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String cosmology backgrounds from classical string geometry

Heliudson Bernardo ,1’* Robert Brandenberger,]";~ and Guilherme Franzmann®

*

lDeparl‘menz of Physics, McGill University, Montreal, Quebec H3A 2TS, Canada
*Nordita, KTH Royal Institute of Technology and Stockholm University,
Roslagstullsbacken 23, SE-106 91 Stockholm, Sweden

® (Received 3 December 2020; accepted 9 February 2021; published 26 February 2021)

We introduce a very early universe model based on the thermodynamics of a gas of closed strings in a
background that is nonperturbative in . Upon considering the fully «’-corrected equations extended to
include certain anisotropic cosmological backgrounds, we describe the evolution of the system in three
different stages parametrized by the gas’s equation of state. Using standard string thermodynamical
arguments, we start with an isotropic ten-dimensional universe inside the string scale and evolve it
toward a universe with four large spacetime dimensions and six stabilized internal dimensions in the

Einstein frame.
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I. INTRODUCTION

The ACDM model is quite successful. Relying
solely on six free parameters, it is able to account
for most of the current cosmological data [1], which has
become abundant for the last 30 years. It provides a
description of the evolution of the Universe that extends
from a fraction of a second to its current age, around
13.8 x 10° years [2].

An attachment to the ACDM model is the inflationary
paradigm for the very early universe. Inflation [3-9]
postulates a phase of accelerated expansion in the early
universe that explains why the Universe we live in seems to
be so spatially flat, so large, and nearly homogeneous. It
also explains how the small fluctuations in the cosmic
microwave background are generated and why they are
almost scale invariant, and therefore it also explains how
structures such as galaxies and galaxy clusters have been
formed in our Universe. However, inflation does not
explain away all the problems. Both the ACDM model
and inflation rely on general relativity, which is shown
to be unavoidably singular in the very early universe
considering these models’ matter content [10-13]. It is
expected that only a fully fledged theory of quantum
gravity (QG) could yield a nonsingular cosmology, thus
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explaining what really happens to the spacetime close to
diverging curvature regions.

String theory is one of the most promising candidates
for a QG theory. Among its successes, the theory provides
a possible framework for unifying all the known inter-
actions of nature. One of the main advantages to consider
strings as being fundamental instead of point particles is
the fact that the singularity theorems may be avoided.
This is easy to understand intuitively, since as the energy
scale gets higher, the energy can flow into the additional
degrees of freedom present due to the extra dimension-
ality of the string.

In fact, not only does string theory have new degrees
of freedom, it also contains new symmetries. Particularly,
on compact manifolds, strings also have winding modes,
besides the quantized momentum modes, that corres-
pond to strings wound in closed cycles [14]. Because of
the existence of these different types of modes, toroidal
compactifications present a new symmetry: T-duality [15].
This symmetry implies that physics in geometries with
characteristic radius R is equivalent to physics in geom-
etries with characteristic radius [2/R, where [, is the
string length.

Furthermore, it is worth noting that a thermodynamical
treatment of a gas of strings also obeys this symmetry,
which can be seen from the thermal partition function of a
gas of closed strings in a toroidal background [16]. This
implies that the temperature 7(R) remains finite as the
torus’s radius, R, runs from O to /; while considering the
total entropy to be constant. Moreover, if the gas of strings
contains a large entropy, then, for a wide range of values of
R on either side of the string scale, T(R) hovers just below
the Hagedorn temperature 7'y, the maximal temperature for
a gas of closed strings [17].
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Given that thermal effects may be important for realistic
cosmological backgrounds, the above considerations gave
rise to the string gas cosmology (SGC)' scenario [19] (see
also [20]), according to which the spacetime geometry is
locally R x T° and the universe emerges from a phase in
which matter is made of a gas of strings with temperature
close to the Hagedorn temperature, while the T-duality
symmetry in the matter sector is unbroken. It was postu-
lated that this phase is quasistatic in the sense that the scale
factor in the Einstein frame (EF) is nearly constant. Later, it
was shown that thermal fluctuations of the string gas lead
to a nearly scale-invariant spectrum of cosmological per-
turbations with a small red tilt [21] for the scalar modes
and a slight blue tilt [22,23] for tensor modes. The fluc-
tuations are Gaussian and have Poisson-suppressed non-
Gaussianities on large scales [24]. Hence, SGC yields an
alternative to the cosmological inflationary paradigm for
explaining the origin of structure in the universe (see, e.g.,
[25-27] for reviews of SGC).

As studied in [28-31], size moduli of the extra spatial
dimensions are naturally stabilized at the string scale by
the interplay between momentum and winding modes.
Similarly, shape moduli of the extra dimensions can be
stabilized by stringy effects [32]. Nonperturbative effects
like gaugino condensation can be used to stabilize the
dilaton [33] without interfering with the stabilization of the
other moduli. This nonperturbative mechanism then leads
to supersymmetry breaking at the string scale [34]. The key
open issue in SGC is to justify the assumption that the EF
scale factor is, in fact, nearly constant in the high temper-
ature phase. If we were to use Einstein gravity, we would
not obtain an almost constant scale factor in a phase of high
string gas energy density.

However, the Einstein equations are clearly not the correct
equations to use for the background dynamics since they are
inconsistent with the T-duality symmetry of string theory.
Pre-big-bang cosmology [35] (see also [36,37] for a review)
is an attempt to study early universe cosmology in the
context of dilaton gravity where there is a scale factor duality
symmetry between solutions. However, the static phase
required by SGC is not a solution of the equations, and
even if it were it would not be justified since such equations
are not valid anymore for high energy densities.

The dilaton-gravity equations are actually low energy
equations for the bosonic sector of the supergravity
theory for the background (massless) fields of superstring
theories, once we turn off all the fluxes. In fact, the mass-
less Neveu-Schwarz (NS-NS) sector is universal for all ten-
dimensional superstring theories and has the same action
for closed superstrings [38]. In applications to cosmo-
logy, such equations are typically sourced by the energy-
momentum tensor of a perfect fluid [39]. For a gas of

lRecently the dynamics of SGC has been embedded into a
more general proposal called Emergent scenario [18].

strings, the energy-momentum tensor has exactly this form
with an equation of state (EoS) that depends on the modes
that dominate the gas: for compact directions with size
smaller (greater) than the string length, winding (momen-
tum) modes are energetically favorable [19].

If we are after solutions with high energy density, such as
during the static phase in the EF of SGC, we need to correct
the bosonic NS-NS sector of the supergravity action with
higher order operators. These operators are associated with
@ and g, corrections. The former are related to the string

length, given by I, = v/ which sets the string scale, thus
present even at classical level, while the latter are due to
string interactions and account for quantum corrections.
They correspond to the two-dimensional sigma model and
spacetime perturbative expansions, respectively. Having
the set of fully corrected equations is one of the most
desirable achievements in string theory, as it could be used
to answer all sorts of nonperturbative and phenomenologi-
cal questions.

An interesting point of view is that due to the extensive
nature of its fundamental constituents, string theory gives
rise to a new kind of geometry at the nonperturbative level,
a string quantum geometry [40]. In the limit g, — 0 and
o' /R? — 0 (where R is the characteristic radius of space-
time curvature) we are back to Einstein theory plus classical
fields, while at any given order in both expansions there are
corrections to this limit. Note that these limits are not
completely independent, since the string coupling is not a
free parameter, being fixed by the dilaton’s vacuum expect-
ation value, g, = ¢/?). However, if the equations admit
solutions with a small string coupling, then we can neglect
the quantum corrections to leading order while keeping all
a' corrections in the nonperturbative regime, which gives
rise to the classical string geometry limit, i.e., the geometry
of the tree-level string theory.

