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The concept of turnaround surface in an accelerating universe is generalized to arbitrarily large
deviations from spherical symmetry, to close the gap between the idealized theoretical literature and the real
world observed by astronomers. As an analytical application, the characterization of turnaround surface
is applied to small deviations from spherical symmetry, recovering a previous result while extending it to
scalar-tensor gravity.
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I. INTRODUCTION

Thanks to the study of type Ia supernovae [1,2], it has
been known since 1998 that the present expansion of the
Universe is accelerated. In the context of general relativity,
this acceleration is attributed to the presence of a mysteri-
ous form of dark energy permeating the Universe and
responsible for approximately 70% of its energy content
[3]. However, since this dark energy is introduced com-
pletely ad hoc, there has been much activity in explaining
the cosmic acceleration by modifying gravity at large scales
and dispensing with dark energy [4,5] (see Refs. [6–10]
for reviews). Whatever the explanation for the cosmic
acceleration, there are physical phenomena peculiar to an
accelerated universe. One of them is the turnaround radius
of cosmic structures [11–14], which has attracted much
attention recently [15–29] because of its potential to test the
Λ-cold dark matter model and/or modified gravity.
Consider an accelerating Friedmann-Lemaître-Robertson-

Walker (FLRW) universe and superpose a spherical matter
condensation acting as a perturbation of the FLRW metric.
The local gravitational attraction due to this overdensity
tends to make it collapse, while the cosmic expansion tends
to disperse it (if this structure is sufficiently large to feel the
effect of the cosmic expansion appreciably). The turnaround
radius is the minimum scale at which a spherical shell of test
particles cannot collapse because of the accelerated cosmic
expansion (or, vice versa, the upper limit to the radius of
spherical bound structures in an accelerated universe). At the
turnaround radius, the local attraction balances the cosmic
expansion.
Thus far, with the exception of [29,30], the literature

on turnaround physics has been restricted to spherically
symmetric situations. Reference [30] studies analytically

small deviations from spherical symmetry (Ref. [29], instead,
examines larger deviations numerically). However, this
idealized situation is still far from being realistic and can
easily induce large errors (cf. Refs. [25–28]). Currently, the
only reliablemethod to actuallymeasure the turnaround point
consists of using a pancake detection, as proposed in
Ref. [31], and then solving for zero velocity (see the
discussion of Ref. [25]).
In the presence of spherical symmetry, the turnaround

radius trivially defines the “turnaround surface,” i.e., the
sphere of radius equal to the turnaround radius, but the
generalization of this turnaround surface to nonspherical
situations of astrophysical interest has not been discussed in
the theoretical literature. As a consequence, astronomers
attempting to determine the turnaround surface and deduce
cosmological information have to grapple with ill-defined
theory and basic concepts that are unclear, in addition to
major observational challenges.
Here we identify the salient features of the turnaround

surface in spherical symmetry and characterize it with a
definition suitable for geometries with arbitrarily large
deviations from spherical symmetry (however, the devia-
tions from the FLRWmetric remain always small). The key
idea is to identify the turnaround surface with an equi-
potential surface of the (local) metric perturbation potential
with the special property that, if test particles initially sit on
this surface with zero velocity with respect to it, they
remain on this surface at later times while it evolves. They
must remain at rest on this surface and cannot leave it to
collapse because of the self-gravity of the perturbation, nor
disperse because of the cosmic expansion.
There is only one critical surface S� on which these two

opposing forces balance, as in the spherically symmetric
case. Any other closed surface S� nearby will not have this
property: particles will collapse (if S� is contained inside
the critical surface) or will disperse, expanding faster than
those at rest on the critical turnaround surface, if S� lies
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outside of it. This characterization captures the essence of
turnaround sphere in spherical symmetry and generalizes
this concept, while shifting the emphasis from the size of
this surface (the turnaround radius) to the surface itself.
The study of the relevant equations for specific cosmic

structures (observed or hypothetical) requires, in general, a
numerical implementation. We can, however, apply our
definition to an analytical discussion of small nonspher-
icities and test our characterization in this situation, which
has already been studied in Ref. [30] with a completely
different method, based on the splitting of the Hawking-
Hayward quasilocal energy contained in the turnaround
surface into local and cosmological parts. We recover the
results of [30] in our new, general description.
In Sec. II we calculate the timelike geodesics needed in

the rest of this paper, while Sec. III provides the general
definition of turnaround surface. The application to small
nonsphericities is detailed in Sec. IV, while Sec. V extends
this result to scalar-tensor gravity. Section VI contains a
discussion and the conclusions. We follow the notation
of Ref. [32].

