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We discuss an enhancement of the Brown-Henneaux boundary conditions in three-dimensional AdS
general relativity to encompass Weyl transformations of the boundary metric. The resulting asymptotic
symmetry algebra, after a field-dependent redefinition of the generators, is a direct sum of two copies of the
Witt algebra and the Weyl Abelian sector. The charges associated with Weyl transformations are
nonvanishing, integrable but not conserved due to a flux driven by the Weyl anomaly coefficient. The
charge algebra admits an additional nontrivial central extension in the Weyl sector, related to the well-
known Weyl anomaly. We then construct the holographic Weyl current and show that it satisfies an
anomalous Ward-Takahashi identity of the boundary theory.
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I. INTRODUCTION

Three-dimensional general relativity is one of the sim-
plest gravitational systems [1,2] and, in particular, solutions
with negative cosmological constant (AdS;) have received
special attention, due to their holographic nature [3,4]. The
absence of bulk propagating degrees of freedom makes this
theory a privileged playground to better understand the role
of boundary conditions in gravity. Indeed, the dynamics
can be described by a pure boundary theory, as shown in the
Chern-Simons formulation [5—12], (for a recent review, see
also [13]).

Boundary conditions play a pivotal role in physics.
Together with the choice of a bulk gauge for the metric,
they fully determine the field content—the solution
space—of the theory. Residual diffeomorphisms are those
preserving the gauge choice. Among them, the ones
respecting boundary conditions and carrying nonvanishing
surface charges are the so-called asymptotic symmetry
generators [3,14-18]." The surface charges are interesting
quantities, for they encode observables of the system, such
as its energy and momenta [22,23].> The asymptotic

;For recent reviews, see [19-21].
Recently there has been a renewed interest in the charges
structure of spacetime corners [24-26].
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symmetry generators form the asymptotic symmetry alge-
bra, represented on the solution space by the projective
charge algebra, trustworthy up to a universal central
extension [3]. Probing various boundary conditions and
their related surface charges is a natural question, the
literature on the topic is extensive, see e.g., [27-38]. Along
this line of thought, in this work we introduce a new set of
boundary conditions, justified below, and study its
consequences.

In the seminal work by Brown and Henneaux (BH) [3]
it was shown that the asymptotic symmetry algebra of
AdS;, under certain boundary conditions encompassing
Bafiados, Teitelboim, and Zanelli (BTZ) black holes [39—
41], consists in two commuting copies of the Virasoro
algebra with central extensions ¢ = %, ¢ being the AdS;
radius and G the Newton constant. This result is considered
as a precursor of the AdS/CFT correspondence [4,42-45],
which, applied to three-dimensional general relativity,
conjectures the existence of a dual confomal field theory
(CFT) living on the two-dimensional boundary.
Remarkably, the value of ¢* has been used to microscopi-
cally derive the Bekenstein-Hawking entropy of the BTZ
black hole [46], using the Cardy formula [47]. Moreover,
by taking a suitable flat limit of asymptotically AdS;
gravity [48], it is possible to extend these considerations
to asymptotically flat spacetimes [49,50].

In the context of Penrose conformal compactification
[51,52], applied to the case of AdS; spacetime, the bulk
metric induces a boundary conformal class [¢(*)] of metrics
rather than a metric [53-60]. The boundary conditions

Published by the American Physical Society
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considered here are motivated by this approach. In BH, a
particular representative of the equivalence class is picked
up, namely the flat Minkowski metric 7, and kept fixed under
the action of the asymptotic symmetry algebra. This defines
asymptotically (globally) AdS; spacetimes (AAdS;5).

In this manuscript we focus on asymptotically locally
AdS; (AlAdS;) spacetimes [61-64], with no restriction on
their boundary conformal structure. In general, the two-
dimensional boundary metric ¢©) is specified by three
arbitrary functions in terms of which the Einstein equations
can be exactly solved. We work in the Fefferman-Graham
(FG) gauge [53,58] and we assume the boundary metric to
be conformally flat, the conformal factor being an arbitrary
smooth function independent of the radial coordinate.” The
resulting asymptotic symmetries contain the usual two
copies of diffeomorphisms of the circle together with
additional Weyl transformations of the boundary metric.
These are often referred to in the literature as Penrose-
Brown-Henneaux (PBH) [66] transformations. Here we
explicitly compute their associated surface charges,® and
find that they are finite, integrable but nonconserved, which
is an interesting unusual combination (see [18,38,67] for
related discussions).

Diffeomorphisms generating boundary Weyl rescalings
are crucial in the context of holographic renormalization,
pioneered by Skenderis and collaborators [54,63,68-71]
(see also [28,72-75]). Regularizing the theory explicitly
breaks Weyl invariance causing the emergence of a Weyl
anomaly [54,60,66,76,77].5 The latter can be seen in the on-
shell variational principle of the renormalized bulk action.
When specified to a variation of the conformal factor of the
boundary metric, the corresponding variation of the on-
shell action gives the Weyl anomaly, which is then
interpreted as the trace anomaly of the boundary stress
tensor [86—88]. Typically, in order to achieve a well-defined
variational problem, Dirichlet boundary conditions are
imposed on the metric [14,28,63]. However, such a con-
dition is too restrictive when working with a conformal
class of boundary metrics [63]. Therefore we cannot insist
that the variational problem be well defined and we impose
only the cocycle condition on the second Weyl variation of
the on-shell action [89-93]. It turns out that the Weyl
surface charges are finite and integrable, whereas their
nonconservation is accounted for by a symplectic flux
through the boundary [22,23,94-97]. The presence of an
anomaly indicates that, in the dual theory, a current is not
conserved at the quantum level, see [98—100] for reviews.
We construct new Weyl boundary currents compatible with
the surface charges. Their nonconservation translates into

The case in which the conformal factor admits a chiral
splitting has been extensively analyzed in previous works
[30,65].

*For the surface charges we use the prescription given in [16].

For intrinsic field-theoretical studies of Weyl anomalies see
[78-85].

the anomalous Ward-Takahashi identity [101,102] associ-
ated with Weyl symmetry of the putative holographic
theory.

