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We consider an Oðd; d;ZÞ invariant massive deformation of double field theory at the level of
free theory. We study Kaluza-Klein reduction on R1;n−1 × Td and derive the diagonalized second
order action for each helicity mode. Imposing the absence of ghosts and tachyons, we obtain a class
of consistency conditions which include the well-known weak constraint in double field theory as a
special case. Consequently, we find two-parameter sets of Oðd; d;ZÞ invariant Fierz-Pauli massive
gravity theories.
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I. INTRODUCTION

Duality plays a central role in string theory, the most
successful theory of quantum gravity. While it has boosted
various theoretical developments, its phenomenological
implications have also been studied intensively. Especially,
T-duality has interesting impacts on cosmology. For exam-
ple, T-duality can be used to constrain higher derivative
corrections [1–13], based on which cosmological solutions
have been studied incorporating all orders of α0 corrections
[14]. It may shed some light on a stringy realization of
accelerated expansion of the Universe beyond supergravity
approximation [14–16]. Also, an interesting possibility has
been explored that winding modes of the string may resolve
cosmological singularities essentially as a consequence of
T-duality [17–19].
Double field theory (DFT) is a field theoretic framework

incorporating both the winding modes and the Kaluza-
Klein (KK) modes of the string in a T-duality manifest
fashion [20–23], which would be useful, e.g., for exploring
the aforementioned cosmological scenarios [24–29]. If we
consider a theory with an internal d-dimensional torus,
T-duality is captured by an Oðd; d;ZÞ symmetry group
which mixes winding modes and KK modes. The trans-
formation rules of the background fields such as the metric
and antisymmetric b-field also follow in the standard
manner. DFT is constructed to respect the Oðd; d;ZÞ

symmetry as well as appropriate gauge symmetries, which
include the diffeomorphism symmetries of graviton and the
gauge symmetry of b-field [20–22].
In formulating DFT, it is nontrivial to maintain the gauge

invariance. In the free theory, gauge invariance is guaran-
teed by imposing the weak constraint corresponding to the
level-matching condition of the worldsheet theory. On
the other hand, once we turn on interactions, the gauge
invariance and the closure of gauge transformation are not
guaranteed by the weak constraint alone. In the present
formulation [21,22,30,31], the so-called strong constraint is
imposed on top of the weak constraint in order to overcome
these difficulties. However, the cost is that the winding
modes are projected out by the strong constraint, so that one
of the important stringy features is lost [30]: ideally, we
would like to have a consistent interacting DFT which
accommodates both winding modes and KK modes by
relaxing the strong constraint.
Notably, in Ref. [32], Hohm et al. succeeded in making

the strong constraint in type II DFT [31] mild and partially
incorporated winding modes of the R-R fields without
spoiling the gauge invariance. They also showed that under
the mild version of the strong constraint, type II DFT
reduces to massive type IIA theory [33]. Note that the
NS-NS (Neveu-Schwarz) two-form is massive in massive
type IIA theory, so that gauge invariance associated to
the two-form is spontaneously broken. This motivates us
to explore massive deformations of DFT as a bypass to
phenomenology of winding modes: since massive theories
do not have gauge invariance from the beginning, it might
be technically possible to formulate a consistent interacting
theory without imposing the strong constraint.
In this paper, as a first step toward such a direction, we

study massive deformations of DFT within the free theory.
In particular, we find that a certain condition analogous
to the standard weak constraint in the massless DFT is
required for the theory to be free from ghosts and
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tachyons.1 Note that such massive deformations will
also be useful for exploring stringy UV completion of
massive gravity, a phenomenological model of the accel-
erating expansion of the present Universe [34–36] (see
Refs. [37,38] for reviews).
In the rest of the paper, we first review massless DFT on

R1;n−1 × Td (Sec. II). Then, in Sec. III, we study its massive
deformations. There we consider a family of theories
without imposing gauge invariance and the weak constraint
corresponding to the level-matching condition, and then
discuss consistency of the spectrum from the n-dimensional
field theory point of view. We show that ghost and tachyon
free conditions require a certain condition analogous to the
weak constraint. Also we demonstrate that the standard
weak constraint is picked up if we require in addition that
the lightest massive spin 2 particle is lighter than the string
scale. Note that there is a work by Hohm et al. on massive
DFT, which showed that the level-matching condition is
sufficient for the theory to be tachyon free at the level of
equation of motion [39]. On the other hand, our paper
derives necessary conditions for the theory to be free from
ghosts and tachyons at the level of Lagrangian.

