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Inhomogeneous confining-deconfining phases in rotating plasmas
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We discuss the effects of rotation on confining properties of gauge theories focusing on compact
electrodynamics in two spatial dimensions as an analytically tractable model. We show that at finite
temperature, the rotation leads to a deconfining transition starting from a certain distance from the rotation
axis. A uniformly rotating confining system possesses, in addition to the usual confinement and
deconfinement phases, a mixed inhomogeneous phase which hosts spatially separated confinement and
deconfinement regions. The phase diagram thus has two different deconfining temperatures. The first
deconfining temperature can be made arbitrarily low by sufficiently rapid rotation while the second
deconfining temperature is largely unaffected by the rotation. Implications of our results for the phase
diagram of QCD are presented. We point out that uniformly rotating quark-gluon plasma should therefore
experience an inverse hadronization effect when the hadronization starts from the core of the rotating

plasma rather than from its boundary.
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I. INTRODUCTION

Noncentral relativistic heavy-ion collisions create a
highly vortical fluid of quark-gluon plasma. According
to the experimental results of the RHIC collaboration [1],
this fluid possesses the angular momentum of the order
of 102 and carries the vorticity in the range of
o= (9+1)x 10> s7!' ~0.03 fm~'c. Theoretically, the
vorticity is expected to reach even higher values,
@~ 0.1 fm~'c ~20 MeV, at certain impact parameters
[2,3].1 Therefore, the vorticity can affect substantially
the thermodynamic properties and the phase structure of
the quark-gluon plasma. An overview of hydrodynamic and
transport-based models of vortical effects in quark-gluon
plasma and the relevant experimental results can be found
in Refs. [4,5].

Theoretically, the effects of vorticity on the phase
diagram are usually studied in the approximation of a
uniform rotation which assumes that the quark-gluon
plasma rotates as a solid body. There is a consensus that
the uniform rotation decreases the temperature of the chiral
phase transition [6—11] because the vorticity tends to align
the spins of quarks and antiquarks and suppresses the scalar
pairing thus diminishing the scalar fermionic condensate

lHereafter, we work in units 7 =c¢ = 1.
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[7]. Therefore, the effect of rotation in vortical plasmas
restores the chiral symmetry at lower critical temperatures
as compared to the quark-gluon plasmas with zero vorticity.

Besides the chiral symmetry breaking, QCD possesses
the color confinement phenomenon in the low-temperature
phase. Recent numerical lattice simulations indicate that the
bulk critical temperature of the deconfining phase transition
can rise with the increase of the vorticity [12]. A holo-
graphic approach gives the opposite result implying that the
temperature of the deconfinement transition decreases in the
vortical gluonic fluid [13]. In our paper, we propose the third
scenario, in which the rotation splits the single deconfining
transition into the two deconfining transitions, between the
pure confinement phase, a new mixed inhomogeneous phase
in which the confinement and deconfinement phases are
spatially separated, and the pure deconfinement phase.

To illustrate our proposal, we consider in detail the
rotation in compact electrodynamics (called also compact
QED or cQED for shortness) which is a toy model that
possesses the confinement property and, at the same time,
can be treated analytically. This (2 + 1) dimensional theory
enjoys the “compact” U(1) gauge symmetry, cU(1) and it
has no matter fields. The compact Abelian gauge theory in
two space dimensions is an effective toy model which
shares several non-perturbative features with QCD, notably
the charge confinement and the mass-gap generation [14].
Both cQED and QCD possess instantonlike objects in their
vacua, and both of them experience a deconfining phase at
high enough temperatures. Therefore, we expect that the
effects of rotation on QCD and cQED diagrams should
share similar features.

Published by the American Physical Society
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The structure of this paper is as follows. In Sec. II, we
discuss the implementation of the uniform rotation in the
imaginary-time formalism in the Euclidean-space time,
which is suitable for the analytical treatment of thermo-
dynamic ensembles in thermal equilibrium. We show that
the uniform rotation may be taken into account as a simple
shift of the Matsubara frequencies in the complex
plane. We also discuss the analytic rotation of the real-
valued angular frequency to a pure imaginary domain,
Q — Q; = —iQ, suitable for numerical lattice simulations
[12,15]. In Sec. III, we briefly overview the nonperturbative
features of compact electrodynamics in two spatial dimen-
sions. To elucidate the effect of rotation on confining
properties of this model, we study the Green’s functions in
the rotating disk-shaped domain in Sec. IV. These results
are used in Sec. V to find the effect of the rotation on the
confining properties of the compact Abelian model. We
briefly discuss the implications of our results for QCD at
the end of the article.

II. ROTATION AND WICK ROTATION

The rotating quantum systems were originally consid-
ered by Vilenkin long time ago [16]. In this section, we
discuss in very detail the spatial rotation in the imaginary
time formalism for the simplest case of a scalar field theory.
We also briefly touch the case of fermions. Our main aim is
to explicitly demonstrate that the physical rotation may be
incorporated as a simple shift of the Matsubara frequency in
the Wick-rotated space-time. We also discuss rotation with
purely imaginary frequencies Q = iQ;, viewed as an
analytical continuation in the plane of complex Q. We
will use these results in the subsequent discussions of the
confining properties of rotating compact electrodynamics.

A. Thermodynamics of nonrotating scalar fields

1. Zero temperature

Consider a free theory of a massless real-valued field ¢:

— Lo .porg. (1)

with the partition function

Z:/Dq’z exp{—i/d4x£} :#(D)’ (2)

and the classical equation of motion:
2

Oe(t,x) = <% — Ax>¢(t,x) =0, (3)

where A, = V? is the Laplacian. We traditionally ignored
an irrelevant constant factor in the right-hand side of

Eq. (2). In this section, we will mostly work in 3 + 1
dimensions.

The determinant in Eq. (2) should be taken for the
d’Alembertian operator [ defined in the appropriate
spacetime. Since in our work we focus on the rotation
problem in a field theory, we restrict out attention to the
volume inside a cylinder of radius R. For simplicity, we
consider the Dirichlet condition imposed on the field at the
cylindrical boundary of the system:

¢(t7p’ P, Z)|/):R = 0’ (4)
with the coordinate z directed along the cylinder’s axis,
x =pcosg and y = p sin¢.

The eigenmodes are defined by Eq. (3). It is convenient
to rewrite this equation in the cylindrical coordinates:

o 10 0 1o oy
ot p8p op prog® 02)7

where we introduced the cumulative index
J = (m,Lk,), (6)
for angular (m € Z), radial (/> 1), and longitudinal

(k, € R) quantum numbers that characterize the eigen-
functions:

bi(t.p.@.2) = e p;(p, @, 2), (7a)

ik LZtime < p
—Jm Kint —>~ (7b)
\/_”|Jm+l( ml)' R
The spatial wave function (7b) is the eigenmode of the
Laplacian:

¢,(p.0.2) =

—Apy(x) = a)%gb,(x). (8)

For the field satisfying the Dirichlet boundary condition
(4), the dimensionless quantity «,,; is the /th positive root of
the Bessel function J,,:

(ki) =0, mezZ, [=1,2,... 9)
The eigenenergies are as follows:
wj = k2 +%,/R2. (10)

The orthonormalization of the modes (7b)
/ dpp/ dZ/ do ¢(t.p, 0. 2)y(t.p. 9. 2)
= 511’5mm’6(k z) (1 1)

comes as a result of the identity:
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511/

1
/ dx XJm<Kmlx)‘]m (Kml’x) ‘]2m+1 ( ml)7 (12)

0

valid for any two roots of the Bessel functions (9).

In the volume bounded by a cylinder, the integration
measure over the quantum numbers is modified with
respect to the integration measure in an unbounded space.
The integration over the continuous spatial momentum k is
replaced by the integration over the momentum along the
axis of rotation k_, the sum over the angular momentum m
about the same axis, and the radial excitation number [:

[t S S

m=—c0 [=1
2. Finite temperature
The conventional approach to study the theory in the

thermodynamic equilibrium is to perform the Wick rotation
from the real time to the imaginary time:

t— i1, (14)

It does not mean that one should literally apply the Wick
transformation (14) to the eigenfunction (7). Instead, we
identify a new operator in the left-hand-side of Eq. (3) with
the Wick-transformed time (14), and define its eigensystem:

P
(_ o
At finite temperature 7, the direction of the imaginary

time 7 is compactified to a circle of the length f = 1/T with
periodic (for bosons) boundary conditions:

AQ¢Mww>=E@¢uwm> (15)

P (7.X)| =0 = g (7. %) |1 (16)

The solutions of Egs. (15) and (16) are

Pns(7.%) = e ep;(x), (17)
where the spatial function ¢; is given in Eq. (7b) and

w, = 27xn, neZz, (18)
is the (bosonic) Matsubara frequency labeled by the integer
n. According to Egs. (17) and (7b), the spectrum of Eq. (15)
is given by the eigenvalues (10) of the spatial Laplacian and
the Matsubara frequencies (18):

E,; = o, + o] (19)

The partition function, Z = ¢~F/T determines the free
energy,

——TV%I

nez ;

via the eigenfunctions of the operator (15). Here V is the
volume of the system, the integration measure is given in
Eq. (13), and 72 is added in the denominator for the sake of
the dimensional consistency. At finite temperature, the
integral over the fourth component of the momentum is
replaced in Eq. (20) by the sum over the Matsubara
frequencies:

w,,—i—a)J

(20)

l\.)l'—*

+00
/ dky Ty (21)
- nez

In order to take the sum (20), we use the identity [17],

Z In[(2zn —iy)* + 6°] =0+ In(1 —e707)

nez
+1In (1 —e %)+ C, (22)
extended with a parameter y for a future use. To take the

divergent sum (22), we differentiate its left-hand side and
evaluate the converging expression explicitly:

892111 (27n — iy)? + 67

nez
; 2nn — iy)? + 62
1 0 60—
=3 {coth —2H/ + coth 5 7. (23)

The integration of the above expression over 6 gives us
Eq. (22) with an (infinite) constant constant C which we
can safely ignore in the following.

Using Eq. (22) with @ = w;/T and y = 0, we get for the
free energy (20) the following standard expression:

F 1

S In(1—e/T 24

TR LR DUIE Tl MY
J J

where the first term corresponds to the vacuum contribution
and the second term is the standard thermodynamic energy.
Below, we will repeat the same derivation for the rotating
system of bosons.

B. Rotating scalar fields after the Wick rotation

We consider a thermal ensemble of the scalar fields
rotating rigidly and uniformly with the angular frequency Q
about the z axis of the same cylinder. We will always
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assume that the radius of the cylinder and the rotation
frequencies satisfy the causality constraint: |QR| < 1.
Without losing generality, we assume that the system
rotates counterclockwise, € > 0.

The cylindrical coordinates of the laboratory reference
frame, x* = (¢, ¢, p, z), are related to the reference frame
corotating with the cylinder, ¥ = (7, , p, Z) as follows:

i=t.  p=lp-Qi,, p=p. =2z (25)
where [...],, means modulo 2z. All coordinates remain the
same, except for the angle ¢ which is a uniformly growing
(up to 2x) linear function of time.
The change of variables (25) leads to the relation
between the derivatives in these frames:
g 0 0 o 0 o 0 o 0
= == (26)

oo 0p 9 0p dp Op 0z OF

The change of the angular coordinate affect the derivative
with respect to the time coordinate.

One should distinguish between (i) a description of a
truly static (“static”, in the laboratory reference frame)
system in rotating coordinates and (ii) a physically rotating
system in the appropriate corotating coordinates. The
uniform rotation is determined by the frame in which
the “matter” (set by nonzero chemical potentials and/or
nonvanishing temperature) is identified. Our “tilted” coor-
dinate system is set in the corotated, physical reference
frame. Thus, the wave functions and the energy spectrum—
the latter will set the distribution functions of the matter—
are to be determined in the corotating (“tilted”) refer-
ence frame.

