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Pair structure of heavy tetraquark systems
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We study the pair description of heavy tetraquark systems |QQQ Q) in the frame of a nonrelativistic
potential model. By taking the two heavy quark pairs (QQ) as colored clusters, the four-quark Schrodinger
equation is reduced to a two-pair equation, when the inner motion inside the pairs can be neglected. Taking
into account all the Casimir scaling potentials between two quarks and using the lattice QCD simulated
mixing angle between the two color-singlet states for the tetraquark system, we extracted a detailed pair

potential between the two heavy quark pairs.
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Among the studies of exotic hadrons which cannot be
explained as normal mesons and baryons, there are many
theoretical works focusing on heavy tetraquark systems
Q00 O (Q means charm quark ¢ or bottom quark b)
[1-22]. Recently, a narrow structure around 6.9 GeV,
named as X(6900), is observed by the LHCb Collabora-
tion at colliding energy /s = 7, 8, and 13 TeV [23]. This is
the first candidate of fully heavy tetraquarks observed in
experiment.

The molecular picture is an often used mechanism to
understand the properties of multiquark states, for instance
the phenomenon that some of the tetraquark states locate
below the threshold of the corresponding two mesons
[9,14,16,24-29]. The key quantity to control the molecular
structure of heavy tetraquark states is the interaction
potential between the two molecules. However, if one
directly takes a tetraquark state as a meson-meson con-
figuration, there will be no interaction between the two
mesons at one-gluon-exchange level, see Ref. [30] and the
discussion below. A direct way to introduce meson-meson
interaction at quark level is to include multigluon exchange.
In this paper, we consider a different molecular picture, by
taking into account pair-pair interaction at one-gluon-
exchange level. We study a colored pair description for
general heavy tetraquark systems in the frame of a non-
relativistic potential model. By taking the two heavy quark
pairs (QQ) as two colored clusters and neglecting the quark
motion inside the pairs, we translate the four quark problem
into a two-pair problem and derive the interaction potential
between the two pairs.
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The two independent color-singlet states |s;) =

(©0)5,(Q 0)5,) and [s5) = |(QQ)s (Q Q)g, ) form a com-

plete and orthonormal basis in the color space, any
tetraquark state can be expanded in terms of them,

|Q0Q0 0) = sinBls;) 4 cos Bls,), (1)

where the mixing angle ® [30] between the two color-singlet
states characterizes the color dynamics of the tetraquark
state. Considering the color structure of the two indepen-
dent meson-meson states |m;) = [(Q;03), (Q204), ) and

my) = [(0104), (0203), ), "

imy) = \/1/3|s1) + /2/3]5).
[m;) Z—M|Sl>+\/%|sz>v (2)

a general tetraquark state can be expanded as a linear
combination of the two meson-meson states [30].

1000 0) = /3/4[(cos©/V2 + 5in®)|my)
+ (cos ©/V2 — sin©)|m,)], (3)

Note that, different from the two color-singlet states |s;) and
|s»), the two independent meson-meson states are normal-
ized but not orthogonal to each other. It is easy to check that, a
general tetraquark state |QQQ Q) is reduced to the meson-
meson state |m;) at the mixing angle ® = @, with tan ©, =
1/+/2 and the other meson-meson state |m,) at ©® = —@,,.
An often used method to investigate multi heavy-
quark systems is the potential model [5,16,17,19-22,31].
For a heavy tetraquark system, the wave function
W(r,ry,r3,14) = (r,1,13,14]Q00 Q) and energy E
satisfy the Schrodinger equation in coordinate space,
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<§4: ;AV; + v>lp = EY (4)

i=1

with quark mass M. As a first approximation, we consider
only the one-gluon-exchange potential between two
quarks, and take the total potential V(r,r,,r3,14) as a
sum of such Casimir scaling potentials [32],

4 = A1 4 -
V:Z<QQQQ|/L- ® 14000 0)

~16/3 Vc(|1'ij

), (5)

i<j

where the matrix A{ is defined as 27“ for quark i and
—2(T%)* for antiquark i with 7% being the Gell-Mann
matrices, [r;;| = [r; —r;| is the distance between the two
quarks i and j, and V(r) is the static Cornell potential

Vel(r) = ==+or. (6)

The two parameters a and ¢ can be fixed by fitting the
charmonium masses in vacuum [31].

