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The goal of the present paper is to understand whether it is possible to define interacting quantum
field theory in global anti—de Sitter spacetime with Lorentzian signature, in its covering spacetime (whose
time coordinate is not periodic) and in its Poincaré patch. We show that in global anti—de Sitter spacetime
there are certain problems with defining quantum field theory properly. This is due to an additional
UV singularity of the Feynman propagator which is sitting on the light cone emanating from the antipodal
point of the source. There is no such singularity in flat spacetime. At the same time quantum field theory in
the Poincaré region of the anti—de Sitter (AdS) spacetime can be well defined and is related to the one
in Euclidean AdS via the analytical continuation. In principle one can also define and analytically
continue quantum field theory in the covering anti—de Sitter spacetime. However, to do that one has to use
an unusual ie prescription in the Feynman propagator which cannot be used in loop calculations in

nonstationary situations.
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I. INTRODUCTION

Classical and quantum field theory in anti—de Sitter
(AdS) space is quite well developed: see [1,2] for reviews
and, e.g., [3-5] for the approach close to the one adopted
in the present paper. Loop corrections in AdS have
been considered in many places: see, e.g., [6—12] for an
incomplete list of references.

However, to the best of our knowledge in all of these cases
quantum loop corrections have been calculated in AdS space
with Euclidean signature (EAdS). Meanwhile, loop correc-
tions in Lorentzian AdS space have some peculiarities [13]
related to the presence of additional UV singularities in the
propagators, which are sitting on the light cone emanating
from the antipodal point of the source. Such singularities are
not present in flat spacetime or in EAdS.

The goal of the present paper is to understand whether it
is possible to define interacting quantum field theory in
global AdS spacetime with Lorentzian signature, in its
covering spacetime (CAdS) and in its Poincaré patch (PP).

Namely, in this paper we show that both in global AdS
and in CAdS there are certain problems with defining
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quantum field theory properly. That is exactly due to the
additional UV singularity of the propagator. Quantum field
theory in the PP of the AdS spacetime can be well defined
and is related to the one in EAdS via the analytical
continuation. One also can define quantum field theory
in the CAdS, but with the use of a peculiar ie shift of the
UV singularities of the Feynman propagator in the coor-
dinate space.

The paper is organized as follows. In Sec. II we consider
classical focusing of geodesics in global AdS spacetime
and study how generic it is for asymptotically AdS spaces
in two or more dimensions. We would like to understand if
there is a general relation of this focusing to the presence of
the additional (nonlocal) singularity in the Feynman propa-
gator. In Sec. III we study in detail the singular behavior of
the two-point Wightman function of the free scalar field
theory in two-dimensional asymptotically AdS spaces. We
also consider higher dimensions and discuss the relation of
the extra singularity to the geodesic focusing for generic
spacetimes of a certain class. The problems associated with
perturbation theory and possible approaches to loop cal-
culations in global AdS spacetime are discussed in Sec. I'V.
Section V is dedicated to the isometry invariance of
correlation functions in interacting theories in the CAdS
spacetime and in the PP. We also study the analytical
continuation in quantum field theories from CAdS and the
PP to the Euclidean AdS. To make the paper self-contained
we provide some technical details in the Appendixes.
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II. GEODESICS IN ASYMPTOTICALLY
ANTI-DE SITTER SPACETIMES

We start our discussion with the classical focusing of
geodesics, which may be related to the presence of
anomalous nonlocal UV singularities in propagators in
global AdS spacetime. In this paper we refer to the standard
UV singularity of the propagator as local: it is located on
the light cone emanating from the source—it becomes truly
local after the analytical continuation to the Euclidean
signature. We call the UV singularity nonlocal when it
appears on the light cone emanating from the antipodal
point of the source.

The d-dimensional AdS space with the Lorentzian
signature is the hyperboloid in the (d + 1)-dimensional
flat embedding spacetime. We adopt the signature of the
metric of the embedding space as follows: (—,---,—,+,+).
The equation for the hyperboloid is

X XA = R?, (2.1)
where X4, I = (0, ..., d) are coordinates in the embedding
flat spacetime. To simplify the equations below we set
R = 1. One can introduce the global coordinates para-
metrizing the entire hyperboloid:

COST xd sint

Xd—l —

X' =y'tan, (2.2)

cos@’ ~ cos6’

wherei =1,...,d —2 and z//i are coordinates on a (d — 2)-
dimensional sphere of unit radius >, (y*)? = 1. The map is
single valued if 7 € [0,27) and 0 € [0, z/2] for d > 2 or
0€|-n/2,n/2] for d = 2.

The AdS metric in terms of these coordinates is as
follows:

de’ — do” — sin? 0dQ3_, _ dr? —dS_,
cos2 @

dszzxdsd = . (2.3)

cos2 6

where dei_l is the metric on (d — 1)-dimensional sphere.
This metric is conformally equivalent to the one of the
Einstein static universe (ESU)—the S' x S space.
However, in ESU the range of the 6 coordinate is as
follows: 6 € [0, z] for d > 2 and 0 € (—x, z] for d = 2.

Thus, the AdS space can be Weyl mapped only onto half
of the ESU. This means that to define quantum field theory
on the AdS spacetime one has to impose boundary
conditions at @ = /2 (or at @ = +x/2 for d = 2). In fact,
the lightlike geodesics can approach this boundary in finite
proper time of the internal AdS observer. This problem
was studied in [14]. Avis et al.’s brief review for the d = 2
case is given in Appendix A. In summary, we impose
the reflective boundary conditions, i.e., we assume that
the modes are zero at the boundary. We will do the same
also in asymptotically AdS spacetimes, which will be
defined below.

We denote the embedding map (2.2) by X4 = f4(x),
where x* are the coordinates in the AdS spacetime. The
AdS isometry invariant,

_ cos(z —7) —sinfsin Oyiy'

(xx) = falx)fA(x)

’

(2.4)

cos@cosd

is related to the geodesic distance between two points x
and x" of the AdS space d(x,x’). Namely, cosd(x,x’) =
{(x,x’). The separation between two points is timelike if
|¢] < 1 and spacelike if { > 1. If { < —1 both real and
imaginary parts of d are nonzero and there are no geodesics
connecting x and x’. For convenience we will call the
separation between two points spacelike if they cannot be
connected by a timelike geodesics.

The global AdS manifold is not globally hyperbolic for
two reasons: First, due to the presence of the boundary that
we have discussed above and due to the presence of closed
timelike geodesics, because 7 € [0, 27z). Second, in global
AdS space all geodesics originated from a point x intersect
again at its antipodal point, which we denote as ¥ [X = —X

if X = £(x)]:

_ 0, d>2,
9 p—
-0, d=2.

This fact is related to the necessity to impose the afore-
mentioned boundary conditions for the massless fields.

In the CAdS, which has the same metric as Eq. (2.3) but
with 7 € (—o0, +00), the problem of the presence of the
closed timelike geodesics is resolved. But the manifold is
still not globally hyperbolic due to the necessity to impose
boundary conditions on top of initial ones. Due to the 2z
periodicity of geodesics the condition |{| < 1 of timelike
separation still holds.

Also in the CAdS spacetime one encounters the phe-
nomenon of the focusing of timelike geodesics, which is
the remnant of the presence of closed timelike curves in
global AdS. In this paper we discuss this phenomenon from
different perspectives on classical and quantum levels. The
main goal of this study is to understand the interrelation
between the presence of such a focusing and the presence
of the extra UV singularity of the propagators in global
AdS and CAdS spacetimes.

Another frequently used coordinate chart in AdS space is
the one where the metric is conformally flat. It covers only
half of the AdS space—the PP X! > Xx0:

IT=1+4+nm W=-y, (2.5)

X():zz—1+x2—t2 Xi:x_i
27 ' z’
2H14x2-7 t

xd-1 :%, xd =" (2.6)
z z
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where z > 0. The metric and the isometry invariant (which
is related to the geodesic distance) of this chart are as
follows:

drt —dz* =y (dx")?
7 '
(2 +72?)+(x—x) = (t=1)?

277

ds?* =

(x,x) = (2.7)

Note that the antipod of any point in the PP lies outside
of the patch, unless the point is sitting on the boundary of
the PP. In the latter case the antipodal point is also sitting on
the boundary.

A. Classical geodesic focusing in asymptotically
AdS spacetimes

In this section we want to understand the physical origin
of the classical focusing of geodesics and its relation to the
presence of the nonlocal UV singularity in the propagators
for general spacetimes of a certain class, which is specified
below. For simplicity we consider a two-dimensional
Lorentzian manifold which can be Weyl mapped into half
of the ESU—the asymptotically AdS spacetime. We adopt
the terminology of [1].

It is convenient to move to the CAdS spacetime by
unfolding the time coordinate. The general metric of
interest for us is as follows:

ds*> = f(0)(d7* —d6?), 1€ (—00,+), O€(-n/2,7/2).
(2.8)

We assume that the function f(0) is positive and symmetric
f(0) = f(—0) (as we will see, this condition is necessary
for geodesics to intercept in the antipodal point) and has
powerlike singularities when 6 approaches the boundary
+r/2:

¢ 9—>:|:z,

f(@zm, 5. C>0. (29)

where a > 0. The latter condition is not essential for a
classical consideration, but it will be used in the quantum
problem in the section that follows.

The geodesics can be found via the solution of the
Hamilton-Jacobi equation:

(-2 e

where S is the minimum single particle action and m is its
mass. This mass can be absorbed into f(6) (so we can set

m = 1). In the pure AdS case we have fgs(6) = "5~ In

T cos? o
such a case it means that in Eq. (2.9) C = m?.

