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The usage of Monte Carlo neutrino event generators (MCνEGs) is a norm within the high-energy ν
scattering community. The relevance of quasielastic (QE) energy regimes to ν oscillation experiments
implies that accurate calculations of νA cross sections in this regime will be a key contributor to reducing
the systematic uncertainties affecting the extraction of oscillation parameters. In spite of this, many
MCνEGs utilize highly phenomenological, parametrized models of QE scattering cross sections.
Moreover, a culture of validation of MCνEGs against prolific electron (e) scattering data has been
historically lacking. In this work, we implement new eA cross sections obtained from nuclear ab initio
approaches in GENIE, the primary MCνEG utilized by the FNAL community. In particular, we utilize
results from quantum MC methods which solve the many-body nuclear problem in the short-time
approximation (STA), allowing consistent retention of two-nucleon dynamics which are crucial to explain
available nuclear electromagnetic (electroweak) data over a wide range of energy and momentum transfers.
This new implementation in GENIE is fully tested against the world QE electromagnetic data, finding
agreement with available data below ∼2 GeV of beam energy with the aid of a scaling function formalism.
The STA is currently limited to study A ≤ 12 nuclei, however, its semi-inclusive multibody identity
components are exportable to other many-body computational techniques such as auxiliary field diffusion
MC which can reach A ≤ 40 systems while continuing to realize the factorization contained within the
STA’s multinucleon dynamics. Together, these developments promise to make future experiments such as
DUNEmore accurate in their assessment of MCνEG systematics, ν properties, and potentially empower the
discovery of physics beyond the Standard Model.
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I. INTRODUCTION

A. Future ν oscillation study requirements

There is great importance for the particle physics com-
munity in the difficult task of mapping experimentally
observed final state neutrino (ν) properties and energies
onto initial ν states given the presence of oscillations
and the complexity of chosen target nuclear systems [1].
Indeed, whether these νs originate in a beam or the atmos-
phere, any lack of capacity in the reconstruction of these
quantities can lead to misinterpretations of the true physics of
the system under study, potentially distorting future results of
the global short- and long-baseline ν oscillation program.
Many technicalities and their interrelations limit the inter-
pretive certainty of any experiments results, including the ν
cross section model and its dependence on the assumed

structure of the nuclear target with (or without) the inclusion
of multinucleon correlations and interference effects, the ν
flux and beam divergence model, the intranuclear cascade
(final state interactions) model, and the detectors capability
(response) in efficiently reconstructing the topology of a ν
event at particular kinematics. Many of these can currently
only be efficiently simulated using Monte Carlo ν event
generators (MCνEGs), a popular candidate beingGENIE [2],
and experiments rely on these and other types of computation
to simulate their ν beam, ν interactions, intranuclear cascade,
and observable final state topologies given modeled detector
responses. All of these tools are necessary components for
precise measurements of ν properties such as CP-violation
(δCP) and the ordering of the ν masses.
In this work, we focus on one of the above-mentioned

components: cross sections with complex nuclear structure
and multinucleon interactions intact. To outline this work
in brief:*jbarrow3@vols.utk.edu

PHYSICAL REVIEW D 103, 052001 (2021)

2470-0010=2021=103(5)=052001(17) 052001-1 © 2021 American Physical Society

https://orcid.org/0000-0002-7319-3339
https://orcid.org/0000-0002-8368-5898
https://orcid.org/0000-0002-1735-7618
https://orcid.org/0000-0002-6751-3105
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.103.052001&domain=pdf&date_stamp=2021-03-05
https://doi.org/10.1103/PhysRevD.103.052001
https://doi.org/10.1103/PhysRevD.103.052001
https://doi.org/10.1103/PhysRevD.103.052001
https://doi.org/10.1103/PhysRevD.103.052001


(1) We briefly explain the ab initio methods used within
the quantum Monte Carlo short-time approximation
(QMC STA) [3] and how these can be applied in the
calculation of electromagnetic nuclear response
functions and response densities for light nuclei;

(2) We discuss our new, holistic framework within
GENIE based on calculated electromagnetic (ele-
ctroweak) nuclear response functions and supple-
mented by interpolation schemes to compute double
differential electron scattering cross sections;

(3) We show comparisons of these responses and double
differential cross sections against abundant electro-
magnetic scattering data to assess the validity of both
the GENIE implementation and the theoretical
nuclear response function inputs. Similar studies
have recently been performed for existing GENIE
cross section models by multiple groups [4,5].

This is a foundational work where we test our framework
and verify that the events generated by GENIE are fully
consistent with the inputs provided by the underlying
theoretical calculations of nuclear responses from the
STA. More broadly, this work will construct a solid basis
for future implementations of ν-nucleus responses in the
MCνEG. When using a consistent microscopic model of V
and V − A lepton-nucleus interactions, these will allow
scientists to better estimate the precision of ν scattering
event samples produced by MCνEGs which in-turn are
used to understand experimental ν cross sections and
oscillation parameters; such increases in the precision of
these measurements may permit the necessary resolution to
discover physics beyond the Standard Model (BSM).

B. Quasielastic scattering overview

Quasielastic (QE) scattering, or when a particle probes a
nucleus by transferring energy and momentum primarily to
a single nucleon, is a key interaction process observed at
both current electron-scattering facilities, e.g., Jefferson
Laboratory [6], as well as current and future short- and
long-baseline ν oscillation experiments [7–9]. However, the
majority of the models utilized by MC event generators in
this energy regime are generally highly phenomenological.
Typically, an effective single-nucleon cross section is
implemented which inherently ignores important high
Bjorken-x interactions visible as missing energy or momen-
tum via two-nucleon short-range correlations [10,11]. This
implies that a large portion of the truly quantum behavior at
play within the nucleus being probed is partially or entirely
ignored, including interference terms and tensor forces
which mediate two-body dynamics and can create observ-
able two-nucleon topologies in detectors, independent of
final state interactions (FSIs). Overlooking these important
dynamical components can lead to a suppression of the
cross sections, which can in turn make experimental
measurements appear enhanced in strength, perhaps lead-
ing accidentally to interpretations of extraordinary physics.

