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3 +1 formulation of the standard model extension gravity sector
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We present a 3 + 1 formulation of the effective field theory framework called the standard model
extension in the gravitational sector. The explicit local Lorentz and diffeomorphism symmetry breaking
assumption is adopted, and we perform a Dirac-Hamiltonian analysis. We show that the structure of the
dynamics presents significant differences from general relativity and other modified gravity models. We
explore Hamilton’s equations for some special choices of the coefficients. Our main application is
cosmology, and we present the modified Friedmann equations for this case. The results show some
intriguing modifications to standard cosmology. In addition, we compare our results to existing frameworks
and models, and we comment on the potential impact to other areas of gravitational theory and

phenomenology.
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I. INTRODUCTION

It is generally expected that general relativity (GR) and
the standard model (SM) of particle physics are not the
ultimate descriptions of nature, but rather low-energy
effective field theories which accurately describe physics
at energy scales available to us. This point of view is
motivated by the expectation that there exists a single
unified theory encompassing all the known fundamental
interactions. This implies the existence of a renormalizable
quantum theory of gravity which has GR as its low-energy
limit. GR, being an effective field theory, is then expected
to hold up to some ultraviolet (UV) cutoff scale, normally
taken to be the Planck energy, Ep, =~ 10" GeV. Any theory
attempting to bridge GR and SM should, on dimensional
grounds, contain all the characteristic constants of the
constituent theories. As Ep represents the UV cutoff scale
of GR, new physics should appear close to this energy, and
a promising avenue to find new physics is to search for
deviations from fundamental principles of GR.

Local Lorentz invariance is one of the fundamental
symmetries of relativity as well as particle physics, stating
that any local experiment is independent of both orientation
and velocity of both the experiment and observer, and it is a
key ingredient of GR. As such, precision tests of local
Lorentz symmetry are an excellent way to test for new
physics [1,2].
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The standard model extension (SME) is a general
effective field theory framework for testing Lorentz and
CPT symmetries [3,4]. It has become a standard frame-
work for constraining Lorentz violation in a systematic way
(for a list of all current measurements, see Ref. [5]). The
SME contains GR and the standard model of particle
physics, as well as generic Lorentz-violating terms up to
arbitrary order. The terms are constructed by contracting
operators built from known fields with coefficients for
Lorentz violation, the latter of which control the degree of
symmetry breaking and can be constrained by experiments.

In principle the SME contains an arbitrary number of
terms, but is frequently truncated at low order in mass
dimension of the field operators used. A much-studied
truncation is called the minimal SME and contains oper-
ators of mass dimension three or four.

Whereas many limits have to date been set in the matter
sector of the SME, gravitational-sector coefficients have
also been constrained. These include analysis with short-
range gravity tests [6], gravimeters [7], solar-system tests
[8.,9], pulsars [10], gravitational waves [11], and others [12].

Much of the theoretical phenomenology that experi-
ments and observations have used is based on weak-field
gravity analysis [13-17]. So-called “exact” results beyond
this regime in the SME gravity sector have just begun to be
explored [18-23]. The aim of this work is in part to extend
results to situations where weak gravitational fields cannot
be assumed, for example in cosmology. Furthermore, we
begin a study of the 3 + 1 formulation of this framework,
which allows for a Dirac-Hamiltonian analysis [24]. Note
that this type of analysis has been performed for vector and
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tensor models of spontaneous Lorentz violation [25-28]
and other related models [29], but as of yet has not been
attempted for the SME, and we seek to fill this gap in this
work. Primarily we shall adopt the explicit symmetry
breaking scenario, though some of our results can be
extended to spontaneous symmetry breaking. Ultimately,
we aim to push the application of the SME framework in a
new direction in order to explore more broadly the
consequences of Lorentz violation in gravity.

The SME as a framework for testing Lorentz symmetry
naturally contains specific models of Lorentz violation as
subsets. Much work in the literature has involved the study
of such models, particularly in the gravity context [30-36].
The connection between the coefficients for Lorentz
violation in the SME and proposed models in the literature
has been established for some quantum gravity approaches
[37,38], massive gravity models [39], noncommutative
geometry [40], as well as vector and tensor models of
spontaneous Lorentz symmetry breaking. In this paper, we
use our results to match to yet another model which
involved explicit Lorentz breaking.

The paper is organized as follows: in Sec. I we give an
overview of the key features of the SME. The details of the
3 + 1 decomposition are presented in Sec. III, starting with
a geometric overview followed by the discussion of the
SME action terms. In Sec. IV we perform a Hamiltonian
analysis, starting with general features, and we then focus
on two special cases. As an application of the results, we
study cosmological solutions in Sec. V. We connect our
results to existing frameworks and models in Sec. VI
Finally we discuss our results and conclusions in Sec. VII,
along with remarks on future work.

Notational conventions in this paper match prior work as
much as possible [4,13]. Greek letters are used for
spacetime indices and latin letters i, j, k, ..., for spatial
indices. For local Lorentz frame (vierbein) indices we use
the latin letters a, b, c, ..., when needed. The metric g,,
signature matches the standard GR choice (— + ++), and
we use units where 7 = ¢ = 1. One important notational
difference in this work is that we use here V, for the
spacetime covariant derivative, reserving D, for covariant
derivatives defined on constant-time spatial hypersurfaces.

II. BASIC FRAMEWORK

In Riemann spacetimes, the lowest order terms in the
GR + SME gravitational Lagrange density can be written
as

V=9 a
ESME - T(R - 2A + (kR)(l/j}/ISR /375) + El. (1)
In this expression, R%Pr4 is the Riemann curvature tensor, A
is the cosmological constant, (kg),s are the SME coef-
ficient fields [4], and x = 872Gy, where Gy is the gravi-
tational constant. A generic Lagrangian £ appears in the

case when the coefficients arise dynamically, as in sponta-
neous Lorentz-symmetry breaking. The coefficients
(kg)qp,5 can be written as a scalar u, two tensor s,,, and
four tensor 7,4,5 through a Ricci decomposition. So we can
write

(KR)apysRP"? = —uR + 5, (RT Y + 145, WP, (2)

where (R))* is the trace-free Ricci tensor, and W% is
the Weyl curvature tensor. The coefficients u and s, can be
moved to the matter sector by field redefinitions at first
order in these coefficients [18], so it is important to
consider also the matter sector when calculating physically
measurable results. In this work we choose our conventions
such that these coefficients reside in the gravity sector.

The action obtained from integrating (1) over [ d*x has
several features that play a key role in the analysis to follow.
The relevant symmetries in spacetime are the four-dimen-
sional diffeomorphism symmetry group and local Lorentz
transformations. First, the action is invariant under general
coordinate transformations; i.e., it is observer diffeomor-
phism invariant. This means specifically that the curvature
tensors and the coefficients (kg),s, transform under
observer transformations (change of coordinates) as ten-
sors; however, for particle diffeomorphisms the curvature,
metric, and other fields transform as tensors but the
coefficients (kg),p,s remain fixed. Therefore, the action
associated with (1) breaks particle diffeomorphisms.

In the standard vierbein formalism where the metric is
reduced to Minkowski form 7, at each point with a set of
four vectors e, vian,, = e ,e"}g,,, similar considerations
apply for local Lorentz transformations A“;. Therefore, we
distinguish observer local Lorentz transformations, under
which local tensors R,,.; transform as well as the coef-
ficients (kg),p.q- In contrast, under particle local Lorentz
transformations, the coefficients remain fixed, and there-
fore the action also breaks local Lorentz transformations.
Note that the details of these transformations can involve
the notion of a background vierbein, and so care is required,
as discussed in Ref. [39].

The action formed with (1) can be interpreted as explicit
symmetry breaking, where the coefficients are nondynam-
ical, or through spontaneous Lorentz symmetry breaking.
In the latter case, the underlying model retains the particle
local Lorentz and diffeomorphism symmetries because the
coefficients are dynamical fields. There must then be a
dynamical mechanism, such as a potential function of the
fields, that triggers a vacuum expectation value ((kg)pcq)
of the fields [30]. Upon specifying the vacuum one can still
obtain an effective model of the form (1). Indeed, this has
been demonstrated for a variety of models with vector and
tensor couplings to curvature. These results have been
discussed extensively elsewhere in the literature, particu-
larly for spontaneous symmetry breaking [33,34].
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For either Lorentz and diffeomorphism symmetry break-
ing scenario, there are conservation equations which hold
based on the action formed from (1). The field equations for
the metric g, obtained from the action take the form

G = (Tust)ﬂy + K(TM)MD’ (3)

where the explicit form of (7,4 )** can be found in Ref. [4]
and (Ty;)" is the energy-momentum tensor obtained from
the matter sector. As a consequence of the traced Bianchi
identities V”G"” = 0, four conservation laws which must
hold are given by

vﬂ (Tust)m/ = _Kvﬂ (TM )W' (4)

That these conservation laws hold will be a key point in this
work. There are also six conservation laws associated with
local Lorentz symmetry breaking, which we do not display
here for brevity. In generality, the recent works of Bluhm and
collaborators clarify the differences between explicit and
spontaneous local Lorentz and diffeomorphism symmetry
breaking [39,41], and the intricacies of the conservation
laws. Note that alternatives to Riemann geometry exist, such
as Riemann-Finsler geometry which has recently garnered
attention as an additional avenue of pursuit in Lorentz
violation theory and phenomenology [42].

