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Motivated by the successful interpretation of these observed Pc and Pcs states under the meson-baryon
molecular picture, we systematically investigate the possible hidden-charm molecular pentaquark states

with triple strangeness which is due to theΩð�Þ
c D̄ð�Þ

s interactions. We perform a dynamical calculation of the
possible hidden-charm molecular pentaquarks with triple strangeness by the one-boson-exchange model,
where the S-Dwave mixing effect and the coupled channel effect are taken into account in our calculation.
Our results suggest that the ΩcD̄�

s state with JP ¼ 3=2− and the Ω�
cD̄�

s state with JP ¼ 5=2− can be
recommended as the candidates of the hidden-charm molecular pentaquark with triple strangeness.
Furthermore, we discuss the two-body hidden-charm strong decay behaviors of these possible hidden-
charm molecular pentaquarks with triple strangeness by adopting the quark-interchange model. These
predictions are expected to be tested at the LHCb, which can be a potential research issue with more
accumulated experimental data in near future.
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I. INTRODUCTION

As is well known, the study of the matter spectrum is an
important way to explore the relevant matter structures
and the involved interaction properties. In the hadron
physics, since the discovery of the Xð3872Þ by the Belle
Collaboration [1], a series of exotic states has been observed
benefiting from the accumulation of more and more experi-
mental data with high precision, and the exotic hadrons have
stimulated extensive studies in the past two decades (see the
review articles [2–8] for learning the relevant processes).
Exploring these exotic hadronic states not only gives new
insights for revealing the hadron structures, but also pro-
vides useful hints to deepening our understanding of the

nonperturbative behavior of the quantum chromodynamics
(QCD) in the low energy regions.
In fact, investigating the pentaquark states has been a

long history, which can be tracked back to the birth of the
quark model [9,10]. Among exotic hadronic states, the
hidden-charm molecular pentaquarks have attracted much
attention as early as 2010 [11–17], and become a hot topic
with the discovery of the Pcð4380Þ and Pcð4450Þ in the
Λb → J=ψpK process by the LHCb Collaboration [18].
In 2019, there was a new progress about the observation
of three narrow structures [Pcð4312Þ, Pcð4440Þ, and
Pcð4457Þ] by revisiting the process Λb → J=ψpK based
on more collected data [19], and they are just below the
corresponding thresholds of the S-wave charmed baryon
and S-wave anticharmed meson. This provides strong
evidence to support the existence of the hidden-charm
meson-baryon molecular states. More recently, the LHCb
Collaboration reported a possible hidden-charm pentaquark
with strangeness Pcsð4459Þ [20], and this structure can be
assigned as the ΞcD̄� molecular state [21–38].
Facing the present status of exploring the hidden-charm

molecular pentaquarks [2–5], we naturally propose a
meaningful question: why are we interested in the hidden-
charm molecular pentaquark states? The hidden-charm
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pentaquark states are relatively easy to produce via the
bottom baryon weak decays in the experimental facilities
[19,20], and the hidden-charm quantum number is a crucial
condition for the existence of the hadronic molecules
[15,17]. In addition, it is worth indicating that the heavy
hadrons are more likely to generate the bound states due to
the relatively small kinetic terms, and the interactions
between the charmed baryon and the anticharmed meson
may be mediated by exchanging a series of allowed light
mesons [2,3]. Indeed, these announced hidden-charm
pentaquark states have a (cc̄) pair [2–5].
Based on the present research progress on the hidden-

charm pentaquarks [2–5], the theorists should pay more
attention to making the reliable prediction of various types
of the hidden-charm molecular pentaquarks and give more
abundant suggestions to searching for the hidden-charm
molecular pentaquarks accessible at the forthcoming
experiment. Generally speaking, there are two important
approaches to construct the family of the hidden-charm
molecular pentaquark states which is very special in the
hadron spectroscopy. Firstly, we propose that there may
exist a series of hidden-charm molecular pentaquarks with
the different strangeness. Secondly, we also have enough
reason to believe that there may exist more hidden-charm
molecular pentaquark states with higher mass. In fact, we
already studied the Ξð0;�Þ

c D̄ð�Þ
s systems with double strange-

ness [39] and the Bð�Þ
c T̄ systems with Bð�Þ

c ¼ Λc=Σ
ð�Þ
c and

T̄ ¼ D̄1=D̄�
2 [40], and predicted a series of possible

candidates of the hidden-charm molecular pentaquarks.
In fact, the triple-strangeness hidden-charm pentaquarks
may be regarded as systems that can be used to reveal the
binding mechanism and the importance of the scalar-meson
exchange as they are not expected to exist in the treatment
of Ref. [38]. Thus, we investigate the possible hidden-
charm molecular pentaquarks with triple strangeness from

the Ωð�Þ
c D̄ð�Þ

s interactions, which will be a main task of the
present work.
In the present work, we perform a dynamical calculation

with the possible hidden-charm molecular pentaquark
states with triple strangeness by adopting the one-boson-
exchange (OBE) model [2,3], which involves the inter-
actions between an S-wave charmed baryon Ωð�Þ

c and an

S-wave anticharmed-strange meson D̄ð�Þ
s . In concrete cal-

culation, the S-D wave mixing effect and the coupled
channel effect are taken into account. Furthermore, we
study the two-body hidden-charm strong decay behaviors
of these possible hidden-charm molecular pentaquarks.
Here, we adopt the quark-interchange model to estimate
the transition amplitudes for the decay widths [41–43],
which is widely used to give the decay information of the
exotic hadronic states during the last few decades [44–48].
We hope that the present investigation is a key step
to complement the family of the hidden-charm molecular
pentaquark state and may provide crucial information
of searching for possible hidden-charm molecular

pentaquarks with triple strangeness. With higher statistic
data accumulation at Run III of the LHC and after High-
Luminosity-LHC upgrade [49], it is highly probable that
these possible hidden-charm molecular pentaquarks with
triple strangeness can be detected at the LHCbCollaboration
in the near future, which will be full of opportunities and
challenges.
The remainder of this paper is organized as follows. In

Sec. II, we introduce how to deduce the effective potentials
and present the bound state properties of these investigated

Ωð�Þ
c D̄ð�Þ

s systems. We present the quark-interchange model
and the two-body strong decay behaviors of these possible
molecular pentaquarks in Sec. III. Finally, a short summary
follows in Sec. IV.

