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We investigate theweak and strong deflection gravitational lensing by the hairy black holes in theEinstein-
scalar-Gauss-Bonnet (EsGB) gravitywith five types of coupling functions (quadratic, cubic, quartic, inverse-
polynomial, and logarithmic), which can evade the no-hair theorem. The lensing observables are found and
the possibility of detecting the effects of the scalar hair is analyzed. We find that all of the shadows cast by
these black holes are consistent with the measurement by the Event Horizon Telescope, while other lensing
observables are beyond the present capacity. Therefore, it is currently impossible to distinguish these black
holes from the Schwarzschild one and from each other merely by their lensing signatures, leaving testing the
EsGB gravity by gravitational lensing until new technology is available.
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I. INTRODUCTION

Inspired by the low energy effective string theory [1,2],
an Einstein-scalar-Gauss-Bonnet (EsGB) theory is of great
interest, because its nonminimal coupling between the
Gauss-Bonnet invariant and a dynamical scalar field can
avoid Ostrogradski instability or ghosts [3,4] and it has
richer phenomena than Einstein’s general relativity (GR)
does. As a subclass of the EsGB gravity, an Einstein-
dilaton-Gauss-Bonnet (EdGB) theory has its scalar field
with shift symmetry representing the dilaton [5]. Such a
theory can possess hairy black hole solutions [6,7]. It was
recently realized that, beyond the shift symmetry, the EsGB
theory with appropriately chosen coupling functions con-
necting the Gauss-Bonnet invariant and the scalar field
might also allow for the existence of black hole solutions
with the scalar hair [8–18].
In contrastwith black holes inGR, these hairy EsGBblack

holes might have interesting and different features, since the
scalar hair could change in a very large range. Therefore, it is
necessary to confront theoretical predictions of these black
holes with empirical observation for better understanding of
the EsGB gravity. For observation via gravitational waves,
the quasinormal modes of the hairy black holes have been
widely investigated [19–21]. It was also found [22] that the
hairy black holes in the EsGB theory satisfy current con-
straints on the speed of gravitational waves constrained by
GRB 170817A and GW170817 [23,24]. For observations
via electromagnetic waves, the shadow cast by a hairy black
hole in the EdGB theory was studied by a numerical method

and it was found that it is always smaller than that of a Kerr
black holewith the samemass and angular momentum under
similar observation conditions [25]. The shadowsof the hairy
black holes in the EsGB theorywith other coupling functions
were examined [26] by using the analytic expressions for
their metrics with the method of the continued-fraction
approximation [27]. It was claimed [26] that the analytic
expressions are matched with the numerical ones very well
within∼1% and the scalar hair can make the shadows bigger
than that of the Schwarzschild black hole. However, gravi-
tational lensing signatures of these hairy black holes are
barely known and relevant studies are still absent, requiring a
detailed investigation.
Gravitational lensing has been an invaluable tool for

providing insights on spacetimes [28]. In theweak deflection
scenario, the bending angle is much less than 1 and its lensed
images can be routinely observed in practice. The weak
deflection gravitational lensing has been intensively studied
and employed in astronomy [29–32] and in gravitational
physics [33–39]. In the strong deflection scenario, the
bending angle is much bigger than 1 so that a photon can
round a black hole by more than one circle. The strong
deflection gravitational lensing results in an escape cone of
light or “shadow” [40], relativistic images [41] (see
Refs. [42,43] for reviews) and photon rings [44–46]. The
shadow of the supermassive black hole M87* has been
directly imaged by the Event Horizon Telescope (EHT) and
its diameter was measured as about 42 microarcsecond (μas)
[47–52], leading to tests beyond the first post-Newtonian
order [53] (see further discussion in Refs. [54,55]) and of the
black holegeometry in thevicinity of the circular photon orbit
[55]. Nevertheless, the relativistic images and photon rings*yixie@nju.edu.cn
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are currently inaccessible due to their tiny separation and
exceeding faintness [56,57] and very narrow width [44–46].
If the relativistic images andphoton ringswould be accessible
in the future with the help of new technology, such as a space
interferometry, they could be beneficial for understanding
black holes [56,58–61], searching and distinguishing differ-
ent kinds of them [62–66], and providing a precise gravita-
tional test in the strong field [67].
Motivated by these considerations and taking the ad-

vantage of combining the weak and strong deflection
gravitational lensing to provide a whole picture [68–74],
we will investigate these two complementary kinds of
gravitational lensing by the hairy black holes in the EsGB
theory in the present work for understanding their full
lensing signatures.
The paper is organized as follows. In Sec. II, the

spacetime for the hairy EsGB black holes is briefed and
the generic setup for the gravitational lensing is reviewed.
We obtain the observables in the weak deflection gravita-
tional lensing by the hairy black holes in Sec. III, including
positions, magnifications, and time delays of the lensed
images, and discuss their observability by taking the
supermassive black hole in the Galactic Center Sgr A*
as lens. The observables in the strong deflection gravita-
tional lensing, such as the apparent radius of the shadow as
well as the angular separation, brightness difference, and
time delays between the relativistic images are found out in
Sec. IV. By taking Sgr A* and M87* as lenses, their
observability is estimated and analyzed. We conclude and
discuss our results in Sec. V.

II. BLACK HOLES IN ESGB GRAVITY AND
GRAVITATIONAL LENSING

A. Black holes in EsGB gravity

A general theory of EsGB gravity reads (G ¼ c ¼ 1)
[10–12]

S ¼ 1

16π

Z
d4x

ffiffiffiffiffiffi
−g

p �
R −

1

2
∇μϕ∇μϕþ α̃fðϕÞR2

GB

�
; ð1Þ

where α̃ is the coupling constant, fðϕÞ is the coupling
function, and R2

GB is the Gauss-Bonnet invariant

R2
GB ¼ R2 − 4RμνRμν þ RμνρσRμνρσ: ð2Þ

It admits black hole solutions which might evade the no-
hair theorem [10–12]. While these solutions have generally
been found by numerical methods [10–12], we consider
their representation under the continued-fraction approxi-
mation [27] because such an analytic method of approxi-
mation has sufficient accuracy compared to the numerical
methods and it provides an easier way to apply. Under the
continued-fraction approximation, the static and spheri-
cally symmetric black hole solutions valid from the event
horizon to the infinity were obtained as [26]

ds2 ¼ −AðrÞdt2 þ BðrÞdr2 þ r2ðdθ2 þ sin2 θdφ2Þ; ð3Þ

where

AðrÞ ¼ 1 −
2M
r

þ 8M3ða1 þ a2ϵÞ
a2ð1þ ϵÞ3r3

−
8M3a1

a2½ð1þ ϵÞð1þ a2Þr − 2Ma2Þ�ð1þ ϵÞ2r2 ; ð4Þ

BðrÞ ¼ 1

AðrÞ
�
1þ 4M2b1

½ð1þ ϵÞð1þ b2Þr − 2Mb2�ð1þ ϵÞr
�

2

;