Substituting the relations (26) into the equation of
motion (5), we arrive at

where

0

.0 10 )
pa~—|—~ — 1 (28)

is the spatial Laplacian in the rotating frame which is
unchanged up to the trivial renaming of the coordinates.

The Wick rotation (14) applied to the corotating (tilted)
time coordinate leads to the modification of the differential
operator in the right-hand side of Eq. (27):

a8 0 ]
|:_ <E —iQ %) - Ai:| ¢n,] = E%Jqﬁn,_]. (29)

The important but obvious point now is to notice that
the periodicity of the imaginary-time direction is imposed

in the corotating frame and not in the laboratory
frame:

D (T.%) = €7, (%), (30)
The energy spectrum in the corotating frame (29) is
E2, = (w, —iQm)* + w?. (31)

Here we took into account the particular form of the angular
dependence of the spatial wave function (7b).

The free energy in the rotating frame F is defined
analogously to Eq. (20) but now with the shifted spectrum
(31). Using the equality (22) with 6 = w;/T and
y = Qm/T, we get for the complex bosonic field:

1. T E2, T

Lp) - _ 2 nt _ 1

vl 22251“# 22:‘”
J

J
T
+ Ei[ln(l _ e (om@)/T)
J
+ In(1 — e~ (@rmQ)/Ty), (32)

We find that the physical rotation in the Wick-rotated
Euclidean formulation of the field theory in the thermal
equilibrium is given, for a bosonic field, by a simple shift of
the Matsubara frequency: o, = w, — iQm. In the rest of
this section we will briefly rederive this relation in another,
more formal way. From now on we remove the tilted marks
from the corotating coordinates since the reference frame in
which we work should be clear from the context.

In the rotating reference frame (25), the Lagrangian of
the model (1) takes the following form:

1 1
L= E [(at - Qa(/})d)]z - 5 (vx¢)2 (33)
The momentum conjugate to the field,

oL
9(9.¢)

= at¢ - Qa(p¢1 (34)

leads us to the following expression for the Hamiltonian in
the rotating frame:

H(m, ) =70, p— L = %77.’2 + (Vo) — Qrd,,p. (35)

Following the standard approach [17], we perform the
Wick rotation (14) and formulate the path integral in a
discretized space-time. In the terms of the continuous
variables, the path integral reads as follows:
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- / Dx /p o
Xexp{ /0 e / d%(l’ﬂ&d)—H(ﬂ,gb))} (36)

where the expression in the exponent is

2

indp — H(x. ) = ~5 3 (Vah)? = in(0, — i€20, ).

(37)

Substituting this expression into Eq. (36) and performing
the integral over momentum conjugate, we arrive to the
following partition function:

Z:/periodic e
xexp{ A s / d3x[(8,—iQ8¢¢)2+(V¢)2]}. (38)

There is no charge conjugation for the scalar fields under
the exponential because the fields are real-valued quan-
tities. We perform the Gaussian integration over the scalar
fields, take into account the complex energies (31), and
come back to the expected expression (32) for the real-
valued free energy.

We also give, without derivation, the expression for the
free energy of a uniformly rotating fermion ensemble:

_ _Iw _ TIDH (1 + e—[w,—(m+l/2)Q]/T)
J J

+In (1 + e—[w,+(m+l/2)9]/T)]’ (39)
which also includes the double degeneracy factor of
fermion’s spin. At zero charge density (in the absence of
chemical potentials), the two terms of the bosonic free
energy (32) and, separately, two terms in the fermionic free
energy (39), are equal to each other. The rigorous treatment
of the rigidly rotating fermionic ensembles inside a
cylindrical cavity may be found in Refs. [18,19].

C. Imaginary angular momentum
and spin-statistics theorem

In this section, we discuss certain symmetries of the
thermal theory with imaginary angular momentum in the
imaginary time formalism.

We have established that a uniform rotation of a system
in a thermodynamic equilibrium in Minkowski space-time
may also be treated in the finite-temperature imaginary time
formalism using a simple shift of the Matsubara frequen-
cies. Generalizing our results, we write the prescription
both for boson and fermions, respectively:

(b) (b)

w, - w, —iQm, (40)

zQ(m +%> (41)

where Q is the rotation frequency, and

1
oY) = 27T <n + 2), (42)

are the bosonic [marked by the superscript “(b)”’] and
fermionic [marked by the superscript “(f)”] Matsubara
frequencies, respectively.

Below we will treat the rotational frequency Q as a
complex variable, concentrating, in particular, at the purely
imaginary quantity

(f) (f)

Wy~ — Wy

a)g,b) =2xTn,

which is suitable in first-principle lattice simulations of
rotating systems [12,15].

The shift rules (40) and (41) have a universal nature in a
sense that they change the corresponding imaginary fre-
quency in all instances it appears in the partition function Z
and in the thermal expectation value of any operator O. This
universality allows us to establish immediately the discrete
symmetry of the partition function under the shifts of the
imaginary frequency (43):

O(Q;), (bosons) (44)

O(Q; +4xT¢) = O(€;), (fermions) (45)
for any integer number # € Z. Notice that the fermion’s
period is twice larger than the period for bosons.

In order to illustrate the properties of the system at the
imaginary angular frequency, let us consider the sums
which often appear in finite-temperature calculations in

bosonic and fermionic systems, respectively:

1
TZ ;

neZ lQ.m) + € €p
_1y 1 1
o E + e(sp+Qm)/T -1 + e(gp_gm)/T 1 s
(46)
=T
Z; a)n - m+ )) + %
_h 1 1
= 28[7 e(E,;-‘rQ(m-}—%))/T +1 e(g])_g(m+%))/T 11 .
(47)
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Here the subscript p in the dispersion relation (a particle or
quasiparticle energy) ¢, incorporates all quantum numbers
including the angular momentum m. The sum over the
Matsubara frequencies gives us, respectively, the bosonic
and fermionic occupation numbers with the energies shifted
by the angular momenta.

The symmetries (44) and (45) in the momentum space
are enforced by the trivial identities (with m, ¢ € Z):

Qg iQ

e =T =1 (48)
Q=2xT¢ Q,=47T¢

The relations (44) and (45) have the following conse-
quences: the bosonic (fermionic) system with the imaginary
angular momentum Q; = 2z¢ (Q; = 4x¢) corresponds to a
nonrotating system with Q = 0:

Z0) (Q)|Q=2m'T = Z(b>(9)|g=07 (49)
FAY) (Q)|Q:47riT = 20 (Q)|Q:o- (50)

These relations establish the equivalence between
(i) the bosonic (fermionic) system which rotates in the
imaginary space exactly once (exactly twice) as the
Matsubara imaginary time makes a full circle from
t=0tor=1/T;

(i1) the very same system which does not rotate at all.

These equivalences have a simple interpretation in terms
of the spin-statistics theorem: the bosonic wave function
transforms to itself after any number of full rotations about
a fixed point while the fermionic wave function needs an
even number of full rotations to restore its original form.
Our conclusions in this subsection have a universal
character: they are also valid in interacting theories because
the bosonic (40) and fermionic (41) combinations appear in
any loop order.

The spin-statistics relation lead also to some conse-
quences at the imaginary angular momentum correspond-
ing to a half rotation. Namely, the bosonic theory at the half
imaginary period, ; = zT, corresponds to an exotic non-
rotating (2 = 0) theory in which the modes with odd even
angular momentum (m = 2/ with [ € Z) correspond to
bosonic modes with the Matsubara frequencies @, = 2zTn
while the odd modes (m = 2[4 1) behave as fermions
(with w,, = 27T (n + 1/2), respectively) which contribute
to the free energy, however, with a wrong sign.

For fermions, the situation is more straightforward but
not less exotic: at the half-period imaginary rotation in the
imaginary time (corresponding to a single full rotation in
the real time), Q; = 2z7T, the system becomes purely
bosonic with the Matsubara frequencies w, = 2zTn.
However, these bosons are ghosts as they contribute to
the free energy with a wrong sign. The interpretation of this
result is rather natural: a single full 27 rotation flips the sign
of the fermionic wave function as the fields evolve the full
period 1/T along the imaginary time. Therefore the

005 [, RIEK 1
~, fermions .*
~ - s
0.00 ot S P :;’_"_'_'-_'a—.f_’
. N ~
“\, -~ N
e — S emm—m— .
»="" bosons '\::\ e ‘ T
_0 05 -,/ s | Zp” a—F P (Q=0) = —F rszfzm\)‘«.‘
: —— o

fermions

~0.044]
—0046] NN Py

-0.10 003} bosons e
~0050) ~. -
~0052 B
~0.054f

-0.10 -0.05 0.00 0.05 0.10
-1.0 -0.5 0.0 0.5 1.0

QOR, QR/(2r)

FIG. 1. The free energy of bosons (blue) and fermions (orange)
for real-valued (€2, the solid lines) and imaginary (£2;, the dashed
lines) angular momentum at temperature 7 = R™! in the two-
dimensional disk of radius R. The duality (51) is shown via the
red points at Q; = Q = 0 and Q; = £277T with the same value of
the free energy (shown by the horizontal dotted red line). The
inset zooms in the central region and demonstrates the free
energies vs Q.

antiperiodic boundary conditions, imposed on fermions
in the compactified imaginary time, become the periodic
boundary conditions for these new bosons. For example,
for the imaginary angular frequency €; = 227 the system
is it described by spinors obeying bosonic statistics. One
thus gets:

FO(Q = 2zi) = FEN(Q = 0)= — FO)(Q=0),  (51)

where the last equality is written for free particles. The
duality (51) is illustrated in Fig. 1 for a free bosonic theory
on a two-dimensional disk.

The properties of the Green’s functions will be essential
for the rotating plasma in compact electrodynamics. We
overview the confining properties of this model in the next
section.

III. 2+1) COMPACT ELECTRODYNAMICS

At the analytical level, the confinement phenomenon is
well understood in compact electrodynamics in two spatial
dimensions [14]. While this model has no dynamical matter
fields, it possesses instantonlike Abelian monopoles which
emerge as an inevitable result of the compactness of the U
(1) gauge group. In this section, we very briefly summarize
certain important features of cU(1) gauge theory concen-
trating on the role of the Abelian monopoles.

A. Monopoles, photons, and boundaries

1. Lagrangian

The compact electrodynamics is a pure U(l) gauge
theory with monopoleslike singularities in the gauge field.

054027-6



INHOMOGENEOUS CONFINING-DECONFINING PHASES 1IN ...

PHYS. REV. D 103, 054027 (2021)

In (3 4+ 1) spacetime dimensions, the world trajectories of
the monopoles are closed lines so that the monopoles share
similarly with standard pointlike particles. This model
serves is a precursor of effective approaches [20] to the
confinement problem of Yang-Mills theory [21,22] based
the Abelian-monopole confinement mechanism which
utilizes the Abelian dominance phenomenon [23] (for
recent developments, see Ref. [24]). In (2 + 1) dimensions,
the monopoles are instantonlike objects as their trajectories
are represented by a set of individual points. While the
(24 1)d U(1) instantonlike monopoles share certain fea-
tures of the (3 + 1)d SU(N) instantons, these objects have a
different impact on the corresponding theories: the former
are responsible for the confining properties of the cU(1)
vacuum [14] while the latter determine the topological
properties of Yang-Mills theories (see, for example, the
discussion in Ref. [25] in the scope of the instanton
liquid model).
The action of the compact U(1) gauge theory,

1
S[A, 0] = Z/‘PXF;%U (52)
is quadratic in the field strength tensor (u, v = 1, 2, 3):
F,, = Fbp + Fion, (53)

This tensor is the sum of the perturbative term expressed via
the vector photon (gauge) field A,

FRYA] = 0,4, - 0,A (54)

H vy

and the nonperturbative monopole part,

FI00(x) = —gonunad® / PHGx.)ol¥), (55)

determined via the local monopole density:

0(x) =Y .6 (x —x,). (56)
The monopoles carry the quantized magnetic charge,
2r
Y9mon = ; ’ (57)

where ¢ is the elementary electric charge. In Eq. (56), the
sum goes over the monopoles located at the positions x, of
the Euclidean spacetime with coordinates x = (x, y, 7). We
study the theory in thermal equilibrium in three-dimen-
sional Euclidean spacetime after performing the Wick
rotation, t — iz, to the purely imaginary time. The mag-
netic charges g, € Z are written in terms of the elementary
charge (57). We will work in the dilute gas approximation

where the overlaps of the individual elementary monopoles
are rare and thus ¢, = 1. Below we will take g2 = 1.

