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Observation of the interference between the atmospheric-scale and solar-scale oscillations is one of the
challenging and tantalizing goals of the ongoing and upcoming neutrino experiments. An inevitable first
step required for such analyses is to establish the way the oscillation S matrix can be decomposed into the
atmospheric and solar waves, the procedure dubbed as the amplitude decomposition. In this paper, with the
use of the perturbative framework proposed by Denton et al. (DMP), we establish the prescription for
amplitude decomposition which covers the whole kinematical region of the terrestrial neutrino experi-
ments. We analyze the limits to the atmospheric- and solar-resonance regions to argue that the dynamical
two modes of the DMP decomposition can be interpreted as the matter-dressed atmospheric and solar
oscillations. The expressions of the oscillation probability, which are decomposed into the noninterference
and interference terms, are derived for all the relevant flavor oscillation channels. Through construction of
the DMP decomposition, we reveal the nature of y (6|, in matter) symmetry as due to the S matrix
rephasing invariance. A new picture of the DMP perturbation theory emerged, a unified perturbative
framework for neutrino oscillation in earth matter.
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I. INTRODUCTION

The three-generation structure of the fundamental fer-
mions with complex mass matrices, the masses and the
flavor mixing [1-3], has important consequences. When
the neutrinos oscillate, the two independent modes of
oscillations are generated, the Am3,-driven “atmospheric”
[4] and the Am%l—driven “solar” [5] oscillations, whose
latter also takes the form of matter-affected [6,7] adiabatic
flavor transformation [8]. The atmospheric and solar waves
interfere with each other as a consequence of the three-
generation structure, the viewpoint emphasized in our
previous papers [9,10]. A less obvious but another,
probably the most important, consequence is that with
N-generation fermions, the lack of sufficient degrees of
freedom of fields that can absorb the CP violating phase
starts to manifest at N = 3, the Kobayashi-Maskawa (KM)
mechanism [11] for CP violation [12]. In the quark sector
the KM mechanism is beautifully demonstrated experi-
mentally [13,14]. In the lepton sector CP violation is under
an active search [15-17].

It is a tantalizing possibility to experimentally observe
the quantum interference between the atmospheric- and the
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solar-scale oscillation waves. In fact, physics of the
interference of these two modes of oscillation has been
discussed in various contexts in neutrino physics [18-24].
Here, we must note that a shortage of the list may reflect
our ignorance. Nonetheless, if we ask the question of
precisely how much is due to the interference effect in
given experimental data, to the best of our knowledge, we
do not have the machinery to answer the question.

In previous papers [9,10], we have started a new
approach to the problem of quantifying the interference
effect between the atmospheric and the solar waves. We
first note that such machinery aiming at detecting the
interference has to have the ability to define the atmos-
pheric and the solar oscillation amplitudes. Only after
establishing these definitions can we talk about what is
the interference between them. Therefore, we need a
prescription of how the oscillation § matrix can be
decomposed into the atmospheric and the solar oscillation
amplitudes. This procedure was named as the amplitude
decomposition in the previous papers, whose establishment
in matter is the ultimate goal of this paper.

It may be worthwhile to pay attention to an interesting
contrast between the above two consequences of the three-
family structure. Let us focus on the lepton sector assuming
the presence of the lepton KM phase . A general expect-
ation is that the CP violation effect is small and oscillation-
channel dependent. For example, it is likely that the CP
phase effect is more prominent in the v, — v, channel than
the Uy = Uy In an extreme case, both the CP conserving
cos ¢ and violating sin ¢ effects are absent in the v, and 7,
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disappearance channels in vacuum and in matter [25,26].
On the other hand, the atmospheric and solar wave
interference exists universally, and its magnitude is usually
not small. Roughly speaking, the interference term in
the probability is comparable to the noninterference
term [9,10].

II. THE AMPLITUDE DECOMPOSITION: A BRIEF
OVERVIEW AND THE PAPER PLAN

Let us introduce the problem of amplitude decomposi-
tion. We briefly review its current status and describe a
design plan of this paper. We try to make our discussion
here very pedagogical.

A. The amplitude decomposition in vacuum

What is good in vacuum is that we can clearly define
what are the atmospheric (Am3,-driven) and the solar
(Am3,-driven) amplitudes [9]. Given the neutrino oscilla-
tion S matrix element

l)‘lz mz
S(lﬁ = U(ll U};’le_iﬁx + UaZ U;}ze_lz_éx
Vll2
+ Uy Upze™ 2, (2.1)
which describes the neutrino oscillation v3 — v, (a # f or
a = ) from x = 0 to x in a vacuum, S,4 can be rewritten,
after a phase redefinition, as

Saﬁ = 5(xﬁ + UazUzz(e_iAﬂx - 1)

+Ugs U;3(e‘iA31x -1) (2.2)
by using unitarity [9,20,27]. In Egs. (2.1) and (2.2),
U = Uyns denotes the lepton flavor mixing matrix [3],

m2—m?
Aj; = —55— and 6,4 denotes the Kronecker delta function.
Equation (2.2) naturally defines the atmospheric and the
solar amplitudes

Su = U Upy(e7207 = 1),

S0 = U Uy (e707 = 1), (2.3)

Each one of (e7"43* — 1) and (e~"42* — 1) describes the
single Am? wave with desirable properties of vanishing at
x =0 and having the conventional oscillation phase
dependence. Hence, we call hereafter (e=2* — 1) and
(e721* — 1) and their extension in matter, as the atmos-
pheric and the solar wave factors, respectively. Thus, the
amplitude decomposition in vacuum is nothing but the
wave factor decomposition, which is naturally imple-
mented by unitarity.

B. The amplitude decomposition in matter:
The state of the art

In our trial of extending the amplitude decomposition
into a matter environment in Ref. [10], we have set up the
problem, analyzed it, and tried to solve it by examination of
the several perturbative frameworks. In this attempt, we
have encountered mainly the following two problems:

(i) A simple extension of the vacuum amplitude de-
composition [9] fails even with an infinitesimal
matter potential.'

(i) In matter the similar forms of the S matrix and the wave
factor decomposition as in Egs. (2.1) and (2.2), re-
spectively, are known to exist, the Zaglauer-Schwarzer
(ZS) construction [29]; see below. But, we fail in
physical interpretation of the ZS decomposition.

Having been faced with these problems, we took a detour in
Ref. [10]. Namely, we identified a few kinematical regions
in which the nature of the matter-effect modified atmos-
pheric and solar waves is understood by suitable appro-
priate perturbative frameworks that have been developed,
e.g., in Refs. [28,30-35]. We then utilized the perturba-
tively expanded oscillation S matrix to develop the ampli-
tude decomposition in matter under a guidance of the wave
factor decomposition.

The present paper has an overlap in nature with the
previous paper [10], both of which are devoted to the same
subject, the amplitude decomposition in matter. Yet, there is
a sharp contrast between them in approaching the problem.
In this paper, we squarely tackle the problem starting from
the principle of amplitude decomposition in matter.

To be more specific, the present paper has the following
well-defined purposes:

(i) To establish the prescription for amplitude decom-
position that covers the whole kinematical region of
the terrestrial neutrino experiments.

(i) To derive the oscillation probability formulas that
are decomposed into the noninterference and inter-
ference terms in all the relevant flavor oscillation
channels with a sufficient accuracy amenable for
experimental analyses.

The region referred to in the first item above implies the one
of the energy baseline that covers the atmospheric neutrino
observation of £ > 100 MeV by, e.g., Super-Kamiokande,
which, of course, includes all the long-baseline neutrino
experiments. For this purpose we use the perturbative
framework proposed by Denton et al. (DMP) [36]. For
brevity, we call this prescription for amplitude decompo-
sition the “DMP decomposition” [10]. All these will be
explained in due course, and we will make this paper self-
contained as much as possible. We start by addressing the

'There is a case in which the vacuum prescription works in
matter, the first-order helio-matter perturbation theory proposed
in Ref. [28], but it appears to be the unique exception. See
Ref. [10].
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principle, which eventually reveals our path to the DMP
decomposition.

In this paper, we readdress the question of what is the
correct principle by which the amplitude decomposition
can be formulated in a generic matter environment. In
Sec. III, following the discussion of the principle of
decomposition, we present our solution, the DMP decom-
position for the amplitude decomposition in the generic
matter environment. After an introductory description of
the DMP perturbation theory in Sec. IV, it will be fully
developed in Sec. V. The physical interpretation of the
independent two dynamical modes is attempted in Sec. VI
by analyzing the limit toward the atmospheric- and the
solar-resonance perturbation theories. Finally in Sec. VII,
we analyze the near vacuum limit of the DMP decom-
position to understand how the problem with infinitesimal
matter potential is dealt with. Throughout this paper we try
to develop a practical framework of amplitude decompo-
sition that can be used in the data analyses.

III. PRINCIPLE OF AMPLITUDE
DECOMPOSITION IN MATTER

What should be done first to construct the suitable
amplitude decomposition scheme in matter is to identify
the two independent modes of the three-flavor neutrino
oscillation in generic matter environments. Let us call these
two dynamical modes of oscillation the “A” and “S”
modes, the terminologies introduced in Ref. [10]. Let us
ask: How can we identify the two dynamical A and S
modes? The answer to this question is: The Hamiltonian of
the system must know it. Namely, the A and S modes must
show up as the result of diagonalization of the Hamiltonian.

A. ZS decomposition

In fact, the answer to this question has been known for a
long time. If the exact § matrix is known and the
eigenvalues of the Hamiltonian are known, and vice versa,
S = e~1* in the uniform density matter. But, the treatment
can be generalized into the varying density matter. For the
three-flavor neutrino oscillation in uniform density matter,
the exact S matrix is known as the Zaglauer-Schwarzer
solution [29],

Sup = Vea Vit €3 1 Voo Vige 3 1V g Vige . (3.1)

The exact expressions of the eigenvalues A; [37], which are
the eigenvalues of 2EH, and the evolution matrix V;
(i =1, 2, 3) are presented in Ref. [29]. See Ref. [38] for
the related work which allows us to construct the exact
form of the oscillation probability. Because of the sum rule
M+ + A3 = m} + m3 + m3 + a, the two out of three
eigenvalues are independent, reassuring the existence of
(only) two independent oscillation modes.

With use of the rephasing S,; — ei;_]E"Saﬂ, one can define
the amplitudes S, and S5, as

(i3=41)
Sip=VaaVisle™ 7 ¥ — 1],

S5y = VaaVjale 5 1, (3.2)
by which the S matrix can be written, after the phase
redefinition, as

Sap = Sap + Sy + Sis. (3.3)
This procedure, which leads to an amplitude decomposition
in matter, was called the ZS decomposition in Ref. [10].
Thus, we know the general solution of the amplitude

decomposition in matter under the uniform matter density
approximation.

B. DMP decomposition

Then, one may ask: What is missing? The answer is the
lack of physical interpretation of the ZS decomposition. Or,
in other words, it is very hard, if not impossible, to extract a
clear physical picture out of the exact expressions of the
eigenvalues and the V matrix given in Ref. [29]. Since we
want to understand how the dynamical two modes in the
general solution are connected to the physically motivated
two modes, the matter-dressed atmospheric and the matter-
dressed solar oscillations, we need a better way even
though it is only an approximate solution. We argue in
the rest of this paper that the framework proposed by
Denton et al. [36] provides, to our knowledge, the best
solution for this purpose.