II. REVIEW OF MASSLESS DFT

In this section, we review the massless DFT on an n
dimensional Minkowski space with a d dimensional torus,
R1;n−1 × Td, following [20,21]. We choose the background
metric gbgij as

gbgij dx
idxj ¼ ημνdxμdxν þ δabdxadxb; xa ∼ xa þ 2πRa;

ð2:1Þ

where we adopted the following index notations: i; j; k;…
for coordinates on the entire D ≔ nþ d dimensional target
spacetime R1;n−1 × Td, μ; ν; ρ… for R1;n−1, and a; b; c;…
for Td. Here ημν ¼ diagð−1; 1; 1;…; 1Þ is the Minkowski
metric, δab is the Kronecker delta, and Ra is the radius of
the xa-cycle of the torus Td.
DFT is a field theory which describes a gravitational

field hij, an antisymmetric b-field bij, and a dilaton field d
in a T-duality manifest way. Based on string theory on
R1;n−1 × Td, each field is labeled by momentum pa and
winding numbers p̃a, which are quantized as

pa ¼
1

Ra na; p̃a ¼ Ra

α0
wa ðna; wa ∈ ZÞ: ð2:2Þ

Here α0 is the Regge slope, which is related with the string
length ls through α0 ¼ ð1=2Þls2. The key property of the
string spectrum is that the momentum and the winding

numbers obey the level-matching condition, which is also
called the weak constraint in the context of DFT,

pap̃a ¼ 0: ð2:3Þ

The fields are labeled as hijðxμ; pa; p̃aÞ; bijðxμ; pa; p̃aÞ,
and dðxμ; pa; p̃aÞ.
By construction, pa are the Fourier momentum dual to

the coordinates xa. Similarly, we introduce the dual
coordinates x̃a of p̃a through the Fourier transformations.
Thus, we can describe hij; bij, and d as fields living on the
doubled space fxμ; xa; x̃ag ∈ R1;n−1 × Td × Td,

hijðxμ; xa; x̃aÞ ≔
X

na;wa∈Z
hijðxμ; pa; p̃aÞeiðpaxaþp̃ax̃aÞ;

bijðxμ; xa; x̃aÞ ≔
X

na;wa∈Z
bijðxμ; pa; p̃aÞeiðpaxaþp̃ax̃aÞ;

dðxμ; xa; x̃aÞ ≔
X

na;wa∈Z
dðxμ; pa; p̃aÞeiðpaxaþp̃ax̃aÞ: ð2:4Þ

Note that the dual coordinates enjoy the periodicity,

x̃a ∼ x̃a þ 2π
α0

Ra : ð2:5Þ

Now the level-matching condition can be phrased as

∂a∂̃aðhij; bij; and dÞ ¼ 0: ð2:6Þ

We also introduce the notation ∂̃i and x̃i not only for i ¼ a
but also for i ¼ μ by formally introducing x̃μ and assuming

that the fields do not depend on x̃μ, so practically ∂̃μ ¼ 0.
T-duality is now defined as a GLð2d;ZÞ subclass of a

