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Complete classification of photon escape in the Kerr black hole spacetime
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We consider necessary and sufficient conditions for photons emitted from the vicinity of a Kerr black
hole horizon to escape to infinity. The radial equation of motion determines necessary conditions for
photons to reach infinity, and the polar angle equation of motion further restricts the allowed region of
photon motion. Unlike emission from the equatorial plane, the latter restrictions are crucial for photon
escape when the initial polar angle of the emission point is arbitrary. We provide a visualization tool to
analyze these two conditions and demonstrate a procedure for revealing photon escape. Finally, we
completely identify the two-dimensional impact parameter space in which photons can escape.
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I. INTRODUCTION

The observations of the M87 galactic center have revealed
a bright ring structure and associated shadow, which were
formed by the central supermassive object and surrounding
light sources [1]. This result strongly suggests that the
central object is a black hole, but the possibility of an
alternative to a black hole has not been dismissed [2]. In
general, the difference between a black hole and other
objects is more pronounced in phenomena around the
equivalent radius of the horizon. Therefore, it is very
important to detect signals coming from as close as the
horizon radius of a central object to uniquely identify it. For
detections in electromagnetic wave observations, photons
must be able to escape from the vicinity of the center to an
observation point and must be able to climb the gravitational
potential within the observable frequency range. The critical
indicators for the observability of such near-horizon phe-
nomena are the photon escape probability and the redshift
factor.

The escape of photons from the vicinity of a black hole
was first revealed by the pioneering work of Synge, who
evaluated photon escape cones in the Schwarzschild space-
time [3]. He showed that 50% of photons emitted from the
photon sphere escape to infinity, while the remaining 50%
are captured by the black hole. Furthermore, in the limit
where the emission point approaches the horizon, the
opening angle of a photon escape cone is arbitrarily close
to zero. In other words, the escape cone rapidly disappears as
the emission point inside the photon sphere approaches the
horizon, which implies that the observability of the vicinity
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of the horizon is extremely low. This fact would be expected
quite naturally given the nature of a black hole, from which
nothing can escape.

Is this inconvenient truth for observational verification
universal, even if a black hole is spinning? The answer is
no. It has recently been reported that the escape of photons
from the vicinity of a fast-spinning black hole horizon can
have a large escape probability, contrary to a naive expect-
ation from the Schwarzschild case.' This series of reports
originate from the result [6,7] that a uniform emitter at rest
in a locally nonrotating frame arbitrarily approaches the
extremal Kerr horizon and still allows about 29.16% of
photons to escape to infinity. For an emitter in a circular
orbit of an extremal Kerr black hole, it was found that about
54.64% of photons escape to infinity in the limit where the
orbital radius arbitrarily approaches the innermost stable
circular orbit radius [8], which coincides with the horizon
radius. Furthermore, the analytical value of the probability
was recently found using the near-horizon geometry of an
extremal Kerr black hole [9]. In this case, the relativistic
boost due to the source’s proper motion causes such an
increase in the escape probability that the Doppler blueshift
exceeds the gravitational redshift [8,10]. Similar phenom-
ena have also been reported for various other black holes
with extremal geometry [11].

The unusual behavior of the escape probability in the
(near-)extremal Kerr black hole spacetime is essentially
based on the near-horizon throat geometry [12]. Because of
the throat geometry in the extremal limit, the coordinate
radius of the emission point coincides with the horizon
radius, while the proper spatial distance between them

1Escape cones in the Kerr and Kerr—de Sitter spacetimes were
numerically analyzed in Refs. [4,5].
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remains large. This nontrivial property provides a nonzero
escape probability even when the emission point is close
enough to the horizon radius. The most important impli-
cation is that the vicinity of the horizon in the near-extremal
Kerr spacetime is sufficiently observable, unlike the naive
predictions in the Schwarzschild spacetime.

The near-horizon geometry of an extremal Kerr black
hole also induces characteristic behaviors for phenomena
that occur in the off-equatorial plane. It is known that
spherical photon orbits, one of the most characteristic
photon orbits in the Kerr spacetime, accumulate at the
horizon radius [13,14] (the so-called horizon class). Since
this occurs only in the range 6, <0 <z —0, [where
6, = arccos (2\/§ - 3)1/ 2 ~ 47.05°] for the extremal case,
the photon escape probability, associated with the spherical
photon orbits, must also behave nontrivially in this range.

This paper aims to completely classify the necessary and
sufficient range of parameters for photons emitted from the
vicinity of a Kerr black hole horizon to reach infinity. The
emission point is not limited to the equatorial plane (as
assumed in previous works), but instead takes an arbitrary
polar angle. In other words, our condition for photon
escape is also applicable to off-equatorial emission phe-
nomena near the horizon.

This paper is organized as follows. In Sec. II we review
the equations of photon motion (i.e., the null geodesic
equations) in the Kerr black hole spacetime and identify the
allowed range of variables for physical motion. In Sec. III
we review the spherical photon orbits, which characterize
photon escape from the vicinity of a Kerr black hole
horizon. In Sec. IV we clarify the necessary and sufficient
conditions for photons to escape from the vicinity of the
horizon to infinity by use of the allowed region of motion
and the spherical photon orbits, and we develop a method
of visualizing escapable regions in a two-dimensional
photon impact parameter space. In Sec. V we divide the
range of the polar angle into four parts, and introduce
critical values of an impact parameter to explicitly specify
the escapable regions. Using the visualization method and
the critical values, we completely identify the parameter
region for the extremal case in Sec. VI and for the
subextremal case in Sec. VII. Section VIII is devoted to
discussions. In this paper, we use units in which ¢ =1
and G = 1.

II. GENERAL NULL GEODESIC MOTION
IN THE KERR BLACK HOLE SPACETIME

The Kerr metric in the Boyer-Lindquist coordinates is
given by

TA b
Gt = —==di? + Tdr? 4+ Xd?

A 2Mar | \?
+Esin29<d(p— Aardt), (1)

where

¥ = r? + a*cos0, A=r2—2Mr+ a3,
A= (r* + a*)? — a*Asin?6. (2)

The metric is parametrized by two parameters: the mass M
and spin a. We can assume a > 0 without loss of generality.
Throughout this paper, we only consider the parameter
range of the black hole spacetime 0 < a < M. Then,

the event horizon is located at r = ry = M + VM? — a2,
where A vanishes. The spacetime is stationary and axi-
symmetric with two corresponding Killing vectors &4 and
w¢, where &0, = 0, and w9, = 0,,. Furthermore, the
spacetime has the Killing tensor K, defined by [15]

K = 2%(d0),(d0), + sin*0[(r* + a?)(dp),, — a(dr),]
x [(r + a®)(dg), — a(dt),] — a*cos?0g,,. (3)

We adopt units in which M = 1 in what follows.

