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Rotation, embedding, and topology for the Szekeres geometry
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Recent work on the Szekeres inhomogeneous cosmological models uncovered a surprising rotation
effect. Hellaby showed that the angular (6, ¢) coordinates do not have a constant orientation, while

Buckley and Schlegel provided explicit expressions for the rate of rotation from shell to shell, as well as the
rate of tilt when the 3-space is embedded in a flat 4-d Euclidean space. We here investigate some properties
of this embedding, for the quasispherical recollapsing case, and use it to show that the two sets of results are

in complete agreement. We also show how to construct Szekeres models that are closed in the “radial”
direction, and hence have a “natural” embedded torus topology. Several explicit models illustrate the
embedding as well as the shell rotation and tilt effects.
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I. PREVIOUS WORK

Since its discovery, the Szekeres inhomogeneous cos-
mological model has always intrigued relativists, having no
Killing vectors on the one hand, and yet still being silent on
the other hand. However, the study of this metric has been
limited by its relative complication, and, in the cases of the
planar and hyperboloidal models, with ¢ # +1, lack of a
Newtonian analogy from which to derive physical under-
standing. Still, precisely because it is one of the most
realistic inhomogeneous exact solutions of Einstein’s field
equations, which gives it much potential for application in
modeling relatively complex cosmological structures on a
range of scales, a fuller description of the geometry and the
evolution of this spacetime is indispensable to a proper
physical understanding.

Szekeres models can be viewed as distortions of
Lemaitre-Tolman and Ellis models. The three arbitrary
functions of the Lemaitre-Tolman-Ellis metrics appear in
the Szekeres metric playing essentially the same physical
roles, but there are three more arbitrary functions that
control the deviation from spherical, planar, or pseudos-
pherical (hyperboloidal) symmetry. All 6 arbitrary func-
tions depend on the coordinate r, which is a sort of “radial”
coordinate label for comoving 3-surfaces in the quasi-
spherical case, and, in the quasiplanar and quasihyperbo-
loidal cases, whatever the appropriate equivalent happens
to be.
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It was obvious from the beginning that the constant r
2-surfaces (on each time slice) were not arranged ‘“‘con-
centrically,” and in Szekeres’ original paper [1] he
described the 3-spaces as “a set of displaced or ‘non-
concentric’ spheres, planes and pseudospheres.”

This nonconcentric arrangement was understood and
taken into account when slices through Szekeres models
were plotted, for example [2—10]. Again, because of the
relative complication of doing this, it has not been
attempted very often. Since the native Szekeres coordinates
are stereographic, the calculation of slices typically
involved converting to angular r-6-¢ coordinates, and then
projecting into Cartesian-style X-Y-Z coordinates.
However, this method depends on the unstated assumption
that the 0-¢ coordinates maintain a “constant” orientation
in some sense.

So it came as a considerable surprise when it was
discovered, only recently, that, in the 6-¢p representation,
the constant r shells are also rotated relative to each other,
except in highly specialized cases. In 2013, Buckley and
Schlegel [11] stated that the constant r shells are rotated
relative to each other by specific amounts, but did not
explain how this was obtained. Unaware of this, Hellaby, in
2017 [12], questioned whether the 0 & ¢ coordinates
represent a constant orientation, and by studying the
variation of a suitable orthonormal tetrad, showed that
they do not. We refer to this paper as “FR.” Two years
later, Buckley and Schlegel [13] provided rigorous
support for their relative rotation of adjacent shells by
developing a local embedding, which required not only the
previously stated rotations, but also higher dimensional
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rotations (or “tilts”) in the embedding space. In particular,
it demonstrated that these rotations straighten up geodesics.
Clearly, this effect must be incorporated into graphical
routines for generating slices through Szekeres models, and
methods for doing this were presented. We refer to this
paper as “PG.”

Confirming that the PG shell rotation and embedding
result does indeed explain the origin of the frame rotations
found in FR, would be a confirmation of both papers, and a
useful validation of the new understanding of the Szekeres
geometry, as well as the correct way to plot it graphically.

Further, the consideration of embeddings opens up the
question of whether less obvious topologies are possible.

II. BACKGROUND

A. The Lemaitre-Tolman spacetime

The Lemaitre-Tolman (LT) spacetime [14,15] represents
a spherically symmetric cloud of dust particles that is
inhomogeneous in the radial direction; both the density and
the rate of expansion or contraction can vary with radius. Its
metric is

2 ) R?dr? 20002 1 @204 42
ds* = —dr —l—m—kR (d6” + sin*0dg*), (1)

where R = R(t,r) is the areal radius, and f = f(r) is a
geometry-energy factor. From the Einstein field equations
(EFEs), the evolution equation and the density are

RP==—~ —, 2
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where M = M(r) is the total gravitational mass interior to
each constant r shell, and A is the cosmological constant.
When A =0, the evolution equation (2) has parametric
solutions, for example when f < 0,

M M .
R:m(l—cosn), t:a+w(ﬂ—5m’1)y 4)

and a = a(r) is the local “bang time”; the time on each
constant r worldline at which R(z,r) =0 is t = a. The
factors

L:m and T:W (5)

can be thought of as a scale length and a scale time for
the worldline at r; 2L is the maximum areal radius
reached, and 277 is the duration from bang to crunch.
The derivative R’ that appears in the metric can be
expressed parametrically as

M M
f

R == -cosn) -3 (G- 1) (1 -comn

(=/) 2 \2
—(=f)"2d $y(1 —cosn), (6)
_sinn(n — siny) _ sing
where ¢, = —(1 —cosn)? by = —(1 T cosn (7)

The Ellis [ 16] metrics are equivalents of the LT case, having
planar and hyperboloidal (pseudo-spherical) symmetry.

B. The Szekeres spacetime

The Szekeres (S) spacetimes [1,17] can be thought
of as distortions of the LT and Ellis ones. In addition to
the free functions f(r), M(r) and a(r) they have 3 more
functions S(r), P(r) and Q(r) that specify the deviation
from symmetry—spherical, planar, or hyperboloidal. The
metric is

(R —REYd2 R
S S A, (8)

ds? = —d? +
e+ f

where € = 41,0, -1, and

S _ 2 _ 2
E=3 <(p SZP) e SZQ) N €>. )

Since S = 0 is not possible for a regular metric, we assume
S > 0. In fact the last term in (8) is R? times the 2-metric for
a unit sphere, pseudosphere, or plane, depending on
whether € is +1, —1, or 0. Thus the 3-spaces are foliated
by a collection of symmetric 2-spaces, but they are not
arranged symmetrically, as we shall see. By the EFEs,
R(t, r) obeys exactly the same evolution equation (2), while
the density p is more complicated,

201 - 345

) (10)

Kp

For more information about the Szekeres metric, see for
example [11,13,18-22].