diffeomorphism of the doubled torus Td × Td that pre-
serves the Oðd; dÞ metric,

ηMNdXMdXN ¼ 2dxadx̃a; ðXMÞ ¼ ðxa; x̃aÞ: ð2:7Þ

T-dual transformations formOðd; d;ZÞ group. To construct
an Oðd; d;ZÞ invariant action, we represent Oðd; d;ZÞ ⊂
GLð2d;ZÞ transformations as a subgroup ofOðD;D;ZÞ ⊂
GLð2D;ZÞ transformations. For a given element of
OðD;D;ZÞ, one can define a natural action for hij and
bij. We skip the details of this action but the important fact
here is that the combination eij̄ ≔ hij þ bij is a covariant

tensor ofOðD;D;ZÞ, i.e., it transforms as eij̄ → Mi
kM̄j̄

l̄ekl̄
with matrices Mi

k; M̄j̄
l̄ associated with the element of

OðD;D;ZÞ (see the review [21] for details). The back-
ground value of eij̄ is defined by Ebg

ij̄ ≔ gbgij þ bbgij , where

the background value of bij is understood as bbgij ¼ 0 in
our case. We can also define the OðD;D;ZÞ covariant
derivative Di and D̄ī by

1Of course, the strong constraint does not play any role in the
present paper since we are focusing on the free theory as a first
step toward massive deformations of the full interacting DFT.
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Di ≔ ∂i − ðEbgÞij∂̃j; D̄ī ≔ ∂i þ ðEbgÞji∂̃j; ð2:8Þ

which transform as Di → Mi
jDj and D̄ī → M̄ī

j̄D̄j̄.

Another important fact is that the background metric gbgij
transforms as gbgij → Mi

kMj
lgbgkl ¼ M̄ī

k̄M̄j̄
l̄gbg

k̄ l̄
. Thus, the

index structure of the background metric can be regarded as
either gbgij or gbgī j̄. Thus,Oðd; d;ZÞ scalar can be obtained by
contracting the covariant indices i; j;… and ī; j̄;… by the

inverse metric gijbg or gī j̄bg. Note that Oðd; d;ZÞ scalars are
automatically Lorentz scalars because i; j;… and ī; j̄;…
are originally Lorentz indices.
To have a healthy massless theory, we also impose the

following gauge symmetry:

δhij ¼ ∂iϵj þ ∂jϵi þ ∂̃iϵ̃j þ ∂̃jϵ̃i; ð2:9Þ

δbij ¼ −ð∂iϵ̃j − ∂jϵ̃iÞ − ð∂̃iϵj − ∂̃jϵiÞ; ð2:10Þ

δd ¼ −
1

2
∂iϵ

i −
1

2
∂̃iϵ̃

i; ð2:11Þ

where the gauge parameters ϵi and ϵ̃i are functions of
fxμ; xa; x̃ag.
By requiring the Oðd; d;ZÞ and Lorentz invariance, as

well as the above gauge symmetry, the quadratic action for
hij; bij, and d is given by

Sð2ÞDFT ¼ 1

2κ2D

Z
½dxdx̃�Lð2Þ

DFT; ð2:12Þ

with

Lð2Þ
DFT ¼ 1

8
eij̄ðD2 þ D̄2Þeij̄ þ

1

4
ðD̄j̄eij̄Þ2 þ

1

4
ðDieij̄Þ2 − 2dDiD̄j̄eij̄ − 2dðD2 þ D̄2Þd

¼ 1

4
hij∂2hij þ

1

2
ð∂ihijÞ2 − 2d∂i∂jhij − 4d∂2dþ 1

4
bij∂2bij þ

1

2
ð∂jbijÞ2

þ 1

4
hij∂̃2hij þ

1

2
ð∂̃ihijÞ2 þ 2d∂̃i∂̃jhij − 4d∂̃2dþ 1

4
bij∂̃2bij þ

1

2
ð∂̃jbijÞ2

þ ð∂khikÞð∂̃jbijÞ þ ð∂̃khikÞð∂jbijÞ − 4d∂i∂̃jbij: ð2:13Þ

Here ½dxdx̃� ≔ ðQμ dx
μÞðQa dx

adx̃aÞ. We note that the
expression in Eq. (2.13) has an ambiguity because

D2 − D̄2 ¼ −4∂i∂̃i ¼ 0 ð2:14Þ

under the level-matching condition. Note that the gauge
invariance cannot be maintained without imposing the
level-matching condition. Also, if we decouple the winding
modes, the above quadratic action is reduced to the
following second order action:

Sð2ÞDFTj∂̃¼0 ¼
1

2κ2D

ð2πα0Þd
ðRaÞd

Z
dDx

ffiffiffiffiffiffi
−g

p
e−2φ

�
Rþ 4∂iφ∂iφ

−
1

12
HijkHijk

�����
second order

; ð2:15Þ

where φ is the conventional dilaton defined by φ ≔ dþ
1
4
hii and Hijk is the field strength of bij: Hijk ¼ 3∂ ½ibjk�.

III. MASSIVE DEFORMATION OF DFT

Now we study massive deformations of DFT by
relaxing the assumption of gauge invariance. As we
mentioned, gauge invariance is spoiled once we relax

the level-matching condition. In particular, D2 − D̄2 does
not vanish anymore when acting on the fields eij̄ and d.
Also, we can include mass terms in an Oðd; d;ZÞ invariant
manner. There are two such mass terms: eij̄e

ij̄ and d2.
Thus, we consider the following massive deformations2:

Sð2ÞmDFT ¼ 1

2κ2D

Z
½dxdx̃�Lð2Þ

mDFT; ð3:1Þ

with

Lð2Þ
mDFT ¼ Lð2Þ

DFT −
1

16
ζeij̄ðD2 − D̄2Þeij̄ þ θdðD2 − D̄2Þd

−
1

4
m2

eeij̄e
ij̄ þ 4m2

dd
2: ð3:2Þ

Here the first term is the massless DFT Lagrangian [20]. On
top of it, we introduced four parameters ζ; θ; m2

e; m2
d ∈ R.

At this moment, we do not impose any level-matching

2At first glance, this Lagrangian might look similar to that in
Ref. [40], where a DFT of ðNR;NLÞ ¼ ð2; 0Þ and (0, 2)
excitations was constructed. However, they used the vector
excitation αi−2j0i to define the b-field and so the field contents
are different from ours.
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condition. One may also write Lð2Þ
mDFT in terms of hij, bij,

and d as

Lð2Þ
mDFT ¼ Lð2Þ

DFT þ
1

4
ζðhij∂k∂̃khij þ bij∂k∂̃kbijÞ− 4θd∂k∂̃kd

−
1

4
m2ðhijhij þ bijbijÞ þ 4m2

dd
2: ð3:3Þ

In the following, we study the particle spectrum of the
theory from the n-dimensional field theory point of view
and clarify under which conditions the theory is free from
ghosts and tachyons.

A. Kaluza-Klein decomposition

First, let us perform the following KK decomposition
of eij̄:

ðeij̄Þ ¼
� eμν

ffiffiffi
2

p
Aþ
aνffiffiffi

2
p

A−
bμ

ffiffiffi
2

p
Φab

�
; ð3:4Þ

where eμν ¼ hμν þ bμν in particular. By substituting
the Fourier decompositions (2.4)–(3.1) and performing
the integration along the compactified doubled space
Td × Td, we obtain the Fourier expansion of the action,

