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Angular analysis of bottom-flavored hadron production
in semileptonic decays of polarized top quarks
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We study the inclusive production of bottom-flavored hadrons from semileptonic decays of polarized top
quarks at next-to-leading order in QCD using fragmentation functions recently determined from a global fit
to eTe™ data. We provide the relevant differential decay widths at parton level in analytic form. These
results fill an important gap in the theoretical interpretation of recent measurements of the top-quark
polarization and the #7 spin correlations using dilepton final states in proton-proton collisions at the CERN
Large Hadron Collider. As an illustration, we study the distributions in the scaled bottom-hadron energy of
the polarized-top-quark decay widths for different W-boson helicities.
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I. INTRODUCTION

The top quark ¢ of the standard model (SM) is the
heaviest known elementary particle. Due to its high mass, it
plays a crucial role in testing the electroweak symmetry
breaking mechanism and in searching for new physics
beyond the SM. The precise determination of its properties,
including its mass m, and total decay width I',, and its
process-dependent features, like its polarization or the
correlation of its spin with that of a co-produced antitop
quark, is of prime importance. The latter quantities are
particularly sensitive probes of deviations from the SM and
allow us to constrain, e.g., the anomalous chromoelectric
and chromomagnetic dipole moments of the top quark. The
top-quark lifetime 7, = 7/, %5 x 1072 s [1] is shorter
than the typical time scale of quantum chromodynamics
(QCD) 7/ Agep ~ 1072* s and much shorter than the spin
correlation time scale fm,/Ajep ~ 107! s, where Aqcp is
the asymptotic scale parameter of QCD. Therefore, the top
quark decays before it can hadronize, and its full spin
information is preserved during its decay process and fully
encoded in the angular distribution of its decay products.
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The top-quark polarization and the #7 spin correlations
have recently been measured using dilepton final states in
Run 2 at the CERN Large Hadron Collider (LHC) with
center-of-mass energy /s = 13 TeV, by the ATLAS [2]
and CMS [3] Collaborations. Intriguingly, ATLAS found a
deviation of 3.8 standard deviations (o) from the SM
prediction of the asymmetry Ay, Of the distribution in
the azimuthal angular difference A¢,, of the decay leptons.
This deviation was confirmed by CMS, albeit with a
smaller significance of about 2¢. These analyses are relying
on the factorization of the squared matrix element of the
full process, |M(qg/gg— ti— b vbt~D)|> xpx R xp,
into the spin density matrices R, p, and p for on-shell ¢7
hadroproduction and semileptonic ¢ and 7 decays, respec-
tively, via the narrow-width approximation. While R is
treated in Refs. [2,3] at next-to-leading order (NLO) in
QCD [4,5], p and p are only modeled at leading order (LO)
using the program package MADSPIN [6]. Moreover, the
formation of bottom-flavored hadrons is not taken into
account within the rigorous framework of the QCD parton
model with fragmentation functions (FFs) whose univer-
sality is guaranteed by the factorization theorem [7]. It is an
urgent matter to clarify in how far the observed deviations
may be related to a lack of precision in the theoretical
treatment of the semileptonic ¢ and 7 decays.

It is the purpose of the present paper to provide
theoretical input needed to fill this gap. Specifically, we
calculate the partial width of the inclusive decay #(1) —
bW*(1) - Blty;+ X, where B generically denotes a
bottom-flavored hadron, at NLO in QCD allowing for
top-quark polarization and definite W-boson helicity and
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properly accounting for parton-to-hadron fragmentation
and finite-hadron-mass effects. By doing so, we generalize
our previous work [8], where the top-quark spin was
averaged over.

The general-mass variable-flavor-number scheme
(GM-VENS), which has been elaborated for inclusive
heavy-flavored-hadron production in e*e~ annihilation
[9], two-photon collisions [10], photoproduction [11], and
hadroproduction [12-15], provides an ideal theoretical
framework also here. However, owing to the large mass
hierarchy m,;, < m,, finite-m,, corrections are expected to be
negligible in the case at hand. This expectation was actually
confirmed in Ref. [8], by a comparative analysis of the
partial width of the decay t - B + W™ in the GM-VFNS
and the zero-mass variable-flavor-number scheme (ZM-
VENS), where bottom is included among the massless
quark flavors. In fact, the finite-m,, corrections were found
to be much smaller than the contribution from gluon
fragmentation. Therefore, we will adopt the ZM-VENS in
the following. However, we will include finite-mj effects,
which modify the relations between partonic and hadronic
variables and reduce the available phase space, as explained
in Sec. 2 of Ref. [8].