C. Angular form of the Szekeres metric

The standard stereographic mapping, for the ¢ = +1
case,

0 0
p —P+Scot<§) cos¢p, q= Q+Scot<§> sing, (11)

transforms the metric into a more complicated, nondiagonal
form,
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1
e+ f

ds? = [

R? R?

+?{(l —cos0)*(P'sing — Q' cosqﬁ)}} dr? -

R?sin@
S

For each (z,r) 2-sphere, it is sometimes convenient to
define a local Cartesian frame by

x = Rsinfcos ¢
y = Rsin@sin ¢
z = Rcosf. (13)

D. The Szekeres dipole

The factor D = E’/E that appears in both the metric (8)
and the density (10) controls the deviation from spherical,
hyperboloidal or planar symmetry, and for e # O it behaves
like a dipole. The dipole has maximum value and ori-
entation

E' J P'S{eS'—J}
m— o T o pm_P: ’
E|, S H?
'S{eS' —J
qm—Q:%, where

J:\/€2S/2+€(P/2+Q/2), H= P’2—|—Q’2. (14)

The locus E' = 0 lies on the (p, g) circle
—-P)s -0)§
<(p < ) +Pl> + ((q SQ) +Ql) :P/2+Q/2+€S/2.
(15)

For the quasispherical case, ¢ = +1, the dipole function
can be written as

D:%’:_S’cos9+sin6(P;cos¢+Q’sinqﬁ)’ (16)

and it is evident that E'/E ranges between opposite
extremes, passing through zero on an “equatorial” circle.
Note that here E’ still represents the r derivative at constant
p & g. The angular position of the dipole maximum is
found from

! / /

-
cosd,, =7 cos¢,, = sing,, =4
(17)

—-H
sin@m = T s

2
(R’ +§{S/ cos @ + sind(P' cos ¢ + Q' sin¢)}>2 +%{S’ sinf + (1 —cos@)(P' cosp + Q' singp)}
{8 sinf + (1 — cos ) (P cosp + Q' sin¢p) }drdo

{(1 = cos 0)*>(P'sing — Q' cos ) }drdep + R*(d6? + sin’0 d¢p?). (12)

or, expressed in local Cartesian coordinates, the position of
the maximum on the (x,y, z) unit sphere is

_P/ _Q/
=sin6 =5 m = i em i m = "
X,, = sin0,, cos ¢,, 7 y sin@,, sin ¢ 7
—S
=cosf, =—, 18
while the £’ = 0 locus is in the plane
Px+Qy+8z=0. (19)

The dipole has two obvious effects—in the g, component
of (8) it creates a nonuniform separation between adjacent
2-spheres of constant r, and in (10), it creates a variation of
the density distribution around each sphere. These effects
are in addition to the r-dependent inhomogeneity of the
underlying LT model.

E. The rotations

Relative to the angular form of the Szekeres metric (12),
there is another more subtle effect of S, P & Q. The angular
coordinates € & ¢ of (12) do not in fact represent a constant
orientation, and their cardinal directions do not parallel
transport from one shell to the next. Adjacent 2-spheres
have a relative rotation: the sphere at r 4 6r is rotated

/
by 5 Sr  about the x axis (20a)

/

and by

Sr about the y axis, (20b)

relative to the one at r [11]. Four justifications for this were
given in [13]. First, there is an argument about nearest
points on the two spheres, explained in PG, Sec. V. B and
Fig. 4. Second, it was shown that geodesics look much
straighter once these rotations are incorporated into plots.
Third was the calculation in PG Appendix C, perhaps not
entirely rigorous, that added displacements and rotations to
the LT metric, ending up with the S metric. Fourth, an
embedding of any given constant 7 3-space of the angular S
metric for ¢ = 41, into a 4-d space that is flat or has
constant curvature, turned out to require the above-stated
rotations.
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III. EMBEDDINGS

A. Global embedding of positively
curved LT 3-spaces

Let E* be a 4-d Euclidean space with Cartesian coor-
dinates, X, Y, Z, W, and let the LT 3-spaces have positive
curvature, —1 < f < 0. At a fixed time ¢, R becomes a
function of r only. We define a 3-surface X by

X = R(r)sinOcos ¢, (21a)
Y = R(r)sin@sin ¢, (21b)

Z = R(r)cos®, (21c)
W= A R'(r)a(r)dr, (21d)

so then

dX = R’'sin0cos ¢ dr + R cos 0 cos ¢pdd — R sin 0 sin ¢ d¢p,
(22a)

dY = R'sin@sin¢ dr + R cos sin ¢pdf + R sin 0 cos ¢ dep,

(22b)
dZ = R'cos@dr — Rsin0do, (22¢)
dW = R'a(r). (224)

Here R(r) is the LT areal radius R(z, r) at a particular time,
and a is

—f(r)

=T

(23)

Now in [23] the function f was interpreted as f = — cos® yr
where y is the angle of the tangent cone to the embedded
surface at r, and in this notation, then, @ = coty:

dR R’ 1 1
tanW:7:7:i1/j:7 (24)

dw |R/ #ff| —f a
—cosy=+/—f, sing=+/14+f, coty=a. (25)

Since f < 0, closed models are quite likely, in which case
there will be at least one point r,, that is a maximum (or
minimum) in R where R' =0, f = -1, but R'/\/1+ f is
finite [23,24]. As a spatial extremum is approached and
traversed, R’, v and a change sign, R’ and y passing

through zero and « diverging. This ensures dW /dr retains a
constant sign.

Using this embedding, (21) and (22) show that the metric
of the 3-surface becomes

R2dr?
dX?+dY?4dZ* +dw? :W+R2(d€2 + sin?6d¢?)
(26)
which is the spatial part of the LT metric, df = 0.
In the case that
R=Ksinr, R'=Kcosr, f= —sin?r, K constant,
(27)
we find
R2dr?
+ R*(d6? + sin’0 d¢?
R #)
= K? (dr2 + sinzr(dH2 + sin%0 d¢2)) (28)

and X becomes the 3-sphere.