The QMC STA [3], adopted in the present work,
incorporates these nontrivial multinucleon dynamics
directly within electromagnetic nuclear response densities
and associated nuclear response functions. The latter are
given as functions of the energy, ω, and three-momentum
transfer, jqj. Using precomputed tables of these responses,
one can interpolate across ðω; jqjÞ space to calculate
inclusive double differential and total QE cross sections
where effects from two-body physics and enhancements
can be observed. Since a formalism involving these nuclear
response functions is common to many models of lepton-
nucleus scattering, a software framework which takes them
as input and uses them to produce simulated events allows
competing models to be compared easily within a MCνEG.
Given the complexity of the codes generally utilized to
solve the many-body nuclear problem, direct implementa-
tion of the most realistic calculations in a MCνEG is
impractical. Tables of precomputed nuclear responses allow
for efficient event generation while preserving the physics
content of sophisticated inclusive cross section models
[12]. Though this work is focused on electromagnetic
scattering on very light nuclei, QMC STA methods are
directly extendable to include up to A ≤ 12 nuclei for
electromagnetic and electroweak scattering; other known
QMC computational methods, such as Auxiliary Field
Diffusion Monte Carlo [13], can similarly maintain the
interference and two-body contributions at play within the
QE cross section, while being exportable to the A ≤ 40
systems most important for future experimental programs
such as the Deep Underground Neutrino Experiment
(DUNE) [9]. This further motivates the creation of a
universal input framework for use by theorists to more
easily incorporate their work into experimental MC event
production and analysis chains.
As a start to this long-term computation, simulation, and

validation program outside and within the GENIE collabo-
ration, here we consider inclusive QE scattering of elec-
trons on 4

2He, and validate the behavior of the QMC STA
within the GENIE MC event generator across the QE-
regime on publicly maintained world inclusive QE electron
scattering data [14,15]. Further, we offer some predictions
of nn, pp, and np contributions to the cross sections, which
we hope to be useful for current and future electron
scattering experiments, while also hinting a path forward
for the ν community. In closing, we emphasize that the
main point of this work is to validate our framework. This
will set a solid basis for future developments in the
GENIE MCνEG.

C. GENIE overview

GENIE (generates events for neutrino interaction experi-
ments) [2] is a collaboratively written and maintained suite
of MC event generator and model tuning [16] packages
used by many ν experiments, including MINERvA [17],
MicroBooNE [7], the Short-Baseline Near Detector [18],

J. L. BARROW et al. PHYS. REV. D 103, 052001 (2021)

052001-2



and DUNE [9,19–21]. Within GENIE, lepton-nucleus
interactions are modeled as a two step process using the
impulse approximation; interactions occur on individual
bound and moving nucleons, and outgoing hadrons result-
ing from the primary interactions propagate through the
nucleus and are subject to FSIs. GENIE is an event
generator which seeks to provide comprehensive modeling
for all nuclear targets and leptons of all flavors from MeV
to PeV energy scales [2]. Using C++, XML, and CERN
ROOT [22], GENIE offers modularity in its configurations
and code design, and the collaboration encourages scien-
tists to contribute new model implementations using their
platform in the form of “incubators.” The work described in
this article springs from just such an incubator.
As a means of benchmarking ν cross section models

against electron scattering data, the GENIE interface for
consuming nuclear response tables was recently general-
ized to handle generation of both neutrino and electron
scattering events on an equal footing.

D. QE inclusive cross sections

The QE inclusive-scattering cross section of electrons
and νs on nuclei can be considered in terms of nuclear
electromagnetic or electroweak response functions. Under
the assumption that the lepton-nucleus interaction is domi-
nated by the exchange of a single virtual photon which
couples to the nucleus’ electromagnetic charge and current,
the electron-scattering cross section of interest in this work
is given by [23–26]

d2σ
dωdΩ

¼ σM½vLRLðq;ωÞ þ vTRTðq;ωÞ�; ð1Þ

where ω and q are the energy and three-momentum
transfer, respectively, and σM is the Mott cross section
defined as:

σM ¼
�

α cos θ=2
2ϵi sin2 θ=2

�
2

: ð2Þ

In Eq. (2), α is the fine structure constant, θ the electron
scattering angle, and ϵi the initial electron energy. The
lepton’s kinematic factors are defined as

vL ¼ Q4

jqj4 ; vT ¼ Q2

2jqj2 þ tan2
θ

2
; ð3Þ

where Q2 ¼ jqj2 − ω2 ¼ −qμqμ is the negative square of
the four-momentum transfer. The two nuclear electromag-
netic response functions, namely the longitudinal and the
transverse, are schematically given by

Rαðq;ωÞ ¼
X
Mi

X
f

hΨijO†
αðqÞjΨfihΨfjOαðqÞjΨii

× δðEf − Ei − ωÞ; α ¼ L; T ð4Þ

where OLðqÞ ¼ ρðqÞ is the nuclear electromagnetic charge
and OTðqÞ ¼ jðqÞ is the nuclear electromagnetic current.
Here, jΨii and jΨfi represent, respectively, the initial
ground state and final continuum state with energies Ei
and Ef, and an average over the initial spin projections Mi

of the initial nuclear state with spin Ji (indicated by the
overline) is implied. Note that, as θ → 180°, the double-
differential cross section of Eq. (1) is dominated solely by
the transverse response function.
The nuclear response functions defined above carry all

the information on the nuclear dynamics at play during the
scattering event. The electromagnetic charge and current
operators are determined by the probe and exhibit depend-
ence upon, e.g., the orientation of the nucleons’ spins and
isospins. Nuclear wave functions, responses, and response
densities are calculated within a microscopic model of the
nucleus using QMC computational methods [13] to solve
the many-body nuclear problem. Within this approach,
static and dynamical nuclear properties emerge from the
interactions (or correlations) among all the constituent
nucleons. For example, nuclear responses result from the
coupling of external leptonic probes with individual nucle-
ons (described by one-body operators), and with pairs of
interacting or correlated nucleons (described by two-body
operators).
This scheme can be appreciated by rewriting the

response of Eq. (4) as

Rαðq;ωÞ ¼
Z

∞

−∞

dt
2π

eiðωþEiÞt
X
Mi

hΨijO†
αðqÞe−iHtOαðqÞjΨii;