Although it is expected that the final equations are
background invariant [41], significant progress has been
made recently for purely time-dependent backgrounds at
tree level. This was due to the fact that for such back-
grounds there is a noncompact symmetry acting in the field
space [42]. Indeed, for a cosmological ansatzin D = d + 1
dimensions, the scale factor duality [43] is a particular
discrete transformation within a global O(d, d) group [44].
Restricted to the lowest order terms, a duality covariant
formalism was established in [44], including the energy
momentum tensor of a gas of strings, that was shown to
transform covariantly under the O(d, d) group. Moreover,
in [45] it was shown that the O(d,d) symmetry should
be present to all orders in « and, in fact, it was shown in
[46] that although the first corrections modify the duality
transformation, there are field variables in which they
remain unchanged. Assuming that to be the case at any
order, all possible corrections were classified in [47] for the
vacuum case. The formalism was extended to include
matter couplings through an O(d, d) invariant matter action
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in [48], establishing the «’-cosmology framework within
which perturbative and nonperturbative solutions were
found. In [49] such solutions were shown to hold even
with a nontrivial dilatonic charge, and their stability under
homogeneous perturbations was studied.

In the following sections, we propose an early universe
cosmological scenario based on these solutions. It starts
off with ten dimensions where nine spatial dimensions are
smaller than the string length and evolves such that at
the end we have four large spacetime dimensions while
the other six spatial dimensions remain stabilized around
the string length. This is realized after considering a gas of
strings sourcing the equations assuming the expected
evolution of the equation of state for a gas of strings in
the most natural way [50] and then solving the dynamics in
three stages. Surprisingly, the o-corrected equations sup-
port a static phase in the Einstein frame as postulated by
SGC, though in ten dimensions.

The outline of the paper is as follows. In Sec. II, we
summarize the construction and heuristics of the model. In
Sec. III, we discuss technical details, in particular how we
can get four-dimensional equations from «'-cosmology
after having extended the framework to include a certain
class of anisotropic cosmological backgrounds. The quan-
titative aspects of the model are introduced in Sec. 1V,
where the dynamics both in the string frame and in the
Einstein frame are discussed. Then we conclude in Sec. V.

II. SUMMARY OF THE MODEL

In SGC, the thermodynamics of a gas of strings in a
(d + 1)-dimensional compact space can be separated into
three types of EoS assuming a barotropic perfect fluid, such
that p = wp: a winding EoS, with w = —1/d; a radiation
EoS, with w = 1/d; and a pressureless one, with w = 0.
Indeed, for a noninteracting isotropic gas of strings on an
isotropic toroidal background T¢ winding modes are
energetically favorable if the radius of the torus is smaller
than the string length, so that the fluid is dominated by
these modes and has a winding EoS. On the other hand,
momentum modes dominate when the radius is greater
than the string length such that the fluid has a radiation EoS

in this case. Close to the T-duality self-dual radius v,
both modes contribute with the same magnitude to the
pressure, but with opposite signs, giving rise effectively to a
dustlike EoS, since the oscillatory modes which are also
excited around the self-dual radius yield a pressureless fluid
as well [27].

Note that in order to calculate how each string state
contributes to the energy and pressure of the string gas,
the mass spectrum of a single string in a static toroidal
spacetime is used. In SGC, an adiabatic approximation is
assumed, such that we can approximate the spectrum in a
cosmological spacetime by simply promoting the radius of
the torus to be the time dependent scale factor [27]. In the
following, we use the results obtained from the adiabatic

approximation, in particular the equations of state described
above, even though the background is an expanding
Friedmann-Lemaitre-Robertson-Walker (FLRW) cosmology
with Hubble parameter close to the string scale. The
justification comes from T-duality, since once it holds to
all orders in o/, there should be winding and momentum
modes among the states. Thus, even for the full spectrum in
the time-dependent background, we expect these modes to
dominate the string gas states.

In the string frame (SF), we assume an initial high
density string gas phase on a cosmological spacetime
that has the topology of R x T° with all spatial directions
compactified on a nine-dimensional torus with radius
smaller than the string length. As discussed in previous
paragraphs, the string gas starts off with a winding EoS.
Now, given that the energy density is closer to the string
scale, the o'-corrected cosmological equations of [48,49]
should be the ones to rule the background evolution,
which is expected to be nonperturbative in o'. It was
shown that there are nonperturbative d-dimensional de
Sitter (dS) solutions, H(f) = H, (in string frame) with
constant equation of state, w =w,, and the dilaton’s
evolution completely parametrized by these two constants
[see (12)]. Thus, the natural solution for this initial stage is a
compactified dS;, solution with a winding equation of
state, with all directions expanding until their physical

radius becomes of the order of v/a'. This stage corresponds
to a static phase in the Einstein frame as described in
Sec. IVB 1.

As the background approaches a characteristic length
equal to the string size, the string gas fluid ceases to have a
winding EoS, since oscillatory and momentum modes start
to get excited. Thus, the EoS evolves toward zero as the
physical radii get closer to the string scale. This establishes
the second stage of the dynamics. There is an important
caveat here: as the EoS approaches zero, the geometry
departures from being isotropic in all spatial directions
and it divides into two independent isotropic sectors: an
internal six-dimensional one, for which the EoS associated
with these dimensions stops evolving as it reaches zero,
and an external three-dimensional one, for which the
EoS keeps evolving toward a radiation EoS. This happens
because the winding modes can annihilate completely only
in the latter sector, while in the former they remain existing
and helping to stabilize the internal EoS together with the
momentum modes [19]. In Sec. III C, we show explicitly
that there are solutions with static directions with p; =0
and w; =0 so that the balance between winding and
momentum modes at the string scale can potentially
stabilize all the internal directions, as previously suggested
by [28,30]. This is the end of the dynamics of the internal
directions in the SF, while in the EF they start to contract as
described in Sec. IV B 2.

Since the winding modes completely decay into momen-
tum modes in the external sector, the EoS continues

043540-3



BERNARDO, BRANDENBERGER, and FRANZMANN

PHYS. REV. D 103, 043540 (2021)

evolving until becoming a radiation EoS, which allows the
external directions to remain dynamical. This, together
with the freezing of the internal sector, is the SGC
mechanism for generating a three-dimensional cosmology
from a ten-dimensional one. After the radiation EoS is
settled, we enter the third stage of the model, where we
have an anisotropic cosmology with six static spatial
internal directions with w = 0 and three evolving external
directions with w = 1/3. The relevant nonperturbative
solution is now locally dS, x T® (in the string frame) with
a rolling dilaton whose velocity is determined by the
evolution of the external directions (as explicitly shown in
Sec. IVAS).

