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The coherent nature of gravitational wave emanating from a compact binary system makes it possible to
detect some interference patterns in two (or more) signals registered simultaneously by the detector.
Gravitational lensing effect can be used to bend trajectories of gravitational waves, which might reach the
detector at the same time. Once this happens, a beat pattern may form, and can be used to obtain the
luminosity distance of the source, the lens mass, and cosmological parameters such as the Hubble constant.
Crucial question is howmany such kind of events could be detected. In this work, we study this issue for the
future space-borne detectors: DECIGO and its downscale version, B-DECIGO. It is found out that there can
be a few tens to a few hundreds of lensed gravitational wave events with the beat pattern observed by
DECIGO and B-DECIGO per year, depending on the evolution scenario leading to the formation of double
compact objects. In particular, black hole-black hole binaries are dominating population of lensed sources
in which beat patterns may reveal. However, DECIGO could also register a considerable amount of lensed
signals from binary neutron stars, which might be accompanied by electromagnetic counterparts. Our
results suggest that, in the future, lensed gravitational wave signal with the beat pattern could play an
important role in cosmology and astrophysics.

DOI: 10.1103/PhysRevD.103.044005

I. INTRODUCTION

Einstein’s prediction of gravitational waves (GWs) [1]
has been verified by the detection of GWs by LIGO/Virgo
Collaborations [2–14]. These observations marked the new
era of GW astronomy and multimessenger astrophysics

[6,15]. Together with its electromagnetic counterpart, the
GW could shed new light on cosmology, since its source
can be used as the standard siren to accurately measure
the luminosity distance [16]. It is also interesting to know
that it may not be necessary to rely on the electromagne-
tic counterpart to determine the redshift of the source as
discussed in Refs. [17–20]. The GW can also serve as a
probe into fundamental physics [21], such as the nature of
gravity [22] and spacetime [23].*zhuzh@whu.edu.cn
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The GW travels at the speed of light in vacuum c (i.e.,
along null geodesic) as predicted by general relativity
[24]. If there is a massive enough object near its path,
the trajectory of the GW is bent due to the curvature of
spacetime produced by this object. This is the gravitational
lensing effect [25,26]. Although the light can also be
gravitationally lensed, one should understand that there
are several differences between the lensing of the light
and that of the GW. First, GWs usually have much longer
wavelengths than the light. Second, the GW produced
by a compact binary system is nearly monochromatic, so it
is coherent; in contrast, the light emitted by a star is
incoherent. Because of the long wavelengths of GWs, the
lens should be very massive in order for the geometric
optics to be applicable. For example, the mass of the lens
should be greater than 104 M⊙ for the ground-based
detectors, which are operating in the frequency range
1 ∼ 104 Hz; for LISA (frequency range 10−4 ∼ 0.1 Hz),
the lens should be 108 M⊙, at least [27,28]. Although we
will refer to the wave nature of GWs, we focus on the
geometric optics regime. In this regime, the lensed GW has
magnified amplitude and its polarization plane gets rotated
[29]. However, the deflection angle is very small, so the
rotation of the polarization plane can be ignored.
As an effect of the gravitational lensing, there can be

multiple paths along which GWs reach the detector. The
GWs along different paths experience distinct gravtitational
time dilation, and the lengths of the paths are not the same,
so there exist time delays Δt between them [25]. If it
happens that, during some time window, the interferometer
simultaneously detects the GWs coming from the same
source along different trajectories, interference patterns may
occur [30,31]. During the inspiral phase, frequency of the
GW evolves very slowly. Consequently, there might be a
small frequency difference Δf between the GWs coming
from the lensed images of the source. Therefore, if Δf is
small enough the interference results in a beat pattern, which
can be used to extract useful information (e.g., lensing time
delay Δt and the magnifications) and further to measure the
true luminosity distance of the source, the lens mass, and
cosmological parameters as discussed inRef. [31]. In typical
cases of galaxy lensing, time delayΔtmight be of order of a
few days to a few months. Therefore, it is highly impossible
for a ground-based detector operating at high frequencies to
simultaneously observe the lensed GWs traveling along
different paths. This is because theGWfrom the finalmerger
phase detectable in the frequency range of the ground-based
detector lasts for a few hundred seconds at most. However,
there is no difficulty for the space-borne detector sensitive to
low GW frequencies to observe the beat pattern. Therefore,
it is very interesting to study the prospects of future space-
borne GW detectors to register the beat patterns from lensed
GW signals.
As a starting point, one should estimate how many

lensed GWevents exhibiting the beat pattern to be detected

by the space-borne detector per year. If the detection rate is
large enough, it would definitely be important to study such
phenomenon further. In the past, Sereno et al. calculated
the number of lensed GWevents that might be observed by
LISA [32]. They found out that there can be at most 4
lensed GW events in a 5-year mission. Since they did not
specialize the particular events with the beat pattern, one
expects that those with the beat pattern should be fewer
than 4. Nevertheless, it is worth to note that even with such
a low detection rate, some interesting constraints on
cosmological parameters can still be derived according
to Ref. [33]. One expects that with a higher detection rate,
the constraints can be improved. The low detection rate is
related to the fact that the number of the massive black hole
binaries, the main targets of LISA, is only on the order of
103 [34,35]. On the contrary, there are many more less
massive compact binaries, whose merger rate is larger by a
few orders of magnitude [8,36,37]. These mergers might be
easier detected by a second space-borne interferometer,
DECi-hertz Interferometer Gravitational wave Observatory
(DECIGO) [17,38,39].
DECIGO is a planed Japanese space-borne interferom-

eter, which is sensitive to GWs at mHz to 100 Hz. Since its
sensitive band is higher than that of LISA, DECIGO is
capable of observing GWs from much less massive
binaries. Moreover, some of these binaries would also be
targets of ground-based detectors, such as LIGO/Virgo and
Einstein Telescope (ET) [40]. Therefore, DECIGO and
ground-based detectors can observe some merging binary
systems jointly (but at different times, of course) to make
the multiband GW astronomy possible [41]. B-DECIGO,
which is a downscale version of DECIGO, will also be
operating in the similar frequency band, but will be less
sensitive [42,43]. In this work, we discuss the detection
rates of the lensed GW events exhibiting the beat pattern
observable by (B-)DECIGO.
The predictions of the GW lensing rate have been