Despite a partial overlap between this and the previous
papers [10], there is a clear difference between them about
the setting of the problem and approach to it. In Ref. [10],
we have looked for the prescription for amplitude decom-
position under the condition that the dynamical two modes
allow interpretation of the matter-affected atmospheric and
the solar oscillations. That is why we had to restrict our
usage of the ZS construction to the guideline for the wave
factor structure.

Whereas in this paper, we start from the general principle
of amplitude decomposition and state that the ZS decom-
position provides the exact solution in generic matter
environment with a uniform density. But, because its
physical interpretation is untenable, we replace the ZS
decomposition by the DMP decomposition. As far as the
numerical accuracy is concerned, they are indistinguishable
by eye [39]. More importantly, we illuminate by the explicit
calculation how the above physical two modes are buried
into the DMP amplitude decomposition. While the DMP
solution is introduced by using the V matrix elements [10],
neither the explicit expressions of the decomposed ampli-
tudes nor the decomposed probabilities are presented.
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In this paper we provide them in all the relevant oscillation
channels.

IV. THE DMP PERTURBATION THEORY
IN A NUTSHELL

The DMP perturbation theory [36] is the easiest possible
framework to compute perturbative corrections, though this
feature may not be appreciated so widely. It is not merely at
a conceptual level, but is more true at the technical level,
which is illuminated in this section.

A. The three-flavor neutrino evolution in matter

We define the system of three-flavor neutrino evolution
in matter. Though standard, we do it to define notations.
The evolution of the three-flavor neutrinos in matter can be
described by the Schrodinger equation in the flavor basis,

iy = Hy, with Hamiltonian
1 0o 0 0 alx) 0 0
H:ﬁ Ulo Am3, 0 |U'+| 0 0 0],
0 0 Am 0 00
(4.1)

where E is neutrino energy and Am3; = m3 — mj. In (4.1),
U = Upns denotes the standard 3 x 3 lepton flavor mixing
matrix [3] which relates the flavor neutrino states to the
vacuum mass eigenstates as v, = U ,v;, where a runs over e,
u, 7, and the mass eigenstate indices i, j run over 1,2, and 3.
We use the lepton flavor mixing matrix in the convention that
e is attached to the “atmospheric angle” s,3, which will be
dubbed hereafter as the “ATM” convention:

1 O 0 C13 0 513
UATM = 0 Co3 S23€i5 0 1 0

_'5
0 —sp3e™ €23 =si3 0 ¢p3

i sp 0
X —S12 Cqip 0
0 0 1

= Un3(0,3,6)U13(013)U12(013). (4.2)

The choice (4.2) is most convenient given the fact that it is
used in both Ref. [35] and Ref. [36] and is physically
equivalent with the more familiar PDG convention [40].2

2Among the three typical conventions of the Uygyg matrix [41],
the ATM convention is, in fact, the most rational choice from the
theoretical point of view. It is well known that 0,5 is irrelevant for
dynamical evolution in matter, as U, is rotated away from the
evolution equation in the “propagation basis”; see, e.g.,
Refs. [26,42]. Thus, the CP phase 6 does not complicate the
neutrino evolution in the ATM convention.

The functions a(x) in (4.1) denote the Wolfenstein
matter potential [6] due to charged current reactions

a=2V2GyN,E

Y E
~1.52% 107 (gc—;ﬁ) <@> eV2.  (4.3)

Here, Gy is the Fermi constant, and N, is the ele-
ctron number density in matter. p and Y, denote, respec-
tively, the matter density and the number of electrons per
nucleon in matter. For simplicity and clarity we will work
with the uniform matter density approximation throughout
this paper. But, it is in principle possible to extend our
treatment to varying matter density cases if adiabaticity
holds.

B. The DMP framework in brief

The DMP perturbation theory is a very natural frame-
work as an approximate treatment of the three-neutrino
flavor transformation in matter. It has been well known that
the matter effect significantly modifies the mixing angles
01, and 6,3, but not 6,; and the CP phase o [29,42].
This feature is nicely incorporated into the DMP frame-
work that utilizes the successive 1-3 and 1-2 space rotations
with the mixing angles ¢ (matter-affected 6,3) and w
(matter-affected 6,,) to approximately diagonalize the
Hamiltonian [36].”

In formulating perturbation theory one has to specify the
basis in which one computes S matrix elements perturba-
tively. Starting from the flavor eigenstate basis with the
Hamiltonian H, we transform to the mass eigenstate basis
in matter, which we call the “check basis” with the

Hamiltonian H,

H= UTz(U/) UT3(¢)U;3(92375)HU23 (023,6)U13(¢) Ua ().
(4.4)

The mixing angles in matter, ¢ and y, are determined by
diagonalizing the Hamiltonians in each step [36], and their
expressions are given in the Appendix A.

The DMP perturbation theory utilizes the expansion
parameter € defined by

_ Am%l
N Am%en '

Am%en = Am%l - S%ZAm%I’ (45)
where AmZ, is the “renormalized” atmospheric Am?
defined in Ref. [35]. It should be remembered that through-
out this paper Am2,, €, Am3,, etc., are the mass-ordering
sign active. That is, Am3, (and AmZ,) is positive and

This method for the approximate diagonalization of the
Hamiltonian has been known as the Jacobi method, and was
first applied to the three-neutrino oscillation by the authors of
Ref. [43] who performed the two rotations in different orders.
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negative for the normal mass ordering (NMO) and the
inverted mass ordering (IMO), respectively. Note thate < 0
for the IMO.

The check basis Hamiltonian can be decomposed into
the unperturbed and perturbed parts [36],

H=H,+H,.
h 0 0
Hy=1|0 hy 0],
0 0 iy
0 0 -s,
[:Il:echles(r/)—HB)Aren 0 0 ¢ (4.6)
=Sy ¢, O

InEq. (4.6), h; = 1;/2E (i = 1, 2, 3) denote the eigenvalues
of the unperturbed Hamiltonian. Hereafter we use the
abbreviated notations ¢, =c0s6,,, s, =siny, c,=cosg,
S(g-0,5) = Sin(¢p — 013), etc., and A, = Am2, /2E.

The calculation of the S matrix can be done routinely.
Given the Schrodinger equation i d%S’ = H(x)S, we define

Q(x) = eMo3(x), (4.7)
which obeys the evolution equation
iiQ(x) = H,Q(x), (4.8)
dx
where
H, = e/flox [ g=iflox, (4.9)

Then, Q(x) can be computed perturbatively as
Q(x) =1+ (=) A CAYH, ()
+(—i)ZAxdx’Hl(x’)AX/dx”Hl(x”)+..., (4.10)
and the S matrix is given by
S(x) = e Q(x). (4.11)

Having obtained the check basis S matrix it is straight-
forward to calculate the flavor basis S matrix:

S = Uj3(6a3, 5)U13(¢)U12(W)§U12(W)UI3(¢)U;3(923’ 5).
(4.12)

The explicit expressions of the zeroth- and first-order S
matrix elements are given in Appendix B. Then, the rest of

the work is to compute the oscillation probability,
P(Vﬂ = V) = |Saﬂ|2'

The descriptions of the framework in this section, if
assisted by Appendix A in which the expressions of the
eigenvalues 1; or h; and the mixing angles ¢ and y are
given, must be sufficient for the readers to derive the
formulas which will be presented in this paper. To discuss
the antineutrino channels we reverse the signs of the matter
potential a and the CP phase 6. This remark, since it is so
well known, will not be repeated in the discussion of each
channel.

C. Simplified notations
In this paper we use the following simplified notations
(i, j = 1,2,3). For quantities in vacuum

2
A-.EAmﬁ

It 2E °

Am%en
2E

Apen = (4'13)

where Am2,, is defined in Eq. (4.5). For the variables in
matter we use

li,() A _ a

A
h=—(i=1,2,3), —_—, =,
i (2 ) 2E 2E

E (4.14)

hig=

where A, Ay, h, and h denote the eigenvalues to be used
in Sec. VIA.

V. DMP AMPLITUDE DECOMPOSITION

In this section we construct from scratch the DMP
amplitude decomposition. We do it here by using the §
matrix method, which is in accord with the method for
amplitude decomposition employed in the main body of
Ref. [10]. We hope that the formulas we derive in this paper
are much easier to reproduce for the readers who are not
familiar with the V matrix method [44]. In anticipation of
the physical interpretation of the decomposed amplitudes in
Sec. VI, we denote them as S35" and S;‘;} Our construction
is valid in both the normal and the inverted mass orderings,
which we abbreviate as the NMO and IMO, respectively,
since Sec. IV B. In Sec. VH we discuss a possibility that
they are correlated with the choices of the S matrix
rephasing.

We first present a general structure of amplitude decom-
position, in particular, the dual definitions of it. To focus on
the conceptual questions, and for clear-cut exposition of the
points, we concentrate on the v, — v, channel in the main
text of this paper. The amplitude decomposition in the other
channels will be discussed in Appendixes D and E.

A. Two different definitions of the amplitude
decomposition
Starting from the generic form of the S matrix in matter,
Sa/i = Val VZ] e_lhlx + V(IZVZZe_lhzx + VaSVZ:%e_lh}x [See

053004-5
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(3.1)], there exist two ways of defining the amplitude
decomposition. With the use of the rephasing S,; —

eihleaﬂ, one can define the amplitude decomposition
Sap = Oap + Sii" + S;Oﬁl, where

St = VasViglemtshx — 1],

Ssol — VaZVZ?z [e—i(hz—hl)x _ 1}

afp = (51)

If we use the different rephasing, S,; — eihz"S,,ﬂ, the
decomposed amplitudes read

w = VasVjle 7 = 1],

gsol — Val V;ﬂ [ei(hz—h])x _ 1]

By being different only in the overall phase, of course,
these two decomposed amplitudes lead to the same
probability. For a simpler nomenclature for the two

|

rephasing methods, S,5 — e™*S,5 and S,5 — e™*S,4,
we denote them as the “e1* rephasing” and the “e’2*
rephasing,” respectively. Later in Sec. V H we will present
our physical interpretation of the two different decompo-
sitions in Egs. (5.1) and (5.2).

By using the decomposed amplitudes S,3 = 6,5+
Sapt + 5%, in either the e/ or the e* rephasing, the
oscillation probability is also decomposed into the non-
interference and interference terms as [9,10]

P(I/ﬂ — Ua) = P(Vﬂ N ya)non-int—fer + P(l/ﬂ N ya)int—fer_

(5.3)

B. DMP S matrix elements in the v, —v, channel

The zeroth and the first-order flavor basis amplitudes
can be calculated by using the relevant formulas in
Appendix B:

Sg,) — C23C¢CWSW(€ ihyx _ e thlx) _ s23c¢s¢e “3(65,6 ihyx + nge ihyx _ e th;x),

Sg,l;) = 55308 20¢ ™83 + ¢2354503

_h2

. A
= €C12S12S(¢_9]3> |:Sz3 COoS 2¢C‘I/S'I/e_15{h¢
3
2 Aren —ihyx —ihyx 2
+ 23849 Cp ——— (e7¥ — oY) g
hy — hy

In Eq. (5.4), ¢ and y denote, respectively, the matter-
dressed mixing angles 053 and 6, [36], as mentioned in
Sec. IV B. We remark here that the superscripts (0) and (1)
on the S matrix elements and the probabilities imply the
order of DMP perturbation throughout this paper.