Meanwhile, the dilaton has been evolving so far approx-
imately linearly with time. Although it is possible to choose
the dilaton’s initial value such that we reach the third stage
in the small string coupling regime, when the internal
directions are stabilized and the external ones continue to
expand, there is no bound on the dilaton’s time evolution.
Thus, we eventually enter in the quantum nonperturbative
regime, where g, = ¢? ~ 1. From this moment on, as we
would like to have a string theory based model, we can-
not fully trust the O(d, d) covariant equations anymore
because they do not include g, corrections. Instead, it is
known that nonperturbative effects such as D-branes may
dominate the theory’s spectrum, giving rise, for instance,
to gaugino condensation [51-53]. Physically the dilaton
should acquire a potential that stabilizes it [54-56] (see [33]
for dilaton stabilization with gaugino condensation in
SGC). Thus, in order to potentially make contact with
standard big bang cosmology, we seek for perturbative
solutions with a constant dilaton. In [48] it was shown that
this condition completely fixes the solution to be a
perturbatively corrected radiation solution of the gravi-
ton-dilaton equations that is known to be determined once a
constant dilaton is assumed [36]. As time goes by, the
perturbative corrections get smaller and the solution
approaches the lowest order one with a radiation EoS.

After the stabilization of the dilaton, there is no differ-
ence between the string and Einstein frames. But during the
three stages described above, the dilaton time dependence
is fixed by the solutions. That is the reason why it is
possible to describe how each stage evolves in the EF. It is
important to notice that both frames are equivalent in the
sense that any physical observable can be calculated and
has the same value regardless of frames [57]. Besides that,
describing the EF evolution is useful when trying to make
contact with observations. During the first stage, with a
winding EoS, the Einstein frame scale factor is constant
and we have a static ten-dimensional phase as a solution of
the nonperturbative equations, in contrast with the four-
dimensional static phase postulated by SGC. In the second
and third stages, the dilaton’s evolution is independent of
the static internal directions that in the EF correspond to
contracting dimensions, while the external directions first

undergo accelerated expansion and then later expand as a
radiation dominated universe.

The model is summarized in Fig. 1, where the Hubble
radius of the internal and external directions and the EoS
are schematically plotted as a function of time. Quantitative
details about the stages can be found in Sec. IV. Finally, it
is important to emphasize that prior to o’-cosmology, there
were no equations that could describe the dynamics of
the model as elucidated above. In particular, the existence
of static solutions in the EF for a winding EoS and the
static solutions for the internal directions in the SF with a
pressureless EoS, which were essential for the model,
are here derived for the first time using the framework
discussed here.

III. «-COSMOLOGY: TIME-DEPENDENT
BACKGROUNDS FROM CLASSICAL
STRING GEOMETRY

A. Review of a’-cosmology

In [47,48], it was shown that the action for a purely
time-dependent D = d + 1-dimensional string background,
including a matter sector, with metric Ggy=—n>(1),
Gy = 0, G;;=g;;(t), Kalb-Rammond field By, =0= By,
B;; = b;;(t), and dilaton field ¢(x) = ¢(¢) can be written in
a O(d, d) invariant form as

S = 2%(2/ dxdtne=®[—(D®)?> + X(DS)] + S,,[®,n,S,y],
(1)

where ® =2¢ —In/detg is a O(d, d) scalar called the
shifted dilaton, y represents the matter sector, and the
O(d, d) scalar function X(DS) depends only on the first
time derivative (D = 1/n0,) of the 2d x 2d matrix

0 1 -l _gp
o= ()01
1 0/\bg' g—bg'b
bg™' g—bg'b
(% 0Ts) @
g -9 b

where we use a basis in which the O(d, d) metric # has an
off-diagonal form and H € O(d,d) acts as a generalized
metric. As H is an element of the duality group, S is a
constrained field satisfying S* = 1. Since the gravitational
coupling x? is factorized, terms in the integrand should
have mass dimension 2. Given that the function X is
invariant under duality transformations, it can be written
as a sum of traces of the matrix S. Thus, at a given order
k—1 in «, there could be two types of dimension 2
operators in the action: single-trace and multitrace ones,
with respective forms
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FIG. 1.

The dynamics of the model is shown as a whole, which is later separated into three different stages in Sec. IV. On the left, the

evolution of the equation of state is plotted as a function of time for both the internal and the external directions. In the center, the time
evolution of the scale factor and the Hubble radius can be seen in the string frame while on the right they are shown in the Einstein frame.
The dilaton stabilizes at 7,. The evolution is nonsingular in both frames.

a1 (DS)), a”“lfj[tr«DS)”f% (3)

=

where the set {/;} is constrained in order for the operator
to have dimension 2, [, +---+[; = k. Moreover, as
shown in [47], by redefining n*(¢) we can set to zero
any multitrace operator containing factors of tr(DS)?, so
[; # 1. Thus, the number of multitrace operators at the
(k — 1)th order is the number of partitions of k that does

not include 1, ie., j =1,..., p(k) — p(k — 1), where p(k)
is the number of partitions of k. Note that the lowest
order action is obtained by truncating the corrections to
k =1, and this gives a single-trace operator proportional
to tr((DS)?).

It was noticed in [47] that with a flat FLRW ansatz for
the metric and vanishing two-form field, the multitrace
operators contribute in the same manner as the single-
trace ones, and thus they only renormalize the numerical
coefficients of the latter. Hence, for this specific ansatz,
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we can neglect the multitrace operators such that the action
has the form

1
S = d?xdtne=? [—(Dd))z
22

+ Za’k"cktr(DS)”‘]

k=1
+ Su[®. 1. 8.7, 4)

with ¢, = —1/8 and the other ¢, are generally unknown
(they depend on which type of string theory is considered).
If D is not equal to the critical dimension D, there is a
term proportional to e~®(D — D,.) in the integrand of the
matter action. In the present work, we assume D =D_.=10
unless stated otherwise.

The equations of motion for ®, n(¢), and S coming from
the action (4) are, respectively,

2D — (DD)? - ¥ leytr(DS)* = k2e®5,  (5a)
k=1

2= a2k = 1)eytr(DS)* = 262pe®, (5b)
k=1

D<e_<1> Z a’k‘14kckS(DS)2k_l> = —K27’]T. (50)
k=1

The right-hand sides (RHS) of these equations are propor-
tional to variations of the matter action. We defined an
O(d, d) invariant dilatonic charge ¢ by

2 oS
=" 6
while the energy density is given by n?(t)p = T, with
2 oS
T, =———2m 7
H \/z(gg;w ( )

being the energy-momentum tensor of the matter sector. Its
spatial components enter in the O(d, d) tensor 7 defined by

T =- ( %S— sg) (8)

where the bars in the matter variables denote multiplication

by /9.

In [48,49], solutions for Egs. (5) for the FLRW ansatz

ds2 = —dtz + a2(t)5ijdxidxj, blj = 0,

T}, = diag(—p. p,.... p) )

were found. Some of these solutions are relevant for the
current work. First, there is a nonperturbative class of dS
solutions with

H(t) =H,  ®=—fH,, (10)

where f is fixed by the EoS, p = wp, and the dilatonic
charge, assumed to satisfy ¢ = Ap,

dw

= - . 11
p 14+2/2 (11)
Thus, the dilaton evolves as
. dH, A
= 1 — . 12
=21 ( rw 2) (12)

There are conditions for the existence of this class of
dS solution: the function

F(H)=2d i(—a)

k=1

22kH2k (13)

and H should be such that (for 1 # —1, 2)

1+41
2412

2d2W2H0

FHo) ==

. F(Hy) = 5—— HoF,. (14)

While there are sets of {c;} that are not inconsistent with
such conditions, the ones coming from string theory might
be incompatible with them. In other words, there are
dS solutions (in the SF) in the space of duality invariant
theories, but it is not guaranteed that they exist in string
theory.2 Nonetheless, no obstruction for such solutions was
found after including all o'-corrections. For discussions
about solutions in the vacuum case, see [47,60-63].

