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The chiral effective meson-baryon Lagrangian for the description of interactions between the doubly
charmed baryons and Goldstone bosons is constructed up to the order of q4. The numbers of linearly
independent invariant monomials of Oðq2Þ, Oðq3Þ, and Oðq4Þ are 8, 32, and 218, in order. The obtained
Lagrangian can be used to study the chiral dynamics and relevant phenomenology of the doubly charmed
baryons at complete one-loop level in future. For completeness, the nonrelativistic reduction of the
Lagrangian is also discussed.
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I. INTRODUCTION

One of the most crucial tasks in hadron physics is to
explore hadrons containing heavy quarks, since they are
not only necessary for completing the hadron spectroscopy
but also useful for our understanding of the QCD dynamics.
In recent years, plenty of heavy-flavored baryons have been
observed at experiments, some of which are even exotic
beyond the expectation of the conventional quark model,
e.g., the Pc states as pentaquark candidates reported by
LHCb [1,2]. Though predicted by the quark model,
members of the spectrum of the doubly and triply
heavy-flavored baryons are still absent so far, with the
only exception being the Ξþþ

cc state. The Ξþþ
cc state is one of

the three doubly charmed baryons, showing up in the 20M-
plet representation of flavor SU(4) group [3] concerning the
u, d, s, c quarks. The three baryons are denoted by Ξþþ

cc ,
Ξþ
cc, and Ωþ

cc with quark constituents ½ccu�, ½ccd�, and ½ccs�
in order.
Nevertheless, the establishment of the existence of the

doubly charmed baryons is zigzag. It was first reported
in 2002 by the SELEX Collaboration [4] that the Ξþ

cc state
was observed with measured mass 3519� 2 MeV [5].
However, this baryon state was not confirmed by any other
subsequent experimental groups [6–9]. Moreover, the
experimental value is not consistent with theoretical deter-
minations, e.g., by the relativistic quark model [10],
effective potential method [11], heavy quark effective
theory [12], and lattice QCD [13,14]. Actually, the
SELEX result is also questionable according to the analysis

based on heavy quark-diquark symmetry; see, e.g.,
Ref. [15]. Hence, the realistic existence of the doubly
charmed baryons, especially the Ξþ

cc state, becomes very
unclear. The issue was addressed in 2017 that the obser-
vation of the doubly charged state Ξþþ

cc was announced by
the LHCb Collaboration [16], following the theoretical
prediction made by Ref. [17]. The reported mass of Ξþþ

cc
is 3621.4� 0.78 MeV, which is in good agreement
with previous theoretical results within 1σ uncertainty
[10,11,14]. The finding of the Ξþþ

cc state has triggered
renewed interest in studying doubly charmed baryons; see,
e.g., Refs. [18–22]. Experiments are still ongoing to
investigate the properties of the Ξþþ

cc state and also to
pursue the other two members, i.e., Ξþþ

cc and Ωþ
cc, in the

family of the doubly charmed baryons. Since the existence
of the doubly charmed baryons is now robust, it becomes
necessary, on the theoretical side, to investigate them and
their excited states using model-independent and system-
atical methods.
Chiral perturbation theory (ChPT) [23–25] is one such

method, which plays a prominent role in the study of the
low-energy dynamics of QCD; see, e.g., Refs. [26–29]. It is
initially developed for the description of the interactions
of the Goldstone bosons stemming from the spontaneous
breaking of the SUð3ÞL × SUð3ÞR chiral symmetry of QCD
[25]. The inclusion of light baryons as degrees of freedom
was first done in Ref. [30], and various renormalization
versions [31–36] have to be proposed to tackle the power
counting problem. In order to study the heavy-flavored
hadron spectrum, ChPT can also be extended to describe
the interactions between heavy hadrons and Goldstone
bosons. Traditionally, ChPT for heavy-flavored hadrons
was proposed in Refs. [37–43] by implementing heavy-
quark symmetry [44] and heavy quark-diquark symmetry
[42,45,46] in addition to chiral symmetry, which means a
nonrelativistic expansion in terms of the inverse of heavy-
flavored hadron mass is performed. However, such a
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nonrelativistic expansion distorts the analytic structure
of the amplitudes, e.g., the location of the poles of the
expanded heavy-flavored hadron propagators are shifted,
which could lead to a convergence problem. For instance,
the scalar form factor of the nucleon at t ¼ 4M2

π diverges
[34,47]. It is thus more appropriate to utilize relativistic
treatment of the matter fields involved in ChPT. For doubly
charmed baryons, covariant ChPT analyses can be found
in Refs. [48–50], where their masses and electromagnetic
form factors were studied at loop level. However, a
complete and minimal chiral effective Lagrangian for a
full one-loop description of interactions between the
doubly charmed baryons and Goldstone bosons is still
lacking. In this work, we are going to fill this gap.
This manuscript is organized as follows. In Sec. II, the

relevant chiral building blocks are introduced. In Sec. III, the
procedure of the construction of the Lagrangian is described
in detail. Transformation properties and chiral dimension
of the building blocks together with other necessary ingre-
dients such as Clifford algebra elements are shown in
Sec. III A. Consequently, invariant monomials are discussed
in Sec. III B, while the reduction of the monomials is shown
in Sec. III C. Our results of the constructed Lagrangian are
listed in Sec. IV, Appendix B, and Appendix C. A short
summary is given in Sec. V.