ð5Þ
and the r-dependent scalar field was found as [26]

ϕðrÞ ¼ ϕ∞ þ log

�
1þ 2Mf0

ð1þ ϵÞr

þ 4M2f1
½ð1þ ϵÞð1þ f2Þr − 2Mf2�ð1þ ϵÞr

�
: ð6Þ

Here,M is the asymptotic mass of the black hole and ϕ∞ is
the asymptotic value of the scalar field. The continued-
fraction coefficients fϵ; a1; a2; b1; b2;ϕ∞; f0; f1; f2g rely
on the specific choice of the form of fðϕÞ, whereas all of
them are the functions of p ∈ ½0; 1� [26]. Following the
convention of Ref. [26] that chooses to fix 4α̃r−2h ¼ 1,
where rh is the radius of the event horizon, p is defined as

p ¼ 6_fðϕhÞ2; ð7Þ
where ϕh is the value of the scalar field evaluated at the
event horizon of the black hole and a dot denotes the
derivative with respect to ϕ. Based on five types of coupling
functions of the EsGB gravity that are quadratic, cubic,
quartic, inverse-polynomial, and logarithmic ones
fðϕÞ ¼ fϕ2;ϕ3;ϕ4;ϕ−1; logðϕÞg, their continued-fraction
coefficients have been worked out in Ref. [26] and they are
adopted and shown in the Appendix for completeness and
convenience. Although p can more easily parametrize the
continued-fraction coefficients, it has less physical meaning
than ϕh. It was found [26] that the specific form of fðϕÞ
also determines the range of ϕh, which is quite different
from each other among the five coupling functions. When
ϕh is non-negative,

(i) ϕh ∈ ½0; 24−1=2� for fðϕÞ ¼ ϕ2;
(ii) ϕh ∈ ½0; 54−1=4� for fðϕÞ ¼ ϕ3;
(iii) ϕh ∈ ½0; 96−1=6� for fðϕÞ ¼ ϕ4;
(iv) ϕh ∈ ½61=4;þ∞Þ for fðϕÞ ¼ ϕ−1;
(v) ϕh ∈ ½61=2;þ∞Þ for fðϕÞ ¼ logðϕÞ.

In order to describe ϕh in a unified manner for all of the
coupling functions, we define a normalized indicator ξ as

ξ ¼ ϕh − ϕh;min

ϕh;max − ϕh;min
; ð8Þ
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where ϕh;min and ϕh;max are the minimum and maximum
values for the ϕh. Since ϕh for fðϕÞ ¼ fϕ−1; logðϕÞg can
reach infinity, we set a sufficiently large cutoff on its
absolute value as ϕh;max ¼ 30.
In the weak field limit, the metric functions AðrÞ, BðrÞ,

and the scalar field ϕðrÞ can be expanded as [10,12,14,75]

AðrÞ ¼ 1 −
2M
r

þQ2

12

�
M
r

�
3

þO
�
M
r

�
4

; ð9Þ

BðrÞ ¼ 1þ 2M
r

þ 16 −Q2

4

�
M
r

�
2

þ 32 − 5Q2

4

�
M
r

�
3

þO
�
M
r

�
4

; ð10Þ

ϕðrÞ ¼ ϕ∞ þQ
M
r
þQ

�
M
r

�
2

þ 32Q −Q3

24

�
M
r

�
3

þO
�
M
r

�
4

; ð11Þ

where Q is a dimensionless parameter defined by the ratio
of the mass of the black hole to its scalar charge and the
continued-fraction approximation of Q is [26]

Q ¼ 2f0
1þ ϵ

: ð12Þ

It is distinct that Q only depends on ϵ and f0 and AðrÞ and
BðrÞ reduce to those of the Schwarzschild black hole as Q
vanishes. Figure 1 showsQwith respect to p and ξ in its top
and bottom panels. When Q is parametrized by p (see top
panel in Fig. 1), the curves of Q for fðϕÞ ¼ fϕ3;ϕ4g (in
green and orange) almost coincide with each other so that it
is hard to tell their maximum absolute difference about
7 × 10−4. However, when Q is parametrized by ξ (see
bottom panel in Fig. 1), these two curves are separated by a
narrow but clear gap. It well demonstrates the mathematical
convenience of p and the physical clearness of ξ.
In the following investigation on gravitational lensing,

the metric (3) with the continued-fraction approximated (4)
and (5) will be used for the strong deflection gravitational
lensing to take the strong field into account, while the one
with the weak-field expansion (9) and (10) will be adopted
for the weak deflection gravitational lensing since it is
sufficient for the weak field.

B. Gravitational lensing

The exact bending angle of a light ray caused by the
black hole in EsGB theory (3) is [76]

α̂ ¼ 2

Z
∞

r0

r0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
AðrÞBðrÞp

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2Aðr0Þ − r20AðrÞ

p dr − π; ð13Þ

where r0 is the closest approach of the light ray and it
relates to the impact parameter b by

r0 ¼ b
ffiffiffiffiffiffiffiffiffiffiffi
Aðr0Þ

p
: ð14Þ

When r0 is much larger than the gravitational radius ∼2M
of the black hole, α̂ will be much smaller than 1 and the
bending angle (13) can be handled by the small-angle
approximation, resulting in weak deflection gravitational
lensing. When r0 is comparable with ∼2M, α̂ will be much
bigger than 1, giving the strong deflection gravitational
lensing.
Finding lensing observables needs the lens equation,

which describes the relation among the source, the lens, and
the observer. We assume that the source and the observer
are in the asymptotically flat regions of the lens so that the
lens equation is taken as [58]

tanB ¼ tanϑ −D½tanϑþ tanðα̂ − ϑÞ�; ð15Þ

where B is the angular position of the source, ϑ ¼
arcsinðbd−1L Þ is the angular position of the image with
dL being the distance from the lens to the observer, and
D ¼ dLS=dS with dLS and dS being the distances, respec-
tively, from the lens to the source and from the source to the