The quantity G(x,x’)=G(x',x) in Eq. (55) is the
Green’s function of the three-dimensional Laplacian oper-
ator A, = Vi =0

AG(x,x') = =56(x — x'). (58)
In the unbounded R3 spacetime, the Green’s function,
G(x,x')=G(x—x'), (59)

is the function of a single coordinate:

&Eper 1
Glx) = / (2771)73 ra - drlx|’ (60)

In our paper, we will mostly work in the bounded spaces,
where the Green’s function becomes more involved.

In a closed space with boundaries, the action of the
model (52) may be written as a sum

1
vl = [ (AL + Fnle)’
= Sph[A] 4 Smon[g] 4 Ssurf[A,()], (61)
of the perturbative photon part,

A = [ @A, (62)

the nonperturbative monopole part,

snig) =9 [ x| oot o). (6
and the photon-monopole surface term:
SU1A.0] = ~gn | dx6p(6)4°(3)
x 0% /V dx'G(x,x")o(x'), (64)

where n#(x) is the local normal vector to the boundary
S = 0V of the system’s volume V. In deriving Eq. (64), we
used the divergence-free property of the monopole field
strength: 0, Finon = 0.

2. Boundaries

The surface term (64) is an unnecessary complication of
the model in a finite volume which may be removed by
imposing the appropriate boundary conditions for the
monopole and/or gauge fields. In our work, we impose
the Dirichlet condition for the Green’s function which
enters the monopole field strength (55):
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G(x,x)|xes = 0. (65)

Since the derivative in Eq. (64) is tangential to the surface,
n(x) x V,G(x,x') = 0 for x € 08, the Dirichlet condition
(65) requires that the surface term (64) vanishes at the
boundary.

Physically, the condition (65) implies that the monopole
field strength tensor (55) is subjected to the boundary
condition:

! () F ™ (%) |xes = O, (66)

which is nothing but the MIT boundary condition for the
gauge field. In three spatial dimensions, this condition
would imply the vanishing of the normal electric field,
n(x)-E(x) =0 as well as the tangential magnetic field,
n(x) x B(x) =0, with x € S. The MIT boundary condi-
tions correspond to a boundary made of a perfect magnetic
conductor, which is electromagnetically dual to a perfectly
electrically conducting material.

3. Photon decoupling
The partition function of the theory,

Z= / DAIe‘S[A*Q] (67)

mon

involves the integration over all photon configurations and
over all monopole (and antimonopole) configurations.
These configurations are represented by the monopole
density ¢ = ¢(x). The monopole integration measure

L-Eall(gefen) o

mon

is given by the sum over the total number of monopoles N,
the integration over the positions x, of all these N
monopoles, and the sum over all their magnetic charges
q, = 1. We work in the dilute monopole gas regime
where overlaps between these magnetic instantons are rare
and can therefore be neglected. The factor 1/N! takes into
account the monopole degeneracy.

The fugacity parameter ¢ in the measure (68) controls the
monopole density. The bar over this quantity implies that this
is a bare parameter which is renormalized by interactions.

Due to the decoupling of the photon and monopole parts
of the action (61), the photon and monopole contributions
to the partition function (67) can be factorized:

Z= th * Zmon> (69)

Zow = / DAe~Smll, (70)

Zmon — Ie_smon [Q] . (7 1)

mon

The photon and monopole actions are given in Egs. (62)
and (63), respectively. In the rest of the paper, we neglect
the perturbative physics of photons which does not con-
tribute to the confinement phenomenon.

B. Monopole dynamics

1. Screening and confinement

Using the explicit expression for the monopole density
(56), one can rewrite the monopole action (63) in terms of
the monopole Coulomb gas:

2 N
mon Ymon mon
™o =) 4ugyG X — %) + S5 (72)
ab=1

a#b

The action contains the divergent term
9 Z‘”
mon
SBnon = ) 2 G(xa,xa), (73)

which corresponds to the monopole self-energy. It will be
renormalized below. In the unbounded R? spacetime, the
local part of the monopole action (73) is a translationally
invariant quantity. Below we will consider the theory in a
spatially bounded domain, where the monopole self-action
(73) becomes an explicitly coordinate-dependent quantity.

The monopole partition function (71), can be reformu-
lated in terms of the sine-Gordon model [14]. Adapting the
standard derivation to a finite domain, we get the following
equivalence:

- y)@(y)]

_ / D)(exp{— / d3xﬁs()()}, (74)

where

1

2Gmon

Ly = D ()] =2 (x) cos y(x).  (75)

is the Lagrangian of a modified sine-Gordon model. In a
contrast to the standard sine-Gordon model, in Eq. (75) the
fugacity parameter { acquires a dependence on the coor-
dinate x because the divergent monopole self-action (73)
renormalizes the fugacity parameter
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(- ton{-Zown). (0

where we used the identity:

e =T ¢(xa)- (77)

In the dilute gas approximation, the vacuum expectation
value of the monopole density is proportional to the
fugacity parameter:

nn() = (Y00 -x,)) = %) ()

This quantity is the density of monopoles and antimono-
poles, counted as a total number that ignores the magnetic
charge. A difference with the definition of the charge-
sensitive monopole density (56) should be noted.

The presence of the monopole Coulomb gas leads to a
screening effect which weakens all interactions at the
monopole Debye length Ap. At the distance r, the inter-
actions are screened exponentially, e~"/*». The screening
length 4, corresponds to the mass m,, of the dual field y
which may be deduced from the dual Lagrangian (75):

_ 1 _ 2r V @mon (x) _ 2r V 2§(x) ) (79)

(%) = Ap(x) g g

Here we have used Eq. (57) and expanded the sine-Gordon
Lagrangian (75) over small fluctuations of the dual field y:

1

20

Ly [(02)? + m(x)x*] + 0% (80)

The photon mass (79) determines the interaction range in
the theory.

Another important property of the compact electrody-
namics is the linear confinement of electric charges: a pair
of static, electrically charged particle and antiparticle
separated by sufficiently large distance R > A experien-
ces the confining potential V(r) = or which grows linearly
with the distance R. This phenomenon exists in the non-
Abelian gauge theories, and it is successfully modeled by
the compact electrodynamics which is one of a few field-
theoretical models where the linear confinement property
may be proved analytically. In the latter case, the string
tension o is given by the following formula [14]

_8V2() _ 49y ()

ng[l T

o(x) (81)

which was adapted to the space-dependent fugacity . Due
to the nonlocal character of the string tension, Eq. (81) is

valid for a slowly varying fugacity, where the variation of
fugacity at one Debye length is small, 15|V{(x)| < {(x).
It is the monopole degree of freedom which leads to the
confinement of electric charges: in the absence of monop-
oles (i.e., if 9 on = 0), the effect of confinement disappears.
Thus, in our paper, we will study the confining phenome-
non in the rotating cU(1) gauge theory concentrating on the
properties of the monopoles that cause confinement.

2. Deconfinement at finite temperature

The screening and confinement phenomena, discussed in
the previous section, we formulated at zero temperature
where all monopoles are not bounded into magnetically
neutral pairs. This picture changes at finite temperature,
which favors the monopole—anti-monopole binding and,
therefore, leads to the deconfinement phenomenon.

At finite temperature 7, the unbounded Euclidean
spacetime R*® is compactified into R* x S', and the
finite-temperature Green’s function takes the following
form:

Gr(x,x') = ZG (x,x’ +%e,>, (82)

lez

where the sum goes along the third (imaginary time) axis
with the unit vector e,. The Green’s function is, evidently,
periodic along this direction:

!/
Gr (x +%e,,x’> =Gy (x,x +m?e,> =Gr(x,x'), (83)
where m,m' € Z.

It is convenient to represent the three-dimensional
coordinate as x = (z,p) where p is the two-dimensional
vector in the spatial R? space. Then the Green’s function
(82) may be written either via the familiar sum over the
Matsubara frequencies @, = 2znT or via the sum in the
real spacetime:

Gr(x,x')=Gr(x —x')

dzp eiwn(T_T/)+iﬁ(ﬁ_ﬁ/)
=T
> o
1
=) —— . (84)
lez 4ﬂ\/(p -4 (=757

In the high-temperature limit, 7'|p — /| > 1, the func-
tion (84) may be evaluated analytically. In the second line
of Eq. (84), we replace the sum over / via an integral over /
and absorb the time variable,  — [ + T'r. Then we notice
that while the integral is logarithmically divergent, the
divergent part does not depend on the coordinate x. After a
regularization, we get the finite part in the high-temperature
limit:
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- T N
Gr(x.x') = Gi'(p.7) = —5-InTlp = /|, (85)
¥/

where the subleading corrections with T|p —p'| ~ 1 and
smaller are not shown.

Therefore, at finite temperature the space-dependent part
of the monopole action (72),

s N
mon YJmon - -
S™lel ==Y | 4uasGH (Ba = Ps).  (86)
a.b=1
a#b

takes the following form:

Tqg2 al - o
smenfo] = —ﬁz 4aqpInT|py = pyl- (87)
a,b=1

a#b

It implies that at large distances |p, —p,| > 1/T, a
monopole (g, =+1) and an antimonopole (g, = —1)
experience a logarithmically bounding potential. Thus, at
large temperatures, the logarithmic potential becomes
strong and the monopoles and antimonopoles tend to form
bound pairs which cannot support the confinement
property. The binding effect results in a change of the
thermodynamic phase which is known as the Berezinskii-
Kosterlitz-Thouless phase transition [26-28].% The binding
of the (2 + 1)d monopoles is similar to the formation of the
instanton molecules in the finite-temperature (3 + 1)d
Yang-Mills theory [25].

There is a simple way to estimate the transition temper-
ature. Let us consider a single monopole pair (MM) at the
distance |p, — p,| = r. For a moment, let us consider a
discretized space with the lattice spacing a (the smallest
distance between the nearest points) and of the same size L
in x and y directions such that a <« r < L. Therefore, the
number of all possible states of a pair MM pair of the size r
is approximately

v = (£) <2 (88)

where the first term counts the number of possible positions
of the monopole and the second term takes into account the
all possible orientations of the monopole with respect to the
fixed antimonopole. The boundary terms are proportional
to the number of the perimeter states L/a, they give a
subleading correction to (88) linear in L, and therefore they
are neglected. Thus, the contribution of MM the pair of
radius r to the monopole partition function is therefore

*The presence of matter fields can change the type of the finite
temperature deconfining phase transition [29,30].

Zmon(R) = C,N(R)e~ 5w

T a

T 2
= Cyexp [(1 —%) lnﬂ, (89)

where the action of the single MM pair can be deduced from
the total action (87). The constants C; and C, do not play any
role in our derivation. The actual value of the regularization
parameter a does not play a role for determination of the
phase transition point since this parameter appears in the
prefactor of the monopole partition function.

Equation (89) shows that the contribution of the energy
and the entropy has the same functional form. Both
contributions cancel each other at

R Tga
= C,—exp [—ﬂlnz}
a 4

T, = =
Ghon

dr _ ¢
=, 90
/2 (90)

where we took into account Eq. (57). At T > T, the large
distances r are unfavorable and therefore the monopoles
and antimonopoles are bound into the MM pairs. The
confinement is lost at high temperatures. At T < T, the
pairs may be of any size (89) thus signaling the validity of
the confinement regime. We stress that the result for the
critical temperature (90) is obtained in the dilute gas regime
which was implemented throughout our paper. This esti-
mation was done using the asymptotic logarithmic form
(87) of the monopole-antimonopole MM interactions,
where the separations r = |py; — pji;| between the monop-
oles and antimonopoles become large compared to the
inverse temperature, 7. > 1. The charge confinement is
thus realized at large distances.

