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There is a newly emerging tension between determinations of Vus from different sources (known as the
Cabibbo anomaly), clearly demonstrated by the new RðVusÞ observable which is highly sensitive to lepton
flavor universality violating effects. We explore this observable from the perspective of the Standard Model
Effective Field Theory and show there is a discrepancy between RðVusÞ and existing electroweak precision
observables (EWPO) in a simple single operator dominated scenario. We explore all possible single particle
extensions of the Standard Model that can generate the Cabibbo anomaly effect and show how they cannot
simply reconcile the current data. We further examine the future of EWPO at the ILC or FCC-ee
experiments and discuss the effect on the tension of a change in specific EW observables.
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I. INTRODUCTION

In recent years there has been much excitement and
discussion about flavor anomalies relating to possible
deviations from the Standard Model (SM) in decays of
third generation down-type quarks to leptons [1,2], which
were believed to be the only significant sign of deviations
from the SM in data. However creeping up over the last few
years has been evidence of a new discrepancy and it has
now become apparent that there is a sizeable deviation from
the SM expectation amongst the Vud and Vus elements of
the Cabibbo-Kobayashi-Maskawa (CKM) matrix.
Recent progress [3–5] in calculating radiative corrections

to beta decays has shifted the determination of Vud,
whose measurement is primarily through such processes.
Combined with the current measurements of Vus there is an
apparent deviation in the unitarity of the first row of the
CKM matrix which is a clear prediction of the SM. This
anomaly is often referred to as the Cabibbo anomaly, since
in a two generation model unitarity manifests itself as the
quark mixing matrix being determined by a single param-
eter, the Cabibbo angle. Since the CKMmatrix is unitary by
construction in the SM, any deviation must be a sign of
beyond the Standard Model (BSM) physics at work—the
only question is what type?

One possible explanation is that there are extra gener-
ations of quarks that are yet to be discovered, and that the
3 × 3 quark mixing matrix we know is merely a submatrix
of a larger, truly unitary one. The recent deviation, which is
the focus of this work, has spurred several works in this
direction (see for example [6,7]). An alternative, which was
espoused in [8] is that the extraction of the CKM elements
Vud and Vus is affected by new physics (NP) at work in the
weak sector, and specifically in the leptonicW vertex with a
possible lepton flavor universality violating (LFUV) struc-
ture. In that work, the authors constructed a clean observ-
able RðVusÞ, which has increased sensitivity to NP of this
form and in particular can distinguish new physics that acts
exclusively in the second generation of leptons, i.e., in a
LFUV way, from a lepton flavor universal (LFU) effect in
both electrons and muons.
We extend that work by analyzing their minimal modi-

fication of the SM in the framework of the Standard Model
Effective Theory (SMEFT) (an earlier approach along
similar lines can be found in [9]). By examining the
operators which modify the W vertex, we find that the
lepton generation dependent effects they hypothesize can
only be generated by a single SMEFT operator. We
undertake a global fit to NP in this operator, and find that
there exists a tension between the parameter space favored
by the RðVusÞ observable and that favored by electroweak
precision observables (EWPO), which are amongst the
most precisely measured constraints on the SM and which
dominate the global fit. The tension is at the level of around
3σ and RðVusÞ and EWPO favor opposite sign new physics
Wilson coefficients. We thus investigate more realistic
models of BSM physics, where a single new field will
introduce several correlated SMEFT coefficients. Amongst
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the six possible new particles, we fit each in turn and,
excluding a new massive vector state that cannot arise
through perturbative unitary extension of the SM, none can
provide a significant reduction to the tension in the simple
single operator scenario, although we do find that an
SUð2ÞL triplet fermion coupled exclusively to muons
provides most improvement.
Finally we examine the internals of the EWPO fit and see

how a small number of observables are driving the tension
between it and RðVusÞ. Since over the coming years there
may be new experiments that carry the potential to
massively improve the precision of the electroweak observ-
ables, we examine how shifts in the measured values of a
very small number of key observables could bring all the
data into agreement and provide a consistent signal of new
physics.
Our work is laid out as follows: in Sec. II we explain the

background of the Cabibbo anomaly, how it has developed,
and how the RðVusÞ observable is well placed to exploit the
unitarity of the CKM matrix. Following that in Sec. III we
provide our SMEFT analysis of the situation and what the
current Cabibbo anomaly corresponds to in terms of a
SMEFT Wilson coefficient. Next we describe and show the
results of our global fit in Sec. IV and explore the tension
that appears. In Sec. V we make our complete exploration
of the space of BSM models for the proposed change to the
W vertex, and that section ends with the specific fits for
each scenario. Our last piece of analysis concerns the future
of EWPO and is given in Sec. VI, while we summarize our
findings in Sec. VII.

II. CABIBBO ANOMALY IN CKM UNITARITY

An important prediction of the SM is that the CKM
matrix is unitary, being constructed from the product of the
two unitary matrices which act to diagonalize the up and
down quark Yukawas. This means that if we measure all the
individual CKM elements separately, the CKM matrix is
overdetermined and we can use the unitarity condition as a
consistency check.1 One can write down many different
unitarity conditions, which split into two types:
(1) The famous “unitarity triangles”, which are graphi-

cal representations of three complex numbers sum-
ming to zero (e.g., VudV�

ubþVcdV�
cbþVtdV�

tb¼0).
(2) Sums over absolute squares of row or columns being

equal to 1.
The Cabibbo anomaly is an apparent violation of a
condition of the second type, namely the sum of absolute
squares of the first row of the CKM matrix equaling unity:

jVudj2 þ jVusj2 þ jVubj2¼? 1; ð1Þ

where the question mark indicates this is a condition which
can be tested, and, as we describe now, seems to be
violated.
To examine the violation of the relation Eq. (1), we

define a new quantity

ΔCKM ≡ 1 − jVudj2 − jVusj2 − jVubj2; ð2Þ

which is zero in the SM. (For the purposes of this work, we
use the value jVubj ¼ 4 × 10−3 [11,12] and neglect its
uncertainty as it is so small as to make no material
difference.)
Vud can be measured or extracted from several different

experimental processes—superallowed atomic beta decays
(where superallowed refers to there being no change to the
angular momentum or parity of the nucleus), measurements
of the neutron lifetime, or of charged pion decay. Of these,
superallowed atomic beta decays are currently around an
order of magnitude more precise than the others, and so are
the best way to determine Vud. There have recently been
significant changes in this method, which require a more
detailed discussion which is done in Sec. II A.
Vus can be found from semileptonic kaon decays