We discuss the two rephasing methods, the ¢1* rephas-
ing and the e”2* rephasing, in parallel. For reasons we

A . .
ren —ihyx _ ,—ihx
- )H |

Aren —ih3x —ihyx
o (e e~y

(e—ih3X _ e—ihzx)

(5.4)

explain later we discuss the e’* rephasing first, and then,
the case of ¢1* rephasing follows.

C. The decomposed amplitudes and probabilities
in the v, —v, channel: ¢”>* rephasing

With the e/"* rephasing, the decomposed amplitudes in
the zeroth- and first-order DMP expansion read

(SAm)(O) = sy3cp5 70 (e mIY — 1),

(SHO = —cy(ea3c,8, + s23s¢03,e‘i5)(ei<h2‘h')x -1); (5.5)
(SAm)(1) = €c15128(p0,,) (€2354Ch + 23 O 2pe ¢, 5,,) h3Aienhz (emi(hs=ha)x _ 1)
+ €C128128(p,5) (C238457, — 523 €08 2pe ¢, 5, ) % (e=iths=h)x _ ),
(SENW) = —ec155125(p0,,) (€238 455 — 523 €08 2pC,,5,,€77) % (efth=m)x _ 1), (5.6)
*One might feel curious why the wave factor [¢/(2="1)% — 1] appears with the e2* rephasing, in contrast to the [e~/(2=1)% — 1] factor

in the case of ¢* rephasing. It will be cleared up in Sec. V E.
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The decomposed oscillation probability and the noninterference and interference terms in Eq. (5.3) are given in the zeroth
and first order as

[P(l/ - I/e)(())]non—int—fer — |(Szei;4m) |2 + |(Ssol) |

u
hsy — hy —h
:4s§3césésin2%+4c¢ ¢y (€335 + $3355¢ + 202352354, 5,, COS §)sin’ 2 3 ) )
[Py = ve) " = 2Re[{(Se™) @} (S5
hy —h hy —h hy, —
:—4s23cés4,cv,(s23s,/,cl,,+c23sl,,cos&){—sin2( 2 5 1)x+sin2( > 5 2)x—f—sinz( 2 5 l)x}
hy — hy —h hy —h
_8c23s23c¢s4,c Sy s1n5s1n( 3 5 1)xsin( 2 5 1)xsin( 3 5 2)x; (5.7)

[P(v, — v,)V]romintfer — pRe[{ (Sam) O} (sam) (D] 4 2Re[{(S591) (O} (5591 V]

Aren ) (hS B h2)x

= 8eC125128(p—0,5)CS 4 (235235 4Cy, COS S + 535 COS 2¢su,)cl,,h S, Sin >
3=
A . o (h3—=hy)x
+8€C125125(¢ 913)C¢S¢<C23S23S¢S COS5 S23COS2¢C ) Wh rel;l Slnz( 3 2 2)
3—m

+ 8eC128128(9-0,) CpCy [54 (€335, = 53;,€08 26hcy, ) + €23523¢,,8,, €08 (55 — €03 2¢))]
A hy—h

“Svh—h i 2 2 ,

[P(v, = o) D] = 2Re[{ (S5m) @} ()] + 2Re[{(Se) @} (Sm) ]
= —4€C125125 (-0,5) CpCy 5§ CySy (€33 + 833,08 20h) + €23503 cOs 8(cos 2psy, + s¢3,) }
A hy—h hy—nh hy—h

Vi fr}qz {—sinz( 3 ; l)x+sin2-( 3 . 2)x+sin2( 2 S ])x}
+4eC125125(9p,,) Cp154Cy [533 €08 2(1 + ) = €3353] = 23538, cos 8[s5(1 4 ¢;) — cos 2¢pey |}

Apen {—sinz(h3_hl)x .o (h3—hy)x ~2(h2—h1)x}

X c

Xs”’h3—h1 5 —+ sin f—f—sm 5
8 5 2212 Aren 2 22y Aren
+ 8€€23523C 48 (-0,5)C12512 SIN ( )~ CoS )c i _hz—(s{/)—c(/,c,,,)sv,hS_h1
hy—h h,—h hy—h
xsin( 3 5 1)xsin< 2 5 1)xsin( s 5 Z)x. (5.8)

D. Amplitude decomposition in the v, —v, channel with ¢~ rephasing

We discuss next the amplitude decomposition with the e1* rephasing. The decomposed amplitudes in the zeroth- and
first-order DMP expansion are similarly given by

(Siilm)(O) — S23C¢S¢e_i5(e_i<h3_h‘>x _ 1),
(Si‘;))(o) = cylcacys, — 523s¢s3,e_i5)(e‘“hrhl)x -1), (5.9)

Aren —i
(Siitm)( ) = €C128128 (- 913)(0235¢C + 523 C08 2¢hc,, 5, € 15)7}1 A (e=itha=h)x — 1)
3=y

A )
+ €C128128(p-0,3) (€235 55 — 523 €08 2bcy, 5, —'5)ﬁ(6—1(h3—h1)x ~1).

A
(Szzl)( ) = —€C12S12S<(/J,_9H)(C23S(/,C +S23 0082¢CW W _lé)ﬁ( _l(hz Dx — 1) (510)
3= 2
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A comparison between the amplitudes in Egs. (5.9) and
(5.10) and the ones in Eqgs. (5.5) and (5.6) with the
e* rephasing tells us something new, which we need
to discuss first.

E. y Symmetry

That is, the decomposed amplitudes obtained with the
e~ rephasing and the ones with the e2* rephasing are
connected with each other by the transformations [36],

hy = h,, hy = hy, Cy = — Sy Sy = +Cys
cos 2y — —cos 2y, sin2y — —sin2y. (5.11)
They may be summarized as’
T
v - w+ 5 (5.12)

Now, both S matrix elements obtained with the e?"2* and
e* rephasing must give the same probability. But, they
are connected by the transformation (5.11). It means that
the oscillation probability is invariant under the y trans-
formation (5.11). It is nothing but the yw symmetry
uncovered by Denton et al. [36]. It is easy to confirm that
the symmetry structure prevails in all the other oscillation
channels.

Thus, we have identified the origin of the y symmetry: It
is due to the freedom of doing rephasing in the S matrix,
assuming the probabilistic nature of quantum mechanics.
The observable, in this case the oscillation probability, must
be invariant under the phase redefinition of the § matrix.

|

The y symmetry utilizes the special two points in the
continuous phase transformations which leave the oscil-
lation probability invariant. We believe that the new
characterization of the y symmetry deepens our under-
standing of the symmetry. One can easily show that the
similar understanding can be extended to the ¢ — ¢ +7
symmetry in the “solar-resonance perturbation theory” [30]
and to the ¢ — ¢ + 7 symmetry in the “renormalized helio-
perturbation theory” [35], where ¢ and ¢ are the matter-
dressed 0y, and 6,3, respectively. Both symmetries are
uncovered in Ref. [30].

Previously, we have characterized the symmetry as a
“dynamical” one [30], not a symmetry in the Hamiltonian.
From our new understanding this feature arises because we
do rephasing with the use of the dynamical variables, the
eigenvalues of the Hamiltonian. They are the complicated
functions of the parameters in the Hamiltonian, in particular
in the ZS construction, and no simple interpretation as a
symmetry of the Hamiltonian is possible.

F. The decomposed probabilities
with ¢?* rephasing

Then, the amplitude decomposition with the e1* rephas-
ing should lead to the expression of the noninterference
and interference parts of the probability that is consistent
with the y symmetry. This can be verified by an explicit
computation with the decomposed amplitudes Egs. (5.9)
and (5.10), which produces the following expressions of
P(v, = v,)"" " and P(v, — v,)™ " to first order in the
DMP expansion:

[P(vy, = 1) O]eminer — 453, 3 53 sin? M dcgsy (Ch3cy + 523538y — 20282354y, 08 )sin® @
P(1, > v) O — 5336355, (523545 — 236, €O 5){—sin2 (s —2h2)x + sin? (s —2h1)x + sin? (hy —2h1)x}
_ 8023s23c§)s¢cv,sw sin & sin (ks _2hl )x sin (hy —2h1 > sin G —2h2)x’ (5.13)
[P(1, = 1) V]P0 — 8ec 5158 4g,1)CpSp(€2352354C,y COS S + 535 €08 24hs,, ), hffnhz sin? (hs —2h1)x
+ 86128128 (90,3 CpSp(€235235 45, COS & — 535 €08 2¢hc, )8, h3Aienhl sin? (hs —2h1)x

2 2 _ 2 2 2
— 8€C125128(-0,,)CpSy[Sp (o3¢ — 533 €08 2bsy,) + €23823C,5,, COS B(COS 2¢h — s¢)]

A ren

o (hy = hy)x
— sin?

X C 5 ,

*In fact, there is invariance under y — y + 7 [36], but we take only the plus sign for definiteness, because this degeneracy does not
appear to be important. The nature of the symmetry that includes the h; <> h, transformations explains the appearance of the
[et=)x — 1] wave factor with the e2* rephasing, in contrast to the [¢~(2="1)* — 1] with the e""* rephasing.
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[P(v, = 1) D] = dec58128(p-p,,) Cp 545y {cFact, — 533008 2(1 + 52)} — c23503¢,, COS 8{s3(1 + s3,) — cos 2¢psy, }]

chh3—h2

Aren {—sin2 (h3 _2h2)x + sin2 (h3 - hl)x

-+ sin

. 5 (hy —2h1)x}

+ 4€C 125128 (-0, CpSy [SpCy Sy (€33 + 533 €08 26) — €353 €08 8{ 5757, + €08 2¢pcy, }]

X s Aren {—sinz (h3 - h2)x +
1

sin2 (hy —hy)x + sin? (hy = hl)x}

" 2 2 2
+ 86¢23503C 48 (9-0,,)C12512 SIN S ¢, (55 — ¢555,) Aren —s2(s2 —c2c2) Bren
3 > (=013 AN l/"/’h3_h2 v\2¢ ¢‘/’h3_h1
hy—h hy—h hy—h
xsin( 3 5 1)xsin< 2 3 1)xsin( 3 3 Z)X. (5.14)

It is now easy to see that the decomposed probabilities with
the e* rephasing, Eqgs. (5.13) and (5.14), and the ones
with the e”2* rephasing, Eqgs. (5.7) and (5.8), are connected
with each other by the y transformation (5.11). Notice that
the total probability P(v, — v,) = P(v, — v,)"mnfer 4
P(v, — v,)™ ™ calculated with both the ¢”1* and the ¢2*
rephasing should be identical with each other. It is verified
by explicitly showing that they both agree with the zeroth-
and first-order probabilities, Eqgs. (C1) and (C2) given in
Appendix C, which are computed by using the conven-
tional method of calculation using the S matrix elements
given in Eq. (5.4). By this way, consistency among the
three ways of calculation, the e* and e"2* rephasing, and
the S matrix method without the amplitude decomposition,
is verified. The consistency check for the decomposed
probabilities in the other channels, which are computed in
Appendixes D and E, is carried out by the same way as
above.

Before completing our discussion of the DMP decom-
position in this section, we discuss the two remaining
problems, both of which we feel are very relevant. They are
(1) CP phase dependence of the oscillation probability, and
(2) possible physical interpretation of the e* and e’2*
rephasing.