The other relevant solution is a perturbative one. In [48],
it was shown that the only perturbative solution for a
constant dilaton has the form

H JH,
H(f) = °+ [+a’2—+--~, (15)

1
w(t) =~ - 32dc,wy (VA H) + 128dcyws (VA H)
—512dcqws (VA H)® + - -, (16)

where the coefficients Hq, H,, ... and w,,ws, ... depend
on the spacetime dimension and the {c;}. Thus, it is a
solution for any duality invariant theory, in particular for

*In [58] a symmetry based argument against the existence of a
possible two-dimensional (2D) conformal field theory with a
“macroscopic” dS target space was developed. However, we
expect the dS radius of our solutions to be of the order of the
string length, even though it is not possible to compute the exact
relation between H, and v/ at the moment due to the lack of
knowledge on the function F(H) (see [59] for a discussion about
how nonperturbative information is necessary to fix F(H)). We
thank Savdeep Sethi for discussions about this point.
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any type of superstring theory. Note that this solution
for large times approaches the usual radiation phase of
standard cosmology.

The solutions above describe D = d + 1-dimensional
isotropic cosmologies, with a single scale factor a(t).
In order to discuss more realistic scenarios with an
n-dimensional compact submanifold, it is useful to have
anisotropic solutions, in which the n compact direc-
tions evolve differently than the other d — n spatial direc-
tions. These solutions cannot be straightforwardly obtained
from action (4) as for them the multitrace operators cannot
simply be taken into account by only redefining the
coefficients of the single-trace operators. In the following
we show a way around this issue for a particular class of
anisotropic cosmological metrics.

B. Anisotropic metric in a’-cosmology

Let us consider a Bianchi type I ansatz for the metric
ds? = =n?(1)di* + a3 (1)8;;dx'dx’ (17)

and vanishing two-form field, b;; = 0. For this particular
case, we have

DS = 2K, (18)

where K is a 2d x 2d diagonal matrix constructed with d
Hubble parameters, H; = DlIna;,,

/c_<H" 0), (19)

0 H,

and J is defined by

(L)

and it squares to minus the identity, 7> = —Z.
Using (18), we evaluate typical single and multitrace
operators for the anisotropic ansatz to be

d
tr((DS)Zk) _ (_1)k22k+1 ZHIZk’
i=1

[[u(@sp) = (~p2n [[S 62 @)

i=1 i=1 g=1

where the constraint /; + -+ [; = k was used. We see
that in the isotropic case, H; = H V i, they have the
same structure and so contribute in the same form to the
equations of motion.

Now, let us suppose we have (d —n) directions with
the same scale factor, i.e., a;(¢) = a(t) fori =1, ...,d — n,

and n static directions with H; = O0fori =d—-n+1,...,d.
In this case, we have

tr((DS)*) = (=1)k22%+1(d — n)H*,

r((DS)h) = (=1)k22%+1(d — n) H*, (22)

-

i=1

and so, for this particular case, the (k— 1)th order
multitrace operators contribute in the same way as the
single-trace ones, they merely shift the coefficient ¢, of
the latter. Hence, for n static directions and (d —n)
isotropic directions, we can neglect the multitrace oper-
ators and use action (4) to get the equations of motion
for the (d —n) dynamical scale factors. Therefore, the
single-trace action can also be useful for finding some
anisotropic solutions.

Note that in this calculation we have assumed that n
directions were static. Thus, if we plan to use it later, we
will have to invoke good reasons why that should be
the case. Nevertheless, we can use the full Bianchi type I
ansatz (17) in Egs. (5) to search for conditions on the matter
sector in order to have n static directions. For that, we
evaluate these equations in terms of H; and the matter
variables in the following.

The form of the single-trace operators was already
calculated in (21), and using this result, Eqs. (5a) and (5b)
can be written as

2D2® — (DD)? + iF(Hi) =K%, (23)

1 & 1 &
(D®)? + - > H;F'(H;) - - > F(H;) =26, (24)
i=1 i=1

where the function F is as defined in (13). To write Eq. (5¢)
in components, we assume 77 = p;5! and get

oyl 0 P\ (25)
—pid; 0

and thus, the combination #7 that appears in the right-hand
side of (5¢) is

=iy ) (20

Moreover, starting from (18) one can easily get

('DS)Zk—l — (_1)k—122k—1H2k—1j = 8(DS)2/(—1
:(—1)"“22’<-1<_H’2k_1 0 )

0  H¥! @)
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Using these results, Eq. (5¢) gives

o0 _H_Zk—l 0
D e—(I) a/k—l4kc -1 k—122k—1< ! >:|
k- o e
—Di 0

which implies that
< i (=) 4kc 221 H2k= 1) =—k*p;. (29)
k=1
In terms of F(H;) we have
D(e~®F'(H;)) = =2dx*p;, (30)
which can also be written as
(DH;)F"(H;) -

(D®)F'(H;) = —2dk*e®p;. (31)

Summarizing, the equations of motion coming from
single-trace operators in the action for the anisotropic
ansatz (17) are

2D?® — (DD)? + ! Zd: F(H;) = *e%5, (32a)
i=1
d
Z (H,F'(H;) — F(H,)) = 2c%¢®p,  (32b)
D(e"®F'(H;)) = =2dx*p,;.  (32c)

The continuity equation is not independent of Egs. (5), as
expected from Bianchi identities and explicitly shown in
[48]. It is written as

p+ %tr(SSn’Z_') - %acb =0, (33)

and given the anisotropic ansatz it reduces to

In Appendix B, we show that upon neglecting
o -corrections, Egs. (32) reduce to the dilaton-gravity
equations coupled to matter. This was to be expected since
the lowest order action has no contribution from multitrace
operators, and Egs. (32) contain only contributions from
the single-trace operators. Despite this fact, we show how
and why they are still relevant for discussing anisotropic
solutions in the next subsection.

5P =0. (34)

l\)l'—

C. Nonisotropic solutions with static internal directions

Recalling the discussion after Egs. (22), if we impose
a;(t) = a(t) for (d—n) directions and let the other n
directions have a constant scale factor, H; = 0 for i = d —
n+ 1, ...,d, then the multitrace operators can be neglected
(in the sense that they will contribute in the same manner
as the single-trace ones), and then the equations of
motion (32) are the full set of equations including all
o -corrections. In this section, we will obtain a consistency
condition that the matter sector should satisfy in order to
have H; = 0 for n directions.

Let us rewrite (32) for (d — n) isotropic directions with
the same scale factor a() and corresponding Hubble rate
H(1) [setting n(t) = 1]:

26— b + (dfd)F(H) T+ %lt;“ F(H;) = k%5,
(35a)
@ + (d%d”) (HF'(H) — F(H))
1 d
+ ZH:;H (H,F'(H;) — F(H,)) = 2k%e® (35b)
0,(e®F'(H)) = —2dx’p, (35¢)
0,(e"®F'(H,)) = —2dk*p., (35d)

where the index i in the last equation runs over the n directions
with different scale factors a; i =d —n+1,...,d). From
the last equation we see that we need p; = 0 in order to
have static internal directions. So any solution with zero
pressure in n different directions and with the same scale
factor a(t) for (d — n) directions satisfying

26 — & + @F(H) = k2%, (36a)

> (d—n) ' _ 9 2,®
D +7d (HF'(H) — F(H)) = 2x*e®p, (36b)
0,(e"®F'(H)) = =2dx*p (36¢)

is a solution for the entire set of corrected equations, with n
stabilized directions. For this specific class of solutions, we
can use the results from o'-cosmology even though they do
not include multitrace contributions.