II. THE Ωð�Þ
c D̄ð�Þ

s INTERACTIONS

A. OBE effective potentials

In the present work, we study the interactions between an

S-wave charmed baryon Ωð�Þ
c and an S-wave anticharmed-

strange meson D̄ð�Þ
s . Here, we adopt the OBE model [2,3],

and consider the effective potentials from the f0ð980Þ, η,
and ϕ exchanges. In particular, we need to emphasize that
the light scalar meson f0ð980Þ exchange provides effective
interaction for these investigated systems, and we do not
consider the σ and a0ð980Þ exchanges in our calculation,
since the σ is usually considered as a meson with only up
and down quarks and the a0ð980Þ is the light isovector
scalar meson. In this subsection, we construct the relevant
wave functions and effective Lagrangians, and deduce the
OBE effective potentials in the coordinate space for all of
the investigated systems.
Firstly, we introduce the flavor and spin-orbital wave

functions involved in our calculation. For the Ωð�Þ
c D̄ð�Þ

s

systems, the flavor wave function jI; I3i is quite simple and

reads as j0; 0i ¼ jΩð�Þ0
c Dð�Þ−

s i, where I and I3 are the
isospin and its third component of the discussed system.
In addition, the spin-orbital wave functions j2Sþ1LJi for

these investigated Ωð�Þ
c D̄ð�Þ

s systems are explicitly written as

jΩcD̄sð2Sþ1LJÞi ¼
X
m;mL

CJ;M
1
2
m;LmL

χ1
2
mjYL;mL

i;

jΩ�
cD̄sð2Sþ1LJÞi ¼

X
m;mL

CJ;M
3
2
m;LmL

Φ3
2
mjYL;mL

i;

jΩcD̄�
sð2Sþ1LJÞi ¼

X
m;m0;mS;mL

CS;mS
1
2
m;1m0C

J;M
SmS;LmL

χ1
2
mϵ

μ
m0 jYL;mL

i;

jΩ�
cD̄�

sð2Sþ1LJÞi ¼
X

m;m0;mS;mL

CS;mS
3
2
m;1m0C

J;M
SmS;LmL

Φ3
2
mϵ

μ
m0 jYL;mL

i:

ð2:1Þ
In the above expressions, S, L, and J denote the spin, orbit
angular momentum, and total angular momentum for the
discussed system, respectively. The constant Ce;f

ab;cd is the
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Clebsch-Gordan coefficient, and jYL;mL
i is the spherical

harmonics function. In the static limit, the polarizationvector
ϵμmðm ¼ 0;�1Þ with the spin-1 field can be expressed as
ϵμ0 ¼ ð0; 0; 0;−1Þ and ϵμ� ¼ ð0;�1; i; 0Þ= ffiffiffi

2
p

. χ1
2
m stands for

the spin wave function of the charmed baryon with spin
S ¼ 1=2, and the polarization tensor Φ3

2
m of the charmed

baryonwith spin quantum number S ¼ 3=2 can bewritten in
a general form, i.e.,

Φ3
2
m ¼

X
m1;m2

C
3
2
;m
1
2
m1;1m2

χ1
2
m1
ϵμm2

: ð2:2Þ

In order to write out the relevant scattering amplitudes
quantitatively, we usually adopt the effective Lagrangian
approach. To be convenient, we construct two types of
superfields Sμ and H

ðQ̄Þ
a via the heavy quark limit [50]. The

superfield Sμ is expressed as a combination of the charmed
baryons B6 with JP ¼ 1=2þ and B�

6 with JP ¼ 3=2þ in the

6F flavor representation [51], and the superfield HðQ̄Þ
a

includes the anticharmed-strange vector meson D̄�
s with

JP ¼ 1− and the pseudoscalar meson D̄s with JP ¼ 0−

[52]. The general expressions of the superfields Sμ and

HðQ̄Þ
a can be given by

Sμ ¼ −
ffiffiffi
1

3

r
ðγμ þ vμÞγ5B6 þ B�

6μ;

HðQ̄Þ
a ¼ ðD̄�ðQ̄Þμ

a γμ − D̄ðQ̄Þ
a γ5Þ

1 − v
2

: ð2:3Þ

Here, vμ ¼ ð1; 0Þ is the four velocity under the nonrela-
tivistic approximation.
With the above preparation, we construct the relevant

effective Lagrangians to describe the interactions among
the heavy hadrons Bð�Þ

6 =D̄ð�Þ
s and the light scalar, pseudo-

scalar, or vector mesons as [51,52]

LBð�Þ
6

¼ lShS̄μf0Sμi − 3

2
g1εμνλκvκhS̄μAνSλi

þ iβShS̄μvαðVα − ραÞSμi þ λShS̄μFμνðρÞSνi;
LH ¼ gShH̄ðQ̄Þ

a f0H
ðQ̄Þ
a i þ ighH̄ðQ̄Þ

a γμA
μ
abγ5H

ðQ̄Þ
b i

− iβhH̄ðQ̄Þ
a vμðVμ − ρμÞabHðQ̄Þ

b i
þ iλhH̄ðQ̄Þ

a σμνFμνðρÞabHðQ̄Þ
b i; ð2:4Þ

which satisfy the requirement of the heavy quark symmetry,
the chiral symmetry, and the hidden local symmetry [53–57].
The axial currentAμ and the vector currentVμ can be defined
as Aμ ¼ ðξ†∂μξ − ξ∂μξ

†Þ=2 and Vμ ¼ ðξ†∂μξþ ξ∂μξ
†Þ=2,

respectively. Here, the pseudo-Goldstone field can bewritten
as ξ ¼ expðiP=fπÞ, where fπ is the pion decay constant. In
the above formulas, the vectormeson field ρμ and its strength
tensor FμνðρÞ are ρμ ¼ igVVμ=

ffiffiffi
2

p
and FμνðρÞ ¼ ∂μρν−

∂νρμ þ ½ρμ; ρν�, respectively. Here, Bð�Þ
6 , Vμ, and P are the

matrices of the charmed baryon in the 6F flavor representa-
tion, light vector meson, and light pseudoscalar meson,
which can be written as

Bð�Þ
6 ¼

0
BBBBB@

Σð�Þþþ
c

Σð�Þþ
c ffiffi
2

p Ξð0 ;�Þþ
c ffiffi
2

p

Σð�Þþ
c ffiffi
2

p Σð�Þ0
c

Ξð0 ;�Þ0
c ffiffi
2

p

Ξð0 ;�Þþ
c ffiffi
2

p Ξð0 ;�Þ0
c ffiffi
2

p Ωð�Þ0
c

1
CCCCCA;

Vμ ¼

0
BBBBB@

ρ0ffiffi
2

p þ ωffiffi
2

p ρþ K�þ

ρ− − ρ0ffiffi
2

p þ ωffiffi
2

p K�0

K�− K̄�0 ϕ

1
CCCCCA
μ

;

P ¼

0
BBB@

π0ffiffi
2

p þ ηffiffi
6

p πþ Kþ

π− − π0ffiffi
2

p þ ηffiffi
6

p K0

K− K̄0 −
ffiffi
2
3

q
η

1
CCCA; ð2:5Þ

respectively. By expanding the compact effective
Lagrangians to the leading order of the pseudo-Goldstone
field ξ, we can further obtain the concrete effective