formulated by several authors for different interferometers.
As mentioned above, Sereno et al. estimated how many
lensed GW events can be detected by LISA [32]. For
ground-based detectors, Ref. [44] predicted that there
would be only 1 lensed GW event per year for aLIGO
at its design sensitivity, but ET can detect about 80 events.
Refs. [45–49] all discussed the lensing rate for ET, and
concluded that there are 50–100 events per year. Recently,
Ref. [50] predicted the lensing rates for (B-)DECIGO, but
the possibility of the beat pattern was not considered. This
work will fill in the gap.
Gravitational lensing has many applications other than

those discussed in Ref. [31]. For instance, one can detect
dark matter [51–55], constrain the speed of light [56,57],
determine the cosmological constant [32,33,58], examine
the wave nature of GWs [59–61], and localize the host
galaxies of strong lensed GWs [62,63] using gravitational
lensing. Although no gravitational lensing signals have
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been detected in the observed GW events, the advent of
more sensitive GW detectors might make it possible
soon [64].
This work is organized in the following way. We will

start with a brief review of the formation of the beat pattern
due to the lensing effect in Sec. II. Then, (B-)DECIGO will
be introduced in Sec. III. Section IV discusses the lens
model and how to calculate the optical depth, and the
lensing rates are computed in Sec. V mainly following
Ref. [47]. In the end, there is a short conclusion in Sec. VI.
We choose a units such that c ¼ 1.

II. THE BEAT PATTERN

In this section, we shall briefly review the formation of
the beat pattern due to the gravitational lensing effect of
GWs. For more detail, please refer to Ref. [31].
We will assume that the lens is described by a singular

isothermal sphere (SIS), which models the early type
galaxies, because they contribute to the strong lensing
probability dominantly [65]. The line-of-sight velocity
dispersion σ of stars in the galaxy characterizes the lensing
effect. As shown in Fig. 1, the GW produced by the source
S can travel in two paths, labeled by 1 and 2, to arrive at
the observer O due to the presence of a lens L. β is the
misalignment angle between the optical axis OL and the
would-be viewing direction OS if there were no lens.
Deflected rays form two angles, θ�, with OL at the
observer, which are given by [25]

θ� ¼ β � θE; ð1Þ

where θE ¼ 4πσ2DLS=DS is the angular Einstein radius,
and DLS and DS are the angular diameter distances
indicated in the Fig. 1. In further considerations concerning
merger rates we will assume flat ΛCDM model, in which
the angular diameter distance DAðzÞ between the Earth and
a celestial object at the redshift z is [66]

DAðzÞ ¼
1

H0ð1þ zÞ
Z

z

0

dz0

hðz0Þ ð2Þ

where H0 is the Hubble constant, hðzÞ¼½Ωmð1þzÞ3þ
ΩΛ�1=2 is the dimensionless expansion rate. In order to
comply with population synthesis model used further in this
paper, we assume Ωm ¼ 0.3 and H0 ¼ 70 km s−1Mpc−1.
Therefore, in our shorthand notation: DL ¼ DAðzLÞ, and
DS ¼ DAðzSÞwith zL and zS the redshifts of the lens and the
source, respectively. DLS ¼ 1

H0ð1þzSÞ
R
zS
zL

dz0
hðz0Þ is the angular

diameter distance between the lens and the source.
Lensed GW signals are magnified, and the magnification

factors of the GW amplitudes are given by

μ� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi���� θ�=θE
jθ�=θEj − 1

����
s

: ð3Þ

Finally, the GW rays travel along paths of different lengths,
and they experience different time dilation due to the
gravitational potential of the lens, so they arrive at the
observer at different times. The time delay is

Δt ¼ 32π2σ4ð1þ zLÞ
DLDLS

DS

β

θE
: ð4Þ

One can see that σ, appearing in Eqs. (1), (3), and (4),
indeed characterizes the lensing effect of the SIS model.
The time delay Δt typically ranges from a few days to a

few months. For example, one can assume that the GW
source is at zS ¼ 2, and the lens at zL ¼ 1. Such value of zS
is suggested by the fact that the redshift distribution of
detectable neutron star-neutron star mergers (NS-NS) is
maximal near z ¼ 2, the redshift of black hole-black hole
mergers (BH-BH) peaks around z ¼ 4 [49] and the lensing
probability is maximal roughly for a lens halfway between
the source and observer. Taking σ as a characteristic
velocity dispersion σ�¼161�5km=s [67], then 2.03 weeks
< Δt < 1.18 months for 0.1 arcsecond < β < 0.25 arcsec-
ond. Note that β < θE ≈ 0.27 arcsecond in order that the
interferometer can “hear” two GWs.
One can reasonably expect that Δt is much longer than

the duration of GW signal observed by ground-based
interferometers. Of course, one may imagine a case where
β is very small, of the order of 10−5 − 10−7 arcsecond,
such that Δt is of order of a few seconds, and the beat
pattern forms, as displayed in Fig. 2 in Ref. [31]. But the

FIG. 1. The geometry of a lens. Two GW rays, 1 and 2,
originating from the source S, travel along two trajectories and
change their directions near the lens L. Eventually, they arrive at
the detector at O. Vertical lines represent the observer, lens and
source planes, from the left to the right. Thick dashed line is the
optical axis, and the thin dashed line would be the viewing
direction if there were no lens. The angle between the two dashed
lines is called the misalignment angle β. The GW rays form the
angles θþ and θ− with the optical axis at the observer. The
distances DS; DL, and DLS are angular diameter distances.
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probability for such case is extremely low. Therefore,
it is very unlikely to use ground-based interferometers to
observe the interference patterns in GW events lensed by a
SIS. However, the signals observed by LISA and (B-)
DECIGO usually last for several months or even years. So,
there is no difficulty for them to simultaneously detect two
lensed GW signals in some time window. These signals
would interfere with each other and form an interference
pattern in the time domain. If the strains for the lensed GWs
are h1ðtÞ and h2ðtÞ, the total strain is simply