II. TIMELIKE GEODESICS IN THE PERTURBED
FLRW UNIVERSE

The definition of turnaround surface requires one to
consider test particles lying on this surface. They follow
timelike geodesics in spacetime; therefore, we first discuss

these special curves traced by test particles and clouds (or
shells) of dust in the perturbed FLRW spacetime.
The spacetime metric in the conformal Newtonian

gauge is

ds2 ¼ gαβdxαdxβ

¼ a2ðηÞf−ð1þ 2ΦÞdη2 þ ð1 − 2ΦÞ
× ½dr2 þ r2ðdθ2 þ sin2 θdφ2Þ�g; ð2:1Þ

where η is the conformal time of the unperturbed FLRW
universe and ΦðxiÞ describes the Newtonian perturbation.
Since we will consider only structures of size much smaller
than the Hubble radius H−1

0 , the time dependence of Φ can
be safely neglected.
Timelike geodesics parametrized by the proper time τ

have four-tangents uμ ¼ dxμ=dτ that satisfy the geodesic
equation

duμ

dτ
þ Γμ

αβu
αuβ ¼ 0: ð2:2Þ

The only nonvanishing Christoffel symbols of the per-
turbed FLRWuniverse (2.1) are given in the Appendix, and
they are used to compute the components of the timelike
geodesic equation

du0

dτ
¼ 1

að2Φþ 1Þ fa;η½2ðr
2ðu3Þ2sin2θ þ r2ðu2Þ2 þ ðu1Þ2 − ðu0Þ2ÞΦ − r2ðu3Þ2sin2θ − r2ðu2Þ2 − ðu1Þ2 − ðu0Þ2�

− 2u0aðu3Φ;φ þ u2Φ;θ þ u1Φ;rÞg; ð2:3Þ

du1

dτ
¼ 1

að2Φ − 1Þ f2u
1u0a;ηð1 − 2ΦÞ þ a½ðr2ðu2Þ2 þ r2ðu3Þ2sin2θ − ðu1Þ2 þ ðu0Þ2ÞΦ;r

− 2u3u1Φ;φ − 2u2u1Φ;θ þ 2rððu3Þ2sin2θ þ ðu2Þ2ÞΦ − rðu3Þ2sin2θ − rðu2Þ2�g; ð2:4Þ

du2

dτ
¼ 1

r2að2Φ − 1Þ f2r
2u2u0a;ηð1 − 2ΦÞ þ a½−2r2u2u3Φ;φ þ ð−r2ðu2Þ2 þ r2ðu3Þ2sin2θ þ ðu1Þ2 þ ðu0Þ2ÞΦ;θ

− 2r2u1u2Φ;r þ rðrðu3Þ2 sinð2θÞ − 4u1u2ÞΦ − r2ðu3Þ2 sin θ cos θ þ 2ru1u2�g; ð2:5Þ

du3

dτ
¼ 1

r2að2Φ − 1Þ f2r
2u3u0a;ηð1 − 2ΦÞ þ a½ððr2ðu2Þ2 þ ðu1Þ2 þ ðu0Þ2Þcsc2θ − r2ðu3Þ2ÞΦ;φ

þ 2ru3ð−ru1Φ;r − ru2Φ;θ þ ru2 cot θ þ u1Þ − 4ru3ðru2 cot θ þ u1ÞΦ�g: ð2:6Þ

In an unperturbed FLRW spacetime, the 4-velocity of a comoving observer reads

uμð0Þ ¼ ðu0ð0Þ; 0Þ ¼
�
1

a
; 0

�
ð2:7Þ

in coordinates ðη; r; θ;φÞ. Adding a perturbation as in Eq. (2.1), the four-tangent to a timelike geodesic becomes
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uμ ¼ uμð0Þ þ δuμ ¼ ðu0ð0Þ þ δu0; δuÞ ¼
�
1

a
þ δu0; δu

�
;

ð2:8Þ

the normalization uμuμ ¼ −1 then yields

δu0 ¼ −
Φ
a

ð2:9Þ

to first order in δuμ and Φ. Substituting this expression of
δu0 in the normalization of uμ, one finds

−1 ¼ −a2ð1þ 2ΦÞ
�
1 −Φ
a

�
2

þ gijδuiδuj

¼ −1þ gijδuiδuj þOðΦ2Þ: ð2:10Þ
If one then assumes thatOðδu1Þ ¼ Oðδu2Þ ¼ Oðδu3Þ, then
the latter implies

OðuiÞ ¼ OðδuiÞ ¼ OðΦÞ; i ¼ 1; 2; 3: ð2:11Þ
We can now use these results to study the geodesic
equations to first order in the perturbation. In detail, it is
easy to show that Eq. (2.3) reduces to an identity to OðΦÞ,
whereas for the spatial components one finds

dðδuiÞ
dτ

þ 2a;η
a2

δui þ gij∂jΦ ¼ 0: ð2:12Þ

III. GENERAL DEFINITION OF
TURNAROUND SURFACE

Here we generalize the definition of turnaround surface
to the case in which deviations from spherical symmetry
can be arbitrarily large. An examination of the salient
features of the turnaround sphere in spherical symmetry
shows that this surface is an equipotential surface of the
perturbation potentialΦ. This is a necessary property, but it
is not sufficient to identify the turnaround surface. We
require the extra property that, if test particles initially lay
on this surface and have zero initial velocity with respect to
it, they remain on this surface at later times as the latter
evolves. These dust particles, and the surface with respect
to which they are at rest, are not comoving with the
background FLRW universe. They would be comoving
only if the cosmic fluid of this FLRW background universe
was dust, but this cannot be true because this universe
accelerates. Therefore, these dust particles and the surface
they lie on necessarily do not comove with the background.
Furthermore, these particles are slowed down by the
attraction of the local gravity due to the mass contained
inside the turnaround surface; therefore, they expand more
slowly than the FLRW background.
This property is still not sufficient to identify the turn-

