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Product group unification is an attractive alternative to simple grand unification. It solves the infamous
doublet-triplet splitting problem and the dimension-5 proton decay problems without introducing any fine-
tuning. Furthermore, the matter multiplets are still embedded into unified SU(5) representations. In this
paper, we discuss proton decay for the simplest product group unification model based on SUð5Þ × Uð2ÞH.
We find that the minimal setup of the model has already been excluded by dimension-6 proton decay. We
also show that a simple extension of the model, with naturally generated SU(5) incomplete multiplets, can
rectify this problem.We find that the proton lifetime will be in reach of coming experiments like DUNE and
Hyper-K, when the mass of the incomplete multiplet is associated with the Peccei-Quinn-symmetry
breaking. In this case, the dark matter may be an admixture of the Wino lightest supersymmetric particle
and the axion.
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I. INTRODUCTION

One of the challenges of supersymmetric (SUSY) grand
unified theories (GUTs) is the doublet-triplet splitting. In
the minimal model of SU(5), for example, the Higgs bosons
must be embedded in a 5; 5̄. This means that the doublet
Higgs bosons are accompanied by SU(3) triplets. The
presence of a triplet Higgs boson, at the energy scale of
the minimal supersymmetric standard model (MSSM),
ruins the precise coupling unification at the GUT scale.
In addition to this complication, the predicted lifetime for
the proton through the exchange of this very light triplet
Higgs boson would be in conflict with experimental
constraints. Thus, the doublet-triplet splitting is required.
In minimal SU(5), this splitting is accomplished by a severe
fine-tuning.
The minimal SU(5) model is further complicated by the

fact that the proton, lifetime in the channel p → Kþν̄, tends
to be too short unless the soft masses are quite large and the
phases in the Yukawa couplings are chosen appropriately1

[1,2] (for recent work, see e.g., [3–5]). This has led to the
study of more sophisticated model.
Several solutions to the doublet-triplet splitting have

been proposed. One candidate, missing partner models
[6,7], use a 75 to break SU(5) down to the standard model
(SM) gauge symmetries. In this case, the Higgs bosons,
which reside in a 5; 5̄, are coupled a 50; 50 through the 75.
Since the 50; 50 do not contain any doublets, the Higgs
bosons bilinear mass is not generated. Although this model
solves the doublet-triplet splitting problem, a more com-
plicated structure is needed to forbid the 55̄ Higgs bilinear
term. This structure tends to be plagued by other problems.
Other types of unification models, like flipped SU(5), also
rely on a missing partner type mechanism to suppress the
Higgs doublet mass. However, the 55̄ Higgs bilinear mass
term is set to zero by hand.2 Furthermore, models like
flipped SU(5) completely lose the explanation of charge
quantization.
In this paper, we will examine product group unification

with the gauge symmetries SUð5Þ × Uð2ÞH [9,10] (see
Refs. [10–14] for the earlier works on this type of
the product group unification models.). This product
group unification model is characterized by having an
R-symmetry which forbids the Higgs bilinear term 55̄ and
the dimension-5 proton decay operators simultaneously.3
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1Minimal SU(5) models are further complicated by the fact
that the operator 5̄101010=MP is allowed by all the symmetries.
Unless the coefficient of this operator is quite small, the short
proton lifetime rules out all low-scale SUSY models.

2It is possible using R-symmetries to forbid the Higgs bilinear
mass term in flipped SU(5); see [8].

3This also forbids the operator 5101010=MP.
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For this model, the doublet-triplet splitting is accomplished
without any unnaturally small couplings.
Furthermore, this model maintains the same matter field

embeddings as minimal SU(5), that is, the standard model
fields are contained in the 10 and 5̄ just as in minimal
SU(5). Although the SM gauge symmetries SUð2Þ × Uð1Þ
are the diagonal subgroup of SUð5Þ × Uð2ÞH, this embed-
ding leads to a perceived charge quantization among the
MSSM fields due to the embedding of SM fields in 10
and 5̄.4

As we will see, the minimal SUð5Þ × Uð2ÞH unification
model has already been excluded by dimension-6 proton
decay experiments5 [15]. We also show that a simple
extension of the model including new pairs of 5, 5̄ and
2, 2̄ can rectify this problem. In this extension, the mass of
the doublets and the triplets embedded in the new 5; 5̄ is
split with the triplets being much lighter. These light triplets
deflect the running of the gauge couplings and alter the
gauge matching conditions. This leads to a larger mass for
the heavy gauge bosons of SU(5) and a longer proton
lifetime. As we will show, these light triplets can also be the
heavy quarks which couple to the Peccei-Quinn (PQ)
breaking field of the –Kim-Shifman-Vainshtein-Zakharov
(KSVZ) axion scenario [16,17]. To push the proton lifetime
beyond the current experimental limit, the triplet masses
need to be smaller than about 1012 GeV. Suggestively, this
scale implies that the axion makes up some portion of the
dark matter. If the axion does indeed make of some
nontrivial portion of the dark matter and we make some
rather mild assumptions about order one couplings, the
proton lifetime of this model will be in reach of coming
experiments like DUNE [18] and Hyper-K [19] no matter
the MSSM soft mass spectrum. Since dimension-6 proton
decay dominates, this makes for a unique proton decay
signature for these experiments to search for.
The paper is organized as follow. Section II gives a brief

review of SUð5Þ × Uð2ÞH production group unification.
Next, in Sec. III, we discuss our calculation of the proton
lifetime including discussion of the SUSY breaking sce-
nario we use. In Sec. IV, we present our product group
unification model, including some discussion on how the
axion ties in to this scenario. Then, Sec. V presents the
result of our proton lifetime calculation for the particular
product group unification model we consider.

