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Force potential exerting between two classical static sources of pure non-Abelian gauge theory in the
Coulomb gauge is reconsidered at a periodic/twisted box of size L3. Its perturbative behavior is examined
by the short-distance expansion as well as by the derivative expansion. The latter expansion to one-loop
order confirms the well-known change in the effective coupling constant at the Coulomb part as well as the
Uehling potential while the former is given by the convolution of two Coulomb Green functions being
nonsingular at x ¼ y. The effect of the twist comes in through its Green function of the sector.
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I. INTRODUCTION

The force potential between two static classical sources is
a classic object in quantum field theory since Yukawa. In the
theory where the gauge principle is operating, the compu-
tation of this quantity at the Coulomb gauge is a most
straightforward one as the Coulomb potential is present in
the interaction Hamiltonian as its instantaneous part.1 In the
covariant gauge, the Coulomb part and the longitudinal part
come together in computation and one often derives the
potential by comparing it with the nonrelativistic potential in
quantum mechanics at the level of amplitudes.
Non-Abelian gauge theory formulated in a finite box has

been exploited in several directions both for the periodic
boundary condition (see, for example, [12]) and for the
twisted boundary conditions [13–19], combining them with
several approximations.2

The goal of this paper is rather modest: we will
reexamine the force potential of the non-Abelian gauge
theory in the Coulomb gauge at a finite periodic as well as
twisted box of size L3 and determine its form both in the
derivative expansion and in the short-distance expansion to
one-loop order in old-fashioned perturbation theory. In the
Coulomb gauge, the Hamiltonian acting on the reduced
Hilbert space consists only of the physical degrees of
freedom, all of the gauge degrees of freedom being
eliminated. The momentum cutoff Λ can be introduced
consistently with Ward-Slavnov-Taylor identity [6,7] and
this allows us to proceed to the straightforward short-
distance expansion.
In the next section, we give several preliminaries to the

subsequent sections. In particular, we present position
space expression of the Coulomb Green function (the
inverse of the Laplacian) for the periodic sector and that
for the twisted sectors. In Sec. III, we consider the case of
(periodic) QED for comparison with the pure non-abelian
case and illustrate the derivative and the short-distance
expansions. Section four contains main results of our paper.
We deal with the non-Abelian case to confirm the asymp-
totic freedom from the effective coupling constant and to
obtain the Uehling potential (see, for example, [23]) at the
derivative expansion to one-loop order. The one-loop part
of the short-distance expansion begins with Λ2=p4, which
translates into Λ2

R
d3zGðx − zÞGðz − yÞ in position space,

being nonsingular at x ¼ y. We determine the coefficient to
one-loop order. The effect of the twist is seen through the
phase factor of the Green function in the twisted sector by
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1There is a vast amount of literature dealing with Coulomb
gauge non-Abelian gauge theory. We give here some of the
references [1–11].

2For a review, see, for example, [20]. Also, for Witten index in
supersymmetric gauge theories and its computation at finite
volume, see [21,22].
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the Poisson resummation formula. In the final section, we
briefly conclude our results in the bigger perspective.

II. SOME PRELIMINARIES

A. Twisted boundary condition

While it is not a main scope of this paper, pure non-
Abelian gauge theory permits twisted as well as periodic
boundary condition due to the presence of the center of the
SUðNÞ group. In this subsection, we will briefly recall this
well-known fact and treat the cases of periodic boundary
condition and the twisted boundary conditions collectively.
Let Aiðx; y; zÞ ¼

P
a T

aAa
i ðx; y; zÞ be these spacial com-

ponents of an SUðNÞ gauge field, which is Lie algebra
valued. As we work on Hamiltonian formalism, we will
suppress time t unless necessary. We adopt the twisted
boundary condition of the following form:

Aiðx;y;zÞ¼PAiðxþL;y;zÞP−1

¼QAiðx;yþL;zÞQ−1¼Aiðx;y;zþLÞ; ð2:1Þ
where P and Q are the constant matrices which satisfy for
SUðNÞ,

PQ ¼ QPe
2πi
N : ð2:2Þ

An explicit representation for P and Q is

P ¼ α

0
BBBBBBBBBBBB@

0 1 0

0 1 0

0 1 . .
.

0 . .
.

0

. .
.