G. CP phase dependence

The o-dependent terms in the oscillation probability have
some universal coefficients, and hence they may be of
interest. In fact, we observe a new regularity in the structure
of Jarlskog factors in matter in the DMP probabilities. Our
following discussion applies to both probabilities calcu-
lated with the ¢”* and e1* rephasing.

In both the decomposed probabilities P (v, — v, )"onintfer
and P(v, - v,)™™*, the § dependent terms have the

. — 2 .
coefficients Jy, 15 = €23523¢,54¢y 5, in the zeroth-order

wow
and Jy,onq = €23523€45(-6,,)C12512 10 the first-order terms.
The same feature is shared by the probabilities in the
P(v, = v,) channel; see Appendix E. We take the NMO

not to worry about the & signs. By using the formulas in

Appendix A, it is straightforward to show that these
Jarlskog factors in matter can be written exactly as

— 2
Jno1s = €23823C;SpCySy

= e, F—(ra)
[1+72=2r,cos203) F (r,)
1
) 1 — 4695201 4 4 2C0822912+sin229]255)_513 1/2°
[ TR T 7, ()7 }

Jn20d = €23523C4S (¢-60,5)€12512
J— Jr
V14712 —2r,cos20)5

2S%3
x |1+ )
(c0820,5 —r,) — /1 + 12 —2r,cos 20,5
(5.15)

where J, = ¢3503¢13513¢1251, denotes the Jarlskog factor
in vacuum [45], and r, =% In Eq. (5.15) we have

defined the F, and F_ functions as

Fulr)=[1£r, % /1472 =2r,c0s20,,].  (5.16)

That is, the matter Jarlskog factors are proportional to the
vacuum one. This result is what is predicted by the Naumov
identity for the T-odd sind term [46], and by the general
property of the T-even cos & term discussed in Ref. [47].°
A general discussion of 7-odd terms in the DMP theory is
also given in Ref. [36].

The general theorem given in Ref. [47] for the cosd term
does not prove the 0%3 factor, which is indeed missing in the
probabilities in the v, — v, sector. But, it is known empirically
[38] that the ¢7, always appears in the v, — v, channel. For more
examples, see, e.g., Ref. [30] and Sec. IX in Ref. [10].
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H. Physical interpretation of the
e"* and e"* rephasing

We present here the two different views and usages of the
freedom of the e’1* and e’"* rephasing. The decomposed
probabilities P(v, — v,)™ ™ [P(v, — v,)"" " ag well]
with the e/ and e”2* rephasing are different from each
other in magnitudes, though they are related by the y
transformation. That is, the y symmetry, which existed in
the total probability P(v, — v,)"" ™ + P(y, — v, ),
is broken in each individual term in the decomposed
probability. Then, the test probability defined by introducing
the g parameter [9,10]

)int—fer

P(vg = vg1q) = P(ug > 1,)"" ™ 4 gP(vy - v,
(5.17)

to quantify the statistical significance for observing the
interference effect is different between the cases of e//1*
and e"* rephasing for g # 1.

Using the difference in the test probability (5.17) with
the e and e"* rephasing at ¢ # 1, the first usage of the
two different rephasings is, in a given mass ordering,

(1) In the analyses of quantifying the effect of the
interference effect one can use the two different
rephasing formulas to estimate the uncertainty due to
the choice of the theoretical frameworks.

It shares the similar spirit as the method we have employed
in our JUNO analysis in Ref. [9], in which we have
examined the two cases of the atmospheric Am?, Am3,,

(m?/2E)x

and Am3,, which can be derived by using e’ and

¢!(m/2E)x rephasing, respectively.
Toward the possible second usage, we argue that
(2) The e2* and e1* rephasing amplitudes correspond,
respectively, to the IMO and NMO, the viewpoint
we advertised in Ref. [10].
If one looks at the three-neutrino energy level crossing
diagram, e.g., in Fig. 1 in Ref. [36], one recognizes that the
atmospheric resonance is in the 2-3 and 1-3 level crossings in
the NMO and IMO, respectively. We also note that with the
e* and ¢~ rephasing, the leading term of the probability
in Eq. (5.7) and Eq. (5.13), respectively, takes the form of

sin? M and sin’ M They describe the atmospheric

resonance in the NMO and IMO, respectively. Therefore, the
above interpretation is quite natural. Thus, we mean by the
second usage of the two rephasing freedom use of the e/
rephasing in the analysis assuming the NMO, and e*
rephasing in the analysis assuming the IMO.”

"But, of course, one should remember that the total proba-
bilities, or the test probabilities at ¢ = 1, with the e’ and e~
rephasing describe exactly the same physics. Therefore, our
second usage of the two rephasing freedom only makes sense
when we talk about the interference analyses with the use of the
test probability (5.17).

However, before one of the neutrino mass orderings is
established, the analyses of experimental data will be done
by assuming either the NMO or the IMO one by one, or by
marginalizing over the two mass orderings. Therefore,
practically one may take effectively the first attitude above.
But, when the mass ordering is established, one may want to
decide whether one chooses the possible second usage, ¢/"2*-
rephasing-NMO or e/"1*-rephasing-IMO correspondence as
an ansatz for the analysis, which we do recommend.®

In either case, we believe that the expressions of the
decomposed oscillation probability Egs. (5.7) and (5.8),
and/or Eqgs. (5.13) and (5.14), are ready for use in data
analyses to quantify the observation of the interference
effect under the approximation of uniform matter density.

VI. PHYSICAL INTERPRETATION OF THE
DYNAMICAL MODES

At the start of our discussion in Sec. V, we foretold that
the two dynamical modes in the decomposed amplitudes,
denoted as the A and S modes, can be interpreted as the
matter-affected atmospheric and the solar oscillation
modes, respectively. Let us try to give some foundation
on this statement. We do this by showing that the DMP
decomposed amplitudes smoothly connect themselves into
the atmospheric and solar waves in each appropriate
kinematical phase spaces. Speaking more precisely, we
take suitable limits of the DMP amplitude decomposition
into the regions in which one of the two modes can be
clearly identified either as the atmospheric or the solar
waves. Each one of these modes is described by the suitable
perturbative framework, as discussed below. The amplitude
decomposition in the related frameworks is discussed
in Ref. [10].

A. Approaching the region of the enhanced
atmospheric-scale oscillation

We discuss first the renormalized helio-perturbation
theory [35] limit of the DMP perturbation theory. For a
simpler terminology we call the former as the MP model. It
is the most suited one for this purpose among the similar
frameworks so far developed which perturbs around the
atmospheric resonance [31-35], because it is a “half-way”
DMP and also due to its favorable properties such as
inclusion of only the correct wave factors.’

To illuminate the point we discuss the case of NMO
and IMO in parallel. The suitable limit to approach the

¥The era of established neutrino mass ordering may not be too
far remote, given the result of the analysis in Ref. [48].

’One of the problems is that the (—iAyx) term could be
interpreted approximately as (e"42* —1). But, Ayjx ~ 2—2: ~e
can also be understood as the expansion parameter, which would
introduce confusion in doing the decomposition. In the first-order
treatment in Ref. [10] we have circumvented this issue, but the

problem becomes more serious when we go to higher orders.
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atmospheric resonance region would be € <« 1, keeping 043
and ¢ finite, and

a A A
~2e (12 220 o). (6.1
a AWl%en A.’:l < +S12 ASI) ( ) ( )

We remind the readers for the notations A, =57 and

Am? . .
A= %, as defined in Sec. IV C. Some aspects of this

limit are discussed in Appendix A.

One can show, by using the expression in Appendix A,
that the DMP eigenvalues #; E;—é (i=1, 2, 3) can be
written by the MP eigenvalues /.y = ’12i—E° to order e:

NMO' h3—h2:h+—h_, h3—h1:h+—h0,
]’lz—l’l] :h__h()s
IMO h3—h2:h+—h0, ]’l3—]’l]:h+—h_,

]’lz - hl — h() - ]’l_. (62)
See Fig. 3 in Ref. [35]. Notice that every helio-perturbation
theory has a drawback of the wrong solar-level crossing as
discussed in Ref. [35], and the complexity of the corre-
spondence of the DMP-MP eigenvalues in Eq. (6.2) reflects
this drawback. But, it does not cause the problem in our
task because our limit is toward the atmospheric resonance
region, and the solar-level crossing is outside the region of
validity of the helio-perturbation theory.

The mixing angle ¢, the matter-dressed 6,3, is given in
Eq. (A3), the universal form which is valid independent of
|

the NMO or IMO. vy, the matter-dressed 6,,, take the
simple approximate forms cos 2y = F1 + O(e?) and

Aren
h_—hy

sin2y = e sin260,5¢4g,,

That is, y ~ 7 (y ~ 0) at around the atmospheric resonance
in the NMO (IMO). See Fig. 1 in Ref. [36]. This property
guarantees a smooth connection to the MP model from
the DMP.

Interestingly, in the limit to the atmospheric resonance
region, the amplitude decomposition formulas in the zeroth
and first order can be written in the universal form, i.e.,
independent of the NMO or IMO, as

(Sng)(O) — S23C¢S¢e_i5(e_i(h+_h—>x _ 1),

Aen

(S5 = ~eenciasncyeyo, - (€0 = 1),
atm ) (1) Aren —i(h —h_)x
(Sey W = €C23C125125¢S (p—0,5) . —hy (e7themilr — 1),
+
sol\(1) Afeﬂ i(h_—ho)x
(S3) = TEC3C151259S (9-013) 3, ~ o (e!=mMox —1).
+

(6.3)

Then, the noninterference and interference parts of the
probability in both mass orderings can be written as

int o (h —ho)x Bren o (B —h)x
P(IJ” N ye)non int-fer _ 45%36‘3553;51112 f + 866‘23S23C¢S§5C12S12S(¢_913) cos §h+ f“ho sin? 5 ,
int-fer _ Aren Aren
Py, > v,) = —4€C23593C4S$C12512 €08 83 CyCypg, 71— T S4S(4-0,3)
: B h_—hy 5 h, — hy

X {—sin2 (s = ho)x + sin? Uy = ) + sin? (-~ hO)x}

2

2

_ 8 . 5 Arcn + Arﬁl’l
€C23S23C¢S¢C12312 s C¢C¢_613h_——ho S¢S(¢_913)

X sin

(hy = ho)x sin (h- = ho)x sin (hy - h_)x‘

h, — hg

2 2

Notice that the MP first-order terms in (6.4) come
from both the DMP leading and the next to leading order
terms. Using the expressions of V matrix elements given in
Ref. [35], or using the formalism in our previous paper [10],
one can easily work out the amplitude decomposition in the
MP model. An explicit computation that is carried out
confirms our results in Egs. (6.3) and (6.4). Of course,
one can verify that P(v, — v,) = P(v, — v,)"mnfer4

. (6.4)

|
P(v, = v,)™ ™ reproduces (T-conjugate of) Eq. (B.2) in
Appendix B in Ref. [35].