III. 3+1 VARIABLES AND DECOMPOSITION

A. 3+1 basics

We start with a four-dimensional manifold M with
associated metric g,,. Following standard methods [43-46],
we decompose M into constant-time spatial hypersurfaces %,
with associated timelike normal vector n# (normalized to
n,n* = —1). In a commonly used coordinate representation
the components are n, = (—a,0,0,0), where a is the
Arnowitt-Deser-Misner (ADM) lapse function. Referring to
Fig. 1, tdr is a vector connecting points on neighboring
hypersurfaces with fixed spatial coordinates x’ (cf. Fig. 2.4

in [47]). The shift vector is 4, which arises from the dif-
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FIG. 1. The ADM variables connecting spatial hypersurfaces X

at time ¢ and ¢ + dr.

ference between # and n*, while the inverse spatial metric y**
is given by

y = g+ i, (5)

Using n* and y*, the four-dimensional curvature Rz,5 is
decomposed into a three-dimensional spatial curvature R 5,5
and extrinsic curvature K, . The extrinsic curvature is defined
in terms of the Lie derivative along n* as

1
K/w = _Eﬁn}//,w' (6)

A spatial covariant derivative D, is obtained from
y-projection of the covariant derivative of a tensor. For a
tensor with mixed indices 7*#,, for example, it is given by

DﬂTaﬂ = }’5,470’67{ﬂv5T€§- (7)

It will be useful also to use the “acceleration” a,, = n*V,n,,
which is orthogonal to n*. The three-dimensional curvature
R%p,s is defined by the commutator of the spatial covariant
derivatives as

[Dav D/)’] Us = _Reﬁ(lﬁve (8)

and satisfies R¢s5,4n, = 0, where v, is assumed spatial
(n°v, = 0). Some more key results in the 3 + 1 decom-
position are included in Appendix A.

When necessary we will refer specifically to the space-
time metric in standard ADM form expressed as a line
element,

ds® = —(a® — pI;)di® + 2, didx) + y;;dxidxi. (9)

This form makes plain that the principle variables for
gravity are the 10 degrees of freedom a, #/, and y,; it

B. GR and the SME action

1. GR action

Of principle importance in what follows is that in the
SME action, spacetime covariant derivatives occur
which act on the coefficients for Lorentz violation, and
do not generally vanish. To see this, we decompose the
Lagrangian (1) using the 3 + 1 curvature projections in
Appendix A. For reference, we examine first the GR
Lagrange density which is

Lox = LR + KK gy = K2 = 290K + a®)]. (10)

Note here that the last terms form a three-dimensional
surface term in the action that normally does not affect the
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dynamical field equations, and thus they are usually
dropped.” What is left contains the extrinsic curvature
K .5, which can be seen from (6) to have time derivatives of
Yw Vvia the Lie derivative along n”. Specifically, if one
evaluates the Lie derivative in (6), one obtains the standard
result

1
K - (azJ’ij _Diﬂj_pjﬂi)’ (11)

= T,
and the other components K, contain no new time
derivatives other than those in (11). The spatial curvature
term in (10) contains no such time derivatives, depending
only on the curvature in each spatial hypersurface.

The presence of the time derivatives determines the
dynamical variables used for a Hamiltonian formulation; in
GR, only time derivatives of y;; occur, and thus these six
components are the only dynamical degrees of freedom in
the Hamiltonian formulation.” The other metric degrees of
freedom a and /# are nondynamical, corresponding to the 4
gauge degrees of freedom in diffeomorphism symmetry.
This leads to the four primary constraints in a Hamiltonian
analysis of GR. Note also that, while it does not occur in
(11), the acceleration a, has only spatial derivatives, as it
can be shown that a; = 0;Ina and ay = f/a;.

2. SME action and global background coefficients

We next examine the contribution of the (kg)y,s
coefficients in the SME action. Using the general curvature
expression in Appendix A this term can be manipulated
into the form

_g Qj Q;
L1y = L (k) g R = 6K
+ dntn? (KPR, — KPKE) + daPn? K]
— 4(nn? (n°KP + y%¢a’)
=20y K7 )V o (KR) apys}- (12)

We can see that a term with the covariant derivative of the
coefficients occurs while the remaining terms are express-
ible in terms of the extrinsic curvature K;; or the accel-
eration a*. In general spacetimes this term V.(kg).,s
cannot be made to vanish [4]. Since we are interested in the
dynamical content of the framework we can use the 3 + 1
decomposition to interpret such terms.

Consider first the simpler case of the covariant derivative
of a covariant vector b,,. Using projection and the definition

'See Ref. [46] for details on surface terms.

Note that we adopt the first order derivative form for the
action as much as possible, particularly for time derivatives.
Otherwise, the Hamiltonian formalism gets modified to accom-
modate higher derivatives [48]. This would also occur for models
with higher than second derivatives present.

(7), as well as properties of the Lie derivative along n*, we
can write this in terms of the spatial covariant derivative, the
Lie derivative, and the extrinsic curvature, as

V,b,=D,b,— nDDﬂ(n’lbi) - 2n(ﬂKV)'1b,1
- nﬂnb(a’lbﬁ) +n,n,L, (n*b;) — nﬂyﬂyﬁnbﬁ. (13)

It can be checked using (AS) that the spatial covariant
derivative of b, will only contain spatial partial derivatives
0, of components of b,, the functions a and /¥, the extrinsic
curvature K;;, or the three-dimensional connection coef-
ficients I jk» the latter of which contain only spatial
derivatives of y;;. Thus D, acting in (13) cannot introduce
any time derivatives of the metric functions « and /. From
a geometrical perspective, this is because the D, derivative
describes changes in the three-dimensional hypersur-
face Z,.

Since the acceleration a, depends on spatial derivatives
of a, we are left with the final two terms in (13) as places
where time derivatives of a and f; might reside. The

projection of n*b, can be written as

1
l’libi =

—(by— b)), (14

while its Lie derivative is

an'b) + b 1 .1
ﬁa—z +n'b, — ~ p'D,(n'b;).

(15)

L, (nib/l) ==

Note the appearance of @ = 9,a and B = 8,/ for the lapse
and shift functions. This implies that in the Hamiltonian
analysis we will generally not obtain the usual four primary
momentum constraints as in GR. The final Lie derivative
term in (13) is proportional to y’, £,,b;, which can be shown
not to contain time derivatives of the gravitational variables
a, f/, and y;;.

One might immediately suspect that the appearance of &
and Bj is merely a coordinate artifact and can be removed
by general coordinate transformations. Indeed, the SME
maintains general coordinate invariance of the action.
Under a general coordinate transformation, b, transforms
as a covariant vector,

b ox"

o OxH

b,, (16)

with other quantities transforming as usual. However, the
quantity n#b, occurring in (15) is a scalar and is the
projection of the hypersurface normal »n* along the fixed,
a priori unknown, background b,,. The appearance of a and
ﬂf in (14), in a certain sense, describes the unknown
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orientation of the background and the orientation of the
hypersurface geometry, the latter being tied to the source of
the gravitational fields. If an alternative coordinate system
x* is chosen so that n*'b,, = by and we then suppose that
in the new coordinate system b,, is now the fixed back-
ground that is independent of the gravitational fields, we
have effectively made a different choice of background, and
because of the explicit breaking of diffeomorphism sym-
metry, we have chosen a different model.’ We return to this
point later when we consider alternative ways of specifying
the background fields.

The vector example can be extended to general tensors;
since our focus is on the SME gravity action, in the minimal
case, it is possible to manipulate the Lagrange density into a
form where time derivative dependencies are more trans-
parent just as in (13). In fact, we can write (12) as

L1y =Y 2 (k) ol R + 2K K
— 12n*n’ KPK?, + 4n“n” KPP K€, + 8K nP a’)
+ 8K D, ((kg)apys7 vy 1)
— 40D ((kg) o577 e’ n?)
— 4K Ly ((kg) g7y’ cn’n) }. (17)

Any nonstandard time derivative terms will be contained in

the last Lie derivative term. The appearance of a and ﬁj
terms can be verified by working out the Lie derivative term
explicitly. We find the relevant piece to be

4./=g .. . .
Ly, 2 2 Kl]”(s((kR)iﬁj(s”ﬁa+(kR)iljaﬁl)~ (18)

R Ka

As in Eq. (15) we obtain a combination of ¢ and f/ terms,
and we thus expect this to hold for general tensors in the
SME [15].