Sð2ÞmDFT ¼ ð2πÞ2dα0d
2κ2D

Z
dnx

X
Z∈Z2d

Lð2Þ
mDFT;Z; ð3:5Þ

where Z ≔ ðna; waÞ are the KK level and the winding

numbers. Also, Lð2Þ
mDFT;Z is given by

Lð2Þ
mDFT;Z ¼ 1

4
½eμν�ð□ −m2Þeμν� þ

1

2

X
�
A��
aμ ð□ −m2ÞA�μ

a þ 1

2
Φ�

abð□ −m2ÞΦab

− 4d�½□ −m2�dþ 4½ðθ − ζÞp · p̃þ ðm2
d −m2

eÞ�jdj2

þ 1

4
j∂μeμν þ

ffiffiffi
2

p
ipa

−A−
aνj2 þ

1

4
j∂νeμν þ

ffiffiffi
2

p
ipbþA

þ
bμj2

þ 1

2
j∂μAþ

bμ þ ipa
−Φabj2 þ

1

2
j∂νA−

aν þ ipbþΦabj2

− d�½∂μ∂νeμν þ
ffiffiffi
2

p
ipbþ∂μAþ

bμ þ
ffiffiffi
2

p
ipa

−∂νA−
aν −

ffiffiffi
2

p
pa
−pbþΦab� þ c:c:; ð3:6Þ

where we defined pa
� and m2ðp; p̃Þ by

pa
� ≔ pa � p̃a; m2ðp; p̃Þ ≔ m2

e þ p2 þ p̃2 þ ζp · p̃:

ð3:7Þ

Here we use the notation p · p̃ ≔ pap̃a; p2 ≔ papa, and so
on. Later,m2ðp; p̃Þwill be identified with the mass squared
of the mode with the KK momenta pa and the winding
numbers p̃a (for notational simplicity, we often suppress
the p; p̃-dependence). Also note that in Eq. (3.6) nontrivial
mixings appear only in the last three lines. To resolve these
mixings and diagonalize the Lagrangian, it is convenient to
perform the following tensor decomposition:

eTμν ≔
�
P⊥
μ
ρP⊥

ν
σ −

1

n − 1
P⊥
μνP⊥ρσ

�
eρσ;

e−Vμν ≔ P⊥
μ
ρPk

ν
σeρσ; eþV

μν ≔ Pk
μ
ρP⊥

ν
σeρσ;

hk ≔ Pkμνeμν; h⊥ ≔ P⊥μνeμν;

A�V
aμ ≔ P⊥

μ
νA�

aν; A�S
aμ ≔ Pk

μ
νA�

aν; ð3:8Þ

where we defined the transverse and longitudinal
projectors by

P⊥
μ
ρ ≔ δμ

ρ −
∂μ∂ρ

□
; Pk

μ
ρ ≔

∂μ∂ρ

□
: ð3:9Þ

In the rest of the section, we compute the spectrum of each
sector.

B. Tensor sector

The Lagrangian of the tensor sector reads

LT
Z ¼ 1

4
eT�μν ð□ −m2ÞeTμν: ð3:10Þ

In terms of the tensor components of the metric hTμν and
b-field bTμν, we may rewrite it as

LT
Z ¼ 1

4
hT�μν ð□ −m2ÞhTμν þ 1

4
bT�μν ð□ −m2ÞbTμν; ð3:11Þ

which describes a massive spin 2 particle and a massive
antisymmetric tensor with the mass m. To avoid tachyonic
instability, we require

m2ðp; p̃Þ > 0: ð3:12Þ
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C. Vector sector

To discuss the vector sector, it is convenient to decompose the vectors A�V
aμ with respective to the internal cycle indices as3

A�V
aμ ¼ Â�V

aμ þ p�a

p�
A�V

μ with Â�V
aμ ≔

�
δba −

p�apb
�

p2
�

�
A�V
bμ ; A�V

μ ≔
pa
�

p�
A�V
aμ ; ð3:13Þ

where p� without indices are defined by

p� ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pa
�p�a

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ p̃2 � 2p · p̃

q
: ð3:14Þ

Noticing that only A�V
μ mix with nondynamical fields e�V

μν , we find

LV
Z ¼ 1

2

X
�

�
Â�V�
aμ ð□ −m2ÞÂ�Vμ

a þm2 − p2
�

m2
A�V�

μ ð□ −m2ÞA�Vμ

�

−
m2

4

����eþV
μν þ

ffiffiffi
2

p
i
p−

m2
∂μA−V

ν

����
2

−
m2

4

����e−Vμν þ
ffiffiffi
2

p
i
pþ
m2

∂νAþV
μ

����
2

: ð3:15Þ

Integrating out e�V
μν gives

LV
Z ¼ 1

2

X
�

�
Â�V�
aμ ð□ −m2ÞÂ�Vμ

a þm2 − p2
�

m2
A�V�

μ ð□ −m2ÞA�Vμ

�
; ð3:16Þ

which contains 2dmassive spin 1 particles with the massm. Therefore, the vector sector is free from ghosts and tachyons if
and only if