II. CHIRAL BUILDING BLOCKS
OF THE LAGRANGIAN

QCD is the underlying theory of ChPT and its
Lagrangian reads

L ¼ L0
QCD þ q̄γμðυμ þ γ5aμÞq − q̄ðs − iγ5pÞq; ð1Þ

where L0
QCD is the QCD Lagrangian with massless u, d, and

s quarks. The L0
QCD exhibits a global SUð3ÞL × SUð3ÞR

chiral symmetry, which is spontaneously broken to the
subgroup SUð3ÞV with the emergence of 8 Goldstone bosons
according to Goldstone theorem [51]. Here, υμ, aμ, s, and p
are external vector, axial-vector, scalar, and pseudoscalar
sources, in order.1 The underlying Lagrangian possesses a
local SUð3ÞL × SUð3ÞR chiral symmetry due to the presence
of the external fields. Furthermore, the Goldstone bosons
acquire little masses from the explicit breaking of the chiral
symmetry by setting s ¼ diagðmu;md;msÞ.
In the chiral effective Lagrangian to be constructed in the

following, Goldstone bosons, originating from spontane-
ously broken chiral symmetry, and the doubly charmed
baryons are taken as explicit degrees of freedom. The
Goldstone bosons are represented by a matrix U, which
transforms as

U → VRUVþ
L ; ð2Þ

under chiral transformation, where VR and VL are
independent SU(3) matrices. The matrix field U is para-
metrized as

U ¼ expði
ffiffiffi
2

p
Φ=FÞ; ð3Þ

with Φ given by

Φ ¼

0
BBB@

1ffiffi
2

p π0 þ 1ffiffi
6

p η πþ Kþ

π− − 1ffiffi
2

p π0 þ 1ffiffi
6

p η K0

K− K̄0 − 2ffiffi
6

p η

1
CCCA; ð4Þ

where F is the Goldstone-boson decay constant in the
SU(3) chiral limit [52,53]. The doubly charmed baryons
with quantum number JP ¼ 1

2
þ are collected in the triplet

ψ ¼

0
B@

Ξþþ
cc

Ξþ
cc

Ωþ
cc

1
CA; ð5Þ

with Ξþþ
cc , Ξþ

cc and Ωþ
cc denoting the doubly charmed

baryons. The triplet transforms as

ψ → hðVR; VL;UÞψ ; ð6Þ

where the compensator hðVR; VL;UÞ is a nonlinear func-
tion of the pion field U, VR, and VL; it is given by

h ¼
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

VRUV†
L

q �†
VRu; ð7Þ

with u ¼ ffiffiffiffi
U

p
. It is straightforward to derive the chiral

transformation property of the corresponding antibaryon
fields, which reads

ψ̄ → ψ̄h†ðVR; VL;UÞ: ð8Þ

For the construction of the chiral effective Lagrangian, it is
convenient to use building blocks X which transform in a
uniform way [54]:

X → hðVR; VL;UÞXh†ðVR; VL;UÞ: ð9Þ
The building blocks are linear combinations of pion field and
external fields. In our case, the following ones are needed:

uμ ¼ ifu†ð∂μ − irμÞu − uð∂μ − ilμÞu†g;
f�μν ¼ uFL

μνu† � u†FR
μνu;

χ� ¼ u†χu† � uχ†u; ð10Þ
1Throughout this work, the vector and axial vector currents

should be regarded as traceless 3 × 3matrices in the flavor space,
i.e., hυμi ¼ haμi ¼ 0.
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where

χ ¼ 2B0ðsþ ipÞ; B0 ¼ −h0jq̄qj0i=3F2;

FR
μν ¼ ∂μrν − ∂νrμ − i½rν; rμ�; rμ ¼ υμ þ aμ;

FL
μν ¼ ∂μlν − ∂νlμ − i½lν; lμ�; lμ ¼ υμ − aμ: ð11Þ

Here h0jq̄qj0i denotes the quark condensate, and h� � �i
stands for trace in the flavor space.
The covariant derivative Dμ is defined by

Dμ ¼ ∂μ þ Γμ;

Γμ ¼
1

2
fu†ð∂μ − irμÞuþ uð∂μ − ilμÞu†g: ð12Þ

For the covariant derivative acting on any building block X,
say ½Dμ; X�, it can be proved that it transforms as

½Dμ; X� → h½Dμ; X�h†; ð13Þ

by making use of Eq. (7) and the identity 2ðhΓμ − Γ0
μhÞ ¼

2∂μh.
2 Nevertheless, for the covariant acting on the baryon

field ψ , one has

Dμψ → hðDμψÞ; Dμψ̄ → ðDμψ̄Þh†: ð15Þ

In addition, the following three relations [55]

½Dμ; Dν�X ¼ 1

4
½½uμ; uν�; X� −

i
2
½fþμν; X�; ð16Þ

f−μν ¼ ½Dμ; uν� − ½Dν; uμ�; ð17Þ

hμν ¼ ½Dμ; uν� þ ½Dν; uμ�; ð18Þ

are very useful for the construction of the meson-baryon
chiral Lagrangian. The element hμν on the left-hand side
of the third relation can be considered as an extra chiral
building block. In consequence, the terms of ½Dμ; uν� and
½Dν; uμ� can be eliminated by using the last two equalities.