II. THE MODEL

The model we consider is based on that found in [9,10]
and is a unification model with the gauge symmetries
SUð5Þ × Uð2ÞH. These symmetries are broken down to

the SM gauge symmetries SUð3Þ × SUð2Þ × Uð1Þ by the
following superpotential:

W ¼
ffiffiffi
2

p
λ2HQ̄XaτaQþ

ffiffiffi
2

p
λ1HQ̄X0Q −

ffiffiffi
2

p
λ1Hv2X0; ð1Þ

where we have suppressed gauge indices and the charge
assignments are in Table I. The τa (a ¼ 1, 2, 3) denote half
of the Pauli matrices, v is the mass parameter of the GUT
scale, while λ’s are coupling constants. We follow the
normalization of the coupling constants in [9]. The theory
also has a well-defined R-symmetry as seen in Table I.
The theory is broken to the SM gauge symmetries by the

vacuum expectation value (VEV),

QA
α ¼ vδAα Qα

A ¼ vδαA; ð2Þ

where α; β… are for the SU(2) indices and A;B:: refer to
the SU(5) indices. After the gauge symmetry is broken, the
masses of the particles are

MX0 ¼
ffiffiffi
2

p
λ2Hv MQα

βþQ̄α
β
¼

ffiffiffi
2

p
λ2Hv MX0

¼
ffiffiffi
2

p
λ1Hv; ð3Þ

where MQα
βþQ̄α

β
is the mass of the linear combination

Qα
β þ Q̄α

β and the others we hope are self-explanatory.
The orthogonal component Q̄α

β −Qα
β is one of the

Goldstone boson fields associated with the breaking of
the gauge symmetries. The other component of Q, Q̄,
involving SU(3) portion of the SU(5) indices, are also
would-be Goldstone bosons. The gauge boson masses
corresponding to the broken generators are as follows:

MX ¼ g5v; MVUð1Þ ¼
ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g21H þ 3

5
g25

r
v;

MVSUð2Þ ¼
ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g22H þ g25

q
v: ð4Þ

It should be noted that the SUð5Þ × Uð2ÞH breaking sector
leaves no massless particles.
In this theory, we break the SUð2Þ × Uð1Þ subgroup of

SU(5) diagonally with the Uð2ÞH. This means that after the
breaking, the Uð2ÞH fields now have SUð2ÞW × Uð1ÞY
charges. The charges of the massive gauge bosons are, in

TABLE I. Charge assignments for all fields. We normalize the
Uð1ÞH charge so that the charge matrix on the SUð2ÞH doublet is
ðτ0Þαβ ¼ δαβ=2.

Fields Φ̄i Ψi X X0 Q6 Q̄6 Q Q̄ Φ0 Φ̄0 Θ Θ̄ P

SU(5) 5̄ 10 1 1 1 1 5̄ 5 5 5̄ 1 1 1
SUð2ÞH 1 1 3 1 2 2 2 2 1 1 2 2 1
Uð1ÞH 0 0 0 0 −1=2 1=2 −1=2 1=2 0 0 −1=2 1=2 0
R charge 1 1 2 2 0 0 0 0 1 1 1 1 0
PQ charge 0 0 0 0 0 0 0 0 1 0 0 −1 −1

4However, any charge is possible if the 10’s and 5̄’s are initially
charged under the Uð1ÞH or there are other fields charged only
under the Uð2ÞH gauge symmetries.

5This is due the gauge coupling matching conditions requiring
the SU(5) guage bosons to be light.
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the notation ðSUð3Þ; SUð2ÞÞUð1ÞY , Xð3; 2Þ5=3, X̄ð3̄; 2Þ−5=3,
VSUð2Þð1; 3Þ0, and VUð1Þð1; 1Þ0. Using these charge assign-
ments, we get the following matching conditions for the
gauge couplings:

1

g23ðMGÞ
¼ 1

g25ðMGÞ
þ 1

2π2
ln

�
MX

MG

�
; ð5Þ

1

g22ðMGÞ
¼ 1

g25ðMGÞ
þ 1

g22H
þ 3

4π2
ln

�
MX

MG

�

þ 1

2π2
ln
�MVSUð2Þ

MQα
βþQ̄α

β

�
; ð6Þ

1

g21ðMGÞ
¼ 1

g25ðMGÞ
þ 3

5

1

g21H
þ 5

4π2
ln

�
MX

MG

�
; ð7Þ

where we useMG to indicate the matching scale. When we
implement these matching conditions, we will use the scale
at which g1 ¼ g2. From Eqs. (5) and (7), we can findMX in
terms of g21H,

MX ¼ MG exp

�
4π2

3

�
1

g21ðMGÞ
−

1

g23ðMGÞ
−
3

5

1

g21HðMGÞ
��

:

ð8Þ

Since the couplings unify quite well in supersymmetry,
the differences of the MSSM gauge couplings are quite
small. If g21H is of order 4π, then MX is quite close to the
unification scale. However, if g21H is of order one, then MX
is much lower than the unification scale. As we will see,
this leads to a proton lifetime which is in conflict with
experimental constraints.
The gauge coupling g5, which is important for proton

decay, can be found from Eq. (5),

g5ðMGÞ ¼
�

1

g23ðMGÞ
−

1

2π
ln

�
MX

MG

��
−1
2

: ð9Þ

Since MX is known in terms of g1H, both g5 and MX are
determined by choosing g1H.