FIG. 1. Q against p (top) and ξ (bottom) for
fðϕÞ ¼ fϕ2;ϕ3;ϕ4;ϕ−1; logðϕÞg.
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observer. The magnification of a lensed image at the
angular position ϑ is defined as [77]

μðϑÞ ¼
�
sinBðϑÞ
sin ϑ

BðϑÞ
dϑ

�
−1
: ð16Þ

Furthermore, if the brightness of the source is changing,
it would be able to measure the time delay between the
lensed images. The time delay of a lensed image is given by
the difference between the light travel time with and
without the lens [33]

τ ¼ TðRsrcÞ þ TðRobsÞ −
dS

cosB
; ð17Þ

where Rsrc ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2LS þ d2S tan

2 B
p

, Robs ¼ dL, and the func-
tion TðRÞ is

TðRÞ ¼
Z

R

r0

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Aðr0ÞBðrÞ

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
AðrÞ½r2Aðr0Þ − r20AðrÞ�

p dr: ð18Þ

These formulas lay the foundations of the following
investigation on the weak and strong deflection gravita-
tional lensing by the hairy black holes in EsGB theory.

III. WEAK DEFLECTION GRAVITATIONAL
LENSING

A. Bending angle

In the weak field, the impact parameter b slightly
deviates from r0 because Aðr0Þ is close to 1 when
r0 ≫ 2M. Therefore, after expanding the right-hand side
of Eq. (14) in powers ofMb−1 by using Eq. (9), we can find

r0 ¼ b

�
1 −

�
M
b

�
−
3

2

�
M
b

�
2

−
�
4 −

Q2

24

��
M
b

�
3

þO
�
M
b

�
5
�
: ð19Þ

Then, following the procedure proposed in Ref. [33], we
can obtain the bending angle for the weak deflection
gravitational lensing by the hairy EsGB black hole as

α̂ðbÞ ¼ 4

�
M
b

�
þ
�
15π

4
−
πQ2

16

��
M
b

�
2

þ
�
128

3
−
4Q2

3

��
M
b

�
3

þO
�
M
b

�
4

: ð20Þ

Since the existence of Q diminishes the coefficients of
Mnb−n (n ≥ 2), such a bending angle will always be
smaller than the one of the Schwarzschild black hole.

B. Image positions, magnifications, and time delay

For the sake of convenience, we make the following
rescaling [33]:

β ¼ B
ϑE

; θ ¼ ϑ

ϑE
; ε ¼ ϑ•

ϑE
; τ̂ ¼ τ

τE
; ð21Þ

where ϑE is the angular Einstein ring radius as

ϑE ¼
ffiffiffiffiffiffiffiffiffiffiffi
4MD
dL

s
; ð22Þ

ϑ• ¼ tan−1ðM=dLÞ is the angular gravitational radius of the
black hole, τ is the time delay, and τE is the characteristic
scale for the time delay

τE ¼ 4M: ð23Þ
It is assumed that both the source and the observer are
sufficiently far from the lens in the weak deflection gravi-
tational lensing so that ε can be treated as a small parameter.
Therefore, the image position can be expanded into a

series

θ ¼ θ0 þ εθ1 þ ε2θ2 þOðε3Þ; ð24Þ
where θ0;1;2 are the zero-, first-, and second-order approxi-
mation of the image position. Substituting Eq. (24) into the
lens equation (15) andmaking use of the bending angle (20),
we can find the image position order by order in terms of ε as

θ0 ¼
1

2
ðηþ βÞ; ð25Þ

θ1 ¼
πð60 −Q2Þ
64ð1þ θ20Þ

; ð26Þ

θ2 ¼
1

θ0ð1þ θ20Þ3
�
16 −

225

256
π2 þ

�
32 −

225

128
π2
�
θ20

− 16Dθ20ð1þ θ20Þ2 þ
8D2

3
ð1þ θ20Þ2ð−2þ 6θ20 þ θ40Þ

þ Q2

1536
½45π2ð1þ 2θ20Þ − 512ð1þ θ20Þ2�

−
π2Q4

4096
ð1þ 2θ20Þ

�
; ð27Þ

where

η ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ β2

q
: ð28Þ

The scalar field does not affect the leading term of the image
position θ0 but it changes its first- and second-order terms
which reduce to those of the Schwarzschild black hole at
Q ¼ 0. Following the convention of Ref. [33] that the
angular positions of the lensed images are positive, we
can obtain the positive- and negative-parity images by
setting β ¼ �jβj that

θ�0 ¼ η� jβj
2

; ð29Þ
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θ�1 ¼ πð60 −Q2Þ
32ηðη� jβjÞ ; ð30Þ

θ�2 ¼ 1

η3ðη� jβjÞ4
�
1024 −

675π2

16
−
225π2β2

16
þ 768β2 þ 128β4 − 128Dð8þ 18β2 þ 8β4 þ β6Þ þ 64

3
D2ð40þ 134β2

þ 79β4 þ 16β6 þ β8Þ þQ2

�
45π2

32
−
64

3
þ 15π2β2

32
− 16β2 −

8

3
β4
�
−
π2Q4

256
ð3þ β2Þ

�

� jβj
η2ðη� jβjÞ4

�
512 −

675π2

48
þ 128β2 − 128Dð8þ 6β2 þ β4Þ þ 64

3
D2ð52þ 53β2 þ 14β4 þ β6Þ

þQ2

�
15π2

32
−
32

3
−
8

3
β2
�
−
π2Q4

256

�
: ð31Þ

Using a similar procedure, the magnification μ of a
lensed image can be also found as a series according
to ε