This rather interesting result, the occurrence of & and /3,
is in contrast with GR and many modified models of
gravity. It is somewhat unsurprising in that we are con-
sidering the SME framework interpreted in the context of
explicit diffeomorphism symmetry breaking, which breaks
the gauge symmetry of GR. Other models, such as massive
gravity, which also have explicit diffeomorphism breaking,
modify mass-type terms with no derivatives in them. They
generally do not modify the kinetic structure of the theory
and thus do not introduce such terms. As another example,
for models with curvature contractions in the Lagrangian
such as RaﬂR“/’ , even though they have higher than second
derivatives of the metric, the lapse and shift functions
remain gauge [49]. More varied results exist for other
models with higher than second derivatives [50].

3This choice corresponds to Gaussian normal coordinates [45].

In the case of spontaneous symmetry breaking, where
for example b, — B, is dynamical, there are separate
field equations for B, which must also be considered.
The net effect in this case, since the underlying diffeo-

morphism symmetry remains, is that ¢ and f/ can be
eliminated by a particle diffeomorphism. Or alternatively,
one can see that the dynamics of a and #/ become linked
to the field B,, as the time derivatives always occur in the
combination in (15), and they thus do not represent
independent degrees of freedom. This point about the
spontaneous-breaking case parallels the reasoning behind
the observation that any diffeomorphism Nambu-
Goldstone modes Z* vanish from terms in the action
as V,B, [33,34].

3. Local background coefficients

In the explicit breaking case considered above, the
coefficients kg, with spacetime indices are considered
as the fixed background fields independent of the gravi-
tational variables. There are alternative choices that could
change the results. For instance, using the vierbein for-
malism it may be more natural to treat the coefficients in a
different way. From the basic definition of the vierbein, we
can find its 3 + 1 components from the metric (9). The
components e, are given by

0

e, =a,
ej() =0,

et} = ei}ﬁi,

Vij = eijej}'v (19)

where we use 7 and i, j, ..., for time and space indices while
for the local frame we use a bar over the index. The last

equation merely defines the spatial piece of the vierbein e,/,
since we have not specified the spatial metric. The explicit
decomposition can be performed once a spatial metric is
chosen. The vierbein in (19) is not unique; one may apply a
local Lorentz transformation A%,(x) and generally mix
components.

Returning to the vector example above, when using the
vierbein it is natural to consider the local covariant vector
field b, as the fundamental background object which
breaks the spacetime symmetries [4,51]. For instance,
using the vierbein and the vector n* the projection which
occurs in Eq. (15) can be written

b,n* = by. (20)
In this case the Lie derivative term in (15) yields

Lawte) =20 Loy 1)

a
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Now we can see that no time derivatives of a and / occur,
provided that b, is the independent background.4 It should
be noted that this choice does not make use of a background
vierbein, as discussed in Ref. [39] and may result in more
severe constraints on explicit breaking models via the
conservation laws.

How does all of this play into the dynamical and propa-
gation structure that is known from weak-field studies of the
SME and models of spacetime symmetry breaking? To
answer this we also perform a comparison with what is
known about the weak-field quadratic limit [17], including
generic gauge-violating terms in Sec. VI A. Ultimately in this
work, we look at cases of explicit breaking with both choices
of the background coefficients corresponding to the “global”
background in (14) and the “local” background (20).

IV. HAMILTONIAN ANALYSIS

A. Generalities
Working with the Lagrange density in the form of
Eq. (17), we carry out a Riemann decomposition of
(kg)qp,s into u, s,,, and t,,. The Lagrange density for
tsu Will take the same form as (17) with the replacement of
(kg )apys = tapys- For u and s,, we obtain

ﬁu = 2_g [M(R + Ka/}Ka/i - Kz)
K

2(KLyu + a*Dyu)l,
L=V,
+ 25,5K“KP 5 + K" Ly, — KLy (n#n"s,,)
+ 2K (s,,n"a” + Dy (5,0 7))
— 2K D, (5,,17")
+ a D8, r™) — @' Dy(s,,nn”)]. (22)

JRIC = n®nP s (K"K, — K?)

Note that one can also consider other possibilities such as
substituting u — ¢"“s,,

In the Hamiltonian analysis, one first finds the canonical
momentum densities using L = [ d°xL via the standard
variational definition

L
m, =& (23)
5¢n

In the present case the ¢, correspond to a, ', and y; - To
describe the results for the SME actions we show the
canonical momenta for the u, s,,, and 7,4, terms, assuming
global background coefficients as in Sec. III B 2.

*An alternative way to arrive at Eq. (20) is to define n - b =
b,n* = b, as the time component [52].

For I, = 6L /6@ and (I1y); = 6L/5f we obtain

H_\/77

— VY 4Kt 24
a e n'n ( v T l/l]l/) ( )
Hﬂ,i = g (Ks;u + 4K/ tjlk/l) (25)

Note that no nonzero terms appear here for the case of u;
however, if one chooses u to be composite, such as u = s#
a different result ensues. For the s,

and 7., coefficienlgs
the expressions for H;j = 6L /6y;; are lengthy and omitted
here. These expressions contain terms which generally mix
the components of s;; and y;; in an anisotropic manner; for
instance,

107 5 Y7 (K — K= 5, 7 s, VK ),

where the first two terms are the GR result and the
displayed remaining terms show a mixing of the compo-
nents of s;; and K;; ~y;; — D;; — D;p;.

To construct the Hamiltonian density H = I[1"¢,, — L,
one needs to express ¢, in terms of the momenta IT,,. Since
obtaining the general expression for y;; involves a lengthy
process of inversion due to the anisotropic components of
the coefficients, we endeavor in this work to begin an
investigation by studying special limiting cases of the
underlying action.

B. Case study 1

We consider a special case with one nonzero component
soo of s, in the chosen coordinate system.” In this case,
using the specific components of the metric (9) the
Lagrange density simplifies to

a\/Y a> =500, )
L= 2K [R+ ) (KVK; — K7)

2 1
+ K< S()o(a aﬂ a; ) e (SOO P 0; s00)>

. |
+ —2S00alai - —za’(?,-soo + £M- (26)
a a

When constructing the Hamiltonian, the variables of the
system are the a, p*, and y,, fields along with their
conjugate momentum densities:

Note that alternative choices exist such as considering the
contravariant coefficients as the fixed background; for example,

n,n,s" = a 259 for arbitrary s*.
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2
i V7 [“ — 500 (i — i)

Tk o>
Ui k S00
+547 (0, = B Ok) 21 (27)
Ha _ \/7‘:00 K. (29)
Ko~

From now on we drop the y label on 1 and abbreviate its
trace as IT=1IIYy;, and we drop the S label so
that IT; = Iy;.

Examining the momenta, we see that Eq. (28) gives three
primary constraints. Equations (27) and (29), along with
Eq. (11), can be inverted to solve for y;; and . Following
standard procedure [52], we first find the base Hamiltonian
density of the system through a Legendre transformation on
the Lagrange density H, = 7'/y; j + 7w — L. For the base
Hamiltonian density we find

2xa’ |
Hy = 4'2(0‘ (l‘[i,-H’f - —H2>
\/}7(0‘ — 500) ' 3
ko (a? —Zsoo) 2 _ 2xa* M+ asoo m,
37500 3\/7500 2500
. 1 .
_V7 Spod'a; —=a'O;sgy | — a—ﬂR
Ko 2 2K
+p (Ha {aai . (9,»s00} —2DI¥ ) . (30)
2500

Note that by comparison, in GR, the momentum for « is
absent; thus Eq. (29) is replaced with II, = 0. The GR
Hamiltonian is

2Kka | a/y . )
=" (1110 — 11 | - Y-R -28D IV, (31
HGR \/}7 ( ij 2 > 2% ﬂ j i ( )

Examining (31) and (30) it can be seen that taking the limit
of sg9 — 0 does not smoothly connect the Hamiltonians.
This is an artifact of the Hamiltonian method; in particular
it results from solving Eq. (29) for yy;;, which requires
soo 7 0. We return to this point later in the process.