We consider photon motion in the Kerr black hole
spacetime. Let k“ be a tangent vector to null geodesics
parametrized by an affine parameter 4. According to the
existence of &, w*, and K, a photon has three constants
of motion [16],

E = -¢%, = —k,, L=vy%,=k
Q= Kpk"k" = (L — aE)?, (4)

where E, L, and Q denote the conserved energy, angular
momentum, and Carter constant, respectively. We intro-
duce the dimensionless impact parameters

L Q

b =—, 5
7 9= (5)

where we have assumed that £ > 0 because we only focus
on photons that escape to infinity. Rescaling k£ by E, such
that k*/E — k%, we obtain the null geodesic equations

. 1 2 2
K=i=g ab-asin?0) + (2 L2 —ab)|,  (6)
K =i=2VR, (7)
kB:é:%\/@, (8)
1| b a
== — |— — —(r? 2
k? = ¢ s g a—l—A(r +a*—ab)|, (9)

where o, = sgn(F), 6, = sgn(f), the dots denote deriva-
tives with respect to A, and

044029-2



COMPLETE CLASSIFICATION OF PHOTON ESCAPE IN THE ...

PHYS. REV. D 103, 044029 (2021)

R(r)=(r* +a*>—ab)* - Alg+ (b—a)?], (10)

bZ
0(0) = g — cos?d —a’). 11
O =q-covo( T-a).

The allowed region for photon motion is given by R > 0
and ©® > 0. Since the Kerr geometry is reflection symmetric
with respect to the equatorial plane 6 = z/2, we consider
only the range 0 < 0 < z/2 in what follows.

Here we clarify the allowed parameter range restricted by
R > 0. Solving R = 0 for b, we obtain

bh— b](r; q) _ —2ar + \/rzé[_rz)_ Q(r - 2)] i (12)

—2ar — \/rA[r3 —q(r=2)]
r(r—2) - (13)

b =by(riq) =

where b, diverges at r = 2. Since we can rewrite Eq. (10)
using b; (i =1, 2) as

R=—r(r=2)(b—0by)(b-b,), (14)

we find that the allowed parameter range of b derived from
R >0 is given by

bsbl,bzsb for
bz < b S bl for r > 2 (15)

ru<r<2,

Here and hereafter, we focus only on photon dynamics
outside the horizon, r > ry. Furthermore, from now on we
will not consider b, < b for ry < r < 2 because this range
is for a negative-energy photon, and such a photon cannot
escape to infinity.

We also clarify the allowed parameter range restricted by
® > 0. The non-negativity of ® reads

b2
q> cos20<sin29—a2>. (16)

For 0 < /2, the right-hand side is a quadratic function in
b, and its minimum value is ¢ = —a® cos> @ at b = 0. For
g < 0, the inequality (16) leads to b> < a®sin’ @ < a?, and
hence we have ¢ < 0 < a®> — b?. This relation provides a
necessary condition for negative g,

a*—b*>—q >0, (17)

which will be useful for later discussions. The allowed
parameter range of b derived from ® > 0 is given by

|b] < B(0; q) = tan 04/ q + a*cos?6. (18)

For 0 = /2, we have ¢ > 0, so that there is no restriction
of b derived from ® > 0.

Thus, the allowed region for photon motion is given by
the common region of Egs. (15) and (18). Since b; (i=1, 2)
and B depend on ¢, the region where a photon can exist in
fixed r and € is given as a two-dimensional parameter
region of (b, g).

III. SPHERICAL PHOTON ORBITS

We review the spherical photon orbits, which character-
ize photon escape from the vicinity of the horizon [7].
These are the orbits with ¥ =0 and ¥ = 0 outside the
horizon [17]. Through Eq. (7), they lead to

dR

R=0, —=0. 19
o (19)

Solving these coupled algebraic equations for b and ¢, we
obtain two sets of solutions. One solution set is given by

) 4
p_ It T (20)

a a

Since g < 0 these parameters must satisfy the condition
(17), but they do not because a’> —b*> —q = —2r*> <0.
Therefore, this solution set is unsuitable.

The other solution set is given by

P =3 +adr+a®
a(r—1) ’

b = bspo(r) = — (21)

P (r} —6r> +9r — 4a?)
a*(r—1)?

q = qspo(r) =— (22)

Outside the horizon, ggpg has a unique local maximum
with the value 27 at r = 3. These parameters lead to

2r(r* = 3r + 24%)
(r—1)

a’—b*—q=- <0  (23)

for r > ry, and hence, the condition (17) can never hold.”
This means that, for the spherical photon orbit to exist, ¢
must satisfy the inequality 0 < g < 27.

First, we focus on the case of the subextremal Kerr black
hole spacetime (i.e., a < 1). Figure 1(i) shows a typical

"Here we prove the inequality (23), i.e., we show r> —3r
24> >0 for r>ry Using the relations 3=

(r—ru) =
P =3rry+3r —ry,  Alrg) =14 —-2rg+a*=0, and
1 <ryg <r, we have

_|_

r? —3r+24?
= rjy = 3ry + 2% + (r = rp)[(r = ra)* + 3(rry = 1)]
> —3rg +2a® = (1 —a®)ry 2 0. (24)
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(i) a =0.999

FIG. 1.

(ia=1

Relation between ¢ and the radii r; (i = 1, 2) of extremum points of b;. The function ggp (7) is shown by black curves, which

are solid outside the horizon and dashed inside it. The intersections of the blue solid lines g and the black solid curves ggpo(7) give the
radii of spherical photon orbits r; and r,. The left panel (i) is the subextremal case (¢ = 0.999), and the right panel (ii) is the extremal

case (a=1).

shape of ggpo(r). Solving Eq. (22) for r, we obtain two
roots r = r;(q) and r = r,(q) outside the horizon, which
are the radii of spherical photon orbits. Note that r; (r,)
increases (decreases) monotonically with ¢ in the range

rug <ri <ri(g) £3<n(q) <75, (25)

where

2 2
r$=r(0) =2 +2cos {5 arccos(a) — ?ﬂ] (26)

r5=ry(0) =2+ 2cos B arccos(a)} (27)

are the radii of circular photon orbits solving gspo(r) = 0,
i.e., ¢ = 0. We obtain a direct relation between b and ¢ for
the spherical photon orbits by eliminating r from Eqgs. (21)
and (22). Substituting r = r;(q) into bspo(r), we have b for
the spherical photon orbits as a function of ¢,

bi(q) = bspo(r;) (i=1.2), (28)
which also correspond to the extremum values of b;(r; ).
In the case g =27, r; coincide with r =3, so that b}
coincide with b = —2a. We also define the specific values
b¢ as b3(0), or, equivalently, as the value of b for a photon
in circular orbits,

b = bepolr) (i = 1.2). (29)

Next, we focus on the extremal Kerr black hole space-
time (i.e., a = 1). In this case, Egs. (21) and (22) become

b = bgpo(r) = —1r* +2r + 1, (30)

‘IZ‘ISPO("):”S(“—”)- (31)

Figure 1(ii) shows the shape of ggspo(r) for a = 1. Unlike
the subextremal case, the number of roots of Eq. (31)
depends on ¢ outside the horizon. There exists a single root
r, for 0 < g < 3, while there exist two roots | and r, for
3 < g <27.In the case g = 27, r; coincide with r = 3, so
that b} coincide with b = —2.

IV. ESCAPE CONDITIONS

We consider the conditions for photons escaping from
the vicinity of the horizon to infinity, i.e., the escape
conditions. Let (r,,0,) be the radial and polar angle
coordinates of the emission point, respectively. From the
reflection symmetry of the background, we only consider
0<6, <n/2, in which 6, =0, z/2 will be considered
separately in the Appendix. The necessary and sufficient
conditions for photons to escape are that they have
appropriate parameters to reach infinity from r = r, and
are in the allowed region determined by the variable 6,. In
the following subsections, we consider the escape con-
ditions for ¢ > 0 and g < 0 separately.

