58)

e (p'.p) TE(P.p)
the Ward identity (56) becomes

Sa(P)(=ig )T (P, p)Sa(p) = 13Sa(p) + Sa(p)7’
(59a)

Sk(P)(=ig )T (P, P)Sr(P) = ¥ Sk(p) + Sk(P")1.
(59b)

S(P)(=ig )y (P p)Sa(p) = V’Sa(p) + Sk ()7’
(59c¢)

where

5
Dea(p'.p)

and the KMS relation

Sc(p) = [1 =2fr(P")l[Sr(p) = Sa(p)].  (61)

Z[fF(PO) —fF(PO/)] ’

(60)

|

is employed. To the zeroth order, S,(p) and Si(p) are
given by free propagators and FZS( p.p)= F’,’es( p.p)=
y*y5 and I = 0. Consequently, I, = y#y°. Note that, in
general, a full axial-vector vertex function I'*>(p/, p)

056004-10



NONCOMMUTATIVITY OF THE STATIC AND HOMOGENEOUS ... PHYS. REV. D 103, 056004 (2021)

contains eight components with respect to the CTP indices. in (58). For the specific definitions of the components in
The external field, however, has equal values on both time  (58), see the Appendix.
branches in the CTP contour and thus the operator coupled Let us consider the AVV three-point function shown in

to it only takes the physical component. Consequently, the  Fig. 3 with full propagators and a modified axial-vector
number of components of the full axial-vector vertex  vertex, and bare vector vertices. The retarded CME kernel
reduces to four and it can be written by a 2 x 2 form as  implied by this diagram has the form

i . at - .
(g, k) = —ie? / (27:))4 Try'[Sg(p + g+ K)TP (p + g + k. p + @)Sr(p + )7/ Sc(p)

+Sr(p+q+TE(p+q+k p+q)Sa(p + @)1/ Salp)

+Sc(p+q+ KT (p+q+k p+q)Si(p+q)r'Sa(p)

+Sp(p+ g+ TR (p+q+k p+q)Sc(p+ q)r'Salp)

+Sc(p+q+ k) Salp+ Y (p +k p)Sa(p) + Sk(p + g + k)’ Se(p + K)IE (p + k. p)Sa(p)

+ Sr(p+q+ k)Y Sc(p+KTY (p+ &k p)Sa(p) + Se(p + g + L)/ Se(p + TR (p + k. p)Sc(p)]. (62)

Employing the KMS relation (61), we can rewrite the retarded CME kernel for a static magnetic field in terms of retarded
and advanced propagators

ij0 d4p i .
W (q.k) = / 27) Try' {fr(p°)[Sk(p + g+ K)TR (p + g+ k. p+ q)Sk(p + q)r'Sk(p)

+Sk(p +q+ k)7 Sp(p + kTR (p + k. p)Sg(p)]

+ (P’ +4°) = Fr(PO))ISk(p + a + KT (P + g + k. p + q)Sa(p + @)1 Sa(p)

~Sk(p +q + k)Y Se(p + k)T, (P + k. p)Sa(p)]

—fr(P’ +KO)[Salp +a+ T (P +q+ k. p+q)Salp + )7/ Sa(p)

+Salp +q+YSa(p+ @)l (p + 4. p)Sa(p)]}. (63)
with ¢ = (0,q) and k = (k°, k), in parallel to the one-loop expression (17). Considering a homogeneous axial chemical

potential, i.e., k = (k°, 0), and taking the divergence at the axial-vector vertex (projecting out the longitudinal component),
we end up with

068 =& [ EL T ISk p + 0 Su(p) = a0 + S

— [P+ KTy’ [Sp(p + g + k) Sp(p + k) = Sa(p + g + k)y’Sa(p + k)] }. (64)

where the Ward identities (59) were employed. It follows that

d'p 9
(27)* op°

lim lim G¥°(g. k) = /

KW —=0k—-0

{fr(P°)Try'[Sr(p + @)’ Y/ Sr(p) = Salp + @)r°r Sa(p)]}. (65)

in parallel to (27). In a proper regularization, for instance the PV regularization, the momentum shift will be legitimate and
the two terms cancel out, or, equivalently, (65) vanish. The regulator term will contribute to the nonzero current (6).
To be specific, let us consider the dressed propagator (29). It follows from (59) and (60) for p’' — p = (ko, 0) that

TR (' p) =T3P p) =77,
2i
TRa(p'sp) =17 + 5577,

[, p) = - (p7) = £ + K (66)
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p+q p+q+k

Ptq p+aqg+k

q+k

FIG. 3. Subdiagrams with a modified axial-vector vertex and
full fermion propagators, but bare vector vertices. There is a
second set of subdiagrams with the photon four-momenta and
polarization indices interchanged.