For simplicity and clarity we have restricted our dis-
cussion in this section to the v, — v, channel. But, the
generalization to the other channels is straightforward. The
key point is that at around the region of the atmospheric
resonance the matter-dressed 6, “freezes” into y =3
(y = 0) in the NMO (IMO).
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B. Approaching the region of the enhanced
solar-scale oscillations

We discuss the limit toward the “solar-resonance per-
turbation theory” [30]. It is the perturbative framework
whose region of validity is with enhanced solar-scale
oscillations

ol = 4 a Aa a
v =
Am21 A21

~O(1).  (6.5)

 eAml,
The framework has an effective expansion parameter

a
2
Amj3,

Am2 -1
—278x 10— 25
x (2.4 % 1073 V2

X p E
3.0 g/cm? ) \200 MeV /)’

which guarantees the smallness of the perturbative correc-
tions, as confirmed in Ref. [30].

Since we want to keep Aey, 2 ~ r, small, we take
the limit r, < 1 keeping r%°' finite to approach the solar-
resonance region. Noticing that r, = €75, the limit r, < 1
is in harmony with the smallness of the DMP expansion
parameter €. Therefore, the solar-resonance perturbation
theory limit is feasible in the DMP framework. Our
treatment below applies to both the NMO and the IMO.

We expand the eigenvalues and the mixing angles
keeping 75! finite. The eigenvalues read, to order r,, as

Aexp = (13913

(6.6)

— 2 2
h_ = Aren[cl3ra + €S12]’
— 2
hy = Apecis,

h+ = A1'f:n[1 + S%3ra + €S%2]. (67)
For the mixing angle ¢ we refer the reader to Sec. VII B for
the approximate formulas for the small r, approximation.
Namely, the approximation on 6,5 in Eq. (7.4) applies to the
present case, but not the ones for y which involve 5.
Using 29 + A_ = Am3, (1 + ¢3,r5") and the similar expan-
sion inside the square root, the DMP eigenvalues are
given by

1

hy = §A21[(1 + i)
— {1 = 2¢2, c0s 20,75 + ¢4 (r5h)2}31/2],
1

hy = EAZ] [(1+ 2510

+ {1 = 2¢3, €08 20,75 + ¢ (15012112,

hy = Asy + 514, (6.8)

which reproduces the eigenvalues in Egs. (16) and (17) in
Ref. [30]. Notice that the e correction in A, and the es?,
term in &, cancel with each other. Similarly, the expres-
sions of y read

sol
—€0820) + ¢y

\/(cos 201, — 3, + sm226’12
sin 26,

\/(cos 201, — ¢33 r5)? + sin%26),,

cos2y = —

sin 2y = , (6.9)

which again reproduces precisely the expressions in
Eq. (14) in Ref. [30].

Thus, the zeroth-order eigenvalues and the mixing angles
are reproduced, which means that the solar-resonance
perturbation theory at its leading order can be reached as
the appropriate limit of the DMP theory. Since the
prescription for amplitude decomposition we use in this
and the previous papers [10] is the same, it is obvious that
the DMP amplitude decomposition smoothly tends to the
decomposition using the solar-resonance perturbation
theory discussed in Ref. [10]. Notice that our statement
applies to all the oscillation channels, because the whole
structure of the solar-resonance perturbation theory at the
leading order is reproduced. Since the first-order correction
is small with the tiny A, we do not enter into the
discussion of first-order corrections.

C. Matter-dressed atmospheric and solar oscillations
in entire terrestrial region?

Based upon the results obtained in the previous Secs. VI A
and VI B, we argue that the dynamical two modes described
by the DMP decomposition can be interpreted as the matter-
dressed atmospheric and the matter-dressed solar neutrino
oscillations in the entire “terrestrial-experiments-covered”
region. By it we mean the energies and baselines of, roughly
speaking, the neutrino energy-baseline covered by the
atmospheric neutrino observation. For short it will be
denoted as the “terrestrial region” hereafter. See the drawing,
e.g., in Fig. 1 of Ref. [49], with keeping in mind some
extension to the higher-energy side.

The validity of characterization of the dynamical two
modes is, of course, true in the two resonance-enhanced
regions that are explicitly treated in Secs. VI A and VI B,
but it is also likely to prevail in the region between. In fact,
the regions of validity of both perturbation theories to
first order, the solar-resonance perturbation theory at the
low-energy side and the one of the renormalized helio-
perturbation theory at the high-energy side, almost occupy
the entire terrestrial region. See Figs. 2 and 3 in Ref. [30]
and Fig. 1 in Ref. [35]. Therefore, there is not so much
room for inserting a new dynamical mode between the
regions of validity of both perturbation theories valid at
low- and high-energy regions. Then, it is very likely that the
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dynamical two modes in the terrestrial region can be
regarded as the matter-dressed solar and the matter-dressed
atmospheric neutrino oscillations.

As an outcome of the exercise we engaged in this
section, we have obtained a new picture of the DMP
perturbation theory as a unified perturbative framework for
neutrino oscillation which covers the whole terrestrial
neutrino oscillations. Certainly it is the unique framework
among the perturbative schemes so far proposed that covers
the two resonances, due to the atmospheric- and the solar-
scale enhancements.'

VII. DMP AMPLITUDE DECOMPOSITION
APPLIED TO THE SYSTEM WITH
INFINITESIMAL MATTER POTENTIAL

We have observed in Ref. [10] that a straightforward
application of the vacuum definition of amplitude decom-
position [9] fails with an infinitesimal matter potential.
It looks like a really contrived case because the three-
|

neutrino eigenvalues remain the same as in vacuum, and the
strong matter modification of the two vacuum modes
should not exist. Since we set up the framework of
DMP amplitude decomposition, it should be possible to
understand how this issue is treated by the DMP decom-
position. It is the purpose of our discussion in this section to
examine this point.

We first examine the matter perturbation theory limit of
the DMP theory, deferring the discussion of amplitude
decomposition later in this section. Since we are talking
about an infinitesimal matter potential, the limit we take is
both r, < 1 and r¥°' <« 1.

A. The v, —v, amplitude to first order in matter
perturbation theory

The oscillation S matrix element in the v, — v, channel
valid to first order in matter perturbation theory which was

derived in Ref. [10], which we recapitulate here:

Sew = c13812(€23¢12 = 5235138512 77) (€74 — 1) + sp3¢135136 70 (e 7897 — 1)

+ C12S12C?3 (COS 2912C23 - Sin 2912S13S23€_16)
—is
+ c12€13513(—812513¢23 + €08 20 3¢ 5037 )A

+ 512013513(€12513C23 + €08 20;351,503¢7")

Aa (e—iAZI)c _ 1)
A21

All (e—iA31x _ 1)
31
A,

(e—iA31x
A31 - A21

— e—l'AzHC)

+ (—iAx) [}y c5(=s12023 — C1a813523¢7)

3 3
+ 57,013(C12623 = 512513523€

The matter perturbation theory used in Ref. [10] involves

the unique expansion parameter >~ But, since the DMP
. . 3 Am?

expansion involves the expansion parameter € = A::;‘, we

can reproduce the fourth line of (7.1) only in an expanded

form

—i5
C13313512(023S13C12 + 593 €08 203517 )

A A21> . .
x—%(1 4+ == e~ iAsx _ p—ilgx)
ASI ( ABI ( )

(7.2)

B. The DMP amplitude in the leading order

Let us start with S, in the leading order DMP expansion,
the first line in Eq. (5.4). We note that, as we are close to

A possible missing piece in our discussion might be the
treatment of amplitude decomposition with the use of the
Agarwalla et al. Jacobi-method-based framework [43], another
candidate for “unified” perturbative framework for terrestrial
neutrino oscillations.

~i8) g=idoix

—iﬁe—iA31x]‘

(7.1)

3
+ c135713523€

|
vacuum, our discussion in this section does not distinguish
between the NMO and IMO. To obtain the approximate
formula valid to first order in r, and !, we use the
following formulas:

_ 22
hy = ¢3¢0,

_ 2 2
h2 - A21 + C13sl2raArenv

hy = (1 +es?, + s%ra)Aren; (7.3)
C¢=C13(1—S%3ra)’ S¢:Sl3(1+c%3”a)ﬂ
cos(¢p—03)=1, sin(¢p—03)=ci35137,,
ey =ci(l=shehr), s, =sp(l+cheiyrd).  (74)

By using these formulas, one can obtain, to leading order in

r, and r$,
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0) _ —i5 ( =il —i5( ,—iA
Sen = c13512(C23€12 = $23513512€77°) (€7 221% — 1) + 53013513670 (e7 A" — 1)
+ c33012812(€3 €08 2015 — 553513 8in 20,770 ) S0l (€182 — 1)
—is —iA
— C13513512(€23813€C 12 + 8§23 €08 2013512670 ), (e7B2Y — 1)
+ $23¢13813¢ 70 c08 20,37, (e A* — 1)

—iAy x

33 —is 3.3 —is
+ [‘313‘712(—C23S12 — s5y3813Ce7"°) + 013S12(023012 — 573813812¢7)e

+ 523¢1387,€ 07BN (—iA ,x). (7.5)

1) term in Sg?,) in Eq. (7.5) corresponds

Notice that by using the leading order property r, =~ AA; and 75 ~ AA—;, the (e7231¥ —

AA;I 2—: term in (7.2). Therefore, the leading

order term in Sg?,) in (7.1) obtained by the first-order matter perturbation theory is reproduced by the DMP leading order

amplitude.

C. r, correction and the DMP amplitude in the next to leading order

A“ ﬁ term in (7.2) is a little more complicated. It is easy to

show that the first-order DMP correction in Eq. (5.4) produces 012 tlmes the higher-order £« A, AZ‘ term in (7.2). Then, we need

the similar term, s7, times the same term in (7.2) to reproduce, using ¢}, + s7, = 1, the de51red higher-order term in (7.2).

Though it may seem unhkely to happen, it indeed occurs. This is accomplished by adding the £

DMP’s r, correction, r,

DMP first-order correction.

2 —i6

— €138513512575(€23513C12 + 23 €08 2035 ,677°) —

+ €1351351257,(€23513C12 + 23 €08 20351,€77)
13513512872(€238513C12 + 823 13512

_ 2 —is
= 13513512572 (€23513C12 + $23 €08 20,351,¢77)

Notice that the first term of (7.6) is from the pure r,
correction and the second term is from combining the first-
order DMP correction and the r, correction.

Thus, the v, — v, amplitude obtained to first order in the

matter perturbation theory is reproduced by the DMP

AZ]

framework to order . The success in the relatively

simple manner above 1s due to a desirable property of the

"Notice that there is no similar correction from s 1t should
also be noticed that the er, term which existed in A, cancels against
the similar term that comes from the r, correction. See Appendix A
for the definition of A,. As a consequence the wave factors
have very simple expressions ™% ~ [1 — icT;c1y A x], e72%
e[ — icys%,(A,x)], and e h3¥ o @A — sty (A X))

(1 + 53, Az‘) see Eq. (6.1)," in the third and fourth terms in Eq. (7 5) and the

AZl v term that arises from the

7, term in the
Ay Aa (e—lA21)C _ 1)
A'i] A'il
ﬂﬁ e~ As1x _ 1)
A31 A31
Ay Ay |
2 T4 (piAgix e—ZAZIX), (76)
A31 A31

DMP framework that the effective expansion parameter
involves sin(¢p — 0,3) ~ c¢3513r, which makes the near-
vacuum limit transparent, as emphasized in Ref. [36].

D. DMP amplitude decomposition with infinitesimal
matter potential

We briefly discuss the DMP amplitude decomposition
with the e”1* rephasing. Since the near vacuum limit does
not distinguish the mass orderings, we do not treat the e¢/">*
rephasing. But, they both lead to the same expressions of
the probabilities, as they differ only by the S matrix phase.