Lagrangians. The effective Lagrangians for Bð�Þ
6 and the

light mesons are expressed as

LBð�Þ
6
Bð�Þ
6
f0

¼ −lShB̄6f0B6i þ lShB̄�
6μf0B

�μ
6 i

−
lSffiffiffi
3

p hB̄�
6μf0ðγμ þ vμÞγ5B6i þ H:c:; ð2:6Þ

LBð�Þ
6
Bð�Þ
6
P
¼ i

g1
2fπ

εμνλκvκhB̄6γμγλ∂νPB6i

− i
3g1
2fπ

εμνλκvκhB̄�
6μ∂νPB�

6λi

þ i

ffiffiffi
3

p
g1

2fπ
vκεμνλκhB̄�

6μ∂νPγλγ5B6iþH:c:; ð2:7Þ

L
Bð�Þ
6
Bð�Þ
6
V
¼−

βSgVffiffiffi
2

p hB̄6v ·VB6i

− i
λSgV
3
ffiffiffi
2

p hB̄6γμγνð∂μVν− ∂νVμÞB6i

−
βSgVffiffiffi

6
p hB̄�

6μv ·VðγμþvμÞγ5B6i

− i
λSgVffiffiffi

6
p hB̄�

6μð∂μVν− ∂νVμÞðγνþvνÞγ5B6i

þ βSgVffiffiffi
2

p hB̄�
6μv ·VB

�μ
6 i

þ i
λSgVffiffiffi

2
p hB̄�

6μð∂μVν− ∂νVμÞB�
6νiþH:c:; ð2:8Þ

HIDDEN-CHARM PENTAQUARKS WITH TRIPLE STRANGENESS … PHYS. REV. D 103, 054025 (2021)

054025-3



and the effective Lagrangians to describe the S-wave

anticharmed-strange mesons D̄ð�Þ
s and the light scalar,

pseudoscalar, or vector mesons are

LD̄ð�ÞD̄ð�Þf0 ¼ −2gSD̄aD̄
†
af0 þ 2gSD̄�

aμD̄
�μ†
a f0; ð2:9Þ

LD̄ð�ÞD̄ð�ÞP ¼ 2ig
fπ

vαεαμνλD̄
�μ†
a D̄�λ

b ∂νPab

þ 2g
fπ

ðD̄�μ†
a D̄b þ D̄†

aD̄
�μ
b Þ∂μPab; ð2:10Þ

LD̄ð�ÞD̄ð�ÞV ¼
ffiffiffi
2

p
βgVD̄aD̄

†
bv · Vab −

ffiffiffi
2

p
βgVD̄�

aμD̄
�μ†
b v · Vab

− 2
ffiffiffi
2

p
iλgVD̄

�μ†
a D̄�ν

b ð∂μVν − ∂νVμÞab
− 2

ffiffiffi
2

p
λgVvλελμαβðD̄�μ†

a D̄b þ D̄†
aD̄

�μ
b Þ∂αVβ

ab:

ð2:11Þ

In the above effective Lagrangians, the coupling constants
can be either extracted from the experimental data or
calculated by the theoretical models, and the signs of these
coupling constants are fixed via the quark model [58]. The
values of these coupling constants are lS ¼ 6.20, gS ¼ 0.76,1

g1 ¼ 0.94, g ¼ 0.59, fπ ¼ 132 MeV, βSgV ¼ 10.14, βgV ¼
−5.25, λSgV ¼ 19.2 GeV−1, and λgV ¼ −3.27 GeV−1 [59],
which are widely used to discuss the hadronic molecular
states [39,40,51,59–62]. In particular, we need to emphasize
that these input coupling constants can well reproduce the
masses of thePcð4312Þ,Pcð4440Þ, andPcð4457Þ [19] under
themeson-baryonmolecular picturewhen adopting theOBE
model [59,60].
We follow the standard strategy to deduce the effective

potentials in the coordinate space in Refs. [40,63,64],
which is a lengthy and tedious calculation. In Fig. 1, we

present the relevant Feynman diagram for the Ωð�Þ
c D̄ð�Þ

s →

Ωð�Þ
c D̄ð�Þ

s scattering processes.
At the hadronic level, we firstly write out the scattering

amplitude Mðh1h2 → h3h4Þ of the scattering process
h1h2 → h3h4 by considering the effective Lagrangian
approach. And, then, the effective potential in momentum
space Vh1h2→h3h4ðqÞ can be related to the scattering ampli-
tude Mðh1h2 → h3h4Þ with the help of the Breit approxi-
mation [65,66] and the nonrelativistic normalization, i.e.,

Vh1h2→h3h4
E ðqÞ ¼ −

Mðh1h2 → h3h4ÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQ
i2mi

Q
f2mf

q ; ð2:12Þ

wheremi andmf are the masses of the initial states ðh1; h2Þ
and final states ðh3; h4Þ, respectively. By performing the
Fourier transformation, the effective potential in the coor-
dinate space Vh1h2→h3h4ðrÞ can be deduced

Vh1h2→h3h4
E ðrÞ ¼

Z
d3q
ð2πÞ3 e

iq·rVh1h2→h3h4
E ðqÞF 2ðq2; m2

EÞ:

ð2:13Þ

In order to reflect the finite size effect of the discussed
hadrons and compensate the off-shell effect of the
exchanged light mesons [64], we need to introduce the
monopole form factor F ðq2; m2

EÞ ¼ ðΛ2 −m2
EÞ=ðΛ2 − q2Þ

in the interaction vertex [67,68]. Here, Λ, mE, and q are the
cutoff parameter, the mass, and the four momentum of the
exchanged light meson, respectively.
In addition, we also need a series of normalization

relations for the heavy hadrons Ds, D�
s , Ωc, and Ω�

c, i.e.,

h0jDsjcs̄ð0−Þi ¼
ffiffiffiffiffiffiffiffiffi
MDs

p
; ð2:14Þ

h0jD�μ
s jcs̄ð1−Þi ¼ ffiffiffiffiffiffiffiffiffi

MD�
s

p
ϵμ; ð2:15Þ

h0jΩcjcssð1=2þÞi ¼
ffiffiffiffiffiffiffiffiffiffiffi
2MΩc

q �
χ1

2
m;

σ · p
2MΩc

χ1
2
m

�
T
; ð2:16Þ

h0jΩ�μ
c jcssð3=2þÞi ¼

X
m1;m2

C3=2;m1þm2

1=2;m1;1;m2

ffiffiffiffiffiffiffiffiffiffiffi
2MΩ�

c

q

×

�
χ1
2
m1
;
σ · p
2MΩ�

c

χ1
2
m1

�
T
ϵμm2

: ð2:17Þ

With the above preparation, we can deduce the OBE
effective potentials in the coordinate space for all of the
investigated processes, which are collected in the Appendix.