The paper is organized as follows. In Sec. II, we fix the
FG gauge and introduce conformally flat boundary con-
ditions. Correspondingly, we compute the asymptotic
Killing vectors preserving these choices and their algebra.
We show that the latter comprises, besides the usual left and
right Witt sectors, a new Abelian sector corresponding to
Weyl rescalings of the boundary metric. We then solve
Einstein equations and extract the action of the asymptotic
symmetry algebra on solution space. In Sec. III, we
compute the corresponding surface charges. Furthermore,
we show that the charge algebra is centrally extended in
both the Witt and the Weyl sector. In Sec. IV, we touch
upon some features of the boundary holographic theory. We
show in detail that, under our choice of boundary con-
ditions, the variational problem is not well defined due to
the presence of the Weyl anomaly. We construct the
boundary Weyl currents and show that their nonconserva-
tion can be interpreted in terms of an anomalous Ward-
Takahashi identity for the boundary Weyl transformations.
We close in Sec. V with a short summary and perspectives.
Appendix A contains a brief comparison of this work with
[30], while in Appendix B we translate our results to the
Chern-Simons formulation of the theory.

II. NEW BOUNDARY CONDITIONS

The new boundary conditions considered in this work are
motivated by the geometric approach originally introduced
by Penrose [51,52] in the context of conformal compacti-
fication. In this framework, the boundary data for the full
metric g are located at infinite distance, due to the second
order pole structure typical of AdS. Multiplying g by Q?, with
Q a positive function with a simple zero on the boundary,
such a pole is eliminated and an induced metric on the
boundary may be defined. There is however an ambiguity in
the choice of Q. The replacement Q — Q' = ¢“Q, with w a
smooth function independent of the radial coordinate,
induces a conformal transformation ¢@© — ¢ = ¢2¢¢(0)
of the boundary metric. Such a freedom allows one to define
only an equivalence class of conformally related boundary

metrics, [¢(*)], rather than a metric [53,56-60].

A. Fefferman-Graham and residual diffeomorphisms

The FG gauge [53,58]° in three spacetime dimensions
consists in choosing coordinates x* = (p, x*), where p > 0
is a radial coordinate and x? = (¢, ¢). The three gauge-

fixing conditions for the metric are g,, = [% and g,, =0,

where /2 = — % is the AdS; radius. The boundary is located
at p = 0. The line element takes the form

®For a recent discussion see also [21,103,104].
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Lﬂ2
ds® = g, dvdx” = ;dﬂz + Yap(p, x)dx4dx”. (1)

We solve Einstein equations with initial boundary con-
dition y,,(p, x) = O(p~2), so that Q%g,, is well defined at
the boundary. Einstein equations for (1) yield

Yap(pox) = p209 () + g5 () + P65 (1), (2)

with
oy 1L o g0 b (2 =
gy = i Sadan.  abdy = -5 RO,
a (2 &
D(O)gfw) = —jabR@- (3)

We denote by R©) and Dgo) the Ricci scalar and the
(0)

covariant derivative associated with g, , respectively. The
leading term gﬁ) of the expansion (2) as p — 0 is usually
referred to as the boundary metric. From now on the indices
will be raised and lowered using this metric.

Defining the holographic stress-energy tensor [54,87] as

L (o, 2 o
T, = 2 0RO 4
b =g s (gab + 5 Jab , (4)

the last two equations of (3) imply

c
T, =-"_RO Ve — ¢ 5
a 24r ’ ’ )
where ¢ :% is the BH central charge [3]. The first

equation in (5) states that, for a general gfl(;) whose Ricci

scalar is nonvanishing, the trace of the tensor 7', defined in
(4) is nonvanishing and proportional to the scalar curvature
R, with a proportionality constant that is determined by
the BH central charge. Hence the dual CFT living on the
boundary must have a Weyl anomaly. We will further
comment on this in Sec. IV. The full solution space y is

therefore characterized by five functions, three contained in

ggz) and two in gfb) or, equivalently, in T';,. Furthermore,

these last two functions satisfy the dynamical constraints
(3) or, equivalently, the second equation in (5). In the
following, we will write y = {g\%. 1.

The residual gauge diffeomorphisms are those preserv-
ing the FG gauge conditions. They are thus generated by
the vector ¢ satisfying

Eégpp = O,

‘Cﬁgpa =0, Léyab = O(p_2> (6)

The solution of these equations is

§=28'0,=¢80,+80,, (7)

with

/

o —polx), & =¥o(x)=£20y0(x) / ”C;iiyab<p',x>. (8)

0

In this expression, o(x) and Y“(x) are field-independent
arbitrary functions and we note that £ depends on the

metric field y?’. This motivates the introduction of the
modified Lie bracket [49]

-6l =1¢.6]- Oz &, + 0 6 ©)

to study the asymptotic algebra. Here [-,:] denotes the
ordinary Lie bracket between vector fields and 6; £, [g] the

variation of the vector field &, [g] due to the metric variation
ey = Leg, ie., 5§]§2[g] = §2[5§19]' On defining

& =ps(x), &(x)=Y{(x)0,0(x) = Y§(x)d,0,(x), (10)

and

/

B = P9(x) - £20,6(x) / ”dpiimpcx),
P4(x) = Y4(x)0, Y4(x) — Y2(x)D, Y4 (). (11)

it is possible to show that our algebra is closed off shell
[49,97]

~

6l =¢ (12)

To prove this we used that [£;, &]{,, i.e., the a component
of [£,.&, ]y = [E1. &40, + [£1. &]50,. satisfies the differ-
ential equation 0,[&;.&]5, = —l’% DE1, &y with

boundary condition lim,_[&, &5, = ¥¢. On shell, the
residual diffeomorphism generator (8) becomes

7

a_ya_
¢ 2

4
a p ac 2

fzg(é’)3b6+zf29(o>g§d)9%’)5b6+0(/)6)- (13)

Acting with the Lie derivative along £ on the on-shell
line element (1) we find the general variation of solution
space
(Leg,,)dxtdx”

£ - 0 2 4
- ?dpz + (0728205 + Baly + P76:0 )dxedat. (14

with

0 0 0
5592;,) = Lygly) — 2045,

8:0 = Lygyy — *DY D)o, (15)
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The first equation in (15) is telling us that a general
variation of the boundary metric under the action of
residual gauge diffeomorphisms has two independent
contributions, one coming from ¢ and the other from Y*.

B. Boundary gauge fixing

As stressed above, once a boundary metric gfl(,? is

assigned, the full solution space, comprising also the
two functions in gfb), is completely determined. That is,
for every arbitrary choice of the boundary metric, solving
(3) yields a complete solution of Einstein equations.

