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We consider the framework of quintessential inflation in the warm background which is caused by the
dissipation of the scalar field energy density into relativistic degrees of freedom. The dissipation process has
important consequences for the evolution both at the levels of background as well as perturbation and allows
us to easily satisfy the observational constraints. Our numerical analysis confirms that themodel conforms to
observational constraints even if the field-radiation coupling strength is weak. In the warm background, we
investigate the postinflationary evolution of relic gravitywaves produced during inflationwhose amplitude is
constrained by the big bang nucleosynthesis constraint. Further, we investigate the effect of coupling on the
amplitude of gravity waves and obtain the allowed phase space between the model parameters. The
mechanism of quintessential inflation gives rise to blue spectrum of gravitational wave background at high
frequencies. We discuss the perspectives of detection of the signal of relic gravity waves by future proposed
missions. Improvements of their sensitivities in the high frequency regime, in future, might allow us to probe
the blue tilt of the spectrum caused by the presence of kinetic regime in the underlying framework of inflation.
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I. INTRODUCTION

The standard paradigm of cosmic inflation has been
proven consistently over the years, by large-scale observa-
tions like Planck and WMAP etc. [1–3], as one of the most
promising way to generate Gaussian as well as adiabatic
perturbations with high accuracy, in addition to addressing
the inherent inconsistencies of the standard model of
Universe [4]. In the standard inflationary set up, a massive
slow-rolling scalar field with a flat potential gives rise to
(quasi)exponential cosmic expansion [5,6]. The field also
assumes to be weakly coupled to other preexisting matter
fields such as radiation as the expansion causes them to
redshift-away. Thus, the field in the standard inflationary
framework is treated as a gauge singlet and also assumes that
the temperature remains negligible all the way till the
reheating commences, hence known as “cold inflation” (CI).
In spite of its overwhelming success, the standard

inflationary paradigm has been challenged by the recently
proposed swampland conjectures (SC) which are based on
the idea that the stable de-Sitter (dS) vacuum is quite
difficult to construct in the quantum theory of gravity [7–9].
Also, the conditions imposed by them are formidable to

satisfy and hence one requires to consider other inflationary
frameworks. It has been shown that, to satisfy such a
condition, one either has to invoke the braneworld scenario
[10,11] or more interestingly, these conditions can be
fulfilled in a rather realistic dynamical realization known
as “warm inflation” (WI) [12–15].
The basic concept of WI scenario is based on the fact that

the scalar field, instead of acting as a gauge singlet, dissipates
into radiation via its coupling with it [13,16,17]. The
dissipation takes place throughout the inflation and causes
it to end when the slow roll is violated. Also, due to the
presence of radiation, the temperature during inflation is
generally nonzero and could even be comparable to or greater
than theHubble parameter [18,19]. If the temperature is lower
(or greater) than the Hubble parameter, quantum (or thermal)
fluctuations dominates the universe. Furthermore, as inflation
proceeds, the radiation energy density also increase giving
rise to the “graceful-exit” [20–22]. It has also been shown that
the WI model not only resolves theoretical issues some of
them as mentioned above, but it also resurrects the infla-
tionary potentials otherwise ruled out in the CI paradigm by
the observations. [23–26].
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In this paper, we investigate a quintessential inflationary
model in the thermal background. The model includes a
generalized exponential field potential which remains flat
during inflation and becomes steep in the postinflationary era
[27–29]. In this case, the field enters the kinetic regime soon
after inflation ends and continues to be there even after it is
taken over by the background and freezing is reached due to
Hubble damping. Thereafter, as the background energy
density becomes comparable to field energy density, field
evolution commences again and ultimately catches up with
the background and tracks it till the additional late time
features in the field potential become operative. In this case,
one needs to invoke alternative reheating mechanism which
have their limitations. The paradigm of warm inflation,
considered here, not only serves as a source of reheating
but also adds generic features to inflationary framework itself.
In this setup, during inflation, the field and radiation both
interact with each other via the temperature-independent
coupling parameter and assumes both of them to evolve
independently after the commencement of the kinetic regime.
The model very well describes the thermal history of the
universe and also unifies both early and late-time phases of
acceleration. It has been shown in [28] that themodel satisfies
the cosmicmicrowave background (CMB) observations only
if the field potential is very steep at the end of inflation.
In this paper, our main goal is to consider inflation in a

warm background and to check whether the coupling can
turn the field potential less steeper, compared to the
standard inflationary framework, subject to various obser-
vational requirements. To this effect, we examine the model
under observational constraints on: (i) Scalar perturbation
spectra, (ii) baryon-to-entropy ratio, and (iii) relic gravita-
tional waves (GW).
The standard preheating mechanism is not applicable to

the framework of quintessential inflation. One of the
alternatives is provided by the gravitational particle pro-
duction which is a universal process. However, the latter is
inefficient and might give rise to violation of nucleosyn-
thesis constraint due to relic gravity waves. Instant pre-
heating and curvaton mechanism have their limitations.1

The framework of warm inflation does not require the
presence of extra fields, it rather assumes coupling between
the inflaton and radiation. In the discussion, to follow, we
briefly, mention the underlying mechanism to be applied to
quintessential inflation in the subsequent sections.