III. CONSTRUCTION OF THE CHIRAL
EFFECTIVE LAGRANGIAN

A. Transformation properties and chiral dimension

On top of chiral symmetry, the chiral Lagrangian should
be invariant under Lorentz transformation, Hermitian
conjugation (H.c.), discrete P, and C symmetries.3 For
easy reference, the transformations properties of the build-
ing blocks we use are compiled in Table I, which are taken
from Refs. [25,54–56]. Moreover, one has to know the
power counting of these elements, listed in the last column
of Table I, such that invariant monomials of the chiral
effective Lagrangian can be organized order by order.
Analogously, the transformation properties and power

counting of Clifford algebra elements, the imaginary unit,
the metric and Levi-Civita tensors are shown in Table II,
which usually appear as ingredients of baryon bilinear
iψ̄Γψ [54]. The covariant derivative acting on the baryon
fields is of zeroth chiral order, since the mass of baryons
cannot be deemed as a small quantity in the chiral limit.

B. Invariant monomials

With the elements specified in Table I and Table II, we
are now in the position to construct all the possible invariant
terms. The generic form of any invariant monomial, con-
strained by Lorentz transformation, chiral symmetry, and
Hermitian conjugation symmetry, in the effective meson-
baryon chiral Lagrangian can be written as

ðiÞmψ̄AΓDnψ þ H:c:; ðm ¼ 0; 1Þ: ð19Þ

Here,

TABLE I. Parity (P), charge conjugation (C), Hermitian con-
jugation (H.c.) transformation properties, and chiral dimension
(Dχ) of the building blocks and the covariant derivative acting on
the building blocks. The definitions of p, c, and h are shown in
Eq. (20), Eq. (24), and Eq. (22).

P C H.c. p c h Dχ

uμ −uμ uTμ uμ 1 0 0 1

χþ χþ χTþ χþ 0 0 0 2
χ− −χ− χT− −χ− 1 0 1 2

fμνþ fþμν −ðfμνþ ÞT fμνþ 0 1 0 2

fμν− −f−μν ðfμν− ÞT fμν− 1 0 0 2

hμν −hμν ðhμνÞT hμν 1 0 0 2

D⃗μ D⃗μ D⃖T
μ D⃖μ

0 0 0 1

2Here, Γ0
μ is given by

Γ0
μ ¼

1

2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VRUV†

L

q �†ð∂μ − iVRrμV
†
R þ VR∂μV

†
RÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VRUV†

L

q

þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VRUV†

L

q
ð∂μ − iVLlμV

†
L þ VL∂μV

†
LÞ
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

VRUV†
L

q �†
:

ð14Þ

3According to the CPT theorem, any Lorentz invariant term
one can write down in the Lagrangian is CPT invariant. Hence,
the time reversal invariance is automatically embedded, once
Lorentz covariance, Hermitian conjugation, spatial inversion, and
charge conjugation symmetry are implemented in constructing
the chiral local Lagrangian.
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(i) A is a product of building blocks and their covariant
derivatives. Since the matrix fields do not commute
with each other, one should consider all possible
permutations. In addition, it is more preferable to
express all the products in terms of combinations of
(anti)commutators. For instance, uμuν can be written
as uμuν ¼ ðfuμ; uνg þ ½uμ; uν�Þ=2.

(ii) Γ is a product of elements of the Clifford algebra basis
and/or the metric tensors, the Levi-Civita tensors.
More discussions on Γ are shown in Appendix A.

(iii) Dn ≡ ½Dμ1Dμ2 � � �Dμn þ all the other permutations�
is a product of n ≥ 0 covariant derivatives acting on
ψ in a totally symmetrized way. It is worth pointing
out that the commutators of the covariant derivatives
can be translated to the basic building blocks with
the help of Eq. (16).

Note that, in Eq. (19), the Lorentz indices are suppressed
for brevity. However, one needs to keep in mind that all the
Lorentz indices of Amust be properly contracted with those
coming from Γ and Dn to guarantee that all the terms are
Lorentz scalars.
Let us proceed with the transformation property of

Eq. (19) under parity, which reads

fðiÞmψ̄AΓDnψ þ H:c:gP
¼ ð−1ÞpAþpΓþpDfðiÞmψ̄AΓDnψ þ H:c:g; ð20Þ

where pA can be determined from Table I, while pΓ and pD
from Table II. It can be concluded from Eq. (20) that the
monomial of Eq. (19) survives in the chiral effective chiral
Lagrangian only if

ð−1ÞpAþpΓþpD ¼ 1: ð21Þ

Although Eq. (19) is obviously invariant under Hermitic
conjugation, it is still worthwhile to demonstrate the

corresponding transformation property explicitly.
Equation (19) can be rewritten as

ðiÞmψ̄AΓDnψ þ ð−1ÞhAþhΓþmðiÞmψ̄D⃖nAΓψ

¼ ðiÞmψ̄AΓDnψ þ ð−1ÞhAþhΓþhDþmðiÞmψ̄AΓDnψ þ h:o:;

ð22Þ

where the values of hA, hΓ, and hD are calculated with the
help of Table I and Table II. Note that the value of hA
includes an additional factor of 1 for each commutator. The
terms on the right-hand side of Eq. (22) is obtained by
making use of integration by parts and the Leibniz rule
together with the elimination of total derivatives. The last
term h.o. denotes the sum of higher order pieces with
covariant derivatives acting on the building blocks shown
Table I, and hence actually can be thrown away from the
Lagrangian of a given chiral order under construction.
Finally, Eq. (19) can occur in the Lagrangian only if

