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The scalar-induced secondary gravitational wave as the stochastic gravitational background is a useful

tool to study the physics in the early universe. We study the scalar-induced tensor perturbations at second-

order during matter domination in seven different gauges. We obtain the results in six other gauges from

that in the Newtonian gauge using the gauge transformation law of the scalar-induced tensor perturbation.

We find that the kernel functions 7, in the synchronous and comoving orthogonal gauges are the same if the

residual gauge modes in these two gauges are eliminated. By identifying the oscillating terms sinx and
cosx in the scalar-induced tensor perturbations as the scalar-induced secondary gravitational waves, we

find that its energy density is actually gauge independent. The energy density pgw o a™*, or Qgw o a~ ! in
the matter-dominated era, and the scalar-induced secondary gravitational waves behave as radiation.

DOI: 10.1103/PhysRevD.103.043516

I. INTRODUCTION

The discovery of gravitational waves (GWs) from
mergers of black holes (BHs) and neutron stars (NS) by
the Laser Interferometer Gravitational-Wave Observatory
(LIGO) Scientific Collaboration and Virgo Collaboration
[1-13] has marked the beginning of the era of astronomy of
GWs. There are also GWs with cosmological origins, such
as the primordial GWs generated during inflation, the
second-order GWs induced by primordial scalar perturba-
tion, as well as GWs generated from a cosmic phase
transition [14-61]. The power spectrum of primordial
curvature perturbations at large scales is nearly scale-
invariant with the amplitude A; = 2.1 x 10~ at the pivot
scale k = 0.05 Mpc~! [62], while the small-scale ones
remain to be explored. If the primordial scalar perturbations
at small scales are large enough (the amplitude of the power
spectrum needs to be at least 0.01), then a sizable amount
of secondary GWs will be induced during the radiation
domination (RD) and the matter domination (MD) due to
the mixing of tensor and scalar perturbations. The scalar
induced GWs (SIGWs) at second-order contribute to the
stochastic gravitational-wave background, so it is possible
to extract the information about small scale primordial
scalar perturbations from the detection of SIGWs. In other
words, SIGWs can be used to probe the thermal history
of the universe and to understand the physics during
inflation [42,51,63].
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In contrast to tensor perturbations at the first order, the
second-order tensor perturbations are gauge-dependent, so
SIGWs may depend on the gauge choice [36,38,43,45,47,
64-67], even though many choices of the gauge-invariant
tensor perturbation at second order can be constructed in a
specific gauge [36,64,68-77]. This means that we need
to calculate the second-order tensor perturbations in each
gauge. However, the production of SIGWs was usually
discussed in the Newtonian gauge. It is necessary to discuss
SIGWs in other gauges. During RD, the energy densities
of SIGWs in the Newtonian, synchronous, and uniform
curvature gauge were found to be the same [36,38,47]. The
energy density of SIGWs in the synchronous gauge during
both RD and MD was discussed in [47]. For a general
background with the constant equation-of-state w, particu-
larly, for RD with w =1/3, and MD with w =0, the
SIGWs were calculated in the Newtonian, comoving, and
uniform curvature gauges [43]. In the previous paper [45],
we derived a general formula for the calculation of SIGWs
during RD in an arbitrary gauge and obtained the results for
SIGWs in the uniform curvature gauge, the synchronous
gauge, the comoving gauge, the comoving orthogonal
gauge, the uniform density gauge, and the uniform expan-
sion gauge from the result in the Newtonian gauge using
the coordinate transformation. As expected, the energy
density of SIGWs in different gauge is not invariant in
general. But a physical observable like SIGWs should not
depend on the gauge choice.

To resolve the problem of the gauge-dependence of
SIGWs, we recall the property of GWs to distinguish
SIGWs from the second-order tensor perturbation. In gene-
ral relativity, GWs propagate at the speed of light, and the
freely propagating GWs oscillate like sin(kn) or cos(kn)
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and their energy densities decay as a~*, so only the terms