B. Buckley and Schlegel’s local Szekeres embedding

For quasispherical S models with f < 0, their constant ¢
3-spaces can be embedded in a 4-d flat space, but for
general f, one must embed in a 4-space of constant
curvature [13]. We here consider the former case. Let E*
be a 4-d Euclidean space with Cartesian coordinates, X, Y,
Z, W. In this 4-space, a 3-surface is constructed from a
sequence of 2-spheres, by expanding, shifting and rotating
a unit sphere, as a function of parameter r. Suitable choices
of the expansion, shift and rotation functions ensure the
intrinsic metric of the 3-surface is identical with the
positively curved, quasispherical Szekeres 3-spaces of
constant z. While an embedding is primarily a visualisation
tool, in this case it also provides a clear confirmation of
Buckley and Schlegel’s rotations, given in Eq. (20).

It is also convenient to define local Cartesian coordi-
nates, x, y, z, w near each constant r shell. In these
coordinates, the 2-spherical shell lies in the w = 0 3-space,
according to (13), so the accumulated displacements and
rotations are ignored, and the focus is on the local rate of
displacement and rotation.

Buckley and Schlegel’s embedding equation is

V(r,0,¢) = R(r)AT(r)U(0, ¢) + A(r), (29)

where V is a point in E* and U is a unit sphere,

"This is not essential, and other choices could lead to different
valid embeddings.
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X sin @ cos ¢
Y sin @ sin
v Y ue al (30)
Z cos @
w 0

while the rotation matrix A, and the displacement vector A, are functions of r that satisfy the following differential equations
(DEs)

P/ P/
O O K ga
o T
Al(r) = Q(r)A(r) = . o o A0, (31)
-5 -5 0 a
—%/a —%a —%a 0
R
RY
A'(r) = A"(r)D'(r) = AT(r) ; . (32)
R
Ra

where a is given by (23), and here too one may specify that it have the same sign as R’. The intrinsic 3-metric of the
embedded 3-surface is derived from the differential of V, using (29)—(32),

ds? = g(dV,dV) = dv7dV (33)
dV = (R'dr)ATU + R((ATYdr)U + RAT(Uyd0 + U,de) + A'dr (34)
= RATUdr + R(AT(Q)T)Udr + RAT(Uyd0 + U,d¢) + ATD'dr (35)
= AT[(R'U + R(Q)"U + D')dr + RU,d0 + RU ,d¢)] (36)
ds> = [(R'U” + RUTQ + (D')")dr + RU%AO + RULAH][(R'U + R(Q)"U + D')dr + RU,d6 + RU 4d¢)] (37)

=dr*{R?UTU + RR'[UT(Q)TU + UTQ'U] + R[UTD' + (D")TU]
+ R2UTQ(Q)'U + R[UTQ'D' + (D)1 (@)U + (D')'D'}
+drd0{RR'[UTU, + USU| + R*}[UTQ'U, + UL(Q)TU] + R[(D")TU, + UID']}
+drdgp{RR'[U"U4 + UL U] + R*UTQ'U, + UL(Q) U] + R[(D')" Uy + U} D]}

+d0*{R*UjUy} + d0dp{R*[UFU, + U Ugl} + dgp*{R*ULU 4} (38)
where
cos 6 cos ¢ —sin@sin ¢
cos @sin ¢ sin @ cos ¢
Uy = , Uy,= 39
0 —sing / 0 (39)
0 0

Evaluating the various matrix products, we find
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0=UTQU = U"(Q)'U=U"U, = USU

= UTU¢ = UZ/;U = UgUd) = U{Z/:Ug (40a)
1= U"U = U, (40b)
ULU, = sin®0 (40c)

R
(DNTUu=UTD' = E{sinG(P’ cos¢+ Q'sing) + ' cos 0}

(40d)
(D/)T(Q/)TU: UTQ/D/
R
=g {8’ sinO(P' cosp + Q' singp)
—(P?+ Q”)cos8}

/2
+ ; {sin@(P’cosp + Q' sin¢p) 4 cosHS'}
(40e)

R2
(D/)TD/ —_ ?{PIZ + Q/2 + S/Z} +R/2a2 (40f)

2
UurQ (@)U = % ({S’ cos@ +sin@(P' cosgp + Q'singh) }>

-2
+ 81;20 {P'cos¢p + Q' singp}?
+ cos?0{P” + Q’2}> (40g)
To/ T(ONT {P'cos¢ + O'sin g}
UTQU, = UN(Q)TU = - - (40h)

cos@sinG{P'sin¢gp — Q' cos ¢}
S

UTQU, = UL(Q)U =
(40i)

R
(DU, =ULD = E{cos O(P'cos¢p+ Q’'singp) — §'sin6}

(40j)

Rsin@
S

(D")'Uy=UyD" =~ {P'sin¢g — Q' cosp} (40k)
and we recover the metric (12) of the angular form of the
quasispherical Szekeres metric.

C. Visualizing the local embedding geometry

Although there is no physical significance to the embed-
ding of a given spacetime into one of higher dimension, it
can be very helpful for visualizing the spacetime geometry,
and that is what we explore here.

Oy

dw ‘
ody

max

FIG. 1. Sketch of the displacement and tilt effects in the
embedding, with one dimension suppressed. Because the sketch
shows finite displacements, instead of infinitesimal ones, the
distances shown are not exact. The green shows the embedding of
the underlying LT model—the shells at r (lower) and r+ or
(upper) and the local tangent cone. The blue vectors show the w
displacement between the two shells and the radial expansion of
the second shell (assumed positive here). The cyan shows the
displaced and tilted shell at » + 6r of the Szekeres model. The red
vectors show the sideways displacement of the shell center, and
the down or up displacement due to the tilt. The dipole maximum
is located at the left side, and the minimum at the right. The
E' = 0locus, the “widest” part of the 2-sphere at r + 6r is shifted
by dd,; this is consistent—a tilted slice through the LT cone has a
displaced “greatest width.” The tilt axis is the magenta dashed
line, and it is perpendicular to the red displacement dd,. The 6-¢
rotation is not shown.

We note that the constant w projection of D', (32), is
antiparallel to the (x, y, z) direction of the dipole maximum,
(18). For the local rate-of-rotation matrix €', the fixed point
locus is a 2-plane,

S'A
S'u
—(P%—f— Q/ﬂ) ’

(P'A+Q'w)
a

Q/V:O - pr =

A, pindependent parameters,  (41)

which makes Q' the derivative of a simple rotation (not a
double or isoclinic rotation). The constant w projections of
D' and V;, are orthogonal. This last fact ensures the
maximum tilt-displacements occur along the dipole axis
(where the max and min are located)—see Fig. |—and thus
enables the following argument.