To Eq. (30) we add a term involving the primary
constraint contracted with a Lagrange multiplier to obtain
the augmented Hamiltonian H, = H, + £T1,. We then
check the consistency condition, or evolution, for this
primary constraint by taking its Poisson bracket with the
augmented Hamiltonian II; = {II;, H,}. This yields a
secondary constraint

1;11' = 27/”Dkl—llk - H{l <aai - LaiS()O) ~ 0. (32)
: 2S00

Note that the ~ symbol here refers to an expression that is
“weakly” equal to zero; i.e., when the constraints are imposed,
it vanishes [24]. This secondary constraint can also be
observed in the last line of Eq. (30) multiplying the /.

We continue to check consistency conditions with the
secondary constraint ®; = H, The full expression for the
evolution of ®; is needed, including the explicit time
dependence since there may be additional time dependence
in sg9. A lengthy calculation reveals

dod. 0D,
[ (I)~, H i
dt { 1 A} + at
= D;(p/®;) + ©,; D, + Y;50, (33)
where ¥ is a function of the coordinates and momenta
equal to
3 1
\I‘ _ _ Ko (Hin[/ _ §H2>

\/77(0’2 ~ 500)00

2 4
_Ka (o = s00) , Kk oo a\/}7R

a AL+
6\/7s80 3\/]7.5‘(2)0 4K
\/}7 D2S00 — iyz Dza
4xspoa 2ka
N2 37
- Ksooaa/ajsoo +%ajaj. (34)

The implications of (33) are as follows. Examining this
expression the first two terms are linear in the original
constraint ®;, and so are weakly equal to zero—providing
no new constraints. The last terms would appear to give
new constraints, but this depends on the properties of the
background coefficients s,,. If we insisted that the coef-
ficients and their derivatives remain arbitrary we would
have to take the last terms in (33) as new constraints and
again check the consistency using Poisson brackets with
the Hamiltonian. On the other hand, if we merely insist that
in the chosen coordinate system 0;so, = 0, then (33) will
be weakly equal to zero and no new constraints are needed.
That a constraint on sy, has arisen directly from this
analysis can be traced to the fact that (32) is a modification
of the usual momentum constraint of GR. The term 0;sqq
represents an additional kind of “shift” in the momentum
conservation law.

Further insight can be gained by examining the traced
Bianchi identities (4) for the choice of coefficients we have
made. From Ref. [4] we have

V,(T,), = % RV, s, — V,(R¥sy).  (35)

We next reexpress this equation in 3 + 1 form by using
Appendix Eq. (A2), the decomposition of the covariant
derivative as in Eq. (13), and we use Eqgs. (27)-(29) to write
the expression in terms of the Hamiltonian variables a, 3/,
vij» I, and T1V. Examining the case of sq, only then yields
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(T =—
s)j \/]70!
which contains the same terms as in (33). Therefore, we see
that the Hamiltonian evolution has produced a constraint
that we expect from the field equations.
We will proceed with the assumption that the coefficients
soo are independent of spatial coordinates:

‘PajSOO, (36)

aiSOO =0. (37)

Note that this is a coordinate-dependent statement which
may be more properly understood as saying that sy, does
not change within the spatial hypersurface at fixed .

|

Hamilton’s equations of motion can now be obtained in
the standard way through the Poisson bracket
pn={p., H}, where H is the final Hamiltonian with
the primary constraint added. In principle, one adds the
secondary constraint to the Hamiltonian with an additional
three Lagrange multipliers. Since the secondary constraint
can be seen to be already contained in the #/ term in the
Hamiltonian (30), it is not strictly necessary to add this
term. This reflects the remaining gauge freedom in this
limit of the framework.

We then find Hamilton’s equations of motion for the
momentum variables to be

. 2ka® (a® — 3s) < y 1 ) 8ka’®
I, = ————5— 5 IV, — =112 ) + 1T — ——— (7a* = 5509)[12 + D (BT,
1 S00 i i 4
230 —1II SOU + \/_( aa; — 2Dl’a ) + \2/—1:R, (38)
Hl = 2]/l]DkH]k - Haaai, (39)
3 502
7/ — — 4’;“ (Hiknjk _ lHHij) i KZ“ yii (Hklnkl _ 11—[2) LR (a —2300) Y2
V7@ = s0) 3 V(@ = so) 3 6\/7500
- in (Iy'l — 20T — 21TKUD, B7) + Dy (TTH %) — VT (i — 1yl‘f‘oﬂz —D'Dia+ yiD?a
378500 2K 2
S | o
+ V7500 <—y”akak - a’af), (40)
koo \2
|
and up to 10 degrees of freedom in the variables a, 4/, and y; it
With our choice of sq, we have three primary constraints
. 2ka’ - a(a® = so0) m,| + apa and three secondary constraints, along with six undeter-
35007 500 “ k mined Lagrange multipliers. According to the standard
a . recipe [see, for example, Eq. (B11) in Appendix B of
+ FOOSOO’ (41) Ref. [52]] one can use the equation
ﬁi = §i7 (42) Ndof = Ndof.initial - E (# Constraints)
3 1
Vi = _ Gka <Hi' - EHJ/,» > -5 (#undetermined Lagrange multipliers)  (44)
1 7@ = s00) J T3
2ka to determine the number of degrees of freedom. In the case
a 37500 Mayij + Dibj + Db (43) above, we have 10 — (1/2)(6) — (1/2)(6) = 4 degrees of

Note that we have implemented the condition (37).
At this point it is useful to remark upon the degrees of
freedom in this special case of the SME.® We began with

6Deglrees of freedom represent pairs of coordinate and mo-
menta variables freely specifiable on a hypersurface of fixed ¢
[27].

freedom in our model. In GR, by contrast, there are four
primary constraints, four secondary constraints, and in
principle eight undetermined Lagrange multipliers which
leaves 10 — (1/2)8 — (1/2)8 = 2 degrees of freedom.
Note the appearance of the inverse of sy, in the
expressions above. This does not represent a phase space
singularity, but rather a parameter singularity. Its appear-
ance is tied to the Hamiltonian method, where one inverts,
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for example, Eq. (29), while in contrast results are generally
linear in the parameter s in the standard Euler-Lagrange
equations. There is also a denominator in (30) that appears
to have a singular point when a = =+, /5. It is not clear if
anything keeps the field configurations away from this
region of phase space, and this remains to be investigated.

The Hamiltonian and Hamilton’s equations in this
special example. or a related one with different choices
of s,,, can form the basis for future work in a variety of
areas such as studying the initial value formulation of the
system of equations. This could lead to modeling the effects
of SME coefficients in strong field gravity systems, for
example using numerical techniques of integration [47]. In
this paper, we content ourselves with a cosmology appli-
cation in Sec. V.

C. Case study 2

In contrast to the case considered above, we can make an
alternative choice for the background coefficients. In this
example we choose s, to be diagonal and isotropic in the
local Lorentz frame
5 0 0
s 0

W=

, (45)

0
0
Sap = 0

N

0

W=

i)
0
0 0
0 O s

W=

where the nonzero components sz and s are left as
arbitrary functions of the spacetime. Using the vierbein
in (19) we can find the components s, = eﬂ“ebb Sap 10 the
spacetime coordinates of the metric (9). Simplifying the
action for s,, in (22) we obtain an alternative explicit
breaking Lagrangian:

a\/y 1 ij
L, :2—\;{ {RO +§S> + (KVK;; = K?)(1 = sg0)

+KL,Q + afaig} , (46)

where we use the abbreviation Q = s/3 — s5;.

In this case the terms involving the time derivatives of «
and p/ are absent, and except for the time and space
dependence of the coefficients which we take as arbitrary
for the moment, the Lagrange density resembles that of GR
with scalings of the extrinsic curvature and spatial curva-
ture terms. The canonical momenta are calculated to be

ij Y ij ij L i
0 = Y7\ (ki = K9)(1 = s0) 37102 (47)

Iy; =0, (48)

M, = 0. (49)

Note the appearance of the Lie derivative of the coefficients
directly in the momentum and that we get four primary
constraints for a and f#/, as in GR. This is in contrast to
the case of global coefficients in the general analysis of
Sec. IVA, and so (49) is not a limit of Eq. (25). The base
Hamiltonian density for this case is given by

2ka o1 i,
SR 5y O s U/ o ) U703
Ho \/77(1_366)< Y 2 )+ &
a\/Y 1 1
SNV S R T
2K ( +3S> 2(1—5()())
3Vr N
—— V7 (Q)? - 40.0, 50
16K(Z(1—S()())( ) 2% Y (50)

where for convenience we define Q' = (9, — '0;)Q.
The evolution of the primary constraints with respect to
the augmented Hamiltonian

H, = / Px(Hy + ol + ETL,), (51)

where v and & are Lagrange multipliers, yields the
following secondary constraints:

2K . 1
My Hy}=—— Hwn,--—m)
e, Ha} ﬁ(l—sﬁo)< 72
NAn N 2.
Vil 4os)R-—2V (@
o\ t3e Tox(1 = sppy )
V75
~ Vi, 52
e (52)
{II,,H }—2D<H-i—L8»Q
PEATT T (1 s5g)
3
VI qpa. (53)

" 8k(1 — s55)

These secondary constraints contain the GR secondary
constraints but they differ in the extra terms involving time
and space derivatives of the coefficients in €. The standard
procedure is to check the consistency of these secondary
constraints. Due to the presence of the spatial derivatives in
Q, we expect a result similar to that for the case 1 model,
whereupon we obtain a lengthy function of the canonical
variables multiplied by terms proportional to 9;Q. This is
indeed confirmed by calculation, and so we proceed with
the simplifying assumption that 9;Q2 = 0. This assumption
has the immediate effect of reducing the secondary con-
straints in (53) for IT; to that of the standard ones for GR,
I1, = 2D,I1] ~ 0.