1

1 0 0

1
CCCCCCCCCCCCA

;

Q ¼ β

0
BBBBBB@

1

e2πi=N

e4πi=N

. .
.

e2πiðN−1Þ=N

1
CCCCCCA
: ð2:3Þ

Here α and β are chosen so that detP ¼ detQ ¼ 1 [21]. In
the next subsection and the subsequent ones, we will work
on an explicit solution to this boundary condition in the
case of SUð2Þ only.
The extension to the explicit solution to the SUðNÞ case

(N ≥ 3) is a straightforward eigenvalue problem in the
linear algebra and will not be attempted here. In ’t Hooft
terminology, the twisted boundary condition (2.1) describes
one of the three twisted sectors with a unit magnetic flux,
the remaining two obtained by the cubic symmetry of the
box. There are another three sectors (2.1) having the

magnetic fluxes in two different directions and one sector
with the magnetic fluxes in all three directions.

B. Mode expansion and bracket notation

In order to avoid using plane wave expressions in most
places, we will adopt the bracket notation. Let fðxÞ obey the
twisted boundary condition labeled by λ and be expandable
as Fourier series. Preparing the ket jfi and the bra vector
hxj in the coordinate representation such that hxjx0i ¼
δð3Þðx − x0Þ and therefore

R
d3x0jx0ihx0j ¼ 1, we write

fðxÞ ¼ hxjfi ¼
Z

d3x0hxjx0ifðx0Þ ¼ hxj
Z

d3x0jx0ihx0jfi;

ð2:4Þ
while

fðxÞ ¼
X

w∈Z3þλ

CðλÞ
w e

2πi
L w·x ≡ X

w∈Z3þλ

CðλÞ
w hxjwiλ: ð2:5Þ

Here we have introduced the ket vector jwiλ in the
momentum representation in the λ twisted sector. In the
twisted sector,

1

L3

Z
d3xe

2πi
L ðw−w0Þ·x ¼ 1

L3

Z
d3xλhw0jxihxjwiλ ¼ δð3Þw;w0 ;

ð2:6Þ
still holds, so that

CðλÞ
w0 ¼ 1

L3

Z
d3x0λhw0jx0ihx0jfi: ð2:7Þ

Plugging this into (2.5) and comparing with (2.4), we obtain

1

L3

X
w∈Z3þλ

jwiλλhwj ¼ 1λ: ð2:8Þ

Here, we have denote by 1λ the unit operator in the λ twisted
sector.
Following the relativistic normalization seen in the

standard textbook, we expand the gauge field Aa
i ðxÞλðaÞ

belonging to the λðaÞ twisted sector and its canonical
conjugate Πa

i ðxÞλðaÞ at t ¼ 0 as

Aa
i ðxÞλðaÞ ¼

X
w∈Z3þλðaÞ

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ωðwÞL3

p ðαai ðwÞhxjwiλðaÞ þ H:c:Þ;

ð2:9Þ

Πa
i ðxÞλðaÞ ¼

X
w∈Z3þλðaÞ

ffiffiffiffiffiffiffiffiffiffiffi
ωðwÞ
2L3

r
ðð−iÞαai ðwÞhxjwiλðaÞ þ H:c:Þ;

ð2:10Þ

where ωðwÞ ¼ 2π
L jwj. The solution to the twisted boundary

condition (2.1) is
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λða¼1Þ ¼

0
B@

0

1=2

0

1
CA; λða¼2Þ ¼

0
B@
1=2

1=2

0

1
CA; λða¼3Þ ¼

0
B@
1=2

0

0

1
CA:

ð2:11Þ

Here, the column vectors refer to the x, y, z components.
Quantization in the Coulomb gauge contains only the
transverse part of the gauge fields: the physically relevant
part of the oscillators is

αðtrÞai ðwÞ≡ PðwÞijαaj ðwÞ; PðwÞij ¼ δij −
wiwj

w · w
:

ð2:12Þ

The canonical commutation relations are

½αðtrÞai ðwÞ; αðtrÞb†j ðw0Þ� ¼ δabδw;w0PðwÞij;
½αðtrÞai ðwÞ; αðtrÞbj ðw0Þ� ¼ ½αðtrÞa†i ðwÞ; αðtrÞb†j ðw0Þ� ¼ 0:

ð2:13Þ

C. Green function

We will deal with the loop-corrected Coulomb force
potential in the subsequent sections. We list here the Green
function of the Laplacian in the λ twisted sector:

Gλðxjx0Þ ¼ ð∂i∂iÞ−1hxjx0i
¼ hxjΔ̂−1jx0i

¼
�
L
2π

�
2

hxj 1
L3

� X
w∈Z3þλ

w≠0

ð−1Þ
w · w

jwiλλhwj
�
jx0i

¼ −
1

4π

X
l∈Z3

e2πiλ·l

jx − x0 þ Llj : ð2:14Þ

The last expansion is obtained from the Poisson resumma-
tion formula, which we review in the Appendix. In the case
of the periodic sector λ ¼ 0, we obtain