Indeed, rather than trying to find new solutions for the
(new) set of Eqs. (36), we can use a trick to map the new
equations to the ones in [48,49]. The trick is the following:
if we define a function J(x) as
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F(x), (37)

then we can write (36) as

20 — ®* 4 J(H) = K25, (38a)
®% + HJ'(H) — J(H) = 2k%e®p, (38b)
8,(e=®J'(H)) = —2(d — n)x>p. (38¢)

and the resulting set of equations is the same as the
ones studied in the previous papers once we do the
replacements’ F(H) — J(H) and d — (d — n). This means
that the analyses and solutions in [48,49] can be used,
but now as (d — n)-dimensional results. In particular,
there are solutions with H = const with EoS w = p/p =
—1/(d—n) and a perturbative solution with constant
dilaton that asymptotes to a (d — n)-dimensional spatial
volume dominated by radiation.

IV. EMERGENT COSMOLOGICAL SCENARIO
WITH FOUR LARGE DIMENSIONS

Having at our hands all the necessary equations and
solutions to build our cosmological model, now we focus
on its details. We will first highlight how the dynamics
happens in the string frame and later describe the corre-
sponding picture in the Einstein frame.

A. Dynamics in the string frame

1. Stage 1—winding EoS: wV) = —1/d

We start off with a homogeneous and isotropic space-
time with topology R x T¢ where all the dimensions” are
smaller than the string length, /; = o/!/2. Thus,

R(t)=r.a(t) < 1, (39)

where R(t) corresponds to the size of the compact dimen-
sions and r, is the comoving radius of them. Looking to the
mass spectrum of closed strings in a compact space, we
know that the dominant modes for when R(¢) < [ are the
winding modes’[27] with corresponding EoS given by

*We also need to change the ¢; coefficients of F (H) to new
ones ¢}, due to the inclusion of the multitrace contributions. In the
rest of the text, we simply drop the prime and continue to denote
the set of unknown coefficients by {c;}.

*Note that although we consider D =1+d = 1 4 (d —n) +
n = 10, where (d — n) corresponds to three large dimensions and
n to six small dimensions, we keep the notation general.

5Postulating T-duality to be true, we know that has to be the
case since for a large radius we only have momentum modes
being excited, which transform into winding modes when T-dual
rotated.

w() = —1/d. We label each different stage from now on
with a superscript (i), where i = 1, 2, and 3.

Given that the directions’ sizes are within the string scale,
the nonperturbative equations that take into account the
infinite tower of o'-corrections are suitable to find solu-
tions for such a regime. In fact, it has been shown that one
solution for this matter content results in a dS universe; thus

H(t) = HY) = const, with dilaton evolving as (12),

d-1
(1) = ¢y +TH<])L

t>0, (40)
which grows linearly in time. It is easy to see from (55) that
this solution corresponds to having all the dimensions
being static in the EF.

Hence, all the dimensions are exponentially growing
until they reach the string scale at the time ¢, representing
the end of the first phase. That happens when

| I,
tS = Wln(g()rc), (41)

where a is a constant corresponding to the initial value of
the scale factor which can be absorbed into r., which now
becomes the initial size of the dimensions in the SF.

Since the dilaton is growing in time, we need to track
its evolution to avoid entering too early into the strong
coupling regime where quantum corrections can no longer
be neglected. At the end of stage 1, the dilaton is

e O

c

and so, in order to have eV (1) < 1, we need the initial
value of the string coupling to satisfy e?0 < (r./1,)(4=1/2,
Note that, as we would like to start in the weak coupling
regime, this condition is compatible with the assumption
that r. < [;. In other words, starting with all directions
compactified with a physical radius smaller than the string
length and requiring the string coupling to be smaller than
one at t; implies that the string coupling is small at the
initial time.

Once the size of the dimensions have reached the string
length, we expect another solution to be relevant to our
dynamics. In particular, we know that the equation of state
cannot be given purely by the winding EoS until the end of
this stage and beyond, since as the size of the dimensions
grows other modes are excited: oscillatory and momentum
modes. In fact, we expect that at the end of this phase the
EoS is w = 0 [19,27]. However, it is very hard to solve the
equations for an evolving EoS, and so our scenario will
be built by gluing together solutions of three different
stages while describing what is expected to be happening in
between them. We start with the first transition now.
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2. Transition between stage 1 and stage 2

As the sizes of the dimensions are growing and the
EoS is evolving toward zero due to the excitation of
oscillatory and momentum modes, we expect the expan-
sion to slow down and we exit the dS phase. That means
that during the transition between stage 1 and stage 2 we
have that® H(V~® <0 while we keep H(V~® > 0. At
the same time, we know that the static phase in the EF
has to end as the equation of state is evolving, which

results in £%7® (1z) > 0 [19], which from (55) implies
the condition

1-d . P
> 5o

< ¢H - é.s? (43)

where the left-hand side (LHS) is positive and thus

dlng¢
1, 44
dlna = (44)
where we have suppressed the label “(j)_;).” Thus, a

“slow-rolling” dilaton during the transition between the two

phases is a necessary condition for having Hg) > 0. We do
not know how fast this transition is but it could be modeled
phenomenologically and numerically through [50]

2
= " arct 1 , 45
w(a) —are an(yIna) (45)
where y indicates how fast the transition happens.

3. Stage 2—matter EoS, w? =0

As the dimensions reach the string size, the dynamics
starts to become more involved. Although the EoS is w = 0,
meaning the pressure is vanishing for all the dimensions, we
do not expect that isotropy remains for long. The reason
for that is that winding modes can annihilate completely in
three spatial dimensions [19] [from now on called external
directions, labeled d —n = 3, and with scale factor a(t)]
while they continue to exist for the remaining six other
dimensions [from now on called internal directions, labeled
n = 6 and with scale factor b(7)].

The internal directions start to oscillate around the self-
dual radius due to the interplay between winding and

momentum modes, which on average results in wf) =0,
until they eventually stabilize, Hf) =0 [27]. It is exactly
this dynamics that justifies the simplification considered
above in Sec. III C, where the multitrace terms were
considered zero for an anisotropic universe since all the
internal directions were considered static, allowing a
decoupling between the dynamics of the internal and

%See Appendix A.

external directions. Thus, this is the end of the dynamics
of the internal directions in the SF.
Turning now to the external directions, the phase with the

EoS parameter close to zero is very short, since WE}) >0

even though WE,Z) ~ (0. Thus, we cannot describe this
phase by considering H, ,(12) = 0 as we did for the internal
directions. Although the Hubble parameter for these
dimensions decreases as the oscillatory and momentum
modes are excited, the winding modes will start annihilat-
ing and the EoS rapidly converges to a radiation EoS as
the expansion continues. To describe this short stage, we

consider as a first order approximation H 512) to be constant

and smaller than H" = H() while w® ~ 0. The dilaton
evolves as (12) with w, = 0. Thus,

PO =0 0) + S O -y,

t>1t, (46)
where we have glued7 the two solutions after imposing
dP(t,) = ¢V (t,). Note that (46) shows the dilaton’s
evolution depending only on the external directions (see
discussion on Sec. III C), which is now evolving slower as
expected from (44). We will consider this solution to be
valid until all the winding modes annihilate and the EoS of
the external directions becomes radiation, at time ¢,. So,

d—
+ SR HR (G —n), (4T)

at the end of this stage.