II. MODEL OF WARM INFLATION AND
INFLATIONARY PARAMETERS

In the framework of warm inflation, the dissipation of
scalar field into light degrees of freedom occurs rapidly

than the Hubble expansion rate; the field-radiation inter-
action parameter Q ¼ ϒ=3H (where ϒ is a dissipation
coefficient), in turn, gives rise to damping of the field
evolution and also flatten its potential,

3Hð1þQÞ _ϕ ≃ −V;ϕ; where ·≡ d
dt

ð2:1Þ

ρr ≃
3

4
Q _ϕ2; ð2:2Þ

where H is the Hubble parameter, V is the field potential
and ρr is the energy density of the radiation. Here, we
assume that field and radiation remains quasiconstant,
which implies that, ϕ̈ ≪ _ϕ, ϕ̈ ≪ V;ϕ and _ρr ≪ ρr. The
inflationary regime is characterized by two slow-roll
parameters ϵ and η,

ϵ ¼ 1

2
M2

pl

�
V;ϕ

V

�
2

and η ¼ M2
pl

V;ϕϕ

V
: ð2:3Þ

Due to the presence of coupling Q, the slow-roll condition
now requires, ϵ; jηj ≪ 1þQ. Note that, one can now have,
ϵ; jηj ≥ 1 which is generally prohibited in standard CI. The
presence of coupling enhances damping similar to an effect
in RS brane worlds in high energy regime [30,31].
In the framework quintessential inflationary, after the

inflation ends, the field enters the kinetic regime and stays
there for quite long before the commencement of radiative
regime. The field might further sources the late time cosmic
acceleration thanks to its nonminimal coupling with mas-
sive neutrino matter [28]. In this scenario, a field potential
which can source both the early and late time cosmic
acceleration is given by,

VðϕÞ ¼ V0 exp

�
−λ

�
ϕ

Mpl

�
n
�
: ð2:4Þ

For this choice of potential, the time-derivative of field can
be written as

_ϕðtÞ ≃ λnV0ϕ
n−1 expð−λϕnÞ

3Hð1þQÞ : ð2:5Þ

Using Eq. (2.3), the slow-roll parameters can be worked
out as

ϵ ¼ 1

2
n2
�

ϕ

Mpl

�
2n−2

λ2;

η ¼ n

�
ϕ

Mpl

�
n−2

λ

�
1þ n

�
λ

�
ϕ

Mpl

�
n
− 1

��
: ð2:6Þ

Inflation ends when either ϵðϕ ¼ ϕendÞ ¼ 1þQ or
ηðϕ ¼ ϕendÞ ¼ 1þQ, which gives the expression of field,

1As for instant preheating, in absence of shift symmetry, one
needs to invoke ad hoc assumption to throw out extra term in the
Lagrangian containing two extra fields whereas curvaton is
implemented using an extra field.
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ϕend ¼
�
2ð1þQÞ
n2λ2

� 1
2n−2

Mpl: ð2:7Þ

Since the radiation density, at this epoch, is negligible
compared to the field energy density (ρr ≪ VðϕÞ), one can
approximate H as

H2 ≃
VðϕÞ
3M2

pl

¼
V0 exp ½−λð ϕ

Mpl
Þn�

3M2
pl

0 ð2:8Þ

see Refs. [32–34] on the related theme. Unlike cold
inflation, the warm inflation is characterized by its warm-
ness or temperature T. The quasiconstant radiation density
instantly produces a close to a thermal-equilibrium con-
figuration in space, thus gives rise to nearly same temper-
ature everywhere. And at temperature T, the energy density
of relativistic particles is given by,

ρr ≃ g�
π2

30
T4; ð2:9Þ

where g� is the relativistic degree of freedom. In this paper,
we shall focus on the analysis of inflationary observables of
the two successful realization of the dissipation forms
known as the linear (ϒ ¼ CTT) and cubic (ϒ ¼ Cϕ

T3

ϕ2) in

the WI paradigm [35,36]. By using the relation ϒ ¼ 3HQ,
one finds that

T ¼
8<
:

3HQ
CT

; Linear case�
3HQϕ2

Cϕ

�
2=3

; Cubic case:
ð2:10Þ

Then for the linear case, we can express Q in terms of ϕ
using Eqs. (2.1), (2.8), (2.9), and (2.10), as

Q ¼ 6 expð−λϕnÞg�ϕ2−2nπ2Q4ð1þQÞ2V0

5C4
Tn

2λ2
: ð2:11Þ

By differentiating Q, with respect to N ≔ ln a, we find

dQ
dN

¼ −
6g�nπ2V0λϕ

nð2n − 2þ nλϕnÞQ4ð1þQÞ
5C4

T expðλϕnÞn2λ2ϕ2n − 12g�π2V0ϕ
2Q3ð1þQÞð2þ 3QÞ ; ð2:12Þ

where we have also used Eq. (2.5). Similarly, for the cubic case,

Q ¼ 2 expðλϕn=3Þg�ϕ14
3
−2nπ2Q4=3ð1þQÞ2

5 × 31=3C4=3
ϕ n2V1=3

0 λ2
; ð2:13Þ

and hence

dQ
dN

¼ −
8 × 32=3 expðλϕn=3Þg�π2Q4=3ð1þQÞλϕ8

3
þnð14 − 6nþ nλϕnÞ

4 × 32=3 expðλϕn=3Þg�π2Q1=3ð1þQÞð2þ 5QÞϕ14=3 − 45C4=3
ϕ n2V1=3

0 λ2ϕ2n
: ð2:14Þ

From Eqs. (2.11) and (2.13), one can express field ϕ in
terms of model parameters. Then by equating ϕ with
Eq. (2.7), one can eliminate Qend in favor of other
parameters. As for the number of e-folds N, we invert
the Eq. (2.12) and integrate Q from its pivot value, i.e., Q�
to Qend. Equating N from its expected value ∈