ð5Þ

where we have replaced the sum over the final states with a
real-time propagator. In the equation above, the many-body
nuclear Hamiltonian, H, consists of single-nucleon (non-
relativistic) kinetic energy terms, and two- and three-
nucleon interactions, such that

H ¼
X
i

−
ℏ2

2m
∇2
i þ

X
i<j

vij þ
X
i<j<k

Vijk; ð6Þ

where vij and Vijk are highly sophisticated potentials
[13,26] which correlate nucleons in pairs and triplets. In
the set of calculations used in this work, the Argonne-v18
two-nucleon potential [27] was utilized in combination
with the Illinois-7 three-nucleon force [28]. We indicate
this nuclear many-body potential with “AV18+IL7”. The
Argonne-v18 [27] is a highly sophisticated two-nucleon
interaction, reflecting the rich structure of the nucleon-
nucleon force, and is written in terms of operatorial
structures involving space, momentum, spin and isospin
nucleonic coordinates, predominantly arising from one-
and two-meson-exchange-like mechanisms. The long-
range part of the nucleon-nucleon interaction is due to
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one-pion-exchange; the intermediate-range component
involves operatorial structures arising from multipion-
exchange supported by phenomenological radial functions;
the short-range part is described in terms of Woods-Saxon
functions [13,24,27]. The Argonne-v18 has 40 parameters
that have been adjusted to fit the Nijmegen pn and pp
scattering data base [29], consisting of ∼4300 data in the
range of 0350 MeV, with a χ2=datum close to one. While
fitting data up to 350 MeV, the Argonne-v18 reproduces the
nucleon-nucleon phase shifts up to ∼1 GeV, an indication
that its regime of validity goes beyond the energy range
utilized to constrain the adjustable parameters. This is
also an indication that relativistic effects are largely
embedded in the parameters entering the nucleon-nucleon
interaction. The Illinois-7 [28] is the three-body force,
supplementing the Argonne-v18; its latest formulation
involves five parameters constrained (in combination with
the Argonne-v18) to reproduce ∼20 energy levels of nuclear
ground and excited states.
Calculations based on the AV18+IL7 many-body nuclear

Hamiltonian successfully explain, both qualitatively and
quantitatively, many nuclear electroweak properties
[13,24,26], including electromagnetic moments and form
factors [13,30,31], low-energy transitions including beta
decays [32–39], and electron scattering [3].
The charge, ρðqÞ, and current, jðqÞ, operators are also

written as sums of one- and two-nucleon terms [24,26]

OαðqÞ ¼
X
i

OðαÞ
i ðqÞ þ

X
i<j

OðαÞ
ij ðqÞ þ � � � : ð7Þ

Here, we include up to two-body contributions, that is up to

operators of the form OðαÞ
ij ðqÞ, where i and j designate that

the operator is acting on nucleons i and j. The one-body
charge and current operators are obtained by taking the
nonrelativistic limit of the standard covariant nucleonic
currents [13,24,26], and are written in terms of the
nucleonic form factors required to correctly reproduce
fall-off at increasing values of three-momentum transfer.
In the calculations used in this work, we adopted the dipole
parametrization for the proton electric and magnetic, and
neutron magnetic form factors, and the Galster form of the
neutron electric form factor [40]. Other parametrizations
or calculations of the nucleon form factors, for example the
z-expansion [41], or calculations from lattice gauge theory
[42–48] can be rather easily implemented within the QMC
STA framework.
The two-body currents, jijðqÞ, used in this work have

been summarized in [13,24,26] and the references therein.
They consist of model-independent and model-dependent
terms, the former being constructed by requiring they
satisfy the current conservation relation within the
Argonne-v18. In this sense, they are consistent with the
nucleon-nucleon interaction, in that their behaviour at both
short and long ranges is consistent with that of the potential,

or, equivalently, of two-nucleon correlations. At large
internucleon distances, where the nucleon-nucleon inter-
action is driven by one-pion-exchange, these currents
include the standard seagull and pion-in-flight currents.
In the seagull mechanism, the external electromagnetic
field couples with a nucleon producing a pion which is
reabsorbed by a second nucleon, whereas for the pion-in-
flight contribution the external field couples to the pion
actively being exchanged by two nucleons. The model-
independent currents are longitudinal, i.e., they are parallel
to the direction of the three-momentum transfer q. The
model-dependent two-body currents are orthogonal to the
external momentum transferred, and they therefore cannot
be constrained using current conservation. The model-
dependent dominant term is associated with the excitation
of intermediate (virtual) Δ-isobars; in this type of contri-
bution, the external probe excites the nucleon to a Δ which
then decays, emitting a pion which is reabsorbed by another
nucleon [49,50]. The two-body charge operator, ρijðqÞ,
consists of contributions of one-pion range, which can be
regarded as relativistic effects. The specific form of the
operators are listed, e.g., in [24,49].
Calculations based on the AV18+IL7 two- and three-

nucleon correlations in combination with one- and two-
nucleon electromagnetic charge and current operators suc-
cessfully explain available data over a wide range of energy
and momentum transfers [13,26]. In particular, these cal-
culations highlight the importance of accounting for many-
body dynamics—especially two-nucleon dynamics—
to achieve agreement with the available experimental data.
For example, corrections from two-body electromagnetic
currents enhance the magnetic moments of 9C by ∼40%
[35], and give a ∼20–40% contribution to both electromag-
netic transitions between low-lying nuclear states [35] and
electromagnetic transverse response functions [3,51]. It is
important to emphasize that two-nucleon terms in both
the interactions and currents—collectively indicated by
“two-body physics”—are dominated by one-pion-exchange
dynamics.