around surface because many timelike geodesics cross

the turnaround surface, but we further restrict to timelike
geodesics that initially have zero velocity with respect to
this surface. Since they satisfy the timelike geodesic
equation, which is of second order, assigning their initial
position (on Σt0) and initial velocity (vanishing with respect
to Σt0) specifies them completely. In other words, these
massive test particles stay on Σt0 initially and at all later
times and expand more slowly than the accelerating FLRW
background. Finally, to complete the identification of
the initial surface Σt0 , we require that, on this surface,
the attraction due to the Newtonian perturbation balances
exactly the cosmic expansion, so that the acceleration of
dust particles on this initial surface vanishes.
We require the turnaround surface Σt at (comoving) time

t to be a two-dimensional, closed, simply connected surface
that, at all times t, is an equipotential surface of the
perturbation Φ such that:

(i) The time evolution of the surface is such that the
three-dimensional components of the tangent to
the timelike geodesics crossing Σt are locally pro-
portional to the gradient ∇Φ (and therefore
perpendicular to Σt in the three-dimensional sense):

uijΣt
¼ σðtÞgij∂jΦjΣt

: ð3:1Þ

(ii) A dust particle initially comoving with the surface
remains on this surface.1 In other words, if a dust
particle is initially comoving with Σt0 (not with the
FLRW background), namely

uijΣt0
¼ σðt0Þgij∂jΦjΣt0

; ð3:2Þ

then at a time t > t0 its 3-velocity will satisfy

uijΣt
¼ σðtÞgij∂jΦjΣt

: ð3:3Þ

(iii) In an unperturbed FLRW universe, the (purely
radial) acceleration of a massive test particle is
̈r ¼ är=a (this rather intuitive result has been
obtained many times in the literature, using various
methods [33–70]). In the presence of a spherical
perturbation, the turnaround radius is obtained by
balancing the attraction of the local inhomogeneity
with the cosmic acceleration, or M

r2 ¼ ä
a r, whereM is

the mass of the local perturbation. For a general
Newtonian perturbation described by the potential
Φ, we impose that at every point of the initial surface
Σt0 , assumed to be convex,2 the acceleration of a

1This particle is not comoving with the cosmic fluid because
this surface is not comoving with the cosmic substratum.

2The surface is assumed to be convex to avoid pathological
possibilities, such as a mass distribution with two or more centers
far away from each other (which, technically, is a mass distri-
bution but has nothing to do with a mass concentration on the
verge of collapsing under its own gravity).
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massive test particle normal to this surface vanishes
because the local attraction −∇Φ balances exactly
the force per unit mass due to the cosmic expansion
at that point äðt0Þ

aðt0Þ x⊥ (on Σt0 there is no sideways

acceleration due to the local gravity of the pertur-
bation because Σt0 is an equipotential surface of Φ).
In other words, let x denote the position of a point on
Σt0 embedded in the three-dimensional spacelike
slice of the spacetime. Thus, denoting by

n ¼ ∇Φ
j∇Φj

����
Σt0

the normal to Σt0 , the following condition must hold:

−∇Φ ¼ äðt0Þ
aðt0Þ

x⊥ on Σt0 ; ð3:4Þ

with x⊥ ≡ ðx · nÞn, which implies

−j∇Φj2 ¼ äðt0Þ
aðt0Þ

x · ∇Φ on Σt0 : ð3:5Þ

This condition completes the identification of the
initial position of the massive test particles.

To elucidate this definition let us consider some timelike
dust comoving with the turnaround surface Σt0 at some
t ¼ t0. Since the dust is initially comoving with Σt0 , then
the velocity of each particle will be such that uijΣt0

∝
gij∂jΦjΣt0

, which implies δuijΣt0
¼ σðt0Þgij∂jΦjΣt0

. If this

was not the case, a particle would have a nonvanishing
component of uijΣt0

tangent to Σt0 , inducing a tangential

movement along the surface; however, we are not interested
in this scenario with this definition. Furthermore, Φ is not
constant in time: it does not depend explicitly on time, but it
has a time dependence through the coordinates on Σt,
which depend on time, Φ ¼ ΦðxαðtÞÞ.
Any other shell that does not satisfy precisely the two

initial conditions on position and velocity (i) starting on Σt0 ;
(ii) having zero initial velocity with respect to Σt0 at t0, and
(iii) coinciding with the zero acceleration surface at the
initial time t0, will necessarily be forever distinct from Σt
due to the uniqueness theorem for the solutions of the