However, as already advertised in the introduction, we

do not leave ggob)

condition

arbitrary, but impose the boundary

g (x) = W, (16)
where 7, is the two-dimensional Minkowski metric in
Lorentzian signature. Notice that every two-dimensional
metric is conformally flat. That is, we can use boundary
diffeomorphisms to fix two components of the boundary
metric in order to reach (16). This condition will constrain
the form of the vector fields Y appearing in (8). Although
(16) is a restrictive boundary condition, it is a natural case
to investigate. Note that an arbitrary variation of the
boundary metric now reduces to an arbitrary variation of
its conformal factor, i.e., 5g{(3,) =2(6¢) 95;(1);)-
Equation (15) becomes then

S:u, = Lygy) — 209y =28w)gy.  (17)

This means that Y is a conformal Killing vector of 9537)

Lygu = DYy + DY, = 20y 4.
1
QXZEDSP)Y“, (18)
where Qy = 6:¢ + 0. Thence

3z = 2(Qy — 0)gLy). (19)

Introducing light-cone coordinates x* =7+ ¢ we have

g9 dxadxt = 200" )dx+dx and (18) is solved by the
usual chiral vectors

Yt =vt(x*t), Y =Y"(x),
Qy = % (Y~ + 0. YY)+ Y 0,0+ Y 0. (20)

Consistently, the only effect of the residual gauge sym-
metries on the boundary metric is to induce a Weyl

transformation, i.e., a shift in its conformal factor, given

The standard Brown-Henneaux boundary conditions [3]
0z = 0 are a subclass of our boundary conditions obtained
by imposing ¢ = Qy. With this choice the effect of the
conformal isometry generated by Y exactly compensates
the effect of the Weyl rescaling due to o, as is clear from
(15). Furthermore, also the boundary conditions studied in
[30] are encompassed in our analysis, as we show in
Appendix A.

C. Solution space

In the conformally flat parametrization it is possible to
explicitly solve Einstein equations for gﬁ) given by the last
two equations of (3) [49]. The first is an algebraic equation

@

for g +) and yields

g2 = 20,0 g, (21)

where we used R(") = 8¢72?9,0_¢. The second implies

0+92L = —£2(20,90, 0~ — PO=p).  (22)
with solutions
92 = B () + R - (0:0)7),  (23)

where 2., (x*) are two arbitrary functions of x*. The
holographic energy-momentum tensor (4) is

4
87G

B (x®) + 2o — (0:9)°]-

T,.= 0,0_g,

T, = 24
= (24)

While the general solution space is characterized by five
independent functions of x™ and x~, the solution space in
the conformally flat gauge is given by ¢(x™,x™) and the
two chiral functions 2, , (x*). Thus, the solution space is
x=1{E, (x"),E__(x7),@(x",x7)}. Note that the pres-
ence of an arbitrary ¢(x*,x™) prevents a complete chiral
splitting of the solution space and that, equivalently, the
holographic stress-energy tensor components 7. in (24)
are not chiral nor antichiral. This is one of the main
differences with respect to [30].

A generic variation of the solution space is generated by
o and Y=, so we symbolically write sy = S5,y )x- Using
(15) with (18) we compute

06,0/ = —0O,

and
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5(O,Yi)(r0 = 8_Y_ =+ 6+Y+ + 2(Y+8+g0 —|— Y_a_§0),

_ _ _ 1
S0y Brs = Y01 Bsy +28,,0.YF — Eaiyi, (26)

Before proceeding to calculate the asymptotic symmetry
algebra, it is convenient to trade o(x™, x7) for the new field
dependent parameter w(x",x”) as

Note that @ depends on the derivatives of ¢. Using o,
Egs. (25)-(26) can be more compactly written as

5(w.Yi)§0 =,

_ _ _ 1
5(0).Yi)dii =Y*0, B, +2E,,0,YF - 551 v=. (28)

The conformal factor ¢ transforms only under @ while 2, ;.
transform as the components of an anomalous two-dimen-
sional CFT energy-momentum tensor [105]. Thanks to the
redefinition of the residual diffeomorphisms generators
(27) we have isolated the total part of the asymptotic
symmetries that induces a Weyl rescaling of the boundary
metric. This is in agreement with what is found in
Appendix B, where it is shown, using Chern-Simons
formulation, that ¢ completely decouples from the remain-
ing dynamical content of the theory. Another more
straightforward way to introduce @ is to require that the
residual vector fields of (8) induce asymptotically a Weyl
rescaling of the boundary metric

Levay = 20p72gly) + 0(0°). (29)
This equation leads to
DY, + DY, = 2w +0)g5). (30)
which implies (27).
Note that from the definition (4) of the holographic

stress-energy tensor and from (15) it follows that, under a
residual Weyl transformation, 7', transforms as

C
8w T = 5 (DYDY w - 900w, (31)

Hence, if we were to require that the vector field generating
Weyl transformations satisfied

C
S Ta" = =207, = - 0% = =20T,".  (32)

then the trace of T, or equivalently R(?), would transform
as a Weyl scalar of weight —2. This condition automatically
implies that @ is a harmonic function

o = 0, (33)

whose general solution is
o(xt,x7) =" (xT) + o™ (x7). (34)

In the following, we will refer to this situation as the w-
chiral case. Note that requiring the gauge parameter @ to
satisfy (34) implies that ¢ can vary under the action of the
asymptotic symmetry group only as

Sy = 0" (x7) + 0™ (x7). (35)

We will return to the interpretation of (33) in Sec. IV. For
the moment let us just note that, under (33), even if the
solution space does not admit a chiral splitting, its variation
Ogx can be decomposed into two sectors with definite

chiralities, Syt = {80 v+ Bt 8t y) @

D. Asymptotic symmetry algebra

The on-shell residual diffeomorphisms generator in
light-cone coordinates is

& = po(x),
é::t — Y:k:(xj:) +p2f2e—2(paq:6

+ p4f2e‘4‘/’[8;o'g(ﬁ + aiagﬁ] +0(p%), (36)
whereas the algebra is

€1, :ép =pé,
&: YT8+02+YI8_02—Y2+8+U] —YE@_O'], (37)

6. &l =& =V5 4+ pPe 0.6+ O(p*),

V5 =Y70.YS - V50,77 (38)
This algebra is a semidirect sum: by denoting an element of
the algebra as the pair (o, Y*), the Lie bracket between two
elements is [(1, YT), (65, Y5)] = (6, ¥*), where 6 and ¥+
are given in (37) and (38).