Consequently, the role of the pinching singularity with the
bare propagator and axial-vector vertex is taken over by the
1/k° singularity of the dressed axial-vector vertex function
% (p', p) in the limit of k° — 0. In another word, it is
precisely this singularity that facilitates the reduction from
(63) to (65), in the limit k° — 0, in parallel with the
reduction from (17) to (27) in the one-loop case.

We have to emphasize that Fig. 3 only represents a subset
of diagrams underlying the radiative corrections to the AVV
triangle whose integrand adds up to a total derivative with
respect to the energy running through the Fermion loop and
thereby contributing to the nonrenormalization of the

|

|
\

|

FIG. 4. An axial-vector vertex not considered in Fig. 3.

anomaly independent of other diagrams. The dressed
axial-vector vertex in Fig. 3 excludes the diagrams in
Fig. 4, which adds another term to the RHS of (56) because
of the anomaly [31,32]. The photon vertices in Fig. 3
remain undressed. Dressing the photon vertices amounts to
introducing more bare photon vertices with internal photon
lines attached to them and the logic from (57) to (64) is
expected to be carried through. On the other hand, even
with dressed photon vertices, the diagrams included in
Fig. 3 do not cover all radiative corrections to AV'V triangle.
An example not included in Fig. 3 can be found in
Refs. [34,35]. Nevertheless, the selection of the subset
of diagrams in Fig. 3 demonstrates that modifying the
fermion propagator with damping term does not remove
ambiguity of the infrared limit of the four-momentum
pertaining to the axial chemical potential.

V. CONCLUSIONS AND OUTLOOKS

In this paper, we studied the noncommutativity of
different orders of zero energy-momentum limit pertaining
to the axial chemical potential in the chiral magnetic effect.
The vanishing CME in the limit that the static limit was
taken prior to the homogeneous limit was proved in general
by an argument similar to the Coleman-Hill theorem for a
static external magnetic field. For the opposite limit that the
homogeneous limit is taken first the nonvanishing CME
was a consequence of the nonrenormalization of chiral
anomaly. While the nonrenormalization of chiral anomaly
is valid for arbitrary external momenta, the Coleman-Hill
theorem applies only in the limit ¢ — O with q the spatial
momentum of the external magnetic field. A possible
caveat of the Coleman-Hill theorem is the infrared diver-
gence at a nonzero temperature when more and more
internal gluon lines are introduced. But the lattice simu-
lation indicates a nonzero magnetic mass of gluons
[36-38], which serves an infrared cutoff. In addition, a
recent calculation based on holography shows that such a
noncommutativity stays in strongly coupled N = 4 super
Yang-Mills theory [39].

At one-loop level, the noncommutativity of different
orders of zero momentum limit is originated from the
pinching of the poles of the retarded and advanced fermion
propagators convoluting with the difference of the distri-
bution functions of this fermion pair. It is tentative to smear
the pinching singularity by introducing a finite damping
term to the fermion propagators and thereby removing the
noncommutativity between different orders of limits. The
mechanism works for the photon vertex attached to the
magnetic field and the infrared ambiguity is indeed
removed. As we have shown in this work, this approach
does not work for the axial-vector vertex. The physical
reason is that modifying the propagator alone would violate
the vector and axial-vector Ward identities, which requires
a corresponding modification of the longitudinal compo-
nent of the vector and axial-vector vertices with respect to
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the four-momentum transfer. For the vector vertex attached
to the magnetic field, according to (3), only the transverse
component matters in either order of limits and the issue
does not arise. For the axial-vector vertex, the static limit
after homogeneity limit picks up the longitudinal compo-
nent and the modified vertex contributes. We demonstrate
this point by a subset of diagrams contributing to CME and
show explicitly that the difference between the two orders
of limits remains as expected.

Our work at this stage is of theoretical value only. In view
of the dynamical nature of the chirality imbalance in
realistic heavy ion collisions, it is important to explore
under which order of limits the constant 5 approximation
better describes the phenomenology of the chiral magnetic
effect there.
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APPENDIX: GREEN FUNCTIONS AND
VERTICES IN CLOSED-TIME PATH
FORMALISM

As the closed-time path (CTP) Green’s function is less
well known than the Green’s functions underlying the
Feynman diagrams and Matsubara diagrams, we provide
some background behind the CTP formalism employed in
this work. A systematic discussion of CTP formulation and
its applications can be found in [25].