Cauchy problem associated with the second order geodesic
equation. The surface satisfying these two properties
simultaneously is unique, and the definition of Σt is a true
definition.
The turnaround surface deviates from the Hubble flow

because of the local attraction due to the mass contained in
it, which creates the first order metric perturbation poten-
tial. Consistently, in Eq. (3.1), the induced 4-velocity of
this shell relative to the FLRW background is of first order.
The turnaround surface Σt evolves to background order
(as described by its 4-velocity uμð0Þ and to first order, so that
its total 4-velocity is uμð0Þ þ δuμ). The metric perturbation
potential Φ calculated on Σt depends on the coordinates on
it, and this surface evolves; therefore, also ΦjΣt

calculated
on Σt evolves, although it has no explicit dependence on t
in the line element (2.1).
Now, the general result in (2.12) can be recast as

dðδuiÞ
dt

þ 2Hδui þ gij∂jΦ ¼ 0; ð3:6Þ

since u0ð0Þ ¼ dη=dτ ¼ dη=dt ¼ 1=a to order OðΦ0Þ. It is
then easy to infer that (3.6) reduces to

1

a2
d
dt
ða2δuiÞ ¼ −gij∂jΦ; ð3:7Þ

leading to

δuijΣt
¼ a2ðt0Þ

a2ðtÞ δu
ijΣt0

−
1

a2ðtÞ
Z

t

t0

hijðxαðt0ÞÞ∂jΦðxαðt0ÞÞdt0;

ð3:8Þ

given that hij ≡ a2ðtÞgij ¼ diagð1; 1=r2; 1=ðr2sin2θÞÞ.
Astronomical observations of the turnaround radius

cannot span the entire history of the structures observed
since their formation, but only a small redshift interval near
the time when the light that is received now was emitted by
an object in the sky. Therefore, we linearize the quantities
aðtÞ and the integral to first order in t − t0 (no astronomical
observation has a chance to go beyond first order).
From the requirement of locality in (i), i.e., ϵ ¼ t − t0

very small in comparison with ðHðt0ÞÞ−1, and expanding
aðtÞ ¼ aðt0Þ þHðt0Þðt − t0Þ þ…, one obtains

δuijΣt
¼ 1

½1þHðt0Þðt − t0Þ þ � � ��2 δu
ijΣt0

−
1

a2ðt0Þ½1þHðt0Þðt − t0Þ þ � � ��2
Z

t

t0

½hijðxαðt0Þ þ _xαðt0Þðt − t0ÞÞ∂jΦðxαðt0Þ þ _xαðt0Þðt − t0ÞÞ�dt0

¼ ½1 − 2Hðt0Þðt − t0Þ�δuijΣ0
−
½1 − 2Hðt0Þðt − t0Þ�

a2ðt0Þ
hijðxαðt0ÞÞ∂jΦðxαðt0ÞÞðt − t0Þ þ � � � ; ð3:9Þ
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and finally

δuijΣt
¼

�
ð1 − 2Hðt0ÞϵÞσðt0Þ −

ϵ

a2ðt0Þ
�
hij∂jΦjΣt0

þOðH2ðt0Þϵ2Þ

¼
�
σðt0Þ −

�
2σðt0ÞHðt0Þ þ

1

a2ðt0Þ
�
ϵ

�
hij∂jΦjΣt0

þOðH2ðt0Þϵ2Þ: ð3:10Þ

Consider now the spherical case. To first order, the
equation of radial timelike geodesics reduces to [recall that
u0ð0Þ ¼ dη=dτ ¼ dη=dt ¼ 1=a to order OðΦ0Þ]

dδu1

dt
þ 2Hδu1 þΦ0

a2
¼ 0; ð3:11Þ

where δu ¼ ðδu1; 0; 0Þ, ∇Φ ¼ ðΦ0; 0; 0Þ, Φ ¼ ΦðrÞ, and a
prime denotes differentiation with respect to r. Clearly u
and ∇Φ are parallel. As discussed above, Eq. (3.11) can be
recast as

1

a2
d
dt
ða2δuiÞ ¼ −

Φ0

a2
; ð3:12Þ

which yields

δu1 ¼
�
σðt0Þ −

�
2σðt0ÞHðt0Þ þ

1

a2ðt0Þ
�
ðt − t0Þ

�
Φ0

≡ σðtÞΦ0ðrÞ; ð3:13Þ

up to OðH2ðt0Þðt − t0Þ2Þ. Thus, we have proved that the
only 3-velocity perturbation component δu1 is proportional
to the gradient of Φ on the turnaround sphere.
In the coordinates ðη; r; θ;φÞ, this sphere evolves with

time; hence, the proportionality constant σ must depend
on time (and only on time because this is an equipotential
surface of the perturbation potential), as described by
Eq. (3.13). Moreover, according to Eqs. (3.8) and (3.13),
the velocity perturbation δui is negative, which can be
easily understood using the spherical case as an example.
The dynamics of the critical (turnaround) sphere was
discussed in Ref. [71]: in an accelerated universe propelled
by a cosmic fluid with equation of state P ¼ wρ, with
w ≃ −1 according to current observations, the areal radius
Rc of the critical turnaround sphere evolves according
to [71]

_Rc

Rc
¼

�
wþ 4

3

�
H ≃

H
3
< H: ð3:14Þ

This equation compares the expansion rate of the turn-
around sphere with that of the cosmic substratum and tells
us that the turnaround sphere expands slower than the

Hubble flow. Therefore, a particle at rest on it will slow
down with respect to the cosmic substratum and will have a
radial velocity perturbation δu1 < 0.

