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Sufficient and necessary conditions for CP conservation
in the case of degenerate Majorana neutrino masses
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We carry out a systematic study of the sufficient and necessary conditions for CP conservation in the
leptonic sector with massive Majorana neutrinos. In particular, the emphasis is placed on the number of
CP-violating phases in the presence of a partial mass degeneracy (e.g., m; = m, # ms) or a complete mass
degeneracy m; = m, = ms, where m; (for i = 1, 2, 3) stand for the masses of three ordinary neutrinos.
In the canonical seesaw model with three right-handed neutrino singlets, CP-violating phases in the special
case of a partial (e.g., M; = M, # M3) or complete (i.e., M| = M, = M3) mass degeneracy of three heavy
Majorana neutrinos are also examined. In addition, we derive the renormalization-group equations of the
weak-basis invariants in the effective theory with a general mass spectrum of Majorana neutrinos, to which
the solutions establish the direct connection between CP violation at low- and high-energy scales.
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I. INTRODUCTION

Neutrino oscillation experiments have firmly established
that neutrinos are indeed massive and lepton flavors are
significantly mixed [1,2]. One main goal of future long-
baseline accelerator neutrino oscillation experiments is to
discover CP violation in the leptonic sector and precisely
measure the relevant C P-violating phase [3]. To account for
tiny neutrino masses, one can go beyond the standard
model (SM) by introducing three right-handed neutrino
singlets N;g (for i =1, 2, 3). Then the SU(2); x U(1)y
gauge-invariant Lagrangian for lepton masses, flavor mix-
ing, and CP violation can be written as

_ L 1—
‘Clepton = _fLYllRH — KLYI/HNR - ENEMRNR -+ H.C.,
(1.1)

where £ = (v, 1))" and H = io, H*, with H = (¢, ¢°)",
are the left-handed lepton doublet and the Higgs doublet, Y,
and Y, are the charged-lepton and Dirac neutrino Yukawa
coupling matrices, and My, is the Majorana mass matrix for
right-handed neutrino singlets. Note that N = CNg! has
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been defined with C = iy?y" being the charge-conjugation
matrix. As the Higgs field acquires its vacuum expectation
value (¢°) = v/v/2 with v~246 GeV and the gauge
symmetry is spontaneously broken down, the charged-lepton
mass matrix and the Dirac neutrino mass matrix are then
given by M;=Y,v/+/2 and Mp=Y,v/+/2, respectively.

In such a minimal extension of the SM, three ordinary
neutrinos are massive Majorana particles, namely, they are
their own antiparticles [4,5]. The lepton mass spectrum,
flavor mixing, and CP violation at the low-energy scale are
then governed by the following effective Lagrangian:

T 1__ 9 + _
4 =l Mlg — = MC + —2ZL7/”I/LWM +H.c.,

lepton 2 \/—
(1.2)

where the effective mass matrix for three light Majorana
neutrinos is given by the famous seesaw formula M, =
—MpMg' M [6-10], which is in general complex and
symmetric, and the last term stands for the charged-current
weak interaction, with g being the gauge coupling constant
of the SU(2), gauge group. As the Majorana mass
term of right-handed neutrinos is not subject to the
spontaneous gauge symmetry breaking, the smallness of
light Majorana neutrino masses O(M,) < 0.1 eV can be
ascribed to the largeness of heavy Majorana neutrino
masses O(Mg) 2 10" GeV, with O(Mp) ~ 10? GeV.
After diagonalizing the lepton mass matrices via V;M V)=
M, = diag{m,, m,,m,} and ViM, Vi = M, = diag{m;,
my, m3}, where V,;, V), and V, are 3 x 3 unitary matrices,
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and converting into the mass basis, we can obtain the
leptonic flavor mixing matrix or the Pontecorvo-Maki-
Nakagawa-Sakata (PMNS) matrix U = V]V, [11,12],
which then appears in the charged-current interaction as
the origin of lepton flavor mixing and CP violation.

Since the discovery of leptonic CP violation is the
primary goal of future neutrino oscillation experiments and
it may also be connected to cosmological matter-antimatter
asymmetry [13-16], it is interesting to establish the
sufficient and necessary conditions for CP conservation
in the leptonic sector with massive Majorana neutrinos.
Only when these conditions are spoiled in a specific model
of neutrino masses can one explain the leptonic CP
violation and associate it with the dynamical generation
of cosmological matter-antimatter asymmetry. This task has
already been taken up in the literature, particularly by
Branco et al. [17] in the language of the so-called weak-
basis (WB) invariants [18]. The leptonic CP violation in
terms of WB invariants was discussed first by Pilaftsis in
the context of resonant leptogenesis [19] and subsequently
by several other authors [20,21]. The central idea of this
approach is to define the general CP transformation, which
is actually a combination of the ordinary CP transformation
and the flavor-basis transformation. More explicitly, if the
Lagrangian in Eq. (1.2) is invariant under the following
transformations [17],

lL d ULCli,
lR g URCI* s

v, — ULCyf,

Wy =~ W,

(1.3)

where the asterisk indicates the complex conjugation and
50” (for u = 0, 1, 2, 3) stands for the Kronecker delta, while
Uy and Uy are two arbitrary 3 X 3 unitary matrices in the
flavor space, then the sufficient and necessary conditions
for CP conservation are equivalent to the existence of two
unitary matrices U}, and Uy such that the identities [17]

UM, U; = -M, UiMUg =M;  (1.4)
are satisfied. With the help of Eq. (1.4), one can find out
the minimal set of sufficient and necessary conditions for
CP conservation in the leptonic sector in terms of WB
invariants [22]

T, =Tr{[H, H]*} =0, (1.5)
T, = Im{Tr[H,H,G,)} = 0, (1.6)
I3 ETr{[leHl]B} :O’ (17)

where H,=M M|, H,=M,M], and G, =M,H;M,
have been introduced.

It was pointed out in Ref. [23] that those conditions
in Egs. (1.5)—(1.7) are not sufficient to guarantee CP

conservation in general. A numerical counterexample
was given therein to illustrate that CP violation still exists
even when all three conditions in Eqgs. (1.5)—(1.7) are
satisfied. For this reason, a new set of three invariants
{Z,,7,,7,} was suggested in Ref. [23], with Z, defined as

I, =Im{Tr[H,H?G,]} =0, (1.8)
which can guarantee CP conservation at least in the

experimentally allowed parameter space of lepton masses
and mixing angles.1 Note that the invariance under the
general CP transformations in Eq. (1.3) requires U{H UL =
Hj, UEHZ,UL = H}, and UEGZDUL = Gj, according to
Eq. (1.4). By using these transformation rules, one can
immediately prove that Z; (fori = 1, 2, 3, 4) are indeed WB
invariants. Given the lepton mass matrices M; and M, in a
concrete model, the advantage of these WB invariants is to
remove the ambiguity of flavor-basis transformations in
judging whether CP conservation is present.

In this work, we aim to derive the sufficient and
necessary conditions for CP conservation in the leptonic
sector, and especially focus on the scenario of a partially or
completely degenerate neutrino mass spectrum [24,25].
The number of flavor mixing angles and CP-violating
phases in these special cases will be clarified. In addition,
we investigate the radiative corrections to leptonic CP
violation by using the renormalization-group equations of
the WB invariants. On the other hand, since neutrino
oscillation experiments indicate that any two of three light
neutrinos cannot be exactly degenerate in mass, we con-
sider the mass degeneracy for heavy Majorana neutrinos in
the canonical seesaw models [20,26] and explore the
implications of such a partial or complete mass degeneracy
for the leptonic CP violation at low- and high-energy
scales.

The remaining parts of our paper are structured as
follows. In Sec. II, we recall the sufficient and necessary
conditions for the CP violation in the low-energy effective
theory of lepton masses and flavor mixing, and we pay
particular attention to the cases of a partial or complete
degeneracy in neutrino masses. The renormalization-group
equations of the WB invariants will be derived and used to
study the running behaviors of CP phases. Then, we apply
the formalism for light Majorana neutrinos to the case of
heavy Majorana neutrinos in Sec. III. The full set of WB

'Here the number n of vanishing WB invariants Z; =7, =
74 = 0 to guarantee CP conservation coincides with the number
of CP phases in the theory, i.e., n =3 in the present case.
However, this is valid under the assumption that the lepton
masses and the flavor mixing angles do not take any contrived
values. More explicitly, we assume that all the other physical
parameters take the values within their experimentally allowed
parameter space. If this is not assumed, as pointed out in Ref. [23],
then there may still be CP violation in a theory with n CP phases,
even when the properly chosen n WB invariants vanish.
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invariants for CP conservation will be given and utilized to
analyze the possible connection between CP violation at
low- and high-energy scales. Finally, we summarize our
main conclusions in Sec. I'V.