Still allowing for arbitrary time dependence of the
coefficients s55 and s, we proceed with the calculation
of the secondary constraint evolution. Denoting @, =
{l,,H,} and @; = {I1;, H,}, we obtain the following
results for their evolution:
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HD ) 2(1+1 .
":Di(ﬁ’%)er@-D’aJr

(I-s55) (1

a

3

(1+

k(3 +300)

97

1

2 . 3 .

35 aDl(I)—l—’U \/77 2 > >
6d4xa(1—s55)

Q3
8ka (1—s55

560)

Q-
+8a(1 —55p)°

s ((130)03

{®;,H,} = ®D;p" + D;(f'®,) + P, Dja.  (55)

Examining these expressions reveals two things. First,
from (55), we see that the secondary constraint D,IT’ jis
preserved since its evolution is linear in the secondary
constraints, which weakly vanish. Note in particular in (55)
that terms linear in ®; and ®, appear, in contrast to case
study 1 in Sec. IV B [see Eq. (33)], where there was no
primary constraint Il, nor a secondary constraint @,.
Second, the Lagrange multiplier » appears in the evolution
equation for the @, constraint (54). This latter result also
differs from case study 1, where v did not even occur
because there was no @, constraint, and in GR, v remains
an undetermined Lagrange multiplier.

In this case, the standard procedure is to solve for v from
(54) by demanding that the equation weakly vanish. The
first three terms vanish weakly by the prior secondary
constraints, so this amounts to the » term canceling all
remaining terms. When we solve for v in this manner, we
obtain

3aQ ka1l .
v=— - + p'D;a
8(1 —sp0) (1 —sp0)v7
2 30y b
_4k?a’ (5 + 5o ; <Hl~jH’7 B EHZ)
37/(1 — 555)Q 2
1\. 4. @R
ag) asgp
+—+ 56
Q  2(1-s5) (56)

As can be seen from this equation, there is a problematic

denominator in some of the terms. One would thus demand

that the solution only include cases where Q #0.
Denoting the solution of (56) with capital V, the

expression would then be inserted back into the
Hamiltonian and the final form would be
HF = /d3x(H0 + V(a’ Yij’ﬁivnij’ )Ha + éinl

+ D), (57)

where H, (50) is evaluated with 9;QQ = 0 and we have
indicated that V is now a function of the canonical variables

2\/_(1 —Soo)

HH

-

and the coefficients. We have added three additional
Lagrange multipliers ¢/ for the secondary constraints
®; ~ 0. Note that, upon doing this, we end up with one
of Hamilton’s equations specifying & = V(a,y;;, f. 117, ...),
again in contrast to GR where « is pure gauge. The full
Hamilton’s equations for this case are lengthy and omitted
here, but it would be of interest in future work to study these
types of cases in more detail.

In the result, Eq. (57), we have four primary constraints
(48) and (49), four secondary constraints (52) and (53), and a
total of six Lagrange multipliers & and ¢/. Note that the
Lagrange multiplier v was solved for, and so does not count
as an undetermined Lagrange multiplier. Using the counting
scheme in Eq. (44), for this case we obtain 10 — (1/2)(8) —
(1/2)6 = 3 degrees of freedom, one more than GR.

Another choice is to set s and s to be constants. This
choice reduces the Hamiltonian to one where there are
scalings of GR terms, obtainable from (50) by setting the
Q/, 9;Q terms to zero. Indeed, it is this choice that forms the
starting point for the match of explicit breaking models to
the SME, as we discuss in Sec. VI B. For this latter choice,
the number of degrees of freedom reduces to the GR result
of 2.

— V' O’BDa

37

sa0) 16xa®(1—s5)°

;nz> %

8ka® (1 —555)

Ol
(=]

D. Addition of matter

To apply the results above to physically relevant sit-
uations, we address the addition of the matter sector to the
Hamiltonian analysis. We assume here that the matter
sector does not couple to any coefficients for Lorentz
violation and is minimally coupled to gravity. Depending
on the area of study, the description of matter could be as
basic as a perfect fluid or a set of scalar fields, or more
sophisticated with gauge fields and/or spinors. For this
work we shall leave this specification generic and comment
on how the matter sector feeds into the analysis above.

First note that when performing variations of the matter
action with respect to the spacetime metric g,,, we have

2 68y
vV -9 59/41/ .
Upon constructing the Hamiltonian for the matter sector,

we can use (58) and the 3 4+ 1 decomposition to show that
the following hold in space and time components:

(TM)W = (58)
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oH

o = VI Tw)”,

oH .

= —a (T B, + ()i

(S(SIZM - _%a\/ﬂ(TM)ij + BB (Thy)™ + 2(T ) 7).
ij

(59)

In the Dirac-Hamiltonian analysis, one checks the con-
sistency or evolution of the secondary constraints. If you add
the matter sector, minimally coupled to gravity, certain
combinations of the terms in (59) are involved in these
calculations. For example, in the secondary constraints in
(53), an extra term for the matter sector —6H ,; /5" is added,
and its evolution is governed by the expression

H H OH
{5_1"’ HA}zé_MDia+Dj<ﬁj5 M)

sp Sa op
SH )y, . SHy,
L(D.p - 27D —2, (60
+ 5,6} ( lﬁ) Vit 67/]‘]( ( )

where H, is the augmented Hamiltonian including the
matter sector. Similar results hold for §H/Sa. Finally, we
note that, while we do not address it here, the addition of
even minimally coupled tensor fields can significantly affect
the constraint structure of the model, as shown in Ref. [52].

V. COSMOLOGICAL SOLUTIONS

In this section we apply Hamilton’s equations for the
case study 1 subset of the SME discussed in Sec. IV B to
search for solutions in a Friedmann-Lemaitre-Robertson-
Walker (FLRW) spacetime [45]. We use the general FLRW
metric in spherical coordinates

dr?

* = =a +20) [+ Pla? +sintoag?)] (o)

1 — kr?

where a(t) is the scale factor and k = {+1,0,—1} repre-
sents a closed, flat, and open universe, respectively. For this
metric, the lapse and shift can be seen by comparison with
(9)tobe a = 1, #/ = 0 and the acceleration vanishes a; = 0.

We proceed with evaluating Hamilton’s equations for
this case. Using the result y;; = 2ay;;/a, Eqgs. (27) and (29),
we can find the canonical momenta to be

v = —ﬂ(l —Soo)gyij +ﬂ3007”j,
K a 4k
3s a
Ha = _& Y (62)

where /7 = a®r*sin@/V/'1 — kr?. These results allow us to
establish that since IT" is proportional to y*/, quantities such

as ITVT1;; — $T1* will vanish. Indeed, evaluation of the other
set of Hamilton’s equations (38)—(40) for this case yields

Y AL Ul 1) 7SS i o U
6/750 3\/7500
NN
Vg YT, )i,
w5 ()
. N3 8k K )
II,=--R IIIT — ——— (7 — 559911
a 2k +3\/]7S00 a 3\/}75%0( SOO) a
1 .
- Z—Hasoo - \/77(TM)00’ (63)
S00

where we have used the matter couplings in (59) and GV is
the three-dimensional Einstein tensor. With the choice of
metric and #/ = 0 the constraint equation (39) is satisfied,
as can be checked directly. Also, note the fact that a is
dynamical in our model, and even though it is fixed to
unity, it still plays a role through the momenta II,.

For matter we use the usual perfect fluid model for a
homogeneous and isotropic universe, (T, )", = diag(—p,
P, p, p), where p and p are the energy density and pressure,
respectively. They are related through the equation of state
p = wp, where w is the barotropic index.