We now reformulate the algebra in terms of the param-
eter w introduced in (27). The on-shell generator is

& =p(Qy —w), (39)
EE=YE 4 p e 0 (Qy — w)
+p* e (0 (Qy — )¢ + 0.(Qy — 0)g)]
+ O(p9). (40)

Notice that this reformulation introduces a field depend-
ence in £, which was previously absent. This implies that

046003-5
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we need to use the modified Lie bracket also for this
component. We now obtain

&1, &y =& = p(Qy - b),

VE=Y{0.Ys —YF0 Y,  @=0, (41
and, as before,
2 )
a/)([flv 52]}4) = _?gahab([fla 52]5\/[)7
tim((. &) = 7. (42)

Integrating these equations leads to

(6.8 =& =V*+p* e 0 (Q) - d)
94 e 0 (Qy ~0)g L +0..(Qp~b)gl2L]
+0(p°), (43)

where ¥* and @ are defined in (41).

With this set of independent generators of variations in
solution space (@, Y*), the asymptotic symmetry algebra is
thus a direct sum of two copies of the Witt algebra with the
Abelian ideal of Weyl rescalings. In order to describe
the asymptotic symmetry algebra in terms of a basis, we use
the notation established in (7) with the subscript (w, Y*)
such that

Ewrs) = ElornOp T &y 0 + &y 0 (44)

Consider the vector field £,. := §(O,Yi) =&.0,+&.0,+
£,.0_ and the mode expansions Y{ ~e™ and
Y5 ~ eimx, Computing the mode decomposition of ¥*
in (41)

A

Y =i(n—m)eitmtmx",

A

Y= =i(n—m)elntmx (45)
we gather

&Sy = iln—m)&n .

€, &l lu =0, (46)

where we replaced the Y+ subscript by the mode number
§Yi — 57 We thus have two copies of the Witt algebra,
which is expected since for @ = 0 we reach BH boundary
conditions, where this algebra has already been derived [3].

Set now Y* =0 and consider ¢, = §(w,o) = {00, +
40, +;0_. Expanding w; ~ eP' e ‘and @, ~
€™ ¢ the algebra reads

"Here the notation gj means that gj is the full vector &,.. with
Yt ~em and Y~ = 0, while & is the vector £, with Yt=0
and Y~ ~ ",

[QP‘I’QVS]M = 0’ [éni’grs]M = 0 (47)

where we replaced the @ subscript by the mode numbers
¢, =< i Denoting an element of the algebra as the pair
(w,Y*), the Lie bracket between two
is (@1, Y7). (@, Y3)] = (0.¥%).

In the particular subclass of w satisfying (34), i.e., the
w-chiral case, we can consider the algebra of the left and

right Weyl sectors separately. Expanding o® ~ e/?*" we
denote by g;r the vector {, with w* ~ e and = =0
and by ) the vector {, with @~ ~ ¢'” and w* = 0. The

algebra now becomes

elements

[gﬁ’gqi]M =0,
(5. ¢ =0,

[ﬁéﬂM =0,
(€5, CF )y =0. (48)

III. CHARGES AND ALGEBRA

This section is devoted to the study of asymptotic
charges under the boundary conditions spelled above.
We will discuss the charge algebra: we retrieve the usual
Virasoro double copy, plus a Weyl sector with a nontrivial
central extension.

A. Surface charges

Surface charges are computed using the prescription
given in [16]

1 1
h,g| = — dx*K* (g, h
0ol = 5.5 [, owadxKE Tt

1 2
= doK” (g, h]. 49
oG || ekl (49)

Here h,, = 6g,, are the on-shell variations of the metric,
the integration is on the circle at infinity spanned by ¢ and
we use the convention ¢,,, = 1. The antisymmetric tensor
K:"[g, h] in (49) is explicitly given by

Kg” [g,h] = \/:g[f’“D"h — &DhH + E,DVhH°
+?w&+?wm@—mw—WeWL
(50)

Charges are computed at fixed time ¢ and radial coordinate p
approaching the boundary and directly in the @ parametriza-
tion. The charges associated with Y* with @ = 0 are (as for
the vector fields we define §Qy- [g, h] == §O g y+)[g, h))

I 27
§Oy=[g9.h] = — A dp(Y=65__ + Y*82,,). (51)

~ 872G

046003-6



WEYL CHARGES IN ASYMPTOTICALLY LOCALLY AdS; ...

PHYS. REV. D 103, 046003 (2021)

To obtain these charges we used d, = 9, — J_ and inte-

grated out total ¢ derivative terms. The Y+ charges are thus
integrable:

4

2
Orld =5 / Ap(Y'E,, +YE). (52

These are the usual conserved charges, found also with BH
boundary conditions. The Qy+[g] in (52) are computed with
respect to the background metric g defined by =2, =0,
which is the BTZ black hole with vanishing mass and angular
momentum. The ones computed with respect to the global
AdS; background can be obtained shifting =, — E,, + %
in (52) [48].

The Weyl sector, found by setting Y* =0, is also
integrable and given by

0.l = - / " dp(pdw—wdg).  (53)

871G 0

The same charges can be obtained using the Iyer-Wald
prescription [22,23]. While these are the most general Weyl
charges in our setup, we now restrict attention to the case
(34), ie., w=w"+w". Correspondingly, the Weyl
charges decompose as

4
Qu)[g} - _m 0

2
dp(@* 0,9 + @~ 0_p)

where we have integrated by parts. Note that these charges
split into two pieces, generating the chiral and antichiral
transformations of ¢. Contrarily to the Y sector, Q,, is not
conserved. This is due to the presence of a nonvanishing
symplectic flux through the boundary, as we will empha-
size in Sec. IV.

We would like to stress that the main result of our paper
is the computation of the surface charges including a new
nontrivial Weyl sector. These additional interesting charges
are finite, integrable but not conserved. These features
make them special. Other examples of nonconserved
integrable charges at finite boundaries are discussed in
[38]. We now proceed to compute their algebra.

B. Charge algebra

We now verify that the surface charges, under the
Poisson brackets, form a projective representation of the
asymptotic symmetry algebra with modified Lie brackets
{0 l9], Qg [0} = 8,0 0] = Qg g l9] + R e, (59)
where Rg £ is the central extension.

We start by computing 8 Q¢ [g]. Defining the integrand
K’"[] K" lg.9— 7], we have.