II. LOW-ENERGY EFFECTIVE THEORY

At the low-energy scale, leptonic CP violation arises
from the complex mass matrices of charged leptons and
light Majorana neutrinos, as indicated in Eq. (1.2). If three
Majorana neutrinos are not degenerate in mass, the minimal
set of sufficient and necessary conditions for CP conser-
vation have already been given in Egs. (1.5), (1.6), and
(1.8). Although the details can be found in Ref. [23], we

|

C13C12

_ is
U= | —spc3 —cia513523€

is
4512823 — C12813C3¢€

where ¢;; = cos0;; and s;; = sin6;; (for ij = 12, 13, 23)
have been defined. Therefore, the invariants {Z,Z,,Z,}
can be expressed in terms of the charged-lepton masses
{me,mwm,}, neutrino masses {m;,m,, msy}, leptonic
flavor mixing angles {6,,,63,6,3}, and CP-violating
phases {8,p,c}. It is straightforward to verify that the
invariant Z; in Eq. (1.5) can be written as

I, = _6iA21A31A32AeuAﬂTAre\7» (22)

where A;; = m? — mf (for i, j = 1, 2, 3) are neutrino mass-
squared differences, A,z = m2 — mg (fora, f = e, u, 7) are
charged-lepton mass-squared differences, and J =
Im[U, U, U, U] is the Jarlskog invariant for CP viola-
tion in the leptonic sector [27-29]. For the standard
parametrization of U in Eq. (2.1), one can get the explicit
expression J = s12c12s23c23s13c%3 sind. In a similar way,
the other two WB invariants 7, and Z, can also be
calculated, but the explicit analytical expressions are too
lengthy to list here. Taking the advantage of the simple
result for Z; in Eq. (2.2), we can show that 7; =7, =
7, = 0 are sufficient conditions for CP conservation in the
case of nondegenerate neutrino masses. First of all, Z; =0
holds if and only if 6 =0 or z. After using Z; =0 to
eliminate the Dirac CP phase d, we can then observe that
7, =0and Z, = 0 give rise to two independent equations
of two Majorana CP phases p and o, namely,

f1sin(2p) + fsin(20) + f3sin(2p —26) =0, (2.3)
hy sin(2p) + hy sin(20) + hs sin(2p —26) =0,  (2.4)
where f; and h; (for i=1, 2, 3) are functions of

three mixing angles and six lepton masses. The explicit

is
+C12€23 — $12513523¢€

is
—C12823 — §12813C23€

briefly summarize the key points concerning these suffi-
cient and necessary conditions for CP conservation in the
case of nondegenerate neutrino masses in order to establish
our notation. As the WB invariants are by definition
independent of basis transformations in the flavor space,
it should be kept in mind that one can calculate them in any
convenient basis and the final results depend only on
physical parameters.

In the mass basis of charged leptons and light Majorana
neutrinos, the CP-violating phases are contained in the
PMNS matrix [1], which is usually parametrized in terms of
three mixing angles {6),,0,3,0,}, one Dirac-type CP
phase 6, and two Majorana-type CP phases {p, 6}, namely,

C13512 S13€_i5 ei” 0 0
C13823 0 €i‘7 0 . (21)
C13Co3 0 0 1

|
expressions of f; and h; can be found in Ref. [23]. Since
Egs. (2.3) and (2.4) are actually nonlinear in nature, they
cannot force p and o to take only trivial values (i.e., 0 or
7/2) in general. However, it can be proved that at least in
the whole physically allowed parameter space, these two
equations are sufficient to ensure that p and o take only
trivial values [23], so CP conservation is justified. On the
other hand, it is easy to prove that the vanishing of three
invariants {Z,Z,,Z,} is also a necessary condition for CP
conservation with nondegenerate neutrino masses [17].
In the following discussions, we shall concentrate
on the partially degenerate mass spectrum® m; = n, % ms
and the completely degenerate mass spectrum m; =
m, = my. These two special cases were not considered
in Ref. [23].

A. Partial mass degeneracy

If the partial mass degeneracy m; = m, # msz is
assumed, then from Eq. (2.2) we find that 7; vanishes
automatically and it can no longer be used to investigate the
properties of CP violation. Nevertheless, there exists an
extra degree of freedom in the system with two degenerate
neutrino masses, which can be implemented to reduce the
number of CP-violating phases.

To see this point more clearly, we choose the basis
where both neutrino mass matrix M, and the charged-
current interaction are flavor diagonal. In this basis, the
neutrino mass matrix M, = M, = diag{m, m, ms}, where
we have taken m; = m, = m, is invariant under the
transformation

2, ey erel. .
The other two possibilities, i.e., m; # m, = m; and
m; = mj3 # m,, can be examined in a similar way.
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/
VL VI YiL
- | v | =Rh@
1239 by | = K@) | oL
/
U3 3L 3L
cosa —sina 0 UIL
= | sina cosa O v |, (2.5)
0 0 1 e

where R, () has been defined as the rotation matrix in the
(1,2) plane, with a being an arbitrary real rotation angle. To
keep the flavor-diagonal charged-current interaction
unchanged, one thus has to make the same transformation
on the left-handed charged leptons simultaneously, i.e.,

eL er eL
o | = | HL | = RTz(“) HL
7L 7L L
cosa —sina 0 eL
= | sina cosa O UL (2.6)
0 0 1 L

[
H33 - H337

where H;; =|[(H,);| and ¢;; =arg[(H,);;] have been
defined for H; (for i, j =1, 2, 3), and likewise H:.j =
|(H));;| and ¢;; = arg [(H);;] for H}. Note that H, (or H)) is
Hermitian, so only three phases {¢,, ¢13, P»3} in H; (or
{P}5. 5. P53} in H)) are independent. In the case of
nondegenerate neutrino masses, where these three phases
are all physical, three conditions Z; =0, Z, =0, and
7,4 =0 are needed to guarantee CP conservation. In the
presence of mass degeneracy m; = m,, we can adjust the
rotation angle « to eliminate one phase in H}. For example,
if we set

Hissing3

-, 29
Hys sin g3 ( )

tana =

then one can immediately verify that ¢}; =0 holds or
equivalently that (H}),5 is real, with the help of Eq. (2.9).
This is true for the most general case of H»s3 sin ¢h,3 # 0.
In the special case of H,3sing,; =0, we can observe

s . . : .
Hl e’ = Hpye'Pecos’a — 5 (Hyy — Hy) sin2a — Hyye ¥2sina,

Under these transformations, the entire effective
Lagrangian in Eq. (1.2) is not modified except for the

charged-lepton mass matrix M;, which together with H;, =
M ,MlT transforms as follows:

M; - M) = RL(“)MI,

H, = Hj = R}, (a)HRpp(a). (2.7)

In the chosen basis, only the charged-lepton mass matrix
M, is complex, and thus it contains all the information
about CP-violating phases. Furthermore, to remove the
unphysical phases related to the right-handed charged-
lepton fields, we consider only the Hermitian matrix H;.
Now we show that the rotation matrix Rj;(a) can be
utilized to reduce the number of CP phases in the original
Lagrangian. To be explicit, we directly establish the
correspondence between the matrix elements of H) and
those of H,, i.e.,

H/“ = %[Hll +H22 + (H]] —H22) Cos2a+2lesin2aCOS(/)12],
Hl22 = %[Hll +H22 — (Hll —sz) cos2a — 2H12 sin2acos¢12},

(2.8)

. A .
H'se%s = H 3¢ cos a + Hyze'?> sina,

. . o
H'e'?s = Hyel? cosa — Hyze'v sina,

|

from Eq. (2.9) that H),sing); = —H,3sin¢3sina and
H,sin¢g'; = H3sing3 cosa, so it is possible to elimi-
nate ¢, or ¢; by setting @ = 0 or /2.

In general, we are left with only two phases {¢),, ¢5;} in
H/, while M, is real and diagonal. Therefore, we can prove that
only two WB invariants are needed to ensure CP conservation
in the leptonic sector, which will be taken to be {Z,,Z5}. Itis
worth stressing that the choice of two independent WB
invariants is by no means unique, and {Z,,Z3} are chosen
simply for illustration. The proof is as follows.