ð−1ÞhAþhΓþhDþm ¼ 1: ð23Þ

Lastly, we check the invariance of Eq. (22), equivalent to
Eq. (19), under charge conjugation,

f2ðiÞmψ̄AΓDnψ þ h:o:gC
¼ ð−1ÞcAþcΓþcD2ðiÞmψ̄AΓDnψ þ h:o:; ð24Þ

where cA, which contains an extra factor of 1 for each
commutator, is determined from Table I. Meanwhile, the
values of cΓ þ cD can be obtained from Table II. Likewise,
for a given chiral order, Eq. (19) remains in the Lagrangian
only if

ð−1ÞcAþcΓþcD ¼ 1: ð25Þ

C. Reduction of the monomials

A list of invariant monomials, some of them might be
linearly dependent, can be obtained according to the
procedure discussed above. In this section, we will utilize
several linear identities to remove these dependent mono-
mials. The first relation stems from the property of matrix
trace, namely,

habci ¼ hbcai ¼ hcabi: ð26Þ

The second relation is the Schouten identity

ϵμνλτaρ þ ϵνλτρaμ þ ϵλτρμaν þ ϵτρμνaλ þ ϵρμνλaτ ¼ 0: ð27Þ

The third relation is obtained by making use of the
Bianchi identity, Eq. (16) and Eq. (17),

TABLE II. Parity (P), charge conjugation (C), Hermitian
conjugation (H.c.) transformation properties, and chiral dimen-
sion (Dχ) of the Clifford algebra elements, the metric and Levi-
Civita tensors together with the imaginary unit and the covariant
derivative acting on the baryon fields. The definitions of p, c and
h are shown in Eq. (20), Eq. (24), and Eq. (22).

p c h Dχ

i 0 0 1 0
1 0 0 0 0
γ5 1 0 1 1
γμ 0 1 0 0
γ5γμ 1 0 0 0
σμν 0 1 0 0
gμν 0 0 0 0
ϵμνρτ 1 0 0 0

D⃗μψ 0 1 1 0
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½Dμ; f�νλ� þ ½Dν; f�λμ� þ ½Dλ; f�μν�

¼ i
2
½uμ; f∓νλ� þ

i
2
½uν; f∓λμ� þ

i
2
½uλ; f∓μν�: ð28Þ

It can be used to eliminate certain monomials containing
½Dμ; f�νλ� or ½Dν; f�λμ�, ½Dλ; f�μν�, as done in Ref. [57].
The fourth relation is the so-called Cayley-Hamilton

relation [56]. For any 3 × 3 arbitrary matrices a, b, and c,
the Cayley-Hamilton relation indicates that

abcþ bcaþ cabþ acbþ cbaþ bac − abhci − bchai
− cahbi − achbi − cbhai − bahci − ahbci − bhcai
− chabi − habci − hacbi þ ahbihci þ bhcihai
þ chaihbi þ haihbci þ hbihcai
þ hcihabi − haihbihci ¼ 0; ð29Þ

which is usually adopted to replace the terms with two or
more traces by those with one trace or without trace.
On the other hand, it is also possible to use equations of

motion (EOM) to remove some redundant terms. First of
all, the lowest order EOM of the pseudoscalar meson reads

Dμuμ ¼
i
2
χ̃−; ð30Þ

where

χ̃− ¼ χ− −
1

3
hχ−i: ð31Þ

With Eq. (16), Eq. (17), and the EOM of Eq. (30), one can
prove that

D2uμ ¼
1

4
½½uν; uμ�; uν� −

i
2
½fþνμ; uν� þDνf−νμ þ

i
2
Dμχ̃−:

ð32Þ

Therefore, Dμuμ and D2uμ cannot be regarded as indepen-
dent structures [25,52].
The lowest order EOMs of the baryon fields, obtainable

from the Lagrangian in Eq. (47) to be shown in the next
section, are

�
i=D −mþ gA

2
=uγ5

�
ψ ¼ 0; ð33Þ

ψ̄

�
i=⃖Dþm −

gA
2
=uγ5

�
¼ 0; ð34Þ

where ði=D −mÞ is counted as OðqÞ. Here m and gA are the
mass and the axial coupling of the doubly charmed baryons
in the SU(3) chiral limit, respectively. Based on the above
two equations, one can obtain a few linear relations to

eliminate many unnecessary terms. The linear relations we
use read [55,57]:

ψ̄AμiDμψ þ H:c: ≐ 2mψ̄γμAμψ ; ð35Þ

ψ̄γμ½iDμ; A�ψ ≐
gA
2
ψ̄γμγ5½A; uμ�ψ ; ð36Þ

ψ̄γ5γμ½iDμ; A�ψ ≐ −2mψ̄γ5Aψ −
gA
2
ψ̄γμ½A; uμ�ψ ; ð37Þ

ψ̄γ5γλAμλiDμψ þ H:c: ≐ 2imψ̄γ5σμλAμλψ

þ ðψ̄γ5γμAμλiDλψ þ H:c:Þ; ð38Þ

ψ̄γ5γλAμλiDμψ þ H:c: ≐ mψ̄σνρϵνρμλAμλψ

þ ðψ̄γ5γμAμλiDλψ þ H:c:Þ; ð39Þ

ψ̄σαβAαβμiDμψ þ H:c: ≐ −2mψ̄ϵαβμνγ5γ
νAαβμψ

− ðψ̄σβμAαβμiDαψ þ H:c:Þ
þ ðψ̄σαμAαβμiDβψ þ H:c:Þ; ð40Þ

where the symbol ≐ means the two objects on the left- and
right-hand sides are equal up to some negligible higher
order pieces.