IV. SMALL NONSPHERICITIES

Let us apply now the previous considerations to small
deviations from spherical symmetry. This situation is
studied in [30] with a conceptually different method.
Reference [30] is based on the splitting of the Hawking-
Hayward quasilocal energy enclosed by a 2-surface Σ into a
local and a cosmological part: the local part due to the
perturbation Φ dominates inside the turnaround surface,
while the cosmological part due to the cosmic mass energy
enclosed by Σ dominates outside of the turnaround surface.
This surface is defined by the equality of these two
contributions (previously, this quasilocal energy method
was applied to the spherical case [71,72]). The result of
Ref. [30] is that, to first order in the metric perturbations
and in a parameter ϵ describing the deviations from
spherical symmetry, the nonsphericities do not matter
and the turnaround surface is still described by the turn-
around radius obtained to zero order in ϵ. Given the very
different methods used in the present paper and in [30], one
should check that the results obtained coincide and that the
two methods are compatible. Indeed, the results of [30] are
recovered in our new, general description of Sec. III.
To wit: let us go back to the perturbed geodesic equations

dðδuiÞ
dτ

þ 2a;η
a2

δui þ gij∂jΦ ¼ 0: ð4:1Þ

Small nonsphericities are introduced by perturbing the
otherwise spherical potential Φ0ðrÞ as

Φðr; θ;φÞ ¼ Φ0ðrÞ þ ϵfðr; θ;φÞ;
OðΦÞ ¼ OðΦ0Þ; 0 < ϵ ≪ 1: ð4:2Þ

The nonsphericity leads to a further correction in δu,
specifically

δu ¼ ðδu1ð0Þ; 0; 0Þ þ ϵδ ð4:3Þ

with δu1ð0Þ denoting the (radial) velocity perturbation in the

unperturbed spherical case. Hence, perturbing the geodesic
equations and using the results of the spherical case, one
finds the equation satisfied by the nonsphericities

dδi

dt
þ 2Hδi þ gij∂jf ¼ 0 ð4:4Þ

to OðϵÞ, where H ≡ _a=a is the Hubble function with
respect to comoving time. Finally, since the perturbed
surface must be close to a sphere at all times, the
perturbation function fðr; θ;φÞ must be controlled so that
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it does not blow up. Unless some regulating condition is
imposed to this regard, the function f could grow very fast
and the modified surface could deviate arbitrarily from a
sphere even if the expansion parameter ϵ remains small.
Therefore, we impose that3 ∇f ¼ OðϵÞ, then δ ¼ OðϵÞ.
This means that, for small deviations from sphericity,
approximating the nonspherical turnaround surface with
the unperturbed (spherical) one still gives the correct result
to first order in the parameter ϵ that quantifies the non-
sphericity in Eq. (4.2).

V. SCALAR-TENSOR GRAVITY

The turnaround radius has been studied also in scalar-
tensor gravity and can, in principle, provide information
about the theory of gravity at large scales [18–23,29]. In
scalar-tensor gravity there is a gravitational slip and a

Newtonian perturbation describing a bound structure is
described by two metric potentials Ψ and Φ. The perturbed
FLRW line element is now

ds2 ¼ a2ðηÞf−ð1þ 2ΨÞdη2 þ ð1 − 2ΦÞ
× ½dr2 þ r2ðdθ2 þ sin2 θdφ2Þ�g; ð5:1Þ

where it is assumed that the small metric perturbations Ψ
and Φ are time independent and of the same order. The
general definition of turnaround surface given above can
still be applied, provided that this surface is now an
equipotential surface of Ψ.
Again, the only nonvanishing Christoffel symbols are

given in the Appendix and the equations of timelike
geodesics with four-tangents uμ are now

du0

dτ
¼ 1

að2Ψþ 1Þ faη½2ðr
2ðu3Þ2sin2θ þ r2ðu2Þ2 þ ðu1Þ2ÞΦ − 2ðu0Þ2Ψ

− r2ðu3Þ2sin2θ − r2ðu2Þ2 − ðu1Þ2 − ðu0Þ2� − 2u0aðu3Ψ;φ þ u2Ψ;θ þ u1Ψ;rÞg; ð5:2Þ
du1

dτ
¼ 1

að2Φ − 1Þ f2u
1u0a;ηð1 − 2ΦÞ þ a½ðr2ðu2Þ2 þ r2ðu3Þ2 sin2 θ − ðu1Þ2ÞΦ;r

− 2u3u1Φ;φ − 2u2u1Φ;θ þ 2rððu3Þ2 sin2 θ þ ðu2Þ2ÞΦþ ðu0Þ2Ψ;r − rðu3Þ2 sin2 θ − rðu2Þ2�g; ð5:3Þ
du2

dτ
¼ 1

r2að2Φ − 1Þ f2r
2u2u0a;ηð1 − 2ΦÞ þ a½−2r2u2u3Φ;φ þ ð−r2ðu2Þ2 þ r2ðu3Þ2 sin2 θ þ ðu1Þ2ÞΦ;θ