μ ¼ μ0 þ εμ1 þ ε2μ2 þOðε3Þ; ð32Þ

where

μ0 ¼
θ40

θ40 − 1
; ð33Þ

μ1 ¼ −
πθ30ð60 −Q2Þ
64ð1þ θ20Þ3

; ð34Þ

μ2 ¼
θ20

ðθ20 − 1Þðθ20 þ 1Þ5
�
−32θ20 − 64θ40 þ

675π2θ40
128

− 32θ60 − 32Dθ20ð1þ θ20Þ2

þ 8D2

3
ð1þ θ20Þ2ð1þ 16θ20 þ θ40Þ

þ 2Q2

3

�
θ20 þ 2θ40 −

135π2

512
θ40 þ θ60

�

þ 3π2Q4

2048
θ40

�
; ð35Þ

while the magnifications for the positive- and negative-
parity images are, respectively, given by

μ�0 ¼ 1

2
� 2þ β2

2jβjη ; ð36Þ

μ�1 ¼ −
πð60 −Q2Þ

64η3
; ð37Þ

μ�2 ¼ � 1

jβjη5
�
675π2

128
− 128 − 32β2 − 32Dð4þ β2Þ

þ 8D2

3
ð72þ 22β2 þ β4Þ

þQ2

3

�
8þ 2β2 −

135π2

256

�
þ 3π2Q4

2048

�
: ð38Þ

Like the image position, the influence of the scalar field
begins to manifest from the first-order term of the
magnification.
If the two lensed images are unable to be practically

resolved, the total magnification of them and their mag-
nification-weighted centroid position will be the observ-
ables. The total magnification is defined as

μtot ≡ jμþj þ jμ−j
¼ ð2μþ0 − 1Þ þ 2ε2μþ2 þOðε3Þ; ð39Þ

and the centroid is given by

Θcent ¼
θþjμþj − θ−jμ−j

jμþj þ jμ−j

¼jβj β
2 þ 3

β2 þ 2
þ ε2

jβj
η2ðβ2 þ 2Þ2

�
128 −

675π2

128
þ 32β2

− 16Dβ2ð4þ β2Þ þ 8D2

3
ð−8þ 34β2 þ 13β4 þ β6Þ

Q2

�
−
8

3
þ 45π2

256
−
2β2

3

�
−
3π2Q4

2048

�
: ð40Þ

Since the first-order terms of μtot and Θcent cancel out, Q
merely appears in their second-order terms which would be
hard to detect.
With the same scheme we used above, the time span

function TðRÞ, see Eq. (18), can also be worked out
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TðRÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 − r20

q

þ r0

� ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ρ2

p
1þ ρ

þ 2 log
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ρ2

p
ρ

��
M
r0

�

þ r0

�
15π

4
−
πQ2

16
−
ð4þ 5ρÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ρ2

p
2ð1þ ρÞ2

−
�
15

2
−
Q2

8

�
sin−1ρ

��
M
r0

�
2

þO
�
M
r0

�
3

; ð41Þ

where

ρ ¼ r0
R
: ð42Þ

Then we can obtain the time delay for the positive- and
negative-parity images as

τ̂� ¼ β2

4
� jβjη

4
−
1

2
log

�
dLθ�0

2ϑ2E
4dLS

�

þ επ

16θ�0

�
15 −

Q2

4

�
þOðε2Þ; ð43Þ

and have the differential time delay between these two
images as

Δτ̂ ¼ τ̂− − τ̂þ

¼ 1

2
jβjηþ log

�
ηþ jβj
η − jβj

�
þ εjβjπ

16

�
15 −

Q2

4

�
þOðε2Þ: ð44Þ

If this delay is able to be measured up to its first-order level,
it might put a potential upper bound on Q.

C. Practical observables

For practical measurements, the dimensionless and
scaled quantities fβ; θ; μ; τ̂g must be converted to the
physical ones fB; ϑ; F; τg in which F is the observed flux
of the image and F ¼ jμjFsrc with Fsrc being the unlensed
flux of the source. Therefore, some measurable observables
up to Oðε2Þ can be constructed as [34]

Ptot ≡ ϑþ þ ϑ−

¼ E þ ε
ϑEπ

16

�
15 −

Q2

4

�
þOðε2Þ; ð45Þ

ΔP≡ ϑþ − ϑ−

¼jBj − ε
ϑEjBjπ
16E

�
15 −

Q2

4

�
þOðε2Þ; ð46Þ

Ftot ≡ Fþ þ F− ¼ 2ϑ2E þ B2

jBjE Fsrc þOðε2Þ; ð47Þ

ΔF≡ Fþ − F−

¼ Fsrc

�
1 − ε

πϑ3E
8E3

�
15 −

Q2

4

��
þOðε2Þ; ð48Þ

Scent ≡ ϑþFþ − ϑ−F−

Ftot
¼ 3ϑ2E þ B2

2ϑ2E þ B2
jBj þOðε2Þ; ð49Þ

Δτ≡ τ− − τþ

¼ dLdS
dLS

�jBjE
2

þ ϑ2E log

�
E þ jBj
E − jBj

�

þ ε
ϑEjBjπ
16

�
15 −

Q2

4

�
þOðε2Þ

�
; ð50Þ

where

E ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 þ 4ϑ2E

q
: ð51Þ

Their deviations from those of the Schwarzschild black
hole can be indicated by

δPtot ¼ Ptot − Ptot;Sch ¼ −ε
πϑE
64

Q2 þOðε2Þ; ð52Þ

δΔP ¼ ΔP − ΔPSch ¼ ε
πϑEjBjQ2

64E
þOðε2Þ; ð53Þ

δrtot ¼ 2.5 log10

�
Ftot

Ftot;Sch

�
¼ Oðε2Þ; ð54Þ

δΔr ¼ 2.5 log10

�
ΔF

ΔFSch

�

¼ ε
5πϑ3EQ

2

64 logð10ÞE3
þOðε2Þ; ð55Þ

δScent ¼ Scent − Scent;Sch ¼ Oðε2Þ; ð56Þ

δΔτ ¼ Δτ − ΔτSch

¼ −ε
dLdS
dLS

πϑEjBjQ2

64
þOðε2Þ: ð57Þ

The quantities with subscripts “Sch” mean their values for
the Schwarzschild black hole which can be easily recovered
by setting Q ¼ 0. The existence of Q due to the scalar hair
affects Ptot, ΔP, ΔF, and Δτ at the level of OðεÞ which
might be able to measure, while its effects on Ftot and Scent
are both at the order of ε2 which is expected to be far
beyond the territory of current technology.
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D. Example of Sgr A*