The amplitude decomposition formulas at the zeroth and
the first order are given in Eq. (5.10). After taking the
similar near vacuum limit the decomposed amplitudes read
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atm (0) _ —iS( =il x 5. (il ) 2 2 : —ifgx
(8% )0 = sp3013813¢70(e7 A3 — 1) 4 52313513 €08 2013670 r, (€78 = 1) + sp30138136 70 (533 — cFyedy ) (—iA x)e AN,

(Siﬁl)m) = c13512(C23¢12 — S23813512€770) (€7 B2¥ — 1)

—i 3 : —i0 ,s0l]( ,—iA
+{—C]3S13512(C23S]3C12+523C052913S]2€ l)Va+C13C|2S12(023C0526]2—5235']3511126]26 ! )ra ](e ! 21x—1)

3 —id\(_; —iA
— C13512€082015(C23C10 = $23813812¢770) (—iA x) e,

As we have learned in Sec. VII B, we need to supply the
Ay
A

as in Sec. VIIC. Namely the term comes from the 7,

correction and the first-order DMP amplitudes. Then, we
Ay
Az

can be distributed to the atmospheric and the solar
amplitudes. 12

The investigation reported in this section was motivated
by the question of how we can understand a subtle feature
of amplitude decomposition with infinitesimal matter
potential. The problematic term of the genuine mixed
atmospheric and solar waves that exists in the first-order

. . A .
matter perturbation theory is recovered as a %:A_ﬂ term in

the DMP perturbation theory. We have learned that in the
near-vacuum limit of the DMP decomposition, the term
[i.e., perturbatively recovered fourth term in Eq. (7.1)] is
distributed to the atmospheric and solar amplitudes accord-
ing to the wave factors (e=4%¥ —1) and (e~"42% —1).
Therefore, the answer to the question of how to understand
the subtle term from the viewpoint of DMP decomposition
is that the wave factor decomposition defined in Secs. III
and III B transcends the energy denominator confusion.

order AA_; term, but it can be done in exactly the same way

recover the order AA—; term as seen in Eq. (7.2), which

VIII. SOME REMARKS TOWARD
PHENOMENOLOGY

Though doing phenomenology is beyond the scope of
this paper, it may be appropriate to add a few remarks
toward experimental analyses of the interference effects in
the ongoing and upcoming neutrino experiments. In Sec. I,
we gave a tentative argument to indicate that detection of
the atmospheric-solar interference might be easier than
observing CP violation. It is extremely interesting to see if
this expectation is true, for example, by doing the combined
analysis of the T2K and NOvA data [15,16].

Then, what is next? An interesting topic would be the
diagnostics of the interference effect. The main ingredient
in the interference term appears to be oscillation channel
dependent: While the CP-phase effect is dominant in the

v, = v, channel, CP-phase independent terms are the

"2An apparent minor problem is that a part of the (—iA,x)
terms is missing. But, it is because the rephasing can produce
such terms when expanded, and hence it will not affect the
oscillation probability.

(7.7)

majority in the v, - v, and v, — v, channels [10].
If one wants to understand possible interplay between
the CP conserving and CP violating terms, an exploration
of the v, — v, channel may be most feasible. In this case,
given dominance of the CP phase effect in the interference,
precision measurement is required. In this sense we are
faced with an interesting and exciting time, just at stepping
into the precision era of neutrino experiments with the
muon-neutrino superbeams, T2ZHK and DUNE [50,51]. If
the low-energy extensions of the astrophysical neutrino
experiments [52-54] measure P(v, — v,) in a reasonable
accuracy, it could offer another interesting opportunity for
diagnosing the atmospheric-solar interference effect.

The disappearance channels play a unique role in the
discussion of the interference effect. In Ref. [9], we have
analyzed the medium-baseline reactor neutrino experiment
JUNO [55] to uncover the sensitivity of detection of the
interference term, which turned out to be excellent, higher
than 4 o. It utilizes the v, — v, channel, and hence it is a
purely non-CP phase effect even in matter [25,26]. The role
of the other disappearance channel, v, —v,, on the
diagnostics of the interference term is not yet investigated,
which may shed new light on this problem. The amplitude
decomposition in the v, — v, and v, — v, channels will be
discussed in Appendix D.

The v, — v, channel discussed in Appendix E is a very
interesting one with favorable property that the interference
effect is dominated by the CP phase-free part of the
probability, which is in sharp contrast to the feature in
the v, — v, channel [101." Though it may not be so easy,
the statistical separation of v, in the atmospheric neutrinos
is already successful at Super-Kamiokande (SK) to show
the v, appearance at a significance level of 4.6 ¢ [56]. The
experience would help the IceCube-PINGU and KM3NeT/
ORCA to detect v, in the atmospheric neutrinos [52,53].

The long-baseline beam experiments may be more
powerful for precision measurement. The v, detection
requires a relatively high-energy beam, and the DUNE
experiment is likely to be the best candidate for such a
measurement. See Refs. [57-59] and the references cited
therein. But, even assuming perfect knowledge of the

“We do not discuss the v, — v, channel because the oscil-
lation probability can be obtained by using the 0,5 transformation
P(v, = v;) = P(v, = 1,13 = —8p3, 523 = C23) [34], where
P(v, = v,) is given by the T-conjugate of P(v, = v,).
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neutrino flux, the observable quantity is the product of
the oscillation probability and the cross sections. There-
fore, only a single measurement cannot determine both.
Certainly we need experimentalists’ help to go forward.

A completely different aspect of application of the DMP
decomposition to JUNO is a possible role played by the
earth matter effect. Though it is small in JUNO [60], at a
level of 1%, it must be taken into account when the
accuracy of measurement becomes a percent level. Since
JUNO observes both the solar- and the atmospheric-scale
oscillations in the same energy region, most of the
frameworks treated in Ref. [10] cannot do the job.
Therefore, the best framework would be the DMP decom-
position or, possibly, the solar-resonance perturbation
theory [30].

IX. CONCLUDING REMARKS

In this paper, we have discussed the amplitude decom-
position in matter started from the first principle. We found
that the DMP perturbation theory [36] provides the ideal
foundation for this purpose. It not only possesses the
appropriate wave factor structure as the ZS construction
[29] dictates but also allows physical interpretation of
the dynamically independent two modes. Speaking more
precisely,

(i) The DMP decomposition is a very good approxi-
mation to the exact ZS decomposition. The numeri-
cal accuracy of the oscillation probability formulas
has been checked and found to be the best among all
the perturbative schemes available to date [39].

(i) Physical picture of the dynamically independent
two modes can be drawn by explicitly showing
the smooth continuity of the DMP decomposition to
the regions of the atmospheric- and the solar-scale
enhanced oscillations (Sec. VI).

Moreover, the DMP decomposition illuminates how the
subtle case uncovered in Ref. [10] should be treated in the
light of the general principle of amplitude decomposition,
as discussed in Sec. VII. It is the case with the failure of the
vacuum prescription for the system with infinitesimal
matter potential mentioned in Sec. II.

In a process of formulating the DMP decomposition we
have identified the cause of the y symmetry [36] in the
oscillation probability (see Sec. V E) as due to the S matrix
rephasing invariance. The same understanding can be
extended to the similar symmetries in the renormalized
helio-perturbation theory and the solar-resonance pertur-
bation theory.

In passing, it may be appropriate to remark on a new
picture for the DMP framework as a unified perturbation
theory for neutrino oscillation in terrestrial matter. It has
the various favorable properties such as having the effective
expansion parameter €C12S12S(¢_913) = €C128512€C13813F
which makes the near-vacuum limit particularly transparent
[36]. In Sec. VI we have checked that the DMP perturba-

tion theory reproduces the frameworks known as the
solar-resonance perturbation theory [30], and the atmos-
pheric-resonance perturbation theory [31-35], by explicitly
analyzing the limits to the respective regions of their validity.
This property strongly suggests the picture of DMP pertur-
bation theory as a unified perturbative framework whose
region of validity spans the whole region covered by the
terrestrial experiments. Here, the terrestrial experiments’
region implies the neutrino energy baseline covered
by the atmospheric neutrino observation, e.g., in Super-
Kamiokande [17]. For a pictorial view of such a terrestrial
experiments’ region, see, e.g., Fig. 1 in Ref. [49].

Turning back to the amplitude decomposition in matter,
upon setting up the prescription for the DMP decomposi-
tion we have derived all the expressions of the decomposed
oscillation probabilities in all the relevant oscillation
channels: For the v, — v, channel, see Sec. V; for the
v, = v, andv, — v, channels, see Appendix D; and for the
v, — v, channel, see Appendix E. These expressions must
be sufficient to perform the quantitative analyses of the
experimental data to uncover the atmospheric-solar wave
interference.

Some of the readers may be reluctant to see no detailed
phenomenological discussion in this paper. Though this is
true, we must emphasize that we are making progress in a
step by step manner. We are about to complete the first and
second stages of the analysis strategy which consists of the
following three stages: (1) To establish the principle and the
prescriptions for the amplitude decomposition; (2) to derive
all the necessary formulas which are required in the
analyses in all the oscillation channels; and (3) to perform
phenomenological analyses and the data analyses in paral-
lel, if possible. We believe that real progress can be made
only by taking solid steps in each stage.

Yet, there exist many unanswered theoretical questions.
We lack discussions for physical properties in the various
channels, for example, in the disappearance channels
except for the 7, — U, channel treated in vacuum [9].
In this paper we did not address the physical picture of
the two dynamical modes outside the terrestrial experi-
ments’ favored kinematical phase space, e.g., superhigh
energy or superdense matter. Since the system is effectively
two flavor we expect that the physics there is likely to be
simple. We also did not enter into the problem of varying
matter density. We hope that we can come back to these
questions in the near future.

Finally, we speculate that observation of neutrino inter-
ference in a more generic sense might add a new page in
quantum mechanics. Since the neutrino wave packet has a
macroscopic size (see the estimate, e.g., in Ref. [61]), it
might contribute to deeper understanding of quantum
mechanics. Even though it may be regarded as “everyday
physics” nowadays, we should bear in mind that quantum
mechanics still offers a cradle of new fundamental and
technological advances [62].
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APPENDIX A: DMP VARIABLES: SUMMARY

We summarize here the formulas for the eigenvalues
and the mixing angles in matter. As a building block we
need the expressions of A, and 4, the eigenvalues of 2E
times the zeroth-order Hamiltonian, that result from ¢
rotation which covers both mass orderings, the NMO
(Am2Z, > 0) and IMO (AmZ, < 0):

1
A== [(Amfen +a) - sign(Amrzen)\/(Amfen —a)*+ 45%3aAmrzen} + eAmZ,s3,,

2
_ 2 2
Ao = CTr€Amg,,

1 .
/1+ = = [(Amrzen + (1) + Slgn(Amfen)\/(Amfen — a)2 + 45%33Amr26n1| —+ eAm%ens%}

2

This rotation is common in both Ref. [35] and Ref. [36]. With the use of Eq. (Al) and r, =

and the angle ¢ has the same form for both mass orderings:

(A1)

the eigenvalue differences

_4a_
2
Ay,

Ay —A_ = Am%en\/l + 12 —2r,c0s20,3,

2
A”nren

A=Ay = — [1 +r,— \/1 +r2 —2r,cos 2613} — eAm2, cos 20,5,

A 2
Ay —do= % [1 +r,+ \/1 +r2 —2r,cos 2013} — eAmZ., cos 260,,; (A2)
o2 — Amy, o203 —a cos20,; —r, ,
A=A V1 + 72 —2r,cos20,5
sin 2¢ _ Am%en sin 2013 . sin 2013 (A3)

A —

B V1472 =2r,c0820,;

When a is varied from —oo to o0, cos 2¢) varies from —1 to +1 in the NMO and +1 to —1 in the IMO. In both extremes
a ~ oo sin2¢ ~ 0. Then, ¢ varies from 0 to 7 (from 7 to 0) when a is varied from —oo to +oo in the case of NMO (IMO). It
agrees with Fig. 1 in Ref. [36].