¢

Pt - + = - =
5(‘“2syzi)K(w|,Y1i)[g} - %(Yl 5({1J2,Y2i)'_'++ + Yl 5((1)2.Y2i)“‘——

+ fé(u)z.Yzi)goatwl - fa)lat(s(a)z,Yzi)(p>‘
(56)

We work separately for the Y= and @ parts. This can be
done because E,; and ¢ transform independently under
Y+ and w, respectively. For the Y sector, after a straight-
forward computation, this yields the well-known BH
central extension [3]

1 2n
G | W@ -0t (57)

[
_Y] _YZ

Consider now the Weyl sector, obtained by setting Y* = 0
with nonvanishing . We have
fz
87G

pt

80,0/ K((y, 0)19] = 5= (020,01 — 0,0,00). (58)

Here, since the asymptotic symmetry algebra is Abelian we

have Q: ¢, [g] = 0. Thence
72 2n
ﬁﬁrﬁz - SHG/) dp(@,0,01 — 0,0,m5).  (59)

The complete charge algebra is {Qz_f1 lg], Q: [g]} =0; Q¢ lg]=
QE[Q}—F@‘%’%’ where & = [£,.&,] ) are gathered in (41) and
(43). The total central extension is ﬁgl'éz =8 +

[
vty

K . + Rgl s To this expression contributes the ordinary

BH central charge plus an additional term coming from the
Weyl rescalings of the boundary metric. The Y+ sector of the
central extension evaluated on the vector fields mode
decomposition &* and & (modes of o) is

Y
géi gi = —im E6”+m’0’

2n’2m

2m

On the other hand, the central extension for the modes
decomposition of the Weyl sector yields

K¢ ¢

. 4
Cogrs —l(}" - q)chqus,q%véerr,qum Cwy = E (61)

The total charge algebra then reads

ci

{Qéj[g]»Qéi[g]}*l(” m)Qéji [g]_1m3126n+m05 (62)

=n+m

{Q:9]. Qe [g]} = 0. (63)
{QQM [ql, ng 9} =

_i(r_Q)CWeZi(q+s)t/f5p+r,q+s’ (64)
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{019l 0; [9} =0, (65)

where ¢ = % is the BH central extension. This algebra is
the direct sum of two centrally extended Virasoro sectors and
the centrally extended Weyl sector. We note that the Weyl
central extension is explicitly time dependent. As such, we
are dealing here with a one-parameter family of algebras,
labeled by the time slice ¢ at which the charges are computed.

The total expression REI £, is indeed a 2-cocycle because
it satisfies T

g[éléz]/‘"’é T g[é’él]/"léz - R[éz’é]/"lél =0. (66)

This equation is automatically satisfied for the Weyl sector
and the mixed sector, while in the Witt sectors it is proved
as usual. Furthermore, since the Virasoro central extension
is nontrivial and any 2-cocycles of an Abelian algebra
cannot be a coboundary, (59) is nontrivial.

Again, in the w-chiral case, the central extension for the
Weyl left- and right-movers simplifies to

g{t’gx = 0 (67)

2p’2r

— iprE
ggg - lpCW5p+q,()v

The total charges algebra then reads

(0210} Qs lal} = i(n=m)Qss_[g) = im*= 3,10
(68)
{Q¢:[9l. Q= g} = 0. (69)
{Q:19) Oc: (91} = iPcidpiqg0- (70)
{Q:[9). 0= ldl} = 0, (71)
{Q::9). 02 [9)} = 0. (72)
{19l Oz lgl} = 0. (73)

In this particular framework the Weyl central extension
does not depend on time and therefore the one-parameter
family of algebras reduces to a Kac-Moody current algebra.
The algebra (68)—(73), up to redefinition of generators, is
the same as the one found in [30], as reviewed in
Appendix A.

IV. HOLOGRAPHIC ASPECTS

Thanks to the AdS/CFT dictionary [4,42-45], we know
that the bulk gravity theory is dual to a boundary field
theory. As long as the former is in the classical limit, the
latter is strongly coupled. Therefore, little is known about
it: we cannot construct its perturbative action but we still

have access to nonperturbative features such as quantum
symmetries expressed in terms of Ward-Takahashi iden-
tities of the path integral partition function [101,102]. The
goal of this section is to show that there is a breaking in the
conservation law of the Weyl current, which has a holo-
graphic dual counterpart as a boundary anomalous Ward-
Takahashi identity [100]. Before proceeding let us briefly
review the emergence of the Weyl anomaly in the context of
holographic renormalization.

The regularised action for general relativity in asymp-
totically locally AdS; spacetimes is defined [28,54,70] as
Slg] = lim,_, Sc[g] with

1 2
- B/ =g R+
16nGAL * 9( +52)

1 2 7
d?x/=y( 2K -=4-RO)] , (74
+167zGA~M€ * y( R e ). (74)

Seldl

where K is the trace of the extrinsic curvature of the
constant p hypersurface and the last term is the volume
counterterm. The action (74) is defined by first introducing
a cutoff at p = ¢ and then taking the limit ¢ — 0. This
process breaks the invariance of the action under the
diffeomorphisms generating Weyl transformations, since
it implies a specific choice of radial foliation. In fact, taking
an on-shell variation of the action (74) yields8

1 c
8Slgl == [ dPxy/—gOT54") _—/ V=9 "ROsgp,
[9] ZAM X\ =9 9ab =347 [0,V I @

(75)

where in the last step we have used the conformally flat
parametrization. Hence, with our choice of boundary
conditions, the variational problem is not well defined
[28,63]. Specifying 6 to be the variation (28) induced by a

Weyl diffeomorphism so that 5wg£3,> = 2(09531), we get

C
50)S[g} = m/?M d2x \/ _g(())R(O)a)

_ /8 Poyf=gO AR, A() = 55RO,
(76)

which is the standard expression for the Weyl anomaly in
AIAdS; spacetimes. Note that we define .A(x) to be the
integrand coefficient of w(x) in §,S[g] [54,80]. Taking a
variation of (75) yields the symplectic structure [20,106,107]

8For the Chern-Simons reformulation of the variational
problem, see Appendix B.
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1
w(51,6,) = 5/ d?xs, <\/%T”b> A 5292(1)7)

1

2 t
= [T dg / FdH(O6,9 A Srp),  (T7)
87nG 0 1

where we have used the conformally flat parametrization and
where the flat Laplacian is defined as [0 = —£%97 + 83.
Integrating by parts in ¢ we have, discarding total ¢
derivatives, that

fz 2r t
T 820 A d¢[1 d[0,(81¢ A 0,6,0)]

2 2z

= 382G A do[6,0 A 5152(/’]2- (78)

®(6,,6,) =

This shows that the difference in time of the Weyl
charges is equal to the symplectic flux contracted with a
Weyl generating vector field,”

fz 27 .
0(0,:5) = 40 [ dblodw - w0l
= 5Qw(t2) - 5Qa)([1) (79)

Therefore the Weyl charges are not conserved but inte-
grable, as mentioned above. We proceed now to reduce the
theory to the w-chiral case.