Since the Cornell potential depends only on the distance
between two interacting quarks, the four-body Schrodinger
equation can be divided into a center-of-mass part and a
relative part ¥ = @y. The center-of-mass motion is a plane
wave O(R) = PR with total coordinate R = (r; +r, +
r; + r)/4 and total momentum P, and the relative motion
is governed by the potential V. There are three independent
coordinates for the relative motion. In order to achieve the
goal of translating the four-quark problem into a problem of
two molecules, we take rj3 =r; —r;,ryy =r, —r, and
the vector r between the two quark pairs (Q,Q3) and

(0204),
r=(r,+ry—r —r3)/2 (7)

as the three independent coordinates, see Fig. 1. The other
coordinate vectors can be expressed in terms of them,

rp=r+(r3—ry)/2,
ry =r+ (r;+r4)/2,
ry =r—(r;3 +1ry4)/2,
r3, =r—(r;3 —ry)/2. (8)

Note that, the quark pairs (Q;Q3) and (Q,Q,) here
are not mesons, they are not required to be color-singlets.
The reason to choose ry;, r,y and r as the relative
coordinates is for comparing the two-pair structure
|(0,05)(Q,04)) with the two-meson structure |m,) =
(Q103); (0204),,) of the tetraquark system. We will

see that the former approaches to the latter in the limit of
r — oo. We can also choose ry4, r»3, and r between the two

FIG. 1. The relative coordinates of the quarks in a tetraquark
system. O is the center-of-mass of the system.

quark pairs (Q,Q,) and (Q,Q3) as the relative coordinates
for comparing the two-pair structure |(Q; 04)(Q,05)) with
the two-meson structure |m,) = |(Q104), (0,03), ). For

a tetraquark system with the same mass for the four quarks,
the two groups of coordinates make no difference in the
final result.

Calculating directly the matrix elements in (5) leads to
the total static potential V(r,r3,1o4) for the tetraquark
system,

1% :%(1 —3¢c08(20))[V,(r12) + V. (rs)]

+1—16(7 +3¢08(20) +6v25in(20)) [V, (r13) + Ve (ra)]

+ 1 (74 3005(20) = 6v/25in(20))[V, (1) + Ve 1))
(9)

It is clear to see that, at the specific mixing angle ® = @, or
® = -0, the tetraquark state is reduced to a meson-meson
state, the total potential contains only the inner potentials of
the two mesons, V =V (r3) + V.(ry) at ® = 0, and
V =V.(ri)+ V.(ry) at ® =—-0,, and the interaction
between the two mesons totally disappear. In this case, the
four-quark system becomes two free mesons, and it is
impossible to form a tetraquark state.

With the known potential, the relative wave function
w(r,r3,1ry4) and energy e which characterize the tetra-
quark structure are determined by the Schrédinger equation

1

(=337 7+ 2098+ ¥30) +V )y = e (10

While we have considered the two quark pairs (Q;Q5) and
(0,04) as two colored clusters, this relative equation
cannot be factorized as three equations characterizing
separately the structures of the two pair states and the
two-pair state, since the potential V is a highly mixed
function of ry3, ry4, and r and cannot be written as a sum of
three independent parts. To construct a cluster description
of the tetraquark state, we have to neglect the quark motion
inside the pairs, namely we take the variables r3 and ry, as
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the averaged pair sizes 73 and 7,4. By subtracting the inner
potentials of the two pairs from the tetraquark potential,

Vo (0713, 704) = V(. F13,724) = Vo (Fi3) = Ve(Fos),  (11)

the relative Schrodinger equation (10) for the four-quark
system becomes the equation for the two-pair system,

\L:
<_ M + Vpp) Ypp = E€pp¥pp> (12)

where 2M is the reduced mass of the pair-pair system, V,,
is the potential between the two pairs which contains the
direct interactions between the two pairs V,, V4, Vo3 and
V34 and the mixing induced change in the inner potentials,
and €pp =€ — Vc(?l:i) — VC(?24) and l//pp(l', 7'13, 7‘24) are,
respectively, the binding energy and relative wave function
of the two-pair system.

In general case, the Schrodinger equation (12) cannot
be further separated into an angular part and a radial part,
since the pair potential V,,(r, 73, 7,4) depends still on
the relative direction between the two molecules. For the
mixing angle ©, we can take the lattice QCD simulated
O(r, 713, T24) [30] as a function of the distance between the
two pairs with fixed sizes 73 and 7,4. To derive a pair
potential V,, depending only on the distance r, we
integrate the tetraquark potential over all the angles,

- 1 o
V(r, 713,724) :—/dﬂldﬁzV(r,r13,r24) (13)

167°
with Q; = (01, ¢1),Q, = (0,, ¢,) and the definition of

I3 = 73(sin @) cos ¢y, sin @ sin ¢y, cos 6, ),

Ty = Foy(sin 6, cos ¢, sin 6, sin ¢h,, cos 6,) (14)

/6y
1.0

0.5

0.0

-1.0

for the azimuth angles of rj; and r,,. After a straightfor-
ward calculation, we obtain

V(r,713,72)
1 1
= |7(1=3c05(20)) + £ (7+3c05(20) 6v/25in(20))
X V(r.713.724)