(2.10)

The variables can be separated by the standard sub-
stitution S = —w7 + Sy, @ > 0, and then

S = A:’ Jar - £(01)do,.

For a given w we have two geodesics corresponding to two
directions emanating from #y—one for 0 starting to change
in the direction 6 > 6,. Then such a geodesic can reflect
before the boundary and # may become less than 6, in the
course of time evolution, while the other type of geodesics
is obtained when @ is starting to change in the opposite
direction 6 < 6.

In Eq. (2.11) we have a family of solutions parametrized
by w. The geodesic equation is given by — g—j = 1, for some
constant 7:

(2.11)

oS
r:'co—i——e,

e (2.12)

i.e., the initial point of the geodesic is (g, 6)).

There are two turning points +6, (the points of reflection
near the boundary): f(6,) = @? 6, > 0, and we assume
that the integration domain in Eq. (2.11) can contain
some number of turns in £6,. Due to the symmetry of
f(0) = f(—6) the geodesics under consideration intersect
after each half period at @ = +60,. If the action over one
period between the turning points is S,

S = ]{ \J@? = £(6)do.

then for intersection points Sy = 5§, where n is the number
of half periods. As follows from Eq. (2.12), these points
are focal for all geodesics (for all w) originating in (6, 7()
only if

(2.13)

8—S = const. (2.14)

@

For large @ (i.e., when @’ > C) the minimal action
can be estimated. The turning points can be found from
Eq. (2.9):

(2.15)

@ — 0.

Therefore, in this limit we can approximate the spacetime
geometry by the infinite rectangular well with boundaries
at @ ==+7. This can be adopted as the zeroth-order
approximation of f(@). Then S~ 2z, as w?> > C ~ m?
and intersection points are as follows:

Hn - (—1)"00.

T, = 179 + nr, (2.16)
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The condition (2.14) is always satisfied asymptotically
(when @ — o), so we may refer to these points as
asymptotic focal. If true focal points do exist, they have
to coincide with the asymptotic ones. Hence, from
Eq. (2.12) the condition of their existence is as follows:
S =2nw+ 4, (2.17)
where 0 is a constant. This relation is definitely true in AdS,.
In the latter situation (7,6,)=(%y.6,) and 6=—2zm,
where m is the mass. This can be shown by the direct
calculation of the integral in Eq. (2.13) when f(6) = -5

cos? 6"
Finally, let us show that f(¢) =-“5 is the only

symmetric potential with the focusing property within
the class (2.9) under consideration." To do that we will
use the standard method of the recovering of the potential
from the period of oscillations.

The focusing condition (2.14) can be written in the
following form:

168

2
T(?) ~ wiw

(2.18)

fvsz—‘

The integral on the lhs is a period of oscillations T'(E) of a
nonrelativistic particle with mass 2 and energy E = @” in
the potential f(@) [15]. If the potential is symmetric, has
only one minimum at € = 0 and is zero at this point, it can
be uniquely deduced from T(E). Let f(0) = m?, then

g(0) = f(0) — m? satisfies these conditions. The period in
such a potential is T,(E) = T(E+m?). The inverse

function 6(g) for 6 > 0 can be expressed as follows:

0(g) = % ' 7TL9E_)2E

_l/g dE
2 = E)E+ )

1 —
= zarCCOSmZ—_FZ. (219)
Hence, we obtain
, 2
f(0) =m* +g(0) = o020 faas(@). (2.20)

However, without the symmetry condition the solution is
not unique. The function 6(f) is double valued, so let 8, (f)
denote the part with 6 < 0, and 0, (f)—the part with 6 > 0.
Then

'As will be shown in the section that follows, interestingly
enough the second singularity in the propagator can appear for a
wider class of potentials.

0,(f) = arccosﬂJr h(f),

Hl(f):—arccosﬁ+h(f), 77

(2.21)

where A(f) is such a function that lim,_, o, A(f) = 0. If the
function h(f) approaches zero slower that %, then for f

sufficiently close to +oo there exists a solution with either

60, >n/2 or 0, <—x/2. It appears to be because
arccos% =n/2— % + 0(1/+/f). We consider solutions

which do not cross the boundaries at § = +x/2; hence,
h(f) should decay faster that % and in the leading order

the singularities of the potential at the boundaries are
determined by the arccos terms and hence are still
quadratic.

III. THE NONLOCAL UV SINGULARITY
OF THE PROPAGATOR

In this section we study the behavior of two-point
correlation functions of massless and massive free scalar
field theories on global AdS manifold, CAdS and asymp-
totically AdS spacetimes. Our goal is to understand the
physical origin of another UV singularity in generic
spacetimes and its relation to the geodesic focusing. We
mostly concentrate on the two-dimensional case, but at
the end of this section we extend our considerations to
any dimension. The coordinates are the same as in the
previous sections.

For the beginning let us point out a few important
features of the action of the isometry group in global AdS
and CAdS. The isometries of AdS can be extended to the
CAdS. Namely, it has the same algebra of Killing vectors
(see more details in Appendix A) as AdS manifold. Hence,
the isometry group (more precisely its connected compo-
nent of unity) is an exponential of this algebra. We will now
show that the relative position of two points in the CAdS
cannot change significantly under the action of this group.
Let us consider a point x in the CAdS spacetime and the set
X(x) =A{x":[¢(x,x")| = 1}. It consists of light cones
emanating from x, X and the images of these points under
time translations 7 — 7 + 2xk, k € Z. This set divides
the CAdS spacetime into regions with { > 1 (S, series),
¢ < =1 (S, series) and || < 1 (C, series, such points can
be connected to x by a timelike geodesic). The enumeration
rule is demonstrated in Fig. 1 for the case d = 2, x = 0—
the order of S increases by 1, when ¢ increases by 2;
while the order of C,, is increased by 1, when ¢ increases
by z. And there is no C, and Sj. Generalization to higher
dimensions and arbitrary x is straightforward, although in
the 2D case both S; and S, in fact consist of two
disconnected regions. The isometries transform light cones
into light cones, hence X(gx) = gX'(x) for an isometry g.
As we consider only the connected subgroup, this isometry
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FIG. 1.

The Penrose diagram of the covering AdS.

preserves the order of regions: C,, = C,, S — Si under
the action of g. This is an important difference of the
situation in CAdS with respect to the one in global AdS. We
say that A (which can be either S or C,) is a relative
region of x and x' if x € A(X).

Now let us continue with the properties of the correlation
functions. The Wightman function W(x, x") = (¢(x)p(x)),
say, of the real scalar field, in global AdS spacetime has an
additional UV singularity at the antipodal point [13,14].2
The extra singularity is due to the reflective boundary
conditions. In fact, as we will see in the next section, the
spectrum of modes is discrete and has an additional
symmetry under the exchange x — X.

As is shown in [13], such a singularity may lead to the
presence of nonlocal counterterms in an interacting theory
if one adopts the standard Feynman’s ie prescription in the
propagators for both the standard and additional UV
singularities. Such an ie prescription is due to an unusual
time ordering, which for the scalar field ¢(x) and for the
compact time coordinate in global AdS is as follows:

*The regular UV singularity of the propagator is located on the
light cone emanating from the source x’. The additional singu-
larity in AdS spacetime appears when x sits on the light cone
emanating from x'—the antipodal point of the source x’.

Tp(x)p(x') = O[sin(z — ') ]p(x)p(x')

+0lsin(7 — 2)]p()p(x).  (3.1)

Such a time ordering respects the isometry in global AdS
spacetime if the points x and x" are timelike or lightlike
separated. To show it one can rewrite the @ function in
terms of embedding space coordinates: [sin(z —7')] =
O[X4-1 x4 — X4x'4=1]. This expression is invariant with
respect to SO(2,d — 1) acting on X4 if [{(x,x')| < 1. Due
to 2z periodicity of sin(z —7’) this expression is also
invariant for timelike and lightlike separated points in
CAdS. Such an invariance means that if x € C,(x')
(and therefore is timelike separated from x), then
signsin(z — /) = (=1)"~!. This relation definitely holds
if ' =0—then (n— 1)z < |z| < nx, and for generic x’
there is an isometry g such that 0 = gx'.
At the same time the usual time ordering

Top(x)p(x) = Ot — 7|Pp(x)p(x') + O[7' — 7] (x')p(x)
(3.2)

is not isometry invariant [16] for timelike separated points.
In fact, the time coordinate in global AdS is compact:
7,7 €[0,27). A time translation 7 — (7 + A7) mod 2z
can be represented as a rotation in the embedding
Minkowski spacetime and is, therefore, an isometry. It is
easy to see that in general it does not preserve the ordering:
if 7, + 7y <2z and 7, + ¢ > 27, then 7, > 7, but after
the translation (7, + 7o — 27) < 7, + 7. Prescription (3.1)
does not have this problem. Note that such a transformation
also changes the relative region of x and x'.

However, for any two points there exists a subset
of isometries that preserves their relative region. It therefore
also preserves the conventional time ordering (3.2) if
| — | > |@ — 0] [or equivalently x' & S (x)]—this isom-
etry acts on x and x’ the same way as in covering
space. Hence, it does not change their relative region.
The only region which has points with 7 >z and
7 < 7 (and so the order can be changed) is Sj. A general
isometry can be represented as a composition of isometry
from this subset and an additional 7z translation which
moves either 7 or 7 out of domain [0,27) and shifts
-7 > 1t—17 +2n.