m2ðp; p̃Þ − p2þ > 0; m2ðp; p̃Þ − p2
− > 0: ð3:17Þ

Note that the tachyon free condition m2ðp; p̃Þ > 0 is automatically satisfied under Eq. (3.17).

D. Scalar sector

Similarly, to Eq. (3.13), let us decompose the scalar components with internal cycle indices as

Â�S
aμ ≔

�
δba −

p�apb
�

p2
�

�
A�S
bμ ; A�S

μ ≔
pa
�

p�
A�S
aμ ; Φ̂ab ≔

�
δca −

p−apc
−

p2
−

��
δdb −

pþbpdþ
p2þ

�
Φcd;

Φ̂−b ≔
pa
−

p−

�
δdb −

pþbpdþ
p2þ

�
Φad; Φ̂aþ ≔

�
δca −

p−apc
−

p2
−

�
pbþ
pþ

Φcb; Φ−þ ≔
pa
−pbþ

p−pþ
Φab: ð3:18Þ

Together with hk, h⊥, and d, we have now nine types of scalar components. To avoid complication, we further classify them
into the following two subsectors that are decoupled from each other:
(1) h⊥, Â�S

aμ , Φ̂ab, Φ̂−b, Φ̂aþ,
(2) hk, d, A�S

μ , Φ−þ.
Subsector 1.—The Lagrangian LS1

Z of the first subsector reads

LS1
Z ¼ 1

4ðn − 1Þ h
�⊥ð□ −m2Þh⊥ þ 1

2
Φ̂�

abð□ −m2ÞΦ̂ab þ
1

2

m2 − p2
−

m2
Φ̂�

−bð□ −m2ÞΦ̂−b −
m2

2

����ÂþS
bμ þ i

p−

m2
∂μΦ̂−b

����
2

;

þ 1

2

m2 − p2þ
m2

Φ̂�
aþð□ −m2ÞΦ̂aþ −

m2

2

����Â−S
aν þ i

pþ
m2

∂νΦ̂aþ

����
2

: ð3:19Þ

3We focus on the sector p2
� ≠ 0, since the analysis for p2

� ¼ 0 is trivial.
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Integrating out nondynamical fields Â�S
aμ , we arrive at

LS1
Z ¼ 1

4ðn − 1Þ h
�⊥ð□ −m2Þh⊥ þ 1

2
Φ̂�

abð□ −m2ÞΦ̂ab þ
1

2

m2 − p2þ
m2

Φ̂�
aþð□ −m2ÞΦ̂aþ þ 1

2

m2 − p2
−

m2
Φ̂�

−bð□ −m2ÞΦ̂−b;

ð3:20Þ

which describes d2 massive scalars with the massm. We find that the absence of ghosts and tachyons in this sector requires
the same conditions as Eq. (3.17).
Subsector 2.—To discuss the other sector, it is convenient to define