We estimate these observables in the weak deflection
gravitational lensing by taking the supermassive black hole
in the Galactic Center, Sgr A*, as the lens with M ¼ 4.28 ×
106 M⊙ and dL ¼ 8.32 kpc [78], because stars orbiting Sgr
A* have been regularly monitoring. We also assume a bright
source with dLS ¼ 6 × 10−4 pc, which is roughly consistent
with the periastron distance of the star S2 [78]. It leads to the
angular Einstein radius as ϑE ¼ 549 μas and the small para-
meter as ε ¼ 9.23 × 10−3. For a reference, we can find the ob-
servables given by the Schwarzschild black hole as Ptot;Sch¼
1.147 milliarcsecond (mas), ΔPsch ¼ 0.271 mas, ΔFSch=
Fsrc¼0.994, and ΔτSch ¼ 86.136 s after fixing β ¼ 0.5.
From top to bottom, Fig. 2 shows the lensing observables

of the hairy EsGB black holes Ptot, ΔP, ΔF=Fsrc, and Δτ
with respect to the normalized indicator ξ in the left y axis
and their deviations from those of the Schwarzschild black
hole δPtot, δΔP, δΔr, and δΔτ in the right y axis, where we
consider five coupling functions fðϕÞ ¼ fϕ2;ϕ3;ϕ4;
ϕ−1; logðϕÞg. Ptot for fðϕÞ ¼ fϕ2;ϕ3;ϕ4g increase with
ξ, while Ptot for fðϕÞ ¼ fϕ−1; logðϕÞg decrease with it. All
of Ptot for five coupling functions can reach the level of
about 1.1 mas, which is resolvable with current technology,
whereas their deviation δPtot from the one of the
Schwarzschild black hole is no more than 150 nanoarc-
second (nas), which is far beyond the present ability of
astronomical observation. The difference of Ptot among the
hairy EsGB black holes is even smaller than 20 nas when
ξ≳ 0.1; nevertheless, Ptot for ϕ−1 and logðϕÞ can, respec-
tively, differ from the rest of them by about -70 and -150 nas
when ξ≲ 0.1. ΔP for various fðϕÞ are all at the level of
270 μas, potentially measurable with existing capacity, but
their deviation δΔP from the one of the Schwarzschild black
hole is less than 40 nas, out of the reach of the observations.
ΔP and δΔP for fðϕÞ ¼ fϕ−1; logðϕÞg become distinctly
bigger than those for fðϕÞ ¼ fϕ2;ϕ3;ϕ4gwhen ξ≲ 0.1, but
all of them are close to each other within about 5 nas when
ξ≳ 0.1. The pattern of the normalized flux difference
ΔF=Fsrc and its deviation δΔr from the one of the
Schwarzschild black hole is similar to the one of ΔP and
δΔP. AlthoughΔF=Fsrc is at the level of 0.994 for all of the
coupling functions, their deviation δΔr is never bigger than
10−4 mag and the difference δΔr among various fðϕÞ is less
than 2 × 10−5 mag for most allowable ξ. It is possible to
detect such a ΔF=Fsrc, but δΔr is beyond the threshold of
current photometry. The pattern of Δτ and δΔτ is similar to
the one ofPtot and δPtot.Δτ is about 86.1 s for all fðϕÞ, their
absolute deviation δΔτ from the one of the Schwarzschild
black hole is less than 12 ms and the difference δΔτ among
various fðϕÞ is less than 2 ms for ξ≳ 0.1. Both of the time
signals are shorter than the typical time span of an astro-
nomical session, making them inaccessible.
In a summary, after obtaining the observables for Sgr A*

in the weak deflection gravitational lensing by the hairy

EsGB black holes with various coupling functions, we find
that (i) Ptot, ΔP, and ΔF=Fsrc are able to measure but Δτ is
not; (ii) the deviations of these observables from those of
the Schwarzschild black hole are too small to be detected
for now; and (iii) the differences of the observables among
various EsGB black holes are even smaller. Therefore, we
can conclude that (i) the hairy EsGB black holes cannot be
distinguished from the Schwarzschild black hole by the
weak deflection gravitational lensing currently, and (ii) it is
impossible to tell difference among the hairy EsGB black
holes with various coupling functions by the observables of
the weak deflection gravitational lensing in the foreseeable
future.

FIG. 2. By taking Sgr A* as the lens, it shows the observables
of the weak deflection gravitational lensing by the hairy EsGB
black holes with different coupling functions fðϕÞ ¼
fϕ2;ϕ3;ϕ4;ϕ−1; logðϕÞg and their deviations from those of
the Schwarzschild black hole, where β ¼ 0.5. For the Schwarzs-
child black hole, Ptot;Sch ¼ 1.147 mas, ΔPSch ¼ 0.271 mas,
ΔFSch=Fsrc ¼ 0.994 and ΔτSch ¼ 86.136 s.
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IV. STRONG DEFLECTION
GRAVITATIONAL LENSING

When the closest approach distance r0 of a light ray
decreases to the level just a few times bigger than the
gravitational radius of a hairy EsGB black hole ∼2M, the
photon will wind several times around the lens before
arrival at the observer. In such a strong deflection gravi-
tational lensing, the resulting deflection angle α̂will exceed
2π and finally diverge at r0 ¼ rm, where rm is the radius of
the photon sphere and is defined as the biggest root to the
following equation [58,79]

rm ≡ 2AðrmÞ
A0ðrmÞ

; ð58Þ

with 0 being the derivative against r. The impact parameter
bm at the photon sphere can be found by Eq. (14) as

bm ¼ rmffiffiffiffiffiffiffiffiffiffiffiffi
AðrmÞ

p : ð59Þ

Using the CFA (4), we can easily obtain rm and bm of the
hairy EsGB black holes. In order to evaluate their accuracy,
we take the quadratic EsGB gravity as an example and
calculate their relative errors between the CFA and numeri-
cal approaches. Figure 3 shows that the relative errors of rm
and bm are well within 0.3% for p≲ 0.8 and their overall
errors are no more than 2%, demonstrating that the CFA
approach is sufficient and reliable for the study on strong
deflection gravitational lensing.