with oscillating behaviors like sin(k#) or cos(kn) in the
scalar-induced tensor perturbations should be identified as
SIGWs. The terms behave other than sin(kn) and cos(k#)
are not SIGWs, and they arise because of the mixing of
tensor and scalar perturbations. This point of view was
adopted in [47] to show SIGWs in the Newtonian and
synchronous gauges are the same. Similarly, by arguing
that the source of SIGWs is not active for modes deep
inside the horizon, it was shown that the energy density
for SIGWs at small scales is well behaved and invariant
under a set of reasonable gauge transformation in general
cosmological backgrounds except MD [77]. If we con-
sider the contribution from terms oscillating as sin(k#) and
cos(kn) only, then, using the results obtained in Ref. [45], it
is easy to show that SIGWs during RD are the same in
the uniform curvature gauge, the synchronous gauge, the
comoving gauge, the comoving orthogonal gauge, the
uniform density gauge, the uniform expansion gauge,
and the Newtonian gauge. In a general cosmological
background with a constant equation-of-state w # 0, the
Newtonian potential oscillates with the oscillation fre-
quency /wk and decays as #~3(1#%)/(143%) inside the
horizon in the Newtonian gauge. However, the MD with
w=0 is a special case. During MD, the Newtonian
potential is a constant in all scales and does not decouple
from the tensor perturbation at the second order. Therefore,
SIGWs in MD deserve to be further investigated.

In this paper, we discuss the energy density of SIGWs
during MD in seven various gauges and show that SIGWs
with the oscillating behaviors sin(kn) and cos(k#) are the
same in these gauges. The paper is organized as follows.
The basic formulas used to calculate SIGWs and discuss
the gauge transformation are given in Sec. II. We also
provide the prescription to obtain the expressions in
other gauges from the Newtonian gauge result by using
the gauge transformation of the second-order tensor per-
turbation in MD. In Sec. 111, we derive the kernels 7(u, v, x)
analytically in different gauges. Then we calculate the
energy density of SIGWs with the behaviors sin(kn) or
cos(kn) in the seven gauges and discuss the gauge
independence of the result. The summary of our results
is presented in Sec. IV.

II. FORMULATION OF SIGWS AND GAUGE
TRANSFORMATIONS

In this section, we discuss the formalism of the second-
order SIGWs. We begin with the following perturbed
metric

ds? = —a*(1 + 2¢)dn* + 24°B ;dx'dy

1 o
+a (1= 29)8;; + 2E ;j + 5 it | dx'de, (1)

where the metric perturbations include the first-order
scalar perturbations ¢, v, B, and E, and the second-order
tensor perturbation hiTjT, which is transverse and traceless:
hi" = 0;hj;" = 0. The first-order tensor perturbation and
the vector perturbations are not taken into account because
we discuss SIGWs only. In the forthcoming derivations
of SIGWs, we assume that the production of induced GWs
begins long before the horizon reentry.

A. The generation of SIGWs
The equation of motion for the transverse traceless
tensor mode hiTjT at the second-order can be derived

straightforwardly from the perturbed Einstein’s equation
G,, = 8xGT,, as

h;[j‘Tl/ + 2Hh;l}T/ _ VZh;[jT = 4TZ-”S]m, (2)

where the prime stands for the derivative with respect to the
conformal time 7, H = a’(n)/a(n) is the comoving Hubble
parameter, and s;, is the source term given below in
Eq. (12). The projection tensor 7" f;” acting on the source
term extracts the transverse and traceless part and will be
discussed below. In this paper, we consider the production
of SIGWs in MD only, where a = 1> and H = 2/n.

The Fourier components of the transverse and traceless
parts of the tensor perturbations in terms of the polarization
tensors are defined as

) = [ e e + B e ()

where y are spatial coordinates. In terms of the orthonormal
bases e and € orthogonal to the wave vector k, with k - e =
k-e=e-€=0 and |e|=|e| =1, the plus and cross
polarization bases are defined as

[eiéj + é,e]] (4)
The polarization tensors (4) are transverse and traceless as

+ X + _ aX — :
kie;; = kie]; =0 and e; = e = 0. In the Fourier space,
the projection tensor is expressed as

Im _ [atatim X axIm

T = [e;;e™™ + efe ™), (5)

and the solution to Eq. (2) for either polarization e’ ; reads
v a(ij)l y

ht(n :4/ dx—=-G(n.7)S:, 6

k( ) 0 a(n)k k( ) k ( )

where the Green’s function G(7,#) to Eq. (2) in MD is

043516-2



GAUGE TRANSFORMATION OF SCALAR INDUCED TENSOR ... PHYS. REV. D 103, 043516 (2021)