K → πlν (often referred to as Kl3) where l is either an
electron or muon, or from a ratio of the purely muonic
decays K → μν and π → μν (similarly known as Kμ2). In
the Kl3 case, the experimental measurement of the semi-
leptonic branching ratios determines the product
jVusjfþð0Þ, where fþð0Þ is one of the K → π form factors
at zero momentum transfer, and which is independently
determined from lattice QCD calculations. Looking instead
at both kaon and pion decays, an experimental measure-
ment gives the ratio jVus=Vudj × fK=fπ , and again by
independently calculating the ratio of decay constants using
lattice QCD, the CKM elements are extracted. (For further
details on the Vus determinations and lattice QCD calcu-
lations see the review [13].)
In this work, we take the particle data group (PDG)

average for the Kμ2 extraction, Vus ¼ 0.2252� 0.0005
[11,12], since this is larger than the Kl3 result and hence
gives a conservative result for the unitarity deviation.2

A. Current status

An extraction of Vud from superallowed beta decays
needs knowledge of various nuclear parameters, of which
the quantity ΔV

R (which contains the nucleus independent
electroweak radiative corrections) is the most important as
it is the least precisely known. A schematic formula for
these decays looks like1In Ref. [10] the authors argue for testing the equality of the

Cabibbo angle rather than first row unitarity as being more
statistically robust once multiple measurements of the two CKM
elements Vud and Vus are considered.

2Using the PDG Kl3 result, all the significances in Table I
would increase by around 1.5 standard deviations.
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F t ¼ K
2G2

FV
2
ud × ð1þ ΔV

RÞ
; ð3Þ

where F t is the measured quantity multiplied by certain
well-known corrections relating to the particular nuclear
decay and K is simply the dimensionful constant
2π3 ln 2=m5

e. By taking the final ingredient GF from a
measurement of the muon lifetime one can find Vud from
the beta decay measurement. A more detailed description of
the theoretical predictions for superallowed beta decays can
be found in [14,15], but we leave it at this schematic level as
it is not relevant for the main results of this paper. For a long
time, the state-of-the-art result for ΔV

R was from 2006 [16],
where the authors calculated ΔV

R ¼ 0.023 61� 0.000 38
which implies Vud ¼ 0.974 20� 0.000 21 (using 2018
experimental beta decay data [15]). As can be seen in
Table I, this value ofVud means the CKMunitarity violation
parameterΔCKM is consistent with zero, and hence therewas
no sign of any problems with the SM.
In the last few years, there has been much work done on

this quantity using different calculational tools, which have
improved the precision and shifted the central value
upwards, leading to a deficit in Vud. First in [3] the authors
used dispersion relation methods and produced the result
ΔV

R ¼ 0.024 67� 0.000 22 and Vud¼0.97370�0.00014.
This method has been widely used for other calculations
(see Refs. 7 through 20 in that work). Another calculation
using an alternative method has been done in [4], wherein
the authors found ΔV

R ¼ 0.024 26� 0.000 32 and Vud ¼
0.97389� 0.000 18. Finally, a further analysis this year [5]
gave yet another indication of larger radiative corrections:
ΔV

R ¼ 0.02477ð24Þ giving Vud ¼ 0.973 65� 0.000 15. In
light of all these new results, we calculate a weighted
average of the new calculations:

ΔV
R ¼ 0.024 62� 0.000 14

⇒ Vud ¼ 0.973 73� 0.000 09; ð4Þ

which provides an improvement over the precision of the
older 2006 result of almost a factor of three. Using this
value of Vud, and the PDG average for Vus and Vub
mentioned at the beginning of this section, we find a
deviation from first row unitarity of

ΔCKM ¼ ð1.12� 0.28Þ × 10−3: ð5Þ

This shows a deviation from the SM null result of 3.9σ, an
anomaly which is the main motivation for this paper.3

B. RðVusÞ observable
The RðVusÞ observable, as introduced in [8], nicely

exploits the correlation between Vud and Vus as implied by
the unitarity of the CKM matrix (remember we are
proceeding under the assumption that the nonzero value
of ΔCKM is a sign of LFUV rather than a sign that the 3 × 3
CKM matrix is nonunitary due to being a submatrix of a
larger matrix arising from extra generations of quarks),
combined with the large hierarchy between them, to give a
better sensitivity to new physics effects. Put simply, the
unitarity condition means that a larger (or smaller) Vud
value must imply a smaller (or larger) Vus value, with the
two changes equal and opposite. Then since Vud is much
greater than Vus, the change to Vus is relatively much
bigger and so we gain a large sensitivity to NP in Vus.

4

In [8] they defined the observable RðVusÞ as

RðVusÞ≡ VKμ2
us

Vβ
us

≡ VKμ2
usffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − jVβ
udj2 − jVubj2

q ; ð6Þ

where the superscripts indicate the process through which
the CKM elements are measured. By then making a naive
change to the W leptonic vertex

L ⊃
gffiffiffi
2

p W−
μ l̄iγ

μPLνjδij

→
gffiffiffi
2

p W−
μ l̄iγ

μPLνjðδij þ εijÞ; ð7Þ

where i, j refer to lepton generations, and ε is diagonal
(εij ¼ 0 if i ≠ j) and small (ε2 ¼ 0), two things change.
First, the theoretical expression for the muon lifetime

TABLE I. ΔV
R and Vud values from various sources and the deviation from top row unitarity they imply. The final

row uses a weighted average of the three recent determinations. We use the current PDG average for Vus stated
above everywhere.

ΔV
R × 102 Vud Source ΔCKM × 103 Significance

2.361� 0.038 0.974 20� 0.000 21 MS [15,16] 0.16� 0.52 0.3σ
2.467� 0.022 0.973 70� 0.000 14 SGPR [3] 1.18� 0.35 3.3σ
2.426� 0.032 0.973 89� 0.000 18 CMS [4] 0.81� 0.42 1.9σ
2.477� 0.024 0.973 65� 0.000 15 SFGJ [5] 1.27� 0.37 3.5σ
2.462� 0.014 0.973 73� 0.000 09 1.12� 0.28 3.9σ

3Such a large anomaly has been confirmed by various other
analyses [6,10,17].