D. Nonrelativistic projection

For completeness, we further consider the doubly
charmed baryons as heavy static sources in the nonrela-
tivistic limit and perform the so-called heavy baryon (HB)
projection [31] of the relativistic Lagrangian. Here,
we present a brief introduction to the nonrelativistic
approach (for more detailed discussions, see, e.g.,
Refs. [26,31,32]).
The four-momentum of the doubly charmed baryon can

be split as

pμ ¼ mυμ þ lμ; ð41Þ

where υμ denotes the four-velocity satisfying υ2 ¼ 1 and lμ
is the small off-shell momentum with υ · l ≪ m. The
doubly charmed baryon field ψ can be decomposed into
large component H and small component h via

ψ ¼ e−imυ·xðH þ hÞ; ð42Þ

with

=υH ¼ H; =υh ¼ −h: ð43Þ

In terms ofH and h, the meson-baryon chiral Lagrangian
can be recast as

L ¼ H̄AH þ h̄BH þ H̄γ0B†γ0h − h̄Ch; ð44Þ
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where the operators A, B, and C may be expanded as
a series of the low energy momentum q. In this approach,
it is more advantageous to make use of the velocity υμ and
the spin-operator Sμ ¼ i

2
γ5σμνυ

ν to express every baryon
bilinear ψ̄Γψ.
After eliminating the small component h, the nonrela-

tivistic Lagrangian reads

L ¼ H̄fAþ ðγ0B†γ0ÞC−1BgH; ð45Þ

where

C−1 ¼ 1

2m
−
iðυ ·DÞ þ gAS · u

ð2mÞ2 þ ðiυ ·Dþ gAS · uÞ2
ð2mÞ3

−
Cð2Þ

ð2mÞ2 þ � � � : ð46Þ

IV. THE CHIRAL EFFECTIVE MESON-BARYON
LAGRANGIAN

Using the method described above, we have constructed
the minimal and complete chiral effective meson-baryon
Lagrangians up to Oðq4Þ both in the relativistic and the
nonrelativistic forms.

A. The Lagrangian at OðqÞ
The lowest order of relativistic chiral effective

Lagrangian reads

Lð1Þ
Mψ ¼ ψ̄ði=D −mÞψ þ gA

2
ψ̄=uγ5ψ ; ð47Þ

where m is the mass of baryon and gA is the axial-vector
coupling constant in the SU(3) chiral limit. The operator
ði=D −mÞ is counted as OðqÞ in the chiral expansion,
as discussed in Ref. [54]. In principle, the gA coupling is
an unknown parameter which needs to be determined by
experimental data. In Ref. [48], it was estimated to be
jgAj ¼ 0.2. The above leading order Lagrangian has been
used to explore the possible exotic states in the spectrum of
doubly charmed baryons [58].
The corresponding non-relativistic Lagrangian can be

expressed as

L̂ð1Þ
Mψ ¼ H̄ðiυ ·Dþ gAS · uÞH: ð48Þ

In the nonrelativistic Lagrangian of leading order, the
doubly charmed baryon mass term disappears and the
Dirac matrices have been substituted by υμ and Sμ.

B. The Lagrangian at Oðq2Þ
The Oðq2Þ meson-baryon Lagrangian can be written as

Lð2Þ
Mψ ¼

X8
i¼1

biψ̄O
ð2Þ
i ψ ; ð49Þ

where bi’s are unknown low-energy constants (LECs). It
was pointed out by Ref. [59] that some of the Oðq2Þ LECs
can be related to those in the charmed meson Lagrangian
[60] by imposing heavy antiquark–diquark symmetry [61].

The monomials Oð2Þ
i are given in the 2nd column of

Table III.4

In nonrelativistic form, the chiral Lagrangian of Oðq2Þ
reads

L̂ð2Þ
Mψ ¼ H̄fAð2Þ þ γ0Bð1Þ†γ0Cð0Þ−1Bð1ÞgH; ð50Þ

where

Að2Þ ¼
X8
i¼1

biÔ
ð2Þ
i : ð51Þ

The non-relativistic operators Ôð2Þ
i corresponding to the

relativistic monomials Oð2Þ
i are listed in the 3rd column

of Table III. The second term in the bracket incorporates
the 1=m corrections, which are shown in Appendix B.
Explicit expressions for BðiÞ and CðiÞ are collected in
Appendix B as well. Based on the Lagrangian we obtained
here, we have checked that it is straightforward to repro-
duce the pion-nucleon Lagrangian in Ref. [57] by using the
Cayley-Hamilton relation for 2 × 2 matrices.

