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Strong gravitational lensing in a spacetime with topological charge
within the Eddington-inspired Born-Infeld gravity
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In this work we calculate the angular deflection of light in the strong field limit in two spacetimes which
were previously studied within the Eddington-inspired Born-Infeld gravity, namely, a black hole and a
wormhole, both with topological charge. We show that the presence of the parameters characterizing
Eddington-inspired Born-Infeld gravity and the topological charge promote significant changes in the
angular deflection of light with respect to that one obtained in Schwarzschild spacetime. Using the
expression for angular deflection in the strong field limit, we calculate the position and magnification of

the respective relativistic images.
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I. INTRODUCTION

The Eddington-inspired Born-Infeld gravity (EIBI) is an
alternative gravity model appropriate for the high energy
regime, i.e., the strong field regime [1,2]. This theory
avoids geodesic singularities, even in a classical treatment,
while asymptotically it coincides with the general relativity
(GR) [3]. The first proposal of such modified gravity
theories has been performed in a (pseudo-)Riemannian
scenario [1]. On the other hand, the version postulated by
Bafiados and Ferreira [4] takes into account a metric-affine
(Palatini) version of EIBI in which the gravitational sector
is instead being described by the metric only, is charac-
terized by two degrees of freedom: the metric and the
connection which are supposed to be independent a priori.
As it is well known in these theories, the new degrees of
freedom of the connection are turned on by the matter
sources, otherwise, in the absence of them (vacuum case),
the theory reduces to GR. This study has motivated a series
of works regarding both the mathematical structure and
the phenomenology of EIBI. As for the structure of the
theory, EIBI is a specific example of a class of generalized
theories of gravity called Ricci-based gravity theories,
which in turn have been recently found to admit a mapping
to GR not only in vacuum, but in the general case [5-8]
where the matter sector develops nontrivial effective
interactions [9,10]. It is noteworthy that the particular
case of EIBI coupled to Maxwell electrodynamics maps
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to GR coupled to Born-Infeld electrodynamics [8]. On the
phenomenological side, EIBI theories have been studied
coupled to a variety of matter sources and many interesting
solutions were found [11]. In addition, it is calling attention
to the most recent results found in this theory, for example,
multicenter and rotating solutions [12], stellar structure
models [13] and scalar compact objects [14]. The simplest
solutions, to the best of our knowledge, have been found in
[15,16] where the authors considered a global monopole
(GM) as the matter source. The EIBI is characterized by the
coupling constant € (we will discuss its role in more details
in the next section). Many constraints on this parameter
have been considered in the literature. One can remark the
strong constraint with € > 0 and ¢ < 10° m? from compact
objects [17]. More recently, constraints on this parameter
from observations of speed of gravitational waves have
been obtained [18]: |e| < 10?! m? and |e| < 10°7 m?.
The GM is a type of a topological defect which
hypothetically has been generated within phase transitions
with spontaneous symmetry breaking (SO(3) — U(1)) in
the early Universe [19]. The main theoretical line of
studying such objects is devoted to their gravitational field
20]], and these studies have been done in many alternative
theories of gravity, both within metric formalism [21] and
Palatini formalism [15,22]. When an ordinary black hole
absorbs a GM, the corresponding space time presents a
solid angle deficit, characteristic for the topological charge.
One consequence is a change in the deflection of light in
comparison to the ordinary Schwarzschild black hole, it has
been checked in [23] by using the weak field limit [24].
Gravitational lensing is an important application of
GR aimed to investigate the structure of the spacetime
taking place in the cases of the most varied gravitational
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sources [25]. It can be studied either in the weak field
regime when the radiation is deflected too far from the
source or in the strong field regime when the radiation
passes very closely to the photon sphere and wraps several
times around it. Given the mathematical difficulties
imposed by the strong field approach, the weak field
scheme is the most usual one which had achieved its
success despite being mathematically simpler. However,
due to earlier and more recent theoretical and experimental
challenges faced by the GR, for example, one can remark
the recent pictures taken from a black hole published by the
Event Horizon Telescope collaboration [26-31], the strong
field regime has acquired great importance. The reason is
that it allowed to investigate the regions localized very
closely to the event horizon of a black hole or to the throat
of a wormhole. Moreover, it follows from the observations
that there is a possibility of detecting deviations with
respect to GR, which can allow to gather information on
the possible new degrees of freedom coming from the
strong field corrections (high energy regime) to GR.