4One can think of this result in terms of Vud and Vus both being
determinations of a single parameter, the Cabibbo angle θc, and
the difference in size between sin θc and cos θc when θc is small.
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1

τμ
¼ G2

Fm
5
μ

192π3
→

G2
Fð1þ εee þ εμμÞ2m5

μ

192π3
; ð8Þ

and secondly the beta decay master formula [Eq. (3)] where

GFVud → GFVudð1þ εeeÞ: ð9Þ

Combining these two, we see that the numerical value
being extracted from superallowed beta decays is in fact the
combination

Vβ
ud ≡

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K

2F tð1þ ΔV
RÞ

s ffiffiffiffiffiffiffiffiffiffiffiffi
τμm5

μ

192π3

s
¼ Vudð1 − εμμÞ: ð10Þ

Plugging this back into Eq. (6) and expanding in the small
parameter ε gives the nice result:

RðVusÞ ≈ 1 −
�
Vud

Vus

�
2

εμμ ≈ 1 − 20εμμ; ð11Þ

which clearly shows the large enhancement in sensitivity
caused by the hierarchy between Vus and Vud. Note that
within this relation it does not matter which values we pick
for Vud and Vus out of all the values given above, since the
absolute differences between the various determinations are
small compared to the relative size of the ratio Vud=Vus.

5

Using our weighted average for Vud from beta decays
[Eq. (4)], we calculate

RðVusÞ ¼ 0.9891� 0.0027

⇒ εμμ ¼ ð0.58� 0.15Þ × 10−3; ð12Þ

again showing a large deviation of just under 4σ from the
SM expectation RðVusÞ ¼ 1.

III. THE SMEFT PERSPECTIVE

In order to analyze the Cabibbo anomaly as set out in the
previous section from a more rigorous point of view, we
work within the framework of the SMEFT. The approach
of this EFT is to augment the SM with all possible
higher dimensional operators that are invariant under
the SUð3Þc ⊗ SUð2ÞL ⊗ Uð1ÞY gauge symmetry of the
Standard Model, and is valid on the basis that all the extra
degrees of freedom beyond the Standard Model are much
heavier than the electroweak scale such that an expansion in
v2=M2

NP is valid. We work entirely within the dimension-6
SMEFT, so that only nonrenormalizable operators of
dimension 6 plus the dimension-5 Weinberg operator

[18] are added—our normalization convention is that the
SMEFT Lagrangian takes the form

LSMEFT ¼ LSM þ
X
i

CiðμÞQiðμÞ; ð13Þ

such that our Wilson coefficients Ci are dimensionful with
mass dimension −2 (or −1 for the Weinberg operator). We
work in units where they have dimensions of GeV−2

(or GeV−1). The first complete and nonredundant basis
for the dimension-6 SMEFT, now known as the “Warsaw
basis”, was given in [19] and is the basis we use in our work.
There is a technicality associated with SMEFT analysis

which is the choice of input parameter scheme. Depending
on what set of measurable inputs you take as relating
directly to certain theory parameters, the output expressions
can differ (this is due to the overcompleteness of the basis
of potential inputs in the SM electroweak sector).
Traditionally the choice was to use fαEM;MZ;GF;…g
as the numerical inputs, but recently there has been a shift
towards using MW instead of αEM [20]. However, the
software we use for our numerical fits uses the
fαEM;MZ;GFg scheme and so we will work only within
this scheme as well.
With these background details specified and out of the

way, we move on to considering the RðVusÞ observable
within the context of the SMEFT.

A. SMEFT for RðVusÞ
In order to examine all the possible ways in which

SMEFT operators can change the leptonic W vertex, we
start by considering the full set of operators in the Warsaw
basis. The form of the modification seen in Eq. (7), in
particular the appearance of lepton generation indices
which allow for LFUV NP, narrows down the set consid-
erably by restricting us to consider only SMEFT operators
that also have lepton generation indices. Combined with the
requirement to modify the interaction with left-handed
leptons, we are then left with a single operator—the
SUð2ÞL triplet operator

½Qð3Þ
Hl�ij ¼ ðH†iDa

μ

↔
HÞðLiσ

aγμLjÞ: ð14Þ

(See Appendix A for a full explanation of our notation,
which as mentioned above also matches that in [19].) This
generates the exact effect of Eq. (7) after the Higgs gains a
vacuum expectation value, with LFUV effects possible if

the different components ½Cð3Þ
Hl�ij are not identical.

For the moment, we proceed assuming there is only new
physics in this single operator (while keeping in mind that
this is obviously a basis dependent statement—later in
Sec. V we study more realistic scenarios, inspired by
specific BSM possibilities). The EW gauge boson inter-
actions with leptons are changed in the following way:

5To be precise, the enhancement factor is 18.7� 0.1 which is
what is used to produce the numerical result in Eq. (12). This
error takes into account the actual uncertainties on the determi-
nations of Vud and Vus, and the range of different Vud values
given in Table I.
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LSM→L⊃
gffiffiffi
2

p W−
μ l̄iγ

μPLðδijþv2½Cð3Þ
Hl�ijÞνjþH:c: ð15Þ

þ g
2cθ

Zμl̄i½γμPLðδijð−1þ 2s2θÞ − v2½Cð3Þ
Hl�ijÞ

þ γμPRðδijð2s2θÞÞ�lj ð16Þ

þ g
2cθ

Zμν̄iγ
μPLðδij þ v2½Cð3Þ

Hl�ijÞν: ð17Þ

Here we see how the modifying the W leptonic vertex in
a gauge invariant way gives rise to unavoidable and
correlated effects in the Z leptonic vertices as well.
We also note the simple direct relationship between the

SMEFT coefficient Cð3Þ
Hl and the ε parameter introduced in

[8] and Eq. (7): εij ¼ v2½Cð3Þ
Hl�ij, which means we can write

the RðVusÞ observable as

RðVusÞ ¼ 1 −
�
Vud

Vus

�
2

v2½Cð3Þ
Hl�22ðμ ∼ 1 GeVÞ: ð18Þ

In the above equation, we have explicitly written the scale
dependence, since RðVusÞ is determined from measure-
ments around the scale μ ∼ 1 GeV. For the rest of this
paper, we will work with and quote SMEFT coefficient
numerics at the scale μ ¼ 1 TeV unless otherwise speci-
fied. At the level of accuracy we are considering, the
renormalization group effects are purely multiplicative and
so we include these automatically using results from Wilson