Gλ¼0ðxjx0Þ ¼
�
L
2π

�
2

hxj 1
L3

�X
w∈Z3
w≠0

ð−1Þ
w · w

jwi00hwj
�
jx0i

¼ −
1

4π

X
l∈Z3

1

jx − x0 þ Llj : ð2:15Þ

This agrees with the Green function in the periodic box.3

The Green function Gλðxjx0Þ in the limit L → ∞ does
not depend on the twist λ and is simply

Gðxjx0Þ ¼ −
1

4π

1

jx − x0j : ð2:16Þ

D. Coulomb gauge Hamiltonian

Before presenting the Coulomb gauge Hamiltonian of
non-Abelian gauge theory which we work with in this
paper, let us make a pedagogical outline of its derivation,
starting from the operator formalism at the time-like axial
gauge. Here, we closely follow the discussion of [1]. See
also [24]. It is well-known that, in quantizing gauge theory
in general, not all the equations of motion that holds at the
classical level are maintained as operator equations. In the
time-like axial gauge, the non-Abelian analog of the Gauss
law is not realized as an operator equation but instead is
imposed on the state space as constraints. The quantization
itself goes by the standard equal time commutation rela-
tions on positive definite Hilbert space. The transition from
the time-like axial gauge with the Gauss law constraint to
the Coulomb gauge is regarded as the change of coordi-
nates from Cartesian to curvilinear ones in the infinite
dimensional field space. The constraint gets eliminated by
this procedure and the time components of the gauge
field become dependent variables, giving rise to the non-
Abelian analog of the Coulomb potential. Another feature
of this transition to the Coulomb gauge is that we must take
care of the nontrivial Jacobian associated with this trans-
formation, which is nothing but the Faddeev-Popov deter-
minant. Finally, by a similarity transformation, we obtain
the Coulomb gauge Hamiltonian acting on the reduced
Hilbert space consisting of transverse physical degrees of
freedom only.
Here we just list the Hamiltonian

H ¼ 1

2

X
a

Z
d3xðJ −1ΠðtrÞa

i JΠðtrÞa
i þBðtrÞa

i BðtrÞa
i Þ þHCoul;

ð2:17Þ

HCoul ¼
g20
2

X
a;b

Z
d3xd3x0J −1ρaðxÞhxjðð∂iDiÞ−1

× ð−∂2Þð∂jDjÞ−1Þabjx0iJ ρbðx0Þ; ð2:18Þ

where ΠðtrÞa
i , BðtrÞa

i , Di, ρa and J are respectively the

conjugate momentum of the transverse gauge field AðtrÞa
i ,

the transverse magnetic field, covariant derivative, the
charge density and the Faddeev-Popov determinant
J ¼ detð∂iDiÞ. As we are in the Coulomb gauge, only
the transverse parts of the gauge field Ai (and its canonical
conjugateΠi) contribute to the Hamiltonian. For simplicity,
wewill omit the symbol (tr) in the following discussion. We

3The charge neutrality condition for the total source is required
in the periodic box by the Gauss’ law. This removes the zero-
mode from our consideration.
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expand the operater ðð∂iDiÞ−1ð−∂2Þð∂jDjÞ−1Þab in the
Coulomb potential part HCoul of the Hamiltonian by the
coupling constant g0 as follows:

hxjðð∂iDiÞ−1ð−∂2Þð∂jDjÞ−1Þabjx0i
¼ hxjð−ðΔ̂−1Þab þ 2g0ðΔ̂−1Ω̂Δ̂−1Þab

− 3g20ðΔ̂−1Ω̂Δ̂−1Ω̂Δ̂−1Þab þOðg30ÞÞjx0i; ð2:19Þ

where ðΔ̂−1Þab, Ω̂ab are the operators respectively repre-
sented as

hxjðΔ̂−1Þabjx0i ¼ δabGλðbÞ ðxjx0Þ; ð2:20Þ

hxjΩ̂acjx0i ¼ δð3Þðx − x0ÞϵabcAb
i ðx0Þ

∂
∂x0i : ð2:21Þ

Here, the totally antisymmetric tensor ϵabc is the structure
constant of the gauge group SUð2Þ. In the Hamiltonian, we
have included two of the classical external source terms in
the charge density ρaðxÞ