Although this problem is rather complicated, in recent
years many studies have provided a reliable mathematical
apparatus to work with the deflection of light in the strong
field limit [32,33]. Many applications of these studies have
also been carried out. One can highlight [34], where the
authors provided, for the first time, a lens equation for a
black hole setup by considering an asymptotically flat
background. The remarkable feature found by them was
the existence of an infinite number of images (besides the
primary and second images) along the optic axis. The
background-independent lens equation has also been found
in [35]. In this scenario, the authors in [36] found the angle
of light deflection near the photon sphere. A new approach
proposed by Tsukamoto [33] allowed us to improve the
earlier results. The strong field limit has been explored in a
variety of other contexts, for example, regular solutions
(regular black holes [37] and wormholes [38]), spinning
black holes [39] and alternative theories of gravity [40].

The Barriola-Vilenkin global monopole has been inves-
tigated within the gravitational lensing context in [41]. In
[42], the authors obtained the impacts of the strong
gravitational lensing during considering a black hole which
acquired topological charge after swallowing the GM. In
[43], the strong gravitational lensing was investigated
within the contexts of an ordinary and a phantom GM.
In the framework of f(R) gravity, the work [44] also
investigates strong gravitational lensing. In [45,46] the
strong field lensing by the asymptotic flat electrically
charged EIBI black hole was studied. The aim of this
work is to investigate the strong gravitational lensing in
the spacetime of black holes and wormholes in EIBI
gravity [16].

The paper is organized as follows: in Sec. II we obtain
the metric describing the spacetime with the topological
charge of the GM in EIBI gravity. In Sec. III we find the

deflection of light in spacetime of the black hole in the
strong field limit. In Sec. IV we study the lensing equations
and evaluate the observables related to relativistic images.
In Sec. V we get the expansion for deflection of light in the
spacetime of the wormhole solution obtained in this theory
in the strong field limit. Finally, in Sec. VI, we provide a
summary and conclusions of the results. Throughout this
paper, we use the system of units where Newton gravita-
tional constant and the speed of light in vacuum are set
equal to unity: G = c = 1.

II. GLOBAL MONOPOLE SOLUTION
IN EIBI GRAVITY

In this section we briefly put forward the solutions of
EIBI gravity with a GM taken as matter source, which have
been discussed in details in [15,16]. Let us start by writing
down the EIBI gravity

1
—_ _ _ _ 4
SpH = K2€/ [\/ ’g/u/ + €R(Mv)(r>| ’1\/ ‘gyvud X
+ S [Gu> P, (1)

where ¢ is a constant with the mass dimension (—2). The
vertical bars denote the matrix determinant. Here, R(,,)(I")
is the symmetric part of the Ricci tensor which is entirely
constructed from the connection I which, within the
Palatini approach, is independent of the metric tensor
gu- Note that only the symmetric part of the Ricci tensor
contributes in the former action, the reason for that is due to
the projective invariance of the theory, which has recently
been proved to be an essential ingredient in order to avoid
ghost degrees of freedom [47,48]. The matter content is
only coupled to the metric in agreement to the equivalence
principle. As a result the action S,,[g,, . @] depends on the
metric and the matter fields, denoted here as ®. The
constant A, in general, is defined as A =1+ e¢A, where
A is the cosmological constant, however, from now on,
it will be neglected, i.e., A = 1. In [49], it was shown that
for a matter described by the energy-momentum tensor
T#, = diag(—p, —p, Py, Py) resembling an anisotropic
fluid, the gravitational field equations are solved by the
following metric:

1 1

A5 = =g AP + s
+ r2(x)(d6* + sin® Odg?), @)
where
2 = P21 + ex’p) G)
and
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2M M 2r2
AG) =1 =My M)

X dx 2

(4)

We now turn our attention to the key object of this paper,
that is, global monopole. The energy-momentum tensor
describing the region outside of the core of the GM [20]
is T, = diag(—’l—z, —'Z—;,O, 0), where 5 stands for the
energy scale of the spontaneous symmetry breaking.
With this at hand, a straightforward comparison between
both aforementioned energy-momentum tensors leads us to

the following identification, p = ’Z—z and Py, = 0.
From (3), it follows that

r? =x*—ed?, (5)

where we defined & = x?#%. One can note that if € < 0, the
function 72(x) has a minimal value given by i, = a+/|é|
at x = 0, see [16]. This possibility suggests the existence of
wormholelike solutions, and in fact, we will show that this
solution also describes an Ellis wormhole, as the mass
vanishes, plus a topological charge stemming from the GM.
On the other hand, if € > 0, the function *(x) does not
have a minimal nonzero value, and in this case the solution
will describe a black hole with a topological charge [16].