In the local (x, y, z, w) frame, the constant r 2-sphere lies
in the x-y-z 3-space, and the direction o = (0,0,0,1) is
orthogonal to that space. In going from the 2-sphere at r to
the 2-sphere at r + Jr, the displacement of the sphere
centres is D'Sr; the rate of perpendicular displacement is
R'a, and the rates of sideways displacement are RP'/S,
RQ'/S, and RS'/S, toward the +ve x, y, and z directions.’
The slant angle, between o and the line of centers, is

*We here assume that P/, O/, and S are positive. Where the
opposite sign occurs, the relevant direction is changed in the
obvious way.
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D’ R’
cosy:o._:—a (42)

/
D'l \/R’D? + R*a?
which we could rewrite as “component” angles3

RP’ RO’ RS
tany, = ———, tany,———, tany,———. 43
T Ras T Ras " Ras (43)
Since the total rotation used in (29) is AT, we see from (31)
that the local rotation-rate matrix to examine is (€')7. The
components of the local rate-of-shell-rotation are thus

/ /

' 0r = _Tér, ), Or = —=5r,

5 ', 6r =0, (44)

with senses as noted above, and the components of rate-of-
tilt are

—S'a
S
(45)

_P/ —_N
S“ar, Z0r = %“ sr.

£hor = or, L Or =

Therefore the rates of tilt are @/R times the rates of
sideways displacement, and a 3-plane parallel to w =0
is tilted down on the —x, —y, and —z sides by (. g”yw, and
., respectively.

Both these effects, the center displacement and the tilt,
decrease the shell separation where D has the same sign as
R’ (the “closing edge”) and increase it where D has the
opposite sign (the “opening edge”). The no-shell-crossing
conditions ensure the separation stays positive all round
each sphere. Figure 1 illustrates the arrangement for the
case when R’ > 0. Although finite displacements are
shown, one should think of ér as infinitesimal, so that
only first order effects are relevant. The four displacements
shown are

the w-separation of shell centers = éwy = R'adr, (46a)

the increase in shell radius = 6d, = R'atanydér = R'6r,
(46b)

the tilt down displacement where D is max

= 6wy = R{'6r = RaD,,br, (46¢)

the dipole displacement of the shell center = dd; = RD,,,ér.
(46d)

Interestingly, 6d,, and dw, make the same angle as dd,
and ow;. This angle coincidence is possibly the reason why

*These “components” are the projections of y onto the x-w,
y-w, and z-w planes, such that tan2y:tan2yx+tan2yy+tan2yz.

the calculation in Appendix C of PG actually works—
because the displaced and tilted shell at r + ér more or
less lies on the LT tangent cone to the 3-surface at r, to
first order.

Looking at the next shell pair, at » + 6r and r + 20r,
the local LT tangent cone is now tilted by ¢, and the r + 26r
shell is tilted further. The slant angle y is also tilted
by ¢.

A reflection in the bottom plane gives an idea of the
R’ < 0 case. Where R’ < 0, a also flips sign and D,, goes to
—D,, in (46a)—(46d).

D. Origins, extrema, and self-intersections

Using the expressions in (46), we examine the limiting
values of these embedding quantities near origins and
spatial extrema. We assume there are no shell crossings.
If there are, then R’ and a do not always flip signs together.
We also assume a well-behaved r coordinate, with R finite
and nonzero everywhere except at an origin, r = r,, and R’
finite and nonzero everywhere except at a spatial
extremum, r = r,. We further assume “generic” arbitrary
functions, so that, for example, R’ and D go linearly
through zero at an extremum.® The results are gathered
in Table 1.

Now, at an origin, where R(z,r,) = 0 V 1, we see that
the dipole slant does not disappear, but the tilt rate must
disappear.

In contrast, at a spatial extremum, where R'(z,r,) >0V,
the dipole slant must disappear, whereas the tilt rate does
not disappear.

The condition for no local self-intersection (of adjacent
shells), referring to Fig 1 and (46), is just:

6w ] < (6w

’

RaD,,6r < |R' adr
R/

7l

El

D, < (47)

Interestingly, this is just the no-shell-crossing conditions
for S, P, and Q [18,19].

E. Center-line curvature

We now consider the locus of 2-sphere centers in the
embedding space; that is, in the (X, Y, Z, W) frame. (The
previous section mostly used the local (x,y, z,w) frame.)

For simplicity, we will consider a model in which P’ =
Q' = 0 everywhere. Between r and r + 6r, the slant angle
between o and the line of centers changes by y.&r. Part of
this change is due to the fact that in the same span, the

“One may intentionally choose functions that give other
behavior at specific locations, such as R’ or D going quadratically
to zero and not changing sign.
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TABLEI. The behavior of embedding displacements near origins and spatial extrema. See (46) and the illustration
in Fig. 1.
Flips sign Flips sign

with D,, - =D, with R/ Behavior at " — 0 « 1/a Behavior at R — 0
R R — const —>0as (r—r,)
R R - 0as (r—r,) — const # 0
a a—ooas (r—r,)"! >0as (r—r,)
D, D,—0as (r—r,) — const (or 0)
Swy No No R'a — const —0as (r—r,)
&d, No Yes R -0as (r—r,) — const # 0
w) Yes Yes RaD,, — const —=0as (r—r,)?
5d, Yes No RD,,—»0as (r—r,) —0as (r—r,)
dipole slant &d; /éwq Yes No (RD,,)/(R'a) - 0 as (r—r,) — const
tilt rate 65w /R Yes Yes aD,, — const —0as (r—r,)

2-spheres of constant r undergo a tilt in the same direction
by an angle {/,,6r, and o’s angle changes along with them
by the same amount. The rest must be due to the change in
the angle of the line of centers itself. See Fig. 2. If we
denote this change of the line-of-centers angle by o6&, we
can write
o6& =ylLor + ¢L,0r, (48)
Eq. (45) gives (7, directly. We can calculate y. from
Eq. (43) as follows:

o
o
.