E. Semifinal states, the short-time approximation,
and response densities

Quantum Monte Carlo computational methods [13]
have been developed for the past 30 years to exactly
solve the many-body nuclear problem of strongly
correlated nucleons. Inclusive response functions, induced
by both electrons and νs, have been calculated in recent
years for nuclei up to 12C [24,25,51–56]. In particular,
one evaluates the Laplace transform of the response
[13,24] which results in an imaginary-time response of
the type

R̃αðq; τÞ ¼
X
Mi

hΨijO†
αðqÞe−ðH−EiÞτOαðqÞjΨii; ð8Þ
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where Green’s function Monte Carlo (GFMC) methods can
then be used to calculate the relevant matrix elements
between ground-state wave functions [13]. Since the
nuclear response in the QE region is fairly smooth as a
function of ω, maximum entropy techniques are successful
in inverting the Laplace transform to obtain the response
function [53]. Within this scheme, one can fully account
for the correlations in the initial state and the interaction
effects induced by the imaginary time propagator into the
final state, along with quantum interference effects.
Interference between one- and two-body currents plays a
crucial role in explaining the experimentally observed
enhancement in the electromagnetic transverse responses
function [25] and should not be neglected in calculations of
nuclear responses.
While being extremely successful in explaining available

scattering data, the GFMC approach is computationally
costly, which is why it has been applied only to nuclei up
to A ¼ 12. To meet the demands of the next generation
neutrino oscillation experiments that will be utilizing 40Ar
as active material in the detectors, one has to resort to
approximated computational schemes to calculate the
associated nuclear responses. The STA [3] has been
developed to address this issue without losing the reso-
lution acquired by the exact GFMC calculations, that is,
without losing the important contributions from two-body
correlations and electroweak currents. The STA is based on
the factorization of the real time response given in Eq. (5) at
short-times (high-energies). In particular, only one- and
two-body terms in the Hamiltonian entering the real time
propagator are kept. The STA then fully retains two-body
physics from both the Argonne v18 and the associated
electromagnetic one- and two-body currents, and resultant
interference terms. The initial state wave functions are fully
correlated, as in the GFMC case. When used to calculate
response functions, the STA produces results that are in
very good agreement with the GFMC calculations at high
energy transfers, ω, and moderate to high values of
momentum transfer, q. The low energy behavior induced
by low-lying nuclear excitations and by collective excita-
tions are not captured by the STA.
In this foundational work, we implement only these

electromagnetic response functions into the generator.
However, the STA, due to the factorization scheme,
provides us with additional important information on the
leptonic and hadronic “semifinal” states—in particular, for
two-nucleon semifinal states struck by the external probe
via one- and two-body electroweak currents before trans-
port through the nuclear medium. This information is cast
in nuclear response densities, Dðe; Ec:m:Þ, which are
expressed in terms of the relative (e) and center of mass
(Ec:m:) energies of the struck nucleon pair (or equivalently
in terms of the relative and center on mass momenta of the
pair). Upon integration of the response densities, one
recovers the response functions via

RSTA
α ðq;ωÞ ¼

Z
∞

0

de
Z

∞

0

dEc:m:Dαðe; Ec:m:Þ

× δðωþ Ei − e − Ec:m:Þ; ð9Þ

where for simplicity we have ignored the Jacobian.
The transverse response density induced by electrons

scattering from 4He is displayed in Fig. 1. The implemen-
tation of this semifinal hadronic state information at the
interaction vertex within GENIE will be the subject of a
further work currently in preparation.

II. GENIE IMPLEMENTATION

Steps have been taken within the GENIE collaboration to
create a new suite of software tools to allow for external
contributors to implement their inclusive cross section
calculations in a universal way using tabulated nuclear
responses. Interpolation of these responses allows for the
calculation of double differential cross sections at various
kinematics, permitting validation against experimental
data. Given the usually large jqj-spacing between known
responses, the sensitivity of these cross sections to the
interpolation method can be nontrivial, occasionally lead-
ing to discontinuous behavior; secondarily, given a par-
ticular calculation’s legitimacy within certain energy
regimes (and the limitations of computational time and
tabulated datasets), one may not be able to continuously
interpolate cross sections to all conceivable kinematic
regimes. However, creating a fine grid over a legitimate
QE kinematic regime permits one to reduce each of these

FIG. 1. The 4He transverse response density is shown for
jqj ¼ 500 MeV=c. The surface plot shows the response density
as functions of relative energy e and center-of-mass energy Ec:m.
of pairs of nucleons being actively scattered upon by the
incoming electron, leading to microscopic knowledge of
semifinal states before intranuclear transport and final state
interactions.

QUASIELASTIC ELECTROMAGNETIC SCATTERING CROSS … PHYS. REV. D 103, 052001 (2021)

052001-5



unsavory effects. Here, we discuss some of these solutions
in more detail.

A. Cross section calculation

To facilitate implementation of new lepton-nucleus cross
section calculations, the GENIE collaboration has devel-
oped an interface for pre-computed nuclear responses to
be used in event generation. The technique relies on the
observation that the inclusive differential cross section can
be written very generally in the form

d2σ
dωdΩ

¼ C
π2

jk0j
jkj LμνWμν; ð10Þ

where k (k0) is the initial (final) three-momentum of the
lepton, Lμν (Wμν) is the leptonic (hadronic) tensor, and

C≡

8>><
>>:

1
2
G2

FjVudj2 CC processes
1
2
G2

F NC processes

α2

Q4 EM processes

ð11Þ

is a factor that contains the coupling constants appropriate
for the scattering process of interest. For Standard Model
processes, the leptonic tensor is well-known and given by a
trace over Dirac matrices. The elements of the hadronic
tensor may be computed in terms of nuclear response
functions. Exploiting the Lorentz invariance of the tensor
contraction LμνWμν, GENIE evaluates these in a frame
in which the three-momentum transfer q points along the
þz direction. For electromagnetic scattering in such a
frame, contributions from only two elements of Wμν are
nonvanishing:

Wtt ¼ RL; ð12Þ

Wxx ¼ RT; ð13Þ

where the nuclear responses RL and RT are defined as in
Sec. I D.
Precomputed tables of nuclear responses, evaluated on a

two-dimensional grid in ðω; jqjÞ space, may be provided to
GENIE as a set of text files organized by target nucleus and
interaction mode (e.g., a table may include only the one-
body contribution). A simple nearest-neighbors bilinear
interpolation scheme is used to evaluate the hadronic tensor
elements Wμν between the grid points. The numerical
results obtained in this way are used to evaluate inclusive
double differential cross sections using the standard form of
the leptonic tensor Lμν. Further implementation details are
available in Ref. [57].
The GENIE strategy described above for inclusive cross

section calculations originated in work to implement the
Valencia model [58,59] for CCMEC interactions [60]. The
treatment used therein was subsequently generalized and

improved to allow for its application to other scattering
processes (e.g., EM interactions). In addition to the model
presented here, the same code framework was also recently
used to add the SuSAv2 calculation [61,62] of QE and
MEC cross sections to GENIE for both neutrinos [63]
and electrons [5].