(a) Now that M, = diag{m, m, m3} is real and diagonal,
we can directly compute the WB invariant 7, in
Eq. (1.6) with ¢j; = 0 in H). The analytical expres-
sion turns out to be quite simple, namely,

T, = mms(m3 — m*)H% sin2¢);,  (2.10)

so I, =0 leads to ¢); =0 or ¢33 = z/2. In both
cases, one can find that the WB invariant 75 depends
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on the phase ¢},. More explicitly, for ¢, =0, we
have 7; «sing),, while for ¢, =7n/2 we get
Z; xcos¢j,. As a consequence, together with
75=0, 7, = 0 implies that {¢},=0,¢5,=0,¢|;=0}
or {¢), =n/2,¢)y3 =n/2,¢\5 =0}. In either case,
these trivial phases are expected for the absence of CP
violation.

(b) On the other hand, one can relate the CP-violating
phases in H to those in the PMNS matrix U. In the

chosen basis, we have M, = U'M, and H, = U'D,U,

where M, =diag{m,,m,,m,} and D,=M? =diag{m?,
2 m2}. Then it is possible to relate the three phases in

H to the three physical phases in the PMNS matrix,

Hllzeid)l'z = [(s1,€" — ¢1,e79)513503¢03 + S12C12(833 — C%3)]Ame_i<”_g)

2 2 ,—i(p—o
+ (Aeﬂs23 A,,C33)S12C12CT5€ (p=o),
i 2 —i(p+6 =i
13g i)y — (Aeﬂs23 — ATeC23)612S13C13€ (pto) A”TS12C13S23C'23€ v
it 2 2 —i(o+6 —i
H e¢zz = (AeﬂSZS — Afecz3)S12S13C13€ (o+6) + Am.C12C13S23C'23€ °,

where it is interesting to observe that the expression of
H);e'%s can be obtained from that of H);e”s by simply
replacing 6, with 61, — z/2 and p with ¢. Then {¢}, =

= ¢y =0} or {P), = by = n/2,¢'5 = 0} is equiv-
alentto {6=p=06=0}or{6= sp= 0,0 = x/2}, which
is equivalent to CP conservation. 3 This completes the proof
that {Z, = 0,Z3; = 0} constitute the sufficient and neces-
sary conditions of CP conservation in the case of partial
mass degeneracy.

In summary, for the partial degeneracy of neutrino
masses m; = m, # ms, there are only two independent
CP-violating phases, and the vanishing of two WB invar-
iants in Egs. (1.6) and (1.7), namely, Z, = 0 and Z5; = 0,
serves as the sufficient and necessary condition for the
leptonic CP conservation. In addition, it is worthwhile to
notice that the freedom associated with the mass degen-
eracy m; = m, can be implemented to reduce the number
of CP-violating phases by one, leaving three flavor mixing
angles intact.

B. Complete mass degeneracy

If neutrino masses are completely degenerate, i.e.,
my = m, = m3 = m, then it is straightforward to verify
that the WB invariants 7, Z,, and 7, automatically vanish,
whereas 75 is generally nonzero. However, compared to the
case of partial mass degeneracy, the complete mass
degeneracy allows for more degrees of freedom, which
can be utilized to reduce the number of physical CP-
violating phases.

In the same way as for the partial mass degeneracy,
working in the basis where the neutrino mass matrix

It should be noted that p and ¢ are Majorana-type CP-
violating phases and that the CP symmetry is still conserved
when they take the value of z/2 in the standard parametrization in
Eq. (2.1). The properties of three phases in H; are quite different.
For instance, if one of three phases in H, takes the value of z/2
and the other two are zero, then the CP symmetry is violated.

M, =M, = diag{m, m,m} is real and diagonal, we can
introduce two successive rotations in the flavor basis

VL Vi VIL
v | = | v = [Rip(@)R3(B)]" | var |, (2.11)
V31, Z% V31,

eL e eL

pe | = | AL :[1312(0‘)R13(,3HT pe |, (2.12)
L 7 L

where the rotation matrices are defined as

cosa —sina 0

Ry(a) = | sina  cosa O |,
0 0 1
cosff 0 sing

Ri3(p) = 0 1 0 )
—sinff 0 cosp

with a and f being two arbitrary real rotation angles.
After these rotations, the neutrino mass matrix M, is
unchanged and the charged-current interaction remains
flavor diagonal, but the charged-lepton mass matrix H; =

M IMZT transforms as

H;— H; = [Rp(0)R;3(A)]" - H; - [Ria(@)Ri3(B)], (2.13)
which contains all the physical CP-violating phases.
Similar to what we have done in Sec. I A, we can show
how to adjust a and f to eliminate two CP-violating phases
in H. This is equivalent to the reduction of the total number
of CP-violating phases in the leptonic sector by two. After
some straightforward calculations, we find that if @ and

are taken to be
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H 5 sin
tana = — 137(1513 , tan 3
Hys sin g3

- H23 sin ¢23 1
~ Hy,sing,cosa’
(2.14)

then sin ¢|; = sin¢’; = 0, indicating that the imaginary
parts of the matrix elements (H})3 and (H}),; vanish. As a
result, one needs only one vanishing WB invariant, e.g.,
75 = 0, to eliminate the remaining one CP-violating phase
in H). After setting ¢j; = ¢5; =0 or =, we can greatly
simplify the explicit expression of 75, namely,

1= —48iH’132m6[H’13H’23(H’22 - HYy)

- Hiy (D - HE) cos ] sin® . (2.15)
implying that 73 = 0 gives rise to ¢}, = 0 or z if the whole
coefficient in front of sin’ ¢}, is not fine-tuned to be zero.
Therefore, Z5 = 0 is the sufficient and necessary condition
for CP conservation in the case of complete neutrino mass
degeneracy, which is consistent with the conclusion pre-
viously drawn in Ref. [24].

Generally speaking, the neutrino mass matrix M, =
M, = diag{m, m, m} in the case of complete mass degen-
eracy is invariant under an arbitrary orthogonal rotation with
three rotation angles. One may wonder whether it is possible
to eliminate all three CP-violating phases. Now we dem-
onstrate that this is impossible. To this end, we first carry out
the most general orthogonal rotation in the flavor basis

1219 Vi, V1L
v | = | Yo | = Ri(@Ri(B)Rs ()] | v |,
3L Iz v3L
(2.16)
eL e er
pe | = | H | = [Re(@Rs(B)Rs())| we |
7L 7L 7L
(2.17)

where R, (a) and R3(f3) are the same as before and

1 0 0
Ry(y) = | 0 cosy —siny |,
0 siny cosy

with y being another real arbitrary rotation angle. Such
transformations will keep the neutrino mass matrix and the
charged-current interaction unchanged. However, it is
straightforward to prove that the third degree of freedom
can be used to eliminate only a flavor mixing angle rather
than the remaining CP-violating phase. One can accomplish
the proof by contradiction. First, given Eq. (2.17), the
Hermitian matrix H; transforms as

H, - H|
= [Rlz(a)RB(ﬂ)R%(V)]T “Hy - [Rip(@)R3(B) Ry (7)),
(2.18)

and we suppose that all three CP-violating phases in H can
be made trivial (i.e., ¢},, P55, ¢; = 0 or z) by adjusting the
rotation angles a, f, and y. If this is possible, then we can
observe that the imaginary parts of three off-diagonal
elements of H/ in Eq. (2.18) should vanish, i.e.,

H',sing, CHCy  SaSy T CoSpC, CoSy—SoSpC,
Hysinghy | = | —cps, 540, —CoSps, coCy+ 54585,
H'ysing, —sp CaCp —54Cp
Hyppsingyp
X | Hysingy; | =0, (2.19)
H3singy;

which is a system of homogeneous linear equations for
H12 sin ¢12, H23 sin ¢23, and H13 sin ¢13. Note that Sq =
sina and ¢, = cos a were defined in Eq. (2.19), and likewise
for # and y. It is interesting to notice that the determinant of
the 3 x 3 coefficient matrix in the middle of Eq. (2.19) is
actually —1, which is independent of a, 3, and y. Therefore,
Eq. (2.19) holds if and only if sing, =sin¢g,; =
sin ¢p;3 = 0, which runs into a contradiction with the fact
that there are in general three C P-violating phases in H;. So
this proves that even in the limit of complete mass degen-
eracy, there is still one nonvanishing phase so that CP can be
violated in the leptonic sector, which is consistent with the
conclusion drawn in Ref. [24].