A. MSSM Yukawa couplings

As a notable feature of the SUð5Þ × Uð2ÞH unification
model, there are no 5 and 5̄ Higgs bosons. Instead, the
Higgs bosons arise from additional massless fields charged
under only Uð2ÞH,Q6, and Q̄6 in Table I.

6 Since these fields
will be charged under the SM SUð2Þ × Uð1ÞY once the
SUð5Þ × Uð2Þ breaks to the SM gauge symmetries, these
fields can play the role of Higgs boson. At the tree level, the

Higgs bosons cannot interact with the MSSM matter
content. The only allowed tree-level interactions of the
Higgs bosons are

WH ¼
ffiffiffi
2

p
λ02HQ̄6XQ6 þ

ffiffiffi
2

p
λ01HQ̄6X0Q6: ð10Þ

In the above expression, there is no supersymmetric mass
for the Q6; Q̄6 since their R-charge is zero. As there is no
triplet Higgs, the model is free from the doublet-triplet
splitting problem by construction. We will return to the
generation of the Higgs supersymmetric bilinear mass later.
TheMSSMYukawa couplings are generated from higher

dimensional operators,

WY ¼ c5ijQQ̄6

Λ
ΨiΦ̄j þ

c10ij Q̄Q6

Λ
ΨiΨj; ð11Þ

where Λ is the cutoff of the theory. The Φ̄ and Ψ above
contain all the MSSM fields with i, j being the flavor
indices (see Table I). They both also have an R-charge of 1.
To reproduce the top Yukawa coupling in the MSSM, we
require that the cutoff scale Λ is not far from OðhQiÞ but
larger.7

Now the expressions for the Yukawa couplings require a
little more careful treatment, since the SUð2ÞH and Uð1ÞH
are not asymptotically free. In this case, we identify Λ with
the confinement scale of some strong interacting ultraviolet
(UV) theory. Unless the Landau-pole scale is separated
from the GUT scale, OðvÞ, by at least an order of
magnitude, the expressions for the Yukawa couplings
above are not well defined.
This needed separation of scales has implications for the

gauge couplings. If we enforce Λ≳ 4πhQi, the gauge
couplings for SUð2ÞH and Uð1ÞH will be suppressed at the
GUT scale due to the renormalization group (RG) running.
That is, even if we set them equal to 4π at the cutoff scaleΛ,
they will no longer be of order 4π at the GUT scale. This
RG running will place an upper limit on the size of the g1H
and g2H at the GUT scale which is less than 4π. This will in
turn affect the upper bound on the mass of MX, as seen in
Eq. (8). Since MX only depends on g1H, we will focus on
the RG effects on this coupling. We will only consider the
one-loop renormalization group equations (RGEs), using
them as a guide. The one-loop RGE for g1H is

dg21H
d ln μ

¼ 6
g41H
8π2

: ð12Þ

The solution to these one-loop equations is

6TheQ6 and Q̄6 are nothing but the pseudo-Nambu-Goldstone
chiral multiplets in the limit of λ2H ¼ λ1H [14].

7The top Yukawa couplings for the models we consider below
are of order 0.45–0.6 depending on the value of tan β and the
Higgs soft masses, which require a rather large coupling c10.
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g21HðμÞ ¼
g21HðΛÞ

1 − 6
g2
1HðΛÞ
8π2

lnðμΛÞ
: ð13Þ

Using this equation, we can determine the maximum size of
the coupling that allows a 4π separation between the
Landau pole, Λ and GUT scale, which we take to be
MG throughout the rest of this work. This is roughly
estimated by taking g21HðΛÞ ¼ Λ=μ ¼ 4π in the above
equation, which gives

g21HðhQiÞ ¼ g21HðΛ=4πÞ ¼ 3.68: ð14Þ

As we will see below, a value this small leads to a
proton lifetime which is much too short in the minimal
SUð5Þ × Uð2ÞH model we have discussed above.

III. PROTON DECAY

In product group unification, there is no dimension-5
proton decay, since the operator 5̄101010 is forbidden by
the R-symmetry. This is already a significant deviation
from minimal SU(5) where this is the dominant decay
mode.
Dimension-6 proton decay, on the other hand, proceeds

as usual. Here we will give some details of the dimension-6
proton decay calculation. The important interactions for
dimension-6 proton decay are

Lint¼
g5ffiffiffi
2

p ½−dcRi=XLiþe−iφi Q̄i=XucRiþecRi=XðV†ÞijQjþH:c:�;

ð15Þ

where Vij are the Cabibbo-Kobayashi-Maskawa matrix
elements. To calculate the proton lifetime induced by these
operators, we first integrate out the X boson. We then
evolve these operators Wilson’s coefficients down to the
hadronic scale using renormalization group equations,
making the necessary adjustments to the equations at the
SUSY and weak scale. The decay width is then calculated
at the hadronic scale8 for different leptons flavors li,

Γðp → π0lþ
i Þ ¼

mp

32π

�
1 −

m2
π

m2
p

�
2

½jALðp → π0lþ
i Þj2

þ jARðp → π0lþ
i Þj2�; ð16Þ

where mp and mπ are the proton and pion masses,
respectively. The amplitudes are given by

ALðp→π0lþ
i Þ¼−

g25
M2

X
δi1 ·A1 ·hπ0jðudÞRuLjpii;

ARðp→π0lþ
i Þ¼−

g25
M2

X
ðδi1þVudV�

uiÞ ·A2 ·hπ0jðudÞLuRjpii;