FIG. 2. A diagram of the contributions to the centre line
curvature. Solid lines represent values at r, and dashed lines
represent values at r + or. The green lines show the shells’
orientations. The blue lines are the vectors o orthogonal to the
shells, and the change between them is the rate of tilt, {7,,,. The red
lines are the tangent vectors of the line of centers, which changes
by 6& The angles between the two, written in purple, are the
slant angles y,. Looking at the solid blue line and the dashed red
line, we can see that the total angle between them is equal to
y + 6&, but also equal to {.,8r + y, + y.6r, giving the result
o = }/25}’ + C/zw(sr-

yisec’y, = yi(1 4 tan’y,)

1S RR'S RdS R /S

Sl B o H (o 49
R’azS+R’a<S) (49)

2,5 N N MY
_ Rl a§ - RRNGF - RR/a/ K3 + RRIG(E)

7 . 50
Rz(%)2+R’2a2 (50)

7z

and this can be reexpressed in terms of (7,

yisec?y, =y.L(1+tan%y,)
lW RII Ra/ R
- _ﬁ—'—R’za2 Cow +2R’a3 Cow " Ra? Y

(51)

7/ = _Rlzazcgw * RR”(Izz:QW + 2RR'ad Qw - RRIGQC/Z/W
) R*(2, + R?a*

(52)

Locally about any point, the line of centers can be
approximated as following a section of a circle. The radius
of this circle is determined by dividing the length traversed
in a small span by the corresponding change in angle 6&.
We therefore need to express 6¢ in terms of path length
along the line, rather than in terms of 6r. The distance 6/
between the center of shell r and that of shell r + or follows
from the displacement components given in Egs. (46a)

and (46d):
NS
5l = 6ry | R? <S) + R?a?

The local radius of curvature of the line of centers
is then

(53)
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_ o [R*(5)* + R*aC2 (54)
Pzw—5§ R’Z(a & )% RR" Ss RR &S _|_RR’ ( ) _RZa(%)3.

The relationship between the two contributions, the rate
of tilt y. and the rate of change of slant ¢7,,, is somewhat
complicated, but becomes much simpler near an extremum
in R. Starting from Eq. (51), replace R’ by R,(r—r,)
(where R, is the value of R”

oy r) This gives

R
C (r_re) lz/w~

!
/ 2 w
vseety, = — 2(}’—}’6) Roat 2

e 2@ Zae

(55)

Since by Table 1 {7, approaches a constant at the spatial
extremum, {7, is small there, so we can drop the last term,
as well as the first. The middle term dominates, and its sign
depends only on R, and {’,,,. Therefore, y’. and {’,, have the
same sign near maxima, where R” is negative, and opposite
signs near minima, where R” is positive. Consequently, the
slant and tilt effects both increase the curvature of the line
of centers near a spatial maximum, but oppose each other
near a spatial minimum.’

IV. COMPARISON OF ROTATIONS
IN PG AND FR

In order to connect the shell rotations found in PG with
the frame rotation effect found in FR, let us now set up
the orthonormal basis of FR, within the E* of Sec. III B.
Since the basis orientation is time-independent, we will
only look at spatial components. Thus there will be 3
vectors intrinsic to the embedded surface, and one
perpendicular to it. We shall need to refer to 3 different
fames; the Cartesian coordinates of E*, the Szekeres
angular coordinates, and the orthonormal tetrad of the
embedded surface. Our index convention is

i,j,k,---— Szekeres coordinates r, 0, ¢
s,u, v, - —4-d flat coordinates X, Y, Z, W
(a), (), (c), - - — orthonormal basis indices

A. Orthonormal basis

From (36), the mapping between (r,0,¢) and V =
(X,Y,Z,W) consists of

g—V:AT(R’U—i—R(Q’)TU—i—D’),
;
oV ov
9Y _ ATR Y _ATR
X,Y,Z
Az W) (av v av) 58

=004 \or 0 o

which also constitute vectors in the 3-surface along the r, 0
and ¢ directions. Thus one may easily find a vector
orthogonal to that 3-surface,

asin @ cos ¢

_ asin @sin ¢
N = AT , 59
acosf (59)

-1

and consequently a third surface vector orthogonal to the 6
and ¢ directions (as well as N) is

sin @ cos ¢
sin @ sin
in=AT 050 ¢ . (60)

a

Normalizing these, we obtain an orthonormal basis and

its dual, with components in E*: the components of el are
in the columns of (61), and the basis order is (6), (¢),

(©), (¢). (n), (N). (56)| (n), (N),
cosfcos¢p —sing +/1+ fsinfOcos¢p +/—fsinfcos ¢
© — AT cos@sing cos¢p /14 fsinfsing +/=fsinfsing | A5 (@ (61)
A —siné 0 V14 fcos@ /—fcos@ ERERC
0 0 vV—Ff —1+7f

>This was first observed in numerical output, which also indicates the tilt rate is the larger contribution in determining the center-line

curvature.
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cosfcos ¢ cos @sin ¢ —sinf 0
—sin ¢ cos ¢ 0 0 ~
e’ = , - A=24°A (62)
V14 fsinfcos¢p +/1+ fsinfsing +/1+ f cosf v=f
v/—f sinfcos ¢ V—f sin@sin ¢ v—fcos@ —/1+f

|

Equation (62) gives the flat-space components of e ;) in E*.  We have

B. Variation of the embedded basis
Consider a path parametrized by 4 within the embedded ~ €(®)", = &w)"A’ + &) A = (€)"Q +2,)" )A

3-surface, which is also a 3-space of constant time in the el — i A el — i A 65

Szekeres metric, so that r = (1), 0 = 0(1), ¢ = ¢(A). The ®) 8= "0) 4 g = "0 (65)

tangent vector is 1/ = dx//dA, and the path in E* is

V =V(r(4),0(2),¢(4)). Along this path, the variation of that
so tha

the flat space basis vector e,y within E* is

Vyew) = v'Ve (e)e,) = v'(ewn)" e, + €)' Ve eu)

(63)

so that the frame rotation matrix of FR is [see Eq. (21) of
that paper]

V) = (Vaep))(el) = (e je,)(e,(e")

V(C) (b) — Uie(b)u.ieu(c)

= {I"‘(é(b)ug/ —|—é<b)"’r) +éé(b) u’g +q.§£_?(b)u7{/)}AATéu(c)

= {}"(é(b)”Q/ +é(b)u’,) -Héé(b)"ﬂ +(.ﬁé(b)”‘¢}éu(c) .
(66)

The basis derivatives with respect to Szekeres angular

(64) coordinates are
|
0 0 0 0
I 0 0 0 0
5,5 L sin 6 cos ¢ sin sin ¢ cos 0 -1 , 67
‘0T N 1+f I+f  \/~f (672)
—sinfcos¢p —sinfsing —cosh —1
-f -f -f 1+f
—sinfcos ¢ —sin@sin ¢ —cosf 0
~ 0 0 0 0
e(b) o = , . : (67b)
’ VvV1+ fcosf@cos¢p +/1+ fcosOsingg —/1+ fsind O
v/—f cosBcos ¢ v/—f cos@sin ¢ —/—fsing 0
—cos @sin ¢ cos @ cos ¢ 0 0
~ —cos ¢ —sing 0 0
ew)’ , = o . (67¢)
b —y/1 4 fsinfsingg +/1+ fsinfcos¢p 0 O
—/—fsin@sin ¢ v—fsinfcos¢p 0 O
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Using Egs. (67a)—(67¢c) and (61)—(62) in (66) above, we find that