hðtÞ ¼ h1ðtÞ þ h2ðtÞ: ð5Þ

Suppose the frequencies of h1 and h2 are f1 and f2,
respectively. Without the loss of generality, let f1 > f2, i.e.,
we assume h1 arrives earlier than h2. Their difference
Δf ¼ f1 − f2 is much smaller than both f1 and f2 in the
inspiral phase, due to slow evolution of the GW frequency
during the lensing time delay. Therefore, the beat pattern
could show up in the inspiral phase, as discussed in
Ref. [31]. As the binary system evolves, the GW frequency
increases, so the beat pattern has a smaller and smaller
period. Eventually, the beat pattern disappears, and a
generic interference pattern is left.
Taking into account the orbital motion of the space-borne

interferometer, the beat pattern would have more compli-
cated behavior than that described above. So one may want
to consider the cases with small enough Δt such that the
impact on the beat pattern due to the changing orientation
of the constellation plane is small enough, and the analysis
is easier. Of course, Δt should not be too small; otherwise,
the probability for such events would be negligible again.
So in this work, we would like to mainly consider the
lensing events with Δt ¼ 1 month.
The Fourier transformation of the strain is used to

calculate the signal-to-noise ratio (SNR). Let h1ðtÞ be
Fourier transformed to

h̃1ðfÞ ¼ μþ

Z
∞

−∞
huðtÞei2πftdf ¼ μþh̃uðfÞ; ð6Þ

where huðtÞ would be the strain if there were no lens, and
h̃uðfÞ is its Fourier transform. Then the frequency domain
waveform h̃2ðfÞ for h2ðtÞ ¼ μ−

μþ
h1ðt − ΔtÞ is

h̃2ðfÞ ¼ ei2πfΔtμ−h̃uðfÞ: ð7Þ

So the amplitude of the total waveform is

jh̃ðfÞj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2þ þ μ2− þ 2μþμ− cosð2πfΔtÞ

q
jh̃uðfÞj: ð8Þ

This suggests that in the frequency domain, the ampli-
tude of the total waveform is also oscillating with a
“period” 1=Δt.

III. DECIGO AND B-DECIGO

In this work, we estimate the lensing rate of lensed GW
events with beat patterns detectable by (B-)DECIGO,
so this section briefly reviews the detector characteristics.
DECIGO is supposed to have a configuration of four
clusters of spacecrafts. Each cluster would consists of
three drag-free satellites, separated from each other by
1000 km and forming an equilateral triangle. All four
clusters would orbit around the Sun with a period of 1 yr.
DECIGO was originally proposed in Ref. [17]. Over the
following years, it evolved somehow, and now, its current
objectives and design can be found in Refs. [39,43].
According to Yagi and Seto [68], a triangular cluster is

equivalent to two L-shaped interferometers rotated by 45°
with uncorrelated noise. The noise spectrum for a single
effective L-shape DECIGO is

ShðfÞ ¼ 10−48 ×

�
7.05

�
1þ f2

f2p

�
þ 4.80 × 10−3

×
f−4

1þ ðf=fpÞ2
þ 5.33 × 10−4f−4

�
Hz−1; ð9Þ

where fp ¼ 7.36 Hz.
B-DECIGO has only one cluster of spacecrafts. The

distance between spacecrafts is also smaller, which is
100 km. Its sensitivity is of course lower and can be
described by the following effective noise spectrum [69],

ShðfÞ ¼ 10−46 × ½4.040þ 6.399 × 10−2f−4

þ 6.399 × 10−3f2� Hz−1: ð10Þ

Figure 2 shows the characteristic strains
ffiffiffiffiffiffiffiffi
fSh

p
for these

two detectors. For comparison, the signals of GW150914
and GW170817 are also plotted, using PyCBC [70].

10-3 10-2 10-1 100 101 102
10-24

10-23

10-22

10-21

10-20

10-19

10-18

DECIGO
B-DECIGO
GW150914
GW170817

FIG. 2. Characteristic strains of for DECIGO (solid blue curve)
and B-DECIGO (dashed red curve). The dot-dashed and the
dotted curves are signals of GW150914 and GW170817, re-
spectively.
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Although not shown in this figure, both of the two signals
will later end with a merger well beyond the sensitivity
bands of (B-)DECIGO, but accessible to LIGO/Virgo
and definitely also to next generation of ground-based
detectors.
As one can see, both GW150914 and GW170817 would

be detected by (B-)DECIGO in their inspiral phase. So if
GW150914, for instance, were gravitationally lensed with a
one-month time delay, then one may observe the beat
pattern shown in Fig. 3. This figure displays the beat pattern
(the black curve) formed due to the interference between
two GW rays (the blue and the red curves) traveling in
different paths because of a suitable SIS lens. Here, for
the purpose of demonstration, we only consider the quad-
ruple contribution to the waveform, and assume the GWs
incident the detector nearly perpendicularly and the incli-
nation angle is zero.
Once one knows the Fourier transform h̃ðfÞ of a signal

hðtÞ, one can calculate the SNR ρobs of it [71],

ρ2obs ¼ 4

Z
∞

0

jh̃ðfÞj2
ShðfÞ

df: ð11Þ

If ρobs > ρth, a threshold SNR, one may claim a detection of
the GW. This condition may not necessarily mean one can
easily extract some useful information from the beat
pattern. For that purpose, one expects that the higher the
SNR is, the easier the extraction can be done. However, we
will not determine the least SNR for an accurate extraction
in this work, in spite of its importance.

IV. THE LENS MODEL AND THE
OPTICAL DEPTH

The lens model is chosen to be the SIS. The elementary
cross section for lensing is [33]

scr ¼ 16π3σ4
�
DLDLS

DS

�
2

ðy2max − y2minÞ: ð12Þ

Here, y ¼ β=θE, and ymax is its maximal value, determined
by requirement that lensed GW signals could be detected
as displaying the beat pattern. Concerning the minimal
value, arising when the geometric optics approxima-
tion breaks down, we assume ymin ¼ 0 as suggested by
Ref. [33]. To determine ymax, one first notes that ymax ≤ 1
[25]. Second, the observed SNR of the GW signal ρ should
be greater than a threshold usually assumed as ρth ¼ 8. This
might be too low to extract useful information from the beat
pattern. However, for our purpose it would be sufficient to
assume this standard value. It can be easily adjusted in the
following calculations. Third, the time delay Δt ¼ yΔtz,
with [32]