In Ref. [8], we adopted the B FFs from Ref. [16], which
were determined at NLO in the ZM-VENS through a joint
fit to e*e™ annihilation data taken by ALEPH [17] and
OPAL [18] at CERN LEP1 and by SLD [19] at SLAC SLC.
Specifically, the power ansatz D (z, u™) = Nz%(1 — z)#
was used as the initial condition for the b — B FF at
factorization scale uif = m,, = 4.5 GeV, while the gluon
and light-quark FFs were generated via the Dokshitzer-
Gribov-Lipatov-Altatelli-Parisi (DGLAP) [20-22] evolu-
tion. In Ref. [23], the analysis of Ref. [16] was updated
by including the data taken by DELPHI [24] at CERN LEP1,
which were published after Ref. [16], working both at NLO
and next-to-next-to-leading order (NNLO) with the same
theoretical assumptions. In our numerical analysis, we
employ the new B FFs from Ref. [23].

A similar analysis, albeit without fragmentation
and finite-mp effects, was reported in Refs. [25,26]. Our
analysis provides an independent check of analytic
results presented therein. A related NLO analysis with a
different treatment of the final state, for bottom jets instead
of bottom hadrons, was performed in Ref. [27], leading
to results that, unfortunately, cannot be compared with ours
in any straightforward way. Recently, the analysis of
Refs. [25,26] has been extended to NNLO in QCD using
the optical theorem [28]. Due to the totally inclusive
treatment of the hadronic part of the final state, this result
does not allow for the implementation of FFs.

This paper is organized as follows. In Sec. II, we list
our parton-level results in analytic form, relegating
lengthy formulas to the Appendix. In Sec. III, we present
our numerical analysis. In Sec. IV, we summarize our
conclusions.

II. ANALYTIC RESULTS

We work at NLO in the ZM-VENS, implemented in the
modified minimal-subtraction (MS) scheme, and consider
the decay process

t(ps,s) = b(py) + WH(pw, ) (+9(py))
= B(pg) + 7 (ps) +velp,) + X, (1)

where X collectively denotes the unobserved final-state
hadrons and the four-momentum, spin, and helicity assign-
ments are indicated in parentheses. We have s = 4+1/2 and
A =10, £1. The gluon in Eq. (1) contributes to the real
radiation at NLO. Both the b quark and the gluon may
hadronize into the B hadron. For simplicity, we employ the
narrow-width approximation, where p}, = m3, and small
terms of order O(T'%,/m3,) are neglected. As mentioned in
Sec. I, we put m;, = 0, but keep mp finite. In the top-quark
rest frame, the b quark, gluon, and B hadron have energies
E,=p,-p;/m; (i=>b, g B), which nominally range
from EJ" = Efi" = 0 and Ef™ = mp to EJ™ = EJ™* =
(m2 )/ () and B = (m? + 3 — i)/ (2m,),
respectively. As in Ref. [8], we choose the scaling variable
z by setting Ep =zE,, with a =>b, ¢, in the range
0 <z < 1. Introducing the scaled energies x; = E;/E}™*
(i =b, g, B), we then have mp/E}™ < xp <x, <1. An
alternative definition of the scaling variable, in terms of
light-cone variables, is discussed in Sec. 3 of Ref. [8], to
where we refer the interested reader.

We implement the polarization of the top quark by
writing its (average) spin four-vector in its rest frame as
s =P(0,sinfpcosp,sinfpsingp,cosfp), where P is the
magnitude of the top-quark polarization, taking values in the
range 0 < P < 1. Here, it is understood that the z axis is
chosen to point along the W-boson flight direction, so that
s, - pw = —P|Pw| cos Op. To describe the leptonic decay of
the W boson, we boost into the rest frame of the latter, which
leaves the z axis invariant, and define the charged-lepton
four-momentum to be p%;, = E,(1,sinfcosg,sinfsing,coso).
The polar angles 8p and 6, which appear in our final results,
are also illustrated in Fig. 1.