To use the third degree of freedom to eliminate a flavor
mixing angle, we can first choose the rotation angles a and
f to obtain @3 =0 and ¢}, = ¢/5, and then H) can be
explicitly written as

Hy Hy, Hi
H;:Pl HI]Z lez H/23 P;
Hy3; Hy Hiy

m: 0 0
=(PO)- [ 0 mp 0 |-(PO)f. (220)
0 0 m?

where P, = diag{e'%2, 1, 1} and O, is the 3 x 3 orthogonal
matrix that can be used to diagonalize the real and
symmetric matrix P;H;P,. Since the neutrino mass matrix
is already diagonal, the PMNS matrix is simply given by
U = (P,0,)" = O] P;. Furthermore, noticing that the mass
eigenstates v, and v are now degenerate in mass and that
their Majorana CP phases are both vanishing, we are
allowed to rotate away one mixing angle by choosing the
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particular parametrization of O,, as explicitly shown
in Ref. [25].

To summarize, in the case of complete mass degeneracy,
we are left with one CP-violating phase and two mixing
angles. This should be compared with the case of partial
mass degeneracy, where two CP-violating phases and three
mixing angles are retained. It is worth mentioning that
Ref. [25] examines the case where both neutrino masses
and the associated Majorana CP-violating phases are
partially or completely degenerate at the same time, which
is quite different from the scenario under consideration. It is
physically inequivalent to assume the equality of two
Majorana CP phases before or after the elimination of
one mixing angle.

C. The massless limit

Current neutrino oscillation data still permit the lightest
neutrino to be massless, so we make a brief comment on
this particular situation. Without loss of generality, we take
m; =0 in the case of normal neutrino mass ordering
(i.e., my < my < my).

If m; = 0 holds, then the Majorana CP-violating phase p
associated with the mass eigenstate v, automatically dis-
appears from the theory. In this case, we are left with two
CP-violating phases and need to require two WB invariants
to vanish in order to ensure CP conservation. Luckily, none
of the previously introduced four WB invariants Z; (for
i=1, 2, 3, 4) vanish in the limit of m; = 0, so we can
choose any two of them to guarantee CP conservation. To
be more concrete, we take the set {Z,Z,}. First, we can
use Z; = 0 to eliminate the Dirac CP-violating phase 9,
since 7 is proportional to sin 6. Now that both § and p are
set at zero, 7, turns out to be proportional to sin 2¢, where ¢
denotes the remaining Majorana CP-violating phase. Then,
the condition Z, = 0 enforces o to take only trivial values
(i.e., 0 or /2), thus implying CP conservation.

Therefore, in the limit m; = 0, the vanishing of the set of
two WB invariants {Z|,Z,} serves as the sufficient and
necessary condition for CP conservation. As we shall see in
the next section, the lightest neutrino is indeed massless
at the tree level in the minimal seesaw model, which leads
to the massless limit of the low-energy effective theory
under consideration.

D. Renormalization-group running

In this section, we derive the renormalization-group
equations (RGEs) of the WB invariants in leptonic sector
in the effective theory, which have rarely been investigated
in the literature. These RGEs can be applied to examine
the evolution of the WB invariants and establish the
connection between CP violation at low- and high-energy

“The renormalization-group evolution of the WB invariants in
the quark sector was discussed in Ref. [30].

scales. At the one-loop level, the evolution of the effective
Majorana neutrino mass matrix M, and the charged-
lepton mass matrix M, are governed by the following
RGEs [31-43]:

am, 3

dr :aVMV_EKYIY;)MD+MD(YIYDT]’ (221)
dm 3

d7t1 =aM;+5 (Y, ¥))M,, (2.22)

where t=In(u/Agw)/(167>) has been defined with
Agw being the electroweak scale and y being the renorm-
alization scale between Ay and the seesaw scale. In the
SM framework, we have @, ~ —3¢3 + A+ 6y? and a; ~
—9¢g3/4 — 993 /4 + 3y?, where g, and g, are the SM gauge
couplings, y, is the top-quark Yukawa coupling, and 4 is the
quartic Higgs coupling [41].

Starting with Eqgs. (2.21) and (2.22) and recalling the
definitions of H,=M M}, H,=M,M;,and G, =M ,H; M},
one can easily find

dH
d—tl = 2alHl + 6H12/’Uz, (223)
dH, 2 2
dr :2aDHD—3(H1HU+HDH[)/U —6G1D/1} . (224)
dG,, 5
T = 2(av + al)Glzz - 3(GIUHI + HlGlu)/U ’ (225)

where the relation ¥, = v/2M,/v has been used. It is then

straightforward to calculate the RGEs of the WB invariants

I, (fori =1, 2, 3, 4). The final results are summarized as

follows.

(a) First, as shown in Eq. (2.2), Z; is proportional to
the Jarlskog invariant 7, which depends only on the
Dirac CP-violating phase ¢ in the standard paramet-
rization of the PMNS matrix. For this WB invariant,

we have

dz, d

— =Tr{—[H,,H,]?
dt r{dt[ 14 l}}

=6(a, + a))T; + 97\ /02 =187 /12, (2.26)

where Z\" = Tr{[H,.H)?-[H,.H}]} and T\ =
Tr{[H,, H;)* - [G,,, H,]} are also two WB invariants.
Interestingly, it is easy to derive the explicit expression

of 7V, ie.,

Igl) = —4i(m2 + m> + m?) Ay Ay Ay A, A AT

2
==(mi4+m’+m2)I,,

: (2.27)
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which is proportional to 7, itself and thus to the
Jarlskog invariant 7. In the derivation of
Eq. (2.27), we have made use of the identities
Tr{[Hw Hl]2 ’ [HI/’H%]} - 2Tr{{Hw Hl]3Hl} and
Te{[H,. H'H} = Te{[H,. H]'} - Tr(H,)/3. How-

{68, p, c}; its explicit expression turns out to be quite
complicated and will be omitted here.

For illustration, let us consider the possibility of
radiatively generating a nontrivial value of ¢ via the
RGE from a vanishing 6 at some high-energy scale [39—

ever, the WB invariant 7 1) depends on all three
CP-violating phases in the PMNS matrix, i.e.,

2 42]. In this case, we set 6 = 0 as the initial condition;

then the expression of 7 (12) can be greatly simplified as

1(12) = 2i{+H13[H13(H%2 - H%3) + HiyHy3(Hys — Hyp)myms A Aps sin(2p)

+ Hy [H23(H%3 - H%z) + HiyHy3(Hy — Hsz)|msmyA3A4; sin(20)
+ Hpy[Hip(H3; — HY;) + HysHi3(Hy — Hap)lmam Ay Ags sin(2p — 20) }. (2.28)

As 6 has been set to zero, the moduli of the elements of H; can be directly related to three charged-lepton masses and three
flavor mixing angles via

which can be inserted back into Eq. (2.28) to obtain the
explicit expression of 7 52). From Egs. (2.26)-(2.28), we
can observe that the following hold:

Hyp = 5120126%3Ae;4 = [sincn(s73¢3; = 533) + (cf, = s%2)513s23c23]Am—’
H; = 012S13013Aeﬂ - (512523 - 012313023)013023Am,

Hy = 312s13C13A€M + <012523 + 512513023>C13023Am’

Hy = mg - (1= 0%20%3)%” — ($12523 — 012513023)2A,m

Hy = m,% + S%ZC%SABM — (1283 + 512513023)2A;m

R 2 2 2
Hyz = m; + s738,, + (573 + ¢135%3) A0,

[
where one can easily verify that the second term on the
right-hand side actually vanishes due to the Hermi-
ticity of H;, H,, and G,, and the cyclic invariance of

(i) If CPis conserved (namely, 6 = 0 and p=06=0
or z/2) at the initial high-energy scale, then
7V =7% =7, =0 and dZ,/d¢ vanishes,
implying that Z; will stay at zero all the way
down to low-energy scales.

(i) If CP is violated with 6 =0 but nontrivial
values of p or ¢ at some high-energy scale, then
dZ,/dt is no longer vanishing, as a conse-

quence of the nonzero I(lz) in Eq. (2.28).
Consequently, as the energy scale evolves, a
nonzero value of 7| will be developed, leading
to a nonzero 6. As stressed in Ref. [39], a
nontrivial value of the Dirac CP phase & can be
generated from the Majorana CP phase p or ¢
via the RG running, even though 6 =0 is
assumed at the beginning.

(b) Then, we can derive the RGE of 7, defined in

Eq. (1.6) in a similar way, namely,

dZ
d—zz =4(a, + a))Z,

— 6Im{Tr[H,H,H,G,, + H,G}]}/v*, (2.29)

035017-8

the trace. As an immediate consequence, the derivative
of the WB invariant 7, is proportional to itself. We can
formally integrate Eq. (2.29) and obtain

T,() =15(0) exp{4 / ’[ay<ﬂ>+az<f>1df}, (2.30)

where Z,(0) = Z,(t = 0) stands for the value at the
electroweak scale y = Agy, while Z,(#) stands for
the value at an arbitrary high-energy scale 4 = A. For
the direct connection between low- and high-energy
mass or mixing parameters in an integral form, one
may refer to previous works [44-47].