TABLE III. Terms in the relativistic and nonrelativistic La-
grangian of Oðq2Þ.
i Oð2Þ

i Ôð2Þ
i

1 hχþi hχþi
2 χ̃þ χ̃þ
3 u2 u2

4 hu2i hu2i
5 fuμ; uνgDμν þ H:c: −8m2ðυ · uÞ2
6 huμuνiDμν þ H:c: −4m2hðυ · uÞ2i
7 i½uμ; uν�σμν 2½Sμ; Sν�½uμ; uν�
8 fμνþ σμν −2i½Sμ; Sν�fμνþ

4There is one more term in the Oðq2Þ Lagrangian given by
Ref. [62]. However, terms with hfþμνi do not show up in our case,
due to the fact that the external vector and axial vector currents
are set to be traceless.
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C. The Lagrangian at Oðq3Þ
The chiral meson-baryon Lagrangian at Oðq3Þ takes

the form

Lð3Þ
Mψ ¼

X32
i¼1

ciψ̄O
ð3Þ
i ψ ; ð52Þ

where ci are Oðq3Þ LECs and the operators Oð3Þ
i¼1;���32 are

listed in the 2nd column of Table IV.
Also, the Oðq3Þ nonrelativistic Lagrangian can be

written as

L̂ð3Þ
Mψ ¼ H̄fAð3Þ þ γ0Bð1Þ†γ0Cð0Þ−1Bð2Þ þ γ0Bð1Þ†γ0Cð1Þ−1Bð1Þ

þ γ0Bð2Þ†γ0Cð0Þ−1Bð1ÞgH; ð53Þ

with

Að3Þ ¼
X32
i¼1

ciÔ
ð3Þ
i ; ð54Þ

where the monomials Ôð3Þ
i are collected in the 3rd column

of Table IV. The 1=m corrections are given in Appendix B.

TABLE IV. Terms in the Oðq3Þ relativistic and nonrelativistic Lagrangians.

i Oð3Þ
i Ôi

ð3Þ

1 fuμ; fuμ; uνggγ5γν −2fuμ; fuμ; S · ugg
2 ½uμ; ½uμ; uν��γ5γν −2½uμ; ½uμ; S · u��
3 uνγ5γνhu2i −2S · uhu2i
4 uμγ5γνhuμuνi −2uμhuμS · ui
5 fuμ; fuν; uρggγ5γμDνρ þ H:c: 16m2fS · u; ðυ · uÞ2gg
6 uμγ5γμhuνuρiDνρ þ H:c: 8m2S · uhðυ · uÞ2i
7 iϵμνρτf½uμ; uν�; uρgγτ iϵμνρτf½uμ; uν�; uρgυτ
8 iϵμνρτγτh½uμ; uν�uρi iϵμνρτυτh½uμ; uν�uρi
9 iϵμνλτfuμ; fuν; uρggσλτDρ þ H:c: −4imϵμνλτfuμ; fuν; υ · ugg½Sλ; Sτ�
10 iϵμνλτuμσλτhuνuρiDρ þ H:c: −4imϵμνλτuμhuνυ · ui½Sλ; Sτ�
11 i½uμ; hμν�γν i½uμ; hμν�υν
12 i½uμ; hνρ�γμDνρ þ H:c: −4im2½υ · u; hνρ�υνυρ
13 ifuμ; hνρgσμνDρ þ H:c: −4imfuμ; hνρg½Sμ; Sν�υρ
14 iσμνhuμhνρiDρ þ H:c: −4im½Sμ; Sν�huμhνρiυρ
15 fuμ; χ̃þgγ5γμ −2fS · u; χ̃þg
16 uμγ5γμhχþi −2S · uhχþi
17 γ5γμhuμχ̃þi −2hS · uχ̃þi
18 iγ5γμ½Dμ; χ̃−� −2i½S ·D; χ̃−�
19 iγ5γμh½Dμ; χ−�i −2ih½S ·D; χ−�i
20 ½χ̃−; uμ�γμ ½χ̃−; υ · u�
21 i½uμ; fμνþ �γ5γν −2i½uμ; fμνþ �Sν
22 ϵμνρτfuμ; fνρþ gγτ ϵμνρτfuμ; fνρþ gυτ
23 ϵμνρτγ

τhuμfνρþ i ϵμνρτυ
τhuμfνρþ i

24 ϵνρλτ½uμ; fνρþ �σλτDμ þ H:c: −4mϵνρλτ½υ · u; fνρþ �½Sλ; Sτ�
25 i½Dμ; f

μν
þ �Dν þ H:c: 2m½Dμ; f

μν
þ �υν

26 i½uμ; fμν− �γν i½uμ; fμν− �υν
27 ϵμνρτfuμ; fνρ− gγ5γτ −2ϵμνρτfuμ; fνρ− gSτ
28 ϵμνρτγ5γ

τhuμfνρ− i −2ϵμνρτSτhuμfνρ− i
29 ifuμ; fνρ− gσμνDρ þ H:c: −4imfuμ; fνρ− g½Sμ; Sν�υρ
30 iσμνhuμfνρ− iDρ þ H:c: −4im½Sμ; Sν�υρhuμfνρ− i
31 ½Dμ; fμν− �γ5γν −2Sν½Dμ; fμν− �
32 ½Dλ; fμν− �γ5γμDνλ þ H:c: 8m2Sμ½υ ·D; fμν− �υν
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D. The Lagrangian at Oðq4Þ
The chiral effective meson-baryon Lagrangian at Oðq4Þ

reads

Lð4Þ
Mψ ¼

X218
i¼1

diψ̄O
ð4Þ
i ψ ; ð55Þ

where di are LECs and the terms of Oðq4Þ are tabulated in
the 2nd column of Table V. The last three terms are contact
terms (See Refs. [56,63] for analogous operators). It should
be noted that they are combinations depending only on
external fields and therefore are not directly accessible
experimentally. Furthermore, as pointed out by Ref. [56], it
is more convenient to express the contact terms in terms of
the LR basis, i.e., Fμν