After y rotation we obtain the expressions of the DMP eigenvalues

A A =% [(/1_ +20) F \/(,1_ —Jo)? + 4A2},

A=Ay, (A4)
where A = €c12512¢4g,, Amiz, and the y angle
2A +2¢esin2615¢4_
sin 2y = ~ 2200 + O(e?),
VO =202 +4A% [ +r,— /1412 =2r,cos20,5]
Ao — 4
cos 2y = — ( o) ~ F 1+ 0(?), (A5)

VO =20 +4A7
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where the € expanded values are quoted after the ~ equality and the upper and lower signs are for the case of NMO and
IMO, respectively. Therefore, y =~ 7 (y ~ 0) around the atmospheric resonance in the NMO (IMO). This is again consistent
with Fig. 1 in [36].

APPENDIX B: ZEROTH- AND FIRST-ORDER S MATRIX ELEMENTS

1. Zeroth-order S matrix elements

With the zeroth-order § matrix $©) = e"'HO", the zeroth-order flavor basis S matrix elements read

0) _ 2 —ilx 2 —ihyx 2 —ihyx
Seo —c¢(c,,,e R 2)4—s¢e 3

Sg,,) e C23C1)CWSV,(€ ihyx _ e lhlx) - S23C¢S7§€ ’5(c3,e ihx + s&,e thyx _ e 1h3x)’
SS;T) = —023C¢,S¢)(cs,e ihyx + sie hhx _ o lh3x) — 8§23CyC ,sv,e"s(e ihx _ o lh‘x),

Sﬁ,(f);) — cz3c¢cwsw(e_ih2x _ e—ihlx) _ 523C¢S¢€i5(6’5,€_ih1x + Sie—ihﬂ _ e—ihyc)’
Sﬁ,(,)) = B (ste ™ + clemhr) + s%{sé(cﬁ,e"’hl* + sz emhv) + cée_ih3x} — 209352354C,, 5, €08 8(e7hr — gmilx),
ng) _ _(C%3 _ S%SeZié)s¢cwsw(e—ih2x _ e—ihlx)

+ cz3s23ei5[s§5(03,e‘ihlx + ss/e—ihzx) + Cée—ih3x _ (sie—ih]x + Cs/e—ihzx)]’
Sg(e)) _ _623C¢s¢(cie—ih1x + sg/e—ihzx _ e—ih3x> _ s23c¢cwswe—i5(6—ih2x _ e—ih]x)7
Sﬁ,(z) _ _(C%3 _ s%3e—2i6)s¢cwsw(e—ih2x _ e—ihlx) + CBSBE—I'(S[S%(CSI‘?—I'M + Sie—ihzx) + Cée—imx _ (nge—ih.x + Cie—ihzx)]’

Si,) = s%(s,%,e x4 cg,e ihax) 4 c%{sé(cﬁ,e ihx sf,e ihax) 4 cée i} 4+ 255593 COS 8s4c,5, (e ihx _ g=ix) — (B1)

2. First-order S matrix elements

What is good in the DMP framework is the extreme simplicity of the perturbed Hamiltonian in Eq. (4.6). Because of it the
computed S matrix elements only contain the two functions S;3 and S,; of showing the wave property,

A A . . A ) .
Si2 = €C17S15S(s_n \Co S ren —ihyx _ e"th _ ren e_lh3x _ e"h'x ’
13 129129 (¢p—0,3) CyPy |:h3 — h2 ) h3 — hl ( )
S’ — 2 h —ihyx _ ,—ihyx 2 i —ihyx _ ,—ihyx B2
23 = €C2S128(g-01y) | Sy 3 p (e e™"Y) + 5y, ek (e e”M) | (B2)
37— 2 3=

The first-order flavor-basis S matrix elements have the following simple expressions with S 13 and 3’23 as:

sS4 = sin2¢8,5.

SU) = s23 cos 2pe" 8 5 + 235453,

S = ¢)5c08 20085 — 52354¢%853,

Ske = 53, c0826pe 85 + 2354823,

Sl = —sZ $in 285 + sin 203 cos 5353,

S;(tlr) = —C3523 8in2¢e8 3 + C¢(C%3 - S§3€2i5)§23,

1 A s
S-E'g) = Cp3COS 2¢S]3 — §2384€ 15S23,

Sg) = —Cy3553 sin 2e 7085 + cplers = S%3e_2i5)§237
S‘E‘l') = —C%3 sin 2¢S'13 — sin 2023C¢ COS 53‘23. (BS)
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APPENDIX C: THE OSCILLATION PROBABILITY P(v, — v,) BY THE S MATRIX METHOD

Given the formulas for the DMP § matrix elements in the v, — v, channel in the zeroth and first order in Eq. (5.4), it is
straightforward to drive the zeroth- and first-order oscillation probabilities in the traditional way, i.e., without performing

amplitude decomposition:

0
Py, = v,) 0 = |SE)

2 (hz - hl)
2

42022 (02— 2 2\
= dcgey sy (c33 — 5335,)sin

hy —h hy —h
x+4s%3c§)s§5{c2sin27( 3 1)x—l—sg,sinzi( 3 2)x}

v 2 2

hy—h hy—h hy—h
— 433523€554Cy, S, COS 5{ sin® % — sin? % — cos 2ysin® %}

(hs — hz)x,

_ 2 . .
8023s23c¢s¢cwsw sin 0 sin

Py, = v)) = 2Re[(S4)) " S4)]
Aren

(C1)

_ 2
=- 4€C3C125128 (9-0,3) CpCySyy (€235 4y + 823 €OS 2¢hc, 5, €OS B)

hy = hy

o« Lsin2 (hy = hy)x Gin2 (hy — hy)x
2 2

AI’CH

R

.5 (hy = hl)x}

—+ sin )

2
4€C3C125128 (90,3 CpCySy (€238 48y — 823 €08 2¢hcy, 5, €OS 5)

x {—sin2 (s —2h2)x + sin? (3 _th)x 1 sin? (hy —2h1)x}

ren

hs = hy

_|_

hy —h
x {(1 +si)sin2w+c

2

AI‘E:l’l

R

v 2

4€523C125128 (9-0,5) CpS (€235 4 Chy COS 8 + 523 €08 2¢hc, 5,)

o (hy = hy)x o (hy—hy)x
2sm2f—c5,sm2f

2
4€523C125128 (p-0,5)CpS ¢ (€235 45y, COS & — 593 €08 2¢hc, 5, )

2 v 2

X {s2 sinzw—l- (1+ ci)sin2M_ 52 sin? M}

+ 8€€23523€128128 (0,5 Cg SIN 5{c3,(s¢ —Cysy

sin (hs — hz)x.

Aren 2

- S

A
2 242 2 2.2 ren
Vi —n, vl =) hs—hl}

> (C2)

We note that the y symmetry (see Sec. V E) holds in Egs. (C1) and (C2).

APPENDIX D: AMPLITUDE DECOMPOSITION
IN THE DISAPPEARANCE CHANNELS

In the main body of the text in this paper we have

concentrated on the v, — v, channel to focus on the
conceptual issue related to the question, “What is the
correct way of performing the amplitude decomposition in
matter?” In this and the following Appendixes, we discuss

the amplitude decomposition in some of the remaining

channels, the v, — v, and v, — v, channels (Appendix D),
and the v, — v, channel (Appendix E).

Among them, the v, — v, channel may be the most
feasible experimentally, apart from the v, — U, measure-
ment in JUNO. Once a long-baseline neutrino experiment
starts to operate, it will make measurement in both the

v, = v, and the v, — v, channels simultaneously. But,

"
since the v, — v, channel is the simplest one to discuss, we

start by treating this channel. The v, — U, probability can
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be obtained from the P(v, — v,) by just flipping the sign
of the matter potential a, as CP phase 0 is absent.
Measurement of P(v, — v,) in the sizable matter effect
might be possible by using the atmospheric neutrino
observation [17,50-54], or a neutrino factory [63,64],
assuming electron detection capability in the detector.
Some of these apparatuses, including the others, e.g.,
T2HK and DUNE [50,51], have capabilities to measure
the v, - v,, v, = v,, and its T-conjugate channels.

1. General formula for the disappearance probability
with the use of the decomposed amplitudes

In the disappearance channels the amplitude decomposi-
tion has a “unity” in S, = 1 + S&M 4+ §% As a conse-
quence the expressions of the oscillation probability with the
use of the decomposed amplitudes are different from those in
the appearance channel exhibited in Sec. V C. Therefore, it
may be useful to present the general formula for the
probability. They read in the zeroth and the first orders as

P(vy = 1) =1+ 2Re[(S3m) O] + 2Re[(S59) V] 4 | (Sam)O]2 4 [(S591) O[> + 2Re[{ (Sam) O} * (S501) (€],
P(vy = v,)D) = 2Re[(S4m) (1] + 2Re[(S5) (V] 4 2Re[{ (Sm) O} (sam) (D] 4 2Re[{ (S50 @} (S50 (V]

+ 2Re[{(Sum) 01} (S3o) (D] 4 2Re[{ (S50} (Sam) (D],

(D1)

2. The decomposed amplitudes and probabilities in the v, —v, channel

With the e2* rephasing, the decomposed amplitudes in the v, — v, channel in the zeroth- and first-order DMP

expansions read

(Szllffm)(o) _ Sé(e—i(h;—hz)x _ 1)’
(SO = e (elhhix — 1), (D2)
Aren Aren —i(ha=ho)x
(Sam)h) = €C125125(¢—013) Cu Sy (hz —hy, hy— hl)(e (hs=ha)x _ 1),
(S22 = €C125125(p-0,5)CurSy 3 1 (ethamhx —1). (D3)
3~
Similarly, the decomposed amplitudes with the e'* rephasing read
(Sgtem)(o) = sg/)(e—i(hs—hl)x —-1),
(820 = chsy (et — 1), (D4)
A A .
gam)) (1) — _ ren ren —i(hy=hi)x _ ,
( ee ) €C125125 (p—6,3) Cyr Sy hs—hy s —h (e )
A .
(Seh®) = —EC128125(¢-013) Cu Sy :enh (emilhemhx — 1), (Ds)
3=

It is obvious that the amplitudes SX™ and S$5! with the e”>* and e rephasing are related with each other by the y
transformation (see Sec. V E) in both the zeroth and the first orders.