Similar estimations for the BKT phase transition temper-
ature (90) appear—with an appropriate change of notations
—in the vortex matter [26—28] as well as in non-Abelian
gauge theories in (2 + 1) dimensions [29,30].

Notice that the critical temperature (90) does not depend
on the monopole density ¢, (or, equivalently, on the
fugacity £). This property is easy to understand on physical
grounds. At the critical temperature, all monopoles get
bounded into neutral pairs, and this fact does not depend
how many monopoles were originally in the confinement
phase (here we work in the dilute gas approximation what
neglects nonlinear effects). A large number of monopoles
in the confinement phase will be reduced to a large number
of dipoles, that will not be able to support confinement
anyway.

3. Applicability

The phenomena discussed in our work are described in
the dilute gas approximation. In this regime, the monopole
density is much smaller than the characteristic mass scale
determined by the gauge coupling constant:
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3
Onion < (2‘1)3, OF Onon Ghon < 1. (91)

In the next section, we study the properties of the Green’s
function G(x,x’) in the cylindrical spacetime suitable for
the description of the rotating thermal state. This Green’s
function determines the monopole action (63), the screen-
ing mass (79), and the confining and deconfining properties
of the theory.

It is important to stress that across the deconfinement
transition, the total density of monopoles and antimono-
poles does not experience any change. The transition is of a
geometrical type: these individual objects get combined
into pairs while the total number of monopoles and
antimonopoles does not change. In terms of the thermo-
dynamic quantities, the finite-temperature transition in
cQED is very smooth and, therefore, it is often said, that
the transition is of an infinite order.

Obviously, the confining features of the system are
defined only by the density of the individual monopoles
and anti-monopoles that are unbounded into magnetically
neutral pairs (we refer to Refs. [31,32] for a detailed
discussion).

IV. GREEN’S FUNCTIONS

The important role in determining the dynamics of any
quantum system is played by two-point correlations func-
tions which define the propagation of physical degrees of
freedom in the system. In our case, the two-point function
G(x,x’) enters the monopole action (63). In the dilute gas
regime, one may safely neglect quantum loop corrections to
the propagator G and treat it as the tree-level Green’s
function of the differential operator (58). The simplicity of
the Laplacian operator is well compensated by the com-
plicated nature of the environment where the Green’s
function needs to be evaluated: we need to know
G(x,x’) at finite temperature (with periodic boundary
conditions in the imaginary time direction) subjected to
a uniform rotation in the spatially cylindrical domain with
the spatial Dirichlet boundary conditions.

The finite-temperature Green’s functions in rotating
systems have been discussed in Ref. [16]. Here we choose
another method to address this problem: instead of pre-
senting the Green’s function as a series over the appropriate
eigenfunctions, we use a trick of mirror images to simplify
the expressions. The method of images has been success-
fully used in solving electrostatic problems of classical
electrodynamics [33] (as brief pedagogical introduction to
the subject may be found in Ref. [34]). For practical reasons,
we consider 2 + 1 dimensional Green’s functions in a disk
geometry which are relevant to the problem of confinement
in 2 + 1 dimensional compact electrodynamics. The gener-
alization to higher dimensions is straightforward.

A. Green’s function inside a cylinder

First, we consider a cylinder of the radius R in the
(x1, x,) plane with the center at the origin x; = x, = 0, and
with the axis along the 7 = 7 direction of an infinite height.
We denote

= (7

We consider the symmetric Green’s function,

with ﬁ = (Xl,X2>. (92)

G(x,x') =G, x), (93)
of the Laplacian:
2 2 2
@ 0 0 0
Ay —, 94
o2 o T or 4)
satisfying the equation
AxG(x,x’)Mm,‘ﬁ/kR = —6(x —x’), (95)

and obeying the Dirichlet boundary condition:
G(x,x’)hﬁ‘:R = G(x,x’)hﬁ/l:R =0. (96)

The Green’s function is

G(x,x’)-%( ! - 1, ) (97)

e —x'| e =],

where

o= = /17 -

e -], = {ﬁ PR o

24+ (z=7)2, (98)

1

@—ﬂVT. (99)

The second term in Eq. (97) involves the exterior image

- . . R*
= (p.,7) with p,=p.(p) = ik (100)
of the interior point x mirrored in the reflective surface of
the cylinder.

The Green’s function (97) satisfies the boundary con-
dition (96) because of the following relation for the image

point (100):
(101)
Using the identity

pLlPIp = (102)

I - p. =P PIpl> =17 = p.I?
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one can also show that the Green’s function (97) is a
symmetric function of its variables (93) despite a seemingly
asymmetric representation of the distances (98) and (99). In
the large-radius limit R — oo, the Green’s function reduces
to the standard expression with the second term in Eq. (97)
vanishing.

Similarly to the Green’s function on R?, Eq. (60), the
Green’s function inside the cylinder (97) may also be

rewritten as the integral over the momentum p = (p, p,):
Bp o)
Gew) = [ 515
(27)° p* + p?

x (¢lP5-7) — giPGFIFIRY (103)

In is important to notice that the two-dimensional trans-
verse momentum p is not quantized and the integration
goes over the unbounded region in the momentum space.
This is not an error since the Dirichlet boundary condition
is enforced by the unconventional exponential factors
in Eq. (103).

B. Finite-temperature Green’s function in a disk

As we mentioned above, at a finite temperature 7 > 0,
the symmetry axis = of the cylinder is compactified to a
circle of the length 1/T closed via the periodic boundary
condition. The finite-temperature Green’s function takes
the generic form of a sum along the height of the
compactified cylinder (82). The finite-temperature function
may also be rewritten, similarly to the 7 = O representation
(103), in terms of a sum in the momentum space over the
bosonic Matsubara frequencies w,, = 2aTn:

d2p etw,, —7')
Grlx / 2P+ w)
nez 6()

% (elp (P=p) _ ip-(P—Pp. )\ﬂI/R)

(104)

where the dot denotes the scalar product in two-dimen-
sions, p-p = p;x; + p,x,. Notice that rotation has not
been implemented yet.

In a case when the third coordinates of the points x and y
coincide, 7 = y; [modulo the periodic shits (83)], the
propagator (82) takes a bit more familiar form:

d’p 1

Gr(5.5) = Gr(x.y)loy, = | =25~
1) =Grle)eny = [ G
x (P P=3) — P (P=T.)SI/R) <;+f,r(p)>, (105)

with the Bose-Einstein distribution function

1

fr(p) =T

—. (106)

C. Green’s function in a rotating disk at finite
temperature

1. Derivation

Let us come back to the momentum representation of the
Green’s function (104). The integral over the two-dimen-
sional momentum p may be represented in two equivalent
ways which include either the integral over the angular
variable of the momentum 6, or the sum over the
associated quantized angular momentum m. Let us denote

(Ecos B, &cos ;) with

|r§| Here £ is a vector in the two-dimen-

D= (pcosﬁp,pcose ) and E=

p=|pland &=
sional plane (either Zj p or Zj y). Then the integral over
the momentum may be written as follows:

[

2 © 22 df, .
<50)= [y [ Gaer 000
® pd

= ["E o100,

where J;(x) is the Bessel function of zero order, / = 0, and
O(p) is an arbitrary function of the absolute value of the
momentum p.

The integral over the angle 6, in the momentum space
may also alternatively be rewritten as a sum over the
quantized angular momentum m:

(107)

2 do,
[ 526 = S by, (108)
0 (2 mezZ
in terms of the eigenfunctions
m z = — ei’nefjm N 109
of the two-dimensional Laplacian operator
2 2
(0) _ 0~ O
A 110
¢ 852 to5 862 ( )

In the polar coordinates & + i&, = £e'%, the eigenvalue
equation reads as follows:

(12:2,
§0E™0¢

1 o9?

2 a_9§> Ppn(&) = =P2p(®). (111

To derive Eq. (108), we implemented the plane wave
expansion in two dimensions:

E i ezmHJm

mezZ

zz cos __

(112)

Using the properties of the Bessel functions, it is not
difficult to show that the wave functions (109) form a
complete set of functions on the disk:
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5(6-¢)
¢

< 8(0; - 0y — 211) = 8(E - £).
I

/ pdpdsmBbym(®) =

mezZ

(113)

In order to find the appropriate Green’s function, we do
need to ensure the completeness (113) of these auxiliary
functions on a disk. As will see below, the orthonormal-
ization properties of the functions (109) do not play any
role in our derivation.

The choice of the representation is a matter of conven-
ience. Below we pass to the angular momentum represen-
tation of the integration measure:

/ pdp

Specifically, the Green’s function (104) can now be
identically rewritten as follows:

X’>=TZZ/ pdp : .

neZmeZ

|51 - ¢pm( 21);, (Z20)

Pilp’
R
(115)

(114)

As we discussed earlier, the inclusion of the rotation can be
taken into account via the shift of the Matsubara frequencies:
w, — o, — iQm. Performing this operation in Eq. (115), we
arrive to the following representation of the Green’s function
of the Laplacian on a spatial disk of the radius R in the
reference frame rotating with the angular velocity € at the
finite temperature 7"

Gro(x,x')

lw,,(r—‘r’)
_TZZ/ pdp 2 —iQm)2

neZ meZ

x {¢p,m(ﬁ>¢;m<ﬁ’>—¢pm< ) (")

(116)

where ¢,,,(p) are the eigenfunctions (109) of the two-
dimensional Laplacian.

2. Properties

After performing all these transformations, it is less than
obvious that the expression (116) is indeed the Green’s
function of the Laplacian in rotating frame which satisfy all
necessary requirements that are fulfilled by its counterpart
written in the static frame: It should satisfy the appropriate
Green’s function equation similar to Eq. (95), be symmetric

with respect to the permutation of arguments (93), and obey
the Dirichlet boundary condition at the boundary (96).
Below, we will perform a step-by-step check of all these
requirements.

The main equation.—The Laplacian in the rotating frame in
the imaginary time (after performing the Wick rotation) has
the following form:
? 0 0\?
A — 2 2 iQ 117
o= g2t gt (af : aa) (117)

Taking into account that the wave function

¢p,m,n (x) = eiwansp,m(ﬁ) (118)
is the eigenfunction of the Laplacian (117),
(AG) + P2 + (@, = iQmP)hy a(x) =0, (119)

we determine that the first term in the square brackets of
Eq. (116) gives us:

ASYGrg(x,x') = =5(x — '),

(120)
where the delta function takes the periodicity with respect
to the compactified time direction:

Sx—x') =08 —p)) s(z—7 —1/T). (121)
1

The second term in the square brackets of Eq. (116) does
not contribute to Eq. (120) because the points in this term
are located at different sides with respect to the disk’s
boundary.

The symmetry under the flip of the arguments.— In the first
term in the square brackets of Eq. (116), the permutation of
the arguments is equivalent to the flipping of the sign in
front of the angular momentum, m — —m:

¢p,m (ﬁ/)(b;,m (ﬁ) = ¢p,—m (ﬁ)(ﬁ;,—m (ﬁ/) .

This fact follows from the definition of the wave func-
tion (109).

It is less obvious but easy to show that the same is also
true for the second term in the square brackets of Eq. (116):

¢,,,m< Ip|>¢pm(p*lpl)
:¢p,—m< | |>¢p m( *I|ep|>7 (123)

since the mirror point g, defined in Eq. (100) has the same
angular coordinate, 6, =6 and satisfies the identity

(122)
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|5.1|P| = R?. The flip in m is compensated by the change
of the angular summation variable m — —m and a simul-
taneous flip in the sum n — —n over the Matsubara
frequencies in Eq. (116). We thus prove the anticipated
symmetry:

Gro(x,x')

= GroX. x). (124)

Boundary condition.—The property (101) of the mirror
point (100) implies that if the point p’ touches the boundary
of the disk, |p'| = R, then the second term in the square
brackets of Eq. (116) becomes equal to the first term and
the Green’s function (116) vanishes identically. Due to the
symmetry (124), the same statement is valid for the p point.
We arrive to the conclusion that the Green’s function (116)
satisfies the required Dirichlet boundary condition:

GT.Q(x»x/)hﬁ\:R =Gro(*.x')|j7 =z = 0. (125)
Thus, the boundary is a reflecting surface and the particles
cannot travel outside the rotating disk.