ð17Þ
where A1;2 take care of the RG running, and
hπ0jðudÞðR;LÞuðL;RÞjpii are the hadron matrix elements
for decays to li. The RG coefficients A1;2 are given by

A1 ¼ AL ·

�
α3ðMSUSYÞ
α3ðMGUTÞ

�4
9

�
α2ðMSUSYÞ
α2ðMGUTÞ

�
−3
2

�
α1ðMSUSYÞ
α1ðMGUTÞ

�
− 1
18

×

�
α3ðmZÞ

α3ðMSUSYÞ
�2

7

�
α2ðmZÞ

α2ðMSUSYÞ
�27

38

�
α1ðmZÞ

α1ðMSUSYÞ
�
−11
82

;

A2 ¼ AL ·

�
α3ðMSUSYÞ
α3ðMGUTÞ

�4
9

�
α2ðMSUSYÞ
α2ðMGUTÞ

�
−3
2

�
α1ðMSUSYÞ
α1ðMGUTÞ

�
− 23
198

×

�
α3ðmZÞ

α3ðMSUSYÞ
�2

7

�
α2ðmZÞ

α2ðMSUSYÞ
�27

38

�
α1ðmZÞ

α1ðMSUSYÞ
�
−23
82

:

ð18Þ
Here, AL ¼ 1.25 takes care of the long distance renorm-
alization effects coming fromQCD [20]. The hadron matrix
elements are calculated using lattice techniques in [21] and
are found to be

hπ0jðudÞLuRjpi1 ¼ hπ0jðudÞRuLjpi1
¼ −0.131ð4Þð13Þ GeV2; ð19Þ

hπ0jðudÞLuRjpi2 ¼ hπ0jðudÞRuLjpi2
¼ −0.118ð3Þð12Þ GeV2: ð20Þ

A. Pure gravity mediation

In order to calculate the proton lifetime in supersym-
metric unification models, we need to specify the SUSY
breaking spectrum. Although dimension-6 proton decay is
not strongly dependent on the sparticle spectrum, the
proton lifetime does depend on these masses through the
running of the gauge couplings. The largest effect to the
gauge couplings unification comes from incomplete rep-
resentations of SU(5). In the MSSM, the relevant particles
are the gauginos and the Higgsinos. In models like the
constrained MSSM (CMSSM) [22–24], all supersymmetric
particles are relatively degenerate. This means that the
gauginos and the Higgsinos contribute to the running over
roughly the same number of orders of magnitude. In
contrast, models like pure gravity mediation (PGM) have
loop-suppressed gauginos, due to their anomaly mediation
origins [25,26],9 compared to the rest of the supersymmetry

8We take the bottom quark mass as the hadronic scale.

9See Ref. [27] for the path-integral derivation of the anomaly
mediated gaugino mass.
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breaking spectrum. This means that the gauginos contribute
to the running of the gauge couplings over more energy
scales than the rest of the SUSY particles. This type of
SUSY spectrum flattens the running of g3 and steepens the
running of g2 above the gaugino masses, which pushes up
the GUT scale. This will have implications for the proton
lifetime. In the following discussion, we focus on this type
of the SUSY spectrum, that is a PGM [28–36] spectrum.
Product group models of unification tend to have a much
too short proton lifetime. As we will see below, a PGM
mass spectrum helps push up the unification scale which
will have a mild but nontrivial effect on the proton lifetime.
Now, we examine the proton lifetime for the product

group unification model found in [9]. We use the SSARD
code to evolve the gauge couplings, determine the super-
symmetric spectrum, and calculate the proton lifetime [37].
We take a PGM spectrum, which is described below, at the
inputs scale defined where g1 ¼ g2. Since universal pure
gravity mediation is rather restrictive, we will broaden our
scope and included nonuniversal Higgs masses. This will
make it easier to get the correct Higgs mass and allow us to
see what kind of proton lifetimes DUNE and Hyper-K
should expect. The code evolves the masses and couplings
to the weak scale and checks that electroweak symmetry
breaking (EWSB) is viable. The Higgs mass is also
calculated to verify that it meets experimental constraints.
Before we present our results, we give a short review of

pure gravity mediation. In pure gravity mediation, it is
assumed that the field breaking supersymmetry is charged.
Because of this charge, the gaugino masses are forbidden,
since the following operator is forbidden:

W ⊃
cgZ

MP
WW; ð21Þ

where W is the gauge kinetic function, Z is the SUSY
breaking field, and MP is the Planck mass. The leading
order contribution to the gaugino masses is then generated
by anomaly mediation at the loop level,

Mi ¼
big2i
16π2

m3=2; ð22Þ

where bi ¼ 33=5; 1;−3 for i ¼ 1, 2, 3.
The soft masses are a quite different. A charged

supersymmetry breaking field, in general, cannot forbid
the sfermion mass terms. The sfermions then get a mass of
order m3=2, from operators of the form

K ⊃
cijjZj2
M2

P
Φ†

iΦj: ð23Þ

The theory also has a supersymmetric bilinear mass,

W ⊃ μ0HuHd; ð24Þ

where Hu;d are the up and down Higgs masses, respec-
tively. Because the Higgs fields have an R-charge of zero in
product group unification models, the above Higgs bilinear
term is forbidden. Even if the Higgs fields have zero
R-charge, the Higgs bilinear mass terms can be generated
in two ways. First, a Giudice-Masiero/Inoue-Kawasaki-
Yamaguchi-Yanagida/Casas-Muñoz term [38–40],