[21]. In this fashion, we therefore state here that our RðVusÞ
result in Eq. (12) corresponds to a result for the SMEFT
coefficient of

½Cð3Þ
Hl�22ðμ¼ 1 TeVÞ¼ ð1.17�0.30Þ×10−8 GeV−2: ð19Þ

IV. GLOBAL FIT

In this section we perform a global fit to data using the
software package smelli [22] v2.0.0 [23], which contains
399 different observables as of that version.6 For the
purposes of our fit, we take a two-dimensional parameter
space of ½Cð3Þ

Hl�11 and ½Cð3Þ
Hl�22. The 22 element is what enters

the observable RðVusÞ, while in addition both elements
enter into many observables through the change to the
muon lifetime from whichGF is measured [see Eq. (8)] and
so both are well placed to be constrained by a global fit.
Fitting to both elements allows us to distinguish between
data favoring a purely muonic effect, a LFU effect with

½Cð3Þ
Hl�11 ¼ ½Cð3Þ

Hl�22 or something else in between. (The third

element ½Cð3Þ
Hl�33 will be mostly constrained by τ physics

which are poorly measured, and so we assume zero effect
here for simplicity. We also neglect off-diagonal elements

as these are very strongly constrained by the experimental
results for lepton flavor violating observables such as
μ → eee [25] or Z → eμ [26] except in a very specific
case, which we discuss briefly in Sec. V.)
Before discussing the fit, we note one point: for the

global fit, we actually exclude observables relating to beta
decay, as in this way a clearer comparison can be made. The
results of our fit are shown in Fig. 1, where we show three
distinct regions. In green is best fit for the SMEFT
coefficient value as found directly by the RðVusÞ observ-
able and given in Eq. (19), in blue is the best fit region for
the global fit, and in orange is the best fit region for a subset
of the observables corresponding to electroweak precision
observables.7 In all cases (and going forward in all
subsequent figures), the darkest region corresponds to a
1σ allowed range, and the lighter shaded region is 2σ
allowed. We have singled out the subset of EWPO from the
global fit since they are the strongest constraints on these
coefficients—the shift upwards between the EWPO and
global fit is driven by a very broad preference for LFU from
charged current decays.
The global fit shows that (excluding beta decay observ-

ables) the current experimental evidence points towards a
small negative effective in both ½Cð3Þ

Hl�11 and ½Cð3Þ
Hl�22, albeit

in a nonsignificant way. Numerically, we find

FIG. 1. Fits to the entire set of observables included in smelli
(excluding only those relating to beta decay) (blue) and to just the
subset of EWPO (orange). The green region corresponds to our
result for the RðVusÞ observable Eq. (19). For each, the dark and
light regions correspond to the 1σ and 2σ allowed regions,
respectively.

6smelli is based on flavio [24] and Wilson [21].

7This subset of observables is listed in Table V, along with the
experimental measurements and theory implementations used in
flavio.
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½Cð3Þ
Hl�11 ¼ ð−0.41� 0.53Þ × 10−8 GeV−2;

½Cð3Þ
Hl�22 ¼ ð−0.40� 0.46Þ × 10−8 GeV−2; ð20Þ

with a weak negative correlation coefficient of −0.2. (We
note that these results agree with other recent global
SMEFT fits to single operator scenarios in the literature
[27–29].) We see here already there are almost 3 standard
deviations between the central values of beta decay result
from RðVusÞ and all other observables in the global fit.
Looking now at the EWPO fit we see an even clearer
discrepancy straight away from Fig. 1. Electroweak mea-

surements alone favor a negative contribution to ½Cð3Þ
Hl�22

while providing no argument for a nonzero contribution in
the 11 element, in contrast to the positive contribution
needed to explain the apparent CKM unitarity violation.
Numerically, the region shown corresponds to

½Cð3Þ
Hl�11 ¼ ð−0.35� 0.64Þ × 10−8 GeV−2;

½Cð3Þ
Hl�22 ¼ ð−1.30� 0.61Þ × 10−8 GeV−2; ð21Þ

with a stronger correlation of −0.45. The difference
between EWPO alone and RðVusÞ is now much larger,
standing at more than three and a half standard deviations.
We believe that such a large internal tension between
different sets of observables is worth investigating, par-
ticularly to see whether it holds up in more realistic
scenarios where several SMEFT coefficients are generated.
One possibility would be to enlarge the dimension of our fit
to encompass a larger set of SMEFT operators which are
relevant to EWPO, allowing all the Wilson coefficients to
vary freely. Instead however we choose to study simplified
UV models, which generate several SMEFT coefficients
which are related in a model specific way, as this gives
insight into realistic models of BSM physics with a
minimum of free parameters. In particular, as we will soon
see, the sign of the coefficient is very important in
disentangling possible fermionic BSM explanations, fur-
ther motivating our next section.

V. BSM MODELS

As demonstrated from the fit and numerics in the
previous section, there is a tension between the regions
that are preferred by the current set of EWPO and that of the
clean observable RðVusÞ, when looking at a minimal
possibility of new physics in the SMEFT coefficient

Cð3Þ
Hl alone. Since in a realistic extension of the SM with

new fields it is unlikely that this single operator is generated
and nothing else, we choose to examine all the possible
BSM particles in the following way.
(1) First, pick out all new fields that generate Cð3Þ

Hl. We
do this using the results of [30], in which the authors
provide a simple dictionary between all possible

extensions of the SM8 and the effective Wilson

coefficients they generate after being integrated
out at tree level.

(2) Having identified the relevant subset, we then see
what other SMEFT coefficients are generated, using

only the couplings necessary for Cð3Þ
Hl to be nonzero.

This is necessary since some of the new particles
have several independent coupling constants, and so
generate coefficients which are not able to be related
to the triplet operator we are interested in.

(3) Finally (in Sec. VA) we fit to EWPO with the
specific correlated coefficients corresponding to
each new physics scenario and see whether the
tension seen in the simple case is relaxed.