We wish to calculate the triply differential partial decay
width d°T"/ (dxgdcosf@dcosp) of process (1). Analogously
to Eq. (3) in Ref. [8], we have

d’r
dxgdcos@dcosOp

P (i) D, (2
vy Xq dx dcostcosQP ProBEIEa xa’ﬂF ’
(2)

where up is the renormalization scale, up is the factoriza-
tion scale, D,(z, ur) is the @ — B FF, and

a=b.g

034015-2



ANGULAR ANALYSIS OF BOTTOM-FLAVORED HADRON ...

PHYS. REV. D 103, 034015 (2021)

/
/ top rest frame,

FIG. 1. Definitions of the polar angle 6p of the top-quark
polarization three-vector in the top-quark rest frame and of the
polar angle 6 of the charged-lepton three-momentum in the W-
boson rest frame. In both cases, the z axis is chosen to point along
the W-boson three-momentum in the top-quark rest frame.

avi
P Op |.
dxadcosécoS P)
(3)

The factor 1/2 on the right-hand side of Eq. (3) ensures that

1 &1 P
dcosOp = )
-1 dx,dcosf@dcosOp dx,dcos0

Fr, 1
dx,dcosfdcosfp 2 \dx,dcosd

(4)

Each W-boson helicity is featured by a characteristic 6
dependence, which is encoded in the structure

A

Ay _

4T 3 art 3
—t =21 0)? —~+=(1-cosf)>?—=
drdeosd gl Teost) g (l—cosO)
3 dro
+ZSiHZQEZ. (5)

This holds for both the unpolarized and polarized terms in
Eq. (3). Notice that the @#-dependent coefficients on the
right-hand side of Eq. (5) are normalized so that, upon
integration over cos 6, we have

df,  ~dft
= : (6)

dx, = dx,

At LO, we only have a = b, and x;, = 1 is fixed, i.e., the
x;, dependence comes as a delta-function peak. Specifically,
we have

~O.unpol __ ~0,pol __ 2
Lo =1yio = F(1 - o),

[ie = 1,70 = F20)(1 - o),
I =150 =0, (7)

where w = m3,/m? and F = Gpm} |V, |’ B(WH - ¢Fv,)/
(87v/2). Here, G is Fermi’s constant, Vi is the ij
element of the Cabibbo-Kobayashi-Matrix quark mixing

%
=,
(c) E\\b (d) !

R

g

w +
ﬁ: (©) t ﬁl
W+

t
t

FIG. 2. Feynman diagrams contributing to the partial decay
width of the process in Eq. (1) at NLO: (a) initial-state radiation;
(b) final-state radiation; (¢) vertex correction; and (d) combination
of wave function renormalizations and vertex counterterm. The
leptonic W-boson decay is not shown.

matrix [29,30], and B(W" — £*v,) is the branching
ratio of the leptonic W-boson decay mode considered.
Neglecting the masses of the charged leptons and the first
five quark flavors, we have

1
B(Wt ¢+ =
W ) = NS o VP +3Cha (i) )

o {13%(/@)} (8)

9 3

where we have included the NLO QCD correction, with
color factors N, = 3 and Cr = (N2 - 1)/(2N,) = 4/3.In
the last equality in Eq. (8), we have approximated V;; ~ §;;.
At LO, the top-quark spin is passed on to the bottom quark
for A = 0, while it is flipped for A = —1; the case A = +1 is
forbidden by angular-momentum conservation in the limit
my, — 0, as is reflected in Eq. (7). Using Eq. (6), we have

0wl = F(1 + 2w)(1 — )2,
0 = F(1 -20)(1 - ). 9)

Inserting Eq. (7) in Eq. (2), we obtain a very simple formula
for the final LO result:

&g
dxpd cosOdcosOp

= %F(l —®)?Dy(xp, up)[sin?0(1 + Pcosbp)

+ (1 —cos)*(1 — Pcosbp)]. (10)

The Feynman diagrams contributing to the partial decay
width of the process in Eq. (1) at NLO are depicted in
Fig. 2. The NLO coefficient functions of the unpolarized
case may be found in Appendix A of Ref. [8] and those of
the polarized case are presented in the Appendix of this
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FIG. 3. LO and NLO results for (a) dl*""°!/dxy and (b) dI*P°/dxy with 2 =0, +1 as functions of xz. dl;' o’ /dxy and
dr’ ;f’gl /dxp are rescaled by a factor of 10 for better visibility. The theoretical uncertainties are indicated by the shaded bands.

paper. At NLO, the case 4 = +1 is enabled by the presence
of the additional spin-one gluon even for m; = 0.