A.g>0

Let us consider the behavior of b;(r; g) to determine the
range of b in which a photon with ¢ > 0 satisfies the
necessary conditions to escape from r = r, to infinity [7].
From now on, we consider the case where r, is in the range
ry < r, < 3. There are three cases according to r, and the
shape of b,(r; q), i.e., according to the relative position of
ry to rg and r,.

Case (a)—ry < rg < r,: The first inequality r; < rg
leads to 0 < g < 3. Note that the inequality r| < ryg
appears only for a = 1 [see Fig. 1(ii)].

Case (b)—ry < ry < r,: The corresponding range of ¢
isgivenby3 <¢g < g,fora=1and0<¢q < g, fora <1,
where

9+ = qspo(7.)- (32)
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Case (c)—ry < r, < ry: For a = 1, the corresponding range of ¢ is given by g, < ¢ < 27.Fora < 1, when r, > r{, the
corresponding range of g is given by ¢, < g < 27. On the other hand, when r, < r{, since g, < 0, the corresponding range

of g is given by 0 < g <27.
We can summarize all of the cases as follows:

Case (a):

Case (b): ry <r <r*©{

q. <q<27

Case (c): <r,<rn s
@ m<rsne{d =05

In other words, in the range 0 < g < 27, only Case (c)
appears fora < 1 and r, < r{, and Cases (b) and (c) appear
fora < 1and r, > r{, and all of the cases appear for a = 1.

For Case (a), as r increases from ry to oo, b begins at
by (ry; g) = 2 and monotonically increases to oo. For Cases
(b) and (c), as r increases from ry to co, b; monotonically
decreases from by (ry; g) = 2ry/a to a local minimum bj
at r = r; and monotonically increases from there to co. For
all of the cases, as r increases from ry to 2, b, begins at
b>(ry; q) = by (ry; q) and monotonically increases to co.
As r increases from 2 to co, b, monotonically increases
from —oo to a local maximum b5 at r = r, and monoton-
ically decreases from there to —oo.

In the end, the necessary conditions for a photon to
escape to infinity are given as follows. In Case (a), if
emitted radially outward (i.e., o, = +), a photon with b5 <
b < by(r,; q) satisfies the necessary condition for escape to
infinity [see the band between the red dashed lines in
Fig. 2(a)]. Even if emitted radially inward (i.e., 6, = —), a
photon with 2 < b < by(r,; q) satisfies this condition [see
the band between the blue dashed lines in Fig. 2(a)]. In
Case (b), if o, =+, a photon with b5 < b < b((r,;q)
satisfies the necessary condition for escape to infinity [see

ri<rmpg<r,&0<qg<3 (fora=1),

(33)
3<g<gq, (fora=1), (34)
0<g<gq, (fora<l),
(for a = 1 and for a < 1 with r, > r9),

(35)

(for a < 1 with r, < r§).

the band between the red dashed lines in Fig. 2(b)], while if
6, = —, a photon with b} < b < by(r,;q) satisfies this
condition [see the band between the blue dashed lines in
Fig. 2(b)]. In Case (c), a photon with b5 < b < b5 satisfies
the necessary condition for escape to infinity only if ¢, =
+ [see the band between the red dashed lines in Fig. 2(c)].
These are summarized in Table 1. It is useful to visualize
the necessary conditions for photon escape in the b — g
plane. Figure 3 shows the parameter regions necessary
for photon escape. The purple and brown curves denote
b =bj(q) and b = b5(q), respectively. The black solid
curve denotes b = b,(r,; q). The gray segment with b = 2
and ¢ € [0, 3] denotes b = b (ry; q), which appears only
for a = 1. The red region shows the parameter region
where photons emitted radially outward satisfy the neces-
sary conditions for escape. The blue region shows the
parameter region where photons emitted both radially
outward and inward satisfy the necessary conditions for
escape. Figures 3(i)-3(iii) correspond to Tables I(i)-I(iii),
respectively.

Now, let us further restrict the above necessary con-
ditions for photon escape by the condition of an allowed
parameter range,

b b b
fffffffff or =+
i SR -t QO
- r 0
ry 2 r, 3 ry ry 2 0 r
: bs-rH L 2 4
1
s v ¢
bg- b2' bg.

(a) 11 <1 < 1y (b) rg <7y <7 ()ru<re<m

FIG. 2. Typical shape of b;(r; ¢) in Cases (a)—(c). The purple and brown solid curves denote b, (r; ¢) and b,(r; q), respectively. Note
that b,(r; g) in the range ry < r < 2 is not plotted. The range of b in which a photon satisfies a necessary condition for escape from
r = r, to infinity depends on two conditions. One is the relative position of r| to ry and r,, and the other is whether a photon is emitted
radially outward (6, = +) or inward (o, = —). If a photon is emitted radially outward (inward), the maximum and minimum values of b

with which a photon satisfies the necessary condition for escape are given by the red (blue) dashed lines.
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TABLE I. Necessary conditions for a photon to escape to infinity. (i) a < I and r, < r{. (ii)) a < I and r, > 7.

(iii) a = 1.
) Case q b(o, =+) b(o, =—)
©:rp<r.<n 0<¢g<27 b5 < b < b not applicable
(i1) Case q b(o, =+) b(e, = -)
b:rg<r <r, 0<qg<aq, b < b <b(r,;q) by <b < b((r.:q)
Crrmp<r.<n q. <q<27 by <b < bj not applicable
(iii) Case q b(c, =+) b(e, =—)
@:ri<rg<r, 0<g<3 by < b <b(rsq) 2<b<bi(r;q)
b):rg<r <r, 3<g<aq. by < b <b(r.q) by <b<bi(rsq)
©rry<r,<n g, <qg<27 b5 < b < bj not applicable
®@b,) >0. 36 b?
0.) 2 (36) 00529*< ——— a2> <q<0. (37)
sin“@,

The common region of these conditions provides the
necessary and sufficient parameter region in which a
photon can escape to infinity. We call it the escapable
region. It can be visualized in the b-g plane, which will be a
main tool to identify the escapable regions in the following
sections. An example of the escapable region is seen in
Fig. 4. The green curve denotes ©(6,) = 0, and the other
curves and colored regions are defined in the same way as
in Fig. 3. We can find the escapable region (i.e., the
common regions colored by red and blue with g > 0),
which correspond to the regions in Fig. 3 restricted further
by the condition (36).