3. Coinciding points

It is easier to analyze the propagator at coinciding
imaginary times, 7 = 7’. In this case, the Green’s function
(116) may be rewritten in the following form:

Gra(p.r')

—GTQ(x x' |T =7 — / dp
mEZ

. {1 + elp+Qm)/T _q + e(p—Qm)/ - 1]
. plp pLlp
< B0 ) = b (" )P |
(126)
where we used the summation identity (46):
T
; (w, — iQm)?
1 ! 127
=2, Mt e —1 e —7|0 127

with p =|p|. Due to the translational invariance, the
Green’s function (126) does not depend on imaginary
time. We also notice in Eq. (126) two Bose-Einstein
distribution functions (106) with the energies modified
by rotation.

At the coinciding spatial points, understood as a limit
p — p (or, equivalently, as x’ — x), we get:

GT,Q(P) = GT,Q(xJC/)

- [
W mezdo 4w
| 1 1
O R P R P vV

< [t - o1, (25 |

(128)

where we used Eq. (109) and denoted the radial variable
p = |p|. The expression (128) is formally divergent and
therefore an ultraviolet regularization of the integral and the
sum are implicitly assumed (we will consider the regulari-
zation shortly below). Finally, it is worth reminding that
Eq. (128) is valid only inside the disk, at p < R.

From the form of Eq. (128), we can immediately make
two conclusions. First, the particle in the very center is not
affected by the rotation since Gr o(0) = G7(0). Indeed, the
Bessel function vanish at vanishing arguments unless
m=0. At m =0, however, the Green’s function loses
the dependence on the rotation frequency €. Second, the
Green'’s function vanishes at the boundary, G o(R) = 0, as
expected.

4. Causality

The causality of a rigidly rotating disk is maintained
provided the angular frequency is bounded, |Q|R < 1, so
that the boundary of the disk rotates with velocity smaller
than the speed of light. Since the particle cannot escape the
disk, the causality property is maintained.

However, one may still question the validity of the
causality for the proposed representation of the propagator
because we have chosen the representation (116) in which
the radial momentum is not quantized. While this non-
quantization property is a technically convenient feature of
our representation, it puts a shadow on the validity of the
causality principle in our solution as the non-quantization
of the transverse momentum is usually associated with
unbounded, and thus causality-violating, when rigidly
rotating, domains.

The potential violation of the causality could be well
guessed in Eq. (128). To this end, let us assume that the
factors in the round brackets are associated with the Bose-
Einstein occupation numbers which may become negative
provided p £ Qm < 0. This would-be unphysical behavior
does not appear in a traditional approach where the
momenta p = p,,; are quantized and p,,; = Qm > 0 for
any angular m and radial / quantum numbers.

The causality violation leads to an accumulation of an
infinite tower of the states with a negative occupation
numbers. For example, for a clockwise rotation (€ > 0),
this dangerous tower builds up at a fixed p and sufficiently
large positive m:
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1
fT(p,)_W/T_l<O fOI‘m>p/Q

= (129)

e

In our representation, the unphysical, negative-occupa-

tion tower does not exist due to the presence of the second,

image-mirrored term in propagator (116). It’s role is well

seen in Eq. (128). To this end we use the large-order
representation of the Bessel functions,

Tn(z) = (130)

1 ( ez ) m

— + .
2m \2m
where we consider a finite argument z and take m to be
positive real values (similar arguments hold for negative
values as well). Substituting this expansion in Eq. (128), we
see that the leading terms in the square brackets exactly
cancel each other and the negative tower never builds up.
Moreover, the problematic negative last term in the round
brackets cancels with the first term, thus leaving only the
first Bose-Einstein term with the correct, positive occupa-
tion number. The same is obviously true for the counter-
clockwise rotation Q < 0, where the Bose-Einstein terms
exchange their roles.

This result can be understood on physical grounds: the
causality cannot be broken since the interior and exterior of
the disk do not communicate with each other while every
point of the disk rotates with the velocity lower than the
speed of light (|]Q|R < 1). Thus, we refute the suspected
causality violation in our representation (116) of the finite-
temperature Green’s function in the rotating frame by
highlighting the important role that is played by the second
(image mirror) term in the square brackets of Eq. (116). The
presence of this term restores the causality of the Green’s
function. Our result is in line with the general proof that the
Dirichlet boundary condition for a scalar field on a surface
with |Q|R < 0 always gives p £ Qm > 0 [35].

5. Physical Green’s function: Can cold vacuum rotate?

Based on physical grounds, we expect that the answer to
this question is “no”: the vacuum is a Lorentz-invariant
environment which cannot rotate because there is no
substance that can be rotated. As a result, we expect that
the propagator of physical particle should not depend on
the angular frequency at zero temperature and in the
absence of matter. [6,8]. However, one may easily check
that our propagator (116) does depend on Q at 7 = 0. This
property does not mean that the expression is subjected of a
mathematical inaccuracy. On the contrary, we have checked
that our formula for the Green’s function fulfills all the
requirements imposed on the latter. A resolution of this
issue has a physical rather than mathematical nature.

A Green’s function of any operator is identified up to
bilinear combinations of zero modes which are vanishing
under the action of this operator. Since our derivation
differs from the standard approach which employs the sum

over all the modes, the difference between these two
approaches appears due to omission of these zero modes.
For example, the mathematical definition of the Coulomb
Green’s function allows its determination up to an arbitrary
harmonic function.

Usually, the correct Green’s function is selected out of
many others on physical grounds (for example, based on an
appropriate behavior of the Green’s function at asymptoti-
cally large values of it arguments in a spatially uncon-
strained volume). In our bounded space, this requirement is
no more applicable, and therefore we use the other argu-
ment: we require that the physical Green’s function is
independent of the angular frequency € at zero temper-
ature 7.

The physical Green’s function, constrained by these
conditions, is given by the following formula:

Gr%%s(x,x’) =Grox,x') = Gr_q(x,x)

+ Gr_po-0(x.X'), (131)
with G7 o (x,x’) given in Eq. (116).

For the physical definition (131) of the Green’s function,
we get, obviously,

A GRE(ex) = —d(c—x).  (132)
in addition to the correct boundary conditions,
hys hys
Gl (x.%')] 5120 = Gry (*,%') | 120 = O, (133)
the permutational symmetry,
hys hys
Gra (x.x') = Gy (¥'.x), (134)
and the correct physical limits:
Gf}tzg,g(x’x/) = Gr_g0-o(x.x'), (135)
G o(®.x') = Groo(x.x). (136)

For coinciding points, one immediately gets from
Eqgs. (131) and (128):

o= [ [t - (7F)

mez

O(p+Qm)  O(p—Qm)
X(”ewmmw_l Soomr_y) (137)

6. Faster-than-light rotation

In order to further cross-check our results, we would like
to make sure that the physical Green’s function (131) gives
us an unphysical result if the causality condition is violated.
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To this end, it is sufficient to notice from Eq. (137) that the
integration over the transverse momentum proceeds up to
the point p = |Qm|. Taking, for simplicity, Q > 0 and
m > 0, we obtain that close to this point in the momentum
and at high angular velocities, the Bessel functions contain
a simple pole

1
Jnu(mz) ~ , 138
(m2) ~ = (138)
which translates to three singularities in Eq. (137):
1 1 1
1-02,2" 1p2’ 2 4/p2" (139)
—sap vV1-Q°R V1=Qp*/R

As expected, these singularities will make the expression
(137) divergent provided the causality condition is bro-
ken, Q2R? > 1.

7. Angular frequency dependence

The monopole density (78) depends on the propagator
evaluated at coinciding points (76). In order to figure out
the effect of the rotation on the monopole density, we
should estimate the dependence of the propagator (137) on
the angular frequency €. This propagator contains an
uninteresting zero-temperature part which does not depend
on Q. The subtraction of this contribution from the full
Green’s function,

Gar(p) = G& (0) = Gy ao(p).  (140)
amounts to removing the unity from the round brackets in
the propagator (137) at coinciding points. Notice that
according to Eq. (137), the propagator (140) does not
depend on the angular frequency Q at the axis of rota-
tion, p = 0.

The quantity (140) is a sum of a finite and divergent
parts, respectively:

Gar(p) =

Garr(p) + 9o (p)- (141)

The finite part has the following form:

Ju(PR)J,,(pp*/R)
e(ptam)/T _ |

dpJ5(pp)—
i)=Y [

2. [eodp 1 5 5
+ZLmZ€<p_Qm)/T—1 [Jm(pp)_Jm(me)

m=1

+J,,(mQR)J,, (mip 2) —J,.(pR),, (pr’z)] .
(142)

where we implied, without loss of generality, Q > 0.

0.06
0.05

QR=04
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QR=0.9

FIG. 2. The correction (140) to the same-point Green’s function
induced by rotation with the angular frequency Q at temperature

= 1/R. The insets show the behavior of the factor f given
in Eq. (145).

The second term in Eq. (141) appears because the
massless field theories in 2 + 1 dimensions contain soft
logarithmic divergences, regularized by an infrared cutoff
Ag. It is well known that in cQED this divergence cannot
be removed via, for example, a mass-gap generation typical
for an interacting theory. On the contrary, this divergence
represents a long-range interaction between the monopoles
and its absence signals the loss of the mass-gap generation
and the confinement phenomena.

On physical grounds, we fix the cutoff to the radius of
the disk, Aig = 1/R, and get:

Gayr(p) = h(T)falp), (143)
where
W(T) = 2—Tﬂlog(RT) (144)
is a temperature prefactor and
folp) = 3 [me) = 2, ()| 149

is a radial factor expressed as the quickly converging sum
over the angular momentum m. The dependence of the
finite-Q correction (140) to same-point Green’s function as
well as the behavior of the factor fo are shown in Fig. 2.
The response of the Green’s function to the rotation is
important for the confining properties of the rotating
compact electrodynamics that we will discuss in the next
section.

D. Rotation at imaginary angular frequency: Wick
rotation to imaginary time

In this section, we consider the same system but at a
purely imaginary angular frequency €;, Eq. (43). Our aim
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is to find a suitable representation of the scalar finite-
temperature Green’s function in the rotating background
via analytical continuation from the imaginary angular
frequency €2; to the real angular frequency Q. We will
shortly see that the imaginary-frequency approach may also
be suitable, besides applications in numerical lattice sim-
ulations, for certain analytical approaches as well.

We take the representation (116) of the Green’s function
with imaginary frequency (43):

GTQ,(x’x)
eia),,(f—f’)
=T / pdp
m’znezz 0 p2+(wn+glm)2
- AN
X |:¢pm(p) p.m ( ) ¢pm< > pm< R s

(146)

and replace the sum over Matsubara frequencies w,, by an
integral over the continuous momentum p.. To this end we
substitute in Eq. (146) the following identity:

TZf(a)

nez

/ e yinify(p,).  (147)
lez

and shift p, — p, — Q;m. We get:

Gryo, (x,x")

:Z/ dp’/ pdp Sy —
Imez /— p*+p:

< BP0 5) = ("0 ) 50 (")

The next step is to use the explicit form (109) of the
eigenfunctions ¢, ,,(p p) as well as the plane wave expansion
(112) to show that

> P B) (P )T m = HIT)

mezZ

i(p:=Qm)(z—7)

2,
_ / g dgpz eipx cos [0, +0-Q,7]—ipx' cos [0,40 —Q;(7'+1/T)]
0 (27[)

_ / ¥ 0y (e (148)
0 (27‘[)2
where p(7) is defined in the following way:
p1(7) +ipa(7) = [p1(0) + ipy(0)]e 7. (149)

The interpretation of Eq. (149) is straightforward: as the
imaginary time 7 increases, the spatial vector p(z) rotates
about the origin with the frequency equal to the imaginary
angular frequency ;.