ρaðxÞ ¼ g0ϵabcAb
i ðxÞΠc

i ðxÞ þ ρa1;exðxÞ þ ρa2;exðxÞ;
ρa1;2;exðxÞ ¼

X
w∈Z3þλðaÞ

hxjwiλðaÞ ρ̃a1;2;exðwÞ: ð2:22Þ

The two delta finction sources localized at x ¼ x1, x2 are
respectively represented as

ρ̃a1;2;exðwÞ ¼ qa1;2
1

L3λðaÞ
hwjx1;2i; ð2:23Þ

so

ρa1;2;exðxÞ ¼ qa1;2
1

L3

X
w∈Z3þλðaÞ

hxjwiλðaÞλðaÞ hwjx1;2i

¼ qa1;2δ
ð3Þðx − x1;2Þ; ð2:24Þ

in the λ twisted sector.
We will be interested in the part of the vacuum energy

which depends linearly upon both ρa1;exðxÞ and ρa2;exðxÞ.
Clearly, at the lowest classical level,

Etw ¼ −g20
X
a

Z
d3xd3x0ρa1;exðxÞGλðaÞ ðxjx0Þδabρb2;exðx0Þ

¼ −g20
X
a

qa1q
a
2G

λðaÞ ðx1jx2Þ: ð2:25Þ

III. CASE OF QED

In this section, we obtain, to one-loop order, the
interaction energy between the two external static sources
with charges q1 and q2 for QED in the periodic box of size
L3 by old-fashioned perturbation theory well-known in

quantum mechanics. We will confirm the UV divergence
and the renormalization of the coupling constant and the
Uehling potential in QED for the massless fermions at finite
volume.
Let us first denote the free part and the interaction part of

the Coulomb gauge Hamiltonian H by Hð0Þ and Hint
respectively:

Hint ≡H −Hð0Þ: ð3:1Þ

The massless fermions are expanded as

ψðxÞ ¼
X
w∈Z3

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ωðwÞL3

p ðdsðwÞusðwÞei2πLw·x

þ bs†ðwÞvsðwÞe−i2πLw·xÞ; ð3:2Þ

ψ̄ðxÞ ¼
X
w∈Z3

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ωðwÞL3

p ðbsðwÞv̄sðwÞei2πLw·x

þ ds†ðwÞūsðwÞe−i2πLw·xÞ: ð3:3Þ

The Hamiltonian in this section includes the kinetic term
for the fermions and their gauge interactions. The charge
density is

ρðxÞ ¼ ρ1;exðxÞ þ ρ2;exðxÞ þ ψ̄γ0ψ : ð3:4Þ

The eigenstates and the eigenvalues for the Hamiltonian
of H and the free part of the Hamiltonian Hð0Þ are
respectively denoted by

HjNα;Nd;Nbi ¼ ENα;Nd;Nb
jNα;Nd; Nbi; ð3:5Þ

Hð0ÞjNα;Nd; Nbi ¼ Eð0Þ
Nα;Nd;Nb

jNα;Nd; Nbi; ð3:6Þ

Hð0Þj0; 0; 0i ¼ Eð0Þ
0;0;0j0; 0; 0i ¼ 0; ð3:7Þ

where Nα is the number of bosons and Nd and Nb are
respectively the number of fermions and that of antifer-
mions. As we are interested in the interaction energy
between the two external sources, we ignore the zero point

oscillation and set Eð0Þ
0;0;0 ¼ 0.4

As in quantum mechanics, the perturbative expansion of
Eðr12Þ goes as

Eðr12Þ ¼ EðiÞðr12Þ þ EðiiÞðr12Þ þ � � � ; ð3:8Þ

EðiÞðr12Þ ¼ h0jHintðr12Þj0i; ð3:9Þ

4In this paper, we do not estimate the contributions coming
from the zero momentum modes and possible infrared divergen-
ces associated with them.

FURUKAWA, ISHIBASHI, ITOYAMA, and KAMBAYASHI PHYS. REV. D 103, 056003 (2021)

056003-4



EðiiÞðr12Þ ¼
X

Nα ;Nd;NbðNα ;Nd;NbÞ≠ð0;0;0Þ

jh0jHintðr12ÞjNα;Nd; Nbij2
−Eð0Þ

Nα;Nd;Nb

; � � � :

ð3:10Þ

After some calculation which we omit presenting here (it is
a routine), we obtain the leading order EðiÞðr12Þ and the
second order EðiiÞðr12Þ corrections respectively given by

EðiÞðr12Þ¼
g20q1q2
4π2L

X
n∈Z3
n≠0

ei
2π
Ln·ðx2−x1Þ

n ·n
¼ 1

4π

X
l∈Z3

g20q1q2
jx1−x2þlLj ;