B.g<0

We identify the escapable region for g < 0. The negative
q together with Eq. (16) at the emission point leads to

This implies that |b| < a for ¢ < 0. The minimum value of
q is given at b =0 as

Gmin = —a*c08%0,. (38)

Unlike g > 0, the spherical photon orbits are not relevant to
photon escape because they do not exist for g < 0.
Therefore, we only focus on R(r) > 0, or, equivalently,

¢<$[P+(@=p)r+20a-b2  (39)

The right-hand side is positive for all |b| < a and r > ry.
Hence, the allowed region (39) contains the entire param-
eter region (37). This implies that any radial turning point
no longer appears for g < 0. Finally, we conclude that

(i) a<l, ro<rf

(i) a<l, re>1]

FIG. 3. Typical parameter region in the b-¢q plane satisfying the necessary conditions for photon escape from r = r, to infinity. The
purple, brown, and black solid curves denote b = bj(q), b = b5(q), and b = b(r,; q), respectively. The gray solid segment denotes
b = by (ry; q) and appears only for a = 1. The blue region represents the parameter region where photons emitted both radially inward
and outward satisfy the necessary conditions for escape. The red region represents the parameter region where photons emitted only
radially outward satisfy the necessary conditions for escape. The red and blue arrows are the same as those in Fig. 2. (i) a = 0.9 and

r,=rg+ 1072, (i) @ = 0.9 and r, = 2.5. (iii)) a = 1 and r, = 2.5.
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q

/ [

o

b3 -2a Gmin bi

FIG. 4. Typical shape of the escapable region. The purple,
brown, and black solid curves denote b = bj(q), b = b3(q),
and b = b(r,; q), respectively. The green solid curve denotes
0(0,) =0, or, equivalently, » = +B(6,;¢q). The blue region
represents the parameter region where photons emitted both
radially inward and outward can escape to infinity. The red region
represents the parameter region where photons emitted only
radially outward can escape to infinity.

photons with negative ¢ can escape to infinity if they are
emitted outwardly (i.e., 6, = +) and take the range (37).
Figure 4 shows an example of the escapable region (see the
red region of g < 0).

V. CRITICAL VALUES IN THE CLASSIFICATION
OF PHOTON ESCAPE

In the previous section we defined the escapable region
and developed a procedure to visualize it in the b-g plane.
Our goal is to identify the escapable regions by indicating
the allowed ranges of b and ¢ explicitly. For this purpose, in
Sec. VA we introduce three critical polar angles, at which
the aspect of photon escape qualitatively changes.
Furthermore, we need to obtain the parameter values of
the characteristic positions that form the boundaries of the
escapable region. In Sec. V B we specify and name these
critical parameter values.

A. Critical angles

We introduce critical polar angles 6, 6,, and 65 from
three special intersections of b=">0%(g) and b = £B(6,; q),
around which the classification of the parameter values of
escapable photons varies qualitatively. The first special

point is (b, q) = (—2a, 27), where b} and b5 coincide with
each other at r; = r, = 3. We define 0; by 6, at the
intersection of b = b} and b = —B, i.e., —B(0,;27) = —2a
[see the black dot in Fig. 5(1)]. Then, #; is given by

0,(a) = arccos [\/% {\/(3 +a*)(27 +d*) -9 - az}} )

(40)

Note that #; depends only on a and monotonically
increases with a in the range

0,(0) = 0 < 6, (a) <arccos (6v7 —15) =0,(1),  (41)
where arccos(6\/7 —15) ~20.7°. When 6, < 6, b5 < —B
holds in the range 0 < g <27. This implies that the
minimum value of b in the escapable region is always
—B [see Fig. 5(1)].

The second special point is (b, q) = (2,3) for a =1,
where r; = ry and b} = by(ry; q) = 2. Note that ¢ = 3 is
a special value because Cases (a) and (b) are switched there.
We define 6, by 6, at the intersection of b = b} and b = B,
i.e., B(6,;3) = 2 [see the black dot in Fig. 5(ii)]. Then, 6,

is given by
6, = arccos [\/ 23 =3| ~47.1°

When 6, <6,, B <b;(ry;q) =2 holds in the range
0 < g < 3. This implies that for g < 3, the maximum value
of b in the escapable region is always B [see Fig. 5(ii)].

The third special point is (b, q) = (b5(3),3) for a = 1.
We define 65 by 6, at the intersection of b = —B and
b = b3, i.e., —B(65;3) = b5(3) [see the black dot in Fig. 5
(iii)]. Then, 05 is given by

(42)

03 = arccos L/LE{\/<b%(3))4 +4(b5(3))> + 16

—2- (b%(s))z}m] ~75.4°, (43)

b VP 7

(i) '9* - 91

FIG. 5.

(i1) 04 = 05

: b
Grin b3(3) Grin 2\

(iii) 0, = 03

Escapable regions for 6, being the critical angles (i) 8, = 6,, (ii) 6, = 0,, and (iii) 6, = 65. The three black dots denote

(b, q) = (-2a,27), (2,3), and (b5(3),3). The meanings of the red and blue regions are the same as in Fig. 4.
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FIG. 6. Six critical values of g.

S /A, =2 ino,\ 2
42('”*,9*):00829*[( -vA, ~2ar,sin ) —aZ], (45)

where b5(3) ~—6.71 and r,(3) ~3.95. When 6, < 65,
b5 < —B holds in the range 0 < ¢ < 3. This implies that
for ¢ < 3, the minimum value of b in the escapable region
is always —B [see Fig. 5(iii)].

B. Critical values of ¢

We introduce six critical values of g from the special
intersections of b = by(ry;q), b = by(r,;q), b = bi(q),
and b = +B(60,;q), at which the classification of the
parameter ranges for photon escape varies qualitatively.

We define ¢, as the value of ¢ at the intersection of
b =by(ry;q) and b = B(6,;q) for a = 1 [see the red dot
in Fig. 6],

34 cos?d,

0,)=""——"""* 44
010 =" (44)

which only appears for 8, € [0,,7/2) and monotonically
decreases with 6, in the range ¢,(7/2)=0<gq,(0,)<3=
q,(6,). When ¢ < ¢q,, then B < b;(ry;q) holds. This
implies that for g < ¢, the maximum value of b in the
escapable region is always B.

We define ¢, as the value of ¢ at the intersection of
b = by(r,;q) and b = B(0,; q) [see the blue dot in Fig. 6],

A, —a*sin?6,

where X, = r? + a’cos’d, and A, = r2 — 2r, + a>. Note
that ¢, depends on both r, and 6,, and if r, is fixed it
monotonically decreases with 6., but if 6, is fixed it is not
always monotonic with r,. Figure 7 shows the value of ¢,
in the r, — 6, parameter space. When ¢, exists in the range
g> <27 and ¢ is in the range g < ¢,, then B < by(r,; q)
holds. This implies that for g < ¢,, the maximum value of
b in the escapable region is always B.

We define g5 as the value of ¢ at the intersection of
b = bj(q) and b = B(6,; q) [see the purple dot in Fig. 6].
When a < 1, g3 always appears, while when a = 1 it only
appears for 6, € (0,6,). Note that ¢;(6,) monotonically
decreases with 6, in the range ¢3(7/2) =0 < ¢3(0,) <
q5(0) for a < 1, while ¢5(6,)=3<g;(0,) <11+8v2=
q3(0) for a = 1. When g < g3, then B < b} holds. This
implies that for ¢ < g3, the maximum value of b in the
escapable region is always B.

We define ¢, as the value of ¢ at the intersection
of b =055(q) and b = —B(6.;q) [see the brown dot in
Fig. 6], which only appears for 6, € [0;,7/2). Note that
q4(0,) monotonically decreases with 6, in the range

r
2

118.9°

-
\"\/” q6 < g«

e 2.04 2.56 3
(i) a=0.9

1812 241 3
(i)a=1

FIG.7. Value of g,(r,, 0, ) in the r, — 6, parameter space. The black and yellow solid curves denote g, = 27 and ¢, = 3, respectively.
The blue dashed curve gives the minimum value of ¢, for fixed 6, and satisfies g, = ¢,(r,,0,) = ¢3(0,). The brown and pink dashed
curves satisfy ¢, = ¢q4(0,) and ¢, = ¢5(0,) = ¢¢(r.,0,), respectively. (i) a = 0.9. (i) a = 1.
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6,

/
.
g6 > qx
"

-
/
Q

.
6 < g .