. (1 + x¥%) sin(x — %) — (x — X) cos(x — %) dp o 1
G 5 pr— N 7 t p— —_— t l '] - o .
k(” ’7) kxi? ( ) h’k(l/l) 4/ (2”)3/2 etjp p Z.:(p)z:<k p) k2 I(uﬂ va)
X = kij, x = kn, the source S} = e{;s"(k,n) for either (10)
polarization ¢t = + or X is
& For free propagating GWs without the source, we get the
p o . S .
St(n) = / 7 cp)C(k —p)efjp piflu,v.x), (8) decaying oscillating solution
(k) is the primordial curvature perturbation, u = p/k, v = hi(n) = w’ (11)
|k —p|/k and f(u,v,x) will be given below in the next 0
subsection. For convenience we introduce the integral
kernel [15,16] with the initial condition £} (0) = 1.
_ [ -a@) " -
I(u,v,x) = dxmka(n,iy)f(u, v,%), (9) B. The source term for SIGWs
0
The second-order source term s;; for SIGWs in Eq. (2)
to express the solution A (), that comes from the first-order scalar perturbation is [45]

S =y, —¢p;+o(¢ +y - Vio) - (W'io; + w'ioi) + 0o i — 2y ;i(¢+w)

2
s (W +He) (W +HP) ; + 2y ;i VPE = 2E ;;(y" + 2Hy' — V)

H/ _ H2
=2(p pE i Wik jx) + 2H(w i E; +w E)) +y B+ y B 4y B 4y B
+ EGE = EgiE i — 2E ' — E iy (E" + 2HE' — V2E) ;. (12)

where the anisotropic stress tensor II;; of the matter fluid is assumed to be zero, the terms proportional to §;; are omitted
because they do not contribute to the transverse and traceless part, c = E’ — B is the shear potential, and p, and P are the
background values of energy density and pressure for the matter fluid. The detailed discussion of these variables is
presented in the Appendix. In gauges with E = 0, the above equation (12) reduces to that given in [36,49,65] with vanishing
anisotropic stress. In general, we need to use Eq. (12) instead. Particularly, we should include all the terms involving E in the
synchronous gauge.

Come back to the function f(u, v, x) in Eq. (8) which contains the source information and is gauge-dependent. The
explicit expression of the source function f(u, v, x) is

0.3 = 3% 5= (s 0,5) + T (0,0,)), (13)

where

Fluv.2) = T (un)T,, (0) = Ty (un) T (0x) = = T, (1) [T (0) + Ty (0x) + Tp(0)] = 2T, (ux) T, (03)

1—u?— 2 l—u?—2* | .
- TUTU(ux)TG(vx) + 2T, (ux)T 4 (vx) 4 2T, (ux)T g (vx) — TUTE(MX)TE(UX)
g 2H
+ Z%TE(vx) [Tj/‘,*(ux) + k—uT(’,‘,(ux) + TV,(ux)}
2
+ RV [kuT,, (ux) + HT 4(ux)|[kvT, (vx) + HT 4(vx)]
+ 4ET,/,(ux)TE(Ux) + 4;T,/,(ux)TE(11x) + 2T, (ux)T5 (vx) +2 — g T, (ux)Tg(vx)
1 —u?—0v?\? 1—u?—? » H .
B < 2uv ‘) T(ux)Tp(vx) = —— 57— Tg(ux) {TE (0x) +2-—Ti(ox) +TE(vx)], (14)
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where 7*(x) = dT(x)/dx and the transfer functions 7'(x)
which relate the scalar perturbations to its primordial
curvature perturbation are defined as [47]

ok, ) = 2C0) LT, (). (15)
Efk,x) = 2600 5 T(v), (16)
Blk. ) = 2¢(0) 1 T(x), (17)
ik, ©) = 1T, (), (13)
Dk ) = 1EWIT(3). (19)

From Eq. (13), it is obvious that the source function
f(u,v,x) is symmetric in u and v.