Since Z, depends on all the three CP phases, its
explicit expression is rather lengthy. As before, by
setting 6 = 0 at some energy scale, we arrive at

I, = HizmymsAys sin(2p) + Hyzmyms Ay sin(20)
+ H3,mymyA, sin(2p — 20). (2.31)

For 73, the RGE can be calculated easily and it is
interesting to find
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dz
d—: = 6(“1/ + 2(11)1-3 +9Tr{[leHl}2 : [lele]}/1]27

(2.32)

where the second term on the right-hand side is similar

to Z gl) in Eq. (2.26) and the difference is simply to
replace H, in the latter by G,,. After a straightforward
calculation, we can obtain

Tr{[Gy, H))* - Gy, HI]} = 2Te{[G,. H/H )}
2
= §(m§ +m2 + m2)T;,
(2.33)

such that the RGE of 75 can be formally solved as in
the case of 7Z,, i.e.,

Z5(1)
t
:I3(0)exp{3/ [Zab(t’)+4a1(t’)+Zy(2,(t’)} dt’},
0 a
(2.34)
where y, =+/2m,/v denotes the charged-lepton

Yukawa coupling for @ = e, u, 7. Since the RGEs
|

of a,(t), o(t), and y,(¢) can be separately solved, we
establish another direct connection between the high-
and low-energy WB invariants.

(c) Finally, let us investigate the RGE of Z,, which has
been defined in Eq. (1.8). The final result is

dZs _

o = 203a, +2a)T, - 12702, (2.35)

where I&U = Im{Tr[H,H,G3 )} has been introduced.
Notice that a few useful identities, i.e.,
Im{Tr[H,;H?H,G,,)} = Im{Tr[H,G,,H,G,,]} =0 and
Tr|H,H,H,H,G,] = Tr[H,H,G2], have been used.
Because of the second term on the right-hand side
of Eq. (2.35), it is not possible to directly solve the
RGE of Z,4. To render the analytical formulas of Z,

and Ifll) readable, we set 6 = 0 and get

Iy = +HizmymzAz(m7 + m3) sin(2p)
+ H%3m2m3A23 (m% + m%) Sin(20')

+ H2,mymyA,(m3 + m3) sin(2p — 26) (2.36)

and

1511) = +H3[H,Hyy + H3(Hyy + Haz)myms A3 (mi + m3) sin(2p)
+ Hp[H\aH3 + Hyz(Hyy + Hss)mams Ay (m3 4+ m3) sin(20)

+ Hyp[H 3Hys + Hip(Hyy + Hyp)lmymyAgp(mi + m3) sin(2p = 20).

Given Z; = 0 or equivalently 6 = 0, we can see that Z, in

Eq. (2.31), Z,4, and Iil) are vanishing if p and o take trivial
values of O or z/2 at the beginning. This is also true for 73,
although its expression has not been explicitly written
down.

To conclude, we find that dZ,/ds = 4(a, + a;)Z, and
dZ,/dt = 32a, + 4a; + (y2 + yi + y#)]Z5, which can be
formally solved, and thus establish a direct link between
low- and high-energy WB invariants. For Z; and Z,, their
derivatives with respect to ¢ = [In(u/Agw)]/(167%) turn
out not to be proportional to themselves. However, if CP
conservation is assumed at some energy scale, i.e., all three
CP phases take trivial values, then CP will be conserved all
the way down to the electroweak scale. If one of the three
CP phases is nontrivial at the beginning, namely, CP
violation exists in theory, the other phases will be generated
radiatively during the RGE running. In the case of partial or
complete neutrino mass degeneracy, one can choose
suitable WB invariants from {Z,,Z,,75,7Z,} and
apply the corresponding RGEs to study their running
behaviors.

(2.37)

III. CANONICAL SEESAW MODEL

The partial or complete mass degeneracy of three light
neutrinos has already been excluded by neutrino oscillation
data [48,49], which require two independent neutrino
mass-squared differences to be A, ~ 7.4 x 1073 eV? and
Ay =~ £2.5 x 1073 eV2. On the other hand, as we have
mentioned, the effective theory considered in the previous
section is valid when the heavy degrees of freedom asso-
ciated with neutrino mass generation are integrated out.
Therefore, we now examine the necessary and sufficient
conditions for CP conservation with a partial or complete
mass degeneracy of three heavy Majorana neutrinos in the
canonical seesaw model, for which the gauge-invariant
Lagrangian was given in Eq. (1.1). After the spontaneous
gauge symmetry breaking, it can be rewritten as

_ _ 1—
‘Clepton = _lLMllR - VLMDNR — ENEMRNR

+ %Ey"vLW; + H.c.,

7
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where the charged-current interaction has been included to
cover all possible places for CP violation. In the presence of
right-handed neutrinos, the sufficient and necessary con-
ditions for CP conservation in the full seesaw model are
equivalent to the existence of three unitary matrices Uy, Uy,
and V§ such that the Lagrangian in Eq. (3.1) is invariant
under

lL g ULCZ;:,
NR i VRCNI*Q’

vy, — ULCZ/]*J lR g URCII*{,
W, — —(—1)60ﬂW;r, (3.2)

where the notation is the same as in Eq. (1.3). In terms of the
fermion mass matrices, one can easily prove that this is
equivalent to the conditions

UiM,Ug = M,
VEMR Vg = —Mj,

Ui MpVy = M5,
(3.3)

which will be used to construct the WB invariants for CP
conservation, similar to the construction in the effective

theory. To this end, we further introduce Hp = MEMD,
Hyg = MiMy, Gpr = M{Hj; My, and

H,=M}(H)"My, G, =MH;My, (3.4)

where n denotes the positive integer. It is straightforward to
verify that the transformation rules for these newly defined
Hermitian matrices are as follows:

VITQGDR VR = GI*DR ’
(3.5)

VRHpVy = Hp,
VLH, Vg = H:,

VG, Vg = GE,

which are universal and make the construction of WB
invariants much easier. As shown in Ref. [20], the sufficient
and necessary conditions for CP conservation are equivalent
to the vanishing of a minimal set of WB invariants.

Before constructing the WB invariants, we count the
number of physical parameters in the canonical seesaw
model and will pay particular attention to the CP phases.
Without loss of generality, one can always choose the basis
in which M;, M and the charged-current interaction in
Eq. (3.1) are simultaneously diagonal, so that the complex
mass matrix Mp will be the only source of CP violation.
Following Refs. [20,50], we adopt the convenient para-
metrization M = UpY,, where Up is a 3 X 3 unitary
matrix and Y, is a lower triangular matrix, i.e.,

Y11 0 0
ya e Y 0 |,

yae?n ypeitn oy

Ya = (3.6)

where y;; (for 1 <j<i<3) are all real and positive
parameters and ¢;; (for ij =21, 31, 32) are the phases
of three off-diagonal nonzero elements. As usual, three
unphysical phases of Up can be eliminated by redefining

the phases of vy, [}, and [R, leaving the Lagrangian
unchanged. Therefore, M contains only 15 real para-
meters, six of which are phases. To be more explicit,
we rewrite it as Mp = U:P,Y Py [20], where P, =
diag{1, e, e} and Pj; = diag{l,e”, e/2} are two
diagonal phase matrices. In addition,

Y1 0 0
Ye=|yau Yo 0
Vi ymet  y3

(3.7)

is related to Y, by properly factorizing out relevant phases,
and U; is the Cabibbo-Kobayashi-Maskawa (CKM)-like
unitary matrix, with & being the CP phase and the
three rotation angles being {6Y,, 07,02 }. In this way,
15 real parameters of Mp are now specified, i.e., six
phases {& ¢, ap, s, B, and nine real parameters
{0, 0%, 0%} and  {y11,y2,¥33. Y21, Y31, Y32 }. All the
information about CP violation is represented by six phases
of Mp. As we shall show soon, CP is conserved if and only
if sin@; =sina, =siné =sin{ =sin2p; =sin2p, =0
holds.” Using the adopted parametrization of Mp, we
can obtain

i %
HD:MDMD:P/}YCYQP/%

where only three phases {(,p,5,} are involved.
Consequently, even if Hp were real, there would still be
CP violation. Unlike the effective theory, in which real
H =M IM} implies CP conservation, all six phases of Mp,
are important [20].