At this point, we compare our new analytic results with
the literature. In Refs. [25,26], process (1) was also
considered at NLO using the narrow-width approximation
and putting m,;, = 0, but treating the final state in a less
differential fashion, which does not allow for the con-
volution with @ — B FFs on the basis of the ZM-VFNS. We
can compare our results for [77* with Refs. [25,26] upon
integration over x; in the range 0 < x;, < 1. Specifically,
the quantities I}, T'7, and I} listed in Egs. (18)—(20) of
Ref. [25] (see also Eqs. (42)—(44) in Ref. [26]) are related to
0 as POP /PPl P and 579 /E3T0) — (7% ) /2.

b,LO bLO =
With these identifications, we fully agree with
Refs. [25,26].

III. NUMERICAL RESULTS

We are now in a position to explore the phenomeno-
logical consequences of our results by performing a
numerical analysis. We adopt from Ref. [1] the input
parameter values Gy = 1.1663787 x 107 GeV~™2, my, =
80.379 GeV, m, = 172.4 GeV, mp = 5.279 GeV, |V, | =
1, and B(W" = £tuv,) = 10.86%. We evaluate agnf)(yR)
at NLO (NNLO) in the MS scheme using Eq. (4) of
Ref. [31], retaining only the first two (three) terms
on the right-hand side, with ny =35 active quark

flavors and asymptotic scale parameter A% = 225 MeV

(207 MeV) adjusted such that al”) (m) = 0.1179 for m, =

91.1876 GeV [1]. This yields aﬁs)(m,) = 0.1076 (0.1076).
As already mentioned in Sec. I, we use the up-to-date B FFs
from Ref. [23], both at NLO and NNLO. For definiteness,
we identify ug = up = Em, and vary & from 1/2 to 2 about

the default value 1 to estimate the theoretical uncertainty
due to the lack of knowledge of higher-order corrections.

The angular dependencies at the parton level, in Eqgs. (3)
and (5), are passed on to the hadron level via Eq. (2). The
hadron level counterparts, dI™*/dxy, of the coefficient
functions di*/dx, in Eq. (5) may be projected out from
the measured 6 distribution dI'/(dxgd cos @) as explained
in Sec. 4 of Ref. [8] (see Egs. (21)—(23) therein) and thus
represent physical observables by themselves. In Ref. [8],
the top quarks were taken to be unpolarized, i.e., according
to our present notation, dI"*""P°! /dx, were considered. In
the following, we complement the study of Ref. [8] by
presenting predictions for dI"*?°'/dxy. For the sake of a
coherent treatment, we also provide the analogous pre-
dictions for dI*U"°!/dx,, thus updating the analysis
of Ref. [8].

Our central predictions are of NLO. To assess their
significance, we compare them with the respective LO
results. Our LO predictions are slightly inconsistent because
they are evaluated with NLO FFs. Unfortunately, Ref. [23]
does not provide a LO FF set. By the way, the same is true for
Ref. [16], to which we could have resorted otherwise. On the
other hand, Ref. [23] also supplies a NNLO set. While
consistent NNLO predictions are unfeasible in the absence
of NNLO parton-level results, this still offers us the
opportunity to get a first impression of the typical magnitude
of the NNLO effects. In our pseudo-NNLO analysis, besides
using NNLO FFs, we also evaluate a,(uz) at NNLO as
explained above.

In Fig. 3, we study the x; dependencies of dI**""P°! /dxp,
and dI"™P°'/dx, for 1 = 0, =1 at NLO and compare them
with the respective LO results for 4 = 0, —1. As explained
in Sec. II, a4 /dx, and dl'+P°!/dxp vanish at LO
in our approximation. The theoretical uncertainties are
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FIG. 4. NLO results for (a) d[*""* /dx, and (b) dT**°!/dx with A = 0, —1, normalized to the respective default LO results, as
functions of xz. The theoretical uncertainties of the NLO results are indicated by the shaded bands.

indicated by the shaded bands. The slight inconsistency
in our LO analysis mentioned above, not only affects
the default predictions, but also the estimation of the
theoretical uncertainty, which is expected to be slightly
larger if the up dependence is subject to LO DGLAP
evolution. Comparing Figs. 3(a) and 3(b), we observe that
dr*neol /iy, and dI*P°'/dxg are very similar as for
normalization and line shape. Each xj distribution exhibits

a maximum close to xz = 0.8. Longitudinal W-boson

0,unpol/pol

helicity is favored, with dI' 5 \7 /dxg being more than

: —.unpol/pol
twice as large as dl'j o 7o

helicity 4 = —1. On the other hand, positive W-boson
helicity 4 = +1 is perturbatively suppressed; rescaling

dr ;,rfgp(’l/ Pl /dxp by the inverse couplant, 2ﬂ/a§5>(m[),

/dxp for negative W-boson
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FIG. 5.