R=L, and the χ element, rather than those
chiral building blocks in Table I.
The Oðq4Þ meson-baryon nonrelativistic Lagrangian

which contains the 1=m corrections takes the form

L̂ð4Þ
Mψ ¼ H̄fAð4Þ þ γ0Bð1Þ†γ0Cð0Þ−1Bð3Þ þ γ0Bð1Þ†γ0Cð1Þ−1Bð2Þ

þ γ0Bð1Þ†γ0Cð2Þ−1Bð1Þ þ γ0Bð2Þ†γ0Cð0Þ−1Bð2Þ

þ γ0Bð2Þ†γ0Cð1Þ−1Bð1Þ þ γ0Bð3Þ†γ0Cð0Þ−1Bð1ÞgH;

ð56Þ

with

Að3Þ ¼
X218
i¼1

diÔ
ð4Þ
i ; ð57Þ

where the operators Ôð4Þ
i are compiled in the 3rd column of

Table V.

V. SUMMARY

Based on chiral symmetry and basic invariances such as
Lorentz invariance, we have constructed the chiral effective
Lagrangian for the description of the interactions between
the doubly charmed ground-state baryons and Goldstone
bosons up to Oðq4Þ. Complete and minimal sets of Oðq3Þ
and Oðq4Þ operators are established for the first time. The
numbers of Oðq3Þ and Oðq4Þ terms are 32 and 218,
respectively. The involved LECs are expected to be
determined by, e.g., experimental or lattice QCD data in
the future. The obtained Lagrangian is sufficient for
comprehensive analyses of the low-energy physics of the
doubly charmed baryons up to the fourth order, enabling us
to explore the doubly charmed spectroscopy with high
accuracy. Furthermore, it can be readily extended to the
sector of doubly bottomed baryons according to heavy
quark flavor symmetry.
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APPENDIX A: TYPES OF Θμν…

In this Appendix, a brief introduction to the EOM
constraints on the chiral Lagrangian is presented; see
Refs. [57,63] for more discussions. Γ can be one of the
Clifford algebra elements f1; γ5γμ; σμνg or the Levi-Civita
tensor ϵμνλτ.

(i) For the Clifford algebra elements f1; γ5γμ; σμνg,
their indices should be distinguished from those
of the covariant derivatives that act on the baryon
field ψ .

(ii) For ϵμνλτ, only one of its indices can be contracted
with those of the covariant derivatives that act on the
baryon field ψ .

Therefore, it is more convenient to use Θμν… ¼
ðΓDnÞμν…, taken from Ref. [63], to construct our chiral
Lagrangian. The types of Θμν… we need are as follows:

1;

γ5γμ; Dμ;

σμν; γ5γμDν; Dμν;

γ5γμDνλ; σμνDλ; ϵμνλρDρ; Dμνλ;

ϵμνλρ; γ5γμDνλρ; σμνDλρ; ϵμνλτDτ
ρ; Dμνλρ: ðA1Þ

APPENDIX B: SOME EXPLICIT EXPRESSIONS
FOR THE NONRELATIVISTIC LAGRANGIAN

Basic relations regarding the covariant spin operator Sμ
are given below (ϵ0123 ¼ −1):

S · υ ¼ 0; fSμ; Sνg ¼ 1

2
ðυμυν − gμνÞ;

½Sμ; Sν� ¼ iϵμναβυαSβ: ðB1Þ

By using the above equalities, the Dirac bilinears can be
rewritten as

H̄γμH ¼ υμH̄H; h̄γμH ¼ −2h̄γ5SμH;

H̄γμγ5H ¼ 2H̄SμH; h̄γμγ5H ¼ −υμh̄γ5H;

H̄σμνH ¼ −2iH̄½Sμ; Sν�H;

h̄σμνH ¼ 2ih̄γ5ðυμSν − υνSμÞH: ðB2Þ

Subsequently, we can readily obtain some relevant explicit
expressions of BðiÞ and CðiÞ:
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Bð1Þ ¼ −2iγ5S ·D −
gA
2
γ5υ · u; ðB3Þ