ð3:11Þ

exploiting the Poisson resummation formula, and

EðiiÞðr12Þ ¼
g20q1q2
4π2L

X
n∈Z3
n≠0

ei
2π
Ln·ðx2−x1Þ

n · n
½g20δðnÞ�;

δðnÞ ¼ −
1

4π3
1

n · n

X
m∈Z3
m≠0

1

jmj þ jnþmj

×

�
1 −

m · ðnþmÞ
jmjjnþmj

�
: ð3:12Þ

A. Derivative expansion

Let us first consider the derivative expansion, which will
be valid at the distance comparable to the size of the box, to
evaluate the first quantum correction (3.12) to Coulomb
potential in perturbation theory. The derivative expansion
corresponds to the triple Taylor expansion with respect to ni

(i ¼ 1, 2, 3). We obtain

δðnÞ ¼ −
1

4π3
1

n · n
fðnÞ

¼ −
1

4π3
1

n · n

�
fð0Þ þ 1

2!

∂2f
∂ni∂nj ð0Þn

inj

þ 1

4!

∂4f
∂ni∂nj∂nk∂nl ð0Þn

injnknl þ � � �
�
; ð3:13Þ

where we have omitted the terms odd in ni as they cancel
upon taking the summation over ni. Using the symmetry of
cubic lattice, the above expansion (3.13) is written as

δðnÞ ¼ −
1

4π3
X
m∈Z3
m≠0

�
1

6jmj3 þ
1

120

jnj2
jmj5 þOðjnj4Þ

�
: ð3:14Þ

Coming back to (3.12) and using the Poisson resummation
formula, we obtain

EðiiÞðr12Þ

¼ 1

4π

X
n∈Z3

g20q1q2
jx1 − x2 þ nLj

�
−

g20
6π2

�
1

4π

X
m∈Z3
m≠0

1

jmj3

−
g40q1q2
ð4πÞ2

1

15

1

ð2πÞ3
�
L2

X
n∈Z3

δð3Þðx1 − x2 þ nLÞ − 1

L

�

×
X
m∈Z3
m≠0

1

jmj5 þ ðhigher orders in the derivative expansionÞ:

ð3:15Þ

The higher orders will give (Gaussian) width to the delta
function potential. This expression is still at finite vol-
ume L3.
Taking the large volume, up to the second order in

perturbation theory, we obtain the derivative expansion of
the loop-corrected Coulomb potential as the interaction
energy between the two external charges q1 and q2:

Eðr12Þ ¼
1

4π

q1q2
r12

g20

�
1 −

g20
6π2

lnðΛLÞ
�

−
g40q1q2
ð4πÞ2

1

15
L2

�
1 −

1

ðΛLÞ2
�
δð3Þðx1 − x2Þ;

ð3:16Þ

where Λ is the UV cutoff. The first term derives the positive
β-function of QED at one-loop while the second term is the
Uehling potential. Here, when we define the renormalized
coupling constant gL in the box L3:

g2L ¼ g20

�
1 −

g20
6π2

lnðΛLÞ
�
; ð3:17Þ

g2L is written in g20:

g20 ¼ g2L

�
1þ g2L

6π2
lnðΛLÞ

�
þOðg60Þ:

By substituting this into (3.16), we can also write Eðr12Þ as

Eðr12Þ ≃
1

4π

q1q2
r12

g2L −
g4Lq1q2
ð4πÞ2

1

15
L2

�
1 −

1

ðΛLÞ2
�

× δð3Þðx1 − x2Þ; ð3:18Þ

at the order g4L.

B. Expansion at short-distance

Let us now probe the opposite limit to the last subsection.
We will evaluate the interaction energy by the short-
distance r12 ≪ L expansion. In this expansion, Eðr12Þ is
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expanded in Λ=p. Here, we take the limit L → ∞ from the
beginning.
We obtain

Eðr12Þ¼
g20q1q2
ð2πÞ3

Z
d3p

1

p ·p
eip·ðx1−x2Þ½1þg20δðpÞ�; ð3:19Þ

δðpÞ ¼ −
1

4π3
1

p · p

Z
d3k

1

jkj þ jpþ kj
�
1 −

k · ðpþ kÞ
jkjjpþ kj

�
:

ð3:20Þ

Using the polar coordinates, δðpÞ is further converted as

δðpÞ ¼ −
1

2π2
1

p · p

Z
Λ
k2dk

Z
π

0

dθ
sin θ

kþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ p2 þ 2kp cos θ

p
�
1 −

kþ p cos θffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ p2 þ 2kp cos θ

p
�

¼ −
1

2π2
1

p · p

Z
π

0

dθ sin θIðΛ; p; θÞ; ð3:21Þ

IðΛ; p; θÞ ¼
Z

Λ
k2dk

1

kþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ p2 þ 2kp cos θ

p
�
1 −

kþ p cos θffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ p2 þ 2kp cos θ

p
�
: ð3:22Þ

Expanding IðΛ; p; θÞ=Λ2 in Λ
p, we obtain

IðΛ; p; θÞ ¼ 1 − cos θ
3

Λ3

p
þ −1þ cos2 θ

2

Λ4

p2
þO

�
Λ5

p3

�
: ð3:23Þ

(3.21) becomes

δðpÞ ¼ −
1

2π2

Z
π

0

dθ sin θ
�
1 − cos θ

3

�
Λ
p

�
3

þ −1þ cos2 θ
2

�
Λ
p

�
4

þO
�
Λ5

p5

��

¼ −
1

3π2

��
Λ
p

�
3

−
�
Λ
p

�
4

þO
�
Λ5

p5

��
: ð3:24Þ

The loop-corrected potential as the interaction energy Eðr12Þ at short-distance expansion is thus given by

Eðr12Þ ¼
g20q1q2
ð2πÞ3

Z
d3peip·ðx2−x2Þ

�
1

p2
−

g20
3π2

�
Λ3

p5
−
Λ4

p6
þO

�
Λ5

p7

���
: ð3:25Þ

IV. STATIC FORCE POTENTIAL IN PURE NON-
ABELIAN GAUGE THEORY AT A PERIODIC AND

TWISTED BOX

Let us now turn to the case of pure non-Abelian gauge
theory at a twisted or periodic finite box of size L3. Unlike
the periodic one, the zero-mode is not present in the twisted

sector. We manage to treat both cases at once in the notation
in what follows.
Following the method in the Abelian case, we will

compute the interaction energy Eðr12Þ between the two
external static sources of charge qa1 and q

a
2 in old-fashioned

perturbation theory. Up to the second order, it reads
Eðr12Þ ¼ EðiÞðr12Þ þ EðiiÞðr12Þ:

EðiÞðr12Þ ¼
X
a

qa1q
a
2

4π2L

X
n∈Z3þλðaÞ

n≠0

hx1jniλðaÞ
1

n · n
ðg20 þ g40δ

0
λðaÞ ðnÞÞλðaÞ hnjx2i; ð4:1Þ

EðiiÞðr12Þ ¼
X
a

qa1q
a
2

4π2L

X
n∈Z3þλðaÞ

n≠0

hx1jniλðaÞ
1

n · n
ðg40δ00λðaÞ ðnÞÞλðaÞ hnjx2i; ð4:2Þ

where
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δ0
λðaÞ ðnÞ ¼

3

16π3
1

n · n

X
c≠a

X
m∈Z3þλðcÞ

m≠0

ðnþmÞiPðmÞijnj
jnþmj2jmj ; ð4:3Þ

δ00
λðaÞ ðnÞ ¼ −

1

32π3
1

n · n

X
c≠a

X
m∈Z3þλðcÞ

m≠0

ðjmj − jn −mjÞ2
jmj þ jn −mj

PðmÞijPðn −mÞij
jmjjn −mj : ð4:4Þ

Here we have used

X
b;c

ϵbacϵbdcfðcÞ ¼
X
c

ðδadδcc − δacδdcÞfðcÞ ¼ δad
X
c

ðδcc − δacÞfðcÞ ¼ δad
X
c≠a

fðcÞ: ð4:5Þ

In the case of SUðNÞ, we need only to replace ϵbac by the structure constant. (The above derivation, of course, does not
hold.) As for EðiÞðr12Þ, recall that HCoul in the non-Abelian case in (2.18) takes a nonlocal expression in the position space
and generates infinite series of gauge fields in coupling constant. It starts contributing already at the first order in
perturbation theory. We have a result in EðiiÞðr12Þ similar to that in the Abelian case, replacing the fermionic intermediate
states by the bosonic ones. Again, we have omitted presenting our calculation.
The interaction energy in the twisted box L3 up to g40 reads

Eðr12Þ ¼
X
a

g20q
a
1q

a
2

4π2L

X
n∈Z3þλðaÞ

n≠0

hx1jniλðaÞ
1

n · n
½1þ g20ðδ0λðaÞ ðnÞ þ δ00

λðaÞ ðnÞÞ�λðaÞ hnjx2i: ð4:6Þ

The case of the periodic sector can be read off from this expression by setting λðaÞ ¼ 0. The presence of δ0λðnÞ from the
contribution EðiÞðr12Þ is a unique feature of non-Abelian gauge theory responsible for the asymptotic freedom.