brings it up to the level of dl'y /P! /dxp. The NLO
corrections have a significant effect on the xp distributions
for A =0, —1, by raising their peaks and lowering their
small-xp tails. To render these features more visible, we
present, in Fig. 4, the QCD correction (K) factors for 4 = 0,
—1, which we evaluate by normalizing the NLO predictions
including their theoretical-uncertainty bands relative to the
default LO predictions. From Figs. 4(a) and 4(b), we
observe that, both for unpolarized and polarized top quarks,
the K factors steadily increase by one order of magnitude,
typically from 0.2 to 2, as x runs across its range of values.
We conclude from Figs. 3 and 4 that the NLO corrections
are quite significant and should be taken into account in
theoretical interpretations of future top-quark polarization
measurements.

0.5
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NLO and pseudo-NNLO results for (a) dI"*"! /dx, and (b) dT**°!/dx with 2 = 0, %1 as functions of x. dT'y; 0 0/ dx5

and dTl’ gf((;l/NNLo /dxp are rescaled by a factor of 10 for better visibility. The theoretical uncertainties are indicated by the shaded bands.
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FIG. 6. Pseudo-NNLO results for (a) dI"*'"°! /dxz and (b) dT"*P°'/dxg with A = 0, 1, normalized to the respective default NLO
results, as functions of xp. The theoretical uncertainties of the pseudo-NNLO results are indicated by the shaded bands.

In Fig. 5, compare our pseudo-NNLO evaluations of
drrumeel /gy, and dI*P°!/dxy for A= 0,41 with the
respective NLO results already presented in Fig. 3. For
better visibility, we also plot, in Fig. 6, the ratios of
the pseudo-NNLO results including their theoretical-
uncertainty bands and the default NLO predictions.
We conclude from Figs. 5 and 6 that the NNLO effects
are likely to be relatively modest, of the order of 10%
or less.

IV. SUMMARY AND CONCLUSIONS

We studied the inclusive production of bottom-flavored
hadrons from semileptonic decays of polarized top quarks
at NLO in the ZM-FVNS using the narrow-width approxi-
mation for the intermediate W bosons, whose helicities we
distinguished. Specifically, we considered the partial decay
width differential in the scaled bottom-hadron energy xp,
the azimuthal angle 6 of the charged lepton in the W-boson
rest frame, and the azimuthal angle 8, of the top-quark
polarization in the top-quark rest frame. In our numerical
analysis, we employed up-to-date B FFs, recently deter-
mined from a global fit to all available e*e™ data [23]. We
thus extended our previous study in Ref. [8], which was
restricted to unpolarized top quarks. In Ref. [8], we had
convinced ourselves, by comparing evaluations in the GM-
VENS and ZM-VENS, that finite-m, corrections may be
safely neglected. On the other hand, we retained finite-mp
corrections, which reduce the available phase space and
lead to visible effects at small values of x;. We provided
full analytic results, ready to be used by the interested
reader.

We found the NLO QCD corrections to be quite
significant, inducing a reduction in the lower xp range

and an enhancement in the upper xp range, with K factors
ranging from 0.2 to 2. On the other hand, including partial
information from NNLO, contained in the evaluation of the
B FFs and a,(ug), turned out to yield only mild mod-
ifications, with the due caveat that such results suffer from a
violation of renormalization group invariance already in the
considered order.