− 2r2u1u2Φ;r þ rðrðu3Þ2 sinð2θÞ − 4u1u2ÞΦþ ðu0Þ2Ψ;θ − r2ðu3Þ2 sin θ cos θ þ 2ru1u2�g; ð5:4Þ

du3

dτ
¼ 1

r2að2Φ − 1Þ f2r
2u3u0a;ηð1 − 2ΦÞ þ a½ððr2ðu2Þ2 þ ðu1Þ2Þ csc2 θ − r2ðu3Þ2ÞΦ;φ

þ 2ru3ð−ru1Φ;r − ru2Φ;θ þ ru2 cot θ þ u1Þ − 4ru3ðru2 cot θ þ u1ÞΦþ ðu0Þ2 csc2 θΨ;φ�g: ð5:5Þ

The 4-velocities uμ ¼ uμð0Þ þ δuμ are given again by

Eq. (2.8). Specifically, to first order in both Ψ and δuμ,
the normalization uμuμ ¼ −1 gives

δu0 ¼ −
Ψ
a
; uμ ¼

�
1 −Ψ
a

; δu1; δu2; δu3
�
: ð5:6Þ

Besides, plugging the latter again into the normalization of
uμ one finds

−1 ¼ −a2ð1þ 2ΨÞ
�
1 −Ψ
a

�
2

þ gijδuiδuj

¼ −1þ gijδuiδuj þOðΨ2Þ; ð5:7Þ

that implies δu ¼ OðΨÞ ¼ OðΦÞ.

Substituting (5.6) into the timelike geodesic equations
and proceeding as done for general relativity in the previous
sections, one can check that the time component of the
geodesic equation is identically satisfied. The spatial
components give, to first order,

dðδu1Þ
dτ

þ 1

a

�
2a;η
a

δu1 þ Ψ;r

a

�
¼ 0; ð5:8Þ

dðδu2Þ
dτ

þ 1

ar2

�
2r2a;η
a

δu2 þ Ψ;θ

a

�
¼ 0; ð5:9Þ

dðδu3Þ
dτ

þ 1

ar2

�
2r2a;η
a

δu3 þ Ψ;φ

a sin2 θ

�
¼ 0: ð5:10Þ

3This assumption has already been used in Ref. [30].
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Now we expand the potentials to describe small deviations
from spherical symmetry as

Ψðr; θ;φÞ ¼ Ψ0ðrÞ þ ϵfðr; θ;φÞ;
Φðr; θ;φÞ ¼ Φ0ðrÞ þ ϵhðr; θ;φÞ; ð5:11Þ

with ϵ a smallness parameter. Again, the 4-velocities
become

uμ ¼ uμð0Þ þ δuμ ¼ ðu0ð0Þ þ ϵδ0; δu1ð0Þ þ ϵδ1; ϵδ2; ϵδ3Þ
ð5:12Þ

¼
�
1 − Ψ0 − ϵf

a
; δu1ð0Þ þ ϵδ1; ϵδ2; ϵδ3

�
: ð5:13Þ

Inserting this expansion into the spatial components of the
geodesic equations yields

dδ1
dt

þ 2Hδ1 ¼ −
f;r
a2

; ð5:14Þ

dδ2
dt

þ 2Hδ1 ¼ −
f;θ
a2r2

; ð5:15Þ

dδ3
dt

þ 2Hδ3 ¼ −
f;φ

a2r2 sin2 θ
: ð5:16Þ

Again, one needs to control the behavior of the deviations
from sphericity by limiting the growth of the function f.
This leads to the same results derived above for general
relativity. One can conclude that, also in scalar-tensor
gravity, small deviations from sphericity can be neglected
in the identification of the turnaround surface.

VI. DISCUSSION AND CONCLUSIONS

In spherical symmetry, the turnaround radius clearly
corresponds to a sphere of instability. Test particles that
start on this surface with zero initial velocity with respect
to it remain on it; analogous test particles inside this
critical sphere must collapse, while those outside never
form a bound system and disperse. The turnaround sphere
corresponds to a delicate balance between the local
gravitational attraction, which tends to make a dust shell
collapse, and the cosmic expansion that tends to disperse
it. On either side of the turnaround surface, one of these
two forces prevails and moves a test particle away from it,
so the position of (dynamical) equilibrium at the turn-
around surface is clearly unstable. An actual measure-
ment of the turnaround point will require the observation
a specific galaxy near this surface. Therefore, this galaxy
should preferably reside in a cold, coherent flow. It seems