C. The power spectrum of SIGWs

The primordial curvature perturbation induces GWs in
the MD era, and the energy density of SIGWs is

11
=—— (.1 20
PGw 327[G4Cl2< ij 1]> ( )
We see that the contribution to the energy density from a
constant /;; is zero due to the time derivative. By using the
tensor power spectrum P, defined as

B 272

<hltcll (W)hl?z(ﬂ» ) 5t1t253(k1 "’kz)Ph(kl”?)’ (21)
1

we get the energy density parameter Qgw(k,x) of
SIGWs as

dpow 1 (0\’5——
Qgw = =—|= k,x), 22
o= L(5)PEa @

where t; = +, X, an overbar stands for oscillatory average
and p, = 3H?/8xG is the critical energy density of the
universe. In deriving the second equality in Eq. (22), we
use the fact that either polarization contributes equally to
the energy density and GWs are null waves, so we make the
replacement |h}(17)|* = k*|hx(n7)| in the subhorizon limit
with k> H [63].
Combining Egs. (10) and (21), we get [29,32]

0 1+u
Ph(k’ x) = 4/ du/ dv[z(u, ’l),X)Pg(Hk)
0 [1—ul

2 _ 2 _ 2\12
XP{(U")FM (1 4+ u*—v*)

, 23
duv ( )

where P, is the primordial scalar power spectrum.

D. Newtonian gauge

To calculate the energy density explicitly, we need to
choose a gauge. The SIGWs in Newtonian (Poisson)
gauge during MD were studied in [16,18,32,43,47,65],
we review the result in this subsection. We introduce
the transfer function 7' to separate the time evolution by
defining ¢(k,n) = ¢(k,0)T(y7). In the Newtonian gauge
where B = E = (0, and ignoring anisotropic stress, we have
¢y = wn = © =Y, in which the Bardeen’s potentials ©
and ¥ defined in (A11) and (A12) are given by ® =¥ =
3¢/5 on superhorizon scales. Therefore, ¢y(k,0) =
3¢(k)/5 and Tn(x) = 1. The subscript “N” indicates that
these quantities are evaluated in the Newtonian gauge.

In the Newtonian gauge, the source function in terms of
the transfer functions Ty for the gravitational potential ¢y
reads

frn(v,u,x) = gTN(vx)TN(ux) —l—%uvszI*\](vx)TI’Q(ux)

+ % [vxT% (vx) T (ux) + uxTy (ux) T (vx)].

(24)
Using Ty(x) = 1, we obtain

6
In(u,v,x) = 3 (25)
Combining Egs. (9), (7), and (25), we get the explicit
expression for the kernel Iy (u, v, x) [32]

I v.%) = §+ 18(xcosx3 sin x) ' (26)
5 Sx

Since In(u, v,x = o) = 6/5, Eq. (23) tells us that at late
times P, is a constant and the energy density of SIGWs is
proportional to x>. Thus Qgw(k,x = o) « a if we use
Eq. (22). However, from Eq. (10), we see that the constant
6/5 in Eq. (26) contributes a constant to /, so the
contribution to A and the energy density is zero. This
means that we should use the definition (20) to calculate
Qgw, otherwise the constant 6/5 will be mistakenly
accounted for if we use Eq. (22). Therefore, the constant
6/5 in Eq. (26) does not contribute to the energy density
Qgw. In other words, the constant in Eq. (26) does not
represent a wave and GWs come from those terms
oscillating as sinx and cos x. After dropping the constant
6/5, we have Iy(x = o) o cosx/x* = cos x/a leading to
Qgw o a~! and pgw « a*, which behaves, as expected, as
radiation in MD era. In [77], the authors obtained the above
result by gauging away the constant term. In summary, only
the terms oscillating as sin x and cos x account for SIGWs.

E. The gauge transformation

Now we discuss the gauge transformation and how
the energy density in other gauges can be derived from
the result in the Newtonian gauge [45]. We start from the
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infinitesimal coordinate transformation x* — x* 4 ¢ with ~ where
¢ = (a,870,p). For the discussion of SIGWs, we do not
consider the vector degrees of freedom for the coordinate T . &k i/ 4 T % %
transformation, and the scalars « and f are of first order. Lij () = / (zﬂ)3/2 ¢ (Xk (”)eif T Xk (n)e,.j ): (28)
Since the gauge transformation of tensor modes does not
depend on the coordinate transformation of the same order, 4 d3p
we do not need to consider the second-order gauge trans- (1) = — / 73/2% p'pIEp)¢(k —p)L,(u, v,x),
formation. For the second-order tensor perturbation, we k (27)
have [45,68,73] (29)
hiTjT - hiTjT + ){,~TJ~T, (27)  and
J
9
L(u,v,x) = — 700 2T o (ux)T 5 (vx) + 2T o (vx) T, (ux) + 2T 4 (ux) T, (vx)
uv
u v
-4 " T, (ux)Tp(vx) + " T, (vx)Tg(ux)
1 —u?—1?
+ — (Ty(ux)Tg(vx) + Ty(vx)Tp(ux) + Tp(ux)T 5(vx))
8 /1 1 1 1
+ 5 Talu)Te(vx) + = Te(ux)To(vx)+ — To(ux)Ty(vx) + = Ty(ux)Ty(vx) || (30)