(3.8)

A. Nondegenerate masses

First, we summarize the main results in the case of
nondegenerate masses, namely, M| # M, # Mz, where
M; stands for the heavy Majorana neutrino mass (for
i=1,2,3). As demonstrated in Ref. [20], the following
six conditions,

7, = Im{Tr[HpHxGpg|} = 0, (3.9)
7, = Im{Tr[HpHiGpr]} = 0, (3.10)
75 = Im{Tr[Hp,HGprHg]} = 0, (3.11)
7, = Im{Tr[H,HyG,]} = 0, (3.12)
Zs =Im{Tr[H,H}G,]} =0, (3.13)
T =Im{Tr[H,H%G Hg]} = 0, (3.14)

’It is worth noticing that ; and f, are actually the Majorana-
type CP phases and can take the value of z/2 without violating
the CP symmetry.

035017-10



SUFFICIENT AND NECESSARY CONDITIONS FOR CP ...

PHYS. REV. D 103, 035017 (2021)

must be fulfilled to guarantee CP conservation. Notice that
H, and G, [having been introduced in Eq. (3.4)] with
n = 1 have been used in Egs. (3.12)—(3.14). With the help
of the transformation rules in Eq. (3.5), we can easily prove
that Z; (i =1,2,...,6) are WB invariants and Z; = 0 in
Egs. (3.9)—(3.14) serve as the sufficient and necessary
conditions for CP conservation.

Since {Z,,7,.Z5} depend on only three phases in Hp,
i.e., {,f1, .}, the vanishing of these three WB invariants
gives three independent constraints on the relevant three
phases. The other WB invariants {Z,, Zs, 74} depend on all
six phases in Mp. After three phases in Hp are eliminated
by Egs. (3.9)—(3.11), we are left with another set of three
independent constraints from Eqgs. (3.12)—(3.14) on the
remaining three phases, i.e., {& a;,a,}. However, as
explained in Ref. [23], although {Z,Z,.Z5} are indepen-
dent, the vanishing of them leads to three nonlinear
equations of £, f#;, and f,, from which nontrivial solutions

|

(i.e., those other than 0 and 7z/2) of these three phases can
be obtained for some special values of other physical
parameters. For this reason, we recommend another set of
three invariants {f 1s iz,ig}, where the new WB invariant
7% = Tr{[Hy., Hp]?} replaces the original one Z5. In the
chosen basis, where Hy = diag{M?, M3, M3} and Hy, is as
given in Eq. (3.8), one can explicitly find

1/3 :6(M%—M%)(M%_M§)(M% —M%)yzzy%3y21y31y3zsiné,
(3.15)

which is simply proportional to sin {. If the masses of heavy
Majorana neutrinos are nondegenerate and the parameters
y;j are nonzero, then T % = 0 is the sufficient and necessary
condition for { = 0. Now that { =0 is guaranteed by
j’3 = 0, we can calculate the other two invariants, namely,

I, = M3[M3y%y3 + My (yoyar + yaiv3)? + My (y3, + %) sin 28,

+ M3y33(Msy3; + Myy3, + Myy3,) sin2f3, = 0,

Ty = M3[M3y%y% + My (yyar + y3193)? + My(v}, + y%,)?] sin 28

+ M3y35(M3y35 + My3, + Myy3,) sin2f3, = 0.

The above system of linear homogeneous equations
of sin2f; and sin2f, has the unique trivial solutions
sin2f; = 0 and sin 2, = 0, since the determinant of the
coefficient matrix is proportional to (M3 — M3), which is
nonzero in the case of nondegenerate masses. Therefore, the
vanishing of three WB invariants {f I, ig} is the
sufficient and necessary condition for the vanishing of those
three phases in Hp. After fixing three phases in Hp, we have
another three independent constraints on the remaining
phases {¢, a;, a, } from Egs. (3.12)—(3.14). However, these
equations are in general nonlinear, so there may be some
parameter space where Eqgs. (3.12)—(3.14) do not necessarily
imply CP conservation, as shown in Ref. [23] for the
effective theory. Without any information about the physical
parameters at high-energy scales, such as the heavy Major-
ana neutrino masses and the matrix elements of My, it is
impossible for us to find another set of three invariants to
guarantee C'P conservation, at least in the physically allowed
parameter. Therefore, we take Eqs. (3.12)—(3.14) to be the
sufficient and necessary conditions of eliminating the
remaining three phases in a particular parameter space.
Although the invariants given in Egs. (3.9)—(3.14) are by
construction independent of the flavor basis, it is conven-
ient to calculate them in the special basis where M; and My
are both diagonal. By inspecting these conditions, we can
prove that CP symmetry is conserved if and only if

(3.16)
(3.17)

a)%l" = arg[(MD)am] - arg[(MD)an]
= (pn_pm)f_l'ka”y (318)

2

where p,, p,., k, are arbitrary integers with m, n =1, 2, 3
and @ = e, u, . The above equation gives in total six
independent constraints on the phases of Mp, while
the number of independent phases in Mp responsible
for CP violation is also six. From Eq. (3.18), we conclude
that in the basis where M, and My are diagonal,
if the masses of heavy Majorana neutrinos are non-
degenerate, then the sufficient and necessary conditions
for CP conservation are simply that (i) the phases
of the elements of Mp in the same row but different
columns can differ only by an integral multiple of
/2, and (ii) the phase differences between two different

rows, i.e., %, — @hhn, can differ only by an even multiple
of /2.

As a concrete example for the CP violation at high-
energy scales, we consider the CP-violating decays
of heavy Majorana neutrinos into left-handed lepton and
Higgs doublets, i.e., N; - £, + H and N; — £, + H (for
i=1,2,3and a = e, y, 7). The CP asymmetries arise from
the interference between the tree-level and one-loop-level
decay amplitudes and can be written as
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— F(Nz_)fa+H)_F(Nl_)2a+H)
- S [C(N; = €, + H) +T(N; = £, + H)]’

(3.19)

€ia

where ['(N; — ¢, + H) and T'(N; - £, + H) stand for the
decay rate of N; = £, + H and that of N; —» 7, + H,
respectively. In the vanilla scenario of leptogenesis, the CP
violation in the out-of-equilibrium decays of heavy
Majorana neutrinos gives rise to lepton number asymme-
tries, which will be finally converted into baryon number
asymmetry in our Universe [14—16]. Concentrating on the
CP asymmetries, in the basis where M; and My are
diagonal, we have [41]

€ = m;{Im[(M]*)>ai(MD>aj(HD)ij]}—<%§)

¥ Im[(Mf,)m<MD>aj<HD>:fng(%§) b e

where the loop functions F(x) = /x{(2—-x)/(1 —x) +
(1 +x)In[x/(1+x)]} and G(x) =1/(1 —x) have been
defined. It is easy to verify that all the CP asymmetries
€ (fori=1,2,3 and @ = e, p, ) vanish if the phases of
the matrix elements of M satisfy the following relations:

sin (0% + @) = sin (0% — ;) =0, (3.21)

ij
where of; = arg[(Mp),;| — arg[(Mp),;] has been defined,

and likewise for a)ff] The solutions to Eq. (3.21) are exactly
the same as those in Eq. (3.18). Hence we reach the
conclusion that if the phases of the matrix elements of Mp
fulfill the conditions in Eq. (3.18) in the basis where M, and
My, are diagonal, then there will be no CP violation in the
canonical seesaw model and all the CP asymmetries €,
vanish in the decays of heavy Majorana neutrinos.

In summary, if the masses of heavy Majorana neutrinos
are nondegenerate, we must implement six WB invariants
to ensure CP conservation, e.g., those in Egs. (3.9)—(3.14).
This conclusion has been obtained in the literature [20,26].
However, if a partial or complete mass degeneracy of heavy
Majorana neutrinos is assumed, an immediate question is
how many WB invariants we need for CP conservation.

B. Partial mass degeneracy

If the masses of heavy Majorana neutrinos are partially
degenerate, e.g., M| = M, # M5, then one can verify that
{Z,.7,.75} become linearly dependent on each other, and
so do {Z4.Zs5.Z¢}. As a consequence, Egs. (3.9)—(3.14)
give rise to only two independent equations, which are
insufficient to guarantee CP conservation. In this section,
we attempt to make clear how many CP phases are left in
the theory and how to construct the WB invariants for CP
conservation in the presence of a partial mass degeneracy.