B. Scaling and interpolation techniques

Given the computational difficulty in directly evaluating
the STA nuclear responses on a finely spaced (∼1 MeV)
grid in ðω; jqjÞ space, one must employ one among many
possible and legitimate forms of interpolation on the
available sparse fR;ω; jqjg surface [3]. For practical
calculations in an event generator, the interpolation method
must be fast and efficient while avoiding storage of very
large tables in memory. The ability to handle input files for
which the ω and jqj grid points are not regularly spaced is
also highly desirable.
All of the above is accomplished within the GENIE

MCνEG using a recently-developed “hadron tensor” inter-
face [57], which computes cross sections using bilinear
interpolation to obtain nuclear response values between
grid points. For the 4He EM responses used in this study,
the input tables use a spacing of 2 MeV between ω grid
points and 1 MeV between jqj grid points. The kinematic
limits of the grid are 1 MeV ≤ jqj ≤ 2000 MeV and
2 MeV ≤ ω ≤ 1800 MeV.
Currently, we employ only one of the many potential

techniques one could use to achieve such a high granularity
on the fjqj;ωg grid with good accuracy. We choose to use
an approximately jqj-invariant object, a nonrelativistic
scaling function, to make thousands of new nonrelativistic
total nuclear response functions at many new momentum
transfers. These objects are created in a one dimensional
way; other future methods will be able to utilize the full
multidimensional nature of the response densities [3],
and will be discussed further in the Conclusions and the
Appendix. These scaling functions can be calculated from
one among several existing nonrelativistic nuclear response
functions [3], in-turn creating a single average nonrelativ-
istic scaling function fnrα ½ψnrðjqj;ωÞ [56,64–66] built up
from any set of scaling functions, fnrα;i, as follows:

fnrα;i½ψnrðjqij ∈ Q̃;ωÞ� ¼ kF ·
Rnr
α ðjqij ∈ Q̃Þ;ωÞ
Gnr

α ðjqij ∈ Q̃Þ ; ð14Þ

∴ fnrα ½ψnrðjqj;ωÞ� ¼ 1

N

XN
i¼1

fα;i½ψnrðjqij ∈ Q̃;ωÞ�; ð15Þ

→ Rnr
α ðjqj;ωÞ ¼ 1

kF
· GαðjqjÞ · fnr½ψnrðjqj;ωÞ�; ð16Þ

where ψnr ≡ ψnrðjqj;ωÞ is a nonrelativistic scaling vari-
able [56,64], Rnr

α ðjqij ∈ Q̃;ωÞ is a known nonrelativistic

J. L. BARROW et al. PHYS. REV. D 103, 052001 (2021)

052001-6



nuclear response function for a particular component α
from a known computed set [3] of momentum transfers
jqj ∈ Q̃ ¼ f400; 450;…; 750; 800; 1000g MeV and where
Q̃ is of size N, Gnr

α ðjqjÞ can be any component-specific
functional combination of single nucleon electric and
magnetic form factors, and kF is the nominal Fermi
momentum of the system. The final fRα; jqj;ωg surfaces
resultant from this averaged scaling shown in Fig. 2 serve
as the basis objects for all double differential cross section
calculations in GENIE, and are displayed after subsequent
sub-MeV bilinear interpolation on the tabulated grid.
Note that Ref. [56] shares a common theoretical basis

with inputs used in this work [3], and also shows that good
scaling behavior persists even with the inclusion of two-
body dynamics. When comparing to the originally com-
puted longitudinal nuclear response functions, this method
partially removes some endemic contamination of the
elastic scattering component, which would otherwise lead

to overestimations of longitudinal response function at
low momentum transfers (q≲ 300 MeV). However, as
we will show, the use of an averaged scaling function
takes away too much strength from the double differential
cross section in some kinematics (particularly those of
high outgoing angles), the origin of which is the averag-
ing process itself q (see Appendix, Fig. 8 to see these
differences). In particular, the averaging technique
reduces the strength of both response functions at low
q—as shown in Fig. 8, indicating that this technique
needs to be improved to achieve a good agreement with
the data in the aforementioned kinematic regimes. For a
more detailed overview on this average scaling method,
and how it attempts to recreate known responses, see the
Appendix and the references therein. In closing, we point
out that the elastic peak that is currently contaminating
the longitudinal responses at low q can be removed
directly within the QMC-STA calculations. Work along
these lines is underway.

III. VALIDATION

A. Inclusive electromagnetic responses and double
differential leptonic cross sections

Transverse and longitudinal nuclear response functions
[3] have been validated against available EM nuclear
response data sets from Sick et al. [24] and von Reden
et al. [67] where possible, as shown in Fig. 3 with excellent
agreement without direct pion production.
A tool utilizing GENIE’s hadron tensor framework

completes bilinear interpolation of scaled nuclear
responses across jqj and ω, allowing for calculation of
double differential cross sections from scaled nuclear
response inputs, and so one may compare to available
world QE double differential cross section data sets
[14,15] for 4

2He. A small selection of these can be seen
in Fig. 4. This simple technique shows good comparative
power to data despite the use of the averaging interpo-
lation techniques and the lack of explicit removal of
the elastic peak, relativistic corrections, or on-shell
π-production via Δ resonances, broadly matching the
QE position and width up to around 2 GeV of electron
beam energy (the highest scaled response jqj-value uti-
lized is 2 GeV=c). The full statistical consistency of these
model curves with data across all available angles and
energies will be pursued in future work; comparison
between various model predictions may also be pursued.
Thus, as a purely QE theory [3], one observes MC-
generated double differential cross sections beneath
experimentally determined ones; this is in part thanks to
scaling’s effective removal of the elastic peak, but also due
to the averaging scheme, which lowers the strength of the
responses slightly too much at certain kinematics. Cross
sections do remain consistent with experimental ones at
moderate to high momentum transfers and moderate to

FIG. 2. The interpolated nonrelativistic nuclear response sur-
faces fRα; q;ωg are shown with sub-MeV grid-spacing. The
underlying ∼1 MeV-spaced fjqj;ωg grid forms the fundamental
objects cast in tabulated form which GENIE then dynamically
bilinearly interpolates upon to form all subsequent double
differential cross sections for QE EM scattering. Lines along
the surfaces serve as visual aides only.
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high scattering angles, where the transverse response of
the nucleus containing two-body dynamics plays a dis-
proportionate role. Once coherent modules are complete
for simultaneous event generation of leptonic and had-
ronic variables for the semifinal state at the interaction
vertex, thus utilizing the STA response densities, it is
planned that the scaled response function averaging
scheme will be superseded by another nonlinear multidi-
mensional interpolation technique [68]; comparisons with
current techniques will follow in a future work.