The CTP Green’s functions are generated by a path
integral whose action is the integration of the classical
Lagrangian along a closed time path which consists of a
forward branch, [® dt(...) and a backward branch,
JZ*d1(...). The number of degrees of freedom is thereby
doubled. The quantum field operator in CTP is denoted by
¢q(x) with a = 1, 2 labeling the forward and backward
branches. The time-ordering operator underlying the CTP
Green’s functions becomes the path-ordering along the
closed time path, i.e., ordinary time ordering along the
forward branch and antitime ordering along the backward
branch with the backward branch preceding the forward
branch. The two-point Green function of operators A, ()
and By(t,) is defined as

Dyy(t1. 1) = (T, (Au(11)By(12))), (Al)
where T, enforces the path-ordering operator along the
CTP contour and the dependence on the spatial and internal
coordinates is suppressed for clarity.

It is convenient to write the two-point functionina 2 x 2
matrix form, named as the single-time representation in
[25], 1.e.,

Sl
with
Dy (11, 12) = (T(A(11)B(12))), (A3a)
Dyp(t1,13) = (B(12)A(11)), (A3b)
Dy (11, 12) = £(A(11)B(12)), (A3c)
Dy(t,12) = (T(A(t1)B(12))), (A3d)

where T is the usual time-ordering operator, while 7 is the
antitime-ordering operator. Whenever ”+” or ”F” shows
up, the upper sign refers to bosons and the lower sign to
fermions. The four components in the matrix form (A2) are
not independent and satisfy the following identity:
Dyy + Dy =Dy + Dyy. (A4)
As shown in (A3), once the operators are placed explicitly
in the order with backward branch preceding the forward
branch, the branch indices are removed since both ¢, (1)
and ¢,(t) corresponds to the same Hilbert space operator.
In particular, we have T, (¢, (1)) = T, (¢,(1)) = ¢(1).
The CTP Green functions are also defined with respect to
“physical” field operators

Palt) = (1) — h(2),

1
Pe(t) =5 (1(1) + ¢a(1)). (A5)
Consequently, the physical representation (with A and ¢
indices) of the CTP Green function can be obtained from
(A2) by an orthogonal transformation, i.e.,

D =V-'Dy, (A6)
with
1 . 1 /1 -1 L L1l
V:ﬁ(l_mz):_2<1 1)’ ' 1‘&(—1 1)’
(A7)
and we end up with
0 Dy
B <DR DC>, (A8)
where
Dr(t1, 1) = 0(12)([A(11), B(12)]5),  (A9a)
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D1, 1) = =0(21)([A(11), B(12)]5),

De(ty, 1) = ([A(th), B(t)]),

(A9b)
(A9c¢)

where 0(12) is the step function, which equals one if
ty > t, and vanishes otherwise, and [---]; stands for
commutator and anticommutator. Dy, D4, and D, are
the retarded, advanced and correlation functions, respec-

with f(p°) = 1/(e#?" F 1) the Bose-Einstein or Fermi-
Dirac distribution functions for the bosonic or fermionic
fields, respectively. The same orthogonal transformation
(A6) also converts the signature matrix of time integration
along the CTP contour, o3 in the single time representation
to o in the physical representation.

It is instructive to verify the structure of (A8) directly
from definition since the methodology can be readily
extended to the three-point function considered in this

tively, and th tisfy the KMS relati
1vely, and tey satisly the relation work. The AA-component of (A8) takes the form

De(p) = [1 =2f(P")l[Dr(p) = Da(p)l.  (A10)

|

(T, (Aa(11)Ba(12))) = 0(12)(T ,(Aa(11)Ba(12))) £ 0(21)(T ,(Ba(12)Aa(11)))
0

1 t
= 0(12)(T ,(Aa(11)(B1(12) = B2(12)))) £ O(21)(T , (Ba(12)(A1 (1) = Az(11))))-

(Al1)

Looking at the first term on RHS, 7, is the earliest moment, therefore, B|(#,) should reside at the rightmost position and
B;(t,) at the leftmost position, i.e.,
Istterm = O(12)((A;(11) — A2(11))B1(12) F Ba(12)(A1(11) = Aa(12))) = 0(12)([A(r1) = A(11). B(12)]) = 0. (Al2)