We start by noticing that, taking a Weyl variation of
Eq. (76), we obtain

80,00,Sl9) = d>xw O, . (80)

"8G Jou

We thus see that the effect of constraining the form of the
asymptotic symmetry generators according to (33) is to make
84,84, S[g] vanishing. In other words, (33) means that we are
not allowing the integrated Weyl anomaly to vary under the
action of the asymptotic symmetry algebra. This means that,
under the above-spelled condition on w(x), the operator §,, on
the functional S[g] is a cocycle 8, &, S[g] = 0[82,89,91,93].
From now on we will impose [lw = 0 and comment on some
holographic aspects in this framework.

We now proceed to construct a Weyl current [109]. This
procedure is well known for the Virasoro sector, where the
currents combine in the stress tensor of the boundary dual
theory, and its conservation is interpreted in the bulk as
Einstein equations, while in the boundary as the Ward-
Takahashi identity for the transformations generated by
5?0’ ye): In a similar fashion, given that the condition Clw =
0 ensures we deal with chiral and antichiral Weyl charges
generators (54), we can define two Weyl currents. Starting
from (50) we introduce

This result can be derived in first order formalism, [108].

K?Z;,O) l9] = Kl(f,ﬁo) l9] + Kﬁ():r,o) [g]. (81)

Before giving their explicit expression, we first use the
ambiguity in defining K%*[g, /]

K na ba
/()m+,0) lg] = [(aﬁ,O) 9] + abF([L,+]s (82)
Tpa a ba
K/(in) l9] = Kfa)’,O) 9] + 8bF[a)’]' (83)
Choosing
Z ¢
+::_— +’ F+::_ _’ 84
@ 87nG po @ 872G pw (84)
we obtain
00 =0, K.l =--wtd.p  (85)
(w.,0) ’ (0+,0) 12G L,
and
kPt [ ]:_iw—a kP [ ]:0 (86)
0 = "6 O @09 =

These are the integrands of the chiral and antichiral Weyl
charges found in (54). We can now introduce the two Weyl

currents J,+ = ]i+8a = ]£+8+ + 7{}6_ and J, =
J¢-0, =J}-0, + J,-0_ for the two chirality sectors as

k7o, o)lol = =gV, (87)
ko olg) = /=g Qa5 (88)

such that the currents are tensors [K%[g, h] in (50) is a

tensor density] and they do not depend on the gauge
parameters wt and w™. Their explicit expressions, using
dspg, = —€**dx*dx, are

. . e
Jto=0,  Jo, =-%

ot = %aﬂﬂ, (89)

and

fe 2

Jh=-
@ 272G

J,-=0. (90)

0_g,

We eventually compute the boundary covariant divergence
of these two currents and find

DI, = —A(x), (91)
DT = —A(x). (92)
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where A is the anomaly integrand coefficient defined in
(76). We have thus shown that the Weyl currents are not
conserved due to the presence of the anomaly [100]. The
boundary Weyl symmetry is broken, for the bulk counter-
part Weyl charges are not conserved. This process is driven
by the anomaly coefficient: for flat boundary metrics the
current is conserved [30], as we thoroughly review in
Appendix A.

V. CONCLUSIONS

We summarize here our results and offer some possible
outlooks of the present work. In the first part of the
paper we have analyzed the asymptotic structure of
three-dimensional general relativity for AlAdS; space-
times. In the spirit of keeping diffeomorphisms generat-
ing Weyl rescalings of the boundary metric disentangled
from those generated by Y“, we imposed a specific set of
boundary conditions, namely the boundary metric being
conformally flat, with only the conformal factor ¢ free to
vary within the solution space. Correspondingly, we have
computed the asymptotic symmetry algebra of this setup.
The boundary conditions adopted here do not lead to a
well-defined variational principle. Nonetheless, we have
found finite and integrable, although not conserved,
surface charges associated with the bulk diffeomorphisms
generating Weyl transformations. Integrability of the
charges allows us to construct the charge algebra, which
admits a new central extension in the Weyl sector.

Concerning the holographic interpretation, the AdS/
CFT dictionary predicts that bulk asymptotic symmetries
are dual to boundary global symmetries of a putative
field theory. Although the holographic interpretation of
the Weyl sector has been widely investigated, this has
not been done explicitly in terms of asymptotic sym-
metries. That is, boundary currents built out of bulk
asymptotic Weyl charges, such that their nonconserva-
tion results in the anomalous Ward-Takahashi identity,
have not been previously constructed. In Sec. IV we
filled this gap by explicitly deriving these currents in the
w-chiral case.

In this manuscript we have not addressed the holo-
graphic interpretation corresponding to the most general
variation of the boundary metric [i.e., @ not satisfying
(33)], which is certainly worth exploring. In this regard, a
different choice of gauge in the bulk may be more suited,
e.g., [60]. In particular, this raises the question on how the
Weyl charges explicitly depend on the gauge condition
[96,97,103,104]. Another outlook is the extension of this
work to higher dimensions. Specifically, we expect to
unravel similar patterns in even-boundary dimensions,
whereas it would also be interesting to investigate Weyl
charges in odd-boundary dimensions. Furthermore, a suit-
able flat limit [48,110] of these results might be relevant for
the flat holography program [67,111-113] and the recent
developments in celestial CFT [114-116]. Eventually, on

the macroscopic side of holography, i.e., in the fluid/
gravity correspondence, it would be interesting to study
the role of these boundary conditions from the fluid
perspective [50].
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APPENDIX A: CHIRAL SPLITTING OF THE
CONFORMAL FACTOR

This Appendix is devoted to the comparison of this paper
with [30]. There, one requires an additional boundary
condition, namely

00 = 0. (A1)
This implies that the variational principle is well defined.
Indeed, the solution of (A1) is, in light-cone coordinates,

Pp(x"x7) = ¢ (x") + o7 (x7). (A2)
The boundary line element is thus
dspgy = gg’)dx“dxb = -2 ()dxte? dxm.  (A3)

Notice in particular that, with these boundary conditions,
the boundary metric is flat

RO =8e=29,0_¢ = 0. (A4)

Clearly, in order to preserve (Al), the parameter w
generating Weyl transformations must be of the form

o(xt,x7) =0T (x") + o™ (x7),

(AS)

i.e., it admits a splitting into a chiral and an antichiral part.
Thus, we can repeat the same arguments of Sec. III and the
asymptotic symmetry algebra sector involving Weyl gen-
erators is given again by (48),

CE.L2y =0,

(&5, ¢l = 0.

£5.8F]y =0,
€. CF ] =0.