B. Finding bound state solutions for discussed systems

Now, we attempt to find the loosely bound state solutions
of these discussed Ωð�Þ

c D̄ð�Þ
s systems by solving the coupled

channel Schrödinger equation, i.e.,

FIG. 1. Relevant Feynman diagram for the Ωð�Þ
c D̄ð�Þ

s →

Ωð�Þ
c D̄ð�Þ

s scattering processes.

1In this work, we consider the contribution from light scalar
meson f0ð980Þ exchange. Here, the corresponding coupling
constant involved in effective Lagrangians [Eq. (2.6) and
Eq. (2.9)] is approximately taken as the same as that for the
case of light scalar σ.
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−
1

2μ

�
∇2−

lðlþ1Þ
r2

�
ψðrÞþVðrÞψðrÞ¼EψðrÞ; ð2:18Þ

with ∇2 ¼ 1
r2

∂
∂r r2

∂
∂r, where μ ¼ m1m2

m1þm2
is the reduced mass

for the discussed system. The bound state solutions include
the binding energy E, the root-mean-square radius rRMS,
and the probability of the individual channel Pi, which
provides us with valuable information to analyze whether
the loosely bound state exists. In this work, we are

interested in the S-wave Ωð�Þ
c D̄ð�Þ

s systems since there exists
the repulsive centrifugal potential for the higher partial
wave states l ≥ 1.
In our calculation, the masses of these involved

hadrons aremf0 ¼ 990.00 MeV,mη ¼ 547.85 MeV,mϕ ¼
1019.46 MeV, mDs

¼1968.34MeV, mD�
s
¼ 2112.20 MeV,

mΩc
¼ 2695.20 MeV, andmΩ�

c
¼ 2765.90 MeV, which are

taken from the Particle Data Group (PDG) [69]. As the
remaining phenomenological parameter, we take the cutoff
value from 1.00 to 4.00 GeV. Usually, a loosely bound state
with the cutoff parameter closed to 1.00 GeV can be
suggested as the possible hadronic molecular candidate
according to the experience of the deuteron [40,67,68,70].
For an ideal hadronic molecular candidate, the reasonable
binding energy should be atmost tens ofMeV, and the typical
size should be larger than the size of all the included
component hadrons [51].
In addition, the S-D wave mixing effect is considered in

this work, which plays an important role to modify the
bound state properties of the deuteron [40]. The relevant
channels j2Sþ1LJi are summarized in Table I.
Before performing numerical calculation, we analyze the

OBE effective potentials for these discussed Ωð�Þ
c D̄ð�Þ

s

systems as below:
(i) For the ΩcD̄s and Ω�

cD̄s systems, only the f0 and ϕ
exchange interactions are allowed. Meanwhile, the
tensor force from the S-D wave mixing effect
disappears in the effective potentials, and thus the
contribution of the S-D wave mixing effect does not
affect the bound state properties of the ΩcD̄s and
Ω�

cD̄s systems.
(ii) For the ΩcD̄�

s and Ω�
cD̄�

s systems, in addition to the
f0 and ϕ exchange interactions, the η exchange
interaction and the S-D wave mixing effect need to
be taken into account.

1. The ΩcD̄s and Ω�
cD̄s systems

For the S-wave ΩcD̄s state with JP ¼ 1=2− and the S-
wave Ω�

cD̄s state with JP ¼ 3=2−, we fail to find their
bound state solutions by varying the cutoff parameter in the
range of 1.00–4.00 GeV with the single channel analysis.
Nevertheless, we can further take into account the coupled
channel effect. In the coupled channel analysis, the binding
energy of the bound state is determined by the lowest mass
threshold among various investigated channels [51].
For the S-wave ΩcD̄s state with JP ¼ 1=2−, we consider

the coupled channel effect from theΩcD̄s,ΩcD̄�
s , andΩ�

cD̄�
s

channels. In Table II, we present the obtained bound state
solutions by performing the coupled channel analysis.
When we set the cutoff parameter Λ around 2.92 GeV,
the loosely bound state solutions can be obtained, and the
ΩcD̄s channel is dominant with almost 90% probabilities.
Since the cutoff parameter Λ is obviously different from
1.00 GeV [67,68], the S-wave ΩcD̄s state with JP ¼ 1=2−

is not priority for recommending the hadronic molecular
candidate.
In Table III, we list the bound state solutions of the S-

wave Ω�
cD̄s state with JP ¼ 3=2− with the coupled channel

analysis. Our numerical results show that the bound state
solutions can be obtained by choosing the cutoff parameter
Λ around 1.78 GeVor even larger, and the ΩcD̄�

s system is
the dominant channel with the probabilities over 80%.
However, we find the size (rRMS ∼ 0.33 fm) of this bound
state is too small,2 which is not consistent with a loosely
molecular state picture [51]. Thus, we tentatively exclude
the possibility of the existence of the S-wave Ω�

cD̄s

molecular state with JP ¼ 3=2−.

TABLE I. The relevant channels j2Sþ1LJi involved in our
calculation. Here, “…” means that the S-wave component for
the corresponding channel does not exist.

JP ΩcD̄s Ω�
cD̄s ΩcD̄�

s Ω�
cD̄�

s

1=2− j2S1=2i … j2S1=2i=j4D1=2i j2S1=2i=j4;6D1=2i
3=2− … j4S3=2i=j4D3=2i j4S3=2i=j2;4D3=2i j4S3=2i=j2;4;6D3=2i
5=2− … … … j6S5=2i=j2;4;6D5=2i

TABLE II. Bound state solutions of the S-waveΩcD̄s state with
JP ¼ 1=2− by performing coupled channel analysis. Here, the
cutoff parameter Λ, binding energy E, and root-mean-square
radius rRMS are in units of GeV, MeV, and fm, respectively.

Λ E rRMS PðΩcD̄s=ΩcD̄�
s=Ω�

cD̄�
sÞ

2.92 −3.71 1.26 92.92=4.77=2.31
2.93 −12.65 0.64 90.11=6.66=3.23

TABLE III. Bound state solutions of the S-wave Ω�
cD̄s state

with JP ¼ 3=2− when the coupled channel effect is introduced.
The units are the same as Table II.