/
- 25

%
%
2 24

2.8 3
(i) a=0.9

6,

’ 24

& 23

ii)a=1

FIG. 8. Value of g4(r,,0,) in the r, — 6, parameter space. The black solid curve denotes g, = 27. The pink dashed curve gives the
minimum value of g4 for fixed 6, and satisfies g, = g4(r.,0,) = g5(6,). () a = 0.9. (ii) a = 1.

q4(7/2) =0 < q4(0.) <27 = q4(6,). When g < gy, then
b5 < —B holds. This implies that for ¢ < g, the minimum
value of b in the escapable region is always —B.

We define g5 as the value of ¢ at the intersection
of b=1>j(q) and b= —-B(0,;q) [see the brown dot
in Fig. 6], which only appears for 0, € (0,6,). Note
that ¢5(6,) monotonically increases with 6, in the range
q5(0) < g5(0.) <27 = q5(6;). When g, < g5 or r, < r{,
the maximum value of ¢ in the escapable region is gs, i.e.,
there is no escapable region for g > gs.

We define ¢¢ as the value of ¢ at the intersection of
b=b(r,;q) and b =—B(6,;q) [see the pink dot in
Fig. 6],

A, —a*sin0,

X,VA, +2ar,sind,\?
q(,(r*,e*):cosZG*K +2ar, sin > —az]. (46)

Note that g depends on both r, and 6, and if r, is fixed it
monotonically increases with 6., but if 6, is fixed it is not
monotonic with 7. Figure 8 shows the value of gg4 in the
r, — 0, parameter space. When ¢4 < ¢,, the maximum
value of ¢ in the escapable region is g, i.e., there is no
escapable region for g > gg.

TABLEII.
that appear.

Definitions of the critical values of ¢ and conditions

Necessary conditions

Critical value ¢ Definition to appear

q1(0.) bi(ruiq) = B(6.:q)  only fora =1
and 0, > 6,

a0 (1., 0,) by(r;;q) =B(0,;9)  always

q3(0,) bi(q) = B(0,:9) other than a = 1
and 6, > 6,

q94(0.) b5(q) = -B(0.;q)  only for 0, > 6,

q5(0.) bi(q) = —B(0.;q)  only for 0, <0,

qs(r..0.) by(r.;q) = —B(0,;q) only for 0, < 0,

These six critical ¢ values are summarized in Table II. It
is worth noting that the critical values always satisfy the
following inequalities:

43 < 45 < gs. (47)
93 < 92 < 4> (48)
93 < 42 < 4, (49)
41 < q2 < 44 (50)

In the following sections, we will perform a complete
classification of photon escape.

VI. ESCAPABLE REGION IN AN EXTREMAL
KERR BLACK HOLE

In this section we make a complete classification
of photon escape in an extremal Kerr black hole. In
this case, we define four classes according to 6.:
Class I, 0 < 8, < 60y; Class II, 6, <6, <6,; Class III,
0,<6,<065; Class IV, 03 < 60, < n/2 (see Table III).

A.ClassI: 0 <0, <60, and a=1

In Class I, there are five characteristic g¢’s:
4. = qspo(r)s 42, 43 g5, and ge. Here g3 monotonically

TABLE III. (a = 1) Definition of each Class and the critical
values of ¢ in an extremal Kerr black hole.

Class Range of 6, Critical values of ¢
Class I 0<0, <0, 42, 93, g5, and g,
Class II 0,56, <6, 4>, q3, and g4
Class III 92 < 6* < 93 qi1, 42, and qa
Class IV 93 < 9* < 7[/2 qi1,> 92, and qa
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decreases with 8., and g5 monotonically increases with 6,
in the ranges

q3(01) < q3(0,) < q3(0) and g¢5(0) < gs(6.) < g5(6,),
(51)

respectively, where q3(0;) ~12.6, ¢5(0) = ¢5(0) =
11 +8v/2, and ¢5(0,) = 27. If r, is fixed, g, monoton-
ically decreases with @.. If 6, is fixed, as r, increases from
1 to 3, g, monotonically decreases from g, (1, 8,) to a local
minimum ¢, = ¢, = g3 at r, = r1(q3) and monotonically
increases from there to ¢,(3, 6,) [see the regions 1 <r, <3
and 0 < 6, < 6, in Fig. 7(ii)].

These critical values satisfy the inequalities (47) and
(48). Therefore, there exist seven cases according to the
relative values of ¢, to ¢,, q3, g5, and gg:

(i) 9. < q3 < g5 < g6 and g, > q.,

(il) ¢. = q3 = g2 < g5 < ge»

(i) g3 < g2 < ¢+ < g5 < ge»

(iv) ¢35 < g2 < q. = q5 = g,

(V) 43 < 42 < q5 < g6 < 45,

(Vi) 3 < g2 = 45 < 46 < G

(Vii) g3 < g5 < g2 < g6 < G- (52)

Note that Cases (vi) and (vii) appear only when 0, < 2.54°,

It is worth noting that when ¢, > ¢,, the intersection of
b =b(r,;q) and b= B(0,;q) does not contribute to
specifying the escapable region [see Fig. 9(i)]. On the
other hand, when ¢, < g., the intersection of b = b,(r,; q)
and b = B(6,; q) is a special point, where the shape of the
escapable region changes [see, e.g., Fig. 9(iii)]. Therefore,
we need to consider g, for specifying the escapable region
only when ¢, < g,. In particular, in Case (i) g, can take
three ranges: ¢, < gs, ¢» = ¢5, and ¢, > g5. However,
since ¢, > ¢, in all three ranges, we do not distinguish
them.

For the same reason as for ¢,, the relative values of ¢,
and gg determine whether g4 contributes to specifying
the escapable region. When ¢g¢ > ¢., the intersection of
b=">b(r.;q) and b =—B(0,;q) is not included in the
escapable region [see Fig. 9(iii)]. On the other hand, when
g6 < q., the intersection of b =b(r,;q) and b=
—B(6,;q) is a special point, where the shape of the
escapable region changes [see, e.g., Fig. 9(v)].
Therefore, we need to consider g4 only when ¢¢ < g..

The escapable regions in the above cases are summarized
in Table IV and Fig. 9.

(r*y%\= (1579?{ (T*y‘g* = (2117 O)
b b
-1

(1) g+ < g3 < g5 < go and g2 > q.

q q

s L — [oa
QP\ \/
1

(iv) g3 < @2 < ¢« = a5 = o

(rey )= (25,1
-1 e !
(ill) s <q2<a <as<gs

q
\ 27
_

\
)\ 7

(r, 6= (2.99,16°)
-1 1
(V) ¢s <2< g5 < a6 < au

(Vi) g5 <2 =¢5 < g6 < ¢

q
27

i

D e

(re,0,) = (2199, 1°)
a1 1
(vii) a3 < a5 < @2 < g6 < gu

b

FIG. 9. (Class I, a = 1) Typical shape of the escapable region
for an extremal Kerr black hole with 0 < 6, < 6,. The purple,
black, and green curves denote b = b5(q), bi(r.;q), and
+B(6,; q), respectively. The gray, blue, purple, brown, and pink
dashed lines denote ¢ = q.,, ¢2, q3, g5, and gg, respectively.