4. Transition between stage 2 and stage 3

Stage 2 is rather short since the external directions
continue to be exponentially expanding, implying that
the winding modes continue to decay away while the
momentum modes are being excited and the EoS rapidly
approaches the one of radiation, w = 1/(d — n). Thus,
this transition is characterized by having a positive EoS
with w > 0.

Unfortunately, because of the unknown coefficients ¢,
we cannot solve the equations for H during the transition.
We will assume that the rate of expansion does not change
considerably, remaining around the string scale so that
nonperturbative solutions will have to be invoked during
the next stage. We will come back to this point in Sec. V.

5. Stage 3—radiation EOS, wS' =1/ (d-n)

Rolling dilaton. For this stage we consider that the EoS is
already given by that of radiation for the external directions.
Note that for the low-energy theory that automatically
implies that the dilaton is constant (see, e.g., [36]), while

"Note that we do not glue derivatives since we do not consider
a continuous evolution of the EoS.
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for o’-cosmology that is not necessarily the case, especially
around the string scale. Initially the dilaton keeps evolving
following (12) with w, = 1/d

d—n+1

HO (-1t
2 ( r)7

t>t

= bpy

(48)

PO (1) = pP(1,) +

where we once again glued solutions imposing ¢©)(z,) =
$?(t,). As the expansion continues and the dilaton
keeps evolving, at some point the dilaton will approach
zero, leading the dynamics into the strong regime, since
gs = e? ~ 1. We invoke its stabilization during this regime.
We do not have a precise dynamics to account for that,
and we can only say that in the strong regime quantum
corrections to the dilaton’s dynamics can become impor-
tant, resulting in an effective potential that stabilizes it to a
constant value [33,55,56].

Note that the time 7, when the strong regime is reached
(which we assume to be when the dilaton reaches the value
zero) in our scheme depends on the initial value ¢ of the
dilaton, the string scale, the initial size of the dimensions,
and the Hubble parameters at the different stages. The
approximate relation is

t,HY(d-n+1)+t[d-n)H? - (d=n+1)H]
— t,[H(d = n) = HV(d = 1)] = 2|¢by- (49)

This is a constraint on the parameters introduced so far to
ensure that the strong regime is approached only at stage 3.
In fact, we can approximate this expression considering
that ¢, ~ t,, since stage 2 is very short. Then, we obtain

t, HI(d—n+1)—t,[(d—n+1)H® - (d—1)HY ] ~2|¢y|.
(50)

After this transition, ¢ > ¢,, both string and Einstein frames
become completely equivalent. Moreover, now that the
dilaton is halted the internal directions are also completely
stabilized in the EF.

Constant dilaton. Once the dilaton is constant and we
progressively leave the string scale, perturbative solutions
can be used. Solutions of this kind have been found in [48],
and they take the form

(3) 2 Hy | nH
H) ()= — oy g22 0. (51
(2 (d—n+1)t+at3+a s 1)
(3) 1 e
Wq (t) ZE—SZ(d—n)CzMJZ(XH
+ 128(d — n)cswya?H*
—512(d — n)cywyd*HO + -+, (52)

where the EoS for the external directions also evolves
toward radiation, w, = 1/(d — n). Thus, in principle one
could consider a smooth gluing between the last two stages.
As the expansion continues, all the corrections decay
away, and we recover the known radiation solution of
the lowest order theory, for which the Hubble parameter
of the external directions evolves purely as radiation while
the dilaton is completely fixed.

B. Dynamics in the Einstein frame

Apart from the perturbative solution with radiation EoS
and the static phase in the SF with matter EoS, all other
solutions considered are dS solutions in the SF with
different equations of state (and, consequently, different
dilaton evolution). Moreover, the late time perturbative
solution has a constant dilaton and its EF dynamics is
identical to the SF one. Thus, we will be interested in the
H(tg) for the dS solutions in the following.

As we are considering a nonisotropic ansatz, we need to
rederive the formula for H(zz) in terms of the string frame
variables. The Einstein frame metric is given by

GE, = G, (53)

and so the relation between the time variables in both
frames is the same as in the isotropic case. Focusing now on
the spatial components, we have that

a2p(1) = ea? (54)

i°
and starting from this it is straightforward to show that

2
ed-1

Hip(tp) = = <d>+jzd;Hj —(d- 1)H,»>

d

— _<llja;_l> ;%‘1’11 <¢+;Hj—(d— 1)H,->.
(55)

Now, let us write the dS solutions in the SF in terms
of the Einstein variables. For such solutions (including a
dilatonic charge), it was shown in [49] that

H,=H,  ®=-pH,. (56)
The relation between f and (w, 1) depends on the spacetime

dimensionality. Considering n stabilized directions with
H, = 0, following the discussion in Sec. III C, we have

(d—n)w

== (57)

and the dilaton evolution is
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(d—n-p)

#(t) = ¢y + 3

Hy(t - ty), (58)

since only the evolving directions contribute to ®. Note that
in order to write the nonisotropic solution with n stabilized
directions, we are invoking the arguments of Sec. III C,
which allows us to have a solution in the string frame that is
locally dS,_,, x T".

The time variable in the EF can be obtained as

2
th = e~ idt = [E - tE,O
_2¢9 d - 1 _d-n—p

P = e — — a1 Ho(t=t)
e (d—n—ﬁ)Ho(l e o), (59)

where 7z is the value of 7x(7) at t = #,. We can invert this
result to write 7(7g):

fogp o @-1
‘- (d—n—p)H,
d—n-—p)H
xin [1— e @=n=PHo 51 (60)

d—1

The Einstein frame Hubble parameter Hp(zz) for the
(d — n) external directions is obtained from (55) evaluated
for the dS solution,

y -1
Hg(tp) = e%Ho%
o (d— 71— -1
x1-e8 =Py il 6)

Note that as the bracket in the above expression came
from an exponential, it cannot be negative. We can check
that while 7 € [0,00), the relation 7z(7) is such that
tg € |10, tE.max) Where

240 d—1
Tpmax = [ Tl 2
E.max E,O+ed1<d_n_ﬂ)Ho’ (6)

such that the bracket in Hy(7z) is never negative. Since for
a gas of strings we can set A = 0, we have f = —(d — n)w,
such that

Hp(tg) = e%{ (n—1 ;Edl_ W)

CH | ad=n)(w+1)
0 d—1

-1
Ho(tg - tE,O):| .
(63)
The evolution of the dilaton in the EF is simply

P(tg) = o — d; U [1 - efﬁf’?i(d _;__]ﬁ)HO

(tg — tE,O):| )
(64)

from which we can see that it is never singular. Moreover,
the canonically normalized scalar field associated with the
dilaton is given by (see, for instance, [14])

) = 2= b0s) (65)

and clearly has nonsingular evolution for dS solutions in
the SF.

1. Stage 1—winding EoS: wV) = —1/d

During this phase all dimensions are evolving with the
same scale factor and winding EoS. Thus, we can use
Eq. (63) with n =0 and w = —1/d, yielding

HY (15) = 0, (66)

as first realized in [49]. Therefore, we start off with a ten-
dimensional static phase in the Einstein frame.