Solving (4), we find A(x) = 1 — a® — 222, where M|, is
an integration constant which can be interpreted as the mass
of the object. Then, the (2), expressed in terms of the x
coordinate, becomes

2M 2M o\ !
ds* = —(1 —az——0>dt2+ <1 —az——()) dx?

x x
+ (x* — €a?)(d6? + sin’ Od¢?). (6)

We can rewrite this line element in terms of the 7 coordinate
by means of (5). For the region corresponding to x > 0 and
requiring € > 0, the metric is

2M,

— 20 ap
r+ eaz)
2 oM, \~!
- P N
r* 4+ ea Vir? + ea?
4 12(d62 + sin? 0dg?). (7)

ds2:—<1 —a?

This solution was first obtained in [15]. From (6), we find
that picking the integration constant to be M, = 0, the
€ < 0 case provides a solution describing an Ellis-like
wormhole with topological GM charge [16]. Hence, doing

1 3 : . ) X
this and rescaling the metric (6): t — tV1 —a°, x — 7=

and € —> ﬁ we have

ds* = —d* + dx?
+ (1 =a®)(x? + |e|a?)(d6* + sin> Od¢?*). (8)

It is worth calling attention to the fact that this solution
arises naturally in the EIBI case and does not violate the
energy conditions. In addition, it is the simplest solution of
a wormhole in EIBI gravity that we have known up to now.

For the sake of simplicity, we will suppose all distances
to be measured in terms of the Schwarzschild mass:

x = ZLMO,t - ﬁ,e - m Thus the metric (6) takes
the form
1 dx?
ds* =—(1-a?——)dr + —————
! ( . ) Ti-a-])
+ (x* — ea®)(d6?* + sin® 0dg?). 9)

The methodology for treating gravitational lensing we are
going to adopt in the following cannot be applied to naked
singularities. So, let us restrict ourselves to the branch
x > 0 in the former equation. We should also point out that
in the case ¢ < 0, we can have 0 < x < oo and there is no
possibility for arising naked singularities. Already in the

case € > 0, we have a\/\—eT < x < oo; therefore, from a
direct inspection of the former equation one concludes that
the horizon is located at x;, = # and, as a result of (5), x;,
must be bigger than the lowest value of the coordinate x,

that is, we must have [15]

1
(x2€ Sm, (10)

to ensure r is real.

In the next section we shall investigate the deflection of
light very closely these objects. For that, we shall imple-
ment the strong field scheme which is the most suitable
approach to dealing with black holes and wormholes as
remarked before.

III. STRONG FIELD DEFLECTION OF LIGHT

In order to introduce the main elements for the calculation
of light deflection in the strong field limit, let us follow the
methodology introduced by Bozza [32] and improved by
Tsukamoto [33]. We start by defining a generic static and
spherically symmetric spacetime whose line element is

ds? =—A(x)df* + B(x)dx* + C(x)(d6* +sin0dg?). (11)

A photon starting from inﬁnity,l when it approaches a black
hole with a given parameter of impact b, is deflected at a
closest approach x, and then goes to infinity. The impact

'In the case of spacetime with a topological charge, we will have
the limits lim,_,o, A(x) = 1 — o2, lim,_, B(x) = (1 — a?)~" and
lim,_,, C(x) = x> — ea?. With this we can show that the effective
potential V' satisfies the condition lim,_q, V = (757)*. As the
motion of the photon is allowed in the region V' > 0, the topological
charge does not prevent the asymptotic existence of the photon.
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parameter is related to the closest approach through the
relation [50]

Go

b=,/— 12
AO’ ( )

where the subscript “0” indicates that the function is
evaluated at x = xg, i.e., Ag = A(xp). It can be shown that
the deflection of light, A(x,), is expressed in terms of the
closest approach x, as