A. Strong deflection limit and observables

The deflection angle (13) can be expressed in the
logarithmic form in the strong deflection limit as [59,80]

α̂ðθÞ ¼ −ā log
�
ϑdL
bm

− 1

�
þ b̄þO½ðb − bmÞ logðb − bmÞ�

ð60Þ

where the coefficients are [80]

ā ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2AðrmÞBðrmÞ
2AðrmÞ − r2mA00ðrmÞ

s
; ð61Þ

b̄ ¼ −π þ ā log

�
2 − r2m

A00ðrmÞ
AðrmÞ

�

þ 2

Z
1

0

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
AðzÞBðzÞ

AðrmÞ − AðzÞð1 − zÞ2
s

−
ā
z

�
dz; ð62Þ

with

z ¼ 1 −
rm
r
: ð63Þ

If the source, the lens and the observer are in a nearly
collinear alignment and the source and the observer are
located in the asymptotically flat spacetime, the lens
equation (15) can be simplified as [81]

B ¼ ϑ −
dLS
dS

½α̂ðϑÞ − 2nπ�; ð64Þ

where n is the looping number of the photon winding
around the lens.
The resulting observables in the strong deflection gravi-

tational lensing contain the apparent radius of the photon
sphere (the angular size of the shadow) ϑ∞, the angular
separation s, and the brightness difference Δm between the
first relativistic image and other packed images, which
are [59]

ϑ∞ ¼ bm
dL

; ð65Þ

s ¼ ϑ∞ exp

�
b̄ − 2π

ā

�
; ð66Þ

Δm ¼ 2.5 log10

�
exp

�
2π

ā

��
; ð67Þ

and the time delay ΔT2;1 between the first two relativistic
images, which is [82]

ΔT2;1 ¼ 2πbm þ 2
ffiffiffi
2

p
ābm exp

�
b̄
2ā

�

×

�
exp

�
−
π

ā

�
− exp

�
−
2π

2ā

��
: ð68Þ

In order to demonstrate their deviations from those of the
Schwarzschild black hole, we define following indicators as

δϑ∞ ¼ ϑ∞ − ϑ∞;Sch; ð69ÞFIG. 3. The relative errors of rm and bm between the CFA and
numerical approaches.
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δs ¼ s − sSch; ð70Þ

δΔm ¼ Δm − ΔmSch; ð71Þ

δΔT2;1 ¼ ΔT2;1 − ΔT2;1;Sch: ð72Þ

The observable with subscripts Sch mean their values for the
Schwarzschild black hole which can explicitly be found in
Refs. [59,82].
It is worth mentioning that the EHT observation dis-

favors a nonrotating black hole at the center of M87 and the
inferred size of the shadow of M87* is indeed consistent
with the prediction based on a Kerr black hole [47].
Nevertheless, it is well known [83–85] that the spin of a
black hole has a very weak influence on the size of the
shadow. As shown in Ref. [53], the constraints on the
parameters in the modified theories of gravity deduced
from the observed shadow are only mildly changed when
the nonrotating metrics are used. Therefore, although the
spins of the hairy black holes in EsGB gravity are neglected
in the present work, we can reasonably expect that our
following results about the shadows of Sgr A* and M87*
are valid at least for the leading order and the EHT
observation can also be adopted to test these nonrotating
hairy black holes in a sufficiently good manner.
Meanwhile, some detailed investigation including the spins
will be our next moves.

B. Example of Sgr A*

Taking Sgr A* as the lens, the observables ϑ∞, s, Δm,
and ΔT2;1 of the hairy black holes with different coupling
functions fðϕÞ ¼ fϕ2;ϕ3;ϕ4;ϕ−1; logðϕÞg in EsGB grav-
ity (the left y axis) and their deviations from those of the
Schwarzschild black hole (right y axis) are shown in Fig. 4
from top to bottom. The angular radii of the shadows ϑ∞
range from 26 to 29 μas for all of these black holes, which
could be resolved by EHT in the future. All of these
shadows are bigger than that of the Schwarzschild black
hole, confirming the results of Ref. [26]. When ξ≲ 0.2, the
black holes with fðϕÞ ¼ fϕ−1; logðϕÞg have bigger shad-
ows than others; when ξ≳ 0.8, those with fðϕÞ ¼
fϕ2;ϕ3;ϕ4g cast larger shadows. Nevertheless, none of
their deviations from the one of the Schwarzschild black
hole δϑ∞ can become more than 2.5 μas, which is currently
not resolvable by EHT. It means that although it is possible
to detect the shadows of various hairy black holes in EsGB
gravity, they are indistinguishable from the one of the
Schwarzschild black hole and from each other with the
present technology. The angular separations s between the
first relativistic image and other packed images for all of
these black holes change from 33 to 60 nas, in which the
black holes with fðϕÞ ¼ fϕ−1; logðϕÞg can have bigger s
than others by a factor of 1.5 and 2 as ξ ≈ 0. Their
deviations δs from the one of the Schwarzschild black

hole are no more than 30 nas. Both s and δs are far beyond
the capacity of present observational resolutions. The
brightness differences Δm between the first relativistic
image and other packed images for all of these black holes
vary from 6.2 to 6.8 mag and their deviations δΔm from the
one of Schwarzschild black hole are smaller than 0.1 mag.
Δm and δΔm show opposite trends with respect to ξ in the
comparison of s and δs. The time delay between the first
two relativistic images ΔT2;1 can reach the level of 12 min,
while their deviations from the Schwarzschild black hole’s
is shorter than 0.3 min. Both of them are much shorter than
the duration of a typical observational session and thus are
unable to be measured.

FIG. 4. The observables in the strong deflection gravitational
lensing by the hairy EsGB black holes with different coupling
functions fðϕÞ ¼ fϕ2;ϕ3;ϕ4;ϕ−1; logðϕÞg and their deviations
from those of the Schwarzschild black hole are shown by taking
Sgr A* as the lens. If Sgr A* is assumed to be a Schwarzschild
black hole, then ϑ∞;Sch ¼ 26.4 μas, sSch ¼ 33.0 nas, ΔmSch ¼
6.8 mag, and ΔT2;1;Sch ¼ 11.6 min.
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In a summary, after obtaining the observables for Sgr A*
in the strong deflection gravitational lensing, we find that
(i) the hairy black holes with fðϕÞ ¼ fϕ−1; logðϕÞg have
more distinctive observables for small ξ and the observ-
ables of those with fðϕÞ ¼ fϕ2;ϕ3;ϕ4g become more
significant as ξ ≈ 1; (ii) only the apparent sizes of the
shadows for these black holes are within the ability of the
current technology and none of other observables can be
detected in the near future; (iii) the deviations of all
observables from those of the Schwarzschild black hole
are beyond the reach of the present capacity, making it
impossible to distinguish these hairy black holes from the
Schwarzschild black hole and from each other.