The three-dimensional Ricci scalar and the three-dimen-
sional Einstein tensor are R = 6k/a’ and GV = —ky'/ /a®.
Combining with (62) and (63), we obtain two equations:

a 2 Kp k a C.ls'oo
-] (1- =——-——-Sp—+——, (64
(a) (1 = s00) 372 Soo T (64)

d+1 a 2(1 ) kp k +d. +1,,
—+=- —Sp) =————5+—35 —500,
a 2\a 00 2 2a2 " a™ T gn0

(65)

which have been written to match the standard FLRW
equations of GR as closely as possible. Indeed, one
recovers GR in the limit that sy, — 0. The modifications
include terms with first and second time derivatives of s,
scalings by 1 — s, and an extra ¢ term in the first equation.
In principle, one could decouple the equations to obtain one
with only the acceleration ¢ and one with only the Hubble
factor @, in the standard Friedmann equation form.
However, s is an as yet unspecified function associated
with explicit breaking of the underlying symmetries in the
action (1).

In order to understand the role of s in this context more
plainly, we examine the remaining conservation laws
implied by the underlying action. These were given in
Eq. (4) and for this particular subset of the SME in Eq. (35),
Eq. (4) must be satisfied for consistency:

V(T = —kV,, (T ™. (66)

u
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The v = j component has already been satisfied by the
assumption in (37), and thus we can assume correspond-
ingly that part of the usual matter conservation law is
satisfied, V,(T))"; = 0. The Hamiltonian method did not
directly involve the v = 0 component, so we must ensure
that it holds as well in the cosmological solutions here.

After some computation, we obtain for the left-hand side
of (66),

a (3. a a
V(T )y = P (5500 + 6500 5) + 3Soo;- (67)

For the matter part, we obtain

V(TuPo= =300 p).(69)

Consistency of these results, i.e., left-hand side equals
right-hand side, can be verified with Egs. (64) and (65) by
solving for p and p and inserting the expressions into (68),
to recover (67).

We are now in a position to examine the consequences of
different choices for sy,. Among the myriad of possible
functional forms for syy, we study two cases here. First,
we look at the case where s is determined by demanding
that the matter stress-energy tensor by itself is completely
conserved and thus Eq. (68) vanishes. Second, we look at a
case when Eq. (68) does not vanish, yet the total con-
servation law (66) holds.

A. FLRW example 1

For the first case, we enforce the matter energy-momen-
tum conservation law. Note that if the matter equations of
motion are satisfied (“on shell”) this condition would
necessarily hold. This condition implies that V,(7',)",=0
and thus the following expression must be solved for s:

i /3 .
—g (- 5‘00 + 6S00 E) = 3S00£. (69)
a\2 a a

It turns out that an analytical solution for s,y given by

Soo = % (70)
solves this equation, where ¢ is an arbitrary constant. This
solution has intriguing and yet pathological features.
Obviously, if the acceleration d = 0, as it does in the past
for standard cosmological solutions, it diverges. Also, if we
could assume constant behavior for d, then the result shows
that the coefficient s, would naturally decrease with the
expanding universe.

The next step to pursue the case just outlined would be to
insert the solution (70) back into the modified equa-
tions (64) and (65) and attempt to solve the resulting

system of equations for a(#) for different choices of sources
p and p. However, one finds that the resulting equations
have up to fourth order time derivatives in them, if they are
solved with no approximations made. Furthermore, it is
challenging to approach the equations from a perturbative
point of view, where the dimensionless sq, is “small”
compared to unity, as can be seen from plugging a GR
solution into (70): again when & approaches zero, this
grows large and conflicts with perturbation theory. In this
work, we do not pursue this solution further and leave it as
an open problem to explore.

B. FLRW example 2

We now turn to the case where we do not impose the
vanishing of V,(T)¥,. The coefficient s(, remains arbi-
trary, and so for this work we examine the simplest case of a
constant coefficient, $50 = 0. As a consequence of this
choice, the matter conservation law gets modified and
matter exhibits a modified cosmological evolution in the
presence of sqy # 0. First, we write the Friedmann equa-
tions for this case as

a\? Kp k
a _3<1—%S00) a*(1 = s09)

n KPSoo
(2 - 3S00)(1 - Soo) '
4_ _K(’Lj’p)‘ (71)
6(1 —isoo)

These results contain various scalings of the usual GR
terms but also a nonstandard appearance of the pressure in
the first equation.

Using (71) and (68) we obtain the modified conservation
law, or continuity equation, as

. a
p+ 3;f(W7 so0)p = 0, (72)

where we have introduced the auxiliary equation f(w, s¢)
as

- 2(1 + w — Soo)
fw.s00) = 2t spBw—2)" (73)

which reduces to the proper GR limit, where f — 1 + w as
soo — 0. We integrate the modified continuity equation to

find that

a \ —3f(w.s00)

p=ro|— , (74)
ap

where a is the present value of the scale factor. For matter
asadustw = 0 and f = 1 so there is no modification to the
cosmological evolution p ~ a3, However, for radiation
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w=1/3 and the cosmological constant w = —1, the
evolution equation is modified, as occurs in other mod-
ifications to GR [53,54].

This leads to interesting type-dependent evolution of the
different cosmological fluids. We can put together the
Friedmann equations, paralleling the usual methods, by
using dimensionless density parameters Qy, where X =
{m, r, A, k} represents the energy density of matter, radi-
ation, cosmological constant, and curvature, respectively.
We divide the first of Egs. (71) by the square of the present
value of the Hubble constant H3 = a3/a3 and use the
evolution equation (74). The result can be written

H2
HZ Q0073 + Qpa ™ + Qpoa™ + Qa2 (75)

0
where  H=a/a, n,=(1—-32s4)/(1 —%5se), and

na = 3500/ (1 =3 sg0). Note that matter (m) and curvature
(k) behave normally while radiation (r) and the cosmo-
logical constant (A) differ from GR, and that the density
parameters in (75) are evaluated at the present epoch ¢, as
indicated by the subscript 0. The density parameters here
can be found for each universe constituent from

B Kp 24+ (3w —=2)sq
3H2(1 —%Soo) 2(1 =s0)

Qy (76)

and for curvature Q; = —k/[H?(1 — 5¢)]. Note that scal-
ings by sgo have been absorbed into the definitions of the
Qy values.

Next we examine the acceleration equation for this case.
Using the same density parameters, the second of equa-
tions (71) can be written

‘ 7= _lQmoCl_3 - Q) 21 = 5o0) a=¥nr
aH} 2 2 — 500
2(1 = s00)
Q a, 77
T80 5T 5500 a (77)

Here we can see that the scalings appearing cannot be
completely removed by redefining constants.

Equation (77) gives us the deceleration parameter,
g = —(d/a)H™?, which we can attempt to use to find a
crude constraint on sq. Since the value of ¢ at the present
epoch (¢ = 1,) needs to be negative in order to match the
observed accelerated expansion we can conservatively
write the inequality

2(1 = sq0)
2 — S00

2(1 = s0p)

1
Q- Q
2 'm0 r0 2 5500

+ Q0 >0. (78)

Other than showing that s is less than order unity, this
result is not particularly useful for placing constraints, since
it is challenging to disentangle the density parameters from

FIG. 2. Evolution of the scale factor for the constant s, case of
the flat FLRW solutions compared to GR, assuming Q,, = 0,
Q.0 = 0.31,and Q,7 = 0.69. The dashed vertical line represents
the present day.

the sqo coefficient. Thus a complete analysis using cos-
mological data [55] should be attempted in the future. To
display what the effects of the modified evolution would
look like, we solve the first Friedmann equation in (75) and
plot in Fig. 2.

VI. CONNECTION TO MODELS AND
FRAMEWORKS

The SME is a test framework, and as such, any action-
based model that describes coordinate-independent Lorentz
violation should in principle be contained in some subset of
terms. In practice, this can be challenging when certain
assumptions are made in the SME to afford tractable
phenomenological analyses [13,31], while these assump-
tions can differ from those made in specific models. We
show here first how the results in this paper match to prior
work in linearized gravity, and then we find a match to
models formulated in the 3 4 1 formalism.