—fSsin@ — [(1 4 f) — fcosO]{P' cos¢p + Q' sinp}v"

@), = / 9

VP VITFS + V14 [ (68a)
@ [1—=(14f)(1—cosO){P'singp — Q' cos¢p}v" s

V) JTT7s + /1 + fsin0v?, (68b)

V(¢)(9) _ —(P'singp — ?l cos ) sinevr + cos Ou?. (68¢)

Equations (68a)—(68c) agree with FR(25)-(27), confirm-
ing that the frame rotation effects found in [12] are fully
consistent with, and therefore explained by, the shell
rotations and tilts uncovered in [11,13].

V. TOROIDAL AND ROTATING EMBEDDINGS

As an illustration of the rotations and tilts described
in PG and FR, it would be interesting to see if one
can define a Szekeres model whose embedding
“naturally” bends round and closes on itself, i.e., the
embedded surface has the topology of a torus in the
4-d flat space, without any arbitrary identifications.
It does not have to be a Datt-Kantowski-Sachs (DKYS)
type model [25,26], it could be a quasispherical model
that has both a spatial maximum and a minimum;

A. Embedding DEs

The matrix DEs of (31) actually separate out into 4
identical sets of 4 linked DEs, but with different initial
conditions,

n) n) B )
. xi(r) xa(r) xa(r) xa(r) _
AD= 00 a ut) aw | 2O
() oxr) o) o)
(69a)

/ /

P
vi=—<it+ao), xi=—(4i+ao),
S

—P'v;— Q'+ 5 ac; 6,7_(1(P/1/,'+Q' i+5'4)

!/

or multiple spatial maxima and minima. Of course A= S ’ i S ’
there i.s no6 physical significance to the embedding of a i=1.2.3.4: (69b)
spacetime,  and the shape of the embedded surface
depends on the space it is embedded into. The point here
is Izo illustrate tlll)at the tilt can be continuousﬂy in the " =1 1(0)=0, 4(0)=0, (0)=0, (69)
same sense.

Where spatial extrema occur, the conditions for no 1(0)=0, x2(0)=1, 4(0)=0, 0(0)=0, (69d)
shell crossings or surface layers [18,19] require that
f=—1, all 6 arbitrary functions have zero derivative, v3(0)=0, x3(0)=0, 43(0)=1, 03(0)=0, (6%)
0=M=f'=d=8=P =0, and R, M', a must
change sign together. v4(0)=0, x4(0)=0, 4(0)=0, o04(0)=1. (69f)

In order to achieve this, we require 3 things as r runs
from r; to r;: (i) the tilt/rotation matrix A(r) must run round
27, relative to some “axis,” and return to the identity;
(i) the locus of centers A(r) must form a loop; (iii) the areal
radius R(r) and its derivative R'(r) must return to their
starting values, so that the join is smooth—for example R
could be (multiply) periodic in r around this loop—and
this should hold at each constant #; (iv) ideally the 3-surface
should not intersect itself in the embedding, and there
should be no shell crossings.

6 ..
... unless it is a brane.

Similarly, from (32), the initial value problem (IVP) for
the line of shell centers separates out into the same groups,

Xc
Y
A= _°1. A®0 =0, (70a)
Zc
We
R
(A ==(Pv;+Q'y;i+S'4)+Rac;, i=1,2.3.4, (70b)

S

making 4 identical sets of 5 DEs.
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B. Case with only S varying

Let us take the simple case of P’ = 0 = Q’, while f, M,
a, S are general.
(1) Then by (31)

Al(r) = Q(r)A(r)

0 0 0 0
0 0 0 0
“loo o0 ga|A OV
00 -%$a 0
which integrates up to
1 0 0 0
0 1 0 0
A= .
0 0 cos¢ sing
0 0 —sin{ cos¢
rS’
cry= | 2Zar. (72)
N S
Then from (72) and (23) we have
—SZC/Z -1
f = = ” N
(87 +8%) " (1+85)
f=-1-82=0, (' +#0,

f==fa— 8% =(1-f,)8" (73)

One may thus obtain all of f(r), a(r), S(r) or {(r)
from specifying just two of them. It should be fairly
easy to make ¢ run from O to 27, because it does not
depend on time through R or R’. We show below that
f and hence a will be oscillatory, and we note that
diverges where f goes to —1, so §' =0 will be
needed here. Thus S'a/S needs to be non-negative,
which means S’ changes sign with a. Possible
functional forms for {(r), S(r), f(r), and a(r) will
be considered below.

(i) Next by integrating (32), and requiring that the line
of centers closes up, we find

0
0
A =ATD =AT| 7, |, (74)
RS
S
Ra
0
TNdr=0=[" 0 dr. (75)
. ). | cos¢RE—sin(Ra |
sin{R+cos¢R'a

Generically, R and R’ do not have the same time
dependence, so, in order for this to be true at all
times, we attempt to arrange that

, Y e
/ fcosCREdr: 0= / ! sin{R'adr, (76a)

i T

/

r Y re
/fsinCREdr—O—/fCOSCR'adr. (76b)

ri

In particular, if within 0 < ¢ <z, one can arrange
that R goes max-to-min-to-max (or min-to-max-to-
min), in a manner that’s symmetric about { = 7/2,
then, however the time evolution goes, 2 copies of
this should join up nicely. Similarly, if within
0 < ¢ < 7/2, one can arrange that R goes max-to-
min-to-max (or min-to-max-to-min), symmetrically
about { = /4, then 4 copies of this should also join
up nicely. And so on.

(iii) To make R and R’ join nicely, so that the torus “tube”
joins itself smoothly, we could choose f, M and a
periodic; and of course f = —1 is needed at the
extrema, so f must oscillate twice as fast.

(iv) Once a detailed model has been chosen, it can be
checked for shell crossings and self intersections,
and adjustments can be made as needed.