First, in the basis where M; and My are diagonal, we
have the freedom to rotate the heavy Majorana neutrino
fields as Ny — R},(a)Ng, where Rj,(a) is the same
rotation matrix as that given in Sec. Il A. Under such a
rotation, we have
Mp — MpRy;(a), Hp = Ry, (@)HpRp(a),  (3.22)
while the charged-lepton mass matrix M; and the charged-
current interaction are unchanged. Similar to what we have
done in Sec. I A, one can adjust a to eliminate one of three
CP phases in Hp, e.g., ,. Hence with only two phases left
in Hyp, the expression of Z; becomes quite simple

I) =M M5(M7 - M3)y3;y5,sin [2(61 +0)]. - (3.23)
In addition to Z,, inspired by Z5 in Eq. (1.7), we introduce
another WB invariant that depends only on the phases in
Hp, namely,

7, = Tr{[Gpgr, Hp)*} = 0. (3.24)
After some algebraic calculations, it is easy to verify that
7, =0 leads to either f; +¢ =0 or fpy +¢ = x/2, as
indicated by Eq. (3.23). Furthermore, we can obtain Z, «
sin#; in the former case, while 7, « cos f; in the latter.
Therefore, Z; = 0 and 77 = 0 imply either g, =, =06=0
or f; =x/2,p, = =0, rendering three CP phases Hp,
trivial.

Then, we need another three independent invariants to
eliminate the remaining three phases in M. However, as
mentioned above, {Z,,Zs,Z¢} turn out to be linearly
dependent in the case of a partial mass degeneracy, so
they are no longer sufficient to give three independent
constraints on the CP phases in Mp. To this end, we shall
construct a new series of WB invariants by using H, and
G,,, which were introduced in Eq. (3.4). For instance, we
introduce

Ty =Tr{[G,, H,]?} =0, (3.25)
Ty =Tr{[G,. H,]?} = 0, (3.26)
T1o=Tr{[G5.Hs)?} =0, (3.27)

where the explicit expressions of H,, and G, (forn=1, 2, 3)
can be read off from Eq. (3.4). The construction of
three WB invariants in Egs. (3.25)—(3.27) has been inspired
by two important observations. First, all the invariants
{Zs.T4.Z,0} are constructed by directly using My, instead
of Hp, so these invariants contain the remaining three CP
phases in Mp. Second, these invariants are similar to each
other but have been constructed intentionally by adopting
the charged-lepton mass matrix via (H;)" for n =1, 2, 3.
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In this way, because of the hierarchical mass spectrum of
charged leptons, these three invariants are linearly inde-
pendent even when the masses of heavy Majorana neu-
trinos are fully degenerate. Therefore, one can constrain
the remaining phases in Mp to be trivial by requiring
Iy =1y =1,y =0, whereas those three CP phases in Hp,
have already been eliminated by 7, = Z; = 0.

To conclude, in the presence of a partial mass degeneracy
of heavy Majorana neutrinos, the number of CP phases in
the theory will be reduced from six to five. In this case, we
advocate a new set of WB invariants {Z,77,Zg.Z9.Z,0}.
The vanishing of all these invariants serves as the sufficient
and necessary condition for CP conservation in this
particular case.

C. Complete mass degeneracy

Once the masses of heavy Majorana neutrinos are
completely degenerate, i.e., M; = M, = M3, all six WB
invariants in Egs. (3.9)—(3.14) will automatically vanish.
Therefore, they will not carry any useful information about
CP violation.

In the presence of full mass degeneracy, however, we are
allowed to perform an arbitrary orthogonal rotation of My
in the basis where both M; and My are diagonal without
changing the heavy Majorana neutrino mass term. As we
have proved in Sec. II B, these 3 degrees of freedom in the
arbitrary orthogonal rotation can be taken to reduce the
number of CP phases in Hp at most by two, so we are left
with four CP phases in total.

It is obvious that these four CP phases can be made
trivial by requiring four WB invariants in Eq. (3.24) and in
Egs. (3.25)—(3.27) to be zero. First, f7 = 0 can be used to
get rid of the only CP phase in Hp, as the other two phases
have been removed by two successive rotations. Then, the
vanishing of {Zg,Zo,Z o} in Eqs. (3.25)—(3.27) guarantees
that the three remaining phases in My, are trivial. Therefore,
for the complete mass degeneracy of heavy Majorana
neutrinos, there are four CP phases and the vanishing of
the WB invariants {Z,,Zg,Z9,Z o} serves as the sufficient
and necessary condition for CP conservation.

It is worth stressing that the partial or complete mass
degeneracy of heavy Majorana neutrinos may be guaran-
teed by flavor symmetries or may simply be accidental, and
thus the degeneracy will be shifted by explicit symmetry
breaking or radiative corrections [51-56], leading to the
possibility of successful resonant leptogenesis [57,58].
Moreover, once the mass degeneracy is broken, the number
of CP-violating phases and relevant WB invariants will be
changed, as discussed in Sec. IIT A.

In the presence of either partial or complete mass
degeneracy of heavy Majorana neutrinos, the CP asym-
metries defined in Eq. (3.19) cannot simply be obtained
from Eq. (3.20), which turns out to be singular in the exact
degeneracy limit (i.e., M; = M;). When the resonant

mixing between any two nearly degenerate unstable par-
ticles is properly treated [19,57-60], the divergence arising
from one-loop self-energy corrections to the heavy
Majorana neutrino decays can be removed. After taking
into account both one-loop self-energy and vertex correc-
tions, one can find that the loop functions in the expressions
of CP asymmetries in Eq. (3.20) are modified with a
regulator [61],

Flay) = | 01y (1)
Xij N xij (l—xij)z—l—r%j xjj t 1+xij ’
1—x,~~
G(x;) = ’ (3.28)

(l_xij)2+r12j’

where x;; = M; /M7 has been defined and the regulator r;;

has been introduced [57-60]. If the mass spectrum of heavy
Majorana neutrinos is strongly hierarchical, then the loop
functions defined in Eq. (3.28) will be reduced to the forms
below Eq. (3.20). However, when the masses of heavy
Majorana neutrinos become nearly degenerate, the regula-
tor r;; will play an important role. In particular, in the
limit of exact mass degeneracy, i.e., x;; = 1, the regulator
removes the singularity and gives a physically meaningful
result.

It should be emphasized that in the limit of complete
mass degeneracy (i.e., M; = M, = M3), although the CP
asymmetries €,, defined in Eq. (3.19) remain nonvanishing
due to the contribution from the interference between the
tree-level amplitude and the one-loop vertex correction,
there are actually no CP asymmetries in the decays of
heavy Majorana neutrinos [19,57]. This is because the CP-
violating source terms contributing to the generation of
lepton number asymmetry (i.e., the difference between the
number density of leptons and that of antileptons) in the
Boltzmann equations depend only on the following combi-
nations of CP asymmetries from different generations of
heavy Majorana neutrinos in the limit of complete mass
degeneracy [57], namely,

S [C(N; = £+ H) =T(N; = £, + H)]
Coff = = —,
. ?=IZ(z[F(Nl_)l’ﬂ(l+H)+F(Nl_)fa+H)]

(3.29)

which turn out to be vanishing. This can be understood by
noticing that all the heavy Majorana neutrinos in the mass-
degeneracy limit contribute to the generation of CP
asymmetries and only the effective CP asymmetries
defined in Eq. (3.29) play a role in leptogenesis.

To conclude, although there remain four nonvanishing
CP phases in the limit of complete mass degeneracy, there
are actually no CP asymmetries in the decays of heavy
Majorana neutrinos.
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D. Minimal seesaw model

In this section, we examine the so-called minimal seesaw
model (MSM), in which only two right-handed neutrino
singlets are introduced [62-66]. See, e.g., Refs. [67,68] for
recent reviews on the MSM. In this minimal scenario, Mp,
is actually a 3 x 2 complex matrix, and the effective mass
matrix of three light Majorana neutrinos is given by the
seesaw formula M, = —MpMg'MJ. As is well known, the
rank of M, will thus be at most 2, indicating that the lightest
neutrino is massless. Without loss of generality, we take
my = 0 for the normal mass ordering for illustration.

Although M, generally contains six phases, three of
them are actually unphysical and can be removed by the
basis transformations of lepton fields v, /1, and [i. In the
following discussions, we take the Casas-Ibarra paramet-
rization of Mp [69,70], i.e.,

Mp = iU\/ M, R\/ My,

where the PMNS matrix U can be decomposed as
U=V -diag{l,¢° 1},° with V being the CKM-like
matrix that contains one Dirac CP phase 0 and three
mixing angles. In addition, both light and heavy Majorana
neutrino mass matrices M, = diag{0, m,, m;} and My =
diag{M,, M, } are diagonal, and the complex and orthogo-
nal matrix R, satisfying RTR = diag{1,1} and RRT =
diag{0, 1, 1} can be parametrized as [70]

(3.30)

0 0
R=| cosz —sinz [, (3.31)
+sinz +cosz

where z is an arbitrary complex number. With such a

parametrization, one can observe that one CP phase of Mp,

is located in R, while the other two are included in the

PMNS matrix U.