�
50; 70

�
one can now also expressQ� in terms of model parameters.
As a result, we find both Q� as well as Qend in terms of
model parameters in the linear case. Similarly, the same
procedure is carried out for the cubic case.
For the linear case: we depict the parametric dependence

of Q� with CT for N ¼ 50, 60 and 70 1, here we show that
as CT increases, Q� also increases. Similarly, for the cubic
case, we also find the same kind of evolution ofQ� with Cϕ

[see Fig. (2)]. In both cases, it shows that larger the
dissipation of field into radiation, larger the field-radiation
interaction and smaller the field evolution, or vice versa.
From Eqs. (2.1), (2.3), and (2.9), the temperature, in

general, can be expressed as

0.0000 0.0002 0.0004 0.0006 0.0008
0.0000

0.0005

0.0010

0.0015

0.0020

CT

Q
*

FIG. 1. Variation between Q� and CT ∈ ½0; 0.001� in case of
linear dissipation regime. The blue, green, and red color corre-
spond to N ¼ 50, 60, and 70, respectively, whereas dashed and
solid lines represent the n ¼ 4 and 6 cases, respectively.
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T ¼
�

15

g�π2
ϵQV

ð1þQÞ2
�

1=4
; ð2:15Þ

which at the end of inflation can be cast in the following
form,

Tend ¼
�

15

g�π2
QVend

1þQ

�
1=4

;

where Vend ¼ V0 exp

�
−λ

�
2ð1þQÞ
n2λ2

� n
2n−2

�
; ð2:16Þ

where Vend is the field potential at ϕ ¼ ϕend. In what
follows, using the obtained estimates, we turn to the study
of primordial perturbations in the framework under
consideration.

III. PRIMORDIAL PERTURBATIONS

After inflation ends, any preexisting quantum fluctua-
tions in vacuum emerges as a scalar, vector and tensor
perturbations (GW) in classical space-time background.
Since, vector perturbations die out soon due to the space-
time expansion, only scalar and tensor perturbations are of

importance, their imprints can be found in the CMB
radiation as well as in the large-scale structure.

A. Scalar perturbations

In WI, the amplitude of scalar perturbations gets
enhanced due to the additional contribution of thermal
fluctuations in the inflaton field. As a result, the scalar
power spectrum Pζ takes the following form [14]:

Pζ ¼
�
H2

2π _ϕ

�
2

ð1þWÞ; where W ¼ T
H

2
ffiffiffi
3

p
πQffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3þ 4πQ
p

ð3:1Þ

As mentioned earlier that we can express Q� in terms of
other parameters, using that we can further find out the
functional dependence of the power spectrum Pζ on
V0; n; λ; N; g� and coupling constants (Cϕ or CT) which
are completely arbitrary at this stage. By using Eqs. (2.1),
(2.5) and (2.8), we can express Pζ at the pivot value as

Pζ� ¼
H2�ðQ� þ 1Þ2ϕ2−2n�

�
3×23=4×

ffiffi
5

4
p ffiffi

π
p ffiffi

λ
p ffiffi

n
p

Q5=4
� ϕ

n−1
2�ffiffiffiffi

g�4
p ffiffiffiffiffi

H�
p ffiffiffiffiffiffiffiffiffi

Q�þ1
p ffiffiffiffiffiffiffiffiffiffiffiffi

4πQ�þ3
p þ 1

�
4π2λ2n2

:

ð3:2Þ

The above expression, in general, is valid for both linear
and cubic case. However, it depends on Cϕ or CT in both
cases through Q� and ϕ�. Here, let us emphasize that upon
increasing n and λ, Pζ� also increases but remains inert
to V0.
Note that in the limit of T → 0, the power spectrum takes

it usual form of the CI. The quantity which represents the
scale-dependence of the power spectrum dubbed spectral-
index ns, is defined as:

ns − 1≡ d lnPζ

Hdt
: ð3:3Þ

By taking the time derivative of Eq. (3.1), the spectral index
ns can also be expressed as

ns − 1 ¼ 1

H2

�
6T _H þ 2Hð2ð1þWÞ _H þ _TÞ þH2 _W

2T þHð1þWÞ −
2Hϕ̈
_ϕ

�
: ð3:4Þ

From Eq. (2.1), (2.3), (2.8), and (2.16), we obtain an explicit expression for ns in case of the linear dissipation regime:

ns ¼ −ð3 × 23=4
ffiffiffiffiffi
15

4
p ffiffiffi

π
p ffiffiffi

λ
p ffiffiffi

n
p

Q5=4ð4πQþ 3Þx1ϕn=2 expðλϕn=4Þ þ x3þ x4

− 4
ffiffiffiffiffiffiffiffiffiffiffiffi
Qþ 1

p
ð4πQþ 3Þ3=2

ffiffiffiffiffiffi
V0

4
p

x2
ffiffiffiffiffi
g�4

p Þ=ð4ϕ2ðQþ 1Þð4πQþ 3Þx5Þ ð3:5Þ

where,

x1 ¼ 3λ2n2ϕ2n þ 6λðn − 1Þnϕn − 4ϕ2ðQþ 1Þ; ð3:6Þ

FIG. 2. Variation between Q� and Cϕ ∈ ½2 × 106; 107� in case
of cubic dissipation regime. The blue, red, and green color
represents N ¼ 50, 60, and 70, respectively, whereas solid and
dashed lines corresponds to the n ¼ 4 and 6 case, respectively.
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x2 ¼ −λ2n2ϕ2nþ1
2 − 2λðn − 1Þnϕnþ1