A. Free massive scalar field in 2D AdS spacetime

The Wightman function for the free scalar field theory
in the global AdS spacetime was calculated in [17] for
d > 2 via the mode expansion. Because in the 2D case
the variable @ has a different domain, it is instructive
to do a separate calculation. We start from the following
action:
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1 1
5= [ @xy=ly 0,07 -y
1 m?
2 cos20

= / drdﬁ[%n"”aﬂqﬁayg{)— 44, (3.3)

where we have used the explicit metric of the global AdS
spacetime (2.8) and 7, is the flat metric with Lorentzian
signature (+, —).

This theory is equivalent to the one on the stripe with the
0-dependent mass term. Hence, the mode decomposition of
the field is as follows:

P(z,0) = i[angn(r, 0)+Hc.];

n=1

gn(z,0) = e7 @ u,(0), neN, w,>0, (3.4)
where “H.c.” stands for Hermitian conjugate terms. The
only nontrivial commutation relations for the creation
and annihilation operators a, and ay are [a,, aj,,] = Opy'-

The functions g, should satisfy the equation of motion

m2
O =0,
( tod? 9) In

where [ is the flat spacetime d’Alembert operator.
Therefore, the equation for u,, is as follows:

(3.5)

m2

o0 (3.6)

ul + wiu, — u, =0,
where a prime denotes the € derivative.
This equation can be interpreted as the stationary
Schrodinger equation for a particle of mass 1/2 with
energy E,, = w? in the potential V(0) = %. The potential
is singular at § = +7/2. Due to the reflective boundary
conditions described in Sec. II, namely, u,(+7/2) =0,
the spectrum is discrete.
We also have to impose the normalization condi-
tions [18]
(g;v g;’) = _5nn’7

(gnv gn') = 5nn’7 (gn’ g:’) =0,

(3.7)

where we use the scalar product compatible with the
equations of motion

it ==i [ (10030 = 5000 ()]
(3.8)

In terms of u,, this means that

(i) = / " w0 =" (39

/2 Wy,

Therefore, the modes are wave functions with the standard
quantum mechanical normalization up to a constant factor.
It is convenient to reparametrize the mass in the standard
way:
m>=s(s—1), s>1. (3.10)
The substitutions u, = cos® fa, and y = sin? @ bring the
Schrodinger equation into the standard hypergeometric
form:

y(1-y)03a, + (% -1+ s)y) dya, —%(s2 —w?)a, =0.
(3.11)

Therefore, the general solution is as follows:

- 1
u, = Cicos*6,F, <ﬂ S5, ;sin29>

2 0 2 2

- 1 13
+ C, sinfcos*, F (s On L ST ;E;sinze),

2 2
(3.12)

where ,F| is the hypergeometric function.

This solution should be regular at 6 = +x/2, i.e., at
sin”@ = 1. The hypergeometric functions are singular at
this point except for the case when one of their first two
arguments is a negative integer. Otherwise one can show
using their transformation relations that u, ~ cos'™ 0, as
6 — +x/2, which is singular (see, e.g., [19]).

As w, > 0 and s > 1 we find that either w, — s = 2k or
w, —s =2k + 1, k € N U {0}. Using the relation between
the hypergeometric functions and Jacobi polynomials

PSZ“"ﬁ >, one can rewrite the modes as

w,=s+n—1, uy_ = AncosS9P<__1/2'S_1/2> (cos 20),

Uy, = B,cos*0sin OP'/2 71D (cos 20). (3.13)

n—1
The normalization constants A,, and B,, and the Wightman
function are calculated in Appendix B. These modes are
quasiperiodic:
gn(X) = e7"™ g, (x). (3.14)
They are single valued on the CAdS only when 2z periodic
in z. This condition is satisfied if s € N—the modes can be
defined in global AdS space only for the discrete spectrum
of masses. We will, however, consider general values of s to
obtain the Wightman function on the CAdS, where there
are no such restrictions.

045009-6



INTERACTING QUANTUM FIELDS IN VARIOUS CHARTS OF ...

PHYS. REV. D 103, 045009 (2021)

With the modes under consideration one can calculate
the Wightman function W(x,x’) over the Fock vacuum,
where x = (z,6), X' = (7/,¢'). The vacuum is defined as a
state which is annihilated by all a, operators. Then the
expression for the given mass, i.e., s, is as follows:

W(‘) (x’ _x/) =

= ey, (0)uy(0).  (3.15)

Here an ie term is added for the convergence in singular
points. This function is quasiperiodic due to the quasiper-
iodicity of modes—this fact leads to additional singular-
ities. In Appendix B we find that

WO (x,x') = %QH[@w ie sin(z — 7')], (3.16)
where Q,_; is the Legendre function of the second kind
and ¢ is the invariant defined in Eq. (2.4). When |z — 7| <
|0 — @| (in this region { > 1) the value is the same as of the
standard Legendre function defined on the plane with cut at
(—o0, 1). This result coincides with the one obtained in [13]
via a different calculation.

After the translation 7 — 7 4 2z the argument of the
Legendre function [{ + iesin(z —7')] encircles the line
segment [—1,1] counterclockwise. Due to monodromy
properties of Q,_;, it gets multiplied by e~2. This agrees
with the relation (3.14). Hence, the rhs of Eq. (3.16) is well
defined on the Riemann surface, which is fibering over
the complex ¢ plane with the cut along the [—1, 1] line,
such that each time translation by 2z lifts up to a new sheet.
Such a behavior and the fact that 7 — 7’ on the global AdS
varies from —2z to 2z (and hence the segment [—1, 1]
is encircled two times) means that the Wightman function
is not invariant with respect to global AdS isometries
unless s € N.

Let us show that this function is, however, invariant with
respect to the isometries of the CAdS spacetime. If there is
an isometry violating the invariance, it should move ¢ to
another sheet of the Riemann surface. But the sheet is
uniquely determined by the relative region of x and x'—one
can see this directly from Eq. (3.16) and the constancy of
signsin(z —7’) when x € C,,(x’), i.e., when |{| < 1. As the
relative region does not change under isometries, the sheet
cannot change either and, hence, the Wightman function is
invariant. This invariance is a rather expected outcome, as
isometries of the CAdS spacetime are symmetries of the
action.

Using the ordinary time-ordering prescription (3.2),
we can find the expression for the Feynman propagator

F*(x,x") on the CAdS spacetime:

) (x, x')
_{ 7;:"‘Qs1(é'+le) n<"27|<n+2,
—2in(n+1)s QT l(é, )

\T fl

<n—+1,
(3.17)

n—|—<

where n € N U {0}. In this formula Q;_; is defined on the
complex ¢ plane with the standard for Legendre functions
cut at (—oo, 1). This function is also isometry invariant on
the CAdS spacetime: when x’ & S (x) the standard time
ordering is invariant, hence, the whole function is invariant
due to the invariance of the Wightman function. And when
x' € S§ (x) we have |z — 7| < &, so the Feynman propa-
gator is given by ﬁ Q,_1(C + ie), which is clearly invariant.
As the Wightman function is global AdS isometry
invariant only when s € N U {0} (in other cases it is not
periodic), the causal propagator constructed with AdS time
ordering is also invariant only for these values of s.
However, it is still possible to formally define such a
propagator in global AdS. Namely, we define it as

FO)(x,x) = (3.18)

1 .
EQs—l(C + ie).
As is discussed in Sec. V, this propagator can be associated
with the theory of the same mass defined in Poincaré patch.

In Sec. IV we use the propagator for massless theory
m =20, ie., s=1. Hence, let us consider this case
separately. The frequencies, normalized modes and the
Wightman function are as follows:

r . p3

u, :ﬁsm [n<9—§>],
1 {+ 1 +iesin(z —7')

- Og(c:— 1 +iesin(r—f’)>'

(3.19)

In this case we can define the Feynman propagator using
the invariant time ordering (3.1):

1 {4+ 1+ie
F Y=—log| =———|.
(x. ) 4z 0g(§—1+ie>

(3.20)
This expression coincides with the formally defined peri-
odic propagator (3.18) when s = 1.

B. Massive field in a general static
asymptotically AdS manifold

In this section we consider the static asymptotically
AdS manifold (2.8). We restrict our attention to the case
when the conformal factor f(0) behaves as in Eq. (2.9).
Our goal is to find out how generic the phenomenon of the
presence of the nonlocal UV singularities in the propa-
gators is. We will show here that there is the UV singularity
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localized on the light cone emanating from the antipodal
point when a < 2.
Now instead of Eq. (3.3) the action is

S = / dzdo En"”aﬂfﬁayqﬁ—;mzﬂﬁ)qﬁz . (321

where the function f satisfies the condition (2.9). Again m
can be absorbed into f so we can set m = 1.

The mode decomposition and the normalization con-
ditions, Egs. (3.4) and (3.9), remain the same. The
equations of motion for the modes are as follows:

ul + wiu, — f(0)u, = 0. (3.22)
Now the “potential” f(6) in this equation grows to infinity
at the boundary of the region |6| < z/2. Hence, naively the
spectrum is discrete. However, we will see in a moment that
the situation is a bit more tricky for the case when a < 2.

This equation cannot be solved exactly for general f,
but the main contribution to the UV singularities of the
Wightman function comes from high-frequency modes.
Hence, below we look for the high-energy asymptotic
behavior of the modes.

As we have observed in Sec. IT A, at zeroth order the
effect of generic f can be approximated by the infinite
potential well. Then the situation is analogous to the case of
massless field (3.19), where

w,=n+A4,; |A|<n n-o. (3.23)
However, it is still possible that |A,| is nonvanishing as
n — oo. For example, from Eq. (3.13) one can find that for
the massive field in AdS |A,| = s — 1. Such a contribution
to w, does affect the singular behavior, as we will see
below. Therefore we should take it into account. Our goal
now is to find it for generic f(0).