A(xo) = I(Xo) -7, (13)
where
o0 dx A C
1 =2 ——— and R(x)=—-1. 14
(x0) [ T (;)(c )(x> (x) ic, (14)

At the weak field limit this integral is expanded up to the first
order in € and the mass M [15,22]. When x, is strongly
different from b, this limit is no longer valid. In this case, we
must consider the strong field limit. The dependence behaves
as follows: the lower x, the greater the deflection. Then when
Xy coincides with the radius of the photon sphere x,, the
deflection angle diverges. In [32] it was demonstrated that
this divergence is logarithmic, in addition, there was pre-
sented an algorithm for the calculation of the angular
deflection. Recently, Tsukamoto [33] presented a further
development of the method presented in [32], and this
approach will be used within our calculations.
After introducing the variable

X0
=1-=, 15
z . (15)

I(xg) can be presented as

I(xy) = /Olf(z,xo)dz; (16)
where
2X . RC
f(z,xo):m with G(z,xo):?(l—z)“. (17)

The integral /(x,) can be split into two parts: the divergent
one, Ip(xg) and the regular one, I(xy). The divergent part
is defined by

Ip(xy) = /0 ' folzxo)dz. (18)

2x¢

where fp(z,x9) = ===, ¢; and ¢, stand for coeffi-
Veizte,?

cients of the power series expansion of the function

G(z,xp) up to the second order in z (17). To find the
regular part one only needs to subtract the divergent part
from I(x,) so that

Iaxo) = [ Fale )z
fr(z.x0) = f(2.x0) = fp(2, Xp). (19)

In the strong field limit (xy — x,,, or b — b.), the
deflection angle of the light (13) is given by

c

A(b) = —alog (bﬁ— 1) +b

+ O[(b - b,) log(b — b.)]; (20)
where
C
b, = lim /=2, (21)
X0 Xm AO
_ 2B, A,
“=\cra, - c AL (22)
and

_ C// A//
b = alog {x%n (Cm - A—mﬂ + Ig(x,) — 7. (23)

The superscript X/, means second derivative of X(x) with

. _ . n o d*X(x)
respect to x evaluated in x = x,, ie., X, == |x:x,,,-

The next step is to calculate the coefficients of expansion,
the radius of the photon sphere x,,, the critical parameter b,
and also, @ and b. We note that although the geometry we
are going to study differs slightly from Schwarzschild one,
the mathematical expressions describing the quantities
mentioned above will become much more complicated
than Schwarzschild ones. Thus, we will present the
analytical expressions in first order in the EIBI parameter
while keeping the part relative to the GR in an exact form.
We will also present the results numerically from the
quantities without approximation. We show, in comparison
with the relativistic case, what changes occur due to the
parameter e.

A. Light deflection in EIBI GM

Our next step is obtaining the analytical expression for
the deflection of light in EIBI GM metric (9) in the strong
field limit. Comparing (9) and (11), we have

1
B(x)

1
=1-a*——- and C(x)=x*>—ea’. (24)
x
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As found in [50], the radius of the photon sphere for a static
spherically symmetric spacetime is the largest of the real
solutions of the following equation:

= 0. (25)

Substituting (24) into (25), we arrive at

3x? ea?
3 ~0. 26
Y= A=) (26)

If we take ¢ = 0, we readily get the real root x,, = ﬁ,

which is the result predicted by GR [42]. To find x,, in
the EIBI gravity we must solve the cubic equation (26). The
exact solution of (26) is given in the Appendix. In the
leading order, we have

3 2ea?
_— 27
2(1-a?) 9 27)

Xy =
Thus, the photon sphere radius decreases when € increases.
In the Fig. 1 we display the behavior of x,, as a function
of € for some values of a. Before any further proceeding, it
is worth stressing out that we are taking into account
constraints on the EIBI parameter imposed by observations
of gravitational waves [18], i.e., |¢] < 10! m®> and
le| <10%7 m?. In regards to a, it was estimated in [22],
for a typical grand unification scale, @ ~ 1072, Therefore,
we follow such constraints to constrain the space of
parameters. From Fig. 1 it becomes clearer that the radius
of the photon sphere grows as « increases, but decreases as
¢ increases. Note that in the case of ¢ < 0, this means
that the radius of the photon sphere increases as the |¢]
increases. The solid line corresponds to the case of
Schwarzschild solution, where x,, = 1.5. It must be noted
that this result corresponds to the interval x > 0, and not the
entire range of x.