The propagator reduces to

dp 1
Grg,(x,x') = / 27)? P
ez )

x {expliplx(z) —x'(7' + 1/T)]]

—explip[¥(z) — X.(' + [/T)]]}, (150)

(P, p.) is the three-dimensional momentum,

(p(2),7),

is the spacetime coordinate with follows the helix (149) in
the imaginary time with the period €;, and

st = (Zlt0ne).

The integral over the momentum p in Eq. (150) can be
easily taken (60). We get the following coordinate repre-
sentation of the finite-temperature Green’s function at
purely imaginary rotational frequency Q; = —iQ:

where p =

x(7) = (151)

(152)

1 1
GTQ,(xx) 4”2{|x(7)—x’(1’+1/T)]|

lez

_ ! }
(0 =@+ YT,

where p(7) is given in Eq. (149) and the distance |...]|, is
defined in Eq. (99). This Green’s function vanishes if one of
the arguments touches the boundary (if either |p| = R
or |7/| =R).

The interpretation of Eq. (153) is straightforward: the
imaginary frequency Q; makes the spatial coordinates p
rotating about the origin with the angular frequency €2;. The
first term accounts for the direct propagation between the
points while the second term takes into account a reflection
at the cylindrical boundary. Thus, the real rotation in the
real space is mapped to the imaginary rotation of the
identical spacetime copies in the Wick-rotated Euclidean
spacetime. A similar representation for the fermionic
propagator can be found in Ref. [36].

In the absence of the imaginary rotation, Q; = 0, the
helicoidal worldlines become straight lines and the Green’s
function (153) expectedly reduces to Eq. (84).
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Finally, we would like to stress that the Green’s function
(153) is a periodic function of the imaginary time similarly
to the Green’s function in the absence of rotation (83):

m m’
Gra, (x + Ter1y> =Grg, <x,y +?e‘5>

= Gro,(x.y), (154)

where m, m’ € Z. The periodicity (154) is obvious in the
momentum representation (146) and it may also be seen in
the coordinate representation of the Green’s function (153).

E. High-temperature or long-distance limit

1. Green’s function of a static disk

In the high-temperature limit (or, equivalently, in the
long-distance limit)
Tip-p'|>1, T|p—p.>1, (155)
the finite-temperature Green’s function (103) takes the
following form (the leading term is shown only):

T (=7 R
G2 /),/)/ :__1n<_> >
A A Al

which corresponds, up to the temperature factor 7, to the
Green’s function of the two-dimensional Laplacian oper-
ator inside the disk of the radius R:

(156)

ACVGH (5. p) = ~Ts(p - 7). (157)
where the mirror image point g, in Eq. (156) is defined
in Eq. (100).

The Green’s function (156) is expectedly symmetric with
respect to the exchange of its arguments, G3(p,p') =
G#(p',p). It also satisfies the Dirichlet conditions at the
boundary: G3¢(p, p') = Oifeither || = Ror|p'| = R. Fora
large disk, R — oo, the result (156) reduces ot the well-
known expression in two dimensions (85).

2. Green’s function of a rotating disk
Applying the same arguments to the Green’s function of
a disk (153) rotating with the (imaginary) frequency Q; we
get:
G, (.7') =

T
4 |:HQ,(,0H0/’9 - 6/)

—Hgl<p£ R.O- 9')] (158)

where we use our standard notations p; + ip, = pe’, and
defined the integral along the helix:

dg
—00\/E + a® + b* = 2ab cos(0 + Q&) '
(159)

HQI (a, b, 9) =

Since the logarithmic divergence of this integral does not
involve the physical parameters a, b, 6 and €;, the
divergence may easily be regularized. In the absence of
rotation, we recover Eq. (156) because

Hy(a,b,0) = —log(a® + b* —2abcos @) + C. (160)

For the rotating system, the integral (159) cannot be
taken analytically. For small rotational frequencies Q;, the
integral can however be expanded in the series over ; and
the Green’s function (158) becomes as follows:
G (3.7) = G¥(5.7) + G P (B.5)%} + ... (161)
The first term in this expression is given in Eq. (156). To
calculate the second term, we represent the integrand in
Eq. (159) via another integral,

1 1 [~ dy
Ja :n/_mxz e (162)

and change the integration over the Cartesian coordinates y
and £ to the polar basis, y + i = Ae?:

0 2r d(p
H b,0) = di? —
Q,(a, , ) A A o

X
P+ a>+b?

—2abcos(0 + QAsing)
(163)

It is convenient to consider the difference of the H
functions in Eq. (158) rather than the functions H indi-
vidually because this difference does not contain the
logarithmic ultraviolet divergence. Then, expanding both
terms (163) in the imaginary frequency Q; and performing
the straightforward integration, we obtain for the coefficient
of the second term,

G35 =G p.p.0-0).  (164)
the following finite result (with 6,, =6 — 0')
@ (p.p.6,,)
-7 R
(pp'cos@, )1 <ﬁ —
p=p.117|
1 2(p2sin6,, )< LK > (165)
A e
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We wrote Eq. (165) in the mixed notations:

ﬁ_ﬁ/Z_ p2+p/2
Mm%:||2< ).

= 2 (2 21\ 2

PZPQSinzgpp’ — ,02,0/2 _ ( 5

Notice that the last line in Eq. (165) is not divergent since
for the close points with p = p/, one gets |p—p'|> =
4p?sin® @/2 ~ p*#* in the denominator of the first term,
which is cancelled by the overall factor in the numerator,
sin? @ ~ 6. The last term in the second line is not divergent
in the bulk. For growing separations between the points,
|p — p'|, the second line in Eq. (165) gives a subleading
contribution with respect to the first line and thus the
second line will be ignored in the following.

Thus, the finite-temperature Green’s function of the
rotating disk at the imaginary momentum in a long-distance
(or, equivalently, a high-temperature) limit takes the fol-
lowing form:

. T Q?
Gifo, (P7) = —5- (1 — - pp/ cos 9,),)f>

5_7 R
xln(lf {,)/|T/>+,

where the ellipsis denote the omitted subleading terms.

Analytically continuing Eq. (167) to the real values of
the orbital momentum, Q7 — —Q? we get the leading
correction due to rotation to the Green’s function in the
large distance regime (|p — p'|T > 1):

(167)

2
G (p.p) = _r 1+§i "cos(0— @)
2\ (p.p > SPp

== p
p =117

This formula will be used in the next section to analyze the
effect of rotation on the confining properties of the system.

(168)

V. ROTATION AND DECONFINEMENT

In this section, we consider the effect of the rotation on
confinement and mass gap generation with the confining
cU(1) gauge theory. Since any uniformly rotating system
should be spatially bounded, we expect the appearance of
the effects coming both from the presence of the boundary
and from the effects of rotation. We discuss both these
effects concentrating on the properties of the system in
the bulk.

A. Deconfinement in a static system

1. Effect of boundaries on monopole density at T =0

The presence of boundaries can modify the properties of
the monopole gas even in the absence of rotation at zero
temperature. Therefore, we expect that the boundaries may
potentially affect the confining properties of the cU(1) gauge
theory as well. In our work, we always consider systems
which are much larger with respect to the Debye length (79)
defined at a vanishing temperature, R > 1, (T = 0).

In order to estimate the effects of boundaries, temper-
ature, and rotation on monopole density, we use the relation
of the monopole density to the monopole fugacity in
Eq. (78), the renormalization of the fugacity (76) via the
Green’s function, and the exact form of the Green’s
function (97) at zero temperature. The ratio of the monop-
ole density ¢, (p) at the distance p from the center of the
disk to the monopole density computed at the very center of
the disk is as follows:

_ T p B
Qnen(0) T <ﬁR27_pz>’ (T=0). (169)

The behavior of the monopole density for a set of coupling
constants g is shown in Fig. 3.

The density (169) becomes large as we approach the
boundary, p — R.This divergence is a natural property of the
“magnetic” boundary characterized by the MIT condition
(66): a positively charged monopole creates an image in the
reflecting mirror and attracts to it, thus creating the excess of
the monopoles (and antimonopoles) close to the boundary.
Asone can see from Fig. 3, the stronger the coupling constant
g, the stronger the attraction. The monopoles form pairs

20 : . .
Q=0 T=0
5 15
5 )
: 22R=0.1
210
=
8
£ S 2R=1
22R=10
0
0.0 0.2 0.4 0.6 0.8 1.0
pIR
FIG. 3. Monopole density (169) at zero temperature (7 = 0) in

the absence of rotation (2 = 0) as the function of the distance
from the center p at various values of the coupling constant ¢?.
The plots do not reflect correctly the properties of the density
close to the boundary (with R — p < R) because in this region,
the density diverges and the dilute gas approximation (91) is no
more valid.
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with their anti-monopole images (and vice-versa) at the
boundaries.

The fact that the monopole density rises as we approach
the boundary (169) implies that the string tension (81) and
the Debye mass take their minima at the center of the disk
and they both increase toward the border of the system:

a(p) _ mpn(p) 1 pT,

exp <4R2 —p2>’ (T =0). (170)
Our calculations are not valid in the very vicinity of the
boundary because Eqgs. (169) and (170) were obtained in
the dilute gas approximation which is evidently broken at
the edge of the system. In our calculations, we assume that
we are not approaching the boundary too close, so that the
applicability condition (91) is still valid. We recall that
the quantity @,,,, corresponds to the total number of the
monopoles and antimonopoles regardless of their charges.
The vacuum is magnetically neutral so that mean densities
of monopoles and antimonopoles are equal to each other in
every point.

2. Boundary effects on monopole density at T # 0

In the high-temperature limit (or long-distance limit) the
Green’s function (103) is given by a combination of the
logarithms (156). Repeating the steps that led us to
expression (169) but now with the dimensionally reduced
Green’s function (156), we get the following behavior of
the monopole density as the function of the distance to the
center p of the disk:

Qmon(p’ T) _ ( Rz >%

Q@mon (0) R - P g ’

where T, = ¢?/x is the critical temperature of the decon-

fining BKT transition in the infinite volume (90). The

monopole density (171) increases toward the boundary, but

at finite temperature this effect is much smoother as

compared to the zero-temperature behavior (169).

According to Eq. (155), the expression (171) is valid

provided the distance between the point g and its image
p, is larger than the thermal length, |p — p,|T < 1, or

(171)

(R? = p})T > p. (172)
The monopole density at zero temperature, Fig. 3, and
the monopole density at finite temperature, Fig. 4, may be
reconciled together by noticing that the weak-coupling
limit, g — 0, naturally corresponds to high values of the
ratio T/T, at fixed temperature 7. A similar statement is
true for the opposite limit of the strong coupling. Notice,
however, that due to the condition (172), a low-temperature
limit 7 — 0, the finite-temperature results can only be
trusted sufficiently close to the rotation center, p — 0.

10

Q=0

o0

6 T/T=10

4 T/Tc*:i

Omon (P)/ 0mon (0)

7/T.=0.1
0.0 0.2 0.4 0.6 0.8 1.0
PIR

FIG. 4. Monopole density (171) at various temperatures 7 in a
nonrotating plasma (€ = 0). The applicability criterium (172)
implies that the behavior close to the boundary cannot be trusted
in the dilute gas approximation.

3. Effect of boundaries on deconfinement temperature

We have already discussed the deconfinement transition
in the static system in an infinite volume via the phase
transition of the Berezinskii-Kosterlitz-Thouless (BKT)
type with the critical temperature (90). At the critical
temperature 7., the instanton-like monopoles get bounded
into magnetically neutral monopole-antimonopole pairs. At
large distances, the magnetic field of the magnetically
neutral monopole pairs falls down much faster compared to
the field of individual monopoles, and the long-range
confining property of the system is lost.