2 þ ϕ5=2ðQþ 1Þ; ð3:7Þ

x3 ¼ 4 × 32=3π2λnQ4=3ðQþ 1Þ3=2ð4πQþ 3Þ3=2 ffiffiffiffiffiffi
V0

4
p

g5=4� ϕnþ31
6 expðλϕn=3Þðnðλϕn − 6Þ þ 14Þ

32=3π2ϕ14=3 ffiffiffiffi
Q3

p ðQþ 1Þð5Qþ 2Þg� expðλϕn=3Þ − 180λ2
ffiffiffiffiffiffi
V0

3
p

C4=3
T ϕ2n

; ð3:8Þ

x4 ¼
9

ffiffi
5
2

4

q
311=12ðπ5λ3n3Q9=6Þ1=2ðQþ 1ÞðQð4πð3Qþ 1Þ þ 11Þ þ 5Þg�ϕ3n

2
þ14

3 e
7λϕn

12

32=3π2ϕ14=3 ffiffiffiffi
Q3

p ðQþ 1Þð5Qþ 2Þg� expðλϕn=3Þ − 180λ2
ffiffiffiffiffiffi
V0

3
p

C4=3
T ϕ2n

× ðnðλϕn − 6Þ þ 14Þ; ð3:9Þ

x5 ¼ ffiffiffiffiffi
g�4

p ffiffiffiffi
ϕ

p ffiffiffiffiffiffiffiffiffiffiffiffi
Qþ 1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4πQþ 3

p ffiffiffiffiffiffi
V0

4
p

þ 323=4
ffiffiffiffiffi
15

4
p ffiffiffi

π
p ffiffiffi

λ
p ffiffiffi

n
p

Q5=4ϕn=2 expðλϕn=4Þ: ð3:10Þ

Again for the cubic case one gets:

ns ¼ ð4 ffiffiffiffiffi
g�4

p ffiffiffiffiffiffiffiffiffiffiffiffi
Qþ 1

p
ð4πQþ 3Þ3=2

ffiffiffiffiffiffi
V0

4
p

ðϕ5=2x4 − λ2n2
ffiffiffiffiffiffi
V0

p
ϕ2nþ1

2Þ
þ 3=23=4

ffiffiffiffiffi
15

4
p ffiffiffi

π
p ffiffiffi

λ
p ffiffiffi

n
p ffiffiffiffi

Q4
p

ϕn=2 expðλϕn=4Þ
× ð−3λ2n2Qð4πQþ 3Þ

ffiffiffiffiffiffi
V0

p
ϕ2n − 6λðn − 1ÞnQð4πQþ 3Þ

ffiffiffiffiffiffi
V0

p
ϕn þ ϕ2x2Þ − x3Þ

=ð4ϕ2ðQþ 1Þð4πQþ 3Þ
ffiffiffiffiffiffi
V0

p
x1Þ ð3:11Þ

where,

x1 ¼
ffiffiffiffi
ϕ

p ffiffiffiffiffiffiffiffiffiffiffiffi
Qþ 1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4πQþ 3

p ffiffiffiffiffiffi
V0

4
p ffiffiffiffi

gs4
p þ 3 × 23=4

ffiffiffiffiffi
15

4
p ffiffiffi

π
p ffiffiffi

λ
p ffiffiffi

n
p

Q5=4ϕn=2 expðλϕn=4Þ; ð3:12Þ

x2 ¼ 3
ffiffiffi
3

p
ðQð12πQþ 4π þ 11Þ þ 5ÞQ0ðtÞ expðλϕn=2Þ þ 4QðQþ 1Þð4πQþ 3Þ

ffiffiffiffiffiffi
V0

p
; ð3:13Þ

x3 ¼ 8
ffiffiffiffi
gs4

p
λðn − 1Þn

ffiffiffiffiffiffiffiffiffiffiffiffi
Qþ 1

p
ð4πQþ 3Þ3=2V3=4

0 ϕnþ1
2; ð3:14Þ

x4 ¼ 2
ffiffiffi
3

p
expðλϕn=2ÞQ0ðtÞ þ ðQþ 1Þ

ffiffiffiffiffiffi
V0

p
: ð3:15Þ

One can show that the above expressions (3.5) and (3.11)
recovers its usual form: ns − 1 ¼ −6ϵþ 2η in case of CI,
i.e., when Q ¼ 0.