1.5025F — a=0
@=0.01
1.5020F . © 4e0.02
— — — q=0.03
15015~ =———_ ____
e P T ree—a
1.5010F
15005f 77 T ]
1.5000 : "
-1.0 -0.5 0.0 0.5 1.0
€
FIG. 1. Radius of the photon sphere for several values of a, in

function of e.

From (24) and (21), the critical impact parameter b, is
given by

x3 - 6(12)6
b, == _—Zm 28
‘ (1-a*)x,, —1 (28)
In the leading order, (27) leads to
3v3 2
pom V3 ca (29)

2l-a?)2 3

where the first term corresponds to the GR. As we can see,
the critical parameter displays the same behavior as the
radius of the photon sphere, that is, it decreases when e
increases but grows when « increases. In the simple

Schwarzschild case, a =0, b, = 32£ ~2.6. We present

the behavior of b, in the Fig. 2(a).
Now let us look at the term a, which is given by

a= 1= 0!2 _ e’ (30)
In the leading order,

_ 1 4ea

et G1)

here the first term corresponds to the exact expression in the
GR and the second is the first order contribution in the EIBI
parameter e. We note that a grows when € increases and
also when «a increases. The behavior of a for several values
of a is presented in Fig. 2(b).

Now we obtain b, defined by (23):

_ C// A//
b= alog {xfn (C—m - A—'")} +Ig(x,) =7, (32)

where Ig(x,,) is given by (19). Let us evaluate b step by
step. First, it is convenient to define Z = xfn(g—’/'/’—gi),

which with use of (24), can be rewritten as

2x2, 2

2

T-— -
2 —ea? (1-a?)x,—1

(33)

Substituting (27) in (33) we have in the leading order:

8 2
Iz6+%, (34)

where the first term corresponds to the GR and the second
one is the EIBI leading-order correction. From (19), the
regular integral is found to be
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2.603 @=0.01 1.0008 a=0.01
""" - a=002 cmemi= =002
2802f" === — | — == a00 10006F ——— a003 | __]
& 2:601¢ R YY1 S
2600F e 1.0002F L ecemeepeem T T
2.599¢ 1.0000
2.598F ’ f b 0.9998 . .
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0
€ €
(a) Critical parameter b, (b) a
: 5859 ~ | T o
203990f- - e mmm—mmmmm s e .
a=0 5858F  _ __-—--—7"" a=0
-0.3992} 00,01 e a=0.01
-0.3994¢+ | mmees - a=0.02 s8s7y | e - a=0.02
——— T i - — — a=0.03
i@ -03996f | 003 gz eeSe
_0.3998t 5855 —-=-—-=rmr T
-0.4000} 5.854}
-0.4002f | 5.853f
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0
€ €
©b (d) Deflection angle A(9)
FIG. 2. Coefficients of the strong field gravitational lensing expansion.
In(,) / 2+/x,,(4x3, — 2¢e)dz
R\Xm) =
0 \/(4x,€ — 6€)2° — (14x,,e — 21€)7* — (4x3, — 16x,,€ + 22€)7° + (63, + 6€ — 6x,,€) 7>

U 24/x,,(2x), — €)dz

_ , (35)
0 z/3(x}, —x,e+e)
or, in a more compact form,
/ X\ 4x3, — 2edz / m\/2x —edz (36)
Va2 (2z - (2xm(z —1)2=3(z=2)z-2) —2xm?) V/3x,22(x3, — x€ +€) 7
|
where the second term corresponds to the divergent part. - 1 dea? 8ea?
Substituting (27) into the (35), we are left with = N + 27 log( 6+ 3
4
+ —=log(3 - V3
) . T ( )
Ig(x,,) =~ log(3 —V3) 4
Vi-a? o - (9-2V3-4log3-V3) -z (38)
4
o S (9-2V3-410g(3-V3)).  (37)

From (31), (34) and (37), the approximate expression for b,
given by Eq. (32), can be written as

The expression (32) can be evaluated numerically. The
result is presented in Fig. 2(c). One can observe that b
grows when € and a increase. In the GR case, when a = 0,
b~ —0.4002. Finally, we can write the approximate
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deflection at the strong field limit of the spacetime (9).
Substituting (29), (31) and (38) in (20) we have in the
leading order,