Δtz ≡ 32π2σ4
DLDLS

DS
ð1þ zLÞ; ð13Þ

should be small enough, say less than Δtm ¼ 1 month.
Now, according to Eqs. (8) and (11), one knows that

ρ2obs ¼ 4

Z
∞

0

μ2þ þ μ2− þ 2μþμ− cosð2πfΔtÞ
ShðfÞ

jh̃uðfÞj2df:

ð14Þ

The cosine term in the integrand is highly oscillating
compared to jh̃uðfÞj in the frequency domain, so one
may ignore it for the purpose of estimating the lensing rate,
and the total GW SNR is ρobs ≈

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2þ þ μ2−

p
ρint ¼

ffiffiffiffiffiffiffiffi
2=y

p
ρint

with ρint the intrinsic SNR,

ρ2int ¼ 4

Z
∞

0

jh̃uðfÞj2
ShðfÞ

df: ð15Þ

Therefore, one has

ymax ¼ min

�
y1;

Δtm
Δtz

	
; ð16Þ

with y1 ¼ minf1; 2ρ2int=ρ2thg.
Since (B-)DECIGO will operate for a limited amount of

time, the actual cross section used to calculate the optical
depth is [33]

s�cr ¼ 16π3σ4
�
DLDLS

DS

�
2
�
y2max −

2Δtz
3Ts

y3max

�
; ð17Þ

200 400 600 800 1000 1200 1400 1600
-1.5

-1
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0

0.5

1

10-23

 h
1

 h
2

 h

FIG. 3. A schematic diagram showing the time domain wave-
form of the beat pattern. The binary system is assumed to be
GW150914, and the GW is gravitationally lensed by a suitable
SIS lens. The time delay is assumed to be 1 month. The blue and
the red curves are for the strains of the GW rays propagating in
two different trajectories, and the black curve is for the interfered
wave.
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where Ts is the survey time, and set to 4 years [50]. The
differential optical depth is given by [32]

∂2τ

∂zL∂σ ¼ dn
dσ

s�cr
dt
dzL

; ð18Þ

where τ is the optical depth, zL is the redshift of the lens, n
is the lens number density, t is the cosmological time and
dn=dσ is modeled as a modified Schechter function [67]

dn
dσ

¼ n�
σ�

β

Γðα=βÞ
�
σ

σ�

�
α−1

exp

�
−
�
σ

σ�

�
β
�

ð19Þ

where ΓðxÞ is the gamma function, and

n� ¼ 8.0×10−3h3 Mpc−3; σ� ¼ 161�5 km=s; ð20Þ

α ¼ 2.32� 0.10; β ¼ 2.67� 0.07: ð21Þ

As one can check, more than 99.8% galaxies have
σ > 10 km=s. With this, one can estimate the curvature
radius of a galaxy, i.e., on the order of 109 m, assuming
σ ¼ 10 km=s, zL ¼ 1, and zS ¼ 2 [72]. This curvature
radius is much greater than the GW wavelength at around
0.1 Hz, which is roughly the most sensitive frequency
for (B-)DECIGO. Indeed, the geometric optics is a good
approximation.
By the definition of the redshift [66],

1þ z ¼ a0
a
; ð22Þ

one can determine the final factor in Eq. (18), which is

dt
dzL

¼ −
1

ð1þ zLÞHL
; HL ¼ HðzLÞ: ð23Þ

So now, one can calculate the differential optical depth
dτ=dzL using Eq. (18),

dτ
dzL

¼
Z

∞

0

∂2τ

∂zL∂σ dσ: ð24Þ

The complexity of Eqs. (16) and (18) makes the above
integration very difficult. But since Δtz is an increasing
function of σ according to (13), there exists a value σ1 such
that if σ < σ1, ymax ¼ y1, while if σ ≥ σ1, ymax ¼ Δtm=Δtz.
This σ1 is given by

σ1 ¼
�

Δtm
32π2y1

DS

DLDLS

1

1þ zL

�
1=4

; ð25Þ

obtained from the condition y1 ¼ Δtm=Δtz. Then, one can
carry out the integration (24) by dividing the integration
range into two parts, separated by σ1. This gives

dτ
dzL

¼ 16π3y21n�σ
4�

Γðα=βÞ
ð1þ zLÞ2

HL

�
DLDLS

DS

�
2

×

�
Γ
�
αþ 4

β

�
P
�
u1;

αþ 4

β

�
−
2Δt�y1
3Ts

× Γ
�
αþ 8

β

�
P
�
u1;

αþ 8

β

��

þ ðΔtmÞ2n�
64πσ4�Γðα=βÞ

1

HL

�
1 −

2Δtm
3Ts

�
Q
�
u1;

α − 4

β

�
;

ð26Þ
where Δt� is given by Eq. (13) with σ replaced by σ�,
u1 ¼ ðσ1=σ�Þβ, and

Pðx; aÞ ¼ 1

ΓðaÞ
Z

x

0

ξa−1e−ξdξ; ð27Þ

Qðx; aÞ ¼
Z

∞

x
ξa−1e−ξdξ; ð28Þ

are the incomplete gamma functions. The optical depth
is thus

τðzSÞ ¼
Z

zS

0

dτ
dzL

dzL: ð29Þ

This integration can be performed numerically. Note that τ
actually depends on ρth.

V. LENSING RATES

In this section, we will estimate the yearly detection rates
of lensed GW events displaying the beat pattern by
generalizing the method given in Ref. [47]. So we first
present the method, and then display the new results.
We consider GWs emitted by the double compact