In this setup the Weyl charges become explicitly
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4
0,9 = ~42G Jy

= Qw+ [g] + Q(u‘ [g]

2n
dp(0* 0, 9" + @~ 0_¢7)
(A7)

Furthermore, since the Weyl central extension (59) is
independent of ¢, it is given again by

ﬁgig; - 0,

2p’2q

Kerge = iPCidgipo (A8)
just as in (67). Therefore the centrally extended charge

algebra with these boundary conditions is the same
as (68)—(73),

(201 Qs lal} = i(n=m)Qss (g = i 3,10
(A9)
{Q¢19l. Q= [g} = 0. (A10)
{Qg:19]. Q= 1dl} = ipciydpsgo, (A11)
{Qp:1], O lgl} = 0, (A12)
{0z 9] 02 [9)} = O, (A13)
{Q¢:19]. Oz (9]} = 0. (Al4)

Several comments are in order here. First of all, we remark
that the charges obtained here are conserved, integrable and
finite. This is expected: the nonconservation of our charges
was due to the nonflatness of the boundary metric. Secondly,
the charge algebra is not any longer explicitly time depen-
dent. Lastly, note that in our basis the algebra is a direct sum
of the Virasoro and the Weyl piece, while in [30] the algebra
was represented as a semidirect sum. This is ultimately a
consequence of our field-dependent redefinition (27).

APPENDIX B: CHERN-SIMONS FOUNDATION

We reformulate here our results in the Chern-Simons
formulation. This has a twofold purpose: it allows on the
one hand to compare our results with [65] while on the
other hand to perform the Gauss decomposition which
outlines the role played by the Weyl anomaly and the
absence of propagating bulk degrees of freedom. In
particular, we will show that the conformal factor decouples
from the dynamical fields of the theory. This Appendix
extends to our boundary conditions results obtained origi-
nally in [8,9] and further discussed in [13,65].

1. Conventions and solution space

Three-dimensional general relativity with a negative cos-
mological constant can be described by a Chern-Simons

theory for an 80(2, 2) valued connection [6,117]. In particular,
since 80(2,2) is isomorphic to 8[(2,R) @ 8[(2,R)," the
Einstein-Hilbert action can be written, up to boundary terms,
as the sum of two Chern-Simons actions
Senl[A, A] = Scs[A] = Scs[A], (B1)

where we have denoted by A and A the chiral and antichiral
connections, respectively, and where
3 2
Scs[A] = =k [ dExTr( A A dA+§A ANANA),
M

_ 4
K= 162G

(B2)

Following the conventions used in [65], we choose the
generators of 8[(2, R) as

a0 D) ne(e )

1/1 O
== , B3
i=5(y ) (83)
so that the Killing form is
| 01 0
Tr(jaja) = Enab’ Nap = 1 0 0. (B4)
0 0 1

where the latin indices a and b take the values +, —, z. The
dreibein e“, satisfy

G (x) = €, (X)€", (X)1ap. (B5)
or, defining the one-forms e = e“udx”,
ds? = g, dx*dx” = pe’e” = (¢°)> +2eTe”.  (B6)
The Hodge dual of the spin connection »*” = »® ,dx* is
defined as
o' = —Eeabca)bc, €., =—€t" =1, (B7)

whereas the chiral and antichiral connections as
e’y . 5 Y
A= (wa+7>]a’ A= (60 _7>Ja' (BS)
The one-forms e are chosen to be

"We are going to refer to the two copies of 8[(2, R) as the left
or chiral 81(2,R), and right or antichiral 81(2, R).
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1 e? _ 2) (2) 4
et = —— | = dx* — pe?(g@hdxT + ¢ P dxt)|, et = ——dp, B9
=1 (¢2ax* + g% ar) f (B)
and the dual of the spin connection
+ L (0@ 32F 1 42 gyt z - +
® =~ /3 ;dx + pe?(grFdxT + g ldxT) |, @ = 0_pdx™ — O qpdx™. (B10)
It follows that the left and right connections are given by A = A,dx* and A = A, dx*
_19 e (2) 19 e (2) -L 0
A, = ( 2e¢+€0 lf 9++>’ A = <2 -@ fl 9+—>’ A, = ( 2p 1>’ (B11)
7 ;0.9 0 —30_¢ 0 5
- _%8%0 0 - %3—60 %(:, - 217, 0
A=l o AT e L S WP | (B12)
Zrgi- 30.9 g —30_¢ -3

Note that with BH boundary conditions, ¢ = 0, A, is chiral, A_ = 0 and A_ is antichiral, A, = 0.

2. Variational problem, Weyl anomaly and WZW reduction

Let us now discuss the action principle and the variatonal problem associated with (B1). We find it convenient to discuss
it in terms of coordinates (p, t, ¢). The action contains a pure boundary term that does not change the dynamics and that we
ignore. Indeed, we define our starting action as (the dot indicates a ¢ derivative while prime a ¢ derivative)

Scs[A] = —x / BXTr(A,Ay — AyA, +2A,F,,). (B13)
M
Taking a variation of (B13) yields

83cs[A] = —« / BXTr(26A,F ) — 26A4F,, + 26A,F 5,) + 2 / dxTr(A,8A,) = 2 / d2xTr(A6A,),
M oM oM

where in the last step we have imposed the equations of motion, F' = dA = 0. In total, considering also the contribution of
the antichiral sector
8Scs[A] — 88cs[A] = 2k / d*xTr(A,6A, — A6A,). (B14)
oM

With BH boundary conditions, in order to have a well-defined variational problem, it is sufficient to add to the action the
Coussaert-Henneaux-Van Driel boundary term [8],

S[A, A] = Scs[A] - SeslA] - 5 / d*xTr(A7 + A7), (B15)
¢ Jom
whose variation cancels exactly the right-hand side of (B14), since on shell A; = %Atp and A, = — %A(ﬁ. However, with our

choice of boundary conditions the variation of the action is

5S[A,A] = —«£6 /

d>x(9,9)* + %/ d*x (2207 — 95)pd. (B16)
oM 2

oM

The first term is already integrated while the last term is not integrable, due to the Weyl anomaly. With the decomposition
Ay =Ajj,. =AY = A; =209, (B17)

we can write the action as
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SIA.A] = Sesl) - SeslA] -5 [

d2xTr(A2 + A2) + 5 / dPxAZAC BI8
oM (4 +49) o 07 (B18)

The variational problem for this action is ill defined, for the theory is Weyl anomalous. In other words, it is not possible to
add more boundary terms to the action to achieve 65 = 0.
Let us now perform the reduction to a WZW model [118-121]. Solving the constraints, the spatial components of the
connection are given by
A; = G10,G, A; = G10,G, (B19)

for some elements G € SL(2,R); and G € SL(2, R). The constraints F,; = 0 and F,; = 0 imply that G and G have the
form

G=g(t,p)hp,1), G =gl(t,d)h(p,1), (B20)

as can be easily verified. Furthermore we assume that 9,h(p, )|y = 9,h(p, t)|9y = 0. Plugging this into S[A, A], we have,
after some algebra,

S[A,A] = ;/()M AxTr[g' 0pg(¢~ 70,9 — g7'0,9)] + gA/[Tr(G‘IdG A GYdG A GT1dG)

—g/aM TG 0,9(£7'5710,5 + §7'0,7)] —%[MTr(G—ldG A G1dG A GdG)

+ ; /a Ay, (B21)
This is the WZW reduced action.