δK ¼ cKHuHd þ H:c:; ð25Þ

will generate an effective Higgs bilinear mass of orderm3=2

as well as supersymmetric breaking B-term for the Higgs.
The other source of a Higgs bilinear term is from a
nonrenormalizable operator of the form

ΔW ¼ cWhWhi
M2

P
HuHd; ð26Þ

where Wh is the Hidden sector superpotential which has a
nonzero VEC and is responsible for generating the grav-
itino mass. Thus, this contribution to the Higgs bilinear
mass is again of order m3=2. If we consider both of these
terms, we find that the supersymmetric and supersymmetry
breaking Higgs bilinear are linear independent,

μ ¼ ðcW þ cKÞm3=2; ð27Þ

Bμ ¼ ð−cW þ 2cKÞm2
3=2; ð28Þ

where B is the supersymmetry breaking Higgs bilinear
mass.
Since the simplest model found in [33] captures all the

relevant features of PGM, we will start our examination
with universal soft masses at the input scale and then extend
our study to include nonuniversal Higgs masses. The free
parameters of this theory are

m3=2 tan β: ð29Þ

The Higgs bilinear masses, μ and B, are determined by the
electroweak breaking,10 leaving just two free parameters.
Since this will be rather restrictive, we further examine the
case where the Higgs soft masses are free parameters giving
the following set of free parameters:

m3=2 tan β m2
Hu

m2
Hd
: ð30Þ

B. Proton lifetime

In this section, we present the results of our calculation
of the proton lifetime for minimal product group unification
discussed above. In Fig. 1, we compare the g21H dependence

10This is equivalent to determining cW;K .
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of the proton lifetime for a pure gravity mediation spectrum
with m3=2 ¼ 700 TeV, μ < 0, and tan β ¼ 2.1 to that for a
CMSSM spectrum with m1=2 ¼ 1.75 TeV, m0 ¼ 4 TeV,
A0=m0 ¼ 2, μ > 0, and tan β ¼ 20. These values are
chosen to obtain a relatively good Higgs mass; however,
varying these numbers will not change our conclusions
significantly. As is clearly seen, the lifetime is smaller by a
nontrivial amount for the CMSSM spectrum. This is
ultimately due to the fact that the gauge couplings unify
better in the CMSSM, which is also seen in Fig. 1.
Figure 1 also shows the sharp suppression of the proton

lifetime near g21H ¼ 1. This is due to the exponential
suppression of MX as g21H becomes smaller at the GUT
scale; see Eq. (8). We see that the proton lifetime is too
short unless g21H ≳ 6 even for a PGM spectrum. This
contradicts the constraint coming from well-defined
Yukawa couplings which requires g21H ≲ 3.68 as seen in
Eq. (14). Thus, this minimal model of product group
unification is ruled out. This leads us to consider non-
minimal models of product group unification.

IV. LIGHT COLORED PARTICLES

A. SU(5) incomplete multiplet below the GUT scale

As we saw in the previous section, proton decay
constraints rule out the simplest product group unification
models. The short lifetime of the proton is attributed to the
light X bosons, which was a consequence of our separa-
tions of the cutoff scale and the GUT scale.
A simple way to address the proton lifetime problem is to

add additional representations of SU(5) with the SU(2) and
SU(3) components having different masses. In fact, product
unification model can easily achieve the SU(5) incomplete

multiplets by introducing an additional 5; 5̄ (Φ0; Φ̄0 in
Table I) and 2; 2̄ (Θ; Θ̄ in Table I). These fields are coupled
to the SUð5Þ × Uð2ÞH breaking fields, Q, Q̄, in the
following way:

ΔW ¼ λΦ0QΘ̄þ λΦ̄0Q̄Θþ μ5Φ0Φ̄0: ð31Þ
Here, we have taken the Yukawa couplings equal for
simplicity. In this model, the doublets of the Φ0; Φ̄0 pair
up with the Θ; Θ̄ and obtain mass from the VEV of Q, Q̄,
while the triplets of Φ0; Φ̄0 obtain the mass of μ5. In this
way, the SU(5) incomplete multiplets below the GUT scale
are achieved without fine-tuning.
If μ5 ≪ λhQi, the matching conditions in Eqs. (5)–(7)

get nontrivial corrections. The expressions for MX is then
modified to

MX ≃
�
MG0

μ5

� 2
15

MX0
; ð32Þ

whereMG0
;MX0

are the scale the coupling unify at and the
heavy gauge boson mass for the case without the additional
Φ0; Φ̄0, respectively. We have taken λv ¼ MG to maximize
the effect of Φ0; Φ̄0. BecauseMX scales vary slowly with μ5
in this expression, we will have to take μ5 ≪ MG.
Now, we look at the modifications to the RG running of

the hidden sector gauge couplings from these additional
states. The beta function of g1H is modified to

dg21H
d ln μ

¼ 7
g41H
8π2

; ð33Þ

giving

FIG. 1. Left: the proton lifetime as a function of g21H at the GUT scale of OðhQiÞ. The perturbative GUT below the cutoff scale
Λ ¼ 4πhQi is achieved for g21H ≤ 3.68 [see Eq. (14)]. The horizontal dotted lines show the current experimental limits on the proton life
time of the modes, p → π0 þ eþ and p → π0 þ μþ [15], respectively. Right: the coupling unification for given SUSY spectrum. The
better the couplings unify, the lower MX is for a given g21HðhQiÞ [see Eq. (8)].
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g21HðΛ=4πÞ ¼ 3.29; ð34Þ

if g21HðΛÞ ¼ 4π. This slight modification to the upper
bound on g21H can easily be offset by reducing μ5. As
we will see below, this will allow us to get a proton lifetime
beyond the current experimental limit. However, because of
the slow scaling ofMX seen in Eq. (32), the proton lifetime
still has an upper limit.