ϕ ≔
1ffiffiffi
2

p ðhk þ 4dÞ: ð3:21Þ

In this language, the Lagrangian reads

LS2
Z ¼ −

1

2
ϕ�ð□þm2Þϕþ 1

2
Φ�

−þð□ −m2ÞΦ−þ þ 1

2
ðp2

− þ p2þÞjΦ−þj2

þ 4½ðθ − ζÞp · p̃þ ðm2
d −m2

eÞ�jdj2 þ
ffiffiffi
2

p
½d�ðm2ϕþ pþp−Φ−þÞ þ c:c:�

þ 1

2

1

m2 − p2þ
jpþ∂μϕþ p−∂μΦ−þj2 þ

1

2

1

m2 − p2
−
jp−∂μϕþ pþ∂μΦ−þj2

−
m2 − p2þ

2

����AþS
μ þ i

m2 − p2þ
ðpþ∂μϕþ p−∂μΦ−þÞ

����
2

−
m2 − p2

−

2

����A−S
μ þ i

m2 − p2
−
ðp−∂μϕþ pþ∂μΦ−þÞ

����
2

: ð3:22Þ

First, integrating out nondynamical fields A�S
μ gives

LS2
Z ¼ −

1

2
ϕ�ð□þm2Þϕþ 1

2
Φ�

−þð□ −m2ÞΦ−þ þ 1

2
ðp2

− þ p2þÞjΦ−þj2

þ 4½ðθ − ζÞp · p̃þ ðm2
d −m2

eÞ�jdj2 þ
ffiffiffi
2

p
½d�ðm2ϕþ pþp−Φ−þÞ þ c:c:�

þ 1

2

1

m2 − p2þ
jpþ∂μϕþ p−∂μΦ−þj2 þ

1

2

1

m2 − p2
−
jp−∂μϕþ pþ∂μΦ−þj2; ð3:23Þ

where notice that the kinetic term of ϕ in the first line has a
wrong sign. As it suggests, one can explicitly show that
there appears a ghost for generic values of the model
parameters. The only way to remove the ghost is to tune the
parameters such that

ðθ − ζÞp · p̃þ ðm2
d −m2

eÞ ¼ 0; ð3:24Þ

which is analogous to the ghost free condition in the Fierz-
Pauli theory. Under this condition, the equation of motion
for d gives a constraint

m2ϕþ pþp−Φ−þ ¼ 0; ð3:25Þ

and so the Lagrangian after integrating out the dilaton d
reads

LS2
Z ¼ 1

2

m2 − p2
−

m2

m2 − p2þ
m2

Φ�
−þð□ −m2ÞΦ−þ; ð3:26Þ

which describes a massive scalar with a correct sign of the
kinetic term if we assume (3.17).
To summarize, the scalar sector is free from ghosts

and tachyons if and only if both of the conditions
(3.17) and (3.24) are satisfied. Under these conditions,
there exist d2 þ 1 massive scalars with the identical
mass m.

E. Implications

To summarize all the results above, our massive DFT is
free from ghosts and tachyons if and only if the conditions
(3.17) and (3.24) are satisfied.
Under the condition (3.24), we find that all the particles

have the same physical mass m2ðp; p̃Þ ¼ m2
e þ p2 þ p̃2þ

ζp · p̃. This is consistent with the results obtained by Hohm
et al. [39], where the level-matching condition p · p̃ ¼ 0 is
imposed. Their analysis is at the level of the equations of
motion, while we derived the action for each helicity mode.
Hence, we can see the absence of ghost explicitly.
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By plugging the expressions of mðp; p̃Þ and p�, the
conditions (3.17) read

m2
e þ ðζ − 2Þp · p̃ > 0; m2

e þ ðζ þ 2Þp · p̃ > 0:

ð3:27Þ

It is easy to see that the level-matching condition p · p̃ ¼ 0,
with a positive m2

e, is a sufficient condition for the absence
of ghosts as well as tachyons.4 Interestingly, there are other
healthy theories with p · p̃ ≠ 0. In Fig. 1, we depicted the
stable parameter region in the ðζ; p·p̃m2

e
Þ plane where ghosts

and tachyons are absent. When we build a theory consisting
of a symmetric rank 2 tensor, a two-form field and a scalar,
assuming Oðd; d;ZÞ symmetry only (we abandon diffeo-
morphism by introducing the bare mass and relaxing
the constraint p · p̃ ¼ 0), Fig. 1 tells us what values of ζ
and p·p̃

m2
e
are allowed. For example, for a given parameter

ζ > 2, almost all of the negative p · p̃ are excluded. In this
sense, massive DFT with ζ > 2 requires a kind of “level-
matching condition” that limits the value of p · p̃ positive.
These results have the following similarities to the massive
spectrum of closed string theory. In general, the level-
matching condition of closed string is given by p · p̃ ¼
NR−NL