objects (DCOs), which include NS-NS, black hole-neutron
star binaries (BH-NS) and BH-BH. Following Ref. [47], we
use the locally measured intrinsic coalescence rate _n0ðzÞ for
DCOs at the redshift z, discussed in Ref. [73] and the
data (more specifically, the so-called “rest frame rates” in
cosmological scenario) from the website https://www.
syntheticuniverse.org/. The intrinsic rate _n0ðzÞ was calcu-
lated based on well-motivated assumptions about star
formation rate, galaxy mass distribution, stellar popula-
tions, their metallicities and galaxy metallicity evolution
with redshift (“low-end” and “high-end” cases). The binary
system evolves from zero-age main sequence to the com-
pact binary formation after supernova (SN) explosions.
Since the formation of the compact object is related to
the physics of common envelope (CE) phase of evolution
and on the SN explosion mechanism, and both of them are
uncertain to some extent, Ref. [73] considered four scenar-
ios: standard one—based on conservative assumptions, and
three of its modifications—optimistic common envelope
(OCE), delayed SN explosion and high BH kicks scenario.
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For more details, see [73] and references therein. The chirp
masses (M0) are assumed: 1.2 M⊙ for NS-NS, 3.2 M⊙ for
BH-NS, and 6.7 M⊙ for BH-BH. These values are the
average chirp masses for these different binary systems
given by the population synthesis [74]. However, thesewere
values obtained under the assumption of solar metallicity of
initial binary systems. Such scenario was absolutely right
guess before the first detection of GWs. Now, the data
gathered by the LIGO/Virgo detectors have significantly
modified these guesses demonstrating that observed chirp
masses (particular of BH-BH systems) are much higher.
Therefore, guided by the real data collected so far we will
adopt different values. According to [8], we will assume the
median value of BH-BH systems chirp masses reported in
their Table III. Since the data on BH-NS systems is more
scarce, we will take the value of [10]. In summary, we take
the following values as representatives for typical chirp
masses M0 of DCO inspiralling systems: 1.2 M⊙ for
NS-NS, 6.09 M⊙ for BH-NS, and 24.5 M⊙ for BH-BH.
Since a few dozens of GW events have been observed,

LIGO/Virgo collaboration inferred the merger rates [8,75].
We will also present the lensing rates using the inferred
merger rates. Note that the merger rates for NS-NS and
BH-BH binaries still suffer from large error bars, and there
is only an upper bound on the BH-NS merger rate. In
addition, the most distant source is at zS ¼ 0.8. Therefore,
we relegate the results in Appendix B. In the following, we
will continue to use the merger rate _n0 reported in Ref. [73].
Matched filtering is used to identify GW events. The

intrinsic SNR for a single detector can be approximately
determined with [76]

ρ ¼ 8Θ
r0

dLðzSÞ
�

Mz

1.2 M⊙

�
5=6 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ζðfmaxÞ
p

; ð30Þ

where Θ is the orientation factor,Mz ¼ ð1þ zSÞM0 is the
chirp mass registered by the detector, dLðzSÞ is the
luminosity distance, and finally, r0 is the detector’s char-
acteristic distance. The function ζðfmaxÞ is

ζðfmaxÞ ¼
1

x7=3

Z
2fmax

0

ðπM⊙Þ2
ðπM⊙fÞ7=3ShðfÞ

df; ð31Þ

where x7=3 is nothing but the above integration with the
upper limit being infinity. Since DCO inspiralling systems
studied in this work pass the sensitivity bands of (B-)
DECIGO, one assumes that ζðfmaxÞ ¼ 1 [50]. The char-
acteristic distance parameter r0 is determined by

r20 ¼
5

192π4=3

�
3GM⊙

20

�
5=3

Z
∞

0

df

f7=3ShðfÞ
: ð32Þ

It depends only on the noise spectrum ShðfÞ of the detector,
so it also characterizes the detector’s sensitivity. The larger
it is, the more sensitive the detector is. By the above

equation, one finds out that r0 ¼ 6709 Mpc for DECIGO,
and r0 ¼ 535 Mpc for B-DECIGO.
The orientation factor Θ in Eq. (30) is defined as

Θ ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F2þð1þ cos2 ιÞ2 þ 4F2

× cos2 ι
q

; ð33Þ

where Fþ and F× are the antenna pattern functions for the
þ and × polarizations, respectively, given by [77]

Fþ ¼ 1þ cos2 θ
2

cos 2ϕ cos 2ψ − cos θ sin 2ϕ sin 2ψ ; ð34Þ

F× ¼ 1þ cos2 θ
2

cos 2ϕ sin 2ψ þ cos θ sin 2ϕ cos 2ψ : ð35Þ

In these expressions, θ and ϕ are the polar and azimuthal
angles of the spherical coordinate system, which centers
at the detector and whose z-axis is perpendicular to the
detector plane. ι is the inclination angle between the GW
propagation direction and the angular momentum of the
binary system, and finally, ψ is called the polarization
angle. With a single interferometer, one cannot measure
Θ, but one can infer its probability distribution PðΘÞ. Since
averaged over a lot of binaries, cos θ;ϕ=π; cos ι, and ψ=π
are uncorrelated and uniformly distributed over the range
ð−1; 1Þ, PðΘÞ is approximated by [78]

PðΘÞ ¼ 5Θð4 − ΘÞ3
256

; ð36Þ

for 0 < Θ < 4, and PðΘÞ ¼ 0, otherwise. It is easy to verify
that PðΘÞ peaks at Θ ¼ 1.
Now, it is possible to understand the physical meaning of

r0 by first substituting Eq. (32) into Eq. (30), and then
solving for d2L,

d2L ¼ 64Θ2

ρ2
5

192π4=3

�
GMz

8

�5
3

Z
2fmax

0

df

f7=3ShðfÞ
: ð37Þ

One immediately finds out that dL becomes r0 once one
sets ρ ¼ 8 (the standard threshold), Θ ¼ 1,Mz ¼ 1.2 M⊙,
and fmax ¼ þ∞. This means that r0 is the luminosity
distance of a “fiducial” source whose redshifted chirp mass
is 1.2 M⊙, which is at the very orientation such that Θ ¼ 1
(i.e., the most probable orientation), which, hypothetically,
emits GW only at the quadruple order all the time
(fmax ¼ þ∞), and whose GW signal has the SNR of 8.
It is easy to understand that a more sensitive interferometer
can detect a more distant fiducial source. Therefore, r0
characterizes the sensitivity of a detector.
The differential beat rate is given by [47]