A. Derivative expansion

To evaluate the above result, we expand the quantum corrections δ0
λðaÞ ðnÞ þ δ00

λðaÞ ðnÞ in ni as in the Abelian case:

δ0
λðaÞ ðnÞ þ δ00

λðaÞ ðnÞ ¼
1

32π3
X
c≠a

X
m∈Z3þλðcÞ

m≠0

�
1

2!

�
12

jmj3 −
14ðm · nÞ2
jmj5jnj2

�
þ 1

3!

�
−
66ðm · nÞ

jmj5 þ 57ðm · nÞ3
jmj7jnj2

�

þ 1

4!

�
−
150jnj2
jmj5 þ 822ðm · nÞ2

jmj7 −
714ðm · nÞ4
jmj9jnj2

�
þ ðhigher orders of niÞ

�
: ð4:7Þ

In the twisted sectors, namely λ ≠ 0, we can not use the cubic symmetry to evaluate the parts involvingm · n in the box L3.
Here we consider the case of the periodic box, namely the λ ¼ 0 case only. Due to the cubic symmetry, the quantum
corrections reduce to

δ0λ¼0ðnÞ þ δ00λ¼0ðnÞ ¼
1

16π3
X
m∈Z3
m≠0

�
11

3

1

jmj3 −
47

60

jnj2
jmj5 þOðjnj4Þ

�
: ð4:8Þ

We obtain the interaction energy at the periodic box:
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Eðr12Þ ¼
1

4π

X
a

X
n∈Z3

g20q
a
1q

a
2

jx1 − x2 þ nLj
�
1þ g20

11

12π2
1

4π

X
m∈Z3
m≠0

6

jmj3
�

−
X
a

g40q
a
1q

a
2

ð4πÞ2
47

30

1

ð2πÞ3
�
L2

X
n∈Z3

δð3Þðx1 − x2 þ nLÞ − 1

L

�X
m∈Z3
m≠0

1

jmj5

þ ðhigher orders in the derivative expansionÞ: ð4:9Þ

For large L, the static force potential is evaluated as follows up to the second order in perturbation theory,

Eðr12Þ ¼
X
a

qa1q
a
2

4πr12
g20

�
1þ g20

11

12π2
lnðΛLÞ

�
−
X
a

g40q
a
1q

a
2

ð4πÞ2
47

30
L2

�
1 −

1

ðΛLÞ2
�
δð3Þðx1 − x2Þ; ð4:10Þ

where Λ is the UV cutoff. The first term of (4.10) derives the negative β-function with the correct numerical coefficient5 and
the second term is nothing but the Uehling potential.
Also, by defining the renormalized coupling constant gL as

g2L ¼ g20

�
1þ g20

11

12π2
lnðΛLÞ

�
;

we can also write Eðr12Þ as

Eðr12Þ ¼
X
a

qa1q
a
2

4πr12
g2L −

X
a

g4Lq
a
1q

a
2

ð4πÞ2
47

30
L2

�
1 −

1

ðΛLÞ2
�
δð3Þðx1 − x2Þ; ð4:11Þ

at the order g4L.

B. Expansion at short-distance

Let us carry out the short-distance expansion as in the abelian case. Taking L → ∞ limit, we obtain

Eðr12Þ ¼
X
a

g20q
a
1q

a
2

ð2πÞ3
Z

d3p
1

p · p
eip·ðx1−x2Þ½1þ g20ðδ0ðpÞ þ δ00ðpÞÞ�; ð4:12Þ

where

δ0ðpÞ ¼ 3

8π3
1

p · p

Z
d3k

ðpþ kÞiPðkÞijpj

jpþ kj2jkj ; ð4:13Þ

δ00ðpÞ ¼ −
1

16π3
1

p · p

Z
d3k

ðjkj − jp − kjÞ2
jkj þ jp − kj

PðkÞijPðp − kÞij
jkjjp − kj : ð4:14Þ

Using the polar coordinates, we obtain

δ0ðpÞ ¼ 3

4π2
1

p · p

Z
Λ
dk

Z
π

0

dθ sin θ
kp2ð1 − cos2θÞ

p2 þ k2 þ 2pk cos θ

¼ 3

4π2
1

p · p

Z
π

0

dθ sin θI0ðΛ; p; θÞ; ð4:15Þ

5We regard this as support for the validity of the use of momentum cutoff to one-loop order. See [24] for further discussion on
renormalization and renormalization group in this treatment.
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δ00ðpÞ ¼ −
1