Λ E rRMS PðΩ�
cD̄s=ΩcD̄�

s=Ω�
cD̄�

sÞ
1.78 −6.15 0.33 0.01=86.64=13.36
1.79 −17.41 0.32 0.01=86.37=13.63

2We notice that the obtained values of rRMS are too small,
which is due to the fact that this system is dominated by theΩcD̄�

s
channel as shown in the last column of Table III.
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2. The ΩcD̄�
s and Ω�

cD̄�
s systems

For the S-wave ΩcD̄�
s system, the relevant numerical

results are collected in Table IV. For JP ¼ 1=2−, there do
not exist bound states until we increase the cutoff parameter
to be around 4.00 GeV, even if we consider the coupled
channel effect. Thus, we conclude that our quantitative
analysis does not support the existence of the S-waveΩcD̄�

s

molecular state with JP ¼ 1=2−.
For the S-wave ΩcD̄�

s state with JP ¼ 3=2−, we notice
that the effective potentials from the f0, η, and ϕ exchanges
provide the attractive forces, and there exist the bound state
solutions with the cutoff parameter around 1.96 GeV by
performing the single channel analysis. More interestingly,
the bound state properties will change accordingly after
including the coupled channels ΩcD̄�

s and Ω�
cD̄�

s , where we
can obtain the loosely bound state solutions when the cutoff
parameter Λ around 1.67 GeV. Moreover, this bound state
is mainly composed of the ΩcD̄�

s channel with the prob-
abilities over 90%. Based on our numerical results, the S-
waveΩcD̄�

s state with JP ¼ 3=2− can be recommended as a
good candidate of the hidden-charm molecular pentaquark
with triple strangeness.
Comparing the numerical results, it is obvious that theD-

wave probabilities are less than 1% and the S-D mixing
effect can be ignored in forming the S-wave ΩcD̄�

s bound
states, but the coupled channel effect is obvious in gen-
erating the S-waveΩcD̄�

s bound states, especially for the S-
wave ΩcD̄�

s molecular candidate with JP ¼ 3=2−.
For the S-wave Ω�

cD̄�
s system, the bound state properties

are collected in Table V. Here, we still scan the Λ parameter
range from 1.00 GeV to 4.00 GeV. For JP ¼ 1=2−, the
binding energy is a few MeV and the root-mean-square

radii are around 1.00 fm with the cutoff parameter Λ larger
than 3.59 GeV when only considering the S-wave channel,
and we can also obtain the bound state solutions when the
cutoff value Λ is lowered down 3.51 GeV after adding the
contribution of the D-wave channels. Because the obtained
cutoff parameter Λ is far away from 1.00 GeV [67,68], our
numerical results disfavor the existence of the molecular
candidate for the S-wave Ω�

cD̄�
s state with JP ¼ 1=2−. For

JP ¼ 3=2−, there do not exist the bound state solutions
when the cutoff parameter varies from 1.00 GeV to
4.00 GeV. This situation does not change when the S-D
wave mixing effect is considered. Thus, we can exclude the
S-wave Ω�

cD̄�
s state with JP ¼ 3=2− as the hadronic

molecular candidate. For JP ¼ 5=2−, we notice that the
total effective potentials due to the f0, η, and ϕ exchanges
are attractive. We can obtain the loosely bound state
solutions by taking the cutoff value around 1.64 GeV
when only considering the contribution of the S-wave
channel, and the bound state solutions also can be foundwith
the cutoff parameter around 1.64 GeV after considering the
S-D wave mixing effect. As a result, the S-wave Ω�

cD̄�
s state

with JP ¼ 5=2− can be regarded as the hidden-charm
molecular pentaquark candidate with triple strangeness.
To summarize, we predict two types of hidden-charm

molecular pentaquark states with triple strangeness, i.e., the
S-wave ΩcD̄�

s molecular state with JP ¼ 3=2− and the S-
wave Ω�

cD̄�
s molecular state with JP ¼ 5=2−. Here, we want

to indicate that the effective potentials from the ϕ and η
exchanges are attractive for the ΩcD̄�

s system with JP ¼
3=2− and theΩ�

cD̄�
s system with JP ¼ 5=2−, which is due to

the contributions from the q2 terms in the deduced effective
potentials. In fact, this issue has been discussed in Ref. [38].

TABLE IV. Bound state solutions of the S-wave ΩcD̄�
s system. The units are the same as Table II.

Effect Single channel S-D wave mixing effect Coupled channel

JP Λ E rRMS Λ E rRMS Pð4S3
2
=2D3

2
=4D3

2
Þ Λ E rRMS PðΩcD̄�

s=Ω�
cD̄�

sÞ
3=2− 1.96 −0.19 4.76 1.96 −0.33 4.14 99.94=0.01=0.05 1.67 −1.36 2.27 95.84=4.16

1.98 −5.36 1.09 1.98 −5.71 1.06 99.92=0.02=0.06 1.69 −8.38 0.90 92.17=7.83
1.99 −9.44 0.82 1.99 −9.84 0.81 99.93=0.02=0.05 1.70 −13.35 0.72 91.00=9.00

TABLE V. Bound state solutions of the S-wave Ω�
cD̄�

s system. The units are the same as Table II.

Effect Single channel S-D wave mixing effect

JP Λ E rRMS Λ E rRMS Pð2S1
2
=4D1

2
=6D1

2
Þ

1=2− 3.59 −0.27 4.96 3.51 −0.29 4.89 99.97=0.02=0.01
3.80 −1.18 2.96 3.76 −1.74 2.52 99.92=0.05=0.03
4.00 −2.63 2.11 4.00 −4.35 1.72 99.87=0.08=0.05

JP Λ E rRMS Λ E rRMS Pð6S5
2
=2D5

2
=4D5

2
=6D5

2
Þ

5=2− 1.64 −0.31 4.27 1.64 −0.80 2.97 99.81=0.02=0.01=0.15
1.66 −4.93 1.19 1.66 −5.81 1.11 99.76=0.03=0.01=0.20
1.68 −13.13 0.74 1.67 −9.55 0.87 99.77=0.03=0.01=0.19
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III. DECAY BEHAVIORS OF THESE POSSIBLE

Ωð�Þ
c D̄�

s MOLECULAR STATES

In order to further reveal the inner structures and
properties of the possible hidden-charm molecular penta-
quarks with triple strangeness, we calculate the strong
decay behaviors of these possible molecular candidates.
In this work, we discuss the hidden-charm decay mode,
the corresponding final states including the ηcð1SÞΩ and
J=ψΩ. Different with the binding of the possible hidden-
charm molecular pentaquarks with triple strangeness, the
interactions in the very short range distance contribute to
the hidden-charm decay processes. Thus, the quark-inter-
change model [41,42] can be as a reasonable theoretical
framework.