A. Quadratic SME gravity sector

In Refs. [13,14,16,17], results in the linearized gravity
limit have been developed. In particular, a classification of
all possible Lorentz-breaking Lagrangian terms at quadratic
order in the metric fluctuations 4, around a flat back-

ground has been performed. Such terms take the form £ ~

hWIAC””” ’h,, and much phenomenological analysis already
exists, including results at leading order in the coefficients
in propagation studies. In linearized gravity, diffeomor-
phism invariance can be described using the gauge trans-
formation of the metric fluctuations h,, — h,, —9,&,—
0,&,. The analysis of the quadratic action terms includes
both gauge symmetry breaking and gauge symmetric
terms, though scant phenomenological attention has been
put on the former.
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We seek here to match the explicit breaking limit of the
SME that we have used in this work to a subset of these
terms in the weak-field limit. This will illuminate how
results in this work may match to those previously
obtained. Curiously, the SME Lagrangian with u, s,,,
and 7,,5 terms can be shown to have both gauge-breaking
and gauge-symmetric terms in the quadratic action limit
when taken in the explicit breaking limit. Furthermore, one
can trace the occurrence of dynamical pieces of the metric
fluctuations £, that are nondynamical in GR and in gauge-
symmetric models. To see this we first examine the
contributions of the s,,-type term only,

L, = ~21< 8, R¥

/_g . 1
:7 S”DG” +§S11R s (79)

where no linear approximations have yet been made.
Next we assume a weak-field expansion around a flat
background for both the metric and s,,:

Gap = Nap + haﬂv
Saﬁ = Eaﬂ + g(xﬁ (80)

We keep fluctuations for s, for generality at this point, and
we will assume that the partial derivatives of 5,, vanish.
The Lagrange density (79) is then expanded in the
quadratic action limit (keeping terms of order h?, h3, 32
and discarding total derivatives). It can then be written as

1 1\_ i .
ﬁs Nﬂ |:<1 +§ >SaﬁGaﬁ + Saﬂ(GL> i

1 1 _ 1 - _
+3 (1 + §h> WS R 45 (15 = W5,)R, .
(81)

where curvature terms with the subscript L are linearized
and those without are taken to quadratic order. It turns out
that the first term on the first line of (81) by itself
reproduces the gauge invariant contribution to the SME
quadratic action expansion for the 5,, term,

1 PN e
2_K <] + §h> saﬂG b= ﬂsaﬂhyﬁg ﬂjé, (82)

where G*P is the linearized double dual curvature tensor
[56]. Thus, if we take the explicit-breaking limit by
discarding the fluctuations §,, entirely, we end up with
the sum of the gauge invariant quadratic action terms and
gauge-violating terms.

To summarize so far: in the quadratic action limit

I _ _
‘Cs,explicit = E (saﬂhyéga}/ﬂé - hlwsleL)’ (83)

where the second term is explicitly gauge violating and can
be matched to the general expansion of Ref. [17], and we
have discarded the trace **s,, term that merely scales GR.
Among the gauge-violating terms in [17], at mass dimen-
sion four, there are two types of terms which are relevant
for the second term in (83). They are contained in the
general expansion in Table 1 of [17]:

h’wf\cﬂl/ﬂ(f hpg S h;w (S(4,1)ypymz/3 + k(4,1);4pvo—a/3)aaaﬂhpa ,

(84)

where the ppro indices are totally symmetric in the s*!
coefficients and of Riemann tensor symmetry [up|[vo] for
the k*! coefficients. The match to these terms for the
present case can be obtained using the form

1 . .
s R, = Ehﬂv(il‘”Kl’” + 577K" ) h,,y, (85)

where K = 0r0¥ — n*9*0,. To complete the match one
has to take the appropriate symmetric and antisymmetric
combinations of the quantity in parentheses in (85).

Finally, we note that the fact that the terms studied in this
paper correspond to the gauge-violating limit of the SME
quadratic expansion explains, in part, why additional
degrees of freedom beyond GR are found, as in Sec. IV
B. For instance, because of the symmetries of the operator
K#P? for gauge-symmetric terms, it can be shown that no
time derivatives of /1y, appear when the Lagrange density is
written in the first-order derivative form ~0h/COh. Any
such terms would correspond to time derivatives of the
lapse function a via a =~ 1 + hy,/2 in the weak-field limit.
For gauge-violating terms, as in Eq. (85), such terms can
appear because the symmetries of the operators K**° allow
for them, as they are less restrictive. In the case of 5 being
the only nonzero coefficient we have

1 1
‘Cs D @3’00 |:aoh00 <80hjj - Eajh/0> + te :| . (86)

Despite this interesting feature there are likely severe
constraints on any such models via the traced Bianchi
identities, even in the linearized gravity limit. For example,
for the case (83), the field equations from the first term are
gauge invariant and automatically satisfy the traced Bianchi
identities. The second term, however, would yield a
constraint in the presence of matter given by

1
Eaﬂ<§MDRL) = K6”<TM)ﬂy. (87)

Thus one has a Ricci flat restriction which is challenging to
reconcile in the presence of matter, or one has a modified
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conservation law for matter, or one must reject such cases
(“no-go”). We showed in Sec. V that modified behavior of
matter may be an acceptable solution in some cases, such as
cosmology.

B. Match to 3+1 models

Matches of specific models of Lorentz violation to the
SME has been accomplished in the gravitational sector for a
variety of models including those with dynamical vectors
and tensors, noncommutative geometry, and massive grav-
ity models [39]. Among the proposals for renormalizable
quantum gravity is the approach known as Horava-Lifshitz
(HL) gravity [57]. Since this model is based on a 3 41
formalism, we should be able to match it to the SME in the
present work. We shall focus on a simpler version of this
model where the action is written in the 3 + 1 form:

Ly = ayy(K;K7 — K>+ ER +na'a; +---), (88)

where the ellipses include possible higher order spatial
derivative terms and the matter sector [58,59]. (For sim-
plicity in the remainder of this section we set the cou-
pling 2x = 1.)

Note that the insertion of a parameter in front of the
terms that occur in GR is akin to early kinematic
approaches of tests of special relativity and dressed-metric
based approaches for tests of GR [60]. That approach
seems somewhat ad hoc from the SME point of view, since
the SME is based on observer covariant terms added to the
action with coefficients with indices. Nonetheless, we can
possibly accommodate these terms with certain compo-
nents of the SME coefficients in a particular coordinate
system, as has been done for other models [61].
Equation (88) takes a rotationally isotropic form. If we
proceed with the s,,R* coupling in the isotropic limit
presented in Sec. IV C, assuming the coefficients are
constant in time and space, we obtain

Ly, =ayy [R(l +;s> + (KUK — K2)(1 = s55) |- (89)

Note that in the isotropic limit the combination KV K ;; — K*
cannot be broken apart with an s,,-type term alone;
however, in the conception of the SME as a limit of
spontaneous symmetry breaking we have the freedom to
add dynamical terms to the action. For example, for the s,
coefficients we can add general dynamical terms [22],
which are included in Appendix C, to match (88).

We take first the case where s55 = 0 in (89) and add the
terms labeled 5 and 12 in the Appendix with a distinct set of
coefficients that we denote with a capital S,,. This yields

1 L
LIME Maich = A7 {R(l + §s> + KK — K>
1
+as 5 (vﬂsﬂl)(vbsyl)
+ a12(SﬂyvySw1)(SKPVKS/:A)} ’ (90)

All terms in this Lagrange density are now treated as
nondynamical. We next assume for the last two terms that
the only nonzero coefficient in the local frame is S55 = 1—
note the precise value of the coefficient needed. Using the
vierbein (19) one can show that this is equivalent to
S,, = n,n,. This kind of choice has been used to match
HL gravity to vector models [62]. With these assumptions
we arrive at

1 .
LSME Match = /Y {R<1 + gs) + KYK;;

-K? 1+la +la +£a aa
245 12 +54ds il

o1

It is now clear that if we make the following choice,
A=1+4as/2,E=14s/3, and 5 = a;, + as/2, then HL
gravity in the form (88) can be matched to this limit of the
SME. Note that the extra terms added to the SME are of
second order and fourth order in §,,, and two distinct sets
of coefficients were used in this match. Finally, while we do
not discuss it here, matter couplings proposed in the
literature have also been matched to the matter sector of
the SME in Ref. [39].

VII. DISCUSSION AND CONCLUSION

In this work, we have taken initial steps toward exploring
the SME effective field theory framework description of
local Lorentz and diffeomorphism breaking in the areas
of the 3 + 1 formalism, Dirac-Hamilton analysis of the
dynamics, and cosmology. We have examined conse-
quences of adopting the explicit symmetry breaking para-
digm, which is complementary to existing work assuming
spontaneous symmetry breaking. Furthermore, we have
established results without using the weak-field gravity
approximation.

The key results of this work include a 3 4+ 1 decom-
position of the SME gravity sector actions in Sec. III B,
including a general analysis of the time derivative terms
that occur, relevant for Hamiltonian analysis. We studied
two example subsets of the SME using the Dirac-
Hamiltonian analysis in Sec. IV. The results of one of
these cases, Hamilton’s equations in (38)—(43), were
studied for FLRW cosmological solutions in Sec. V, where
some novel cosmological evolution was found. Further
analysis for other strong-field gravity solutions can be the
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subject of future work, for instance black hole spacetimes
or other exotic solutions [63]. We also established a link
between the explicit breaking terms in this work and
existing SME studies in linearized gravity, and we further
elucidated the match to Horava-Lifshitz gravity in Sec. VI.