Our combined results, from Ref. [8] and this paper, help
us to fill an important gap in the theoretical interpretation of
recent measurements of the top-quark polarization and the
tt spin correlations in dilepton final states at the LHC [2,3].
In particular, it will be interesting to see if these theoretical
improvements will contribute to reconciling the ATLAS [2]
and CMS [3] measurements of A‘ Adys| with the SM

expectations.
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APPENDIX

In this Appendix, we list the coefficient functions
di*s™' /dx, appearing in Eq. (5) at NLO in the ZM-VENS
with m;, = 0. They possess the following structure:
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1 dfe™ 1 a,(kr) m; 0.pol
— = Sapd(1 — : P In—-+ CpCy™ ,
I Tdx, 120 { bl =3+ = < b W+ Cr (x“)>]
L dfe™ 2w a,(pr) m; 1
e _ SapS(1 — : P In—-+ CpCy"™ :
e i1 =5+ P (P € ) )|
T R 4o ag(ug)

= CrCi™(x,). Al
ol Tdy,  (1-20)(1-w? 2z " (xa) (A1)

where

1+ 2
P <x>=cF( ) ,
qq9 l—x N
1+ (1-x)?

qu()C) = CF X

are the timelike ¢ — ¢ and g — ¢ splitting functions at LO.
For a = b, we have

2 In(1 — 1+ 22
P (x) = —5(1 = x) | 2InwIn(1 = ) + 4Lis(@) + 2w+ 6| + 21+ (M=) L 1E i — )
l-w l-x ), (1-x),
8(x —2)(1 - x)? 12 8 6  (1+x)? 1+x
20(1 = x) —— + > - - R
xz(Sx2—2x+2)+ (1 =) PR AL iy P gt

1 —x (1 —x)*(x—2)?
(6 x2 _(l—x)(l—w)+ X2(Sx? — 2x +2)?

(1= |1 =2x +28%))

1
+2x2(Sx2—2x—|—2)
R,
TG o
2 (S —2x 1 2

[9x3 —57x* +97x — ! —47D
1—x

2
EE <x3S4 (—x3 +7x* —=22x + 10 + m) + 183 (x* + 4 +25x2 — 32x + 12)

—2(1=x)2 + 8%(1 —x)(5x> +21x% = 12x + 4) — S(1 — x)(9x? — 4x —4)), (A3)

C, ™ (x) = =8(1 — x) [2lna)ln(1 —w) + 4Liy(w) + lz—wa)lnw L6 1 ;wln(l 3 w)] L2014+ 2) (1n§1_—xx)>Jr
+2 (; f;)i In(x(1 - @) - 21(1+_x; R, +U ;Ssy +2 J;Sx - 25(160_ 57 G SS_ 5 1n(1 - 28x)
+S2R\jEB2 _2\/Sx2R—2T+2 <x2\/§+ (S\_/El)x_ 12\—/i+252 _55%S+7

| Sx(45> =235 4 16) = S(28 - 195) +6 _3Sx(12 =95 + 5) 4 155(S ~2) + 12(1 - x)>
S3(Sx2 —2x +2) S3(Sx2 —2x +2)? '
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1 +x»)R 2(1 53
C,;**P"‘(x):( ;Lx) 1 204 +28[1 4 Sx+ (1 =S — Sx) In(1 — 28x)]
—X w
(17 = 21x)8% 4+ (20x = 27)S2 +4(2—x)S  6(1 —x)S—3(1—2x)$* @S 2R,
- 2 + 2 2 + +7BZ
@(Sx* —2x+2) (Sx* —2x+2) l-x Vo
Ry(1=x)V/S 6(2 —x)(1 = x)>

— 282B5|1 — 2x + 25x2| + 28?B, In |28x* — 2x + 1| — <11 +7x% — 16x +

BVSx? —2x +2
16x% —58x% + 69x —28  Sx*(x? +5x—4)  S2x*(1 +x?)
2 —2x + Sx? 1—x (1-x)% )’

(2 = 2x + Sx?)?

(AS)
where S = (1 —w)/2,

2 L P
Ry=In[(1-S8)x —x+5—|—5|25x -2x+1|],

R,=In [(1 —x)(1=38x) 4 Sx?(1 —28x) 4 1/ S(Sx* = 2x 4 2)[28x* — 2x + 1|] —In [1 +(S=1)x+ \/S(Sx2—2x+2)},

Ry =In[1 —x(1 = V)] = In |1 - x(1 + V)
1-5 1—x

S 25(2-2x+Sx?2)?
Sx(—48>+75-2)+S(8—10S) -2 w(S?x —4Sx+35+2x—2)

’

B =x- [582x% —2(1 —x) =28(x* +3x-3)],

B, = —wS +xS% +

2(Sx2—2x+2) B (Sx? —2x+2)? ’
oo L 1 6(1—x)—=38(1—2x) S2(3x—5)+S(11—-2x)—4 (A6)
PT2S(1-x) T 1-28x ' 28(Sx?—2x+2)? 208(Sx2 —2x+2)