We have symmetrized I,(u, v, x) under the interchange
u <> v. The transfer functions 7', and 7'y for the scalar parts
a and f of the infinitesimal coordinate transformation e/ to
the first order are

alk.x) = 26001 T, (), 61)
3 1
lkx) = 260) 15 T, (32)

From the gauge conditions, it is not hard to find out the
coordinate transformation between two gauges and the
solutions for @ and f. With the gauge transformation (27)
and the result for SIGWs in the Newtonian gauge, it is
straightforward to derive the semianalytic expression for
SIGWs in other gauges without performing the detailed
calculation in that gauge. In particular, combining Egs. (3),
(10), (27), (28), and (29), we get the following gauge
transformation [45]

hi = by + 24
4 dp o
= p/weﬁj(k)P’p’C(P)C(k -p)

X (I(u,v,x) + L,(u,v,x)). (33)
This powerful transformation rule allows us to quickly
transform the solution of second-order tensor perturbation
in one gauge to other gauges with the replacement of

|
I(u,v,x) by I(u,v,x) + L,(u, v, x). By setting the initial
gauge to be the Newtonian gauge, we obtain / Z(u, v,X) in
other gauges as

In(u,v,x) = In(u, v, x) + 1, (u, 0, x), (34)
where
L(u,v,x)=— ) 2T o (ux) Ty (vx)
AT = 00w |7 e

- 4<Z T (ux)Tj(vx) +£TN(vx)Tﬁ(M)>

+ ?—C <% T, (ux)Ty(vx) + % Tﬂ(MX)Ta(UX))

1 —u? -2

Tﬂ(ux)Tﬂ(vx)]. (35)

uv

I, can be obtained by substituting the transfer functions
T,=Tg=0 and T, =Ty in the Newtonian gauge
into Eq. (30). The coordinate transformations from the
Newtonian gauge to the other gauges give the transfer
functions T, and 7.

III. THE KERNEL IN DIFFERENT GAUGES

The goal of this section is to compute the analytic
expressions for the kernel 7, in six different gauges from
the Newtonian gauge by using Eq. (34).
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A. Synchronous gauge

In this subsection, we first calculate the kernel directly
by using Eq. (9) and then confirm that it is the same as that
obtained from the gauge transformation with Eq. (34).

In the synchronous gauge, ¢ = B = 0. The equation for
the transfer function 7% in the synchronous gauge is

BT + 82T + 8xTy — 8T = 0. (36)
The general solution for the transfer function 7' is

¢, G,

x2
Tp(x) =Cp +=Cy——= — %
E()C) C] + 2 Cz X 3x3 s

(37)

where C; are integration constants. Note that there are two
gauge modes in Eq. (37) because of the residual gauge
freedom in the synchronous gauge [78-82]. To identify
these two gauge modes, we take the residual gauge trans-
formation [79,80]

p=-5

X

+ Cs, (38)

and after that we are still in synchronous gauge where
¢ = B = 0. From the transformation (AS5), we see that the
constant Cg¢ term in f contributes to the integration constant
C, in Eq. (37) and the Cs term in f contributes to the 1/x
term in Eq. (37). Therefore, C; and C5 terms in Eq. (37) are
just pure gauge modes and we can eliminate them by
substituting C; = C; = 0. Now we determine the remaining
integration constants from the initial condition. At the
initial time x = 0, assume that T;(0) is finite, we get
C4 = 0. Then we use the initial condition of the gauge-
invariant Bardeen potential to fix the constant C,. The
gauge-invariant Bardeen potential in synchronous gauge is

® =-HE' - E", (39)
so the transfer function T is Ty = —3C,. From the initial
condition T4 (0) = Ty = 1, we derive C, = —1/3. After

eliminating the gauge modes, we get the transfer function
Ty as [47]

Te(x) = —=. (40)

The transfer function T, is [47,82]

T, =T - Ti) =3 ()

Substituting Egs. (41) and (40) into Eq. (9), we get

2

2 _ 2 2Y,2
Isyn(u’vvx)_400( 88+( 1+u +1J)X)

6(x* — 3sinx + 3xcos x)

+ 5x3

(42)

Next we derive the kernel by using the gauge trans-
formation. The coordinate transformation from the
Newtonian gauge to the synchronous gauge is

alk. ) = 26001 T, ().