A. The quark-interchange model

When using the quark-interchange model to estimate the
transition amplitudes in calculating the decay widths, we
usually adopt the nonrelativistic quark model to describe the
quark-quark interaction [46,47], which is expressed as [71]

Vijðq2Þ¼
λi
2
·
λj
2

�
4παs
q2

þ6πb
q4

−
8παs
3mimj

e−
q2

4σ2si ·sj

�
; ð3:1Þ

where λiðλjÞ, miðmjÞ, and siðsjÞ represent the color factor,
the mass, and the spin operator of the interacting quarks,
respectively. αs denotes the running coupling constant,
which reads as [71]

αsðQ2Þ ¼ 12π

ð32 − 2nfÞ ln ðAþ Q2

B2Þ
; ð3:2Þ

whereQ2 is the square of the invariantmass of the interacting
quarks, and the relevant parameters [71] in Eqs. (3.1) and
(3.2) are collected in Table VI.
To get the transition amplitudes within the quark-

interchange model, we take the same convention as
the previous work [46–48]. The transition amplitude for
the process AðcssÞ þ Bðsc̄Þ → CðsssÞ þDðcc̄Þ can be

decomposed as four processes in the hadronic molecular
picture, which are illustrated in Fig. 2.
The Hamiltonian of the initial hidden-charm molecular

pentaquark state can be written as [46]

HInitial ¼ H0
A þH0

B þ VAB; ð3:3Þ

whereH0
A andH0

B are the Hamiltonian of the free baryon A
and meson B, and VAB denotes the interaction between the
baryon A and the meson B.
Furthermore, we define the color wave function ωcolor,

the flavor wave function χflavor, the spin wave function χspin,
and the momentum space wave function ϕðpÞ, respectively.
Thus, the total wave function can be expressed as

ψ total ¼ ωcolorχflavorχspinϕðpÞ: ð3:4Þ

In this work, we take the Gaussian functions to approxi-
mate the momentum space wave functions for the baryon,
meson, and molecule. The more explicit forms of the
relevant Gaussian function can be found in Ref. [46], and
the oscillating parameters of the meson and baryon are
estimated by fitting their mass spectrum in the Godfrey-
Isgur model [72], which are listed in Table VI. For an
S-wave loosely bound state composed of two hadrons A
and B, the oscillating parameter β can be related to the mass
of the molecular state m, i.e., β ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3μðmA þmB −mÞp
with μ ¼ mAmB

mAþmB
[5,73,74]. And then, the T-matrix Tfi

represents the relevant effective potential in the quark-
interchange diagrams, which can be factorized as

Tfi ¼ IcolorIflavorIspinIspace; ð3:5Þ

where Ii with the subscripts color, flavor, spin, and space
stand for the corresponding factors, and the calculation
details of these factors Ii ði ¼ color; flavor; spin; spaceÞ are
referred to in Ref. [46].

TABLE VI. The parameters of the nonrelativistic quark model
[71] and the oscillating parameters of the Gaussian function [46].

Quark model b ðGeV2Þ σ ðGeVÞ A
0.180 0.897 10

B (GeV) ms (GeV) mc GeV)
0.310 0.575 1.776

Oscillating parameters βD�
s
(GeV) βηc (GeV) βJ=ψ (GeV)

0.562 0.838 0.729
αλΩ (GeV) αρΩ (GeV) αλΩc

(GeV)
0.466 0.407 0.583

αρΩc
GeV) αλΩ�

c
(GeV) αρΩ�

c
(GeV)

0.444 0.537 0.423

FIG. 2. Quark-interchange diagrams for the process AðcssÞ þ
Bðsc̄Þ → CðsssÞ þDðcc̄Þ in the hadronic molecular picture.

HIDDEN-CHARM PENTAQUARKS WITH TRIPLE STRANGENESS … PHYS. REV. D 103, 054025 (2021)

054025-7



For the two-body strong decay widths of these discussed
molecular candidates, they can be explicitly expressed as

Γ ¼ jPCj
32π2m2ð2J þ 1Þ

Z
dΩjMj2: ð3:6Þ

In the above expression, PC, m, and M stand for the
momentum of the final state, the mass of the molecular
state, and the transition amplitude of the discussed process,
respectively. Here, we want to emphasize that there exists a
relation of the transition amplitude M and the T-matrix
Tfi, i.e.,

M ¼ −ð2πÞ32
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2m2EC2ED

p
Tfi; ð3:7Þ

where EC and ED are the energies of the final states C and
D, respectively. Through the above preparation, we can
calculate the two-body hidden-charm strong decay widths

of these proposed Ωð�Þ
c D̄�

s molecular states.

B. Two-body hidden-charm strong decay widths
of these proposed Ωð�Þ

c D̄�
s molecular states

In the above section, our results suggest that the S-wave
ΩcD̄�

s state with JP ¼ 3=2− and the S-wave Ω�
cD̄�

s state
with JP ¼ 5=2− can be regarded as the hidden-charm
molecular pentaquark candidates with triple strangeness.
Thus, we will study the two-body strong decay property
of these possible hidden-charm molecular pentaquarks
with triple strangeness, which provides valuable informa-
tion to search for these proposed molecular candidates in
experiment.
In this work, we focus on the two-body hidden-charm

strong decay channels for these predicted hidden-charm
molecular pentaquarks with triple strangeness. For the S-
wave ΩcD̄�

s molecular state with JP ¼ 3=2−, it can decay
into the J=ψΩ and ηcΩ channels through the S-wave
interaction. For the S-wave Ω�

cD̄�
s molecular state with

JP ¼ 5=2−, we only take into account the J=ψΩ decay
channel via the S-wave coupling, while the ηcΩ channel is
suppressed since it is a D-wave decay [46].
In order to intuitively clarify the uncertainty of the

binding energies, we present the binding energies depend-
ence of the decay widths for the S-wave ΩcD̄�

s molecular
state with JP ¼ 3=2− and the S-wave Ω�

cD̄�
s molecular state

with JP ¼ 5=2− in Fig. 3. As stressed in Sec. II, the
hadronic molecule is a loosely bound state [51], so the
binding energies of these hidden-charm molecular penta-
quarks with triple strangeness change from−20 to−1 MeV
in calculating the decay widths. With increasing the
absolute values of the binding energy, the decay widths
become larger, which is consistent with other theoretical
calculations [51,75–86].
As illustrated in Fig. 3, when the binding energies are

taken as −15 MeV with typical values, the dominant decay

channel is the J=ψΩ around one MeV for the S-waveΩcD̄�
s

molecular state with JP ¼ 3=2−, and the decay width of
the J=ψΩ channel is predicted to be around several MeV
for the S-wave Ω�

cD̄�
s molecule with JP ¼ 5=2−. Thus,

the J=ψΩ should be the promising channel to observe the
S-wave ΩcD̄�

s molecular state with JP ¼ 3=2− and the
S-waveΩ�

cD̄�
s molecular state with JP ¼ 5=2−. Meanwhile,

it is interesting to note that the S-wave ΩcD̄�
s molecular

state with JP ¼ 3=2− prefers to decay into the J=ψΩ
channel, but the decay width of the ηcΩ channel
is comparable to the J=ψΩ channel, which indicates that
the S-wave ΩcD̄�

s molecule with JP ¼ 3=2− can be
detected in the ηcΩ channel in future experiment.
In the heavy quark symmetry, the relative partial decay

branch ratio between the ηcð1SÞΩ and J=ψΩ for the ΩcD̄�
s

state with JP ¼ 3=2− can be estimated as

RHQS ¼
ΓðΩcD̄�

s → ηcð1SÞΩÞ
ΓðΩcD̄�

s → J=ψΩÞ ¼ 0.6; ð3:8Þ

since the relative momentum in the ηcð1SÞΩ channel is
larger than that in the J=ψΩ channel, RðEÞ should be a
little larger than RHQS ¼ 0.6, where E is the binding
energy. In our calculation, we obtain

Rð−5 MeVÞ ¼ Rð−10 MeVÞ ¼ 0.62;

Rð−15 MeVÞ ¼ 0.67:

Obviously, our results are consistent with the estimation in
the heavy quark limit.