1 dea® | b .
e 27 )%\ 35—

21-a2)2 3

dea®

- (9-2v3-410g(3-V3)) -m (39)
As expected, taking ¢ = 0, we recover the expression for
the angular deflection obtained in GR [42]. In Fig. 2(d) we
plotted the deflection angle evaluated at b = b, + 0.005.
One can see that the angular deflection, besides increasing
with a, as we already know, also increases with e. In the
Schwarzschild case, A ~ 5.8528. Therefore, the analysis of
light deflection in the strong field gravitational lensing
allows us to distinguish between the black hole with
topological charge predicted by GR and EIBI gravity.

IV. LENS EQUATION

After obtaining the angular deflection of light, we are
now able to study gravitational lenses. Keeping this
purpose in mind, we start this section by briefly reviewing
the lens equation in the strong field limit. For that, let us
consider the lens configuration outlined in Fig. 3.

In Fig. 3, the light source, located in S, emits radiation
deflected towards the observer O due to the presence of the
compact object .. We represent the angular position of the
source by f, the angular position of the image measured by
the observer by 6, and the angular deflection of light by A.
In addition, Dy g is the distance between the source S and

Drs

Dor,

FIG. 3.

Lens diagram.

the lens L, Dqy, is the distance between the observer O and
the lens L and Dgg = Dgy, + Dyg is the distance between
the observer and the source. All these quantities are
measured with respect to the optical axis, which is the
straight line through OL. As in [36], we assume that the
source S is almost perfectly aligned with the lens L; in this
limit, the relationship between the angular position of the
source, the position of the image seen by the observer and
the angular deflection is given by

D
Dos

where AA,, is the deflection angle with subtracting all the
loops performed by the photons before moving towards the
observer, that is, AA, = A — 2nz. Under this condition of
alignment, one finds b ~ @Dqy,. Thus, the deflection angle
is given by

A(9) = —alog (92“ - 1) +b. (41)

c

To find AA, entering the lens equation, we expand A(6)
around 6 =69 [where A(65) =2nx]: AN, =%]p_p (0—65).
From evaluating (41) in € = 6, it follows that

b _
) =—""(1+e,), e, = b=, (42)
Doy,

Thus, we obtain that AA, = —ZZD%(@ — 9). Introducing
these results in the lens equation (40) and noting that

b,
Doy

< 1, we obtain the position of the nth relativistic image

been_Dos 5 g0y (43)

6 ~a°
=0t a DorDyrs

Another observable of interest is the magnification g,
which is given by inverse of the modulus of the Jacobian,

0, -1
Hn = |§{T§|92| :

Hn = (44)

en(l +en) DOS < bc >2
ap  Dps \Dor/)

It is worth stressing out that we express the positions of the
relativistic images and also the magnification in terms of the
coefficients of the expansion. Once having found them one
can compare with the experimental data. The inverse problem
consist of finding the coefficients of the expansion in the
strong field limit from the positions and the flow, and thus to
discover the nature of the object responsible for the lens. For
this, we suppose that only the outermost image 6; is
discriminated, while all others are encompassed in 0.
Our observables are [32]
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FIG. 4. Observable.
TABLE I. Observable.
b
O = D(;L ] (45) € a O (u arcsecs)  s(u arcsecs)  r, (magnitudes)
7 Schw 0 26.5473 0.03322 6.8218
s=0,—-0,=0,¢7, (46) 0.01 26.5513 0.03324 6.8215
GM 0.02 26.5633 0.03330 6.8205
F = 2. (47) 0.03 26.5832 0.03340 6.8188
EIBI  0.01 26.5515 0.03324 6.82157
Here s is angular separation and 7 = Zf;‘ p is the relation- 0.02 26.564 0.03330 6.82064
ship between the flux of the first image and the flux of all —03 003 26.5848 0.03340 6.81908
other images. To perform the analysis of the observables, let EIBI 885 ;22 2 ;‘7‘ 882?53 22;(1)2 6
us consider that the gravitational lens is derived from a black : : : ’
hole, like the one in the center of our galaxy, Milky Way, and =02 0.03 26.5843 0.03340 6.81899
that the geometry of the spacetime is described by the metric ~ EIBI ~ 0.01 26.5514 0.03324 6.82155
(9). The mass of the black hole is estimated as 4.4 x 10% M, 0.02 26.5635 0.03330 6.82056
and its distance to the earth is approximately Doy, = 8, 5kpc ~ —0.1 ~ 0.03 26.5837 0.03340 6.8189
[51]. With this, we estimate the values of the observables and EIBI 0.01 26.5512 0.03324 6.82153
plot Fig. 4. We observe that the position 6, of the relativistic 0.02 26.563 0.03330 6.82048
image and the relative magnification r,, (r,, = 2.5log;o7) 0.1 0.03 26.5827 0.03341 6.81872
dgcrease ase increa§es. The angula-r separation s increases as gy 0.01 26.5512 0.03324 6.82152
¢ increases. Regarding the topolgglcal charge, bqth 0 and s 0.02 26.5628 0.03330 6.82044
grow as _mczeaszsihtths E]eh?‘“or also Ofcuﬁﬁnf(}lfl{ 421 02 003 265821 0.03341 6.81863
rom the Fig. 4 and the Table I, we can extract the followin
infomlation'g for a given Valu\z of ax we observe Wt]hzﬁ EIBL 001 265511 0.03324 6.82151
) ; 0.02 26.5625 0.03330 6.8204
OSM > gEIBL > g5¢h (0 ¢ > 0, and OEB! > 9SM > 95 1o
0.3 0.03 26.5816 0.03341 6.81854