More accurate approximation for the frequencies can be
found from the semiclassical (WKB) method. The WKB
action in this case coincides with the action (2.13).
Therefore, the quantization rule for WKB frequencies @,
is as follows:

74 V@2 = £(6)d0 = 22(n + ),

where y is the Maslov index [20]. For very large values
of n the difference between the exact w,, and semiclassical
@ is vanishing. Hence, the WKB spectrum is sufficient to
determine the most singular part of the correlation function.

Thus, to continue we can replace @, with ®, in
Eq. (3.24):

5, - ]{ Jo? — F(0)d0 = 2n(n+7).  (3.25)

(3.24)

It is probably worth stressing here that when o < 2 [see
Eq. (2.9)] the modes, which grow in the classically
forbidden zone, also become normalizable. This means
that the potential barrier in the region [0,, 7/2] becomes
penetrable as the integral for the action on this interval is
convergent. As a result, the spectrum becomes continuous.
Therefore, to restrict ourselves to the asymptotically AdS
case we need to impose the Dirichlet boundary conditions
u,(£x/2) = 0. That makes the spectrum discrete for any a.

Furthermore, the WKB approximation is applicable

when |1 (0)| < 1, where 1 = 1 is the de Broglie

0] NE=D e
wavelength. Near the boundaries £7z/2 this condition
reduces to

(/2 F 0 ' <1, 0- +x/2. (3.26)
It is satisfied if @ > 2, so in this case WKB wave functions
can be used in the forbidden region |0| > 6,. In this case the
characteristic scale of the significant change of the potential

near the turning point,

f'(0,)
f(0,)

is much greater than the scale a, where WKB becomes
valid (|'(6, + a)| ~ 1),

a= <g—9t>T.

Here we have used the linear approximation of the
potential. As there is a region where both WKB and
the linear approximation work, the Maslov index is the
standard one: y = — 1. It differs from the usually used 1/2
(e.g., [21]) as we count states starting from n = 1 rather
than n = 0.

In the case a < 2 the WKB method cannot be used in the
classically forbidden zone near the boundaries. However, in
this case near the turning points 6, the de Broglie wave-
length A ~ (/2 — 6,)? is much greater than /2 — 6,. Then
the wave function does not change significantly on the scale
A and for high-energy modes we can ignore the presence
of the potential. Hence, the infinite potential well approxi-
mation (for which y = 0) can be used to define the finite
part of w,. The most singular part of the Wightman
function is then exactly the same as in the massless theory.

The case a =2 is the most nontrivial. The WKB
approximation can be used only far from the turning point,
when f(6) can be neglected. Near the boundary we have to
solve the Schrodinger equation with the potential given by
Eq. (2.9). For large values of w,, the solution can be glued to
the one of the WKB approximation. Hence, y depends only
on C from Eq. (2.9). This means that we can use the exact
result for massive theory in exact AdS to calculate y, as in

A =

T
"“5— s (327)

(3.28)
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this case @ = 2. Then the spectrum is given by Eq. (3.13),
and the action by Eq. (2.17) with § = —2zm = —27/C.

In all, we obtain the following possible values of y in
Eq. (3.25) depending on the value of a:

-1 a>2;
ry=1<0, a<?2; (3.29)
s—l—\/a a=2,
where s = H—V;J"‘C, because s(s —1) = C.

Before continuing with the full solution of the WKB
approximation (3.25), let us establish some connection
with the considerations of Sec. Il A. Let us assume that
w, =n+p, f> 0. It means that the WKB modes are
quasiperiodic in the sense of Eq. (3.14) with s =+ 1.
Equation (3.25) turns into the geodesic focusing condition
(2.17) with § = 2z(y — f§) for @ = w,,. Then, if Eq. (2.17)
is satisfied for a set {w, }, n € N, it is also satisfied for each
@ > 0 because S(w) is a monotonically increasing func-
tion. Therefore, the existence of a geodesic focal point is
equivalent to quasiperiodicity of WKB modes. However,
we have observed that in the case of exact global AdS
the exact modes are also quasiperiodic, but with different
phase multipliers. We have also shown that global AdS
spacetime is the only manifold with symmetric f(0) having
the geodesic focusing property by solving the inverse
problem—deduction of f(@) from S(w). The analogous
problem in the quantum case is to deduce the potential
from the exact spectrum ®,. This is much more compli-
cated, but for symmetric potentials it is possible to prove
(see, e.g., [22]) that the solution is unique. Therefore,
the only asymptotically AdS manifold with the spectrum
w, =n+ p,p > 0is AdS space itself, because according
to Eq. (3.13) all such spectra were obtained from massive
field theories in AdS space.

Thus, for the case a < 2 we have seen that the infinite
well approximation can be used and there is the nonlocal
UV singularity, as in the massless case. Now we need to
estimate the lhs of Eq. (3.25) when a > 2. Below in this
section we will omit all quantities vanishing in the n — oo
limit. Let us use the series expansion

S, ~ o, 7( (1 - i% ({f}?)k) do.  (3.30)

k=1 n

The first term here is 40,®,,. Using the expression (2.15) for
turning points, we find that

11-2
40,w,, = 2xw, — 4Ciw, “.

(3.31)
The second term can give a nonvanishing contribution only
near turning points where f(0) ~ w?>. The characteristic

size of such an area is A ~ 1/ a)g, defined in Eq. (3.27), the

terms of the sum have zero order in w,, near 0,. Hence, their

2
contribution is of the same order as —a)nA9~—a),l,
Combining this with Eq. (3.31), we find

S, ~ 21w, — Dwy @, D > 0. (3.32)
The correction is nonvanishing when w,, — o if @ > 2. In
this case it is possible to show that D depends only on an

asymptotic behavior of its potential and is equal to

rezh

M)

D = 2\/nC

(3.33)

This value is found in Appendix C.
As a result, the WKB mode frequencies are as follows:

D
w, Xty +—n' (3.34)
2n

Because the potential f(6) is an even function the modes
are either even or odd functions. According to the oscil-
lation theorem [21], the wave function of the nth state has
n—1 zeros. Hence, it is symmetric for even n and
antisymmetric for odd. Near the origin the potential can
be neglected, hence for n > 1 we can use the following
approximation:

| - nn

u, ~ \/ﬁsm (a)nQ 3 ) (3.35)
We use the zeroth-order approximation for the normaliza-
tion coefficients, i.e., take them the same as in Eq. (3.19).
Corrections to the latter after substitution into the expres-
sion for Wightman function (3.15) do not create singular
terms—the corresponding series are absolutely convergent.
Therefore, near the singularities the Wightman function
W, (x,x') can be expressed as follows:

W (x,x")
~ ;e"""" (r=7'=ie) 5in (w,ﬂ - ﬂ—;) sin <wn9’ - ﬂ—;)
1 : J : / : / ; y
_ Z_ (e—lm,, (r—7—ie—(0-0")) L e~ (z—=7'—ie+(6-0'))
4nn

+ (_1)ne—iw,,(1—1’—i£—(6‘+9’)) + (_1)ne—iw,,(r—f—ie+(6‘+6")))

’

(3.36)

®,, here are WKB frequencies. It is always singular when
7 — 7 = £(0 — @')—the usual local singularity. Other sin-
gularities can be located at t — 7/ = 27/ + (0 — ¢') and 7 —
7 =2x(1-1/2) £ (0+6¢)forle Zasw,=n+A,~n
for large n. However, these points are singular if the series
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(3.37)

S = ZeinlA,,—en’ 140,

is divergent after taking the limit ¢ — 0. According to the
formula for the frequencies (3.34),
-%) - en} (3.38)

~ ; D 1
S~ Zl:exp {ml(}/%—zﬂn
Itis divergent only for a < 2 and the additional singularities
in this case have the phase multipliers. Using the expres-
sions (3.33) and (3.29) for D and y, respectively, one can
show that they coincide with the phase multiplier in
massive theory in AdS with m = /C.

To summarize: for @ <2 the singularities of the
Wightman function are the same as in massless theory
in AdS, for @ = 2—as in massive theory in AdS with mass
m = +/C and for a > 2 there is only the standard local UV
singularity.

C. Higher dimensions

To conclude this section we discuss the generalization
of the above observations to the dimensions higher than
two. We consider a d-dimensional asymptotically AdS
spacetime

ds? = f(0)(de* — dO* —sin? 0dQ3_,),  (3.39)
where f(0) satisfies Eq. (2.9). The Weyl transformation
now acts on the field nontrivially: the conformal weight of a
scalar field is % Then the transformation ¢ — sz_dqb
changes the action into the following form:

/ d?xv/—h [ W 0,40,¢
d=2 (1" d=6 () 1
f 4 \f 2
where £ is a metric on the ESU. The second term here has
quadratic singularity at @ = /2, hence it can be combined

with the third one into % g¢p*. The equation of motion for the
modes (3.4) where u,, = u,(0,Q,_,) is as follows:

fm2¢2} . (3.40)

d3u, + (d — 2) cot 0dyu, + Ay ru,

n%o
+ @’u, — g(0)u, =0, (3.41)

where A,_, is a Laplace operator on S92, The first
6 derivative can be eliminated via substitution u, =

v,(sin )"

82’0 + eAd_zv

d=2 (d=2)(d+4)

2

+ <w2 —9(0) + cot? 9) v, =0;

(3.42)

u, can be chosen as an eigenfunction of A;_,. As a result,
we obtain a one-dimensional Schrodinger equation. The
only term singular at 0 =z/2 is g(6), at 6 =0 the
singularities are quadratic. Hence, this problem can be
treated similarly to the two-dimensional case.