In the disk-shaped space, the monopole action gets the
form dictated by Eqgs. (86) and (156):

gmon |pa pb‘ )
gmon — _ In 173
=3 a0 <|pu—p,,*||pb| {173)

ab=1

a#b

The presence of the boundary does not modify the BKT
transition temperature because the coefficient in front of the
logarithmic term in the monopole action, In [p — 7’|, is not
modified. The nature of the phase transition should,
however, be modified since the finite volume may not
support a genuine phase transition. Usually, in a finite
volume, phase transitions become smooth crossovers and
the appropriate critical points are associated with the
“pseudo-critical” rather than critical temperatures. We will
continue to call them “critical” while keeping in mind their
possible crossover nature.

The interaction potential gets the contribution due to the
attractive interaction (In|p — p’|) of a monopole with its
image (156) which gives a small polynomial correction to
the energy of a monopole pair close to the center of the disk
p'| < R). Thus, we expect that the presence of
the boundaries enhances the confinement closer to these
boundaries without, however, modifying the deconfine-
ment temperature of the BKT transition in the bulk.
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In more detail, the numerator inside the logarithm of
Eq. (156) corresponds to the attraction of monopoles and
antimonopoles, and to the mutual repulsion of two monop-
oles and, separately, of two antimonopoles. The denomi-
nator in Eq. (156) appears as the result of the presence of
the boundary, as it describes the attraction of a monopole
and an image of another monopole (and, likewise, with
the antimonopoles). The same denominator describes the
repulsion of the antimonopole and an image of the
monopole, and vice versa. As we see from this expression,
the denominator does not renormalize the temperature of
the phase transition.

One could therefore expect that the presence of the
boundary diminishes the confining properties of the
Coulomb plasma of monopoles and antimonopoles since
they appear together with their mirror images that have a
screening effect on the magnetic field. In other words, the
monopoles and antimonopoles get self-screened by their
images if they approach the boundary too close. Therefore,
the confinement should become less pronounced closer to
the boundary, despite the fact that the monopole density
(171) rises in the boundary’s vicinity. However, this
boundary-induced screening is indeed a purely boundary
effect which should only be effective within one Debye
distance (79) from the edge of the system, (R —p) ~ 1p.
We do not discuss it in the following, since we are
interested in the bulk properties of the Coulomb plasma
of monopoles.

We conclude that the bulk deconfinement temperature is
not affected by the presence of the distant boundary (with
R > Ap) so that the critical temperature in the bulk of the
disk coincides with the critical temperature in the infinite
volume (90).

B. Deconfinement in a rotating system

The rotation may, however, affect the phase structure of
the theory. In this section, we address this question by
studying the effect of the rotation on the monopole density
and on the confining properties of the Coulomb gas of
monopoles.

1. Effect of rotation on monopole density

Similarly to the case of the static system, the rotation
affects the monopole density (78) via the renormalization
(76) of the fugacity parameter by the Q-dependent part of
the Green’s function (168). Since the Green’s function is
known analytically only to the O(Q?) order, we use a
numerical approach to evaluate the contribution of rotation
to the Green’s function (140) at large angular frequency Q.

It is convenient to study the ratio of the densities,

mon (2> T’ € 272
%:ex {_FQQT(p)}’ (174)

0.0 02 0.4 0.6 0.8 1.0
p/R

FIG. 5. The ratio (174) of the monopole density at the angular
velocity Q and the temperature 7 at the distance p from the center
of rotation to the monopole density at the same distance but for
the vacuum at 7 = Q = 0.

which quantifies the effect of the rotation on the monopole
density.

The quantity (174) evaluates the combined effect of the
angular rotation and temperature at a fixed distance p from
the axis of rotation. This quantity has a different meaning as
compared to the ratios studied previously: both the ratio
(169) at zero temperature, shown in Fig. 3, and the ratio
(171) at finite temperature, illustrated in Fig. 4, relate the
densities at a finite distance p with the density at the center
of rotation.

The behavior of the same-point propagator in the right-
hand side of Eq. (174) has already been demonstrated in
Fig. 2. The result of a calculation of the ratio (174) at fixed
values of temperature 7" and coupling ¢ is shown in Fig. 5.

According to the definition of the Green’s function
(140), the monopole density at the axis of rotation p = 0
does not dependent on the angular frequency € since
Omon (0, T, Q) = 01,0n(0, T, 0). The density rises toward the
boundary in agreement with the results of the previous
section. As the angular velocity increases, the monopole
density gets shifted toward the border of the system. The
latter fact may be attributed to the centrifugal force acting
on the monopoles. The effect of the angular frequency
vanishes identically at the edge of the system due to the
reflective nature of the boundary: the physical one-site
Green’s function (140) is zero at p = R.

2. Effect of rotation on confinement

As we have already mentioned, the value of the monop-
ole density does not affect the critical temperature of the
deconfinement phase transition. This conclusion, valid in
the dilute gas approximation, comes from the fact that the
BKT mechanism bounds, at certain critical temperature, all
monopoles and antimonopoles into magnetically neutral
pairs regardless of their initial density. The position of the
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critical transition is determined by the form of the inter-
action between the monopoles rather than by their quantity.

The uniform rotation does indeed modify the prefactor in
front of the logarithmic term of the Green’s function (168)
which enters the monopole action (86) and thus governs the
finite-temperature interaction between the monopoles. Let
us analyze this Green’s function in detail, concentrating on
the leading-order O(Q?) correction to the logarithmic
interaction term.

First of all, we notice that the rotation does not influence
the interaction between two (anti)monopoles if one of them
is located exactly at the center of rotation (p = 0 or p’ = 0).
Mathematically, the effect appears because the rotational
correction to the interaction (168) vanishes identically in
this case. The effect of rotation is small for the monopoles
which are located close to the rotation axis, with pQ < 1
or p)Q < 1.

Far away from the center, the rotational effects becomes
noticeable. Consider two nearby points p and g’ such that
1< |p=p|T < pQ=~p'Q. In this case, we may set the
angle 6 between the vectors g and p’ to zero in Eq. (168),
60 = 0, an the Green’s function takes the following form:

GZT(?Q(—)7/7):_

Ta(\Vpr'), (lP=P| R
In| >—7= ]+ (175)
27 =17
The effect of rotation may be incorporated in the spatial
variation in the temperature, T — Tq(p). The effective
temperature,

Ta(p) = T(0) (1 + %szz + 0(94)> (176)

acquires the dependence on the distance from the axis of

rotation to the monopoles, p ~ p’ ~ +/pp’. The monopole
action then becomes:

2 N
g
smon ==Y daasTa(Voupy)

a.b=1

a#b

5 -5, R
<In (M_)

|Pa = Pi<| Dbl

In the absence of rotation, Q = 0, this action expectedly
reduces to Eq. (173).

What is the physical origin of the appearance of the
effective temperature (176)? The temperature of a rotating
physical body is defined in the corotating reference frame
in which the body is static. In two spatial dimensions of the
three-dimensional Minkowski spacetime, the corotating
reference frame can be represented in terms of the curvi-
linear metric

(177)

1= (x> +yH)Q% yQ —xQ
G = 0 -1 0 |. (79
—xQ 0 -1

with the line element (in the cylindrical coordinates):

ds* = Guydx*dx”

= (1 = p?Q?)dt* — 2p*Qdtde — dp* — p*dg*. (179)
The rotation induces an effective gravitational field which
is responsible, in particular, for the centrifugal forces.

In a background gravitational field, the temperature 7" =
T(x) of a system in a thermal equilibrium is a local quantity
defined by the Tolman-Ehrenfest law [37,38]:

T(x)\/goo(x) = To.

where gq, is the component of the metric tensor. The
reference temperature 7, corresponds to a spatial point
X = xg at which go(xg) = 1.

For the rotating system (178), the relevant component of
the metric tensor is gy = 1 — p?>Q%. We find that the
temperature (176), which enters the monopole action,
coincides exactly with the Tolman-Ehrenfest temperature
(180) within the computed O(Q?) order. The reference
quantity 7o = T(0) is the local temperature at the axis of
rotation, p = 0. Therefore, the influence of rotation reduces
to the Tolman-Ehrenfest effect acting on the monopoles.

It is important to notice that it is the reference temper-
ature Tp—and not the local temperature 7'(x)—which is
used in the imaginary-time formalism of the thermalized
system and which is also implemented in the numerical
simulations of lattice gauge theories [12,15].

The prefactor in front of the logarithmic term in the
monopole action defines the phases of the monopole gas
determining whether they are forming a Coulomb gas of
individual objects (the confining phase) or are bounded into
the neutral pairs (the deconfinement phase). Proceeding
then along the lines that led us from Eq. (86) to Eq. (90), we
find that the coordinate-dependent prefactor of the monop-
ole action (175) implies that in the rotating environment,
the confinement is the coordinate-dependent property:

(180)

To(p) <T.o (confinement), (181a)

(deconfinement), (181b)

TQ (,0 ) > Tc,oo
where T, = g*/m is the critical temperature in the
thermodynamically large, nonrotating system (90). The
relations (181) should be understood in a quasilocal sense
because the width of the spatial transition region between
the two phases is of the order of the Debye length (79).

Using the Tolman-Ehrenfest law (180), supported by our
calculations (176), we find the critical line of the
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FIG. 6. The local phase structure of the uniformly rotating
confining field theory as a function of temperature 7" and radius p
in a cylinder of a finite radius R (with R < 1/Q).

deconfinement transition in the

plane:

temperature-radius

(TC—(’))>2+92p2 =1.

182
Tom (182)
Since any physical system preserves the causality property,
Q?p? < 1, the critical temperature (182) is a well-defined
quantity.

Thus, we find that the uniformly rotating system pos-
sesses two transition temperatures:
T, = Tc,oo I QZRQ, T, = TCVOO' (183)
The pure confinement phase is realized at T < T,;. The
mixed phase, which supports the confinement phase close
to the rotational axis and the deconfinement phase in the
outer layer, exists in between the upper and lower critical
temperatures 7.y < T < T,,. The deconfining transition in
the mixed phase appears at the following critical radius:

1 T2 \ 1/2
Rczﬁ(l—m> N Tcl <T<T02, (184)

where we set Q > 0. Finally, the pure confining phase is
realized at T > T,,. According to Eq. (182), the mixed
phase disappears in the absence of rotation, because
T.(Q=0)=T..

From Eq. (183) one can make an important conclusion:
in a uniformly rotating system, the deconfining transition to
the mixed phase may appear at any arbitrarily low, but still
nonzero, temperature, provided the system rotates with a
sufficiently large frequency, QR ~ 1 (which does not
exceed, however, the causality threshold QR < 1).

The phase diagram of the rotating confining system is
shown in Fig. 6, where the confinement, mixed, and
deconfinement phases are presented. The spatial structure
of these phases is illustrated in Fig. 7.

Mixed Deconfinement

Confinement

0 Tc 1 Tc2 T

FIG. 7. Ilustration of the confining, mixed, and deconfining
phases of the uniformly rotating system at finite temperature.

In a loose sense, the properties of (anti)monopoles under
rotation may be interpreted as a result of the centrifugal
force acting on these objects. The centrifugal force affects
not only individual (anti-)monopoles via the increase of
their density at the edges of the system, this force also
modifies the interactions between the monopoles thus
lowering the temperature of the deconfining transition.
The deconfining effect increases as we approach the edge
of the system. However, there is no effect of rotation neither
on the deconfinement temperature nor on the density of
monopoles at the very center of the rotating system.

We expect that the same conclusions can also be applied
to the theories in three spatial dimensions. It is difficult to
speculate about confinement phenomenon in Yang-Mills
theory starting from the first principles, but one could
address the problem in the language of the effective
theories which describe the confinement phenomenon.
The rise of the kinetic temperature toward the edges of
the rotating system will lead to the emergence of the mixed
confining-deconfining phase, Fig. 7, sliced in between the
pure confining and pure deconfining phases of Yang-Mills
theory.