IV. SUMMARY

Searching for exotic hadronic state is an interesting and
important research topic of hadron physics. With accumu-
lation of experimental data, the LHCb observed three
narrow Pcð4312Þ, Pcð4440Þ, and Pcð4457Þ in 2019 [19],
and found the evidence of the Pcsð4459Þ as a hidden-charm
pentaquark with strangeness [20]. These progresses make
us have reason to believe that there should exist a zoo
of the hidden-charm molecular pentaquark. At present, the
hidden-charm molecular pentaquark with triple strangeness

FIG. 3. The binding energies dependence of the decay widths
for the S-wave ΩcD̄�

s molecular state with JP ¼ 3=2− and the S-
wave Ω�

cD̄�
s molecular state with JP ¼ 5=2−.
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is still missing, which inspires our interest in exploring how
to find these intriguing hidden-charm molecular pentaquark
states with triple strangeness.
Mass spectrum information is crucial to searching for

them. In this work, we perform the dynamical calculation
of the possible hidden-charm molecular pentaquark states
with triple strangeness from the Ωð�Þ

c D̄ð�Þ
s interactions,

where the effective potentials can be obtained by the
OBE model. By finding bound state solutions of these
discussed systems, we find that the most promising hidden-
charm molecular pentaquarks with triple strangeness are
the S-wave ΩcD̄�

s state with JP ¼ 3=2− and the S-wave
Ω�

cD̄�
s state with JP ¼ 5=2−. Besides mass spectrum study,

we also discuss their two-body hidden-charm strong decay
behaviors within the quark-interchange model. In concrete
calculation, we mainly focus on the J=ψΩ and ηcΩ
decay modes for the predicted S-wave ΩcD̄�

s molecule
with JP ¼ 3=2− and the J=ψΩ decay channel for the
predicted S-wave Ω�

cD̄�
s molecule with JP ¼ 5=2−.

In the following years, the LHCb Collaboration will
collect more experimental data at Run III and upgrade the
High-Luminosity-LHC [49]. Experimental searches for
these predicted hidden-charm molecular pentaquarks with
triple strangeness are an area full of opportunities and
challenges in future experiments.
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APPENDIX: RELEVANT SUBPOTENTIALS

Through the standard strategy [40,63,64], we can derive
the effective potentials in the coordinate space for these
investigated Ωð�Þ

c D̄ð�Þ
s systems, i.e.,

VΩcD̄s→ΩcD̄s ¼ −AYf0 −
C
2
Yϕ; ðA1Þ

VΩ�
cD̄s→Ω�

cD̄s ¼ −AA1Yf0 −
C
2
A1Yϕ; ðA2Þ

VΩcD̄�
s→ΩcD̄�

s ¼ −AA2Yf0 þ
2B
9
½A3Or þA4Pr�Yη

−
C
2
A2Yϕ −

2D
9

½2A3Or −A4Pr�Yϕ; ðA3Þ

VΩ�
cD̄�

s→Ω�
cD̄�

s ¼ −AA5Yf0 −
B
3
½A6Or þA7Pr�Yη

−
C
2
A5Yϕ þ

D
3
½2A6Or −A7Pr�Yϕ; ðA4Þ

VΩcD̄s→Ω�
cD̄s ¼ Affiffiffi

3
p A8Yf01 þ

C

2
ffiffiffi
3

p A8Yϕ1; ðA5Þ

VΩcD̄s→ΩcD̄�
s ¼ 2B

9
½A9Or þA10Pr�Yη2

þ 2D
9

½2A9Or −A10Pr�Yϕ2; ðA6Þ

VΩcD̄s→Ω�
cD̄�

s ¼ −
B

3
ffiffiffi
3

p ½A11Or þA12Pr�Yη3

−
D

3
ffiffiffi
3

p ½2A11Or −A12Pr�Yϕ3; ðA7Þ

VΩ�
cD̄s→ΩcD̄�

s ¼ B

3
ffiffiffi
3

p ½A13Or þA14Pr�Yη4

þ D

3
ffiffiffi
3

p ½2A13Or −A14Pr�Yϕ4; ðA8Þ

VΩ�
cD̄s→Ω�

cD̄�
s ¼ B

3
½A15Or þA16Pr�Yη5

þD
3
½2A15Or −A16Pr�Yϕ5; ðA9Þ

VΩcD̄�
s→Ω�

cD̄�
s ¼ Affiffiffi

3
p A17Yf06 þ

B

3
ffiffiffi
3

p ½A18Or þA19Pr�Yη6

þ CA17

2
ffiffiffi
3

p Yϕ6 −
D

3
ffiffiffi
3

p ½2A18Or −A19Pr�Yϕ6:

ðA10Þ

Here, Or ¼ 1
r2

∂
∂r r2

∂
∂r and Pr ¼ r ∂

∂r
1
r
∂
∂r. Additionally, we

also define several variables, which include A ¼ lSgS,
B ¼ g1g=f2π, C ¼ βSβg2V , and D ¼ λSλg2V . The function
Yi can be defined as

Yi ¼
e−mir − e−Λir

4πr
−
Λ2
i −m2

i

8πΛi
e−Λir: ðA11Þ

Here, mi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 − q2i

p
and Λi ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Λ2 − q2i

p
. Variables

qiði ¼ 1;…; 6Þ are defined as q1 ¼ 0.04 GeV, q2 ¼
0.06 GeV, q3 ¼ 0.02GeV, q4¼ 0.10GeV, q5¼0.06GeV,
and q6 ¼ 0.04 GeV.
In the above effective potentials, we also introduce

several operators, i.e.,
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A1 ¼
X

a;b;m;n

C
3
2
;aþb
1
2
a;1b

C
3
2
;mþn
1
2
m;1n

χ†a3 ðϵ†b3 · ϵn1Þχm1 ;