The calculation of the Maslov index in this case is much
more complicated, but the divergent term in A, which is
defined similarly to Eq. (3.23) (in the conformally coupled
theory the frequencies are integers [17]) can be estimated.
As the difference between f and g has quadratic singularity
at z/2, calculations similar to the d = 2 case show that
such a divergent term does exist also when a > 2—the
same condition as before. However the local singularity

should be NW rather than log s(x, x') as in the two-

dimensional case, where s(x,x") is a geodesic distance
between x and x’. This means that nonlocal UV singularity
does appear for every potential, but for @ > 2 it is of lower
order than the local one.

This argument can be extended to general manifolds
with a boundary where the metric is singular. Namely, the
structure of singularities depends only on the behavior of
high-frequency modes near the boundary. Hence we can
conclude that the nonlocal singularities are absent if and
only if the singularity of metric at the boundary is stronger
than quadratic.

IV. PRINCIPAL CHIRAL FIELD AN
PERTURBATION THEORY IN GLOBAL AdS

So far we have considered only free (Gaussian) theories
over asymptotically AdS spacetimes. To see the conse-
quences of the second UV singularity in the propagators in
this section we consider an interacting theory in global
AdS. We will find that the second singularity leads to the
appearance of nonlocal counterterms [13]. We will make a
few comments on other difficulties in global AdS and then
calculate the effective action for principal chiral field
theory.

A. Problems with perturbation expansion
in global AdS

Consider an interacting scalar field theory in global
Lorentzian AdS spacetime. Besides the boundary, global
AdS also has closed timelike geodesics. As we already
pointed out in Sec. II, this property means that the time
ordering cannot be defined in the usual way. The isometry
invariant definition is given by Eq. (3.1). The problem with
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this definition is that it is not transitive, i.e., one cannot use
it for more than two fields.

Instead of that, for the free theory one can use Wick’s
theorem as a definition. However, it does not work for
interacting fields. We can only define the perturbative
expressions using Feynman rules, but this approach is in
some way inconsistent. To show the latter point, let us
consider the massless free field theory:

1
+€ e>0.

5= [ @rvg @ (@.1)

By the field redefinition ¢ — \/% this action obviously can

be transformed into the standard form (3.3). Hence, the
Feynman propagator F (x, x’; €) should be as follows:

F(x,x')

F(x,x'5e) = 1o

, (4.2)

where F(x,x’) is defined in Eq. (3.20).

On the other hand, one should be able to calculate the
propagator treating £ (9,¢)* as a perturbation. The first-
order correction in ¢ is as follows:

/dzy\/ V) F(x,y)0"F(y,x'), (4.3)

FO(x,x

here Oy, = (% Integrating by parts, we get

FO(x,x') :—le/dzy\/ y)F(x,y)O,F(y,x')

i / F(x.y)0,F(y.X)dy".  (44)
OAdS

where [, = JL__ga,,(, /—go") and OAS is the boundary of
AdS at @ = £x/2. Using Eq. (3.20), one can show that the
boundary term is zero. The function F(y,x’) satisfies the
wave equation almost everywhere except for y? — x* =0
and |y° — x| = z, where the step functions in the defi-
nition (3.1) have discontinuities. From the canonical
commutation relations and the quasiperiodicity (3.14) for
massless theory we obtain

DyF(y,x’) = —i0aas (¥, X') = i6aas (v, X'),  (4.5)
here Spgs(x,y) is the delta function for the measure
/—=gd’y and ¥ is the antipodal to x point. Hence, it
follows that

FD(x,x') = —e[F(x,x') + F(x,%)]. (4.6)

The rhs of this expression can be rewritten in terms of the
commutator C(x, x') = [¢(x), p(xX)]:

FO(x,x') = —e{ffsin(z = )] C(x, x)

+ Ofsin(7’ — 7)|C(x, x)}, (4.7)
where we have used that W(x, x') = —W(x, x’). This result
does not coincide with the first-order expansion following
from Eq. (4.2).

The correct answer can be obtained by replacing F(y, x”)
with the function Fp(y,x’) which satisfies Eq. (4.5) with
only the local delta function on the rhs, which is zero at the
boundary and is 27 periodic in y°. The latter condition is
required to avoid the boundary terms at y* = 47/2. Such a
propagator is constructed in the next subsection. However,
it turns out to be ill defined in the massless case and for all
massive theories with isometry-invariant Wightman func-
tions. There is also a possibility to consider the theory in the
covering manifold with 7 € (—o0, +00) and restore the ic
prescription after calculations, but the propagator does not
decay as 7 — Foo0. We will come back to the discussion of
this point in the next section.

B. Another way to define the propagator
in global AdS

Yet another way to define the propagator in global AdS is
with the use of the path integral:

[ Dpgp(x)p(x') €57
S/ DepeSl¥]

Fp(x,x') = . (4.8)

with the periodic time 7 € [0,2x) and periodic boundary
conditions for the field. Let us be more specific. A natural
way is to impose ¢(z =0) = ¢p(z = 2x), the reflective
boundary conditions are not essential here. In the
Hamiltonian formalism the expression under consideration
is as follows:

Tr(To{g(x)p(x') e~

Tre—ZiﬂH ’

Fp(x,x') = (4.9)

where T, denotes the usual time ordering, as we have
already denoted it above.

As 7 interval is finite, the contribution of excited states is
not suppressed. Hence, the expression under consideration
obviously does not define the average over the vacuum
state. It resembles the Matsubara Green’s function but with
imaginary temperature 2iz. The main advantage of this
expression is that it is manifestly 2z periodic in Lorentzian
time z. Moreover, Eq. (4.9) is isometry invariant—the
measure is considered to be invariant and the periodic
boundary conditions are consistent with the invariance.
Hence, this propagator is well defined in global AdS, unlike
the one over the vacuum state.

Furthermore, in the free theory Fp(x,x’) does satisfy
Eq. (4.5) with only one local delta function on the rhs. That
is due to the conventional time ordering. Using the mode

045009-11



AKHMEDOV, ARTEMEV, and KOCHERGIN

PHYS. REV. D 103, 045009 (2021)

decomposition (3.4) and the standard basis of Fock states,
one can obtain the explicit expression

- 1
Fp(x,x") = F(x,x') + ZW [ (x) R, (x)

+ hey(X)he, (X)), (4.10)
where F(x,x') is a vacuum expectation value of
To{@p(x)p(x')}. Note that it is ill defined when at least
one of the w is an integer.

In the case of two-dimensional massive theory with
m? = s(s — 1), s > 1 the spectrum is defined by Eq. (3.13):
®, = s+ n—1,n €N. Such a simple form allows for the
exact calculation of this “thermal” propagator:

s ~ W(s) , / W(s) /’
F£>> :F(S)(X,x/)+ (x X>+ 1 (X 'x)’

(4.11)

627[”

where F*) is defined in Eq. (3.17) and W) in Eq. (3.16).
Using the definition

FO(x,x) =0zt =YW (x,x) + 0(7 — )W) (X', x)
(4.12)

and the monodromy properties established in Sec. III A one
can show that Ff[;“) (2, X' )]0 = Ff[;“) (x, X' )| 0_0,» 1.€., it 1S
periodic.

To prove the isometry invariance of the propagator in
question we refer to the discussion at the beginning of
Sec. ITI. We have already seen that the propagator F(*) and
the Wightman functions are invariant under the action of a
subset of isometries preserving the relative region of x and
x' (as they belong to the isometry group of the CAdS
spacetime). Because any other isometry can be obtained by
an additional time translation shifting z — 7 —» 7 — 7/ & 2=,
the invariance with respect to the whole group follows from
27 periodicity of the function F I(Ef)—the Wightman function
is not invariant separately due to its nontrivial monodromy.
Another feature of this propagator is that it cannot be
defined as a boundary value of some analytic function of
{—the functions W) (x, ') and W) (x’, x) are defined on
different parts of the Riemann surface.

C. Effective action for the principal chiral field

To show the consequences of the nonlocal UV singu-
larity and of different ways of defining propagators, we
consider the principal chiral field theory in 2D global
AdS spacetime. Our goal is to calculate the one loop UV
counterterms.

The tree-level action is as follows:

1
S = —2—62 d2x\/§TrR2, Rﬂ = gaﬂg_l, (413)
0

where g(x) € G—a compact simple Lie group. The stan-
dard method is to decompose the field into the classical
and quantum components and then integrate out the latter.
Substituting g(x) = h(x)g(x), where g is a classical
field and h=e? ¢ € Lie(G) is the quantum one.
Expanding the action up to the second-order terms in ¢,
we get

1
S=2a / &x\/GTr(=R5? + O — R5![p. ).
(4.14)

where [ is the Laplace-Beltrami operator in AdS space-
time. We also omitted the first-order terms as they generate
only tadpole diagrams.

Let us choose a basis # in the Lie algebra (¢p = i¢p't'),
for which the Killing form is diagonal, and

1
Tre't! :55”, [, )] = if VKK, (4.15)

After the additional rescaling ¢/ — \/2e3¢’ we obtain
1
S=Sa+y / dx/gp (6701 — ifPKRIK G g (4.16)

where S, = S[g].

The free theory of quantum field ¢’ is massless. Hence,
the periodic propagator (4.9) is infinite and thus cannot
be defined. It is possible to use the embedding space
path integral with 7 € (-0, ), but in the path integral
approach the Feynman propagator has conventional time
ordering and therefore it is not isometry invariant, as we
have discussed above.