B. Suppressing μ5 with a PQ symmetry

Before we present our results, we wish to motivate the
suppression of μ5 below the GUT scale. The most attractive
possibility is the PQ symmetry which solves the strong CP
problem [41,42]. In the PQ mechanism, θ-angle of QCD is
canceled by the VEV of the axion [43,44] associated with
the spontaneous breaking of the PQ symmetry.
The PQ mechanism is particularly attractive when its

breaking scale is of 1010–12 GeV for which the axion is a
natural candidate for cold dark matter. For example, if the
PQ breaking is broken before inflation, the axion dark
matter density is given by the misalignment mechanism,

Ωah2 ¼ 0.18θ2a

�
Fa

1012 GeV

�
1.18

�
ΛQCD

400 MeV

�
: ð35Þ

Here, θa is the initial misalignment angle of the axion, Fa is
the PQ breaking scale, and ΛQCD is the QCD scale [45] (see
also [46,47]).11 If the PQ breaking takes place after
inflation, on the other hand, cosmic strings are formed at
the phase transition of the PQ breaking. The axion winds
Nwð≥1Þ-times around the cosmic string, and hence, the
cosmic string is attached by Nw domain walls when the
axion obtains a nontrivial scalar potential due to the QCD
effect. For a model with Nw > 1, the string-wall network is
stable and dominates the energy density immediately,
which is not consistent with our Universe. For a model
with Nw ¼ 1, the string-wall network is unstable, and it
disappears immediately. In this case, the axion dark matter
is dominated by the contributions emitted from the decay of
the string-wall network [49] (see also [50]),

Ωah2¼0.035�0.012

�
Fa

1010GeV

�
1.19

�
ΛQCD

400MeV

�
: ð36Þ

The PQ-breaking scale is also constrained to be Fa ≳
109 GeV from astrophysical phenomena [51–54]. From

these considerations, we assume the PQ-breaking scale of
1010−12 GeV in the following discussion.
To associate μ5 with the PQ-symmetry breaking, we

introduce a PQ-symmetry breaking field P, in which the
axion resides as

P ¼ Faffiffiffi
2

p e−ia=Fa : ð37Þ

The PQ charges can be found in Table I.12 As there is only
one pair of Φ0, Φ̄0, the domain wall number Nw ¼ 1 in this
model. With this PQ charge assignment, the supersym-
metric mass term for ΘΘ̄ is forbidden as is the μ5 term and
we instead have

ΔW ¼ λΦ0QΘ̄þ λΦ̄0Q̄Θþ λPPΦ0Φ̄0; ð38Þ

with λ’s being the coupling constants of order of unity. The
effective μ5 is then given by μ5 ¼ λPhPi. The VEVof Q, Q̄
give masses only to the doublets, while the triplets ofΦ0; Φ̄0
obtain the much smaller mass, μ5 ≪ λPhQi ¼ OðMGÞ.
As we will see shortly, this connection of μ5 and the PQ

breaking scale will put the proton lifetime in reach of
coming proton decay experiments due to Eq. (32).
Furthermore, the possibility of axion dark matter makes

FIG. 2. μ5 dependence of proton lifetime, p → π0 þ eþ in
PGM for given value of g21H at the GUT scale.

11In this case, the quantum fluctuation of the axion during
inflation leads to the isocurvature fluctuation of the axion dark
matter density. As its amplitude is proportional to the Hubble
parameter during inflation, HI , the cosmic microwave back-
ground constraints on the isocurvature fluctuation puts a con-
straint, HI ≲ 107–8 GeV, when the axion is the dominant dark
matter (see, e.g., [48]).

12We set the PQ charge of Φ̄0 vanishing, which allows slight
mixing between Φ̄ and Φ̄0 through which the triplets in Φ0 and Φ̄0
can decay into the MSSM fields. A sizable mixing between Φ̄ and
Φ̄0 affects the proton lifetime and the branching fractions [55].
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the parameter space of models like pure gravity mediation
much less restricted, as we will see below.
Before closing this section, let us comment on the axion

coupling to photons through the electromagnetic anomaly,

L ¼ 1

4
GaγγaFF̃; ð39Þ

where F and F̃ denote the QED field strength and its dual.
The coupling constant Gaγγ is given by

Gaγγ ¼
α

2π

�
caγγ −

2

3

1þ 4z
1þ z

�
1þ z

z1=2
mπ

ma

1

fπ
; ð40Þ

where fπ ≃ 92 MeV, z ¼ mu=md ≃ 0.553� 0.043 [56].
Here we have inserted the axion mass,

ma ¼
z1=2

1þ z
fπ
Fa

mπ: ð41Þ

In the present model, caγγ is given by caγγ ¼ 2=3, which
should be compared with the complete GUT KSVZ
multiplet of 5, 5̄ giving caγγ ¼ 8=3 (see, e.g., [57]). As a
result, the present model predicts an axion coupling to QED
which is 3 times larger, for a given axion mass, than in the
conventional GUT model with a complete KSVZ multiplet.