We identify six single particle extensions of the SM that

generate the operator Qð3Þ
Hl after being integrated out, of

which four are fermions and two are vector bosons. These
are summarized in Table II along with their quantum
numbers and a brief description of how they are often
considered in BSM models.
Five of these six are relatively standard ideas for BSM

physics, but the final vector boson L1 requires some brief
further discussion. If this vector boson is a gauge boson of
an extended but spontaneously broken gauge symmetry, its
renormalizable interactions with SM particles only appear
in certain gauges (in particular, they vanish in the unitary
gauge) and so this option might be ignored. However, a
massive L1 boson can be generated in other ways, and so
for completeness we consider it here but do not suggest any
scenario in which it could arise.9

Some of these models and their effect on the Cabibbo
anomaly have been explored before in the literature—the
right-handed neutrinoN in [31], a combination of E, Σ1 and

TABLE II. New fields that can explain the CKM anomaly. The
quantum numbers are given in the form ðSUð3Þc; SUð2ÞL; Uð1ÞYÞ.
Field Quantum # Description

N (1, 1, 0) Right-handed neutrino—type I seesaw
E (1, 1, −1) Right-handed electron
Σ (1, 3, 0) Triplet right-handed neutrino—type III

seesaw
Σ1 (1, 3, −1) Triplet right-handed electron
W (1, 3, 0) Triplet of bosons—W�0 and Z0
L1 (1, 2, ½) Doublet of bosons—cannot contribute

if they are gauge bosons from extending
the SM gauge group

8In fact, they impose some restrictions on the space of new
particles they consider in order to ensure the SMEFT is a good
description. Perhaps more importantly, they consider on non-
anomalous extensions of the SM, which means only allowing for
fermions which are vector-like (i.e., nonchiral) under the SM
gauge group.

9See also the discussion in footnote 8 of Ref. [30].
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two other BSM fermions in [32], the triplet vector bosonW
in [33], and all four new fermion possibilities very recently
in [34]—but we believe this work is the first to explore all
the possibilities in terms of resolving the tension between
EWPO and the Cabibbo anomaly.
We now move onto stage 2, studying the BSM fields and

writing down all the additional SMEFT coefficients that are
generated. For each field, we write down the new
Lagrangian terms and then the coefficients. In the cases
of the new vector bosons, we write … to signify that there
are further terms in their Lagrangians, but that these contain
new coupling constants that can be set to zero without

altering the generation of Cð3Þ
Hl. The definitions of all the

operators below can be found in Appendix A. For now, we
assume all NP couplings are possibly complex and keep all
the SM Yukawa terms such that the Lagrangians and
SMEFT coefficients we show are completely general,
but we will make some simplifying assumptions later in
Sec. VA.
(a) N:

LN ⊃ −ðλNÞiNRH̃†Li þ H:c:; ð22Þ

which generates

½C5�ij ¼
ðλNÞiðλNÞj

2MN
;

½Cð3Þ
Hl�ij ¼ −½Cð1Þ

Hl�ij ¼ −
ðλ�NÞiðλNÞj

4M2
N

ð23Þ

after being integrated out. C5 is the coefficient of the
Weinberg operator, which generates a Majorana mass
for the SM neutrinos.

(b) E:

LE ⊃ −ðλEÞiERH†Li þ H:c:; ð24Þ

which generates

½CeH�ij ¼
ðY�

eÞjkðλ�EÞiðλEÞk
2M2

E
;

½Cð3Þ
Hl�ij ¼ ½Cð1Þ

Hl�ij ¼ −
ðλ�EÞiðλEÞj

4M2
E

ð25Þ

after being integrated out.
(c) Σ:

LΣ ⊃ −
1

2
ðλΣÞiΣa

RH̃
†σaLi þ H:c:; ð26Þ

which generates

½C5�ij ¼
ðλΣÞiðλΣÞj

8MΣ
; ½CeH�ij ¼

ðY�
eÞjkðλ�ΣÞiðλΣÞk

4M2
Σ

;

½Cð3Þ
Hl�ij ¼

1

3
½Cð1Þ

Hl�ij ¼
ðλ�ΣÞiðλΣÞj
16M2

Σ
ð27Þ

after being integrated out.
(d) Σ1:

LΣ1
⊃ −

1

2
ðλΣ1

ÞiΣa
1RH

†σaLi þ H:c:; ð28Þ

which generates

½CeH�ij ¼
ðY�

eÞjkðλ�Σ1
ÞiðλΣ1

Þk
8M2

Σ1

;

½Cð3Þ
Hl�ij ¼ −

1

3
½Cð1Þ

Hl�ij ¼
ðλ�Σ1

ÞiðλΣ1
Þj

16M2
Σ1

ð29Þ

after being integrated out.
(e) W:

LW ⊃ −
1

2
ðλLWÞijLiσ

aγμLjWa
μ

−
�
i
2
λHWWa

μH†σaDμH þ H:c:

�
þ � � � ; ð30Þ

which generates

½Cð3Þ
Hl�ij ¼ −

ReðλHWÞðλLWÞij
4M2

W

; Cð1Þ
Hl ¼ 0;

½Cll�ijkl ¼
ðλLWÞijðλLWÞkl − 2ðλLWÞilðλLWÞkj

8M2
W

;

½CeH�ij ¼
iðY�

eÞjkðλLWÞikImðλHWÞ
4M2

W
−
iðY†

eÞijIm½ðλHWÞ2�
8M2

W
;

½CdH�ij ¼ −
iðY†

dÞijIm½ðλHWÞ2�
8M2

W
;

½CuH�ij ¼ −
iðY†

uÞijIm½ðλHWÞ2�
8M2

W
;

CH ¼ −
λjλHW j2
M2

W
þ μ2jλHW j4

2M4
W

;

CHD ¼ jλHW j2 − Re½ðλHWÞ2�
4M2

W
;

CH□ ¼ −
Re½ðλHWÞ2�
8M2

W
ð31Þ

after being integrated out. Here μ, λ are the SM
coefficients of the Higgs doublet and quartic terms,
respectively.
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(f) L1:

LL1
⊃−ðγL1

Lμ†
1 DμHþH:c:Þ− iλWL1

Lμ†
1 σaLν

1W
a
μνþ…;

ð32Þ

which generates

½Cð3Þ
Hl�ij ¼ δij

gλWL1
jγL1

j2
4M4

L1
ZH

; ½Cð3Þ
Hq�ij ¼ δij

gλWL1
jγL1

j2
4M4

L1
ZH

;

CH ¼ 2gλWL1
λjγL1

j2
M4

L1
ZH

; CH□ ¼ 3gλWL1
jγL1

j2
4M4

L1
Z2
H

;

CHB ¼ −
g02jγL1

j2
8M4

L1
ZH

; CHW ¼ −
gðgþ 2λWL1

ÞjγL1
j2

8M4
L1
ZH

;

CHWB ¼ −
g0ðgþ λWL1

ÞjγL1
j2

4M4
L1
ZH

;

½CeH�ij ¼
gλWL1

jγL1
j2ðY†

eÞij
2M4

L1
ZH

;

½CdH�ij ¼
gλWL1

jγL1
j2ðY†

dÞij
2M4

L1
ZH

;

½CuH�ij ¼
gλWL1

jγL1
j2ðY†

uÞij
2M4

L1
ZH

ð33Þ

after being integrated out. Here

ZH ¼ 1 −
jγL1

j2
M2

L1

ð34Þ

reflects the different normalization of the Higgs
doublet in a BSM model with the L1 vector.