Now we explain how to construct the WB invariants in
the MSM and present the sufficient and necessary con-
ditions for CP conservation in the cases of nondegenerate
(i.e., M| # M,) and degenerate (i.e., M; = M,) heavy
Majorana neutrino masses.

(a) For My # M,, there are in total three CP phases in
My, for which one has to construct three WB
invariants to guarantee CP conservation. In the
MSM, however, only two out of the six invariants
in Egs. (3.9)—(3.14) are linearly independent, and we
choose Z, and Z,. As one can see from the definition
of Z, in Eq. (3.9), only Hp, is involved in this invariant,
S0 it contains the unique CP phase in R. On the other

®As the lightest neutrino is massless, the Majorana CP phase
associated with the corresponding neutrino mass eigenstate
disappears from the theory.

hand, 7, defined in Eq. (3.12) depend on the CP phase
in R as well as the two CP phases in the PMNS matrix
U. For this reason, we need to construct extra WB
invariants in which the CP phases in U are present.
Unfortunately, all the invariants {Z7,Zg,Z9,Z,0} in
Egs. (3.24)—(3.27) vanish automatically in the MSM.

Inspired by the invariants {Z,7,,7Z3,Z,} in the
effective theory, we can simply replace M, with
—MpMg'MJ everywhere in these invariants and then
obtain four nontrivial WB invariants in the MSM, i.e.,

T, =Te{[MpMg'Hp (MR ML, HP'Y, - (3.32)
T, = Im{Tr[H,MpMz'Hi(Mz")?
x HpMg' MGH My (MR )TML]},  (3.33)

Ty = Tr{ Mo M7 MH; My (M) M. H ). (3.34)

Iy =Im{Tr[H,(MpMg' Hy, (Mg ) MY)?

x MpMg MEH; My(Mg))'Mp]}.  (3.35)
It should be noted that 7 ;(fori =1,2,3,4) depend on
only two CP phases in the PMNS matrix U and have
nothing to do with the CP phase in R. Moreover, 7 | 1s
proportional to sind, where & is the Dirac-type CP
phase in the PMNS matrix U, but not related to the
Majorana-type CP phase . In contrast, {Z,,75.7,}
depend on both § and o. With all these invariants,
to guarantee CP conservation, we can first require
7, = 0 to render the phase in R trivial, then 7 1=0to
eliminate ¢ in U, and finally either Z, = 0 or one of
{Z,=0,73=0,7, =0} to get rid of ¢ in U.

(b) For M| = M, as in the case of partial mass degen-
eracy in the effective theory or in the canonical seesaw
model, there is an extra degree of freedom in the
system, which can be implemented to remove the only
CP phase in R. Therefore, we are left with two CP
phases. It is straightforward to verify that 7, and Z,
vanish automatically in this limit of M| = M,. How-
ever, since {Z,,2,.7.2,} are independent of heavy
Majorana neutrino masses, they are in general nonzero
in the presence of mass degeneracy. We can first use
7 1 = 0 to make ¢ in U trivial, then choose any one of
{I, =0.2; = 0,2, = 0} to eliminate the remaining
phase ¢ in U so that CP conservation is guaranteed.

In summary, if there is no mass degeneracy of heavy

Majorana neutrinos, we have three CP phases and the

vanishing of three WB invariants {Z,,7,,7,} serves as the

sufficient and necessary condition for CP conservation. In
addition, in the case of mass degeneracy, there are two CP
phases and one can find that CP conservation is ensured by

{Z, = 0,2, = 0}. It is worth mentioning that the choice of
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WB invariants is by no means unique, but different choices
are all equivalent.

IV. SUMMARY

In this paper, we have performed a systematic study of
the sufficient and necessary conditions for CP conservation
in leptonic sector, both in the low-energy effective theory of
massive Majorana neutrinos and in the canonical seesaw
model. A particular attention has been paid to the cases of
the mass degeneracy of either light or heavy Majorana
neutrinos. We have demonstrated how to count correctly
the number of independent CP phases in these cases and
have explained the strategy to construct the WB invariants
to guarantee CP conservation.

In the low-energy effective theory, if the masses of light
Majorana neutrinos are not degenerate, there are in total
three independent CP phases. If the masses of light
neutrinos are partially or completely degenerate, then there
will be extra degrees of freedom in the theory, allowing us
to rotate the left-handed neutrino fields without changing
their mass term. As a consequence, such degrees of
freedom can be used to reduce the number of independent
CP phases. The number of CP phases and the WB
invariants chosen to guarantee CP conservation in different
cases are summarized in Table I. Moreover, the renorm-
alization-group equations of the WB invariants in the
effective theory have been derived. By using these equa-
tions of WB invariants, we show that CP conservation will
not be violated by radiative corrections.

In the canonical seesaw model, there are in total six
independent CP phases in the case of nondegenerate
masses of heavy Majorana neutrinos. Just as in the effective
theory, in the presence of mass degeneracy, it is possible to
reduce the number of CP phases. The main results have
been summarized in Table II. The sufficient and necessary
conditions for CP conservation in the minimal seesaw
model are also given. In the basis where the charged-lepton

TABLE I. Summary of the number of independent CP phases
and the weak-basis invariants chosen to guarantee CP conserva-
tion in the low-energy effective theory. Notice that the choice of
weak-basis invariants is by no means unique.

Low-energy effective ~ Number of .. .

theory CP phases Weak-basis invariants

No degeneracy 3 T, =Tr{[H,, H)?}
(my # my # mj3) 7, =Im{Tr[H,H,G, |}

T, =Im{Tr[H,H:G,}

Partial degeneracy 2 7, = Im{Tr[H,H,G, |}
(my = my # mj) Iy =Tr{[Gy. H '}

Full degeneracy 1 I, =Tr{[G,.H*}
(my =my = m3)

No degeneracy 2 Tr{[H,. H*}

with m; =0

Il =
I2 = Im{Tr[HIHuGZu}}

TABLE II. Summary of the number of independent CP phases
and the weak-basis invariants chosen to guarantee CP conserva-
tion in the canonical seesaw model. Notice that the choice of
weak-basis invariants is by no means unique.

Canonical seesaw Number of Weak-basis invariants
model CP phases
No degeneracy 6 7, = Im{Tr[HpHrGpg|}

(M # My # M3) 7, = Im{Tr[HpH} Gprl}
T} = Tr{[Hg, Hp)’}

1, =1Im{Tr[H HrG,]}
Is = Im{Tr[H,H}G,]}
I = Im{Tt[H Hg G, Hg]}

1:—1 = Im{Tr[HpHgrGpr|}
1;= Tr{[Gpr. Hp]’ }

Iy =Tr{[G\. H\]’}

Iy =Tr{[G,, H,]'}
Iyo=Tr{[G3, H3]’}

1; = Tr{[Gpr. Hp]’ }

Iy =Tr{[G\. H,]’}

Iy =Tr{[G,. H,]’}

Z,p =Tr{[Gs, H3]*}

%1 = Im{Tr[HpHrGpr|}
Z,=Im{Tr[H HxG,]}
7, in Eq. (3.32)

7, in Eq. (3.32)
7, in Eq. (3.33)

Partial degeneracy 5
(M =M, # M3)

Full degeneracy 4
(M, = My = M)

Minimal seesaw 3
model (M, # M)

Minimal seesaw 2
model (M| = M,)

mass matrix M; and right-handed neutrino mass matrix My
are diagonal, the conserved CP symmetry would lead to the
vanishing of all flavor-dependent CP asymmetries in the
heavy Majorana neutrino decays, i.e., €;, fori = 1, 2, 3 and
a =e, p, 7, while any nonzero CP asymmetries imply
the existence of CP violation. It is worth pointing out
that a flavor symmetry must be introduced to protect the
mass degeneracy. Otherwise, either partial or complete
mass degeneracy of heavy Majorana neutrinos will be
violated by radiative corrections [51-56] and all six WB
invariants in Egs. (3.9)—(3.14) are needed to guarantee CP
conservation.

We stress that the choice of different sets of WB
invariants for CP conservation is not unique. In each case,
we have explicitly given a suitable set of WB invariants,
which should be useful for the future studies of leptonic CP
violation and for the model building of neutrino mass
generation and lepton flavor mixing.
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