Therefore, we present below the expressions of the decomposed oscillation probabilities with the e’"* rephasing only.
The expressions with the ¢1* rephasing can be obtained by the y transformation (5.11). They read in the zeroth order

i hy —h hy — h
[P(v, = v,)0romintter — —4c§)s§5sin2( 3= hy)x —degey (55 + ¢y )sin’ (y = ho)x 5 1)x’
. hy — h hs — h _h
[P(v, _>ye)(0>]mt-fer:4635%65/{51112( 3 . )X _ o (B3 . DX e (2 . l)x}’ (D6)

and in the first order
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i Aren A1-en . hy — hy)x
[P(Ue — Ue)(l)]non—mt—fer = —4€C125125(¢, —9,;) COS 2¢ SIH2¢CW w (h — h3 - h]>81n2 ( 3 5 2)

Arcn P (hZ - h1>x
I — h, sin > ,

—deci25128(p-0,,) SIN 2¢pCy, 5, (s (s5, — cos 2¢pcy,)

2 Aren

. . A
[P(v, > Ue)(l)]mt-fef = 4eci28125(g-0,,) SIN 2¢c,l,s,l,{cicw Iy — hy + (s¢ - Cici) h ienh }

X {SinZM — sinZM 4+ sin? M}

(D7)

It is verified by an explicit computation of the probability in the decomposition with the e/"1* rephasing that the expressions

of P(v, = v,)"™ner and P(v, — v,)" to first order agree with the ones obtained by using the y transformation of
Egs. (D6) and (D7).

3. The decomposed amplitudes and probabilities in the v, —v, channel

As in the v, — v, channel we first compare the decomposed amplitudes in the v, — v, channel between the e* and e
rephasing in the zeroth- and first-order DMP expansions. With the e’"2* rephasing they read

(Szgn)(()) = S%3C2 (e_i(h3_h2)x — 1)’

(S5 = (c3387, + 53355y, -+ 2238238 4C 8, COS 8)(e!thmmx — 1), (D8)

A, )
(Szzn)(n = €C12S12S<¢_9]3)( S23 sin 2¢CWSU, - sin 26236'{/,61,, COS (S) ¢( —i(hs=hy)x _ 1)

hy — h,
2w Aren o-ilhs—hy)
+ eclzsus(d,_gn)(s23 sin2¢c,, s, + sin 2923c[/,s cos d) ﬁ( hs=ho)x — 1),
) 1
(S;‘z})( ) = —eclzslzs(¢_013>(s%3 sin 2¢pc,, s, + sin 20,3¢ 5% cos 5)h7hl( ((ha=I)x _ 1), (D9)
With the ¥ rephasing they have the forms
(S5 = shicj(emtoi 1),
(S;‘/;‘)(O) = (c35¢5 + s23s¢sl,, — 202382354Cyy S, COS 8)(etha=h)x — 1), (D10)

A,
(Szzn)(l) = €C12512S<¢_913)< S23 sin 2¢cl,,sl,, -+ sin 26236'4561,, COoS 5)¢( =i(hs=hy)x _ 1)

Iy — Iy
+ €C128125(p0,5) (533 5in 2¢hc,, 5, + 8in 203¢4,5;, €OS §) ﬁ( e~ilhs=hi)x _ 1),
i 1
(S;(;ll)( ) = = €C‘12S12S<¢_913)<S%3 sin 2¢CW — sin 2923C¢C COS 5)ﬁ(€_i(hz_hl)x — 1) (Dll)
-

We notice again that the decomposed amplitudes with the e1* rephasing can be obtained by the y transformation from the
ones with the e>* rephasing in both the zeroth and the first orders. Therefore, as in the v, — v, channel, we present here
only the expressions of the decomposed probabilities obtained with the ¢2* rephasing. They read in the zeroth and first
orders as
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. hy —h
[P(v, — v,)O]romintfer — | _ 4s23c¢(c23 + s23s¢)sm 2 (s = ho)x 4(c3ys + s23s¢c,,, + 2¢2352354C,, S, €OS O)
hy —h
x {e53¢5 + 535(ch 4 545y,) — 2€2352354C,, 5, cOs §}sin’ %
[P(vy = v,) 1" = 4s3,¢3 (Basy, + $3355,¢h, 4 202352354, 5, CO8 6)
hy —h hy —h hy —h
X sinzi( 3~ h)x —sinzi( 3 1)x+sin27( 2= ) , (D12)
2 2 2
. A hy—h
[P(1, = v,) V] — dec55158(pmp,,) (€33 — 53308200 (53, sin2¢su,—sin2923c¢c,l,cosé)cv,h rer;l sinz( S 5 2)x
3—hy
A hy—h
—4ec12s12s(¢_013)(c%3—s%3cos2¢)(s%3sin2¢c,,,—|—sin2923c¢sl’,0055)swh rer;l sin2( 3 . 2)X
3—h

+4€c125128 (g-0,,) (533810 2¢h¢,, +5In20,3¢ 45, COSS)

A hy—h
ren sin2( 2 l)x,

Vs —h, 2

[P(v, = 1,) VM =dec 55158 (4-p,,) (=553 5in 265, + 5in 20234, €08 8) (cFy 52 + §3355,Cyy +2C238238 €5, COS )
A hy—nh hy—nh hy—h
% ren {—sinz( 3 . l)x+sin2( 3 . Z)X—i—sinz( 2 1)x}

X [s33¢5 + (€33 = 53355 ) cOS 24 — 4238238 4€,, 5, COS B] s

W
Iy — Iy 2

+4€C125128(g0,,) (533510 2¢0¢,, +5In203¢45,,c088) {335y, + 553 (5505 — €5) +2¢2352354C, 5, COS 5}
A hs—h hy—h hy—h

xswh3f21{—sin2( 3 3 1)x—i-sinz( 3 3 2)x—i-sinz( 2 5 DX } (D13)

Again it is explicitly checked that the y transformation on Egs. (D12) and (D13) agree with the explicitly computed
decomposed probabilities using the amplitudes with the ¢1* rephasing, as they should.

APPENDIX E: AMPLITUDE DECOMPOSITION IN THE v, — v, CHANNEL
Finally, we discuss the v, — v, channel. Though the measurement of the oscillation probability would be tough, this is a

very interesting channel for the diagnostics of the interference effect, as mentioned in Sec. VIII.

1. The decomposed amplitudes and probabilities in the v, —v, channel

We first show that the decomposed amplitudes in the v, — v, channel with the e/* rephasing and the ones with the e/"1*
rephasing are related with each other by the y transformation. The former reads as follows:

(S;le)(o) = C23S23C§56’_i5( emilhs=h)x 1),

(Si,‘jl)(o) = e %{(c3;e - s%3e_’5)s¢cwsw + cz3s23(s§,ci - si)}( i(hy=hi)x _ 1), (E1)
atmy (1) _ s _ 2 b o Brn o itny)x
(S5 = ec128128(p—g,,)€ 0L 3503 sin2¢c,, s, + (czge — 553€ )c{/,cv,}m(e smh)x _ 1)
+ €C128128 (0,5 € ~0{ 93503 sin 2¢pe,, 5, + (33" — ngkge""s)(,‘(ﬁsg,}ﬁ (e~ilhs=ho)x _ 1),
-y
. . A .
(SSOI> = —€C125125(p-0,3)€ “{ca3503 80 2¢0¢, 5, 4 (336 — 533670 cysy ) ﬁ (eftha=hx — 1), (E2)
-y
while the amplitudes with the e’"1* rephasing read
(Satm)(O) — C23S23Cé€_i5(€_i(h3_hl>x _ 1),
(SN0 = e7{—(c33" — 53,670 s4¢,,5, + Ca3823(s5sy, — ¢, ) (e T — 1), (E3)
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. A .
(S?}j“)( ) = €C125128 (ppyy) € {—C3803 SIN 2hc,, s, + (356 — 53367y} inh (e~ilhs=h)x _ 1)
2
A )
+ €C125128 (g—0,,)€ ~0{ey3503 sin2¢pe, 5, + (336 — s33€ ’5)c¢sw}i”h (emilhs=hix 1),
hs — hy
. A il
(S;I‘jl)( ) = €C125125(p-0,,)€ =191 cy38503 sin 2¢c,s, — (c35€" — s3se ’§)c¢cw}inh(e i(hy=hy)x _ 1). (E4)
2

One can easily verify that they are related by the y transformation. Then, we just present the expressions of the decomposed
probabilities with the e’"* rephasing:

. hsy — hy
[P(v, — v,)0)non-intfer 4c§3s§3cg§sinZM + {sin*20,3(sy, + syc;) 4 4cos?205355¢y, 8,

! 2
h, —h
+ 8C23S23S¢CWSW cos 2923 (ngf)csl -, ) cos S — 802352354502 52 cos 25}sm % s
P(v, » v, )(O)]inefer — {4023323C§5€23323(535€5, —s2) + 4cz3s23c¢s¢cl,,sl,, 08 20,5 cos §}
2 2 2
hy—h hy—h h.—h
+ 8623s23cés¢cwsw sinésin( 3 5 1% sin( 2 7 1)x sin( 3 3 2)x’ (E5)
[P(Vu N VT)(I)]non-int»fer — 86012s12s(¢_913>623523cé {{—cz3s23 sin 2(/)s,,, -+ cos 2923C¢Cw cos 5}Cu/ - renh
3— Ny
A, hy —h
+ {23523 sin 2¢pc,, + €08 20,3¢5,, cOS b }s,, - nh }sinZ( 3 . 2)X
3=

— 8eC125125(p-0,5) { [1 = 2¢33553(1 + €08 26) ¢ sy, 5y, + 33555 8in 260 (s5c5 = 53,) ¢y,

A hy —h
+ €23523 €08 20335, €08 8[54 sin 2¢pcy, + (s5¢5 = )C¢]}Swh renh sin2( 2 5 l)x,
3=

P(u, — v,)(D]intfer — 460128125(¢—013){[1 — 2633553 (1 + €08 26) | ¢y 54, 5y, — 33533 8in 2¢hc,, [0 2¢p + (1 + 5757,

+ €23823 €08 20,35, €08 8[54 sin 2¢pcy, — c4{cos 2¢p + (1 + 57) sy, }] }

A hy —h hy—h h, —h
X 8, — {—sinz—( 3 5 l)X—Fs.inz( 3 5 2)x—ksinz( 2 3 l)x}

+4€c125128 (g0, { [1 = 2¢33553(1 + €08 26)|cy 54y 5, — 33533 8in 2¢bs,, (¢, — 53

+ €23823 €08 203¢,, €08 S[cy(s5cy, — s3,) — 84 8in 2¢s3,]}

A hy—h hs —h hy —h
chh3 ienhz{_SiHZ( 3 . 1)x+sin2( 3 . 2)x+sin2( 2 . 1)x}
Acen Ay
—8€C23523C 45 (p-0,,)C12512 SIN S (s¢ - c{/)sy,)c i (s¢ - C(/)CW)SV/ -
X sin (s —2h1)x sin (hy —2h1)x sin (s _2h2> . (E6)
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The decomposed probabilities P(vy — v,)"" """ and
P(ug —> v,)™ ", if added, must equal the oscillation
probability calculated by the conventional S matrix
method, giving a way of checking the consistency of
the calculations. In the v, —v, channel, the latter is
given in Appendix C, and the above consistency check

is executed explicitly in both of the e”* and e”*
rephasing, as mentioned in Sec. V. The similar consistency
checks for the decomposed probabilities in the v, —v,,
v, — v, and v, — v, channels are executed as well with
both e2* and e'™* rephasing to first order in the DMP
perturbation.
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