C. Example of M87*

By taking M87* as the lens withM ¼ 6.5 × 109 M⊙ and
dL ¼ 16.9 Mpc [52], we find its observables for the hairy
EsGB black holes and their deviations from those of the
Schwarzschild black hole, shown in Fig. 5. All of these
observables and their deviations have the same patterns as
those of Sgr A*, in which ϑ∞, s and ΔT2;1 have different
ranges but Δm remain unchanged. The angular radii of the
shadows ϑ∞ for these black holes range from 19.7 to
21.5 μas, which are all consistent with the measured
diameter of the M87 shadow 42� 3 μas by EHT [47].
But their deviations from the one of the Schwarzschild
black hole are within 2 μas, unable to be resolved for now.
The angular separations s between the first relativistic
image and other packed images for all of these black holes
are smaller than 47 nas and their deviations δs from the one
of the Schwarzschild black hole are no more than 21 nas,
both of which are far beyond the threshold of current
astronomical observation. The time delay between the first
two relativistic images ΔT2;1 can reach a few hundreds of
hours, much longer than those of Sgr A*, while their
deviations from the Schwarzschild black hole’s change
from several to tens of hours. Although both of them are, in
principle, able to be measured, the absence of sufficient
angular resolution to separate the first two relativistic
images makes such a measurement impractical.
In a summary, after assuming M87* as the lens, we find

that (i) all the apparent sizes of the shadows cast by these
hairy black holes are consistent with the measured one by
EHT; and (ii) like the case of Sgr A*, it is currently
impossible to distinguish these hairy black holes from the
Schwarzschild black hole and from each other by observing
the outcome of the strong deflection gravitational lensing
of M87*.

V. CONCLUSIONS AND DISCUSSION

In this paper, we investigate the weak and strong
deflection gravitational lensing by the black holes with
scalar hair in EsGB gravity with coupling functions
fðϕÞ ¼ fϕ2;ϕ3;ϕ4;ϕ−1; logðϕÞg. For the weak deflection
gravitational lensing, we obtain the weak deflection angle
and resulting observables including the image positions,
magnifications and time delay. After taking Sgr A* as the
lens, we find that it is possible to measure the angular
separation, the angular position difference and the bright-
ness difference between the two lensed images, while it is
currently impossible to distinguish the hairy EsGB black
holes from the Schwarzschild black hole and from each
other according to these observables. For the strong
deflection gravitational lensing, we obtain its observables,
such as the apparent size of the shadow, the angular image
separation, and the brightness difference between the first
image and other packed images, and the time delays
between the first two relativistic images. By taking Sgr

FIG. 5. The observables in the strong deflection gravitational
lensing by the hairy EsGB black holes and their deviations from
those of the Schwarzschild black hole are shown by taking M87*
as the lens. If M87* is assumed to be a Schwarzschild black hole,
then ϑ∞;Sch ¼ 19.7 μas, sSch ¼ 24.7 nas, ΔmSch ¼ 6.8 mag, and
ΔT2;1;Sch ¼ 294 h.
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A* and M87* as the lenses, we find that all of the shadows
cast by these black holes are consistent with the measure-
ment by EHT, whereas it is presently infeasible to dis-
tinguish them from the Schwarzschild black hole and from
each other by these observables.
In the real Universe, astrophysical black holes rotate.

Gravitational lensing by spinning hairy EsGB black holes
will be an interesting topic for our next move. Based on
previous studies in other scenarios [86–102], we could
expect their signatures of the gravitational lensing would be
more complicated since the spin can make the caustic
shifted and distorted. However, to our best knowledge, the
analytical form of the metric for these rotating black holes
in EsGB gravity is still absent, while the numerical one has
been obtained recently [18,103,104]. The CFA method for
axisymmetric spacetime [105] might be applied to find a
sufficiently good approximation for such a numerical
metric. Meanwhile, in order to interpret the observation
by EHT, it heavily relies on a bank of the general relativistic
magnetohydrodynamics of plasma around the Kerr black
hole with a phenomenological prescription for the emission
[51]. Nevertheless, these dedicated and highly computa-
tional costed simulations are beyond the scope of this work.
Although these missing ingredients prevent us from con-
straining the hairy black holes in EsGB gravity according to
the M87*’s shadow in a self-consistent way, our results
might still be useful and helpful because they provide
observational hints of these black holes which are of the
same order of magnitude as those for more realistic cases.
Given the fact that gravitational lensing is presently unable
to distinguish the hairy EsGB black holes from the
Schwarzschild black hole and from each other, the timelike
geodesics around these black holes, such as precessing
[106–112] and periodic [113–121] orbits, are other impor-
tant aspects to understand its features.
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APPENDIX: CFA COEFFICIENTS

For the hairy black holes in EsGB gravity with coupling
functions fðϕÞ ¼ fϕ2;ϕ3;ϕ4;ϕ−1; logðϕÞg, their CFA
coefficients in Eqs. (4), (5), and (6) can be found in the
Ref. [26]. We list these coefficients here for self-contained
completeness:
(1) fðϕÞ ¼ ϕ2