The isometry-invariant propagator F(x,x') can be
defined via AdS time ordering. Due to the simple structure
of color indices of the free field term, this propagator is
given by F!(x,x') = 6" F(x,x"), where F(x,x') is given
by Eq. (3.20):

F(x,x) log (4.17)

1
el Ly e el
Because both singularities have the Feynman e prescrip-
tion, we expect the appearance of the nonlocal counterterm
[13]. Figure 2 shows the diagrams which provide the first
loop correction. The external lines stand for the classical
field Rf,"( and the crosses on the internal lines denote the
derivatives 0,.

Via integration by parts one can shows that the con-
tributions of the two diagrams coincide if VﬂR"I" =0,
which is the classical equation of motion. However, in the
general case the difference between them is UV finite,
because the integrand has only one of the derivatives in the
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FIG. 2. The second-order correction to the effective action.

integral acting on the propagator. In fact, in the general
case, the difference between the contributions of the two
diagrams is proportional to

/dzxdzx/\/i\/iRC” VpRcll ( )

x KF(x,x') - F(x,x). (4.18)

As x — X/, the propagator has a logarithmic divergence [in
terms of either ¢ or the interval in the embedding space,
see Eq. (4.21) below]. Hence, the singular part of the
integrand 0,F(x,x’) - F(x,x) behaves as %, which
gives a UV-finite result after the integration over d?x.

Therefore, the expression which contains the divergent
contribution is as follows:

lC‘fG /d2 A2 /\/—\/—Rcll

< R (x') O F (x,x') 0% F (x, x),

552 —

(4.19)

integration from R3 to AdS by introducing the delta
function: /=gd*x = 25(X* — 1)d’X. The embedding of
AdS in R? is given by functions X* (x) = ¢*(x) defined in
Eq. (2.2). Hence, the pushforward of vector fields on AdS
to R* and the pullback inverse are as follows:

RA(X) = R'(x)0,¢" (x).  R,(x) = Ry(X)0,0" (x).

(4.20)

In terms of AdS vector fields one can write the integrand as
R(F(x,x')) - RS!(F(x,x)). In order to use this expression
in the embedding space we have to extend the propagator
on to R3. The extension is not unique, but R is tangent to
AdS, hence the result does not depend on the choice.
When X = ¢(x) and X' = ¢(x') wehave { + 1 = X+x)*

2
and {—-1= —%. We therefore use the following

extension for the propagator:

where C,(G) is the value of the Casimir operator in the / :L _
adjoint representation f/KL /KL — C (G)s". FX.X) 4r 1Oz(:‘y—(X—X')Z%-ie log (X+X')+ie]
It is possible to calculate the integral in the AdS local (4.21)
coordinates, but we will use another approach to make the
AdS covariance manifest. Namely, we move to the embed- )
ding R? space where we use Cartesian coordinates X4 with It is convenient to introduce the variables ¥ = *7* and
the metric 545 described in Sec. II. One can restrict Y = X/%X Then, using Eq. (4.20), we obtain
|
iC,(G) - - - -
552 = o / BYPYS(Y +Y)? = 1)8(4YY)RM(Y — Y)RIE(Y +7)
NG YA Yp Y Yp+YaYp
x [ (Y2 —ie)?  (Y?+ie)> (Y?>—ie)(Y? +ie)]| (422)

Here we have transformed the delta-functional term for convenience.
The first two terms in the last expression are logarithmically divergent and can be calculated in the usual way via Wick
rotation. The third term there is convergent and can be omitted. Then the UV-divergent parts of the first and the second terms

are as follows:

5s® — _

loc

475 ) / dYPYS(Y?

5S(> C (G)/d% d3Y5(
T

non-loc — 4

— 1)8(4YY)RM(Y)RYE(Y)

— 1)8(4YT)RM (=Y)RIB(Y) —

Y\¥p
(Y% —ie)?’

(4.23)
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In the first term we have interchanged the variables Y and
Y. These expressions are manifestly isometry covariant as
the isometries, being Lorentz transformations of the am-
bient spacetime, are coordinate independent. Due to the
symmetry considerations the term ¥,Yj can be replaced
with 3 (n4p — Y4Yp)Y? as ¥ is orthogonal to ¥ and Y? = 1
because of the delta functions. Furthermore, R(Y) is
tangent to AdS, meaning that R°Y, =0 when Y? = 1.
Then only the contribution from 7,5 term survives. What
remains to be calculated is the following integral:

}_/2

7, - / PTS4YT)

As Y? = 1 and the integrand except for the delta function is
Lorentz invariant, it is possible to set ¥ = (0,0,1) by
Lorentz transformations and integrate out the delta func-
tion. What is left is a two-dimensional integral which can
be calculated after the Wick rotation ¥!' — +i¥!. Intro-
ducing the UV cutoff % at small ¥, we obtain

I.=F %log/\ + UV finite terms.  (4.25)
Using the pullback (4.20) and the relation 9,¢"(x) x
0,94(x) = g,,(x) alongside the property ¢(X) = —¢(x)
of our coordinate choice, we obtain the effective action
I['[g°!] up to the second order:

1 1 C,(G)
cdj—_— 2 — v cl cly
[[g”] 2/d xXy/ gTr[(e% yy logA)Rﬂ (x)R*(x)
—%mng(x,x)Rﬂ<x)Ry(x)} , (4.26)
3
where {#(x,x’) is a bitensor defined as follows:
g (x.x') = 0"t ()P pa(x) = DL (x,x). (4.27)

The local term in Eq. (4.26) coincides with the result in flat
space. Apparently the Lagrangian (4.26) is covariant, but it
contains the nonlocal term. A similar term was obtained in
the scalar field theory [13]. Such a term does not appear if
only the local singularity has the Feynman ie prescription.
That is the case only if the propagator satisfies the equation
with only a local delta function on the rhs of an equation
such as Eq. (4.5).

D. Effective action from the periodic propagator
in global AdS

In the case of massive theory the effective action in
global AdS can also be defined using the periodic propa-
gator (4.9). Due to the discussion in Sec. IIl A, in this case
the perturbation theory is more justified than in the previous
subsection. However, as we will see now the structure of
this propagator leads to severe UV divergences.

To illustrate the origin of such UV divergences let us
consider the real scalar ¢* theory with the mass m and
coupling constant A. The calculation of the effective action
is similar to [13], but with the use of the periodic propagator
(4.9) instead of the AdS time-ordered one. The contribution
to the loop correction, which is of interest to us, is as
follows:

5y o id? / dxd*x' /=) v/ =g )P () ()

X W, (x, XYW, (¥, x), (4.28)

where W,,(x,x") is the Wightman function of the theory.
There is a coordinate system where W,,(x, x") asymptoti-
cally coincides with the Wightman function in Minkowski
space for close x and x’. Hence, the qualitative expression
for the contribution coming from the local singularity (x’ is
on a light cone emanating from x) is as follows:

¢*(x)$* (')

5SW) o iA2 / d*xd*y’

((x = x')? —iesign(x® — x°))((x — x')? + iesign(x’ — x'))’

(4.29)

where we used the expression for the Wightman function in Minkowski spacetime for close x and x". The leading UV term
is mass independent. The signature of the metric is (+, —, —, —). Introducing the coordinates y = X/T_X and y' = "/% we can

rewrite the latter term as

Py =y [y + ¥

5SSV o ia? / d*yd*y

O =yl —ie) 00 + | — ie)(y° = ly| + ie) 0 + y| + ie)

(4.30)

where y = (y', ¥, y%). As one can see there are poles in both the upper and lower half planes of y°. The y° integration is
now divergent when e — 0. The most divergent part can be obtained by setting y° = 4[y| in the denominator and
calculating the y° integral by closing the contour in the upper half plane:
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5500 o i / Py <¢2 ' =YY + dllyoy + @D = VY + V]l
€

The remaining integral is convergent.

In this case it is natural to associate ¢ with UV cutoff %
Hence, the divergence is powerlike, but it cannot be
subtracted by a local counterterm as is usually done with
powerlike divergences due to the obvious nonlocality in
Eq. (4.31). This nonlocality is concentrated on the light
cone emanating from y’. Due to the quasiperiodicity of the
Wightman function on AdS, a similar singularity will
appear on the light cone emanating from the antipodal
point of the source.

A divergence as in Eq. (4.31) is drastically different from
what one usually obtains in flat space quantum field theory,
because it comes from the product of two Wightman
functions with different order of the same points, and,
hence, with different signs of ie prescription. In the usual
situation the time ordering of the Feynman propagator,
F(x,x)=0(t—-1)W,(x,x')+0({ — )W, (x',x), pre-
vents such cases—the product of two step functions is
definitely zero.

V. LOOP CORRECTIONS IN THE CAdS AND PP

A. Theory in the CAdS spacetime

In the CAdS spacetime the theory is free of nonlocal
counterterms if one uses the conventional time ordering and
the corresponding ie prescription [13]. However, there still
can be problems in loops due to the quasiperiodicity of the
propagator, because naively in the CAdS spacetime one
repeats the same contribution of the global AdS an infinite
number of times. Note that due to the quasiperiodicity in
time in CAdS the Feynman propagator does not decay with
the increase of the timelike distance between its two points.

In this section we will show that such a theory can be
properly defined by analytical continuation from the
Euclidean theory and hence is free from these problems.
However, this demands an unusual ie shift in the propa-
gators. Furthermore, in the general case the theory is not be
strictly causal: the commutator function ([¢(x),@(x")])
may be nonzero for spacelike separations between x and
X if |z =7 > 7.