2. Stage 2—matter EoS, w'® =0

During this stage, we have a matter EoS in all directions,
ie., p; =0 for all i, but the dynamics is different for the

internal and external directions. For the former, ngz) =0,
and for the latter, H, = H® = const. The dilaton time
dependence is still fixed by the evolution of the external
directions and is given by Eq. (58). For the internal
directions, Eq. (55) gives

2¢
ed-1

d—-1

Hyp(tp) = - @+ (d-n)H,),  (67)

and evaluating this for the dS solution, we get

202)
e

d—-1

H®(d—n-p). (68)

H) (1) = -

Thus, for w =0 (# = 0), the internal directions are con-
tracting in the EF. They will keep contracting until the
dilaton is stabilized at the end of stage 3.

On the other hand, for the external directions, Eq. (55)
implies that

24
ed—1

b= (n=DH). (69)

H, p(tg) = —

which evaluated for the dS solution gives
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202 (15)
e a1
Hyp(i) =~ HP (1= 1+ )
Q) (d—n — -1
X l—ewd——f)%h’(z)(%—%(%)) 5

(70)

that is, for w = 0, the external directions are expanding
with rate

% (d = n) H) (1 — tx(ty)) )

(71)

Note that this corresponds to a phase of superexponential
accelerated expansion which, if stage 2 were to last a long
time, would lead to a finite time singularity. We come back
to this point below.

3. Stage 3—radiation EOS, w) =1/ (d-n)

During this stage, before the string coupling becomes
O(1), the SF dynamics of the internal directions is trivial,
since they are stabilized with w;, = 0, while the external
directions are expanding with constant H, = H®) and
radiation EoS w, = 1/(d — n). Thus, in the EF the internal
directions are still contracting as in stage 2, as it can be seen
from Eq. (68) for w =1/(d —n) (i.e., f = —1), and the
external directions expand as

20) (1)
3 e a1
Hy(ig) =~ HO (n=2)
G, d— 1 -1
x [1—e*F dont >H(3)(ZE te(t))|

as can be checked from (70). This phase ends when the
dilaton value is such that quantum effects cannot be
neglected anymore and nonperturbative loop effects might
dominate the dynamics. Then, such effects could stabilize ¢
such that there is no difference between the frames
anymore.

Similar to (71), this solution also corresponds to a
phase of accelerated expansion with a finite time singu-
larity. Fortunately, both stages are short in our model,
since the former describes the fleeting phase where the
EoS is approximately zero while the latter models the
end of the nonperturbative dynamics in o’ before the dilaton
is fixed. Nonetheless, these two phases might play an
important role to explain away the flatness and horizon

problems present in the standard big bang cosmology. This
is further explored in [64].

Once the dilaton is stabilized, the string gas with
radiation EoS can support the perturbative solution (51)
of [48]. When this happens, the value of H decreases with
time and the tower of -corrections become more and more
irrelevant as the expansion continues to unfold until we
finally get a four-dimensional low-curvature regime domi-
nated by radiation.

V. CONCLUSION AND DISCUSSIONS

In this paper we have built the first very early universe
cosmological model based on «'-cosmology and inspired
by the string gas cosmology (SGC) scenario. Our model
provides for the first time dynamics for the Einstein
frame quasistatic phase advocated by SGC. Moreover,
with reasonable assumptions, we have shown that the
nonperturbative equations of a’-cosmology are compatible
with the dynamical mechanism of SGC to generate a four-
dimensional cosmology starting from ten dimensions, as
required by string theory.

Our dynamical system consists of the equations of
a'-cosmology coupled to a matter sector being given by
a gas of strings described by a barotropic perfect fluid.
From the thermodynamics of the strings, we can model the
evolution of the equation of state for both the internal and
the external directions. To solve these equations, we break
the time evolution into different stages and consider each
stage separately.

In our model, all nine spatial dimensions start off with an
equal size smaller than the string length, which implies that
the dominant modes are winding, with EoS w = —1/9.
This corresponds to a de Sitter expansion in the string
frame and to a static phase in the Einstein frame. As the
dimensions expand in the former, the density of states of
winding modes decays as other modes are excited, and the
EoS grows until it becomes that of a pressureless fluid.

As the matter energy drifts from the winding modes to
other string excitations and the equation of state parameter
approaches w = 0, the dynamics stops being isotropic
since winding modes can completely disappear only in
three spatial dimensions. Thus, there result two sectors,
each of which we model as isotropic: one with six internal
directions and the other with three external ones. The
pressure in the former remains around zero due to the
interplay of winding and momentum modes, while the EoS
for the latter keeps evolving toward a radiation EoS; i.e.,
the density of states is dominated by momentum modes.
The internal dynamics freezes out completely in the string
frame at this point.

Once the EoS parameter becomes w = 1/3 for the
external directions, the dynamics is divided into two
phases: a nonperturbative solution in « for when the
energy scale is still around the string scale, and a pertur-
bative solution for the low-curvature regime. The transition
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between these two is given by the stabilization of the
dilaton. The first phase is described by a short dS solution
in the SF, which corresponds to superexponential accel-
eration in the EF, while the latter converges to a typical
radiation dominated solution for both frames.

Needless to say, our model can be further improved, even
within the framework of «-cosmology as well as given that
we are at the moment not able to solve the equations for an
evolving EoS parameter. In particular, it would be interest-
ing to explore the phenomenological consequences of our
result that there is a short phase of accelerated expansion
for the external dimensions in the Einstein frame. Could
this be enough to account for the observed spatial flatness
of the universe (see also [65] for a recent attempt to
explain the spatial flatness in the context of SGC)? In [64]
we have shown that the answer is yes, proving that the
model can be made compatible with standard cosmology at
the background level.

Besides, in order to make contact with the most
important cosmological successes of SGC, namely its
prediction of almost scale-invariant power spectra for
scalar and tensor perturbations with red and blue tilts,
respectively, we would need to consider cosmological
perturbations starting in a ten-dimensional isotropic back-
ground with a rolling dilaton. The calculations considered
in the context of SGC so far have been made for a constant
dilaton and in a four-dimensional space. One reason to
believe that the results could be robust is the fact that the
results of [21,22] are based mostly on holographic scaling
of thermodynamic fluctuations, and this may be robust to
the change in the background dynamics.

The reader might have become suspicious about our
arguments concerning dilaton stabilization. Indeed, our
discussion concerning how this happens remains to be
improved in the context of «-cosmology. In fact, it may
be the case that we do not even need to rely on its
stabilization by any other mechanism than the sole evolu-
tion of the equation of state. The reason for that is that
we might be able to make a strong argument purely based
on the equations of motion that imply that H is decaying
as the EoS evolves with w > 0 (similarly as derived in
Appendix A when w is evolving away from the winding
mode dominance). Then, the transition between stages 2
and 3 could end with the Hubble parameter already lower
than the string scale, such that we could consider directly
the perturbative solution with a rolling dilaton for which its
evolution asymptotes to a constant [66].

Finally, let us comment on the connection of our
work to double field theory (DFT) (see, e.g., [67,68]
for reviews). The dynamical equations of «'-cosmology
as studied in [47-49] do not necessarily assume a
compact background. Thus, the O(d, d) group explored
in those works is present even in the noncompact case. In
our model, we have assumed a compact background, so
the O(d, d) discussed in the present work is part of the

T-duality group. In fact, we can recover it from the
generalized coordinate transformations of DFT; see, for
instance, Ref. [68]. Thus, a possible avenue of explora-
tion is to embed our model into DFT, or at least to
describe its first stage in a T-dual frame, where instead
of considering the directions’ size to be smaller than the
string scale and expanding, the dimensions are large and
contracting (cf. [69,70]).