€ < 0. As for s, we have sEIBI > §OM > ¢Sch 45 ¢ > 0, and
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sOM > EIBL » §Sch to € < 0. As for r,,, for a given a, we
have 15" > rOM > BBl g ¢ > 0, and 5t > BBl > yGM (g
e < 0. Note that the observables related to a black hole with
topological charge in the GR and in the EIBI gravity
exchange mutually when we go from ¢ > 0 to € < 0.

V. DEFLECTION ANGLE IN THE ELLIS
WORMHOLE SPACETIME WITH
TOPOLOGICAL CHARGE

When the integration constant M, is chosen to be equal
to zero, in the case € < 0 in (8), the solution describes a
traversable wormhole with a topological charge a,

ds®> = —d* + dx* + (1 — @®) (x> + r3)(d6* + sin® 0d¢?);
(48)
where rq = y/|e|a is the radius of the throat of the
wormhole. As in [33], let us focus on the side x > 0
and admit that the light ray does not go through the throat of
the wormhole. From (25), we conclude that the radius of the

photon sphere is x,, = 0. But x,, is assumed to be positive.
Thus we introduce a new radial coordinate r, given by

r=x+p, where p>0isaconstant. (49)
Thus, the (48) becomes

ds? = —dt* + dr?
+(1=a?)[(r—p)*+ r(z)](dé’2 + sin? 0d¢?).  (50)

Therefore,
A=1, (51)
B=1, (52)
C=(1-a)[(r=p)*+rgl. (53)

In terms of this new radial coordinate, the radius of the
photon sphere, the critical parameter b., a and b are
given by

Fm = D (54)
b, =roV1—a, (55)
|
a= , (56)
1 —a?
_ 1 2p?
b= log <i2> FIp(ry) —n. (57)
1 —a? N

From (19), we have

) 2 “/m1 < ro 1>(i
m) — <,
Vi-a?Jo \z\/r2=2r3z+(r3+pH)* 2

In(r,) = \/12_71% (%) (58)

Using all this, we find b = ﬁlog&) — z. Thus, the

IR(F

deflection angle (20) takes the form

A(b) = -

1 b
log< —1)
V1—a? roV1—a?

+

\/13__0’2105;2 -z
+ O[(b—-b.)log(b—b,)]. (59)

As we can see, the presence of the topological charge
increases the expansion coefficients for the angular deflec-
tion at the strong field limit. As expected, taking @ = 0 and
assuming rq # |€|a, this deflection reduces to that of Ellis
wormhole, in the GR case [52].”