C. Case with only P varying

Next we consider the case S’ = 0 = Q' (and general f,
M, a, P). Then by (69) and (70), the IVP becomes

v, :%(Ai—i—ao'i), ﬂ;:—%yi,

ol = —PTIayi, i=1,2,3,4, (77a)

() =1,  40)=0, o,0)=0, (77b)

1,(0) =0, 2,(0) =0, 6,(0) =0, (77¢)

v3(0) =0, 23(0) =1, 63(0) =0, (774)

L(0) =0,  2,0)=0, o, 0)=1, (77)
(AT =y, kP +o;Ra, A(0)=0. (771)

S

Clearly y; =0=v, = 4, = 0, = Y for all r.
Cyclic choices for the arbitrary functions similar to those
above should again ensure closure.

D. Model 1, S only

We choose ¢ to be uniformly increasing, satistying (i) by
construction, we fix P =0 = Q, and we let § oscillate,
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C=upr, (78)
S=Sy+ Si{l —cos(nur)}, neN, (79)
in which case, (72), (23) and (73) give7
-1
f= W2 S2sind (nr) (80)

U+ s (mcos(mn 2

_)a:SO—Sl{l.—cos(n,ur)}’ (81)
nS; sin(npr)

and the maxima of f are at

S, 1
cos(nur) = = fn=———a— (82)
S S n-$
0+ 1+ s

For the mass and bang time we choose
|

i

i

with obvious variations for the other two. By symmetry
arguments, the 4 integrals of (76) clearly evaluate to zero
when the above choices are made, ensuring that (ii) is
satisfied. See Fig. 3 for a sample plot of one of the terms
in (84).

A particular example satisfying all requirements is
plotted in Fig. 4, for the parameter times n = z/3 and
n=>5n/3. The parameter values are n=2, u=r,

g s : rSa | MS
[ fcosé’REdr = (1 —cosn) Z " cos [[ Tadr} Wdr,

M =My+ M {1 —cos(nur)},
a = ay—a{l —cos(nur)}, (83)

in accordance with requirement (iii).

The relevant no-shell-crossing requirements are that
—ad’ and @' + 27T have the same sign as M’, and that
(E'JE),, < |M'/(3M)|. The function f, which appears in
the denominator of 7', defined by Eq. (5), oscillates twice as
fast as M does. Thus the amplitude of f’s variation in
Eq. (80) needs to be small. For the model considered here,
this means §; should be small, which in turn means S does
not vary much.

Now the calculation of R(r) and R'(r) on a constant time
slice is a numerical exercise; the ¢ equation of (4) has to be
solved to get 57 at each r. But, using the parametric solution
(4) with zero A, we can instead integrate A’ on surfaces of
constant #; if the result is zero for every constant-# surface,
then it will be zero for every constant-¢ surface also. Using
constant 7 surfaces has the additional advantage that the
bang and crunch singularities are avoided. The integrals in
(76) are therefore modified to become

r re ’S/ M/
/fcosCR’adr:(l—gb])(l—cosn)//cos [/ Sadr] ?dr

(84a)
r (=f)
3 r rS/ /M
— <§¢1 - 1)(1 —COS;/])L chS |:\/rl Tadl":| %dr
— (1 = cosn) / " cos { / r%adr} (—=f)"*d adr, (84b)
3 2 - T 5 3

rp = —1, Vf:l, S():l, S] = 01, MO = 01, M] = 005,
ay =0, a; =0.1. The no-shell-crossing conditions
[19,24] that are applicable here are (—da’)/M' >0,
(d +27T")/M' >0, (E'/E),, <|M'/(3M)|; and it has
been checked that the chosen functions and parameter
values satisfy them, though not by much. The construction
used here puts strong limits on the variation of S.

"We could choose «a to be the negative of the rhs of (81), which
would merely reflect the embedding in the W = 0 plane.

—0.001

—0.002 -

FIG. 3. The integrand cos {(Mf'a/f?)(3¢1/2 — 1)(1 —cosn)
of (84) at = /3, for the functions and parameter values given
in Sec. VD and also used in Fig 4.

043510-13



CHARLES HELLABY and ROBERT G. BUCKLEY PHYS. REV. D 103, 043510 (2021)

2] k\\\,\%\PrH T o 15 Al LT
1
W w /@ w | /
; : — !
0f 1 2 3 4 . 15 0‘ 172 3 4 s e 7}
% ’ & ? i z
-1 3 3 21 % /
% \\ 4l \
" QT \ ) i

FIG. 4. An example of an embedded Szekeres model with a “natural” torus topology as described in Sec. V. The path of the sphere
centers (red), and a selection of sphere diameters (blue), are shown in the (Z, W) plane. Each diameter represents a complete 2-sphere,
and the sequence of 2-spheres describes an embedded 3-surface in the flat 4-d (X, Y, Z, W) space. The arbitrary functions and parameter
values of this model are listed in Sec. V D. The left plot is for # = z/3, the middle one for = x, and the right one for = 5z/3. These
are not constant time plots, so they are indicative rather than precise.

03r t=0.02

0.2r

0.1-

W o.ot

-0.1p

-0.2+

-03}F

06 -05 -04 -03 -02 -0i1 00 o

Z

10 t=3
5,
W o
5|
—10}

20 15 ~io 5 ) 20 _15 10 5 0
V4 V4

FIG.5. Anembedded Szekeres torus model with 3 lobes, showing just its intersection with the (Z, W) plane. The red curve is the path
of the sphere centers, and each black line is the diameter of a 2-sphere at a particular r value. The arbitrary functions and parameter
values of this model are listed in Sec. V E. The times of the plots are t =0.02, t =1, t =3, and t = 5.
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E. Model 2, S only

This is a much wobblier version of the toroidal model, that has 3 lobes instead of 2. The key defining functions are

M(r) = Mo+ M {1 — cos(npor) },
f(r) = =1+ fi{1 = cos(2npor)},
a(r) =0,
¢" = po{1 + py cos(nugr)},
S/S={")a, (85)
from which we find
\/1 = 2fsin’ (npor) < i Sin(”ﬂo”))
a = . ’ C =Hol| T B —
2f1 Sln(n,uor) n/’lO
8" V2f 1m0 sin(npor) (1 4 py cos(npor))
s V1 =2f sin?(nugr)
—p1\/1 = 2fsin? 1-2 4 2 1/(2n)
S=5, exp{ my ZJ;IIS;H (n,uor)} [< /i ‘;\/];le3105 (ns107)) - cos(n,uor)\/l — 2fsin?(nugr) (86)

We can choose the value of S, to make S = 1 at r = 0. For the plots in Fig. 5, the parameters are

7777 RN , 'I 7
Y

|

-6 -4 -2

[ >
N\ XYY
\ J AA A /
N\ S\l Z
74

N

FIG. 6. Three views of a less symmetric embedded Szekeres torus model, in the (X, Z, W) 3-space, at time ¢ = 1. The red curve is the
path of the sphere centers, each blue circle is the outline of a 2-sphere at a particular r value, and the green dots indicate the location of

6 = 0 on the 2-sphere; the rotation of the (6, ¢) coordinates is not very large in this model. The arbitrary functions and parameter values
of this model are listed in Sec. V F.
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M, =055 M, =07, n=3,

H1 = 08,

£, = 0.06,

to =1, t=1. (87)

What is interesting here is that there are parts where
the tilt is changing more rapidly and parts where it is hardly
changing. Although the effect found in Sec. IIIE, that
the dipole displacement and the tilt have opposing effects
on the curvature of the path of centres near a spatial
minimum, is evident here, in the models we tried, after shell
crossings had been eliminated, the tilt curvature seems to
dominate.