∂2 _N
∂zS∂ρ ¼ 4π _n0ðzSÞ

ð1þ zSÞ3
d2LðzSÞ
HðzSÞ

τðzSÞPðxðzS; ρÞÞ
xðzS; ρÞ

ρ
; ð38Þ
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where the intrinsic coalescence rate _n0 has been introduced
at the beginning of this section, and

xðz; ρÞ ¼ ρ

8
ð1þ zÞ−5=6 dLðzÞ

r0

�
1.2 M⊙

M0

�
5=6

: ð39Þ

The yearly detection rate is thus

_N ¼
Z

zmax

0

dzS

Z
∞

0

dρ
∂2 _N
∂zS∂ρ ; ð40Þ

and the differential yearly detection rates are defined
to be

∂ _N
∂ρ ¼

Z
zmax

0

dzS
∂2 _N
∂zS∂ρ ; ð41Þ

∂ _N
∂zS ¼

Z
∞

0

dρ
∂2 _N
∂zS∂ρ : ð42Þ

With the method presented above, one can obtain the
following new results.
Figure 4 shows the relative differential detection rates

1
_N
∂ _N
∂ρ vs ρ for (B-)DECIGO. The evolutionary model for

DCOs is the standard one with the “low-end” metallicity
scenario. As one can see low SNR events of three different
types of DCOs dominate for B-DECIGO. For DECIGO,
although the relative differential rate for NS-NS type
DCOs peaks at a small SNR (ρ < ρth), the curves for
the remaining types of DOCs are more flat and reach
maximum at higher SNRs.
Figure 5 displays the relative differential detection

rates 1
_N
∂ _N
∂zS v.s. zS for (B-)DECIGO. The evolutionary model

for DCOs is also the standard one with the “low-end”
metallicity scenario. From this figure, one can see that
lensed GW events observable in DECIGO are dominated
by NS-NS and BH-NS binaries at zS ¼ 2∼4 and BH-BH
binaries at zS ¼ 4∼5. On the other hand, differential lensing
rates for B-DECIGO peak at the slightly lower redshifts,
respectively. The earlier launch of B-DECIGO would
provide valuable information.
Table I displays the yearly detection rate _N for lensed

GWevents with the beat pattern from the inspiraling DCOs
of different classes. As shown in the table, we consider all
four scenarios with both the low-end and high-end metal-
licity evolutions assumed. From this table, one finds out
that lensed GWs generated by BH-BH binary systems

FIG. 4. The relative differential detection rates 1
_N
∂ _N
∂ρ v.s. ρ for

(B-)DECIGO. The evolutionary model for DCOs is the standard
one with the “low-end” metallicity scenario. The purple dot-
dashed line is at ρ ¼ 8.

FIG. 5. The relative differential detection rates 1
_N
∂ _N
∂zS v.s. zS

for (B-)DECIGO. The evolutionary model for DCOs is the
standard one with the “low-end” metallicity scenario.

TABLE I. Yearly detection rates for lensed GW events exhibit-
ing the beat pattern from inspiralling DCOs of different classes
under different evolutionary scenarios, assuming “low-end” and
“high-end” metallicity evolutions. Predictions for DECIGO.

_N Standard
Optimistic

CE
Delayed

SN
BH
kicks

NS-NS
Low-end metallicity 10.2 83.8 10.7 10.3
High-end metallicity 10.3 88.5 11.0 10.6

BH-NS
Low-end metallicity 5.9 9.5 2.9 0.7
High-end metallicity 5.1 9.5 2.5 0.6

BH-BH
Low-end metallicity 111.5 275.4 93.8 8.0
High-end metallicity 92.0 255.9 76.9 6.4

Total
Low-end metallicity 127.6 368.7 107.4 19.0
High-end metallicity 107.4 353.9 90.4 17.6
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dominate in most cases, except for the high BH kicks
scenario, for which lensed GWs from NS-NS binaries
contribute the most. One interesting result is that in all
cases, there are at least 10 lensed GW events with the beat
pattern from the NS-NS binaries per year. This creates
possibility that at least for some of them, electromagnetic
counterparts could be detected, allowing to identify the host
galaxy and measure the redshift. Hence, the cosmological
parameters could be measured from them according to
Ref. [31]. Of course, one should also try to take advantage
of the dominating BH-BH binary systems using statistical
methods as discussed in Ref. [33].
Table II shows the yearly detection rate for lensed GW

events with the beat pattern for B-DECIGO. Compared
with Table I, it has similar features but the rates are smaller.
This is due to the lower designed sensitivity. However,
there is still a considerable amount of lensed events
dominated by signals from BH-BH systems. The only
exception is the high BH kicks scenario, leading to
suppression of BH-BH formation rate. In such a case the
perspectives for the B-DECIGO to detect lensed GWwith a
beat pattern are poor.
One may be concerned that in order to detect the beat

patterns with enough accuracy to determine the luminosity
distance, the lens mass and cosmological parameters,
SNR threshold ρth should be bigger than usually assumed
value ρth ¼ 8. So we also calculate the detection rates
by increasing ρth by a factor of 10 or even 100, which are
listed in Appendix A. From there, one knows that even
with ρth ¼ 80, DECIGO could still detect a lot of lensed
events with beat patterns, still dominated by BH-BH
events. Unfortunately, rates for NS-NS events drop quite
a lot. The detection ability of B-DECIGO decreases
substantially, and it is probably not feasible to use it to

detect lensing events. At the even higher threshold SNR
ρth ¼ 800, all lensing rates are diminishingly small.

VI. CONCLUSION

In this work, we analyze how many lensed GW events
with the beat pattern can be detected by (B-)DECIGO every
year. It turns out that there are many more lensed events
from DCOs than those observable by LISA (with ρth ¼ 8).
Among different binary types of DCOs, BH-BH contribu-
tion is dominating in most evolutionary models of DCOs.
Nevertheless, there is still a considerable number of lensed
GWs expected from NS-NS and BH-NS binaries, which
can be used together with their electromagnetic counter-
parts to study the cosmology accurately. In fact, the lensed
GWs from BH-BH binaries are also valuable with the
statistics method [33], even though there are no electro-
magnetic counterparts. At ρth ¼ 80, the detection ability of
DECIGO decreases a little, while that of B-DECIGO drops
dramatically. Of course, at the even higher ρth ¼ 800,
neither of them is suitable for detecting beat patterns.
Another point worth mentioning is that it is very advanta-