α0 , where NR and NL represent the number operators of
right and left excitations on closed string. Then, for the case
of the oscillator mode αiR;−mα

j
L;−nj0;p; p̃i ðm > n ≥ 1Þ, the

level-matching condition becomes p · p̃ > 0. This is analo-
gous to the consistency condition of our massive DFT (for
ζ > 2). Similar discussion holds for other choices of the
parameter ζ. Since m2 includes a possibly negative con-
tribution ζp · p̃, apparently it looks possible to obtain
massless spectrum where the ζp · p̃ term cancels the effect
of bare mass term. However, by defining the target space
mass by m̂2 ≔ m2 − ðp2 þ p̃2Þ, we can derive a lower
bound on m̂2 as

m̂2 ¼ m2
e þ ζp · p̃ > 2jp · p̃j: ð3:28Þ

One can immediately find that the vanishing target space
mass is not allowed in massive DFT. Actually, the param-
eter for the vanishing target space mass is represented as the
dashed line in Fig. 1, which is out of the stable parameter
region. As another implication of Eq. (3.28), we mention
the stringy UV completion of massive gravity. If we assume
that massive gravity can be embedded into string theory, the
right-hand side of Eq. (3.28) should be of the order of the
string scale because

2jp · p̃j ¼ 2

α0
jnawaj; nawa ∈ Z: ð3:29Þ

Hence, target space masses lighter than the string scale
appear only in modes that satisfy p · p̃ ¼ 0. Otherwise,
target space masses m̂2 become order of the string scale.
This point was also discussed in [39].

IV. CONCLUSION

In this paper, we studied massive deformations of DFTat
the free theory level. Our starting point was the Lagrangian
(3.1) with four parameters ζ; θ; m2

e; m2
d without imposing

any level-matching condition. We find that the theory is
free from ghosts and tachyons if and only if the conditions
(3.17) and (3.24) are satisfied. The condition (3.24) reduces
the four parameters of theory to two parameters, ζ and m2

e.
The conditions (3.17), which can be written explicitly as
(3.27), are understood as conditions analogous to the weak
constraint: for a given parameter ζ, the consistency con-
ditions (3.27) give a bound on p · p̃. Besides, we demon-
strated that the standard weak constraint p · p̃ ¼ 0 is picked
up if we require that the mass of the lightest massive spin 2
particle is lighter than the string scale, which is relevant
when exploring stringy UV completion of massive gravity
in the regime of phenomenological interests.
Among others, the most important future direction is to

generalize our analysis to interacting theories. As we men-
tioned in the Introduction, the present formulation of DFT
relies on the strong constraint, which ensures gauge invari-
ance, but the winding modes are projected out at this cost:
without relaxing the strong constraint, one cannot discuss
phenomenology of winding modes. Since massive theories
are realized in the gauge symmetry broken phase, construction
of a consistent massive DFT could be a bypass to this issue.

10 5 0 5 10
10

5

0

5

10

2

FIG. 1. Ghost and tachyon free conditions in massive DFT. The
shaded region represents ghost and tachyon free parameters. The
dashed lines represent the massless modes in the entire D
dimensional target space.

4Note that the limit which takes m2
e and m2

d to zero is still a
massive theory. A nonzero value of p · p̃ or ∂ · ∂̃ðsingle fieldÞ
effectively generates a mass term and breaks gauge invariance.
Therefore, in order to obtain the massless theory, we should set
p · p̃ to zero at the same time with m2

e ¼ 0.
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The nontriviality there is in identifying the ghost free
conditions at the interacting level. A next step in this direction
will be to embed de Rham-Gabadadze-Tolley massive gravity
[35,36] into the DFT framework and clarify if the strong
constraint is required for the theory to be ghost free. We hope
to report our progress in this direction in the near future.
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