that this situation has only been studied in numerical
simulations, with the conclusion that the needed galaxies
are cold near the turnaround point [73]. The 4-velocity
perturbation δu1 used in our calculation is negative
because of the self-gravity of the mass contained inside
the turnaround surface: this mass slows down the outward
motion of geodesic particles relative to the cosmic
substratum. In an unperturbed universe, massive test
particles starting out with zero (radial) initial velocity
relative to the background would not be pulled back
this way; hence, it is always δu1 < 0 (assuming, of
course, that the mass contained in the turnaround surface
to be positive, which is the only physically meaningful
option).
The turnaround radius is not a fixed point in the phase

space of radial timelike geodesics, unless the background
universe is de Sitter, which is locally static [68–70]. In a
general FLRW background, the (proper or areal) turn-
around radius is not constant but depends on time and the
turnaround sphere expands (but the dust particles sitting on
it have zero acceleration R̈ ¼ 0, initially and at all later
times, where R is the areal radius). The turnaround sphere is
not comoving.
Since the turnaround sphere is a sphere of unstable

equilibrium, it marks the upper bound on the radius of any
(spherical) bound structure. Because of the instability, a
spherical bound structure with radius equal to the turn-
around radius will not occur in nature. The turnaround
radius is presented correctly in the literature as marking
the upper limit to the largest possible size of a bound
spherical structure.
Realistic structures in the sky, however, are not spherical

nor approximately spherical. This fact is a challenge for
astronomers attempting to identify the turnaround surface
from observations of bound cosmic structures. This obser-
vational challenge is, of course, more complicated if one
does not know what a turnaround surface is from the
theoretical point of view. This is the gap addressed in the
previous sections.
In the absence of spherical symmetry, the “size” of an

asymmetric bound structure, or cluster, may be defined
operationally in various ways. Each one of them will have
advantages and disadvantages and will be somehow ques-
tionable. However, it is more important to focus on the
turnaround surface and to identify it, rather than discussing
its “size.” Here we have identified the turnaround surface
with an equipotential surface of the metric perturbation
potential Φ satisfying a special property: dust particles
initially sitting on this (nonspherical) surface with zero
velocity with respect to it (and with the property that the
gravitational acceleration due to the local mass distribution
balances exactly the cosmic acceleration) will remain on it
as this surface evolves in time. This definition is completely
general and seems to be the correct generalization of
turnaround sphere. Then, the turnaround radius no longer
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exists4 and the size of the critical turnaround surface ceases
to play a primary role in the discussion of turnaround
physics.
The application of our characterization of turnaround

surface to small deviations from spherical symmetry
reproduces the previous result of Ref. [30], which was
obtained with a completely different method (the splitting
of the Hawking mass contained in the turnaround surface
into local and cosmological parts [71]). Further applica-
tions to realistic situations will be presented in the future.
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APPENDIX: CHRISTOFFEL SYMBOLS OF THE
PERTURBED FLRW UNIVERSE

Here we report the only nonvanishing Christoffel sym-
bols of the perturbed FLRW universe (2.1), which are used
to compute the timelike geodesics in the text. They are

Γ0
00 ¼

a;η
a
; Γ0

11 ¼
a;ηð1 − 2ΦÞ
að1þ 2ΦÞ ;

Γ0
22 ¼

a;ηr2ð1 − 2ΦÞ
að1þ 2ΦÞ ; Γ0

33 ¼
a;ηr2sin2θð1 − 2ΦÞ

að1þ 2ΦÞ ;

ðA1Þ

Γ0
01 ¼

Φ;r

1þ 2Φ
; Γ0

02 ¼
Φ;θ

1þ 2Φ
; Γ0

03 ¼
Φ;φ

1þ 2Φ
;

ðA2Þ

Γ1
11 ¼

Φ;r

2Φ − 1
; Γ1

21 ¼
Φ;θ

2Φ − 1
;

Γ1
22 ¼ −

rðrΦ;r þ 2Φ − 1Þ
2Φ − 1

; ðA3Þ

Γ1
31 ¼

Φ;φ

2Φ − 1
; Γ1

33 ¼ −
rsin2θðrΦ;r þ 2Φ − 1Þ

2Φ − 1
;

Γ1
01 ¼

a;η
a
; Γ1

00 ¼
Φ;r

1 − 2Φ
; ðA4Þ

Γ2
11 ¼

Φ;θ

r2ð1 − 2ΦÞ ; Γ2
21 ¼

−rΦ;r − 2Φþ 1

rð1 − 2ΦÞ ;

Γ2
22 ¼

Φ;θ

2Φ − 1
; ðA5Þ

Γ2
32 ¼

Φ;φ

2Φ − 1
; Γ2

33 ¼ −
sin θ½sin θΦ;θ þ cos θð2Φ − 1Þ�

2Φ − 1
;

Γ2
02 ¼

a;η
a
; ðA6Þ

Γ2
00 ¼

Φ;θ

r2ð1 − 2ΦÞ ; ðA7Þ

Γ3
11 ¼

csc2θΦ;φ

r2ð1 − 2ΦÞ ; Γ3
22 ¼

csc2θΦ;φ

1 − 2Φ
;