3. Gauss decomposition

Let us focus on the chiral part of the action (B21) and consider the following decomposition of g

1 0\ /e*2 0 1 = eX/2 ze/2
- = : B22
J <O- 1>< 0 €X/2><O 1> (ge_)(/z are_)f/ereX/z) ( )

from which it follows that

—e 10,0 -10,y —e 720,06+ 0,0 — 10
g—laﬂg_< e TMG B #)( e T ”O' ﬂT TM) (B23)

e*0,0 e#1d,0 + %8/,)(

In terms of the Gauss fields (o, x, 7), the boundary term is

1
E/ d*xTr[g' 0pg(¢ ™' g710,9 — g7'0,9)] = E/ d’x [—)/(fj( — )+ e * (76 +16') —2e*76|.  (B24)
€ Jom Z Jom 2

For the bulk term first note that, decomposing G as

c:@ c1>><e—;/2 65/2><(1) T) (B25)

Tt[G™'dG A G™'dG A G™1dG) = —3¢"40,(¢7X0,20,T)dp A dt A dgp. (B26)

we gather

Hence, applying Stokes’s theorem,
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g / Tr[G™'dG A G™'dG A G™'dG] = —k / Pxe™ (ST = Z'T)| gy
M

oM

Furthermore, for the matrix h(p,t) we have

Since G = ¢(t,¢)h(p,t) we have the equality

— /2
X2 e
Ze—X/Z

e‘*/z\/%a e12, JB(e + o)

P,
Te—X/2 LoT

ITe X/2 4 eX/2> N

which gives

(B27)

(B28)

(B29)

(B30)

Hence the term integral in (B27) is —« [},, d>xe™ (67" — ¢’7) in terms of Gauss fields. The full chiral part of the action thus

reads

1
X / &x [— A (Cr =) + 270 (i — T/)} .
¢ o’ |2

Assuming for g and G the decompositions

B 1 6\ /e 0 1 0 GTe 24 ell2 G2

9=\o 1)V o e2)\z 1)7 ze i e )
G 1 = eX/2 0 1 0 ST e X2 4 X2 T X2
~\o 1 0 eeX2)\T 1) Te X2 X2 )’

and noting that & (p, t) is given by

The procedure used for the chiral part can be repeated for the antichiral part of the action so that

1 . .
5/ Ex|—=i(Cy+))—2e75 (¢t + 7).
£ Jom 2

The total action in terms of the Gauss fields is then

S[A. A ; i

Note that it is possible to express Af/, and Afi) in terms of the Gauss fields as

Ay = —2e%10 — 4 = Afﬁ =2e¢7*76' +j .
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Defining

Az Az Z
C:—¢:—¢:——at(p’

5 > 5 (B38)

we can rewrite the mixing term as a quadratic term 4C?. We
perform now the Hamiltonian analysis of the action (B36).

The canonical momenta Ty = % are
Xy = 2ke¥o/ =0 B39
ﬂx—z)(, n, = 2ke 4o, n, =0, ( )
K_, e
Ty = =34 7; = —2xe 45, 7, =0, (B40)

together with 7. = 0. The Hamiltonian density is
H=d¢'ny, — L

1 1 _
= ; (5)(’2 + 5;'(’2 +2e o't + 2457 — 4C2> .

(B41)
Now we implement our boundary conditions, using the
equalities g7'9,,g = hA h™" |5y, and 5710, = hA,h™" 5.
We obtain the following relations:

. 1
C=—-e710 —5)(’ = e 776’ +§)_(’,

(B42)
|

4 2

e?

eZo' = 7= —e %5, (B43)
—e %' + 7 -1y = e“/’(g(ﬂr - g(f)_) (B44)
—e TR —F 477 = —e (g2 —gP).  (B45)

Plugging them in the Hamiltonian of (B41) we have

1 1
HZ;<§,’{/,2+§),_//2_Z”_),_//,+€0/(X/+)_{/)_4C2>7

(B46)

where we note that C cannot be further expressed in terms
of the other independent fields. Note also that the
Hamiltonian can be simply expressed as

2K (2)

H= 7 (g5: + 9% - 2932) =Ty, (B47)

as it is reasonable, using (B42)—(B45). Let us turn to the
equations of motion. The Hamiltonian action is

Sy = / &Px(my +my+mi+nt—H), (B43)
oM

and, using equations (B39) and (B40), together with the
relations (B42)—(B45), we get

It follows from (B49) that C is proportional to the canonical momentum conjugate to ¢. The Poisson bracket

ot 0). Clo g} = 6

where we have used (B38) to express C in terms of 0,¢. Using again (B38) in (B50), we get

The action (B51) mixes y and y with ¢, but it is straightforward to show that, introducing new fields

w=x+te

it admits a simple rewriting

Sy = / d%x [(l;/ + (p') (Cx—=x) - G;}’ + (p') (g +7) +46Cop +4C?|. (B49)
oM
, , 8nG ,
(=) = 0(.0). 0,018} = =550~ &) (B50)
su=t [ ax|(3r40) 1) (32 40 )+ 2) - i), (B31)
S0(60,+ 0,0 — 2200 + (040 (B53)

Z /-

K 1
SH Z—/ dzx{il//'(faz—aqs)llf—
om

From (B53) it is clear that the dynamics of y and  is independent of ¢, which is the desired result. The action (B53) can be
shown to be equivalent to a Liouville theory [13,122-124] coupled to an external two-dimensional metric in conformal
gauge. Eventually, we stress again that the Chern-Simons construction carried out so far shows that the ¢ reduced boundary
action [i.e., the last terms in (B53)] is completely disentangled from the rest.
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