First, let us discuss the analytic properties of the
propagator. We start from the Wightman function
W) (x,x) of the free massive theory. For simplicity we
set x' = 0 (we can always do this by CAdS isometries). As
we are interested in the behavior of the Wightman function
in the complex 7 plane, it is not very convenient to use the
expression (3.16), because ¢ is periodic in 7. Hence, the
expression (B7) in terms of power series obtained in
Appendix B is more suitable:

. (4.31)
y[? )
|
, I'(s) L
W(‘) 0)=—— 50 —is(t—ie)
(:0) =5 s w172y < 0
« . —ik(2c—i€) (s)k
2 (5+1/2)
(=1/2.5-1/2)

X Py (cos20). (5.1)
We see that this function is clearly analytic in the lower half
plane Imz < O as the series is convergent and for real =
the ie prescription yields the lower boundary value. The
function W(0, x) can be obtained by simply changing the
sign of 7, as the general expression (3.15) is symmetric with
respect to the interchange of 6 and . Hence, W*)(0, x) is
analytic in the upper half plane.

The Legendre function (3.16) has branching points at
e {l,—1,00} (for the moment we forget about the ie
shift), which corresponds to cos 7 = 4 cos @ and cos§ = 0,
ie.,r € {0+ nk,n/2 + nk}, k € Z. In the region —|6| <
7 < |0] (the separation is spacelike, since ¢ > 1) the
Wightman functions W(x,0) and W(0,x) both coincide
and are given by 2—'” 0Q,_1(0), as £ > 1 and the branch cut in
the ¢ plane is (—oo, 1]. Therefore, the commutator function
([p(x),¢(0)]) is zero in this region.

However, the theory is not completely causal for generic
mass or s. In fact, while ¢ is periodic and the spacelike
regions |{| > 1 appear every z period, the functions
W) (x,0) and W®)(0,x) get multiplied by e~ and
'™, respectively. They coincide and therefore the causality
is satisfied only if s is an integer, i.e., when the Wightman
function can be correctly defined on global AdS.

In the same way as it is done in Minkowski spacetime
quantum field theory the functions W) (x,0) and W*)(0, x)
can be glued together into the Feynman propagator
F®)(x,0) through the cut —|6| < 7 < || [the expression
is given in Eq. (3.17)]. This region is in fact Sj(0). The
propagator is analytic in C\{(—o0, —|0|] U [|0], +0)} as a
function of z. If € R we choose the lower boundary value
for 7 > 0 and the upper one for 7 < 0. However, similar to
the discussion in Sec. III A, the causality in S;j(0) is
enough for the propagator to be invariant under the
isometry group of the CAdS spacetime.

In perturbation theory one has to calculate the integrals
involving F*)(x,0) over the 7 axis. To do that one has to
specify the integration contour. The standard contour
parallel to the real axis and going slightly above or below
(depending on the signz) is not consistent in CAdS for
sufficiently large |z|. In fact, along such a contour the
Feynman propagator in CAdS is quasiperiodic and does not
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FIG. 3.
branch cuts by red lines.

decay at infinity. As a result, the loop integrals are ill
defined. However, such a choice of the contour is the
standard one in Minkowski spacetime: it is the proper
contour to define the time evolution of correlation functions
in the Schwinger-Keldysh diagrammatic technique.

The well-defined choice in CAdS is provided by the
contour e~ R for z > 0. As one can see, it is quite different
from the standard way of doing the ie shift in Minkowski
spacetime quantum field theory. For this new type of
contour the correlation function exponentially decays at
infinity in CAdS, which can be seen directly from the
expression for Wightman function (5.1) and the fact that
s > 1 (in the upper half plane we should change 7 to —7).
An example of such a contour with the branching points
and branch cuts in the 7 plane is shown in Fig. 3.

More importantly, the contour can be deformed into the
Euclidean one with € = 7/2. After such a Wick rotation
7 = —iff the covering space is mapped into the upper half of
EAdS, which is maximally symmetric. In the d-dimen-
sional case we have

. . h
X =y'tang, X4 !'= M,
cos @
- sinh # cosh
X4 = 0) = 1 5.2
cos@’ ¢(x.0) cos@ - b (5:2)

where X¢ = —iX?, the Wick-rotated time in the embed-
ding space.

In the Euclidean theory the Feynman propagator
FU)(x,0) is singular only when x = 0. Hence all diver-
gences are local and the nonlocal counterterms, which we
observed in the previous section, do not arise. As the upper
half of EAdS is maximally symmetric, the correlation
functions and loop corrections depend only on the isometry
invariants (there are no problems associated with branch
cuts as { > 1 for every two points in EAdS). The analytic

The complex 7 plane of the Feynman propagator with the integration contour: branching points are marked by crosses and

continuation back to Minkowski space violates this
property—the ie prescription in the ¢ plane, which is
{ + iesin|z| depends on 7. Instead we get the invariance
under the isometry of the CAdS spacetime. In the next
subsection we will show that the theory in the PP can also
be Wick rotated to EAdS theory, but the analytic continu-
ation in this case preserves the invariance—the propagator
depends only on ¢.

B. Theory in the Poincaré patch

The PP is defined in Eq. (2.6). Comparing this with the
global embedding (2.2), we see that standard time ordering
in the PP corresponds to AdS-invariant ordering (3.1) for
timelike separated points. Hence, the Feynman propagator
in the PP has the same ie prescription as the AdS time-
ordered one in the global chart. The propagator depends
only on the isometry invariants, { = XX’ and signA¢. It is
also straightforward to see that the Wightman’s prescription
t — ¢ — ie for two-point function (¢(x)¢p(x’)) corresponds
to the shift {(x, x") + iesign(t — ¢').

The isometry invariant in this case (2.7) is not periodic
in time, unlike the case discussed above—the dependence
is almost the same as in flat Minkowski space. Hence, the
simple i shift in the complex ¢ plane is enough to correctly
define the theory. Also ¢ does not encircle branching points
after any ¢ translations. Hence, the monodromy phase
multipliers like in Eq. (3.17) do not appear.

The Feynman propagator $(x,x’) therefore has the
following form:

§x.x') = (¢ +ie). (5.3)
It is the boundary value of a function, regular in the upper
half plane which satisfies the equations of motion. It means
that in the case of two-dimensional massive scalar field
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theory it should coincide with F)(x,x’) as defined
in Eq. (3.18).

Let us consider now loop corrections in a quantum field
theory in the PP of AdS. There are isometry transforma-
tions, which move the PP in the global AdS. Hence, naively
if one integrates over the PP in the loop integrals the
isometry is broken. However, now we will show that loop
corrected correlators are still functions of the isometry
invariant for the AdS isometry state, i.e., for the Feynman
propagator defined above. The arguments in this subsection
are very similar to those in [23,24] for the expanding
Poincaré region of de Sitter spacetime with the Bunch-
Davies initial state exactly at past infinity.

Consider a vertex of order » in a loop contribution. In
terms of the embedding space coordinates with the measure
discussed in Sec. (IV C) the integration in the vertex is as
follows:

1—/dd+1Y25(Y2—1)9(Yd—1—Y0)ﬁg(Y,X,-). (5.4)

The step function O(Y4~' — ¥0) restricts the domain of
integration to the PP and, hence, naively violates the AdS
isometry, while 5(Y? — 1) and [], §(Y, X;) are invariant.
To probe the AdS invariance of loop corrections one should
check how I is changed under a transformation which does

|

n 1
5.1 = —e/ d(Y4=! + Y% a®tys(y? —1)yd! Hg [5 (x4
j=1

Here we have used that X' — X% >0 in the PP. In
Eq. (5.8) we can close the integration contour in upper
half of the complex (Y¢~! + ¥°) plane where the integrand
has no poles. As a result we obtain that §; = 0 and the
integral / (and hence the loop correction) does not change
under isometry transformations. Hence, / depends only on
isometry invariants, such as ¢ and the sign of Az. This is in
agreement with the possibility of the Wick rotation, which
we will discuss now.

The theory in the PP also admits the Wick rotation
t — —it. It is equivalent to the transformation X¢ — —iX¢
in terms of embedding space, which brings the PP to the
upper sheet of the two-sheeted EAdS space. On the other
hand, the Wick rotation of the theory in the CAdS
spacetime discussed in Sec. VA transforms it into the very
same sheet of EAdS. However, the embedding coordinates
transform differently—it leads to a different choice of
Euclidean time. As we have discussed above, the upper
half of EAdS is maximally symmetric. Hence, the corre-
lation function of isometry-invariant Euclidean theory

0 d—1 0 H dyd iyi S
= X)(Y Y +ie) + XY =X, i=1,...

not preserve the PP, i.e., affects (Y¢~! — ¥°). For example,
consider an infinitesimal boost in the (0, d) plane:

X0 = X0 4 ex?, X7 = X4+ X0, (5.5)

The consideration of other boosts and rotations moving
either X° or X*~! is similar. The corresponding change of /
is as follows:

5.1 = —e/ 2d4ys(Y? — 1)s(ve4-! — YO)Yng(Y,Xi).
i=1
(5.6)
Let us take into account that (Y, X;) = F(YX; + ie) and
1
YX = 5 [Xd_l + XO)(yd—l _ YO)

+ (Xd—l _XO)(Yd—l 4 YU)] —|—Xde _XiYi’

i=1,...d=2. (5.7)

Therefore, if all points X; are in the PP, after integrating out
S(Y ' —Y°) using dY* 'y’ =1d(Y ' +Y0)d (Y4 - Y0)
we find that

,d—2.