A. BSM fits

We now complete the third part of our process outlined
at the beginning of this section. This is broken up into two
parts—first we make a BSM fit for the fermions, where
the relationship between the singlet and triplet operators

Qð1;3Þ
Hl are fixed in the way required by each BSM scenario,

since each fermion essentially only generates these oper-
ators. The idea of this exercise is to examine how new

physics in the singlet Cð1Þ
Hl, which affects only Z couplings

and is therefore well placed to change the results of the
EWPO fit, could reduce the tension. Secondly, we do
specific fits for the two vector bosons as they generate a
wider and distinct range of operators. For the purpose of
these fits, we make two simplifying assumptions that
were alluded to earlier—that all the new couplings are

real and neglecting all SM Yukawas except that of the
top quark.

1. BSM fermions

The fit results for the fermions is shown in Fig. 2.
Before discussing what this figure tells us, we note
two pieces of information. Firstly, that each allowed
region lives in a single quadrant of the figure, which is
caused by the form of the generated coefficients—
examining Eqs. (23), (25), (27), and (29) we see that

½Cð3Þ
Hl�ii ∼�jλij2=M2, and hence they have a fixed sign. As

such, there is no way for the new lepton states N or E alone
to generate correct sign to explain the RðVusÞ anomaly.
Secondly, since the fermions have only a single new
Yukawa-like coupling to the SM, off-diagonal elements of
the SMEFT coefficients are inevitable if they couple to
more than one generation—schematically we have

½Cð3Þ
Hl�ij ∼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½Cð3Þ

Hl�ii½Cð3Þ
Hl�jj

q
. Such off-diagonal elements

are very strongly constrained by measurements of lepton
flavor violating (LFV) effects, which are generated at tree
level by all our fermions except the right-handed neutrino.
The constraints are so strong that we can effectively say
that, with the exception of the right-handed neutrino N,
the allowed regions really must lie on either of the axes, as
indicated in the figure by the grey dashed lines, to avoid
the experimental constraints on LFV.
With these in mind we now see that, in terms of a single

particle extension, the triplet Σ1 with couplings only to the
second generation is best placed to generate a scenario with

FIG. 2. Fits to EWPO in BSM fermion scenarios for each of the
models we consider: N (blue), E (yellow), Σ (red), and Σ1

(purple). See the main text for the caveats such that the latter three
regions are “BSM-like”.
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agreement between RðVusÞ and EWPO.10 We observe
however that the best fit for RðVusÞ in this case is still
in tension with EWPO at the level of more than 2σ, and so
does not provide a sizeable improvement over the simple

situation with Cð3Þ
Hl alone. In fact, the allowed region for a

new Σ1 field is effectively centered on the origin (as is the Σ
region as well), which, as we will see in Sec. VI, will
become a problem in the future as experimental precision
on the EWPO increases. Conversely, the N and E fields, for
which there is perhaps some small evidence of a nonzero
effect, are unable to generate the correct sign to match
RðVusÞ as has already been discussed.

2. BSM vector bosons

The fit results for the two vector boson extensionsW and
L1 are shown in Figs. 3 and 4, respectively. For the triplet of
bosons W we can easily parametrize all the SMEFT
contributions in terms of the two ratios λHW=MW and
ðλLWÞ22=MW and we see from the figure that the tension
is unresolved. (Later, in Sec. VI C, we examine a future
scenario where this tension is reduced and so this new
boson could become more plausible.) This is not unex-

pected, since the singlet coefficient Cð1Þ
Hl is exactly zero in

this model and so most EWPO are modified in exactly the
same way as the simple situation examined in Sec. IV.

The L1 extension is more complicated, as it is not
possible to parametrize the SMEFT contributions in terms
of two ratios. Being specific, the three coefficients CHB,
CHW , and CHWB depend on the couplings γL1

and λWL1
and

the vector mass independently. We therefore examine two
benchmark scenarios, where the new vector boson mass is
fixed to 1 TeV and 5 TeV, which are shown in Fig. 4. At
both benchmark points, we see that there is parameter space
where this new boson can explain both the Cabibbo
anomaly and current EWPO data simultaneously. For the
light benchmark, the coupling λWL1

to the SUð2ÞL field
strength tensor can be small with a dimensionful coupling
to the Higgs near the electroweak scale, while at the heavy

FIG. 3. Fit to EWPO in the scenario of the new vector bosonW.

FIG. 4. Fit to EWPO in the scenario of the new vector boson L1

for two different benchmark masses of 1 TeV (top) and 5 TeV
(bottom).

10One might wonder whether such a new particle with sizeable
couplings to muons could help explain the muon anomalous
magnetic moment, since currently the SM prediction [35] is 3.7σ
below the experimental result [36]. Unfortunately, the contribu-
tion of the Σ1 is around two orders of magnitude smaller than the
discrepancy, for the size of coupling over mass implied here, and
anyway is of the wrong sign.
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benchmark perturbative values of λWL1
can only explain the

data with a much larger value of γL1
at the multi-TeV scale.

Since, as we have discussed earlier, the L1 cannot con-
tribute if it arises through extending the gauge symmetry of
the SM, and more generally in any complete unitary theory
extending the SM, we consider that a realistic BSM
scenario of this type is likely to be hard to construct. As
such, we now move on and leave this possibility as an area
for detailed future study.