For a = g, we have

14 (1—x)? 13 2652 —385+13 —445%+885—35
0,pol
Cy™ (x) =———— (=R, +2In[x(1 —w)(1 =x)]) + 8S—x—26—|—§—|— X 715 R4
1-6S 1-8 —48>4255-13 w
9 28x% =2x+1
<2(2Sx—1)+ 25 T a5 +2(1—25x)2)‘ X =20+
7S5 482-258+13
2(7-68)+(1-48)x+7 , A7
_ 1+ (1-x)? 1-6S w? (10S - 7w
C;™ (x) = ———L (4In[x(1 —w)(1 —x)] - R - -
() o k(=) =0l = Ri) + =y = o o T s 325 (1 = 25%)
1+ 58— 852 |28x% — 2x + 1 A, R3A, In[28x? — 2x + 1]
— = _AsR In(1 —28 -
LT et g e At gl =20+ e s A =0
1
4883 4 7252 — 508 — 5) + ———— (3257 — 8852 + 445 — 3), A8
+ 16cwxS> ( * )+ 16083 x2 ( + ) (A8)
+.pol 1 |2R; 2\ 3 3.2 2
Cg (x) = W %A“ + 2X(1 + (1 —)C) )S Rl + 4S X A3R4 + 2A2 ln(l - ZSX) - 2A1 In |2SX - 2X + 1|
SAs S 8w’ x
——2[28x% = 2x + 1| +— 48*(1 +28)x* + 85(48% = 7S + 1)x? + ——— — (9652 —70S + 5
2w| x x++4w< (1+28)x" 4 85( +)x+s(1—4s) ( +5)x
3282 — 125 -3 40S° - 685> +385 -7 85> —125% 465 -1
+ - + 5 (A9)
S 25(1 — 28x) 25(1 — 28x)
where
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Ry =In[1 — S(=28x> + 2x + 1 — |28x* — 2x + 1])] — In[1 — 28x],
A =22 x - 1S+ (-2 +5x+ 1)S? =22+ x)S + 2,

Ay =x(x? =2)8® + (-2x* +5x + 1)$? = 2(2 + x)S + 2,
_2+x2_5x2—|—5x—|—1_7—S(8—|—15x)

A - ]
BT 28x2 45283
Ay =2x(2— xS + (2x% = Tx —4)8? +2(x + 3)S - 2,
(7 - 10S) ?

As =208 — 11 — Sx(108 —7) —

2(1=25x) " 2(1 =280 (A10)

Adding Egs. (A3)—(AS5) for a = b and Egs. (A7)—(A9) for a = g according to Eq. (6), we obtain the respective coefficient
functions pertaining to the case where @ is integrated over. Specifically, we have

1 dfi()l a*(/”R)( my 1
_ =61 =xp) +——5( Pyy(xp,) In— + CpCP (x )),
ng)io dxb ( b) o0 qq\**b IuQF F%p b
| afy :
~pol = % (in) <qu(x9) lnmizt+ CFCSOI(X;;)>’ (A11)
| dx, 2n T uy
where
o 2(l —w . 2w
ch '(x) = 8(1 —x) [—Zhla)ln(l - ) +](_72w)ln(l - w) —4Li(w) — 7 _wlna) — 6}
In(1 —x) 1+ x? 1-S 2 @
20+ ("Y1 In(x(1 = _ . -
+2 +x>< I—x >++ (=, =)t S5 52 " Toas si—n
1+ x? 4o 1-S
- R - 28x% =2 1
1 —x 1+<S(1—x)+(1—4S)(1—2Sx) S(Sx2—2x+2)>| ¥ -2t
R, 1 N 2 (138§ =5—-48")x  Sx(x>—=x+2) (1=S)[1—(1-S5)x]
S(Sx2—2x—|-2) S 1-4S§ 1-48 1—x S(Sx2—2x—|—2) ’

P (x) = T+(1-x?

(—R1+2ln[x(]—a))(1_x)])_(x_1+a) 8S —6S+3_2—w(2w—5)> )

48332 S(4S—1)  28%(1-48)x

X
S—1 » 1252155 +7 2482 —265+9 1-5
- - 2837 — 2x 4 1 i
(2S2x2+2(1—25x)2 S —as)r 20 —as)(1 =28y ) ¥ ~HHl+x+555

2, 128°-75+5
1-45 " 25(1-48)x

(A12)
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