8π2
1

p · p

Z
Λ
Z

π

0

dθ sin θ
k

kþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ k2 − 2pk cos θ

p

× ·
ðk −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ k2 − 2pk cos θ

p
Þ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þ k2 − 2pk cos θ
p

�
1þ ðk − p cos θÞ2

p2 þ k2 − 2pk cos θ

�

¼ −
1

8π2
1

p · p

Z
π

0

dθ sin θI00ðΛ; p; θÞ: ð4:16Þ

Expanding in I0ðΛ; p; θÞ, I00ðΛ; p; θÞ in Λ:

I0ðΛ; p; θÞ ¼ 1 − cos2 θ
2

Λ2 þ � � � ; ð4:17Þ

I00ðΛ; p; θÞ ¼ 1þ cos2 θ
2

Λ2 þ � � � ; ð4:18Þ

we obtain

Eðr12Þ ¼
X
a

g20q
a
1q

a
2

ð2πÞ3
Z

d3peip·ðx1−x2Þ
�
1

p2
þ g20

�
1

3π2
Λ2

p4
þO

�
Λ3

p5

���
: ð4:19Þ

We note that the 1=p4-term is written as

Z
d3zGðx1jzÞGðzjx2Þ ¼

Z
d3p
ð2πÞ3

1

p4
eip·ðx1−x2Þ; ð4:20Þ

which is nonsingular for the position at x1 ¼ x2:

Z
d3zGðxjzÞGðzjx0Þ ¼

�
−1
4π

�
2
Z

d3z
1

jx − zj
1

jz − x0j :

ð4:21Þ

Here the integral in the right-hand side of (4.21) is
divergent in the large L limit, however the divergence
depends on the volume of the box L3 only and, except this
divergence, there is no divergence. In terms of the Green
functions, the interaction energy Eðr12Þ is written as

Eðr12Þ ¼ −g20
X
a

qa1q
a
2

�
Gðx1jx2Þ −

1

3π2
g20Λ2

×
Z

d3zGðx1jzÞGðzjx2Þ þOðΛ3Þ
�
: ð4:22Þ

As is stated in the introduction, the expansion begins with
the convolution of the two Coulomb Green functions and is
nonsingular at the short distance limit of the two external
sources x1 ¼ x2. Up to the same order in the expansion, this
term does not appear in QED.

V. CONCLUSION

In this paper, we revisited the non-Abelian static force
potential in the well-known Coulomb gauge at a finite
periodic/twisted box in perturbation theory. Exploiting the
finite box as an infrared cutoff, we have given both
derivative and short-distance expansions in position space.
The former expansion has given us a non-Abelian Uehling
potential in the next leading order. Also, we have written
the interaction energy Eðr12Þ (4.6) in the twisted box,
explicitly. As a result, the role of the twist on the Green
function has been clarified.
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APPENDIX: POISSON RESUMMATION
FORMULA

In this Appendix, we give the proof for the Poisson
resummation formula in three dimensions:

X
n∈Z3

fðnÞ ¼
X
m∈Z3

f̃ð2πmÞ; ðA1Þ

where f̃ is the Fourier transform of function f:
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f̃ðkÞ ¼
Z

d3rfðrÞe−ik·r:

The proof exploits the formula

X
n∈Z3

e2πik·n ¼
X
m∈Z3

δð3Þðk −mÞ; ðA2Þ

and goes as

X
n∈Z3

fðnÞ¼
X
n∈Z3

Z
d3k
ð2πÞ3 f̃ðkÞe

ik·n¼
Z

d3k
ð2πÞ3 f̃ðkÞ

X
n∈Z3

eik·n

¼
Z

d3k
ð2πÞ3 f̃ðkÞ

X
m∈Z3

δð3Þðk−mÞ¼
X
m∈Z3

f̃ð2πmÞ:

We can generalize (A1) by considering n ∈ Z3 þ λ
(λ ∈ R3) in the sum in the left-hand side:

X
n∈Z3þλ

e2πik·n ¼
X
m∈Z3

δð3Þðk −mÞe2πiλ·m: ðA3Þ

This leads us to

X
n∈Z3þλ

fðnÞ ¼
X
m∈Z3

f̃ð2πmÞe2πiλ·m; ðA4Þ

which is exploited in the text.
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