geous to study cosmology with the beat pattern, because
high redshift binaries (zS ¼ 3–6) contribute a lot to the total
detection rates. In Ref. [31], the authors discussed how to use
the beat pattern to measure the luminosity distance of the
GW source, the mass of the lens, and some cosmological
parameters (e.g., H0). In principle, these measurements can
be very accurate. However, these studies were based on the
simple lens models: the point-mass model and SIS. One may
expect that similar opportunity will emerge in more com-
plicated and realistic lens mass profiles. This deserves further
study. Moreover some complications arising in realistic
situation were also omitted, such as the small SNRs for
some GW events, the intrinsic scatter in the lens profile and
the cosmic shear, etc.. One has to properly address these
issues in the real measurements in order to guarantee
accuracy of the method. In this work, we only estimate
the lensing rate, which at the order of magnitude level would
not be affected much by these factors. Our predictions raise
hopes of detecting beat patterns in forthcoming (B-)
DECIGO missions and motivates us to undertake more
realistic studies of this phenomenon.
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TABLE II. Yearly detection rates for lensed GWevents with the
beat pattern from inspiralling DCOs of different classes under
different evolutionary scenarios, assuming “low-end” and “high-
end” metallicity evolutions. Predictions for B-DECIGO.

_N Standard
Optimistic

CE
Delayed

SN
BH
kicks

NS-NS
Low-end metallicity 0.05 0.63 0.06 0.06
High-end metallicity 0.09 0.59 0.10 0.09

BH-NS
Low-end metallicity 1.61 2.98 0.83 0.17
High-end metallicity 1.19 2.67 0.62 0.13

BH-BH
Low-end metallicity 82.8 216.7 69.0 5.65
High-end metallicity 66.6 197.7 55.14 4.43

Total
Low-end metallicity 84.46 220.3 69.89 5.88
High-end metallicity 67.88 201.0 55.86 4.65
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APPENDIX A: LENSING RATES AT HIGHER
THRESHOLD SNRS

Although it is a standard practice to assume ρth ¼ 8, we
want to increase it in order to make sure that it is easier to
obtain fairly accurate information from the beat pattern to
make the measurements proposed in Ref. [31]. In this
section, we present the detection rates at higher threshold
SNRs, i.e., ρth ¼ 80 and 800. Table III displays the lensing
rates for DECIGO when ρth ¼ 80. As one expects, the rates
decrease, compared with Table I. Table IV contains the
lensing rates calculated for B-DECIGO at ρth ¼ 80. Very
interestingly, they are much smaller than the corresponding

ones by 2 to 4 orders of magnitude in Table II. In contrast,
the numbers for BH-NS and BH-BH in Tables I and III are
very close, and those for NS-NS differ by about 2 orders of
magnitude. If one increases the threshold SNR further to
ρth ¼ 800, one finds the lensing rates for DECIGO in
Table V. As one can find out, the lensing rates decrease
substantially by 2-6 orders of magnitude, compared with
Table I. The rates for B-DECIGO are even smaller than
those in Table IV, and it would be impractical to use B-
DECIGO to observe the GW events with beat patterns if
ρth ¼ 800. So we do not present the rates here.
This observation might be explained by computing the

“characteristic” SNR ρc, which can be evaluated with
Eq. (30), assuming that a binary system is at redshift
1–2, it has the averaged chirp mass, and it is at the optimal
orientation Θ ¼ 1. The choice of the source redshift is due
to the fact that merger rates of various types of binary
systems peak around the chosen range [73]. The higher ρc
is, the more easily a GW event can be detected. The
“characteristic” SNRs ρc for different types of binary
systems and different detectors are tabulated in Table VI.
It turns out that ρc’s for DECIGO are generally larger than
the standard threshold SNR ρth ¼ 8, but for B-DECIGO,
ρc’s are smaller for NS-NS and BH-NS binaries, and is very

TABLE V. Yearly detection rates for lensed GW events ex-
hibiting the beat pattern from inspiralling DCOs of different
classes under different evolutionary scenarios, assuming “low-
end” and “high-end” metallicity evolutions, at ρth ¼ 800. Pre-
dictions for DECIGO.

_N Standard Optimistic CE Delayed SN BH kicks

NS-NS
Low-end 1.7 × 10−5 1.8 × 10−4 1.9 × 10−5 1.7 × 10−5

High-end 2.8 × 10−5 1.7 × 10−4 3.2 × 10−5 2.9 × 10−5

BH-NS
Low-end 0.002 0.005 0.001 1.9 × 10−4

High-end 0.00178 0.004 6.7 × 10−4 1.5 × 10−4

BH-BH
Low-end 1.39 5.67 1.08 0.06
High-end 0.92 4.38 0.71 0.04

Total
Low-end 1.39 5.67 1.08 0.06
High-end 0.92 4.38 0.72 0.04

TABLE IV. Yearly detection rates for lensed GW events with
the beat pattern from inspiralling DCOs of different classes
under different evolutionary scenarios, assuming “low-end”
and “high-end” metallicity evolutions, at ρth ¼ 80. Predictions
for B-DECIGO.

_N Standard Optimistic CE Delayed SN BH kicks

NS-NS
Low-end 6.8 × 10−6 7.2 × 10−5 7.7 × 10−6 7.0 × 10−6

High-end 1.2 × 10−5 6.8 × 10−5 1.3 × 10−5 1.2 × 10−5

BH-NS
Low-end 8.1 × 10−4 0.002 4.2 × 10−4 8.0 × 10−5

High-end 5.0 × 10−4 0.002 2.7 × 10−4 6.0 × 10−5

BH-BH
Low-end 0.62 2.7 0.49 0.03
High-end 0.41 2.0 0.32 0.02

Total
Low-end 0.63 2.7 0.49 0.03
High-end 0.41 2.0 0.32 0.02

TABLE III. Yearly detection rates for lensed GW events
exhibiting the beat pattern from inspiralling DCOs of different
classes under different evolutionary scenarios, assuming “low-
end” and “high-end” metallicity evolutions, at ρth ¼ 80. Predic-
tions for DECIGO.

_N Standard Optimistic CE Delayed SN BH kicks

NS-NS
Low-end 0.12 1.41 0.13 0.12
High-end 0.19 1.31 0.22 0.20
BH-NS
Low-end 2.31 4.15 1.18 0.25
High-end 1.78 3.84 0.93 0.20
BH-BH
Low-end 91.3 234.4 76.3 6.33
High-end 74.0 215.2 61.5 5.00

Total
Low-end 93.7 240.0 77.6 6.70
High-end 76.0 220.4 62.6 5.40

TABLE VI. The “characteristic” SNRs ρc for DECIGO and
B-DECIGO at the source redshift zS ¼ 1 and 2.