The same logic renders the second term vanish as well and we find (7 ,(A4(#)B,(t2))) = 0. Next, let us consider the
Ac-component. We have

(T,(Ax(t1)B.(12))) :%9(12)<T17[(A1 (11) =Ay(11))(B1(12) + By(12))]) i%6<21><Tp[(Bl (12) +By(12))(A (1) = Ay (11))])
(A13)

where
Istterm = 0(12){(A) (1) = A(1))B (12) % Ba(12) (41 (1) = Aa(6)) = 5 012)[(A(1) = A(1)). Blo2)]) =0, (A14)

and

2nd term = %9(21)«31 (1) + By(12))A (1) F Ax(t1)(By(t2) + By(12))) = 0(21)([B(12). A(t)]+). (A15)

which gives rise to (A9b). The same manipulation, when applied to the cA-component, leads to (A9a).
This type of reduction extends readily to n-point Green function with the recipe: 1) Write down all possible orders of the
time variables by inserting the identity

1= 0(pip2---Puc1Pn). (A16)
2

with 0(12...n) = 6(12)6(23)...6((n — 1)n) and the sum extends to all permutation of 1,2,...,n. 2) Time order the
operators inside 7', (...), and 3) Remove the operators one by one from 7',,(...) according to their location in the forward or
backward time branches. As an illustration, we consider the following three-point function:

(T, (Ax(11)Bo(12)Cp(13))). (A17)

with a, f = A or c¢. The RHS of (A16) consists of six permutations of the time ordering. To have a nonzero T, product, the
latest time must be associated with the c-component. Consequently
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For the T, product with one operator in c-component, we have

and

(T,(As(t))Ba(12)Ca(13))) = 0. (A18)
(T, (Ax(t1)Ba(t2)Cc(t3))) = O(312)(T ,(C.(t3)Ap(t1)Ba(12))) £ 0(321)(T,(C.(t3)Ba(t2)Ar(1)))
= 0(312)([[C(t3), A(t1)] 5, B(12)]-) £ 0(321)([[C(t3), B(t2)] 5, A(t1)]-), (A19)
(T, (Aa(t1)B.(t,)Ca(t3))) = £OQI3)(T (B (12)Aa(t;)Ca(23))) + O(231)(T , (B (12)Ca(t3)As(11)))
= £0(213)([[B(12), A(t)]5, C(13)]_) + O(231)([[B(12), C(t3)] 5, A(11)]-), (A20)

where, without loss of generality, we assume that the
operators A(t), B(t) and C(¢) are simultaneously bosonic
or fermionic ones. It is straightforward to figure out the
relative signs in (A19) and (A20) if one or more operators are
in different type.

Now we are equipped to analyze the structure of the three-
point functions encountered in this work. While a three-point
function has eight CTP components in general, not all
components contribute to our case. If an operator underlying
the three point-function couples to an external field, only A-
component of the operator contributes since the external field
takes equal values on both time branches. For the AVV
function, we associate A(#;) with the axial-vector current
density coupling with the axial chemical potential, B(z,) with
the electric current coupling with gauge potential underlying
the magnetic field, and C(#3) with the electric current to be
measured. Thereby only two CTP components are left over,
ie., AAA- and AAc-components with the former one
vanishing in according to (A18). Consequently

(T, (Aa(t1)Ba(12)Cc(13))) = (T ,(Ax(t1)Ba(12)C1(13)),
(A21)

which, upon applying the Wick theorem, gives rise to the
retarded kernel (12) or (62).

Coming to the dressed axial-vector vertex in (58),
A py*w, we associate A(t;) with the axial vector current,
and B(1,) and C(t3) fermionic fields. Only A(t,) couples to
the external us, we are left with four CTP components,
which can be packed in a 2 x 2 matrix

<<Tp(AA(fl)BA(fz)CA(fS))> <Tp(AA(f1)BA(lz)Cc(fS)»)
<Tp(AA(t1)Bc(t2)CA(t3))> <Tp(AA(tl)Bc(t2)Cc(t3))> ’
(A22)

where the upper left element vanishes, resonating the
structure of (58). Notice that the vertex function is obtained
by amputating the two fermion legs and the amputation
leaves the structure intact.

A comprehensive discussion of the general multipoint
Green functions and vertices in the physical representation
can be found in [25].
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