V. RESULTS

Here we show the results of our study of product group
unification with the addition of a pair of light triplet quarks.
We begin with universal pure gravity mediation and study
the effect of μ5 on the lifetime of the proton. In Fig. 2, we
plot the proton lifetime versus μ5 for different values of g21H

FIG. 3. The lightest Higgs boson mass, mh, the LSP abundance, and the proton lifetime for the universal PGM as a function of tan β.
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for a PGM spectrum with m3=2 ¼ 700 TeV, tan β ¼ 2, and
μ > 0. As can be seen in this figure, the largest lifetime
occurs for larger values of g21H and smaller values of μ5.
However, the separation of strong dynamics from the GUT
scale limits how large we can take g21H, Eq. (34). Because of
our naive estimation for g21H in Eq. (34), we take g2H1

¼ 3.2

as the maximal value of g21H in Fig. 2 using it only as a
guide. However, as can be estimated from the figure, a
small change in g21H does not affect our conclusions too
much. Furthermore, from Fig. 2, it is clear that the lifetime
scales quite close to our estimate in Eq. (32) and it is quite
difficult to push μ5 beyond 1012 GeV.
Next, we consider universal PGM with the addition of

Φ0; Φ̄0. Our results can be seen in Fig. 3. The lines terminate
at larger tan β due to EWSB failing, that is, equations need

jμj2 < 0. For smaller tan β, the lines terminate due to a
nonperturbative Yukawa coupling. Although the edge with
larger tan β may be allowed due to the large errors in
calculating the Higgs mass, much of the parameter space is
still ruled out by the Higgs mass measurement, mh ¼
125.10� 0.14 GeV [58]. With μ5 ¼ 1011 GeV, the proton
lifetime is sufficiently long for most of the parameter space.
However, for the edge with larger tan β, where the Higgs
mass is most consistent with the measured value, the
proton lifetime tends to be too short. This means universal
PGM needs μ5 < 1011 GeV. In the figure, we also show
the thermal relic lightest supersymmetric particle (LSP)
contribution to the dark matter abundance. The LSP is
mostly Wino-like neutralino in the PGM spectrum. For
m3=2 ≲ 500 TeV, the Wino dark matter density is insuffi-
cient to explain the measured value. However, for this range

FIG. 4. The tan β (top) and them3=2 (bottom) dependence ofmh (left) and of the proton lifetime (right). Here, we takem2
Hu

¼ m2
3=2 and

m2
Hd

¼ 0 as an example of the nonuniversal Higgs mass.
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of m3=2 and value of μ5, the axion can make up a large
fraction of the dark matter.
Since it is very possible that the soft masses of PGM are

nonuniversal, we will look at more generic mass spectra.
Since the dimension-6 proton decay is quite insensitive to
the sfermion masses, we will consider the case where only
the Higgs soft masses are nonuniversal. This will relax the
tension on the proton lifetime coming from the Higgs mass
measurement and allow us to more fully explore the
parameter space consistent with product group unification.
We begin our study of nonuniversal Higgs masses by

looking at the dependence of the Higgs boson mass and
proton lifetime on m3=2 and tan β for different values of μ5.
To demonstrate the nonuniversal Higgs masses, we take
m2

Hd
¼ m2

3=2 while m2
Hu

¼ 0. With the nonuniversal Higgs
mass, the successful EWSB is achieved even for tan β ≳ 2.
As is clear from Fig. 4, the lightest Higgs mass strongly
depends on tan β and m3=2 but vary mildly with μ5. This is
because the only effect of μ5 is to mildly change the running
of the gauge couplings. However, since the couplings are
fixed by experiment at the low scale, this effect is quite
mild. The proton lifetime, on the other hand, depends quite
mildly on both tan β andm3=2 and very strongly on μ5. This
is due to the fact that μ5 can have a significant effect on the
running of the gauge couplings for scales above μ5. tan β
and m3=2, in contrast, only affect the gauge coupling
running indirectly through the Higgsino’s and gaugino’s
masses.
The effects discussed above can be seen in Fig. 4. In the

top two figures, we see the typical strong dependence of the
lightest Higgs mass dependence on tan β. The current
experimental limit, mh ¼ 125.10� 0.14 GeV [58], com-
bined with the theoretical uncertainties, constrains tan β to
be roughly in the range 2.5–4. The proton lifetime is, as
expected, quite mildly dependent on tan β and saturates at
about tan β ≃ 3. This is due to a saturation of the Higgsino
and Wino masses tan β dependence.13

For the bottom two figures in Fig. 4, we see the expected
strong dependence of the lightest Higgs boson mass on
m3=2, which determines all the sfermion masses. Due to the
theoretical uncertainties in Higgs mass calculation, all
plotted values are consistent with the measure Higgs boson
mass. The proton lifetimes dependence on m3=2 is through
the Higgsino and Wino. The Wino mass is generated
through anomaly mediation with a nontrivial threshold
correction coming from the Higgsinos and heavy Higgs.
Since the Higgsino mass also scales withm3=2, it is roughly
set by the stop mass. However, since this mass dependence

of the gauge couplings is only logarithmic, we only see a
mild dependence of the proton lifetime on m3=2 in Fig. 4.
Next, we look at the tan β versusm3=2 plane form2

Hu
¼ 0.