A2 ¼ χ†3ðϵ†4 · ϵ2Þχ1;
A3 ¼ χ†3½σ · ðiϵ2 × ϵ†4Þ�χ1;
A4 ¼ χ†3Tðσ; iϵ2 × ϵ†4Þχ1;
A5 ¼

X
a;b;m;n

C
3
2
;aþb
1
2
a;1b

C
3
2
;mþn
1
2
m;1n

χ†a3 ðϵn1 · ϵ†b3 Þðϵ2 · ϵ†4Þχm1 ;

A6 ¼
X

a;b;m;n

C
3
2
;aþb
1
2
a;1b

C
3
2
;mþn
1
2
m;1n

χ†a3 ðϵn1 × ϵ†b3 Þ · ðϵ2 × ϵ†4Þχm1 ;

A7 ¼
X

a;b;m;n

C
3
2
;aþb
1
2
a;1b

C
3
2
;mþn
1
2
m;1n

χ†a3 Tðϵn1 × ϵ†b3 ; ϵ2 × ϵ†4Þχm1 ;

A8 ¼
X
a;b

C
3
2
;aþb
1
2
a;1b

χ†a3 ðϵ†b3 · σÞχ1;

A9 ¼ χ†3ðσ · ϵ†4Þχ1;
A10 ¼ χ†3Tðσ; ϵ†4Þχ1;
A11 ¼

X
a;b

C
3
2
;aþb
1
2
a;1b

χ†a3 ½ϵ†4 · ðiσ × ϵ†b3 Þ�χ1;

A12 ¼
X
a;b

C
3
2
;aþb
1
2
a;1b

χ†a3 Tðϵ†4; iσ × ϵ†b3 Þχ1;

A13 ¼
X
a;b

C
3
2
;aþb
1
2
a;1b

χ†3½ϵ†4 · ðiσ × ϵb1Þ�χa1;

A14 ¼
X
a;b

C
3
2
;aþb
1
2
a;1b

χ†3Tðϵ†4; iσ × ϵb1Þχa1;

A15 ¼
X

a;b;m;n

C
3
2
;aþb
1
2
a;1b

C
3
2
;mþn
1
2
m;1n

χ†a3 ½ϵ†4 · ðiϵn1 × ϵ†b3 Þ�χm1 ;

A16 ¼
X

a;b;m;n

C
3
2
;aþb
1
2
a;1b

C
3
2
;mþn
1
2
m;1n

χ†a3 Tðϵ†4; iϵn1 × ϵ†b3 Þχm1 ;

A17 ¼
X
a;b

C
3
2
;aþb
1
2
a;1b

χ†a3 ðσ · ϵ†b3 Þðϵ2 · ϵ†4Þχ1;

A18 ¼
X
a;b

C
3
2
;aþb
1
2
a;1b

χ†a3 ðσ × ϵ†b3 Þ · ðϵ2 × ϵ†4Þχ1;

A19 ¼
X
a;b

C
3
2
;aþb
1
2
a;1b

χ†a3 Tðσ × ϵ†b3 ; ϵ2 × ϵ†4Þχ1: ðA12Þ

Here, Tðx; yÞ ¼ 3ðr̂ · xÞðr̂ · yÞ − x · y is the tensor force
operator. In Table VII, we collect the numerical matrix
elements hfjAkjiiðk ¼ 1;…; 7Þ with the S-D wave mixing
effect analysis. Of course, the relevant numerical matrix
elements hfjAkjiiðk ¼ 8;…; 19Þ will be involved in the
coupled channel analysis. For the coupled channel
analysis with J ¼ 1=2, we have A9 ¼

ffiffiffi
3

p
, A11 ¼

ffiffiffi
2

p
,

A18 ¼ −
ffiffiffiffiffiffiffiffi
2=3

p
, and Ak ¼ 0 (k ¼ 10, 12, 17, 19). And,

there exists A13 ¼ 1, A15 ¼
ffiffiffiffiffiffiffiffi
5=3

p
, A18 ¼ −

ffiffiffiffiffiffiffiffi
5=3

p
, and

Ak ¼ 0 (k ¼ 14, 16, 17, 19) for the coupled channel
analysis with J ¼ 3=2.

TABLE VII. The numerical matrix elements hfjAkjiiðk ¼ 1;…; 7Þ with the S-D wave mixing effect analysis.

Matrix elements J ¼ 1=2 J ¼ 3=2 J ¼ 5=2

hΩ�
cD̄sjA1jΩ�

cD̄si = diag(1,1) =

hΩcD̄�
s jA2jΩcD̄�

si diag(1,1) diag(1,1,1) =

hΩcD̄�
s jA3jΩcD̄�

si diagð−2; 1Þ diagð1;−2; 1Þ =

hΩcD̄�
s jA4jΩcD̄�

si
�

0 −
ffiffiffi
2

p
−
ffiffiffi
2

p −2
�  

0 1 2

1 0 −1
2 −1 0

! =

hΩ�
cD̄�

s jA5jΩ�
cD̄�

si diag(1,1,1) diag(1,1,1,1) diag(1,1,1,1)

hΩ�
cD̄�

s jA6jΩ�
cD̄�

si diagð5
3
; 2
3
;−1Þ diagð2

3
; 5
3
; 2
3
;−1Þ diagð−1; 5

3
; 2
3
;−1Þ

hΩ�
cD̄�

s jA7jΩ�
cD̄�

si
0
BB@

0 − 7

3
ffiffi
5

p 2ffiffi
5

p

− 7

3
ffiffi
5

p 16
15

− 1
5

2ffiffi
5

p − 1
5

8
5

1
CCA

0
BBBBB@

0 7
3
ffiffiffiffi
10

p − 16
15

−
ffiffi
7

p
5
ffiffi
2

p
7

3
ffiffiffiffi
10

p 0 − 7

3
ffiffiffiffi
10

p − 2ffiffiffiffi
35

p

− 16
15

− 7

3
ffiffiffiffi
10

p 0 − 1ffiffiffiffi
14

p

−
ffiffi
7

p
5
ffiffi
2

p − 2ffiffiffiffi
35

p − 1ffiffiffiffi
14

p 4
7

1
CCCCCA

0
BBBBB@

0 2ffiffiffiffi
15

p
ffiffi
7

p
5
ffiffi
3

p − 2
ffiffiffiffi
14

p
5

2ffiffiffiffi
15

p 0
ffiffi
7

p
3
ffiffi
5

p − 4
ffiffi
2

pffiffiffiffiffiffi
105

pffiffi
7

p
5
ffiffi
3

p
ffiffi
7

p
3
ffiffi
5

p − 16
21

−
ffiffi
2

p
7
ffiffi
3

p

− 2
ffiffiffiffi
14

p
5

− 4
ffiffi
2

pffiffiffiffiffiffi
105

p −
ffiffi
2

p
7
ffiffi
3

p − 4
7

1
CCCCCA
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