The parametric dependence of on ns for the linear case is
shown in Fig. 3 in which we depict two separate cases
n ¼ 4 and 6 for a range of parameters λ, Q and CT . In that
figure, one can see that in both cases, the large values of CT
corresponds to large values of ns and vice versa. In Fig. 4

-5.9-5.85
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FIG. 3. In case of linear dissipation regime, figure (a) and (b) shows a 3-dimensional allowed parametric region betweenQ�, λ and CT
for the Planck2018þ lensingþ BK15þ BAO [2] constraint on ns (shown in the bar) for cases n ¼ 4 and 6, respectively.
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we depict the plot between ns and r for the linear case,
where magenta and black lines correspond to the 1σ
bounds on ns for Planck2018þ lensing and Planck2018þ
lensingþ BK15þ BAO, respectively. Similarly, for the
cubic case shown in Fig. 5, the similar behavior is observed
as in this case also large values of Cϕ corresponds to large
values of ns and vice versa.
From figures 6 and 5 it is evident that n ¼ 4 case, which

is strictly prohibited in the CI regime as shown in [28], is
completely feasible in the WI for both types of couplings:
linear and cubic. Thus, in our following analysis we only
consider n ¼ 4 and 6 cases to find which one suits better
and to check the compatibility of n ¼ 4 case with other
observations.

B. Tensor perturbations

Unlike the scalar power spectra Pζ, the dissipation of
scalar field into radiation does not (directly) affect the
tensor power spectra PT (it affects PT through Q and ϕ)
dependence and therefore has the standard form,

PT� ¼
2

π2

�
H�
Mpl

�
2

: ð3:16Þ

The tensor-to-scalar ratio r is defined as the ratio of tensor
to scalar spectra as

r≡ PT�
Pζ�

¼ 2

π2

�
H2�

2.1 × 10−9

�
: ð3:17Þ

(a) (b)

FIG. 4. In case of linear dissipation regime, figures (a) and (b) represents plot between ns and r for cases n ¼ 4 and 6, respectively The
magenta lines are for the Planck2018 TT, TE, EEþ low Eþ lensing data, whereas the black solid lines correspond to Planck2018þ
lensingþ BK15þ BAO data. The pivot scale is fixed at usual k ¼ 0.002 Mpc−1. The blue, red, and green curves depicts N ¼ 50, 60,
and 70, respectively.

(a) (b)

FIG. 5. In case of cubic dissipation regime figure (a) and (b) shows a 3-dimensional allowed parametric region between Q�, λ and Cϕ

for cases n ¼ 4 and 6, respectively. The region satisfies the Planck2018þ lensingþ BK15þ BAO [2] constraint on ns (shown
in the bar).
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Note that here we have used the pivot-scale measure-
ment, Pζ� ¼ 2.1 × 10−9.
At the pivot-scale, H� ≃ 10−6Mpl, that gives r ≃

Oð10−3Þ which easily satisfies the Planck 2018 bound, r <
0.07 [2]. Now, in order to check for the allowed parametric
region between ns and r, we first vary λ for both linear
(Fig. 6) and cubic (Fig. 7) cases. We find that λ though has
little dependence on r (this is expected as H is also weakly
dependent on it) but can significantly affect the spectral
index ns. Alternatively, from the bounds on ns one can get
the desired range of λ which will naturally give rise to small
r. Moreover, we also depict the parametric dependence
of ns and r at the pivot-scale for linear and cubic case.
For linear case, we vary CT ∈ ½10−5; 10−1� for n ¼ 4 and 6
for different values of the e-foldings, N ¼ 50, 60, and 70

which corresponds to blue, red and green curves, respec-
tively. The sudden increase in the slope of ns vs r after a
certain limit is due to the fact that thermal fluctuations
becomes dominant over quantum fluctuations. Similarly,
for the cubic case, we vary Cϕ ∈ ½106; 107� for the same
values of n and N. Interestingly, we find that ns might take
values greater than unity in case of n ¼ 4. And this results
into the blue scalar spectrum which has its implications for
the formation of primordial black holes. However for
n ¼ 6, the spectral index, ns lies in the allowed red
spectrum region, as usual. Thus, we find that the model
corresponding to n ¼ 4, incompatible in case of CI, has
rather interesting implications in the framework of WI.
Let us make a remark on the possibility of baryogenesis
in the paradigm of warm quintessential inflation under

(a) (b)

FIG. 6. In case of linear dissipation regime, figure (a) and (b) show a range of parameter λ (shown in the bar) for cases n ¼ 4 and 6,
respectively, which is compatible with the Planck2018þ lensingþ BK15þ BAO [2] constraint on ns and r.

(a) (b)

FIG. 7. In case of cubic dissipation regime figure (a) and (b) shows a range of parameter λ (shown in the bar) for cases n ¼ 4 and 6,
respectively, which is in compatible for the Planck2018þ lensingþ BK15þ BAO [2] constraint on ns and r.
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consideration. As stated earlier, in this case, the field enters
the kinetic regime after inflation ends and stays there for a
long time and provides with an arena for producing baryon
asymmetry in the thermal equilibrium a la spontaneous
baryogenesis, Leff ¼ λ0∂μϕJ

μ
B/M, where JμB is noncon-

served baryonic current, M is a cut scale and λ0 is coupling
parameter [37]. In this framework, we can analytically
estimate the freeze out values of asymmetry, ηF and the
corresponding temperature2 as a function of Q, see Fig. 8,
details are deferred to our future investigations [38].