We choose m2
Hu

¼ 0 for simplicity. However, most other
values where m2

Hu
is smaller than m2

3=2 by a nontrivial

amount would work. The advantage of taking m2
Hu

< m2
3=2

is it restores the freedom in tan β. In universal PGM, small
values of tan β are needed so that the top Yukawa couplings
are large. If the top Yukawa couplings are not large, the
radiative corrections to the Higgs soft masses are not large
enough to generate radiative EWSB. In Fig. 5, we show the
plane of tan β versus m3=2. The blue dashed line is where
the Wino masses give the correct thermal relic density for
dark matter. Below this line, the dark matter density is less
than the experimentally measured value. In the region
below this line, the dark matter can be a mixture of the
Wino and axion. As can be seen from the green short
dashed line, the proton lifetime, which is labeled in units of
1035 years, is quite small in the regions which is preferred
by the Higgs mass measurements. This means future
experiments will be able to completely rule out all
parameter space shown in this figure. Furthermore, the
constraints on the proton lifetime push us toward smaller
m3=2 and thus a larger fraction of axion dark matter.
Effectively, this model correlates the axion dark matter
fraction with proton lifetime.

FIG. 5. The tan β and m3=2 dependence of the lightest Higgs
boson mass in units of GeV (red lines) and the proton lifetime in
units of 1035 years (green dotted lines). Here, we take m2

Hu
¼ 0

and m2
Hd

¼ m2
3=2 as an example of the nonuniversal Higgs mass.

The blue dashed line is where the Wino masses give the correct
thermal relic density for dark matter. The pink shaded region is
excluded by the nonperturbative Yukawa coupling.

13The Higgsino’s tan β dependence is through the electroweak
symmetry breaking conditions, which are how the Higgsino
mass, μ, is determined. The Wino gets a tan β dependence
through a relatively large threshold correction generated when
the Higgsino and heavy Higgs bosons are integrated out.
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The last set of figures, Fig. 6, is for the mHd
versus mHu

plane.14 In these figures, we show how the proton lifetime
depends on the Higgs soft masses. In the top left figure, we
take m3=2 ¼ 200 TeV. The red contours are the Higgs
mass, the green short dotted lines are the proton lifetime in
units of 1035 years, and the yellow short dashed line is
where cW ¼ 0. There is no line corresponding to a dark
matter density of 0.12, since the entire plane has a Wino
masses which is too small to give a thermal dark matter
density of 0.12. The proton lifetime varies quite slowly
across the entire plane. In fact, most of the plane is within

reach of upcoming proton decay searches. The pink region
along the top and left edge is excluded because the radiative
EWSB conditions cannot be met. In the top right figure, we
take the same set of parameters except now we take
m3=2 ¼ 500 TeV. The lines are the same as the left figure
except now we have a blue long dashed line corresponding
to the measure relic density 0.12. Again, the proton lifetime
varies slowly and much of the plane is within the reach of
upcoming experiments. In the bottom left figure, we take
m3=2 ¼ 700 TeV. This figure is similar to the top two
figures, except now the dark matter density is too larger
over much of the plane. This mean if the Universe follows a
standard cosmology, we are constrained to live along the
edge of the region where electroweak symmetry breaking
fails. The bottom right figure is the same as the bottom left

FIG. 6. The m2
Hu

and m2
Hd

dependence of the lightest Higgs boson mass in units of GeV (red lines) and the proton lifetime in units of
1035 years (green dotted lines). The blue dashed line is where the Wino masses give the correct thermal relic density for dark matter. The
yellow dashed line is where cW ¼ 0. The pink shaded region is excluded by the failure of the EWSB.

14Here, mHd
and mHu

denote signðmHd
Þjm2

Hd
j1=2 and

signðmHu
Þjm2

Hu
j1=2, respectively.
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except it has μ < 0. This drastically affects the dark matter
density, since it flips the sign of the threshold correction to
the Wino coming from integrating out the Higgsino. This
drastically reduced the dark matter density and makes the
entire plane have a dark matter density less than 0.12.

VI. CONCLUSIONS

In this paper, we discussed the proton decay for the
simplest product group unification based on
SUð5Þ × Uð2ÞH. The product group unification is attractive
alternative which solves the doublet-triplet splitting prob-
lem and the dimension-5 proton decay problem by R-
symmetry. By requiring the model be perturbative up to the
cutoff scale, we find that the effective GUT scale is
considerably smaller than the conventional GUT scale,
which roughly corresponds to the scale the MSSM gauge
coupling constants unify. As a result, we find that the
minimal setup of the SUð5Þ × Uð2ÞH model has been
excluded by the proton decay experiments.
We also showed that a simple extension of the model

with SU(5) incomplete multiplets can rectify this problem.
It should be noted that the incomplete multiplets can be
achieved in product group unification without fine-tuning.
Although the proton lifetime does not depend on the
MSSM spectrum significantly, we demonstrated the param-
eter dependence by taking the PGM spectrum as an
example. As a result, we found that the proton lifetime
in the extended model is in reach of coming experiments
like DUNE and Hyper-K, when the mass of the incomplete

multiplet is associated with the Peccei-Quinn symmetry.
The dark matter in this model consists of an admixture of
the Wino LSP and the axion. The axion coupling to QED is
enhanced by a factor of 3 compared with the KSVZ axion
model with a GUT complete 5, 5̄ multiplet. Therefore,
this scenario can be tested by combining the proton decay
searches, the LSP (Wino) searches and the axion searches.
Product group unification models based on SUð5Þ ×

Uð3ÞH are also possible [9–12,14]. The minimal model is
likewise ruled out due to a short dimension-6 proton decay
lifetime. Similar to what was done in here, this class of
models can be salvaged by the addition of intermediate
scale SU(2) doublet fields. However, there is no strong
motivation for these intermediate mass doublets. Unlike the
SUð5Þ × Uð2ÞH case, where the intermediate scale mass of
the colored triplets is set by PQ breaking scale. Thus, the
preferred product group unification models is the one we
have considered based on SUð5Þ × Uð2ÞH.
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