VI. FUTURE OF EWPO

In the previous sections we established that the current
status of EWPOmeans that there is a large (greater than 3σ)
tension between those measurements and the new RðVusÞ
observable, assuming that the triplet operator Qð3Þ

Hl is the
“source” of the RðVusÞ discrepancy, and that looking at
realistic NP extensions to the Standard Model does not
provide a clear way to reduce the tension. As such, we now
look in more detail at the electroweak fit and what is driving
the tension, and at how these EWPO measurements could
change in the future.

A. Details of the EW fit

If we delve inside the EW fit, we find that there are 10
observables11 where the difference between the current
experimental average and the SM prediction is greater than
one standard deviation, which can be seen in Table III in the
“SM” column. Of these, one [BRðW → τνÞ] has been
remeasured by ATLAS very recently [37] and found to
be much closer to the SM than the old LEP result [38].
Another five show very little change when the theoretical
prediction is evaluated at the RðVusÞ best fit point [corre-
sponding to Eq. (19)] or at the best fit of the EW fit in Fig. 1
[Eq. (21)], and so are not sensitive enough to the NP effects
under discussion. This leaves us with four sensitive
observables that can be considered to be driving the fit:
R0
μ; mW; Ae; A

0;b
FB . The first three improve with respect to

experiment at the EWPO best fit point, with each showing a
reduction in pull of more than 1σ, while only A0;b

FB becomes
yet more discrepant from the measurement but by a smaller
amount, which demonstrates why the fit shows the result it
does. A graphical representation of these changes can be
seen in Fig. 5, where for clarity we have only shown those
observables which have a pull greater than 1σ between the
SM and experiment or change by at least 1σ between the
EWPO and RðVusÞ best fit. These four observables are
therefore the ideal ones in which a future change in value
and/or precision could significantly affect the fits as
described so far.

TABLE III. The pulls (measured in sigmas) of different
observables within the EW fit relative to experiment, at the
SM point where all SMEFT coefficients are zero, at the best fit of
the EWPO only fit [Eq. (21)], and at the RðVusÞ best fit [Eq. (19)].
They are ordered by the difference between the current EWPO
best fit and the RðVusÞ best fit.
Observables SM EWPO best fit RðVusÞ best fit
A0;b
FB

2.4 3.4 1.6
Aτ 0.9 1.5 0.5
A0;c
FB

0.8 1.2 0.6

A0;e
FB

0.7 0.9 0.5
R0
τ 0.4 0.5 0.3

Aμ 0.3 0.4 0.3
ΓW 0.2 0.2 0.1
R0
b 0.7 0.7 0.7

Ab 0.6 0.6 0.6
R0
c 0.0 0.1 0.0

RτeðW� → l�νÞ 0.7 0.7 0.7
As 0.5 0.5 0.5
R0
uc 0.7 0.7 0.7

BRðW� → e�νÞ 0.8 0.8 0.8
RðWþ → cXÞ 0.3 0.3 0.3
BRðW� → τ�νÞ 2.6 2.6 2.6
Ac 0.1 0.1 0.1
RμeðW� → l�νÞ 1.1 1.0 1.2
BRðW� → μ�νÞ 1.4 1.3 1.5
σ0had 1.5 1.6 1.8
R0
e 1.4 1.1 1.5

A0;μ
FB

0.5 0.3 0.7

A0;τ
FB

1.5 1.2 1.8
ΓZ 0.5 0.7 1.3
Ae 2.2 1.1 3.2
R0
μ 1.5 0.4 2.6

mW 1.7 0.3 2.7

FIG. 5. A visual representation of the important changes to the
pulls of EWPO observables at the EWPO best fit from Eq. (21)
(blue) andRðVusÞ best fit fromEq. (19) (orange), relative to theSM.

11We remind the reader than Table V contains the descriptions
of the electroweak precision observables under consideration.
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B. Future measurements

We consider two possibilities in terms of future mea-
surements and increases in precision—a “near-future” case
similar to the ILC, for which we take projections from [39],
and a “far-future” experiment like the FCC-ee where we use
projections from [40,41]. The ILC TDR quotes several
specific numerical predictions for improvements to the EW
observables in Table 4.10 of [39], while we take numerics
for the FCC-ee from Secs. 1.2.2–4 of [40] plus a prediction
for theW leptonic decay with from Slide 22 of [41]—these
are summarized in Table IV along with the current
experimental uncertainties.

C. Resolving the tension?

With both the possible future precision improvements in
mind as well as knowing which observables are driving the
fit, we now examine some future scenarios and what the
electroweak fit looks like therein. Two of our scenarios are
basic extrapolations using the same central values as today,
simply applying the improvement in precision expected
from the ILC and FCC-ee machines. These are shown in
Fig. 6 in blue and orange, respectively. The “near-future”
scenario replicated the general pattern of the current status
(i.e., zero ½Cð3Þ

Hl�11, negative ½Cð3Þ
Hl�22) with an increased

significance—numerically the blue oval corresponds to

½Cð3Þ
Hl�11 ¼ ð0.18� 0.56Þ × 10−8 GeV−2;

½Cð3Þ
Hl�22 ¼ ð−1.40� 0.56Þ × 10−8 GeV−2; ð35Þ

with a strong correlation of −0.83. In this case, and with no
change to RðVusÞ, the tension increases from the current
3.6σ to 4σ. A full set of data from a “far-future” machine
brings with it a revolution in precision—it is clear that the
small orange oval does not agree in any way with the
deviation in RðVusÞ and so in such a future there must be
some other mechanism at work.
Our final scenario is more interesting, and involves

considering if the observables driving the current EW fit

shift are remeasured with different central values such that
EWPO point in the same direction as RðVusÞ—we call this
the “shifted” scenario. We imagine that mW , R0

μ, and Ae

have their central values shifted (downwards) by twice the
current experimental uncertainties.12 On top of this shift,
we use the improved precision of the “near-future” sce-
nario.13 This scenario is shown in red in Fig. 6. We see that
such an imagined scenario would give a clear improvement
in the internal tension of a global fit and could point
towards a consistent BSM effect at work. However when
we examine the particular case of the Σ1 field that, as we
saw earlier in Sec. VA, came the closest to reconciling the
current discrepancy, we see a problem. As noted earlier,
current data (see the purple region in Fig. 2) seems to favor
no new physics with this pattern of SMEFT coefficients and
the increased precision of the ILC (or something similar)
merely reduces the size of the 2σ allowed region, despite
our hypothesis of the most discrepant observables being
measured as closer to the predictions required by the fitted
value of RðVusÞ. As such, the SUð2Þ triplet field would
become a much less plausible solution unless there is even
more significant change to observations of EWPO than that
which we have investigated.