B. Class II: 6, <0, <6, and a=1

In Class II, there are four characteristic ¢’s: q., ¢», g3,
and ¢,. Here g5 and g4 monotonically decrease with 8, in
the ranges

q3(602) <q3(0,) <q3(0,) and q4(0,) < q3(6.) < q4(0,),
(53)

respectively, where ¢3(0,) =3, q3(0,)~12.6, q4(0,)~18.9,
and ¢4(6,) = 27. The behavior of ¢, is the same as in
Class I, and the value of ¢, is in the range 3 < ¢, < 27 [see
the regions 1 < r, < 3 and 8, <6, < 6, in Fig. 7(ii)].

These critical values satisfy the inequalities (49).
Therefore, there exist five cases according to the relative
values of ¢, to g,, g3, and g4:
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TABLE IV. (Class I, a = 1) Escapable region (b, q) for an
extremal Kerr black hole with 0 < 6, < 0,. (Class I-2, a < 1)
Escapable region (b, ¢) for a subextremal Kerr black hole with
r.>r{and 0 <6, <6,

Case q b(c,=+) b (c,=-)
1), () Gmin<9<q;3 —-B<b<B not applicable
q3<q<gqs —-B<b<bj not applicable
qs<q<27 not applicable not applicable
(iii) Gmin <9 <q3 —B<b<B not applicable
359<qs —B<b<B b <b<B
¢2<q9<q, —B<b<b((r.;q) bi<b<b(r.q)
q.2q<qs —B<b<bj not applicable
qs<q<27 not applicable not applicable
@iv) Gmin <9 <q3 —B<b<B not applicable
359<qs —B<b<B b <b<B
02<q<qs —B<b<bi(rsq) bi<b<bi(r:q)
qe<q<27 not applicable not applicable
) Imin<q<q3 —-B<b<B not applicable
35q9<q> -B<b<B bi<b<B
02<q<qs —B<b<b(riq) by<b<b(r.;q)
45<q<qs —B<b<bi(r;q) —B<b<b(r.q)
qe<q<27 not applicable not applicable
(vi) Imin<q<q3 —-B<b<B not applicable
q3<q9<qs -B<b<B bi<b<B
qs<q<qs —B<b<b((r.;q) —-B<b<b(r.q)
qe<q<27 not applicable not applicable
(vii) Imin<q<q3 —-B<b<B not applicable
q3<9<qs —-B<b<B by <b<B
95=q4<q —-B<bh<B -B<b<B
02<q<qs —B<b<bi(rsq) —-B<b<b(r.:q)
qe<q<27 not applicable not applicable
TABLE V. (Class II, a = 1) Escapable region (b,q) for an

extremal Kerr black hole with 8, <0, < 0,. (Class II-2, a < 1)
Escapable region (b, g) for a subextremal Kerr black hole with
r,>riand 6, <0, <x/2.

Case q b (c,=+4) b (o,=-)
®, ()  gmn<g<q; -B<b<B not applicable
q359<q, -B<b< D not applicable
qs<q<27 b5 <b<b not applicable
(iii) Imin <9 <43 -B<b<B not applicable
q3<9<q, —-B<b<B bi<b<B
42<q9<q. —B<b<bi(rsq) bi<b<b(rq)
4. <q<qy —-B<b<bj not applicable
qs<q<27 b5 <b<b not applicable
(iv) Goin <9< q3 —-B<b<B not applicable
439 <q, -B<b<B bi<b<B
025q9<qs —B<b<b(r;q) by <b<b(r.;q)
qs<q<27 b5 <b<bj not applicable
) Gmin <9 <3 —-B<b<B not applicable
439 <q, —-B<b<B bi<b<B
42<q<qy  —B<b<bi(riq) bi<b<b(rs;q)
q4<q<q. b3<b<bi(ri:q) bi<b<b(rs;q)
q.<q<27 b5 <b<bj not applicable

(i) . <43 < 42 < qa»
(il) 9. = 43 = 42 < qu,
(iii) g3 < 42 < ¢+ < qus
(iv) 3 < ¢2 < g, = qu,
)

(V) 3 < q2 < q4 < q.. (54)

The escapable regions in the above cases are summarized in
Table V and Fig. 10.

C.Class IIl: 0, <0, <05 and a=1

In Class III, there are four characteristic ¢’s: ¢, q;, ¢,
and ¢,. Here g, and g4 monotonically decrease with 6, in
the ranges

q1(03) <q1(0,) <q1(0,) and q4(03) < q4(6.) < q4(6),
(55)

respectively, where ¢, (05)=0.208, ¢,(6,) =3, g4(05) = 3,
and ¢4(0,) ~ 18.9. The critical value g, monotonically
decreases with 6, for fixed r, and monotonically increases

with r, for fixed 0,, and hence we have
q
1 2 b

27 2

SA
{res0:) = (1:1530%) /\\’\ (r4,0.) = (1.5,
-3 -2 -1 1 2 b -3 -2 -1
< <@<a ({)e=G=e<a
q q
27 27
N \
AV AVAN

(re,|0.) = (2.5, 30% (r+,/64) (2.74,3@/\
b b

-3 -2 -1 1 2 -3 . -2 -1 1 2
(iil) s < @2 < @ < @ (ivV) s<@<¢=a

q
27

T
N/
(re,)0.)= (2.9, 30%
3 -2 -1 1 2 P

(V)as <2 <qa <.

FIG. 10. (Class II, a = 1) Typical shape of the escapable region
for an extremal Kerr black hole with 8; < 6, < 6,. The purple,
brown, black, gray, and green curves denote b = b5(q), b3(q),
bi(r.;q), by(ry; q) and £B(6,; q), respectively. The gray, blue,
purple, and brown dashed lines denote ¢ = ¢q., ¢», g3, and gy,
respectively.
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q2(1.0,) < q» < q2(3.90.),

G2(r..03) < qo < qo(1,,6,),

(56)
(57)