3. Comparison with existing results

The only available first-principle lattice calculation of
the deconfinement transition in pure SU(3) gluodynamics
indicates that the rotation at the imaginary angular fre-
quency Q = i€, increases the expectation value of the bulk
Polyakov loop at any fixed temperature around the decon-
fining phase transition [12]. The temperature, correspond-
ing to the position of the susceptibility peak, decreases
quadratically with the imaginary frequency ;. The latter
property implies, via analytical continuation, that the
critical temperature increases quadratically with the physi-
cal angular frequency € [12]. The results of the lattice
simulations and the results in this paper are in contradiction
with each other.

The reasons for the discrepancy could be rooted in the
property that the bulk Polyakov loop, calculated in
Ref. [12], acquires contributions from all the regions of
the rotating plasma, including the central core (which a
kinetically colder region) and the edges (which should have
a higher kinetic temperature). Moreover, the Polyakov loop
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gets perturbative contributions which can depend on the
rotation frequency. In contrast, we studied the local con-
fining properties which were accessed not via the Polyakov
loop but rather via the nonperturbative monopole proper-
ties. We have, however, a common qualitative (but not
quantitative) agreement with the result of Ref. [12]: the
critical transition (183) depends on the angular momentum
in the particular combination QR, where R is the radius of
the system.

Our results partially agree with the holographic estima-
tion of the general deconfinement picture obtained in
Ref. [13]: the confining properties diminish with the
increase of the angular velocity. However, in contrast with
Ref. [13], we have found two distinct deconfining tran-
sitions and not a single one: the rotation splits the
deconfining transition into two different deconfining tran-
sitions. Moreover, in our calculation, the first deconfining
transition, from the confinement phase to the mixed phase,
may be made arbitrarily low depending on the rotation
frequency and on the size of the system while the second
deconfining temperature does not depend on the rotation
frequency at all (we expect that beyond the dilute gas
approximation, the second deconfining temperature may
get a weak dependence on the angular frequency).

C. Phase diagram of rotating QCD

Let us consider the effect of a pure kinematic rotation on
the finite-temperature phase diagram of QCD at finite
baryonic density. A uniformly rotating plasma can be
described by the corotating curvilinear metric with the
(3 + 1) dimensional line element:

ds* = g, dx'dx* = (1 — p*Q?)dr*

—2p*Qdtdy — dp* — p*deg* + d*z. (185)
The local temperature 7'(x) and the local chemical potential
ug(x) of the plasma subjected to the background gravita-
tional field satisfy the following conditions [39]:

T(x)/goo(x) = To.

where Ty and pp, are, respectively, the local temperature
and the local baryonic chemical potential at the center of
the rotating medium. The first relation in Eq. (186) is the
Tolman-Ehrenfest law for temperature [37,38], Eq. (180).

According to Eq. (186), the form of the zeroth compo-
nent of the metric,

(%) goo(x) = ppo,  (186)

9oo(Q.p) = 1= Q%% (187)
in the line element (185) indicates that both the temperature
and the baryon chemical potential rise as one moves from
the center of the uniformly rotating plasma to its boundary.
Therefore, the rotation kinematically shifts both 7" and pup

Quark-gluon plasma

0.2 Hadronic phase

0.0 :
0.0 0.2 0.4 0.6 0.8 1.0

N/Nc,oo

FIG. 8. Suggested phase diagram of rotating QCD matter
with QR = 0.5 (for example, rotating with the angular frequency
Q =0.1 fm~! within the radius R = 5 fm). The chemical po-
tential yp and the temperature 7 are given at the geometrical
center of the rotating plasma. The critical values p. o, and T o,
correspond to the thermodynamic limit of a nonrotating plasma.
The position of the endpoint (the dot) which separates the 1st
order phase transition (the solid line) and the crossover (the
dashed line) is shown schematically. The first deconfinement
transition is given by the dotted line. Higher-density and nuclear-
matter transitions are not shown.

toward higher values and moves the QCD plasma from the
confining, chirally broken phase in the center of the system
to the deconfining, chirally restored quark-gluon plasma
phase at outer layers of the rotating QCD matter. The region
in the center of the plasma is unaffected by the rotation.’

We stress that our discussion has a very general form
based on the Tolman-Ehrenfest relations for temperature
and chemical potential (186). Therefore, our conclusions
are valid not only for the confinement phenomenon but they
should also be applied to the chiral degrees of freedom
as well.!

The kinematic effect of the increased temperature and the
enhanced baryonic chemical potential (186) on the phase
diagram of QCD can be figured out once we know the
transition line T, = T o (ug) from the hadronic phase to
the quark-gluon plasma phase in the thermodynamic limit
of the nonrotating QCD matter. In Fig. 8 we show the QCD
phase diagram under the uniform rotation. The diagram
contains the mixed inhomogeneous phase, which possesses
both the hadronic (confining and chirally broken) phase
closer to the center of rotation and the quark-gluon plasma

*We remind that in our paper, we consider a uniform rotation
of geometrically bounded plasma which is accessible, in the low-
baryonic density domain, to first-principle numerical simulations
of lattice QCD. The rotation of the quark-gluon plasma created in
heavy-ion collisions is not expected to be uniform [2—4].

Different boundary conditions can lead to both breaking [11]
and restoration [9] of the chiral symmetry at the very local
vicinity of boundary. We ignore this skin effect because our
discussion is devoted to the bulk properties.
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(deconfining and chirally restored) phase in the rest of the
volume.

The line of the first finite-temperature transition from the
pure hadronic phase to the inhomogeneous mixed phase is
described as follows:

Ty 2. R) = /g0 (@ BT (”7> (188)

900(Q. R)

where the metric element g is given in Eq. (187). This
transition is shown by the dotted line without discriminat-
ing between the first order and crossover line. We expect
that the finite-size environment will soften the strength of
this transition and even make it a smooth crossover.

As the temperature and/or density rise, the island of the
hadronic phase close to the center of rotation shrinks and
finally disappears at the second (usual) transition line:

TcZ(ﬂB’ Q, R) = Tc.oo (”B) (189)
We expect that this line is largely not affected by the
kinematic rotation.

As the angular frequency increases, the inhomogeneous
phase extends further into the confining phase in the phase
diagram of Fig. 8: the transition to the mixed phase emerges
at lower temperatures and lower baryonic densities.

VI. CONCLUSIONS

We found that a uniform rotation of a thermalized plasma
of a confining gauge theory supports the appearance of a
deconfinement transition in the regions far from the rotation
axis. Therefore, at a finite temperature, a uniformly rotating
system possesses three, rather than two phases: in addition
to the confining phase at low temperature and deconfining
phase at high temperature, the phase diagram contains also
a mixed inhomogeneous phase at intermediate temper-
atures. The mixed phase has a confining region at the core
and a deconfining region at the edge of the rotating system.
The generic phase diagram is shown in Fig. 6 and
illustrated in Fig. 7.

While we argue that our conclusions should have a
universal character independent of the particularities of the
confining theory, we supported our assertions by the
explicit analytical calculations in compact Abelian gauge
theory in two spatial dimensions. Working in the dilute gas
approximation suitable for analytical calculations, we
explicitly show that the rotation directly affects the dynam-
ics of Abelian monopoles and thus alters the system’s
confining properties.

The rotating plasma thus features two critical deconfin-
ing temperatures (183) rather than the single one: the first
critical temperature separates the confinement phase and

the mixed phase while the second critical temperature
marks the transition to the deconfinement phase.

Any uniformly rotating system should inevitably be
bounded in the transverse (to the rotation axis) directions
to support the causality. While the boundary conditions at the
edge of the system could, in principle, affect the pseudoc-
ritical transition temperature(s), we have argued that the
boundary conditions alone do not alter the transition temper-
ature in the bulk (at least, in the dilute gas regime used in our
article). The system is not statistically intensive due to the
finiteness of the transverse size of the central confining core.
The role of statistical fluctuations and the thermodynamical
stability of the three-phase structure of the rotating plasma
need to be explored further.

We noticed that the rotation affects the monopoles in two
different ways. First of all, the rotation has a centrifugal effect
on the monopoles: it presses the monopoles against the
rotating cylinder’s edge. Secondly, the rotation enhances the
attraction between monopoles and anti-monopoles, thus
supporting the formation of the neutral monopole—anti-
monopole pairs and facilitating the transition to the decon-
finement phase in the region close to the boundary of the
system. Thus, a uniformly rotating confining system pos-
sesses a mixed phase with both confinement and deconfine-
ment phases separated by a spatial manifold (a “deconfining
cylinder”’) where the deconfining transition is realized. Thus,
instead of one, we have two transition temperatures which are
separating confining, mixed, and deconfining phases of the
rotating thermal medium. This behavior is consistent with the
Tolman-Ehrenfest law applied in the non-inertial frame
which corotates with the system.

In a nonrotating system, the reflective MIT boundary
condition, implemented for the gauge fields at the cylin-
drical boundary of the system, also leads to the increase of
the monopole density close to the boundary and, therefore,
to the enforcing the confinement properties in the low-
temperature, confining phase. The explanation of this effect
is simple: the monopoles and antimonopoles are attracted to
their images in the reflective mirror. The increased density
of the monopoles enhances the confining properties close
to the edge of the system which, however, does not affect
both critical temperatures.

We have also shown that in the imaginary-time formal-
ism, a uniform rotation is incorporated as a complex shift of
the bosonic (40) and fermionic (41) Matsubara frequencies.
The Wick-rotated angular frequency, Q; = —i€2 may be
imagined as a “rotation” of the Euclidean system along the
imaginary time which does not break, however, the (anti-)
periodicity for (fermionic) bosonic fields along the imagi-
nary time direction.

The partition function is invariant under an integer-
multiple of a single 2z—rotation for the bosons (44) and a
double 4z—rotation for fermions (45) in the agreement with
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the spin-statistics theorem. A bosonic Euclidean system
which rotates with the imaginary frequency Q; = 2z7 (and
with Q; = 4zT for fermions) is equivalent to a stationary
nonrotating field theory. These properties may be used to
test the magnitude of the discretization effects in lattice
implementations of the rotating field systems.

An unexpected outcome of this work is that a uniformly
rotating, adiabatically expanding quark-gluon plasma
should hadronize starting from its core and not from the
outer layers as one could expect naively. This conclusion
comes from the observation that the center of a uniformly
rotating system is colder compared to its boundary. The
effect of the “inverse hadronization” can be non-negligible
for a real system: while the kinetic increase of temperature
of the plasma rotating with the angular velocity Q ~
10 MeV is expected to give a minuscule correction of
3% at the radius p ~ 5 fm, the same effect leads to the very
noticeable 30% temperature rise for the Q ~ 20 MeV at the
distance p ~ 7 fm from the center. The appearance of the
inhomogeneous mixed phase in the phase diagram of
uniformly rotating QCD medium in the baryonic chemical
potential uz—temperature 7 plane is illustrated in Fig. 8.
Since the rotation of the quark-gluon plasma is not globally
uniform [3], the effect of rotation on the confinement
property in realistic physical environment requires a more
detailed investigation.
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Note added.—After this manuscript was submitted to the
journal, two more preprints devoted to the subject have
appeared [40,41]. In the analytical approach performed
within the hadron resonance gas model, it was shown that
the critical deconfinement temperature decreases with the
increase of the angular frequency while developing, at the
same time, a spatial inhomogeneity of the pressure in
the radial direction [40]. These results are consistent with
the physical picture presented in our paper. On the contrary,
new numerical lattice simulations of SU(3) Yang-Mills
theory indicate that the bulk critical temperature of the
deconfining phase transition rises with the increase of the
vorticity [41] thus confirming the earlier studies of the same
group [12]. Three independent theoretical approaches of
Ref. [13], Ref. [40], and of the present manuscript agree
qualitatively with each other while contradicting, at the
same time, the numerical results of Refs. [12,41]. Thus,
more work is needed to understand the deconfining proper-
ties of the rotating (quark-)gluonic plasma.
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