While the present work was in review, an interesting
paper [59] appeared presenting new vacuum solutions
including a nontrivial NS-NS two-form field. In the model
developed here, the energy density of the string gas source
cannot be neglected in any phase. Hence, the new solutions
of [59] cannot be immediately used to improve our model.
However, the equations developed in [59] are more general
than the ones used to get the solutions of Secs. III, for they
include the coupling with the B, field. It would be of great
interest to add matter to the setup of [59] and to study
whether this would help us improve our model.
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APPENDIX A: TRANSITION BETWEEN
STAGE 1 AND STAGE 2: H <0

We need to show that as the EoS increases over time,
w > 0, and while it remains negative, w < 0, the Hubble
parameter decreases when starting off in a dS phase. To
study what conditions are necessary for this to happen,
we consider linear perturbations of the equations (36) by
introducing

H(t) = Ho(1) + H, (1), (Ala)
d(1) = by (1) + &, (1), (Alb)
p(t) = po(t) +p1(2), (Alc)
p(1) = po(t) + p1 (1), (Ald)

where the subscript “1” denotes the perturbations.
Plugging this ansatz into (36) with n = 0 and using the
background equations, the resulting first order equation for
the perturbations are

200D + HyFH, = 2k*¢® (p; + po®). (A2a)
FUH, + [HoF®) (Hy) — O Fy|H, — Fyd,
= =2k>de® (py + po®, ), (A2b)
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.o 1
(I)l —¢0(I)1 +§F6H1 — 0, (AZC)

and we can also consider the perturbed continuity equation

p1 + dHopy + dpoH, = 0. (A3)
Moreover, for a barotropic EoS, we have
D1 = Wop1 + powy. (A4)

Now we consider our particular background {H(¢),
D (1), wo(t)} = {Hy,—Hy,—1/d}, which also implies
F, = 2H and Fy = H} as shown in [49]. Thus, combining
(A2a) and (A2b) results in

FUH, = =2k*dpye®w,. (A5)
Since w; > 0 as the EoS evolves from —1/d to 0, we know
that as long as Fjj > 0 we will have a decreasing Hubble

parameter, H 1 < 0.

APPENDIX B: A SMALL CHECK:
DILATON-GRAVITY EQUATIONS

In the absence of corrections, we do not need to worry
about single or multitrace operators: the equations of motion
follow only from the first terms in the action. Then, if we
neglect the corrections and take only the leading term in
F(H;) = —dH? + - - -, we can recover the matter sourced
dilaton-gravity equations from «’-cosmology.

In order to show this, let us consider (d — n) directions
with the same scale factor a(t) and n directions with scale
factor b(t). In comparing with SGC, we have in mind
the example d =9 and n = 6. Let us also set n*(z) = 1.
Then, we have

26— d? +$[(d—n)F(Ha) +nF(H,)]=x*%5, (Bla)
&+, 0,) - (1)
+ 2 (HyF (Hy) = F(H,)) = 2%, (B1b)
0, F'(H,)) = ~2dK*p,. (Blc)
O, F (Hy)) = ~2dk*p, (B1d)

where we denote H, = dIna/dt, H, = dInb/dt while p,
and p,, are the respective pressures. Putting ¢ = 0, neglect-
ing o’-corrections by setting F(x) = —dx? and defining
A=1Ina and v = Inb we have

20 — d% — (d— n)A> —ni? =0, (B2a)
&% — (d — n)A> — ni® = 22e%p, (B2b)

— P A+l = k2P, (B2c¢)

— DU+ = 2e%p,. (B2d)

We can combine the first two equations to write instead

b — (d — n)A* — ni* = K2e®p. (B3)
Given the assumptions of this subsection, the continuity
equation reads

p+(d=n)Ap, +nip, =0, (B4)
as can be checked by starting with the equations of
motion.

These equations match the ones previously used in
studies of string cosmology [see, for instance, Eqgs. (38)—
(41) in [27] in the absence of flux]. There is an important
caveat: since we are not necessarily writing the equations in
the critical dimension case (D, = 10), we should always
have added a term in the action proportional to (D — D..):

1
22
1

=——— [ dPxne®A.
2K?

2

dPxv-Ge™2¢ (- — (D - DC))

oS W,

(BS)

However, note that we can simply consider this contribu-
tion to the action to be a contribution to the matter action. In
this case we would get contributions for the energy density,
pressure, and dilatonic charge as

A
K2’

_ A
= e —=
PA 2K2

(_)'A = —€_q> [_)A =0. (B6)
Including these contributions to the matter sector, one can
check that the only changes are in Egs. (B2a) and (B2b),

and they are such that Eq. (B3) is preserved:

b — (d — n)A* — ni* = k2e®p, (B7a)

D% — (d—n)A* — ni® — A = 22e®p, (B7b)
—DA+1=K2e®p,, (B7c)

—D i+ = K2e®py,. (B7d)

One can also check that the continuity equation is not
modified.
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APPENDIX C: DILATON BETA FUNCTIONAL
AND ON-SHELL ACTION

At lowest order in «, the supergravity action is propor-
tional to the integral of the dilaton equation of motion,
which implies that it should vanish on-shell [71]. Moreover,
in [72] assuming a reasonable form of the fully corrected
action, it was shown that the spacetime Lagrangian density
should be proportional to the dilaton’s conformal anomaly,
which implies that the action should vanish to all orders in
. We will check whether this is the case for the non-
perturbative SF dS solutions used in this paper assuming a
specific action for the matter sector.®

Upon the cosmological ansatz (9), the action (4)
reduces to

1 .
S=33 d'xdte=®[-®* — F(H)] + S,
K

(C1)
that vanishes for the vacuum solution of [47] due to the
constraint on the F(H) function. For the matter coupled
case, since a general perfect fluid energy-momentum tensor
was employed to find the dS solution (10), we use the Schutz
action [73] to evaluate S,, on-shell.” Doing so, we get

SWe thank the anonymous referee for suggesting such an
analysis.

The Schutz action is valid for any matter action described by a
perfect fluid in the level of the equations of motion, which is the
case for the matter action consider here.

1
Son-shell = W/ d'xdte™®[—(2 + 2)f*H} + 2k*e® P,

(€2)

where p, = p + /2 is the total pressure including the S,
metric dependence through @ [66]. As a string gas source
does not depend on @, we have p, = p for the solutions
considered in this paper. The assumption that the Schutz
action describes the matter sector does not imply that S, is
not invariant under O(d, d) since the pressure can be written
as a trace of a term containing the duality covariant energy-
momentum tensor 7.

Now, using the equations of state p = wp and ¢ = Ap,
the relation between p and H, of [49], and Eq. (11),
we find

1
Son-shell = P/ d'xdre=®2(w —1)#*Hg,  (C3)

which vanishes for w = 0, 1. On the other hand, using the
on-shell value of ® on the exponential factor we have

2BHy(w—1)
2k?

/ ddxdt% (e=®), (C4)

Son-shell =

which shows that the action reduces to a total derivative in
time. Thus, we can readily put it to zero since we could
have started with an action including a total derivative term
to cancel the final on-shell action.
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