VI. SUMMARY AND CONCLUSIONS

In this paper, we considered the gravitational lensing in
EIBI gravity in a spacetime with a topological charge.
Starting from the energy-momentum tensor corresponding
to the region external to the GM core, we reproduced the
solution first obtained in [15]. We followed the approach
developed in [49] and found that, depending on the value of
the EIBI parameter e, the solution can describe both a black
hole and a traversable wormhole with the topological
charge of the GM (e < 0). In relation to GR, ¢ > 0 has
the effect of decreasing the event horizon radius of the
corresponding black hole, while ¢ < 0 increases. When we
take € =0 or a =0, which corresponds to the vacuum
solution, we return to the GR, as expected. In addition,
asymptotically the solution we found tends to GR situation.
Therefore, it was necessary to investigate the deflection of
light in the strong field limit, as a counterpart to [15], where
the deflection of light was studied, but in the asymptotic
regime.

We adopted the methodology developed by Bozza [32]
and improved by Tsukamoto [33] to get the expansion of
the angle of deflection of light in the strong field limit of
our solution. Initially we considered the solution of black
holes taking into account both cases, ¢ > 0 and ¢ < 0, in
the region x > 0. We obtained the coefficients of the
expansion and expressed them analytically up to the first
order in the EIBI parameter e, maintaining the exact

2We also observe that this result is in agreement with [53], the
authors evaluated the light deflection in a topologically charged
wormhole background (48). They have used the strong field limit
lim,_; K(g9) = —3log(1 - g) —l—%logZ.—i- O[(1 = g) log(1 — g)],
check Eq. (9) from [53] for more details.
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expression for the GR part. We have seen that, for a fixed
value of a, with the exception of the critical impact
parameter, all expansion coefficients, including the angular
deflection A(0), given by Fig. 2, increase as € grows. As for
a, all expansion coefficients increase while a grows [42].
At the next step, we numerically evaluated the observables
0, s and r,,, allowing to measure important characteristics
of relativistic images. For this, we simulated a scenario in
which the object would be the black hole in the center of
our galaxy, and the geometry is given by (6). We then find
that the position of the relativistic images 6, and the
relative magnification r,, decrease with € in comparison to
the GR, while s increases.

We still consider the strong field lensing due the presence
of the to wormhole with a topological charge. Using the
approach developed in [33], we have analytically obtained
the expansion for the deflection angle, showing its depend-
ence on a and € (59).

In short, we have seen that the strong dependence of the
observables on the parameters of the object, either a black
hole or a wormhole, allows us to distinguish the results
predicted by GR and EIBI gravity in the strong field limit.
Therefore, we can test the possibility of deviations from GR
in the regime of high energies arising due to the topological
charge of the GM.
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APPENDIX: RADIUS OF THE PHOTON SPHERE

The radius of the photon sphere is given by the greatest
of the real roots of the equation

B 3x? n ea? _o

2(1—a?)  2(1—a?) (A1)

Following [54], for simplicity, we can write this equation as

X +ax* +a, =0, (A2)
with the coefficients a; = — ﬁ ea, = 2(%22) In terms
of the following quantities

2 3

aj —2ai —27a,
=—-— d R=——F—, A3
Q=-9 54 (A3)

the discriminant D of the equation is given by
D = Q3 + R?, that s,
ea® 2 1
D=|———> 1 —a?)?-—|. A4
(Za) [0-r-ca)

When € > 0, the condition (10) for avoiding naked singu-
larities yields -5 > (1 — a®)*. Since we have no interest in
the transient case, we have D < 0, and thus (A1) has three
real solutions, the largest of which is given by

1 R
X, = 24/—0Qcos [5 arccos (— —_Q3>} - %. (AS)
Substituting their values, we have
! + ! cos 1arccos(l 2ea’(1—a?)?)
X, = - — ZEA —a
" 2(1-a?) (1-a?) 3
(e>0). (A6)

We conclude that the radius of the photon sphere decreases
when € > 0 increases.

In the case € < 0, the discriminant is positive, D > 0,
then there is only one real root for Eq. (A1), which is
given by

5w =R+ VD" +[R-VD]'"" =3 (A7)

that is,
1 1 ea?
x pr—
"o2(1-a?)  [8(1-a?) 4(1-a?)
ea? 1713
1— 2\2 _
+4(1—6:2)2 (1-a) eaz}
n 1 ea?
8(1—a?)® 4(1-a?)
ea? 113
Y A0 ) C—— 0). A8
aimaa-er- ] <0, @)

We can expand x,, in series of powers in both cases (A6)
and (A8) to obtain the leading order

3 2ea?

(A9)

X =

T2(1-a) 9’

this applies to both cases ¢ > 0 and € < 0.
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