Plk ) = 20 1 Ty (0), @3)
where
Ta(x) = _;_C’
X2
Tylx) = % (44)

Substituting Eq. (44) into Eq. (35), we get

2
(v, x) = ——[-88 + (=1 + u? + 12)x2].  (45)
400
We confirm that /i, = Iy + I,. In the next subsections,
we derive the kernels by using the gauge transformation
(34) only.

Itis noteworthy thatin Eq. (45), there is no oscillating term
to represent GWs. Therefore, the kernel 7, (u, v, x) does not
contribute to SIGWs and Qg in both the Newtonian gauge
and the synchronous gauges are the same.

B. Comoving orthogonal gauge

In the comoving gauge, 6V =0 and B = 0 [73]. This
gauge also retains a residual coordinate transformation
/= C which corresponds to arbitrary choice of the origin of
the spatial coordinates. For the time coordinate trans-
formation, the variable a is given by

Hen + ¢y
S T T (46)

From the above expression, we get the transfer function
T,(x) =—x/3. (47)

The general solution of the transfer function 7 is

2

Ty(x) = = +C. (48)

The last constant C term is a pure gauge mode, we can
choose C = 0 so that 74(x = 0) = 0. Combining Egs. (35),
(47) and (48), we get

043516-6
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2

_ X _ 2, ,2),2
Ix(u,v,x)—400[ 88+ (=1 4+ u”+v*)x*]. (49)

It is interesting to note that the kernel in the comoving
orthogonal gauge is identical with that in synchronous
gauge and there is no oscillation, so this kernel does not
contribute to SIGWs. For SIGWs, Qgyw in the comoving
orthogonal gauge is the same as those in the Newtonian and
synchronous gauges.

C. Uniform curvature gauge

The uniform curvature gauge demands v = E = 0. The
coordinate transformation from the Newtonian gauge to the
uniform curvature gauge is

_In_3

a To(x), (50)

p=0. (51)
where the transfer function 7T, is
T,=xTy/2. (52)

Substituting these results of the transfer functions into
Eq. (35), we get

9x2

200° (53)

I,(u,v,x) = —

This term is a growing mode and there is no oscillation, so
it does not contribute to SIGWs. For SIGWs, we find that
Qgw in the uniform curvature gauge is the same as that in
the Newtonian gauge.

D. Comoving gauge (total matter gauge)

The comoving gauge (also referred as the total matter
gauge [73]) is defined by the condition, 6V = E = 0. The
transfer functions for the coordinate transformation from
the Newtonian gauge to the comoving gauge are

T,(x) =% (54
and T4(x) = 0. Substituting Eq. (54) into Eq. (35), we get

X

1 -——.
50

(v, x) = (55)

This term is a growing mode and there is no oscillation, so
it does not contribute to SIGWs. For SIGWs, we obtain
the same Qgw in the total matter gauge as that in the
Newtonian gauge.

E. Uniform density gauge

The uniform density gauge is defined by the condition,
6p = E =0. The transfer functions for the coordinate
transformation from the Newtonian gauge to this gauge are

12x + x3
Ta(x) = — T . (56)

and T4(x) = 0. Substituting Eq. (56) into Eq. (35), we get

x2(12 + u?x?) (12 + v%x?)

7200 57)

L(u,v,x) =

This term is also a growing mode without oscillation, so it
does not contribute to SIGWs. For SIGWs, we find that
Qgw in the uniform density gauge is the same as that in the
Newtonian gauge.

F. Uniform expansion gauge

At last, we consider the uniform expansion gauge,
3(He¢ +y') + k*6 = 0 and E = 0 [65]. The transfer func-
tions for the coordinate transformation from the Newtonian
gauge to this gauge are

6x

T(Y) = -5 gl (58)

and T'4(x) = 0. Substituting Eq. (58) into Eq. (35), we get

162x?
25(u’x* + 18) (x> +18) "

I,(u,v.x) =— (59)

At late times, this kernel is a decaying mode without
oscillation, so it does not contribute to SIGWs. For SIGWs,
we obtain the same Qgy in the uniform expansion gauge as
that in the Newtonian gauge.