B. Double differential leptonic cross sections and
approximate two-body final state predictions

Using the QMC STA formalism, one may also consider
total QE EM (reaction) double differential leptonic cross
sections of individual components of the nuclear structure,
giving one access to the one- and two-body contributions.
In Fig. 5, we see the theoretical total QE EM double
differential cross section (dark blue) matches the shape
and peak position of available data (red) quite well, while
again properly underpredicting the total due to lack of

FIG. 3. Nuclear responses comparisons between QMC STA theory outputs [3] and available empirical data [24,67]. Many response
components are shown, including but not limited to interference and one-body off-diagonal terms, whose destructive qualities within
particularly the longitudinal response limit the strength of the pure one-body contribution. Thresholds refer to a small, free shift-
parameter which has been simplistically tuned in post-processing to better fit available response data.
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π-production. Individual shapes of the cross sections for
scattering from pp (pink) and nn (light blue) pairs can also
be seen, including in a zoomed-in view (lower).
The pink and light blue curves shown are derived

from an identical scaling method utilizing known jqj ¼
f500; 600; 700g MeV=c particle identity-specific nuclear
response functions. It should be stressed here that the
(lower) plots in Fig. 5 are speaking to the final state lepton
only; however, such a final state lepton indeed must be
approximately commensurate with the appearance of pp
and nn final states. This is approximate due to the nature of
intranuclear FSIs, where multiple scattering can (generally)
lead to reductions in the struck nucleons’ kinetic energy to
potentially below the Fermi energy; the resultant final state
topology could then become eNN → eN. Similarly, again
due to FSIs, one may potentially have a true QE interaction,
but multiple scattering may be such that two nucleons enter
the final state, i.e., eN → eNN. The interference of these
effects will be studied in greater detail in future work,
where marriage between leptonic and hadronic components

FIG. 4. A series of 4
2He double differential leptonic cross

sections are shown for various beam energies and angles, derived
from the scaled responses coming from the average scaling
function. Behavior is good overall, with all curves properly and
consistently undershooting the QE-peak due to lack of resonant
production. This is especially true for beam energies<2 GeV and
more forward angles, though even highly transverse cross
sections appear quite consistent with data. However, one can
see that strength is missing from the top-most plot at low energy
and high angle, due to the current averaging scheme of scaled
nuclear responses.

FIG. 5. A prediction of total inclusive double differential
electron scattering cross sections. The pp and nn channels are
also shown.
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of the QMC STAwill be mediated by correlated use of both
QMC STA response densities and GENIE FSI models;
once complete, two-nucleon final state data will be con-
sidered to validate (and potentially tune) the full generator
module.

C. Generating GENIE leptonic events

Sampling of the lepton kinematic variables is handled by
GENIE in the same way as for the SuSAv2 implementation
[63]. An accept/reject approach is used to select a value of
final lepton kinetic energy Tl and its scattering cosine
cos θl in the lab frame from the probability distribution

PðTl; cos θlÞ ¼
1

σ

d2σ
dTld cos θl

ð17Þ

where σ is the total cross section. The maximum value of
the differential cross section in Eq. (17), which is needed
for rejection sampling, is found via a brute-force scan over
the two-dimensional phase space. After Tl and cos θl have

been selected, a value for the azimuthal scattering angle ϕl
is chosen uniformly on the interval ½0; 2πÞ.
In Fig. 6 we show representative results from our efforts

to validate GENIE simulations of inclusive electron-4He
scattering using the STA nuclear response functions [3]
described in this work. In each plot, the measured cross
section [15,69] at fixed scattering angle is drawn using red
points, while the QMC STA calculation is shown by the
blue curve. Cross sections computed using GENIE events
(with the angular acceptance indicated in the plot title) are
drawn as black histograms. Excellent agreement is seen
between the generated events and the underlying STA
calculation. Some expected strength can be seen to be
missing from the lower plot, again due to the averaging
scheme.

IV. CONCLUSIONS AND OUTLOOK

We have shown the formulation of a new quasielastic
electron scattering module for final state leptonic variables
conceived within the GENIE Monte Carlo event generator
using scaled and tabulated nuclear response function inputs
from quantum Monte Carlo short-time approximation
calculations. Importantly, the model implemented within
our event generator module retains one-body, two-body,
and interference physics in a fully quantistic manner within
the quasielastic scattering regime, a unique and powerful
addition to better understand experimental measurements.
Despite the marked computational intensity to simulate the
many-body problem, and the current contamination of the
elastic peak in the calculated longitudinal response function
at low momentum transfer (q≲ 300 MeV), and thanks to
the (approximated) average scaling analysis and proceed-
ing interpolations, prodigious world data comparisons to
GENIE-derived outputs over a large range of quasielastic
momentum transfers show good agreement for both longi-
tudinal and transverse angles, particularly in that no
predicted double differential cross sections overshoot
experimental data which contain resonant production.
Going forward, we will be working toward the direct
removal of the elastic peak from the short-time approx-
imation’s longitudinal nuclear response functions and
densities at low momentum transfer.
We have hinted throughout this article on a more all-

encompassing path beyond this work, where instead short-
time approximation nuclear response densities and their
descriptions of intranuclear semifinal states will be even-
tually married to GENIE final state interaction models for
intranuclear transport to assess simultaneous correlations
between the outgoing lepton and one-or-two nucleons. The
numerical interpolation [68] between and integration of
these densities within GENIE itself, and comparison to
known short-time approximation outputs, will allow for
robust validation amidst ongoing event generation, inde-
pendent scaling behavior, Z, or A. If this powerful method
shows consistency between data and the resulting generated