TABLE IV. Future improvements to precision of EW observ-
ables, in the various scenarios considered. The current exper-
imental uncertainties are from the 2020 PDG [11].

Observable Current ILC FCC-ee

mW �12 MeV �6 MeV �0.5 MeV
ΓZ �2.3 MeV �0.8 MeV �0.12 MeV
Ab �20 × 10−3 �1 × 10−3 � � �
R0
b �6.6 × 10−2 �1.4 × 10−2 � � �

ΓW �42 MeV � � � �1 MeV
R0
e �50 × 10−3 � � � �1 × 10−3

R0
μ �33 × 10−3 � � � �1 × 10−3

R0
τ �45 × 10−3 � � � �1 × 10−3

RμeðW → lνÞ �8 � � � �4 × 10−2

FIG. 6. Fits toEWPOinour future scenarios that are “near-future”
(blue), “far-future” (orange), and “shifted”(red), all assuming only
NP in Cð3Þ

Hl, as well as the possibility of the Σ1 scenario in the
“shifted” future (purple).

12Since the EW sub fit contains 27 separate observables, such a
change in three alone is a reasonably plausible scenario.

13For R0
μ we assume the same relative improvement from now

as for R0
b, while for Ae we use the same absolute precision as Ab,

which are conservative choices.
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VII. CONCLUSIONS

In this article we considered the newly emerging Cabibbo
anomaly and have showed how the recent improvements in
radiative corrections mean the anomaly is now at the 4σ
level. After summarizing how a recent work [8] hadmade an
argument for a new observable RðVusÞ and new physics in
the leptonicW vertex, we expand their simple modification
of the SM by analyzing it from the perspective of the
SMEFT. We found that the particular low energy change to

the W vertex is exclusively generated by the operator Qð3Þ
Hl

once you impose the requirement of allowing a LFUVeffect,
as described in Sec. III. The Cabibbo anomaly then

corresponds to a nonzero value in the coefficient ½Cð3Þ
Hl�22

which we gave in Eq. (19).
Having identified that operator, we performed a global fit

to a large number of observables using the smelli software
package and found a tension exists between that global fit
and the RðVusÞ observable that has a high sensitivity to the
assumed pattern of new physics couplings. Looking deeper,
we discovered that the global fit is dominated by electro-
weak precision observables, and that singling those out
there was in fact a large tension between EWPO and the
Cabibbo anomaly favored region of parameter space, as
seen clearly in Fig. 1, at the level of 3.6σ. In light of this
tension, we used the results of [30] to systematically
identify all the possible single extensions of the SM that
could generate the operator of interest (which amounted to
four fermions and two vector bosons) and then documented
all the other correlated SMEFT coefficients that are also
induced in those specific BSM models, which are detailed
in Sec. V. After performing a fit to the electroweak
precision data again within each BSM scenario, we find
that no unitary extension of the SM by a single new particle
can cause a significant reduction in the tension we
identified, but that a heavy SUð2ÞL triplet Σ1 that couples
exclusively to second generation leptons provides the
largest reduction.
In light of this result, we then proceeded in Sec. VI to

analyze the future of EWPO given predicted improvements
at the ILC and FCC-ee future experiments. By looking at
the individual observables in the EWPO subset, we
identified a small number that drive the current tension
(see for example Fig. 5) that are also set to be remeasured at
a higher level of precision at future colliders. We found that,
if the central values are unchanged after an ILC-like
machine, then the current tension between RðVusÞ and
EWPO increases to just over 4σ, even assuming no change
to the Cabibbo anomaly. However, if we forecast a future
where three specific observables (MW;R0

μ; Ae) out of the
full set have changed by two standard deviations each, we
could end up with almost complete agreement between all
data in our simplified scenario where only a single SMEFT

operator Cð3Þ
Hl is active (which could be achieved by the new

vector boson W coupling exclusively to the second

generation lepton doublets). Examining a more realistic
pattern of coefficients, like that generated by the SUð2ÞL
triplet field Σ1, the increased precision from a near future
machine almost eliminates the possibility of it providing a
combined explanation of all data, without a very large shift
in the observed data occurring in the future. We must
conclude that either there is a error in the current EWPO
data at least of the size considered in Sec. VI C, or that the
hypothesis of [8] (that the Cabibbo anomaly can be
explained solely by LFUV in the leptonic W decay) is
not consistent with any unitary single new particle scenario
above the electroweak scale.
Note: While this work was in preparation, the article [34]

appeared on the arXiv covering a similar area. While they
do not examine the internals of the global fit, they also find
that a Σ1 triplet fermion with muonic couplings gives the
best fit to all current data, in agreement with one of our
conclusions from Sec. VA.
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APPENDIX A: SMEFT DEFINITIONS

The SMEFToperators we use in this work are defined as
follows:

½Qð3Þ
Hl�ij ¼ ðH†iDa

μ

↔
HÞðLiσ

aγμLjÞ ðA1Þ

½Qð1Þ
Hl�ij ¼ ðH†iDμ

↔
HÞðLiγμLjÞ ðA2Þ

½Q5�ij ¼ L̄c
i H̃

�H̃†Lj ðA3Þ

½QeH�ij ¼ ðH†HÞðL̄iHejÞ ðA4Þ

½QdH�ij ¼ ðH†HÞðQ̄iHdjÞ ðA5Þ

½QuH�ij ¼ ðH†HÞðQ̄i H̃ ujÞ ðA6Þ

½Qll�ijkl ¼ ðL̄iγ
μLjÞðL̄kγμLlÞ ðA7Þ

QH ¼ ðH†HÞ3 ðA8Þ

QHD ¼ ðH†DμHÞ�ðH†DμHÞ ðA9Þ

QH□ ¼ ðH†HÞ□ðH†HÞ ðA10Þ
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QHB ¼ ðH†HÞBμνBμν ðA11Þ

QHW ¼ ðH†HÞWa;μνWa
μν ðA12Þ

QHWB ¼ ðH†σaHÞWa
μνBμν; ðA13Þ

whereDa
μ

↔ ¼ ðσaDμ − D⃖μσ
aÞ, σa are the Pauli matrices, and

i, j, k, l are flavor generation indices.
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