G. Monochromatic power spectrum

For the monochromatic power spectrum, P, =
As6(Ink —Ink,), the energy density for free SIGWs in
MD is

1 ) k\2\2

x 1/a, (60)

where ©(x) is the Heaviside theta function, and k, is the
wave-number of the peak in the power spectrum. Since
the energy density of matter decays as a~> and the energy

density of SIGWs decays as a™, so Qgw decays as 1/a
in MD.
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IV. CONCLUSION

In this paper, we study the solutions to scalar-induced
tensor perturbations in various gauges during MD. Since
the time dependence of SIGWs /() lies in the integral
kernel I(u,v,x), we explicitly calculate the analytical
expressions for the kernels /y in the Newtonian and 7y,
in the synchronous gauges. We also derive the relation
between the kernels in different gauges under the coor-
dinate transformation and use the results to obtain the
analytical expressions for the kernels in six other gauges,
namely the synchronous gauge, the comoving orthogonal
gauge, the uniform curvature gauge, the total matter gauge,
the uniform density gauge and the uniform expansion
gauge. The direct calculation of /gy, in the synchronous
gauge confirms that it is the same as that obtained from Iy
using the gauge transformation. There are two residual
gauge modes in the synchronous gauge and one residual
gauge mode in the comoving orthogonal gauge. After
identifying and eliminating the gauge modes, we find that
the kernels in the synchronous gauge and the comoving
orthogonal gauge are the same.

Although the derived kernels are different in different
gauges, the difference is from either growing or decaying
modes with the behavior x" or a"/2. For SIGWs with the
oscillating behaviors sinx and cosx, we find that at late
times pgw « a~4, and Qgw « a~! in all seven gauges, i.e.,
SIGWs behave the same as radiation in MD. With the
analytical expression for the kernel, we give the analytical
result of the energy density Qgyw for the monochromatic
power spectrum. In conclusion, SIGWs are gauge inde-
pendent, and it is convenient to calculate Qgw in the
Newtonian gauge in practice. Our results are helpful
for the probe of the thermal history of the universe
with SIGWs.
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APPENDIX: GAUGE TRANSFORMATION

1. The energy-momentum tensor

A perfect fluid has the stress energy-momentum tensor
of the form
T/w = (p+P)UyUu+Pgﬂu+H/w’ (Al)

where the anisotropic stress I1,,, is assumed to be zero. The
first-order perturbations of the velocity U,, the energy

density, the pressure, and the anisotropic stress are 6U,,, dp,
oP, and ol11;;, respectively. The first-order velocity pertur-
bation U, is decomposed via 6U, = a[6V,,6V ; + 6V
with 8V;; = 0. Notice 5V we defined here relates to the
perturbations vy; and By in Ref. [73] by 6V = vy + By

2. Gauge transformations

One may perform a gauge transformation of the form
X — ¥ = x* + ¢ (x) under the general infinitesimal coor-
dinate transformation, with ¢# = [a, §79,;f]. The first-order
gauge transformations are written as

b=¢+Ha+d, (A2)
¥ = — Ha, (A3)
6=o0+a, (A4)
B=B-a+/p, (A5)
E=E+p, (A6)

op = 6p + poa. (A7)
8P = 6P + P)a, (A8)
oV =6V —a, (A9)
ST = 4TI, (A10)

where II is the scalar part of the (trace-free) anisotropic
stress. One can obtain two gauge-invariant Bardeen poten-
tials by using the above gauge transformation [83]

d=¢-Ho-70, (A11)

¥ =y + Ho. (A12)

The gauge transformation for the SIGWs under the infini-
tesimal coordinate transformation is Aj;" — ALt + y 1T

ij »
where

"
X =2 { <H2 + %) o + H(ad + aeb)|5;

+ 4[(1(C2j + 2HCU) + Cij’ké‘k + Ciké"kj + Cjké‘kl]
+ Z(Bl-a,j + B]al) + 47‘[0{(6,4,]' + €j,i) - 205’,-0(’]-
+ (ei,jk + €j,ik)€k + €i’k€{(]» + €j.k€{(i + eﬁ-a,j + e}a,i,

+ 2ek,,.e§. +ale); +¢€,) (A13)

and C” = —l[/él‘j + Ell
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