IV. RELIC GRAVITATIONAL WAVES AND
OBSERVATIONAL CONSTRAINTS

One of the important features of inflationary scenarios
includes the quantum mechanical production of relic
gravity waves whose experimental detection would provide
a clean signal for falsification of the paradigm. The
framework of quintessential inflation has a generic feature,
namely, it is necessarily followed by kinetic regime which
gives rise to blue tilt in the spectrum of gravity waves. The
detection of stochastic background of these waves is a
challenge to the forthcoming gravitational wave missions.
In this section, we study the production and postinfla-
tionary evolution of relic gravity waves in the set up of
warm inflation.3

The GW are tensor fluctuations hij in the “linearized”
space-time metric: ds2 ¼ dt2 − aðtÞ2ðδij þ hijÞdxidxj
such that hij satisfies the transverse-traceless conditions,
i.e., ∂ihij ¼ 0 ¼ hii. The tensor fluctuations satisfy the

Klein-Gordon equation in vacuum, □hij ¼ 0 and has the
plane wave solution in the form,

hijðt;xÞ ¼
1

ð2πÞ3=2
Z

d3k
X
α¼þ;×

ϵαijðkÞhαkðt;kÞeik·x; ð4:1Þ

where ϵαij is the polarization tensor symmetric in i, j and α
represents two polarization states: þ;×. By redefining the
time-coordinate to conformal time dτ ¼ dt

aðtÞ, the GW

equation in the momentum space can be written as

hαk
00ðτÞ þ 2Hhαk

0ðτÞ þ k2hαkðτÞ ¼ 0; ð4:2Þ

where k≡ jkj, 0 ≡ d
dτ and H ¼ a0

a is the conformal Hubble
parameter. The spectrum of primordial GW is defined as an
interval in its energy density per logarithmic frequency per

critical density ρcðτÞ≡ 3H2ðτÞ
8πG ,

ΩGWðτ; kÞ≡ 1

ρcðτÞ
dρGW
d ln k

; ð4:3Þ

where ρGW is the GW energy density, and is expressed as

ρGW ¼ 1

16πG

Z
k

0

d3k
ð2πÞ3

k2

a2
X
α¼þ;×

jhαk j2

¼ k5

160π3Ga2
X
α¼þ;×

jhαk j2: ð4:4Þ

By using Eqs. (4.3) and (4.4), the GW energy density
parameter at present epoch ðt ¼ t0Þ can be expressed in
terms of tensor power spectrum Δ2

TðkÞ as

(a) (b)

FIG. 8. Plots (a) and (b) show the contours obtained between constant coupling parameterQ and λ for n ¼ 4 and 6, respectively. Each
contour represents a value of freezing temperature TF [37] as shown in the bar (on right side).

2As a first check, we assume here coupling to be constant.
3For some recent developments of GW production, readers are

urged to go through [39–41].
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ΩGW;0¼
1

12

�
k2

a20H
2
0

�
Δ2

TðkÞ; whereΔ2
TðkÞ≡k3

π2
X
α¼þ;×

jhαk j2:

ð4:5Þ

In order to estimate the GW spectrum Δ2
TðkÞ at present

epoch from the primordial spectrum, let us use the relation

Δ2
TðkÞ ¼ PTðkÞT2ðkÞ; ð4:6Þ

where PTðkÞ is the primordial tensor power spectra and is
already defined in Eq. (3.16) whereas T2ðkÞ is the transfer

function which determines the change or evolution in the
shape of PTðkÞ as the Universe goes through different eras
which leads to a change in the profile of the observed power
spectra4

T2ðkÞ ¼ 1

2

�
aðkÞ
a0

�
2

; ð4:7Þ

where aðkÞ represents the scale-factor when a particular k
mode crosses the horizon. The rate of expansion of the
Universe during different eras is given by the Hubble
parameter as [37]

HðaÞ ¼ H0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΩϕðaÞ þΩr;0

�
g�
g�0

��
g�s
g�s0

�
−4=3

�
a
a0

�
−4

þ Ωm;0

�
a
a0

�
−3

s
; ð4:8Þ

where g�s denotes the effective relativistic degrees of
freedom for entropy density. From the above Eq. (4.8),
one can determine the scale factor at the moment when
different k− modes crosses the horizon in different eras

aðk�Þ ¼

8>><
>>:

arðkrk Þ1=2; Kinetic regime

ð g�g�0Þ1=2ð
g�s
g�s0

Þ−2=3 H0Ω
1=2
r;0

k ; RDE

Ωm;0
H2

0

k2 ; MDE

ð4:9Þ

Here, we have used a0 ¼ 1 and relation k� ¼ a�H�. Here,
ar represents the scale factor at the beginning of the
radiation era and kr represents the mode which enters
inside the horizon at that epoch. One can also find out the
amount of energy GW carries at present epoch which had
entered the horizon in different epochs. From Eqs. (4.7),
(4.8), and (4.9) we get,

ΩKD
GW;0 ¼ ΩRD

GW;0

�
k
kr

�
; k ∈ ðkr; kend� ð4:10Þ

ΩRD
GW;0 ¼

1

6π2
Ωr;0H2�
M2

pl

�
g�
g�0

��
g�s
g�s0

�
−4=3

; k ∈ ðkeq; kr�

ð4:11Þ

ΩMD
GW;0 ¼

1

6π2
Ω2

m;0H
2�

M2
pl

H2
0

k2
; k ∈ ðk0; keq�: ð4:12Þ

where k0; kr; keq and kend are the modes which enters inside
the horizon at present epoch, radiation dominated era,
equality epoch and at the end of inflation, respectively.