ϵ ¼ − 1
201

p2 þ 1
43
p

− 105
577

pþ 1
; ðA1Þ

a1 ¼
− 23

143
p2 þ 63

332
p

− 83
401

p2 þ p − 223
259

; ðA2Þ

a2 ¼
− 234

307
p2 þ 152

397
pþ 1

− 73
228

pþ 73
221

; ðA3Þ

b1 ¼
− 85

438
p2 þ 91

396
p

− 24
131

p2 þ p − 632
707

; ðA4Þ

b2 ¼
− 173

432
p3 þ 47

225
p2 − 106

203
pþ 1

− 25
283

pþ 20
221

; ðA5Þ

ϕ∞ ¼ − 9
56
p2 − 1

67
p

p2 þ 38
61
pþ 1

145

; ðA6Þ

f0 ¼
− 11

138
p3 þ 3

28
p2 þ 1

113
p

− 47
49
p3 þ p2 þ 84

131
pþ 1

155

; ðA7Þ

f1 ¼
63
151

p2 þ 3
46
p

113
212

p2 þ pþ 2
111

; ðA8Þ

f2 ¼
− 23

55
p3 − 30

97
p2 þ p

3
56
p3 − 31

79
p2 þ 79

211
pþ 1

8997

: ðA9Þ

(2) fðϕÞ ¼ ϕ3

ϵ ¼ − 1
186

p3 þ 7
234

p2 þ 3
409

p

pþ 34
271

; ðA10Þ

a1 ¼
− 79

638
p2 þ 11

84
p

− 124
405

p2 þ p − 233
328

; ðA11Þ

a2 ¼
− 179

182
p3 þ p2 þ 97

253
p

− 41
212

p2 þ 41
209

pþ 1
360

; ðA12Þ

b1 ¼
− 58

301
p2 þ 33

145
p

− 77
414

p2 þ p − 217
244

; ðA13Þ

b2 ¼
p3 − 119

205
p2 − 186

227
p − 1

123
19
181

p2 − 86
811

p − 1
512

; ðA14Þ

ϕ∞ ¼
1
59
p3 − 10

91
p2 þ 5

77
p

66
83
p2 þ pþ 1

1087

; ðA15Þ

f0 ¼
− 1

142
p3 þ 7

43
p2 þ 2

111
p

p2 þ 29
75
pþ 1

312

; ðA16Þ

f1 ¼
46
91
p2 þ 11

138
p

101
146

p2 þ pþ 2
119

; ðA17Þ
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f2 ¼
− 63

80
p3 þ 8

117
p2 þ pþ 4

143
8
93
p3 − 51

95
p2 þ 59

127
pþ 2

69

: ðA18Þ

(3) fðϕÞ ¼ ϕ4

ϵ ¼
8

247
p2 þ 2

331
p

111
305

p2 þ pþ 28
311

; ðA19Þ

a1 ¼
− 115

804
p3 þ 13

84
p2 þ 1

153
p

− 85
317

p3 þ p2 − 168
233

p − 13
239

; ðA20Þ

a2 ¼
− 207

218
p3 þ p2 þ 85

278
p − 1

672

− 57
379

p2 þ 43
283

pþ 1
359

; ðA21Þ

b1 ¼
− 26

135
p2 þ 53

233
p

− 73
393

p2 þ p − 282
317

; ðA22Þ

b2 ¼
p3 − 288

397
p2 − 197

308
p − 1

142
39
467

p2 − 32
381

p − 1
516

; ðA23Þ

ϕ∞ ¼
1
33
p2 þ 4

27
p

p2 þ 193
225

pþ 1
1136

; ðA24Þ

f0 ¼
− 1

140
p3 þ 21

136
p2 þ p

61

p2 þ 29
88
pþ 1

380

; ðA25Þ

f1 ¼
99
188

p2 þ 11
137

p
115
182

p2 þ pþ 1
62

; ðA26Þ

f2 ¼
− 32

103
p4 þ p3 − 39

59
p2 − 92

307
p

17
97
p2 − 4

19
p − 1

1003

: ðA27Þ

(4) fðϕÞ ¼ ϕ−1

ϵ ¼ − 2
317

p3 þ 25
341

p2 þ 8
147

p

pþ 167
308

; ðA28Þ

a1 ¼
13
121

p3 − 4
49
p2 − 16

281
p

11
355

p2 − 245
263

pþ 1
; ðA29Þ

a2 ¼
− 583

875
p3 þ p2 − 31

292
p − 13

367

− 57
340

p2 þ 49
306

pþ 2
161

; ðA30Þ

b1 ¼
− 75

406
p2 þ 103

477
p

− 12
59
p2 þ p − 165

191

; ðA31Þ

b2 ¼
− 300

307
p2 þ 585

1756
pþ 1

25
182

p2 − 133
257

pþ 259
671

; ðA32Þ

ϕ∞ ¼ − 25
84
p3 þ p2 þ 31

113
pþ 1

181

− 11
69
p3 þ 43

84
p2 þ 7

83
pþ 1

1297

; ðA33Þ

f0 ¼
− 1

71
p3 − 28

71
p2 − 5

141
p

p2 þ 27
58
pþ 1

198

; ðA34Þ

f1 ¼
− 10

143
p3 − 27

190
p2 − 1

194
p

p2 þ 2
15
pþ 1

1496

; ðA35Þ

f2 ¼
3
16
p3 − 7

81
p2 − 7

71
p − 1

46

− 41
97
p3 þ p2 − 121

230
p − 1

17

: ðA36Þ

(5) fðϕÞ ¼ logðϕÞ

ϵ ¼ − 44
1323

p2 þ 105
1018

p

− 349
657

pþ 1
; ðA37Þ

a1 ¼
11
761

p3 − 113
2844

p2 þ 18
709

p

− 605
1314

p2 þ p − 425
787

; ðA38Þ

a2 ¼
− 586

813
p3 þ 367

666
p2 þ p − 384

611

− 255
1189

pþ 237
1072

; ðA39Þ

b1 ¼
− 57

308
p2 þ 85

387
p

− 29
152

p2 þ p − 222
251

; ðA40Þ

b2 ¼
− 66

197
p2 þ p − 262

383

− 73
318

p2 þ 149
295

p − 69
250

; ðA41Þ

ϕ∞ ¼ − 277
405

p3 þ 159
218

p2 þ pþ 10
253

− 37
458

p3 þ 167
246

p2 þ 73
608

pþ 1
1310

; ðA42Þ

f0 ¼
140
449

p3 þ 58
271

p2 þ 1
232

p

p2 þ 25
214

pþ 1
3196

; ðA43Þ

f1 ¼
− 83

188
p3 þ 160

239
p2 þ 28

285
p

− 269
372

p2 þ pþ 3
148

; ðA44Þ

f2 ¼
81
203

p3 þ 37
378

p2 − 350
571

p − 29
802

− 139
605

p3 þ p2 − 173
233

p − 31
384

: ðA45Þ
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