TABLE VI. (Class I, a = 1) Escapable region (b, ¢) for an
extremal Kerr black hole with 6, < 8, < 6;.
Case q b (c,=+4) b (c,=-)
1) Gmin <9 <4, —-B<b<B not applicable
¢,<q<3 -B<b<B 2<b<B
3<g<q, -B<b<B bi<b<B
0©<q<q.  —BZb<b(r;q) bi<b<b(r;q)
q.5q<qy —-B<b<bj not applicable
qs<q<27 by <b<bj not applicable
(i1) Gmin <9 <4, —-B<b<B not applicable
q1<q<3 -B<b<B 2<b<B
3<g<q, -B<b<B bi<b<B
$<q<qy  —BZ<b<bi(r;q) by<b<b(r.;q)
q4s<q<27 by <b<bj not applicable
(iii) dmin <4 <4 —-B<b<B not applicable
q1<q<3 —B<b<B 2<b<B
3<g<q, -B<b<B bi<b<B
0©<q<qy  —BZb<b((r;q) bi<b<b(r;q)
9459<q.  b5<b<bi(riq)  bi<b<b(r;q)
q.<q<27 b <b<bj not applicable
@iv) Gmin <9 <q —-B<b<B not applicable
q1<q<3 —-B<b<B 2<b<B
3<q<q.  —-B=<b<b\(rsq) bi<b<b(rs;q)
q.<q<qu —-B<b<Dj not applicable
q4s<q<27 b <b<bj not applicable
v) Gmin <9 <q, —-B<b<B not applicable
q:<g<3 —-B<b<B 2<b<B
3<q<qy  —B=<b<b\(rsq) byi<b<b(rs;q)
g4 <q<27 by <b<bj not applicable
(vi) Gmin <4 <4, -B<b<B not applicable
q,<q<3 —-B<b<B 2<b<B
3<g<qq —B<b<b((r.;q) bi<b<bi(r.q)
44<q9<q.  b5<b<b(r.q) bi<b<b(r;q)
q.<q<27 by <b<bj not applicable
(vii) Imin<q<q, -B<b<B not applicable
q1<9<q> —-B<b<B 2<b<B
02<q<3  —B<b<b((rsq)  2<b<bi(rsq)
3<q<q.  —-B=<b<b\(rsq)  bi<b<b(r;q)
q.<q<qu —-B<b<Dj not applicable
q4s<q<27 by <b<bj not applicable
(viii)  gmn<g<q -B<b<B not applicable
159<q, —-B<b<B 2<b<B
02£q9<3  —B<b<b|(rsq)  2<b<b(r;q)
3<q<qy  —B=<b<b\(rsq) bi<b<b(rsq)
q4s<q<27 b <b<bj not applicable
(ix) Imin<9<q; —-B<b<B not applicable
q159<q> —-B<b<B 2<b<B
02£q<3  —B<b<b|(rsq)  2<b<b(r;q)
3<q<qy  —B=<b<b\(rsq)  bi<b<b(r.;q)
44<q<q.  b5<b<bi(r.q) bi<b<b(r.:q)
q.<q<27 b5 <b<bj not applicable

where the minimum value is g¢,(1,0;) ~0.208 and the
maximum value is ¢,(3,6,) ~7.71 [see the regions
1 <r,<3and 8, <6, <65 in Fig. 73ii)].

These critical values satisfy

q
27
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q.4, respectively.
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(Class III, a = 1) Typical shape of the escapable
region for an extremal Kerr black hole with 8, < 6, < 05. The
purple, brown, black, gray, and green curves denote b = b5(q),
b5(q), by(r.:q), bi(ru;q), and £B(0,;q), respectively. The
gray, red, blue, and brown dashed lines denote g = ¢, q, ¢», and
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TABLE VIL. (Class IV, a = 1) Escapable region (b, g) for an
extremal Kerr black hole with 6; <0, < z/2.

q b(o-r:+) b(D',I—)
dmin £ 4 < q4 -B<b<B not applicable
G <9<q -B<b<B 2<b<B
©<q<q, —B <b<bi(r;q) 2 <b<bi(rsq)
s <q<3 b5 <b<b(r;q) 2<b<bi(ryq)
3<q<aq. b3 <b<bi(r;q) by <b < by(r.:q)
q.<q<27 b5 <b < b not applicable

where the second inequalities correspond to Eq. (50).
Therefore, there exist nine cases according to the relative

values of ¢, to gy, g2, q4, and CISPO(”H) =3:

() g1 <3< g2 < q. <4,
(i) g1 <3< g, < q. = qa4,
(ili) g1 <3 < q» < q4 < q.,
(iv) g1 < g2 =3 < q, < qa,
(V) 41 < g2 =3 < q. = qu.
(Vi) g1 < g2 =3 < q4 <.,
(vii) g1 < g2 <3 < q. < qa,
(vili) ¢ < g2 <3 < g, = qa.
(ix) g1 < g2 <3 < g4 < q.. (61)

The escapable regions in the above cases are summarized in
Table VI and Fig. 11.

D. Class IV: 0; <0, <n/2 and a=1
In Class 1V, there are four characteristic ¢’s: q., q;, ¢,

and ¢,. Since these ¢’s satisfy the inequality

q1 < q2 <44 <3 <q,, (62)

77777777777777777777 N J

(r., 0. Y= (2.5,80°)

6 -4 2 2
Q1<Q2<Q4§3<q*

FIG. 12. (Class IV, a = 1) Typical shape of the escapable
region for an extremal Kerr black hole with 6; < 0, < z/2. The
purple, brown, black, gray, and green curves denote b = b} (q),
b5(q), bi(r.;q), bi(rusq), and £B(0,;q), respectively. The
gray, red, blue, and brown dashed lines denote g = ¢, ¢, ¢, and
q4, respectively.

there is no case classification according to the relative
values of ¢. The escapable regions are summarized in
Table VII and Fig. 12.

VII. ESCAPABLE REGION IN A SUBEXTREMAL
KERR BLACK HOLE

In this section we make a complete classification of
photon escape in a subextremal Kerr black hole. We again
note that when a < 1 and r, < r{, b = b(r,; q) does not
intersect with b = bj(g) in the b — g plane, and thus g,
does not appear [see Fig. 3(i) and Table I(i)]. Therefore,
though the class for @ = 1 is only defined by the range of
0., the class for a < 1 is defined by the ranges of r, and 6,
as follows: Class I-1, r, < r{ and 0 < 6, < 0y; Class I-2,
r.>r{ and 0<#6, <6@;; Class II-1, r, <r] and
0, <0, <n/2; Class 1I-2, r,>r{ and 0, <0, <7z/2
(see Table VIII).

A. Classes I-1 and II-1: rg <r, <rjanda <1

In Class I-1, there are only two characteristic ¢’s: g3 and
gs. Since g3 < gs, there is no case classification according
to the relative values of critical ¢g. Similarly, in Class II-1
there are only two characteristic ¢’s: g3 and ¢4. Since
g3 < qg4, there is no case classification according to the
relative values of critical g. The escapable regions are
summarized in Table IX and Fig. 13.

B.Class I-2: r, >r{,0 <60, <6;anda <1

In Class I-2, there are five characteristic ¢’s: q,, ¢», g3,
gs, and g¢. They are classified into seven cases according to
the relative values, which are the same as the cases (52) of

TABLE VIII. (a < 1) Definition of each Class and the critical
values of ¢ in a subextremal Kerr black hole.

Class Range of r, Range of #,  Ceritical values of ¢
Class I-1 r, < 1§ 0<6, <6 q; and g5
Class -2 r.>rg 0<0, <0, 42, 43, g5, and gg
Class II-1 re <r{ 0,<0,<x/2 q; and g4
Class II-2 r.>r 0,0, <x/2 4>, q3, and g,
TABLE IX. (Class I-1 and Class II-1, a < 1) Escapable region

(b,q) with r, < r§ and 0 < 0, < 6, (Class I-1) and r, < r§ and
0, <0, < /2 (Class 1I-1) for a subextremal Kerr black hole.