FIG. 6. Two kinematics are shown for double differential cross
sections showing data, scaled theoretical curves, and GENIE
generator outputs. Great consistency in all three is observed
throughout the QE regime.
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cross sections, it will be able to supersede the current
average scaling function analyses and interpolation
schemes shown here, simultaneously generating correlated
semifinal state behavior for both the lepton and hadrons
moving out from the interaction vertex. Nonetheless,
optimization of scaling behavior for even stronger consis-
tency with data will be pursued for the outgoing lepton,
possibly by the use of weighted averaging and χ-square
comparisons against data. Also, other nonlinear nearest-
neighbor interpolation schemes can be pursued between
scaled responses and nuclear densities for the creation of a
still more accurate, dense fR;q;ωg surface.
Furthermore, with the short-time approximation support-

ing identical microscopic numerical simulation structures
for both electromagnetic and electroweak interactions,
multiple model predictions for electron and ν scattering
can eventually be compared to assess overall validity of
theory against experiment, allowing for better understand-
ing of modeling systematics and their effects on interpre-
tations of future ν measurements to take place within the
quasielastic regime at future long- and short-baseline ν
oscillation facilities. Such a program, in concert with many
actively developing improvements across many simulation
types and energy regimes within the broader community,
may be able to better elucidate physics beyond the Standard
Model. This is especially possible within the Short-Time
Approximation formalism due to its extensible nature
beyond light nuclei via auxiliary diffusion Monte Carlo
methods up to 40Ar. We plan to continue this work beyond
4He to include 3He, 12C, and possibly even 6Li.
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APPENDIX: INTERPOLATION AND SCALING

Here, we will expound more technically on elements
of our interpolation techniques, including the scaling and
alignment behavior of our given nuclear response functions
[3]. Studies of these properties in the QMC STA response
functions can be completed utilizing the nonrelativistic
formalisms within [25,56,64–66,70]; this is appropriate, as
relativistic effects on such responses (such as a broadening
of the QE response distribution) have been shown pre-
viously to be rather small [66] in many QE-like kinematic
regimes, and because the STA itself is currently conceived
within a nonrelativistic framework.

1. Scaling analysis and densifying fR; jqj;ωg-space
for expansive response interpolation

It is critically important to understand the presence of
scaling in the QMC STA response functions given the
computational intensity behind the production of even a
quite course fR; jqj;ωg surface; if present, scaling allows
for the (fast, cheap) construction of many finely spaced
nuclear response functions, creating a more dense
fR; jqj;ωg surface which can then be easily interpolated
across nearest neighbors to procure any necessary QE
kinematic for comparison against empirical QE double
differential cross sections. Such is the overarching purpose
of the work shown in this appendix, while also serving to
confirm expected similarities between the QMC STA and
GFMC calculations which utilize the same many-body
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Hamiltonians, though differing in their computational
methods.
The scaling analysis utilizes the nonrelativistic scaling

variable ψnr [56]

ψnr ≡ ψnrðjqj;ωÞ ¼ mN

jqjkF

�
ω −

jqj2
2mN

− ε

�
; ðA1Þ

where mN is the (weighted, nucleus-averaged) nucleon
mass, kF is the approximate Fermi momentum of the
system (though this is a somewhat incomplete concept
within ab initio methods), and ε is included to approximate
the binding energy per nucleon of the system (or a
corresponding energy shift). It can be conceived that both
kF and ε may be marginalized over as free parameters,
and selected for their optimum scaling behavior; however,
for the purposes of this note, we have used values of
kF ¼ 0.18 GeV=c and ε ¼ 0.015 GeV, as was chosen
in [66]; more enlightened efforts in the calculation of such

constants from known QMC outputs are also possible. Note
the particular form of Eq. (A1) appears in discussions
within Ref. [56], while previous discussions such as those
in Ref. [65] did not take into account this small binding
energy shift; removal of this shift does significantly change
the scaling behavior.
The actual scaling functions fnrα ðψnrÞ for a given non-

relativistic response Rnr
α ðjqj;ωÞ can be considered in the

nonrelativistic limit to take the form

fnrα ðψnrÞ ¼ kF ·
Rnr
α ðjqj;ωÞ
Gnr

α ðjqjÞ ðA2Þ

where Gnr
α ðjqjÞ can be any component-specific functional

combination of single nucleon electric and magnetic form
factors [71] of neutrons and protons. From these, and for
symmetric nuclei only a la Rocco et al. [65], we construct
the scaling functions when evaluated at the approximate
QE peak value of ωQE ¼ ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jqj2 þm2

N

p
−mNÞ as

FIG. 7. Approximate scaling is observed for both the one-body diagonal term (“1bdiag”) and total (“Tot.” ¼ one body diagonalþ
one-body off-diagonalþ interferenceþ two-body) electromagnetic response contributions across longitudinal and transverse compo-
nents; this appears particularly strong in the total transverse response. Note the respective (marginal) destructive and (strongly)
constructive behavior of the longitudinal and transverse components when moving from a one-body diagonal to total response paradigm
by adding additional interference and two-body terms. The average scaling function is calculated from all shown total responses.
Though computed, responses for jqj ¼ f300; 350g MeV=c are currently not included in this analysis due to presence of the elastic peak,
thus spoiling scaling across all components. The longitudinal component of jqj ¼ 1000 MeV=c has not yet been computed.
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fnrL ¼ kFjqjðQ2þ4m2
NÞ

4Nm3
N

·
Rnr
L ðjqj;ωÞ

ðGE;pþGE;nÞ2
; fnrT ¼ 2kFmN jqj

N
RTðjqj;ωÞ

jqj2 · ðGM;pþGM;nÞ2þk2FðGE;pþGE;nÞ2ð1−ψnrÞ ; ðA3Þ

where N is the number of neutrons or protons in the
symmetric nucleus. Note the possibility of singularities
within the transverse scaling function given higher values
of ψnr ≳ 4.5, or jqj≳ 400. As seen in Fig. 7, these scaling
formulations appear to (approximately) hold for both one-
body diagonal and total response contributions across
longitudinal and transverse components, showing many
similarities to scaling analyses pursued within [56,65] over
a finite range of ψnr.
With confirmation of (approximate) scaling behavior