A set of Hamilton’s equations such as those found in
Sec. IV for a subset of the SME can be used to study the
initial value formulation and develop numerical techniques
to simulate Lorentz-breaking effects on strong-field gravi-
tational systems [64]. Results in this paper can also be
applied to a 341 and Dirac-Hamiltonian analysis of
spontaneous symmetry breaking scenarios, for example
by using the second order s,, terms in (C1).

One of the notable results of this work is the identi-
fication of subsets of the SME, whereupon in the explicit
breaking limit, extra degrees of freedom, normally gauge in
GR, occur in the Hamiltonian analysis. In light of this, it
would be of interest to investigate approaches to quantum
gravity [44] and the role of the “problem of time” in the
SME framework [65]. Also, we explored the severe
constraints that exist on such a model, due to constraints
imposed by the Bianchi identities coming from the under-
lying geometrical framework [23]. The analysis in this
paper represents a first step toward studying this phenom-
ena, and it remains an open problem to fully understand the
nature of these extra degrees of freedom.

As a preview of future work, we note that the cosmo-
logical solutions in Sec. V can be obtained from an
effective classical Hamiltonian for homogeneous space-
times with the variables a(f) and a(r), their conjugate
momenta p, = JL/0a and p, = OL/Oa, and matter var-
iables, where L is the classical Lagrangian. This “mini-
superspace” Hamiltonian takes the form, for vanishing
spatial curvature and up to scalings,

b K@@ = 500)pa k&' papa
3a’s, 3a”sg

+ Hy,, (92)

with matter Hamiltonian H,,. This would modify the
widely studied Wheeler-deWitt equation [66], for which
a is nondynamical and a p2 term is present instead. Indeed,
since the usual Hamiltonian constraint is absent in this
model, the wave function ¥ = ¥(q, a, ..., ) would depend
on time ¢ and evolve according to the Schrodinger equation
i0,¥ = HY. We expect this could offer a new area of
exploration in quantum cosmology and will be studied in
the future.
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APPENDIX A: 3+1 FORMALISM

In the 3 + 1 formalism we can express projections of the
curvature tensors in terms of the timelike normal to the
spatial hypersurfaces n*, the inverse spatial metric y*,

the extrinsic curvature K, the spatial covariant derivative

D,, the Lie derivative along the normal vector L, the
acceleration a,, and the three-dimensional curvature tensor
Ropys. This decomposition is standard in the literature
[43,45], but for completeness we record here some useful
results that can be derived from existing published ones.
First, the basic relations for the 3 + 1 projections of the
four-dimensional curvature tensor are given by

yayy/}unyyé/lRaﬂyé = R;wld + K;ucle - K;MKum

yaﬂyﬂyyylcn(sRaﬁyé = DI/K}U(' - DﬂKW(’

1
VPP nn'Ryps = LoK,, + aDyD»a +KP,K,5. (Al)

From these, by taking contractions, we have the following
decomposition of the four-dimensional curvature Ricci
tensor:
R = RMW + n*K"a, + n*K**a, + KK" — L, K"
+2K*K", — a*a* — Dta* — n*D'K — n*DH'K
+ n*D, K* + n*D, K%

+ n#n*(LyK — KK .5 + a* + D,a%). (A2)

It is also useful to have a form for the curvature tensors
which includes total spacetime covariant derivatives rather
than Lie derivatives and spatial covariant derivatives. Using
the definitions and properties of spatial covariant deriva-
tives and Lie derivatives, Egs. (A1) can be manipulated to
the following forms:

R =R+ K7PK,; — K* =2V, (n°K + a%),
RY¥ = R¥ —2K¥K + 2K*sK% — n®aPK
+ n*K’s5a° — n"n? (K* — KK ,)
+ Vs[nn? (n°K + a®) — n° K% — y%#a*
_ (nayﬂé + nﬂyaé)K + naKﬂé + nﬁKaé]’
RS = RWPr5 — 3(K KPP — KPY K
+ (K*K? .nn® 4+ sym) — (K*n’n°K + sym)
— (Kn"%a% + sym)
+ V. [n¢(Kn’n’ + sym)
+ (r*“a’ nPn® 4 sym)

— 2(KnPyde 4 sym)], (A3)

where in the last equation, “sym” refers to the Riemann
symmetric combination of terms involving the indices a, f3, ,
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0. For instance, for two symmetric tensors A BPS 4 sym =
AW BPS — AP B — A% BPr 4 AP poY

Results using the explicit form for the metric (9) are used
throughout this paper, and some key expressions are
collected here. The three-dimensional connection coeffi-
cients are given explicitly in terms of the metric y;;:

o
@Pﬁzy%%m+@m—@M% (A4)

where y! is the inverse of the three metric and satisfies
¥y = 6'x. The components of the spatial covariant

derivative acting on an arbitrary covariant vector v, are
given by

Doyvy = '/ (0;v; — <3)Fkijvk + n'v,K;;),

Dov; = p/(0v; = B0, + 00, K)),

Divg = /(00 — B0, + 00, K)),

Dyv; = 9;v; — Ok v, + nv, K, (A5)

where n*v, = (1/a)(vy — f'v;).

APPENDIX B: POISSON BRACKET ANALYSIS

In this subsection we collect some key results on Poisson
brackets in field theory for the Dirac-Hamiltonian analysis
that we use in the paper. Some results can be found in
various places in the literature [27,46], but some subtleties
arise in the calculations and it is useful to record them
explicitly here. First, for fields g, (¢, 7), momenta p"(t,7),
and functions of the fields and momenta f(q,p) and
g(q, p), the Poisson bracket definition is formally

., sf 59 Of o9
/. g} _/d Z(éqn(t,Z) sp"(t,7) ép”(t,Z)qun(t,E’))’

(B1)

where f and g may depend on different spatial points via
their dependence on the fields and momenta. Note also the
equal times for all the fields. As an example, if we examine
a single scalar field and let ¢, = ¢ (¢, 7) and the conjugate
momenta p; = I1 =TI(z,7), then we obtain
{p(e.7).0(.7)} = &(F = 7). (B2)
In classical mechanics, the functions f and g are
algebraic functions of the coordinates and momenta. In
field theory, however, one often encounters spatial deriv-
atives in the calculations of Hamilton evolution via Poisson
brackets. Generically, for a partial spatial derivative 0; of a
function f of the canonical variables, its Poisson bracket
with another function g can be shown to obey

{0:f. g9} = 0{f. g} (B3)

where the derivative acts on the space dependence x/ of the
result of the bracket of f and g. This result can be extended
to covariant spatial derivatives. For example, for the
quantity which occurs in GR and the SME for the
momentum constraint D,IT;, and its Poisson bracket with
the Hamiltonian H, using (B1) and (B3) we find

{ruD1", H} = {yy, H}YDII" + yy DA H}
; -
+1Di{yju. H} = EH”Dk{m H}.
(B4)

It is important to note that we used the fact that 19 is a
three-dimensional tensor density of weight —1 and that the
spatial covariant derivative has a dependence on the spatial
metric y;;, resulting in the last two terms.

APPENDIX C: HIGHER-ORDER TERMS

The following terms generalize gravitational couplings
to curvature for the SME for the s,, term with scalar
dimensionless coupling parameters a,,:

L=~ 9 {als’uR + ays,, R*
2K
! \Y VHsvh ! V s (V,sP
+a3§( wSua) (VEs )+a45( W) (Vostp)

1 1
tasy (V") (V,s";) + ag 3 (V,s%,)(VEsh)
+ a7slws,dR’“‘” + agsﬂ,,s",lRM

A v v A
+ ags” s, R + ay0s"s, R+ ays*;s" R .

(C1)

The first two terms are just the originally proposed SME
couplings, linear in the coefficients s,,. The remaining
terms are second order in the coefficients s, [22]. Since s,
are dimensionless and normally assumed small compared
to unity, these terms represent a step beyond the minimal
SME, which assumes first-order terms in the coefficients,
and they are a special case of the terms outlined in Table V
and Table VII in Ref. [23].

Many of these terms for a symmetric two-tensor have
been proposed in modified gravity models in the literature
in different contexts [60]. Also, other possible terms are
omitted due to equivalence via integration by parts. For
example,
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0= /d“xw/—g(v},saﬂvﬂsm’ — Vs,V s

- Saﬂs},é'Rmsﬂy + Sa(ssaﬂR(sﬂ). <C2)

Note also that one can add general potential terms for a
symmetric two-tensor of the form V (s,/, 5, 5", - - -) for the
case of spontaneous symmetry breaking, as detailed else-
where [35]. In the particular case of the match to 3 + 1

models in Sec. VI B, the possibility exists of using a term
quartic in the coefficients s,

v
A;CS =daj T

(s"V ,15,,) (s"V e5,%). (C3)

An analysis of these and other possible terms in the SME is
forthcoming.
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