(5.8)

(along with loop integrals) depends only on ¢. The
analytical continuation back to the PP requires the simple
shift { — ¢ + ie. Hence, it preserves the invariance. Also
the counterterms are inherited from the Euclidean theory
and therefore local.

Another consequence of the possibility of Wick rotation
is that the propagators on the CAdS and the PP are analytic
continuations of the same function of £, but with different
choices of the complex parameter. As a result, the only
difference between them is ie prescription—on the CAdS
space its sign depends on time, which leads to complicated
behavior. Moreover, the Feynman propagator on the CAdS
space, F(x,0), is equal to F[¢(x,0) + ie] if 7 € (—x, 7).
This is so because 7 = 0 also belongs to the Euclidean
contour. Hence, the function at this point is the same as the
Euclidean one. Next, the region including 7 = 0 where the
{-plane ie prescription on the covering space ({ + ie sin |z|)
coincides with the one on the PP is [—x, 7]—we observed
it in the case of d = 2 massive free theory. If we increase
7 further so that the ie prescription is again the same
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(e.g., T € [27,3x]), { encircles the branching points, so
nontrivial monodromy may change its value.

VI. CONCLUSION

In this paper we discuss quantum field theory in
asymptotically AdS spacetimes, covering of global AdS
manifold and in the Poincaré patch. The relation of the
presence of nonlocal UV singularities of the Wightman
function to the classical geodesic focusing is investigated;
we find that the latter takes place only in specific cases,
while the UV singularity emanating from the antipodal
point of the source appears for a wider class of asymp-
totically AdS metrics.

Then we consider interacting field theories in 2D global
AdS, its covering space and the Poincaré region. We
consider different possible definitions of the Feynman
propagator with a focus on the interplay between the time
ordering, ie shift and isometry invariance. For an isometry-
invariant propagator we find that perturbation theory
becomes inconsistent or leads to the appearance of nonlocal
counterterms in global AdS spacetime. This is demon-
strated in the example of a principal chiral field. We also
show that such problems are absent for the theory in the
Poincaré patch. In the latter case quantum field theory over
the AdS-invariant state can be defined via analytical
continuation from the Euclidean AdS space.

In the covering global AdS spacetime the analytical
continuation can also be done for a specific choice of the ie
shift of the UV singularity in coordinate space. In such a
case one can use the isometry—invariant propagator and can
Wick rotate it to the Euclidean AdS. But the ie shift in
question is different from the standard one used to define
the Feynman propagator in flat spacetime.

Let us clarify the last point. If one were considering a
non-Planckian initial distribution in covering AdS space-
time, one would use the Schwinger-Keldysh diagrammatic
technique rather than the Feynman one to calculate the time
evolution of the distribution. In that technique there is the
matrix of propagators, one component of which is the
Feynman propagator. To define the latter propagator one
cannot use the ie shift adopted in our paper.
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APPENDIX A: BOUNDARY CONDITIONS AND
CONSERVATION LAWS

We consider the two-dimensional theory in global AdS
spacetime with the following action:

s [@xma(ze0r-ve). @
Following [14], we impose the condition of the conservation
of charges corresponding to the conserved currents. Namely,
AdS, has three-dimensional isometry group SO(2, 1) gen-
erated by three Killing vectors K% z, A < B. The covariantly
conserved currents can be expressed as follows:

Thp = TuKyp. (A2)
where T, is a stress-energy tensor of the theory:
1 2
T;w = 6}4¢ab¢ - Eg/ux(a/lqﬁ) . (A3)
As there are conservation laws of the form

0,(y/=9J%) = 0, for each current there is a corresponding
charge:

do, /—ggOOTO”K’;‘B.

(A4)

O = / 40510 = /
T=const

T=const

Conservation of these charges means that there is no flux of
\/=gJ" through the boundaries 6 = +7/2:

(v=99"T1,Kp)lo—z — (vV=99"T1,K}sp)lo——5 = 0.
(AS)

Note that this condition is Weyl invariant.

The isometries of AdS correspond to Lorentz trans-
formations of the embedding space (2.2) generated by the
Killing vectors K, = X405 — Xpd,. They are tangent to
AdS, hence K 45 are their restrictions to X> = 1. In terms of
local coordinates (z,60) we find

Ky = sintsin 80, — cos 7 cos 60y;
Kl2 = 87;

Ky, = —cos7sin 00, — sincos 80y. (A06)

Substituting these explicit expressions into Eq. (AS5), we
obtain

T1olo=z = T1olo——z = 0. (A7)

As T,o=0,¢0yp, at 6 = +r/2 either Jy¢p =0 or
01¢p = 0. Hence, there are four types of boundary

045009-18



INTERACTING QUANTUM FIELDS IN VARIOUS CHARTS OF ...

PHYS. REV. D 103, 045009 (2021)

conditions. In terms of modes the first condition means that
the modes are zero at the boundary (as they are eigen-
functions of 0,), and the second condition means that their
derivatives are zero. If we additionally impose the condition
of maximal decay of the Wightman function at infinity, we
have to choose the first one. Therefore,

uy(7/2) = u,(-m/2) =0, (A8)

where u,, are defined in Eq. (3.4).

APPENDIX B: NORMALIZATION OF
MODES AND WIGHTMAN FUNCTION OF
MASSIVE THEORY

Let us denote v,, = u,,_1, w,, = U, from Eq. (3.13). To
find the normalization constants we have to calculate the
scalar products and use the condition (3.9):

(v,|v,) = A2 / d0cos0(P /%) (cos20))?

A
28

A 2Sr(n—1/2)r(n+s—1/2)

-2 (2(n=1)+s)C(n+s—1)T(n)’

dx<1+x>* V21 —x) 2P ()2

(B1)

where we used the orthogonality relation for Jacobi poly-
nomials and the change of the integration variables
cos 20 = x. Therefore,

Next,
(w,|w,)= B2 / d0cos>Osin?0 (P 7717 (cos26))>
2
s 1/2,5-1/2
et [ st L 2
B 2"'T(n+1/2)[(n+5—-1/2) (B3)
2t (2n4s—1)T(n+s)T(n)
And, hence,
['(n+ s)n!
B, = . B4
" \/2F(n+1/2)F(n—|—s—1/2) (B4)

Now we can calculate the Wightman function using
Eq. (3.15):

)C/) _ Z(ei(s+2n—2)(r’—r+ie) v, (9) v, (9/)
n=1

4 ei(s+2n—1)(r’—r+ie)wn (Q)Wn (9/))‘ (BS)
As the answer is AdS invariant, we can set @ = 0,7 = 0.
Then there will be no contribution from w,, as w,(0) = 0.
Using

« r 1
pleo(1) = et L) (B6)
(a4 1)n!
A \/ I'(n+s)(n—1)! (B2)
2(n=1/2)T(n+s—1/2) we obtain
J
g ; [(n+s—1) (=1/2.5-1/2)
W) (x,x) =) e i+2n=2) (i) cog59 P_ /" (cos 20)
; 2y/al(n+s—-1/2)
I'(s) ($)e_ p(-1/25-172)
— 59 —is(r—ie —l (27—ie) P g 260
2/al(s + 1/2) ¢ ; (s +1/2), * (c0s26)
I(s) e~ B(=€)cos'0) s s+1 1 2e72=i) (cos 20 + 1) (B7)
= —— ——s+= — ,
2\/7_1-1“(5- + 1/2) (1 + 6—1(21—1))5' 251 2 2 2 (1 + e—l(2‘[—l€))2

where (x),, is a Pochhammer symbol:

n—1

() =[x+ -

k=0

(B8)

The answer for the infinite sum is given in [25]. In this case
the expression for the geodesic parameter is as follows:

COST

{=fa@)f () = (B9)

cos@’

[

Using the standard expression for the Legendre function
[26], we find

WO (x,x') = Qs 1[¢ + iesin(z = 7). (B10)

That is the propagator used in the body of the paper.
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APPENDIX C: THE WKB CORRECTION TO
FREQUENCIES

According to Eq. (3.32), we have to calculate the
nonvanishing part of the following expression when
®, = o0

D, =2znw, —]{ w? — £(0)do

(C1)

As the integrand significantly differs from w,, only near the
boundary, we can use the asymptotic expression (2.9).
Also, changing the lower limit of integration in Eq. (C1) to
—L (L > 0) can be compensated for by the term Lw,, as the
additional corrections to this compensation vanish when
w, — oo. Hence,

D, ~41lim L+2 / a0, a2 ¢
~ 1) —| - Oy —
n L—oo " 2 —L " (7[/2 - 9)(1
L
=4lim <a)nL—/ d@\/a)ﬁ—£>,
L—co 9, 9(1

where 0, = (£)"*, a>2. One can show that the limit is

finite. Let L = 9;61, then

= a 1
D, ~4lim Cio) §<a—/ d@\/l—ﬁ>. (C3)
a—oo 1

(€2)

Let us calculate this integral:

I(a) = [”d@

ay 1/161——11 (C4)
=—/=— xx™ a1 — x.
0« a f
Integrating by parts, one obtains
1 /1 x=
I(a) =a—= Cs
@=a-j [ = (©3)

In the limit a — oo the second term here turns into the Euler
beta function. Therefore,

1
Xa C 21 =1y
= 2/aCray e

(Co)

2 1
D, ~ ZCia)l_a/ dx
" Jo VvV1I-x

2
As according to Egs. (C1) and (3.32) D, = Da),lq * we find
that

r(r-1
D:2\/7?C‘$7( i

rG-1) )

which is used in the body of the paper.
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