2 (743¢05(20) + 6v/25in(20)) (V. (F1y) + V. (7))

(15)
with
V(r, Ti3, T24)
=2 =2
a o rizt+r
=——+or+ 2=
r 12 r
a(h—’_)zj(r——’)z _ (”+—’24—_(V——’)4’ r<r.
FiaTosr 6713741
+ a<r+—")2 _ ("+‘”)4 r <r<r
Fi3Togr 6F 13741’ - = +
0, r>r,
(16)

and ro = [r13 &+ ryl/2.
Now the factor to determine the central pair potential

Vo (1 F13,704) =V (1,713, 724) = Ve(F13) = Vo (F24) (17)

is the mixing angle ©(r, 73, 754). It is impossible to self-
consistently determine it in the frame of potential models.
We take here the lattice QCD simulated ® [30] as a function
of r at fixed pair sizes 73 = 7py = r,, see Fig. 2. In the
limit of » — oco but with finite pair size r,, ® approaches to

— M =-456,A2=6.83,x=1.12

AM=-217,A2=3.19,x=1.31
— M =-210,A2=2.69,x=1.35
— A =-210,A2=2.70,x=1.29
— M =-181,A2=267,x=1.25
— M =-203,A2=342,x=1.12
— A1 =-256,A2=3.50,x=1.19

A =-2.58,A2=3.67,x=1.20
— M =-441,A2=549,x=1.18

FIG. 2. The lattice QCD simulated mixing angle O(r, ps rp)/Go as a function of r/a at rp/a = 3,4, ..., 11 (from left to right) [30].
The scaled parameters are ®, = arctan(1/ \/i) and a = 0.069 fm. The curves are the fitted results using Eq. (20) with different values of

the parameters 1, 4,, and x.
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FIG. 3. The calculated pair potential as a function of the
distance between the two pairs. The 9 lines correspond to
different mixing angles taken from Fig. 2.

)y, the tetraquark system becomes two free mesons, and
the pair (meson) potential vanishes,

V,p(r—=o00,r,.r,) =0. (18)

pr( Ip

In the other limit of 73,74 — oo but with finite r, ®
approaches to —@,, the tetraquark system becomes again
two free mesons, and the averaged pair potential becomes

V,p(rr, = c0,r, > 0)=20r—=V.r,). (19)

1717( »''p »I'p
The case of r — 0 but with finite 753 and 7,4 is close to the
second limit, see Fig. 2.

In general case with 0 <r < oo, the lattice QCD
simulated ® [30] can be well fitted by
O(r,ry,.r,)

O
~cos?xsinh [4)(r — r,,)] + sin® xsinh [2,(r — r,,)]

~ cos? xcosh [4, (r — r,)] + sin® x cosh [, (r — 7,)]

(20)

with three parameters 1, 4,, and x. The lattice data and the
fitted lines with different values of the parameters are
shown in Fig. 2.

Employing the lattice simulated mixing angle ©(r, r,,, r,,)
with different molecular size r, Ja=3,4,..., 11, we

calculated the pair potential as a function of the distance r
between the two pairs. The result is shown in Fig. 3, and the
corresponding parameters are taken to be « = 0.5 and ¢ =
0.17 (GeV)?[31]. Note that, for tetraquark systems QQQ O,
the pair potential is quark mass independent. Of course, the
Schrodinger equation or the wave function of the system
depends on the mass value. If we take the pair size r, as two
times the J/y radius ~0.8 fm, the pair potential should
approach to the J/y — J/y potential in the limit of large r.
The potential is attractive at small » which bounds the two
pairs together, then becomes continuously repulsive around
the pair size r,, and finally approaches to zero when the
distance is large enough. The numerical result here is
similar to a recent calculation of J/yr — J /y potential where
the colorless Pomeron exchange produces the attractive
force [33].

With the central pair potential V,,(r), the relative wave
function v, ,(r) for the two-pair system can be factorized
as a spherical harmonic function and a radial function, the
latter is controlled by the potential. In the above calcu-
lations we have taken, for simplicity, the same mass for the
four quarks, but the method to effectively reduce a four-
quark system to a two-pair system is valid for general
tetraquark systems with different quark masses.

In summary, we obtained a pair description of heavy
tetraquark systems |QQQ Q) in the frame of a potential
model. Taking the two quark pairs (QQ) as colored clusters
and neglecting the quark motion inside the pairs, the four-
body Schrodinger equation for the tetraquark system
becomes a two-body equation describing the relative
motion of the two-pair state. Considering all the Casimir
scaling potentials between two heavy quarks and using the
lattice QCD simulated mixing angle between the two
independent color singlets, we obtained a detailed inter-
action potential between the two pairs.
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