DECIGO B-DECIGO

Binary zS ¼ 1 zS ¼ 2 zS ¼ 1 zS ¼ 2

NS-NS 14.0 8.35 1.12 0.67
BH-NS 54.2 32.3 4.33 2.58
BH-BH 173.1 103.2 13.8 8.23
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close to ρth for BH-BH binaries. This explains why the
rates for BH-BH in Table II are very similar to the relevant
rates in Table I. This also explains why the rates for BH-NS
and BH-BH in Table III decrease a little even when the
threshold SNR increases to ρth ¼ 80: ρc’s are still close
to this new threshold. But for NS-NS binaries, ρc’s are
much smaller, so in Table III, their rates drop a lot. When
ρth is set to 800, all of ρc ’s are dwarfed by this large
threshold, so even for DECIGO, the rates in Table V
are tiny.

APPENDIX B: LENSING RATES WITH THE
OBSERVED MERGER RATES

Since a few dozens of GW events have been observed,
LIGO/Virgo collaboration inferred the merger rates.
After the first and the second observing runs, the mer-
ger rates are found to be R ¼ 110–3840 Gpc−3 yr−1 for
NS-NS and R ¼ 9.7–101 Gpc−3 yr−1 for BH-BH, and
the merger rate for BH-NS is bounded from above by
R ¼ 610 Gpc−3 yr−1, all at the 90% confidential level [8].
Recently, LIGO/Virgo collaboration published the second
GW transient catalog together with the population pro-
perties [14,75]. They updated NS-NS and BH-BH merger
rates. It is found out that the NS-NS merger rate is
R ¼ 320þ490

−240 Gpc−3 yr−1, assuming the independence of
the source redshift z. The BH-BHmerger rate is modeled as
Rð1þ zÞκ, since this rate might increase with z. In the case
of κ ¼ 0, the merger rate can be R ¼ 23.9þ14.9

−8.6 Gpc−3 yr−1

for the so-called power lawþ peak, broken power law, and
multipeak mass distributions, and R¼ 33þ22

−12 Gpc
−3yr−1

for the truncated mass distribution. These results were
obtained without considering GW190814. Including it, the
rate becomes R ¼ 58þ54

−29 Gpc−3 yr−1 for the power lawþ
peak mass distribution. For the details, please refer to
Ref. [75]. In the case of κ≠0, R ¼ 19.1þ16.2

−9.0 Gpc−3 yr−1,
and κ ¼ 1.3þ2.1

−2.1 for the power lawþ peak model and κ ¼
1.8þ2.1

−2.2 for the broken power law model. In this section, we
use the inferred merger rates to compute how many lensed
GW events with beat patterns can be detected a year. We
will use the updated NS-NS rate and the upper limit on
BH-NS rate without any redshift dependence. The updated
BH-BH rates will also be used with κ ¼ 0, 1.3, and 1.8.
Although LIGO/Virgo collaboration only detected low
redshift events, we will assume the merger rate is valid
up to redshift 18, which is about the maximum redshift
reported in Ref. [73].
SinceR takes different values for different models, in the

actual calculation, we substitute the reference merger rate
_n0 ¼ ð1þ zÞκ into Eq. (38). The resultant lensing rate is
called the “normalized” rate. The actual rate is given by
multiplying the normalized one by R.
At ρth ¼ 8, the normalized lensing rates are listed in

Table VII. From this table, one knows that DECIGO could
detect about 0.188 lensed NS-NS events per year. But this

is the normalized rate. The actual rate is 0.188 × 320þ490
−240 ¼

60.16þ92.12
−45.12 per year. One can similarly obtain the actual

lensing rates for the remaining binary types and models.
From this table, one can also find out that as κ increases, the
lensing rates for BH-BH binaries increase.
Figure 6 shows the relative differential rates 1

_N
∂ _N
∂ρ ,

independent ofR. In the upper panel, the rates for different
types of binary systems are plotted, assuming the merger
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FIG. 6. The relative differential detection rates 1
_N
∂ _N
∂ρ v.s. ρ for

(B-)DECIGO. The threshold SNR is 8. The upper panel shows
the rates at κ ¼ 0 for various types of binary systems, and the
lower panel shows the rates for BH-BH systems at various κ’s.
The black curves in the lower panel are the same as the black ones
in the upper panel.

TABLE VII. Normalized lensing rates at ρth ¼ 8.

DECIGO B-DECIGO

Binary κ ¼ 0 κ¼1.3 κ¼1.8 κ¼0 κ¼1.3 κ ¼ 1.8

NS-NS 0.188 � � � � � � 0.001 � � � � � �
BH-NS 0.253 � � � � � � 0.043 � � � � � �
BH-BH 0.260 4.04 13.0 0.186 2.58 8.05
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rates are independent of the redshift, i.e., κ ¼ 0. Just like
Fig. 4, B-DECIGO mainly observes events with small
SNRs, while DECIGO’s curves for BH-NS and BH-BH are
flatter. Of course, DECIGO is also more sensitive to NS-NS
events with small SNRs. Similar feature also appears in the
lower panel which shows the rates for BH-BH binaries at
different κ’s.
Figure 7 displays the relative differential rates 1

_N
∂ _N
∂zS,

independent of R, too. The left panel shows the rates for
different types of binary systems, assuming the merger
rates are independent of the redshift, i.e., κ ¼ 0. One finds
out that B-DECIGO generally detects low redshift sources
(zS ≲ 3), while DECIGO are more sensitive to higher
redshift sources (2 < zS < 4). The right panel shows the
rates for BH-BH binaries at different κ’s. From this, one
knows that as κ increases, both detectors able to detect more
sources at high redshifts.

At ρth ¼ 80, the lensing rates are definitely smaller, as
displayed in Table VIII. One can see that the capability
of DECIGO detecting lensed BH-BH events remain
almost the same, similar to what is found in the previous
appendix. The lensing rates at ρth ¼ 800 are even smaller,
as expected, so we will not present them.
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