Note that the modes which enters during the RDE the GW
amplitude of them is independent of their frequency.
Let us now briefly describe the evolution of radiation

and field densities in postinflationary era and their impact
on the production of relic GWs. For this, we make an
assumption that after inflation, the radiation and field now
evolve independently.

ρr ¼
�
aend
a

�
4

ρrðendÞ; where ρrðendÞ ¼
QendVend

2ðQend þ 1Þ ;

ð4:13Þ

whereas,

ρϕ ¼
�
aend
a

�
6

ρϕðendÞ; where ρϕðendÞ ¼
ð3Qend þ 4ÞVend

3ðQend þ 1Þ :

ð4:14Þ

Soon after inflation ends, scalar field enters the kinetic
regime; field energy density is much smaller than ρr which
however redshifts slower than ρðϕÞ ∼ a−6 and at a particu-
lar epoch takes it over. The epoch when both energy
densities becomes equal i.e., ρr ¼ ρϕ would be referred to
as reheating. The scale factor at reheating can be estimated
by equating Eq. (4.13) and (4.14) as,

arh ¼ aend

�
ρϕðendÞ
ρrðendÞ

�
1=2

: ð4:15Þ

Also, the reheating temperature Trh can be expressed as

Trh ¼ Tend

�
aend
arh

�
: ð4:16Þ

Let us emphasize that Tend for WI is usually larger than
its counter part in framework of CI, for e.g., by taking

4Note that the factor 1=2 corresponds to the root-mean-square
value of ΩGW;0.
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fn;λ;V0;CTðCϕÞg¼f6;10−3;10−10;10−4.5ð104.5Þg, Tend ≃
10−4Mpl, which is around one order of magnitude larger
than that in the paradigm of CI. Also, for the same
value of model parameters we find arh ¼ 96.1aend and
28.5aend and Trh ¼ 1.24 × 10−6Mpl and 7.71 × 10−6Mpl

for the linear and cubic case, respectively. Hence we
find that the reheating temperature Trh in WI is larger
than that of the CI value (see fig. (9). The transition
frequencies f ¼ k=2π can be determined from the relation
k ¼ aH as

at present∶

f0 ¼
a0H0

2π
≃ 3.5 × 10−19 Hz;

at matter-radiation equality∶

feq ¼
aeqHeq

2π
≃ 1.6 × 1017 Hz;

at radiation-dominated era∶

fr ¼
arHr

2π
≃ 3.896 × 1011Trh Hz;

at the end of inflation∶

fend ¼
Hend

2π

�
T0

Tend

�
Hz; ð4:17Þ

where T0 ¼ 2.73 K and we have used g� ¼ 106.75. By
using Eqs. (4.9)–(4.17), GW energy densities can be
expressed as

ΩRD
GW;0h

2 ¼ ð2.08 × 10−3Þh2Vðϕ�ÞΩr;0

M4
pl

; ð4:18Þ

ΩKD
GW;0h

2¼ð1.57×10−14Þh2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Qendþ14

p
Vðϕ�ÞΩr;0fffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

QendVend
4
p

M3
pl

�
arh
aend

�
;

ð4:19Þ

ΩMD
GW;0h

2 ¼ h2f20Vðϕ�ÞΩ2
m;0

18π2f2M4
pl

: ð4:20Þ

It has been pointed out in [42] that it is the transition from
inflationary era to kinetic regime which gives the largest
contribution to the energy of relic GW. Therefore, the
amplitude of GW from the transition can be expressed as

Ωmax
GW;0 ¼ ΩRD

GW;0

�
ar
aend

�
: ð4:21Þ

The big bangnucleosynthesis (BBN) puts strong constraint
on this peak value of relic GW: ΩGW;0h2 < 1.12 × 10−6.
Let us note that the gravitational particle production though
is a Universal process but challenged by BBN constraint

which is related to the inefficiency of the process or relative
smaller value of radiation energy density produced in the this
process.
The network of ground based detectors such as KAGRA

[43], advanced LIGO [44] and Virgo [45] would be able to
probe GW background up to Ω ∼ 10−9 for frequencies
around 102 Hz as their proposed sensitivities are reached in
near future. As for the proposed satellite detectors LISA
[46] and DECIGO [47], they would probe lower frequency
band 10−1 − 10−3 Hz, whereas SKA [48] will access GW
background with frequencies of the order of 10−8 Hz.
We have plotted our numerical results in Fig. 10 for

n ¼ 4 and n ¼ 6 which shows the spectra of stochastic
background of relic gravity waves for different values of
CT . Let us note that, ΩRD

GW;0 ΩMD
GW;0 depend upon H� [see,

Eqs. (4.3) and (4.13)] which is weakly dependent on CT
(see Fig. (9)) thereby this part of the spectrum is practically
same as in case of CI. However, ΩKD

GW;0 is inversely
proportional to frequency at the commencement of radia-
tive regime, f ¼ fr [see Eq. (4.10)] which, in turn, is
directly proportional to the reheating temperature Trh [see,
Eq. (4.17)]. As for Trh, it increases with the increase in CT
(see Fig. 9)5; as a result, the GW spectrum gets modified:
(1) In the WI scenario, the blue spectrum gets shifted
toward higher frequency region and (2). The GWamplitude
is slightly suppressed compared to the case of cold
inflation,6 (see, Fig. 10). Let us emphasize that in the
standard framework,7 inflation is followed by radiative
regime and thus the blue spectrum, k ∈ ðkr; kendÞ (in the
high frequency regime) is absent in that case. In the

FIG. 9. Variation ofH�, Trh and Tend with CT ∈ ½5 × 10−4; 0.1�
for n ¼ 6 and λ ¼ 10−4.