Γ3
31 ¼

−rΦ;r − 2Φþ 1

rð1 − 2ΦÞ ; ðA8Þ

Γ3
32 ¼

Φ;θ þ cot θð2Φ − 1Þ
2Φ − 1

; Γ3
33 ¼

Φ;φ

2Φ − 1
;

Γ3
03 ¼

a;η
a
; ðA9Þ

Γ3
00 ¼

csc2 θΦ;φ

r2ð1 − 2ΦÞ : ðA10Þ

When scalar-tensor gravity is considered, instead of GR,
the line element is given by Eq. (5.1) instead of (2.1). In this
case, the corresponding nonvanishing Christoffel symbols
are

Γ0
00 ¼

a;η
a
; Γ0

11 ¼
a;ηð1 − 2ΦÞ
að1þ 2ΨÞ ;

Γ0
22 ¼

a;ηr2ð1 − 2ΦÞ
að1þ 2ΨÞ ; Γ0

33 ¼
a;ηr2sin2θð1 − 2ΦÞ

að1þ 2ΨÞ
ðA11Þ

Γ0
01 ¼

Ψ;r

1þ 2Ψ
; Γ0

02 ¼
Ψ;θ

1þ 2Ψ
; Γ0

03 ¼
Ψ;φ

1þ 2Ψ
ðA12Þ

Γ1
11 ¼

Φ;r

2Φ − 1
; Γ1

21 ¼
Φ;θ

2Φ − 1
;

Γ1
22 ¼ −

rðrΦ;r þ 2Φ − 1Þ
2Φ − 1

ðA13Þ

Γ1
31 ¼

Φ;φ

2Φ − 1
; Γ1

33 ¼ −
rsin2θðrΦ;r þ 2Φ − 1Þ

2Φ − 1
;

Γ1
01 ¼

a;η
a
; Γ1

00 ¼
Ψ;r

1 − 2Φ
ðA14Þ

4A “turnaround size” could be defined, for example, as
lT ¼

ffiffiffiffiffiffiffi
AT

p
, where AT is the area of the turnaround surface

defined above. In scalar-tensor gravity, this definition introduces
the second potential Φ (in addition to Ψ) in lT .
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Γ2
11 ¼

Φ;θ

r2ð1 − 2ΦÞ ; Γ2
21 ¼

−rΦ;r − 2Φþ 1

rð1 − 2ΦÞ ;

Γ2
22 ¼

Φ;θ

2Φ − 1
; ðA15Þ

Γ2
32 ¼

Φ;φ

2Φ − 1
; Γ2

33 ¼ −
sin θ½sin θΦ;θ þ cos θð2Φ − 1Þ�

2Φ − 1
;

Γ2
02 ¼

a;η
a

ðA16Þ

Γ2
00 ¼

Ψ;θ

r2ð1 − 2ΦÞ ðA17Þ

Γ3
11 ¼

csc2θΦ;φ

r2ð1 − 2ΦÞ ; Γ3
22 ¼

csc2θΦ;φ

1 − 2Φ
;

Γ3
31 ¼

−rΦ;r − 2Φþ 1

rð1 − 2ΦÞ ðA18Þ

Γ3
32 ¼

Φ;θ þ cot θð2Φ − 1Þ
2Φ − 1

; Γ3
33 ¼

Φ;φ

2Φ − 1
;

Γ3
03 ¼

a;η
a

ðA19Þ

Γ3
00 ¼

csc2 θΨ;φ

r2ð1 − 2ΦÞ : ðA20Þ

[1] S. Perlmutter et al. (Supernova Cosmology Project Col-
laboration), Nature (London) 391, 51 (1998).

[2] S. Perlmutter et al. (Supernova Cosmology Project Col-
laboration), Astrophys. J. 517, 565 (1999).

[3] L. Amendola and S. Tsujikawa, Dark Energy, Theory and
Observations (Cambridge University Press, Cambridge,
England, 2010).

[4] S. Capozziello, S. Carloni, and A. Troisi, Recent Res. Dev.
Astron. Astrophys. 1, 625 (2003).

[5] S. M. Carroll, V. Duvvuri, M. Trodden, and M. S. Turner,
Phys. Rev. D 70, 043528 (2004).

[6] T. P. Sotiriou and V. Faraoni, Rev. Mod. Phys. 82, 451
(2010).

[7] A. De Felice and S. Tsujikawa, Living Rev. Relativity 13, 3
(2010).

[8] S. Nojiri and S. D. Odintsov, Phys. Rep. 505, 59
(2011).

[9] S. Capozziello and M. De Laurentis, Phys. Rep. 509, 167
(2011).

[10] S. Capozziello, M. De Laurentis, and V. Faraoni, Open
Astron. J. 3, 49 (2010).

[11] M. T. Busha, F. C. Adams, R. H. Wechsler, and A. E.
Evrard, Astrophys. J. 596, 713 (2003).

[12] V. Pavlidou and T. N. Tomaras, J. Cosmol. Astropart. Phys.
09 (2014) 020.

[13] V. Pavlidou, N. Tetradis, and T. N. Tomaras, J. Cosmol.
Astropart. Phys. 05 (2014) 017.
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