F. Model 3, P only

For this model, the only nonsphericity function we
vary is P. By [27] we expect the line of centers to be
bent, and by Sec. I E, we expect there to be shell rotation. It
is defined by

M(r) =My + M {1 = cos(nur)},
f(r) = =1+ f1{1 = cos(2nur)} = —1 4 2f,sin?(2nur),

a(r) =0,

S(r)=1 o(r) =0,
C=ur. P/S={)a,

e V1 =2f sin?(nur)

2f sin(npr)
/ u\/2f 1 sin(nur)
P= l}
\/1 — 2fy sin(nur)?
p(r) = goin (L2000 rlh

2214
- cos(n/,tr)\/l - 2flsin2(n,ur)>,
My =075 M, =025  f,=002  u—I,
n=6 1=l (88)

-_—

FIG. 7. Three views of the embedded Szekeres model 4, at time # = 7 which corresponds to r = 0. The blue circles represent
2-spheres of constant r; tilting relative to the line of sight makes some appear elliptical. The red curve is the center path—the locus of
sphere centers, and the green lines show the direction of @ = 0 for each plotted sphere/circle. The Y coordinate is suppressed, and the

center path lies in ¥ = 0.
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and is illustrated in Fig. 6.

Apart from the toroidal topology, the line of centers no longer lies in a 2-plane, and the direction of the “north pole”
6 = 0, rotates between shells; however these variations are fairly small.

G. Model 4, P only
This model is not toroidal; it is a spatially closed model defined by

M(r) = sin®(ur){My + M, sin(ur)},
f(r) = —sin®(ur),

. Q) =0,
P(r) = sinur){Py + P, sin(ur)},
— a = tan(ur),
My=1, M, =35, Py=1, P, =0.3, U=, n =38xn/5. (89)

Figure 7 shows 3 views of the resulting embedding. The right hand view shows there is substantial rotation of the 8 = 0
direction.

FIG. 8. Three views of the embedded RW-Szekeres model 5, showing it is actually a 3-sphere in very nonsymmetric coordinates. The
center path (red line) is bent round, and the “north” (green lines) show significant variation.
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H. Model 5, RW as Szekeres

The Szekeres models become homogeneous, despite the
nonsymmetric coordinates, if the LT functions f, M and a
take the RW form, regardless of the S, P and Q functions.®
Such a model is obtained with M = M, sin’(ur), f =
—sin®(ur),a=0,S=1,0 = 0and P = Py sin(ur)(Py +
P, sin(ur)), along with parameter values My = 1, Py = 0.7,
Py =0.09, y = x, and the result is shown in Fig. 8.

Although the overall embedded shape is clearly a
3-sphere, the slicing is not only non-parallel, it also has
shell rotation as shown by the variation of the “north”
direction.

VI. CONCLUSIONS

A correct understanding of the geometry of the Szekeres
metric is important both for physical interpretation, when it
is used for models of inhomogeneous gravitating structures,
and also for a more accurate graphical depiction of those
models. Though the “nonconcentric” property of constant r
shells was known from the start, it was only recently shown
there is a hidden shell rotation effect, that appears when the
usual angular coordinates are used. Hitherto, it was tacitly
assumed these coordinates had a constant orientation, as is
the case for Lemaitre-Tolman (LT) models.

In this paper we have shown that two independent results
about Szekeres shell rotations are in full agreement. In FR
[12] it was shown, using the rotation rate of an orthonormal
tetrad, that the (6, ¢) coordinates of (12) do not in general
retain any kind of constant orientation. In [11] the relative
rotation of adjacent (0, ¢) shells was stated, and in PG [13]
this was explained in several ways, notably an embedding
that further introduced higher dimensional tilts. The forms
of the results in FR and PG are sufficiently different that an
alignment is called for. We have reviewed the embedding of

8See [28] around Eq. (2.24) and Sec. 1.3.4 of [21].

a f < 0 Szekeres model in flat 4-d Euclidean space, and
discussed its visualization. It is striking that the embedding
of a Szekeres model is locally the same to first order as that
of the underlying LT model at the corresponding r value.
By showing how to derive the FR results from the PG
results, we have confirmed the reality of these rotations and
tilts, and thereby their importance for graphing Szekeres
slices. Methods for this graphing are suggested in PG.

To illustrate the higher dimensional tilts, we have

constructed Szekeres models whose 3-spaces “naturally”
have the topology of a torus, when embedded in a 4-d
Euclidean flat space, without arbitrary identifications.
Explicit Szekeres models that are closed in the r direction,
with or without an arbitrary identification, had not been
previously considered. Models 1 and 2 had just S varying,
but nicely demonstrated the toroidal embedding as well as
nontrivial radius and tilt structure. Models 3 and 4 had just
P varying, and additionally demonstrated a nonplanar
curve of shell centers. Importantly, model 4 clearly exhib-
ited the shell rotation described in PG. Clearly, models in
which all 3 of the Szekeres functions S, P & Q vary could
produce even more interesting embedded shapes.

Some questions for future investigations are

(i) Can one find a different (p,q) to (6,¢) trans-
formation that incorporates the rotation, (20), found
by Buckley and Schlegel? Is it reasonably neat or too
complicated? Does the resulting metric look at all
useful or useable?

(i) Can one apply or extend the embedding to the
DKS-type (“f' = 0”) Szekeres models?

(iii) Is there a reasonably simple or elegant embedding of
the € # +1 Szekeres models?

(iv) Is it possible to create a quasispherical Szekeres
model in which the shell rotation turns the “north
pole” through 180 degrees? Can such a model be
given a toroidal topology, of any kind? That would
make the transformation to (6,¢) coordinates
clearly inconsistent.
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