5Tend also has similar behavior.
6For smaller values of CT , our results move closer to the ones

predicted by the framework of CI as it should be.
7It refers to usually considered model of inflation in which the

inflaton enters the oscillatory regime after inflation and decays
giving rise to (p)reheating.
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scenario under consideration, the part of the spectrum
corresponding to k ≤ kr, does not significantly differ from
the one predicted by the standard inflationary scenario and
might be probed in near future by the proposed GW
missions.8 As for the blue spectrum—the distinguished
feature of the quintessential inflation, it appears in the high
frequency band. The present proposed sensitivities would
miss this novel feature until they are improved to explore
the high frequency region of the spectrum [49–59] and this
certainly throws a challenge to future missions on the hunt
of relic gravity waves.

V. CONCLUSION

In this paper, we have investigated a class of inflationary
models dubbed quintessential inflation, in presence of
nonzero temperature, which arises due to the field-radiation
coupling. During inflation, the field dissipates into the
radiation and causes the radiation to finally become dom-
inant in the postinflationary era. Although, our study is
based on the weak dissipative regime (Q� ≤ 1Þ but we have
shown that even if the coupling is small it has significant
effects that not only allows us to make different theoretical
predictions compared to the cold inflationary scenario but
also turns out to be more promising when it comes to satisfy
the observational constraints. We have considered the
generalized exponential potential which gives rise to a
successful inflationary scenario followed by the kinetic
regime before the commencement radiative regime. Our
investigations show that the field-radiation coupling allows
us to satisfy the observational constraints for values of
parameters ruled out in the cold inflationary scenario by
Planck results. As discussed briefly, the coupling also (by
maintaining thermal equilibrium) provides with a natural
setup for spontaneous baryogenesis to take place during

kinetic regime. The freeze-out temperature, in this case,
turns out to be proportional to the coupling parameter and
always satisfies the constraint TF < Trh, detailed results
would be reported elsewhere [38].
Furthermore, we study the impact of the coupling on the

production of the GW energy densities, the major con-
tribution of which comes from the transition from inflation to
kinetic regime. We find that for the values of the model
parameters which might be challenged by the BBN con-
straint, the presence of coupling, gives rise to some relax-
ation in complete agreement with the bounds obtained from
the Planck results on ns and r. Our numerical results are
displayed in Fig. 10 which shows that the blue spectrum,
caused by the kinetic regime after inflation ends, gets shifted
toward higher frequencies and GW amplitude is slightly
suppressed compared to the case of cold inflation. This
behavior is attributed to the fact that the frequency of GWat
the commencement of kinetic regime denoted by kr depends
upon reheating temperature which is higher for larger values
of CT , see Fig. 9. As for the lower frequency part of the
spectrum, k ≤ kr, it depends uponH� which is insensitive to
CT . This part of the spectrum repeats the predictions of
quintessential inflation in the cold background and might be
probed by DECIGO in near future, see Fig. 10. We once
again emphasize that the blue spectrum in the high frequency
region is the distinguished feature of the paradigm of
quintessential inflation. The proposed missions on the hunt
of relic gravity waves are likely to miss the said novel feature
until their sensitivities are improved to explore the high
frequency region of the spectrum [49–57].
Let us confront the discussed mechanism of production of

relic gravity waves with the one due to first order phase
transitions in the early universe, in particular the QCD phase
transition [60]. In the latter case, the structure ofGWspectrum
is significantly different from its counterpart obtained in the
case of quintessential inflation. Let us note that, in the
case under consideration, in the lower frequency region,
k ≤ kr, the order of magnitude of GW amplitude might be

FIG. 10. The relic gravitational wave spectrum for linear dissipation; left figure corresponds to the n ¼ 4 and right figure n ¼ 6 cases
respectively. Also the green, blue, and red patches corresponds to the LISA, DECIGO and LIGO (different stages) bounds.

8The DECIGO proposed sensitivity has little overlap with the
predictions (ΩGW ∼ 10−16) for k ≤ kr or f ≤ fr.
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comparable to the one produced by QCD phase transition9;
however, the blue part of the spectrum (in the high frequency
region, k ≥ kr) is the novel feature of the unified model of
inflation and late time acceleration (Fig. 10).
Another issue, which might need a serious theoretical

explanation, is the observed anomaly at the low multipole
in the CMB power spectrum as observed by Planck as well
as WMAP. Many explanations [61–65] have been put
forward and on that note it would be exciting to check
if a warm quintessential inflation due to the presence of
interactions, could explain such an effect in the large scales
of the CMB. Also, an interesting issue is associated with
the inflationary scenario in which inflaton is a composite
scalar[66]. Second, in cubic case when ϒ is proportional to
T3, we found the blue scalar power spectrum, i.e., ns ≥ 1
for some values of model parameters (see Fig. 11)10 which

could be an interesting feature to study the formation of
the primordial black holes. Last but not least, since, the
model under consideration unifies early and late-time
phases of cosmic acceleration, it also becomes important
to study the effects of coupling on the late time evolution
[67]. And we defer the study of these issues to our future
investigations.
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