(~invariant shape/alignment across many jqj-values), one
may begin to conceive of an interpolation scheme to create
a more dense fR; jqj;ωg grid. From a given set of fully
computed responses with jqj ∈ Q̃ of size N, a general
approximated strategy is to construct an averaged non-
relativistic scaling function (visible in total graphs of Fig. 7

by burgundy solid lines and labeled as “Avg. Long.” and
“Avg. Trans.”) as

fnrα ½ψnrðjqj;ωÞ� ¼ 1

N

XN
i¼1

fα;i½ψnrðjqij;ω ∈ Q̃Þ�; ðA4Þ

such that one may invert Eq. (A2) to extrapolate many
responses from this single, jqj-independent, averaged non-
relativistic scaling function using

Rnr
α ðjqj;ωÞ ¼ 1

kF
·GαðjqjÞ · fnr½ψnrðjqj;ωÞ�: ðA5Þ

The average scaling functions fnrα ðψnrÞ are calculated from
individual components of the total response scaling func-
tions by a simple unweighted average. Weighted averaging,

FIG. 8. Comparisons between newly created scaled (dashed) and originally computed (solid) one-body diagonal and total nuclear
response functions are shown. Note the excellent agreement of the transverse responses due to the lack of strength of the elastic peak in
this particular component, while the reduced strength of the scaled longitudinal responses removes the elastic strength due to higher
momentum transfer responses outweighing the average scaling function; however, too much strength is lost here due to the averaging
scheme in both the longitudinal and transverse responses. Other methods may be pursued in future work.
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or effectively choosing which scaling functions are best
behaved, has not yet been investigated, though in principle
could be done so to by marginalizing over some parameter
(s) in the average’s coefficients and comparing against
experimental data in an automated way. The presence of
scaling, or effective jqj-invariances, permits an expansive
formulation of new Rnr

α ðjqj;ω ∉ Q̃Þ, and allows one to
interpolate between and beyond the limited known
response values at particular jqj ∈ Q̃, a critical component
for QE event generation at many kinematics within GENIE.
Using this method, one can compare the original

computed nuclear response functions [3] with those output
from the average scaling function approach, as seen in
Fig. 8 for jqj ∈ Q̃ ¼ f400; 450;…; 750; 800; 1000g MeV.
Overall agreement of the one-body diagonal longitudinal
and transverse components are quite good, as expected
from the studies of Ref. [65], especially at progressively
higher momentum transfers where scaling behavior is
maximized [64] and the presence of the elastic peak in
the longitudinal response is absent. Given the necessity
of filling out the fR; jqj;ωg surface (especially at higher
jqj-values) for more accurate active nearest-neighbors

bilinear interpolation within GENIE to create double
differential QE cross sections, thousands of these new
responses are computed and collated to a form tabulated
grid with a fine granularity. Here, we choose the character-
istic spacing of Δjqj ¼ 1 MeV over jqj ∈ f1; 2000g MeV,
and the characteristic spacing of Δω ¼ 2 MeV over
ω ∈ f2; 1800g MeV, providing ample information for
good predictions and validation against available world
QE EM scattering data. The full sequence of all 4000 newly
interpolated responses inhabiting the full fR; jqj;ωg space
from transverse and longitudinal components can be seen
in Fig. 9. These are completed with average scaling input
in 1 MeV spacing, and GENIE is allowed to bilinearly
interpolate these on 0.5 MeV intervals (the example
“thrown” energy for the QMC STA QE event generator).
This same method can be repeated on pairs of nucleons

with known particle identities, such as pp and nn pairs [3].
This is especially possible for these pairs given the relative
lack of two-body correlations present between them,
allowing scaling behavior to more readily manifest.
Average pp and nn scaling functions can be constructed
from known jqj ¼ f500; 600; 700g MeV=c two-body

FIG. 9. The interpolated nuclear response are shown. Lines along the fR; q;ωg surfaces are visual aides only.

FIG. 10. The original [3] and scaled two-body particle identity-specific nuclear reponse functions are shown for pp and nn pairs,
mirroring Fig. 8. We show only jqj ¼ f500; 600; 700g MeV=c responses here; in principle, the number of known responses can
increase, allowing for better-behaved and expansive interpolation for a densifying of the two-body fRNN; jqj;ωg-surface; from this,
more robust double differential cross sections could be derived. Note the different ranges (strengths) of the different components of each
channel due to differences in underlying pairing dynamics; the nn longitudinal responses are not shown due to low values.
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particle identity-specific nuclear response functions. These
will in principle grow in accuracy when a more complete
set (perhaps N > 7) of response functions are computed
with finer 50 MeV spacing. The current method leads to the
curves seen in Fig. 5, but more can bee seen in Fig. 10.

2. Nuclear responses in
fR=G2

E;p; jqj;ψ 0g-space for aligned
interceding response interpolation

Another method for faster calculation of many responses
at many different jqj ∉ Q̃ is explored in [66] (drawing on
previous works [65,72,73]), particularly with respect to
Eq. (B1) and Figs. 5 and 6 therein; reproductions of these
from present work can be seen in Fig. 11, where response
alignment occurs upon the variable transformation
ω → ψ 0

nr; here, ψ 0
nr takes the nonrelativistic dimensional

form

ψ 0
nr ¼ kF

�
ω − ε

jqj −
jqj
2mN

�
; ðA6Þ

and we again choose kF ¼ 0.18 GeV=c and ε ¼
0.015 GeV as in [66]. This allows one to transform the
dimensional grids fRnr; jqj;ωg ↔ fRnr=G2

E;p; jqj;ψ 0
nrg≡

½GeV2� for more accurate interpolation between aligned
responses without loss of generality. It should be
noted that this interceding interpolation scheme will
not have the ability to create as much phase space
volume as the scaling method outlined above, as it
critically does not rely jqj-invariance to expand beyond
the known response domain. Work to implement and
compare behavior between this interceding interpola-
tion and the previously discussed expansive interpola-
tion is ongoing, and will be included in a future
publication.

FIG. 11. Alignment of form factor normalized response functions is shown when graphing against the nonrelativistic dimensional
parameter ψ 0

nr.
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