Class q b(c,=+) b(c,=-)

I-1 Gmin £ 4 < g3 -B<b<B not applicable
93 < q < qs —-B<b <D not applicable
qs <q <27 not applicable not applicable

II-1 Imin £ g < q3 -B<b<B not applicable
93 2 g <qy -B <b < Db} not applicable
qs <q <27 b5 < b < b} not applicable
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(r4,0,) = (1.45,10°)

q
\ 27

1

\ 27

b6 -4 -2 265" b§ -6 -4 -2 2 b5
(i) Class I-1: g3 < g5 (ii) Class II-1: g3 < qa

FIG. 13. (Class I-1 and Class II-1, a < 1) Typical shape of the
escapable region for a subextremal Kerr black hole with r, < r{.
The purple, brown, black, and green curves denote b = bj(q),
b5(q), by(r,;q), and £B(0.;q), respectively. Here we set
a = 0.9, and then ry ~ 1.44 and r{ ~ 1.56. (i) 0, is in the range
0 <6, <0, (Class I-1). The purple and brown dashed lines
denote ¢ = g3 and g5, respectively. (ii) €, is in the range 6, <
0x < r/2 (Class II-1). The purple and brown dashed lines denote
q = g3 and gy, respectively.

\ (2.33,10°)

(74, 0. :(1 (re, 0=
_.1 1
(i) g« < a3 < as 11) 0 =0=0q2<¢5 <o
q
aLNy o\ 27 ;
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-1
(iii) a3 < 2
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-1

FIG. 14. (ClassI-2,a < 1) Typical shape of the escapable region
for a subextremal Kerr black hole with r, > r{ and 0 < 0, < 6.
The purple, black, and green curves denote b = b5(q), by (r,; q),
and +B(6,; q), respectively. The gray, blue, purple, brown, and
pink dashed lines denote ¢ = q.., q», g3, g5, and g4 respectively.
Here we set a = 0.9, and then r{ ~ 1.56.
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27
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( )Q3<Q2<Q4<q*

FIG. 15. (Class II-2, a < 1) Typical shape of the escapable
region for a subextremal Kerr black hole with r, > r{ and
0, <0, <x/2. The purple, brown, black, and green curves
denote b = bi(q), b5(q), b1 (r.; q), and £B(6,; q), respectively.
The gray, blue, purple, and brown dashed lines denote g = ¢, ¢»,
q3, and q,, respectively. Here we set a = 0.9, and then r{ ~ 1.56.

Class I for a = 1. The escapable regions are summarized in
Table IV and Fig. 14.

C.ClassII-2: r, >r{,0, <0, <n/2,and a < 1

In Class II-2, there are four characteristic ¢’s: q.., g2, ¢3,
and g,. They are classified into five cases according to the
relative values, which are the same as the cases (54) of
Class II for a = 1. The escapable regions are summarized
in Table V and Fig. 15.

VIII. DISCUSSIONS

We have completely classified the necessary and suffi-
cient range of impact parameters (b, g) for photons emitted
from the vicinity of a Kerr black hole horizon to escape to
infinity, i.e., the escapable regions. All of the main results
are summarized in the tables of Secs. VI and VII. In the
process of deriving these results, we have developed a
useful method for classification: the visualization of the
escapable parameter region in the b-g plane. Furthermore,
we have demonstrated a procedure for the systematic
identification of the regions.

As mentioned in the Introduction, the evaluation of a
photon escape probability is essential to reveal the
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observability of phenomena in the vicinity of the horizon.
Our complete set of escapable regions provides a basis for
evaluating the probability. It is worthwhile to comment on
further speculations based on the results of our classifica-
tion. Naively, we expect the escape probability to decrease
as the polar angle of an emitter approaches the poles while
the radial coordinate remains fixed because the area of the
escapable region simply decreases in this case. However, if
we focus on photons escaping from the vicinity of the
horizon, such naive expectations may not hold because of
the effect of the near-horizon geometry. In fact, the
existence of the critical angles suggests that there is a
qualitative difference in the behavior of the escape cone and
the escape probability at the critical angles. In particular, we
have identified the special range 6, < 0, < 7 — 6, for the
extremal case in our context, which universally appears as a
region in which the characteristic nature of many phenom-
ena relevant to the spherical photon orbits is found, e.g., the
energy extraction efficiency of the collisional Penrose
process [18,19] and high-energy particle collisions near
an extremal Kerr horizon [20,21]. We can expect that
within this range the escape probability may be nonzero in
the horizon limit because the radial potential barrier exists
even in the vicinity of the horizon. Even for the fast-
spinning (but not extremal) case, since the spherical photon
orbits of the horizon class still appear in the vicinity of the
horizon [14], the escape probability may not be zero even if
an emitter approaches the horizon. On the basis of the
classification in the present paper, we will report the escape
cone and probability of photons emitted from the off-
equatorial plane in a forthcoming paper [22).}

Since the escape probability depends not only on an
emitter’s position but also its proper motion, we will obtain
various nontrivial evaluations by combining our complete
set with an emitter’s state of interest. Evaluating such
escape probabilities for various states of an emitter is also
an important issue for the future.
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APPENDIX: CASES 6.=0 AND 0,=x/2

We consider photon escape in the case 6, = 0. At an
emission point on the black hole axis, the regularity of the
equations of motion (8) and (9) requires b = 0. This means
that all photons escaping from the axis must have zero

The escape probability was also discussed in Ref. [23].
However, their classification of photon escape does not seem
to be complete, although it does represent part of our classi-
fication.

impact parameter b. Substituting it into ©(0) >0, we
have ¢ > —a°.

Let us focus on the negative range —a’> < g < 0. As
shown in Sec. IV B, the condition R(r) >0 gives the
allowed range of ¢ in Eq. (39). As a result, the following
inequality always holds outside the horizon:

—a2§q<0<£(r3—|—a2r—|—2a2). (A1)

This implies that all of the photons emitted outwardly with
—a? < g < 0 can escape to infinity.

Let us focus on the non-negative range of g. Then, two
critical values of g appear:

q3 (0) = qS(O), (A2)

Ty

q2(r..0) = g4(r,. 0) = = (ri + a’r, +2a%).  (A3)

> |

*

Fora =1 or for a <1 and r, > r{, together with ¢q,, we
can divide these values into three cases:

(i) 9. < 43 < g2,
(i) ¢. = g5 = q2.

(iil) g3 < ¢ < q... (Ad)

The escapable region is summarized in Table X. On the

other hand, fora < 1 and r, < r{, since g, does not appear,
we only have the single case
q3 < q>. (AS)

The escapable region is summarized in Table XI.

TABLE X. [(a=1)or (a <1 and r, > r{)] Escapable region
(b, q) with 6, = 0.
Case q b(c,=+4) b (c,=-)
(1), (1) Gmin < 94 < @3 b=0 not applicable
g3 < q <27 not applicable not applicable
(iii) dmin £ ¢ < g3 b=0 not applicable
9359 <q, b=0 b=0
g, < q <27 not applicable not applicable
TABLE XI. (a <1 and r, < r{) Escapable region (b, g) with
0, =0.
q b(”r:+) b((;r:_)
Gmin £ 9 < q3 b=0 not applicable
g3 < q <27 not applicable not applicable
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We consider photon escape in the case 6, = /2. The non-negativity of ®(0,) leads to ¢ > 0. Therefore, the necessary
parameter regions for a photon to escape to infinity in Table I of Sec. IV A are identified with the escapable regions. The
corresponding figures are found in Fig. 3. The details of the classification of the escapable region can also be seen

in Ref. [7].
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