Bð2Þ ¼ −2b7γ5ðυμSν − υνSμÞ½uμ; uν� þ 2ib8γ5ðυμSν − υνSμÞfþμν; ðB4Þ

Bð3Þ ¼ γ5ðc1fuμ; fuμ; υ · ugg þ c2½uμ; ½uμ; υ · u�� þ c3υ · uhu2i þ c4uμhuμυ · ui − 16m2c5ðυ · uÞ3
− 4m2c6υ · uhðυ · uÞ2i þ c15fυ · u; χ̃þg þ c16υ · uhχþi þ c17hυ · uχ̃þi þ ic18½υ ·D; χ̃−�
þ ic19h½υ ·D; χ−�i þ ic21½uμ; fμνþ �υν þ c27ϵμνρτfuμ; fνρ− gυτ þ c28ϵμνρτυτhuμfνρ− i þ c31υν½Dμ; fμν− �
− 4m2c32½υ ·D; fμν− �υμυνÞ − 2iϵμνρτγ5Sτðc7f½uμ; uν�; uρg þ c8h½uμ; uν�uρiÞ
þ 4imϵμνλτγ5ðυλSτ − υτSλÞfc9fuμ; fuν; υ · ugg þ c10uμhuνυ · uig
− 2ic11½uμ; hμν�γ5Sν þ 8im2c12γ5½S · u; hνρ�υνυρ þ 4imγ5ðυμSν − υνSμÞυρ
× ðc13fuμ; hνρg þ c14huμhνρi þ c29fuμ; fνρ− g þ c30huμfνρ− iÞ − 2c20γ5½χ̃−; S · u�
− 2ϵμνρτγ5Sτðc22fuμ; fνρþ g þ c23huμfνρþ iÞ þ 4mc24ϵνρλτ½υ · u; fνρþ �γ5ðυλSτ − υτSλÞ − 2ic26½uμ; fμν− �γ5Sν: ðB5Þ

Cð0Þ ¼ 2m; ðB6Þ

Cð1Þ ¼ iυ ·Dþ gAS · u; ðB7Þ

Cð2Þ ¼ −b1hχþi − b2χ̃þ − b3u2 − b4hu2i þ 8m2b5ðυ · uÞ2 þ 4m2b6hðυ · uÞ2i − 2b7½Sμ; Sν�½uμ; uν� þ 2ib8½Sμ; Sν�fμνþ :

ðB8Þ

γ0Bð1Þ†γ0Cð0Þ−1Bð1Þ ¼ 2

m
ðS ·DÞ2 − igA

2m
fS ·D; υ · ug − g2A

8m
ðυ · uÞ2; ðB9Þ

γ0Bð1Þ†γ0Cð0Þ−1Bð2Þ ¼ −
2i
m
b7S ·DðυμSν − υνSμÞ½uμ; uν� −

2

m
b8S ·DðυμSν − υνSμÞfþμν

þ igA
2m

b8ðυμSν − υνSμÞυ · ufþμν −
gA
2m

b7ðυμSν − υνSμÞυ · u½uμ; uν�; ðB10Þ

γ0Bð1Þ†γ0Cð1Þ−1Bð1Þ ¼ −
i
m2

S ·Dυ ·DS ·D −
gA
4m2

υ · uυ ·DS ·D −
gA
4m2

S ·Dυ ·Dυ · uþ ig2A
16m2

υ · uυ ·Dυ · u

−
gA
m2

S ·DS · uS ·Dþ ig2A
4m2

υ · uS · uS ·Dþ ig2A
4m2

S ·DS · uυ · uþ g3A
16m2

υ · uS · uυ · u; ðB11Þ

γ0Bð2Þ†γ0Cð0Þ−1Bð1Þ ¼ 2i
m
b7ðυμSν − υνSμÞ½uμ; uν�S ·Dþ 2

m
b8ðυμSν − υνSμÞfþμνS ·D

−
igA
2m

b8ðυμSν − υνSμÞfþμνυ · uþ gA
2m

b7ðυμSν − υνSμÞ½uμ; uν�υ · u; ðB12Þ
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γ0Bð1Þ†γ0Cð0Þ−1Bð3Þ ¼ −4ϵμνλτS ·DðυλSτ − υτSλÞðc9fuμ; fuν; υ · ugg þ c10uμhuνυ · uiÞ
− 4S ·DðυμSν − υνSμÞυρðc13fuμ; hνρg þ c14huμhνρi þ c29fuμ; fνρ− g
þ c30huμfνρ− iÞ þ 4ic24ϵνρλτS ·D½υ · u; fνρþ �ðυλSτ − υτSλÞ

þ 1

m
S ·Dðic1fuμ; fuμ; υ · ugg þ ic2½uμ; ½uμ; υ · u�� þ 2c11½uμ; hμν�Sν

þ ic15fυ · u; χ̃þg þ ic16υ · uhχþi þ ic17hυ · uχ̃þi − c18½υ ·D; χ̃−�
− c19h½υ ·D; χ−�i − 2ic20½χ̃−; S · u� − c21½uμ; fμνþ �υν þ 2c26½uμ; fμν− �SνÞ

−
2i
m
ϵμνρτS ·DSτðc22fuμ; fνρþ g þ c23huμfνρþ iÞ þ i

m
ϵμνρτS ·D

× ðc27fuμ; fνρ− gυτ þ c28υτhuμfνρ− iÞ þ i
m
S ·Dðc3υ · uhu2i

þ c31υν½Dμ; fμν− � þ c4uμhuμυ · uiÞ þ
2

m
c7ϵμνρτS ·Df½uμ; uν�; uρgSτ

þ 2

m
c8ϵμνρτS ·DSτh½uμ; uν�uρi − 8mc12S ·D½S · u; hνρ�υνυρ

− 4imc32S ·D½υ ·D; fμν− �υμυν − 4imc5S ·Df4c5ðυ · uÞ3
þ c6υ · uhðυ · uÞ2ig þ igAϵμνλτðυλSτ − υτSλÞðc9υ · ufuμ; fuν; υ · ugg
þ c10υ · uuμhuνυ · uiÞ þ igAc13υ · uðυμSν − υνSμÞfuμ; hνρgυρ
þ igAc14υ · uðυμSν − υνSμÞhuμhνρiυρ þ gAc24ϵνρλτυ · u½υ · u; fνρþ �
× ðυλSτ − υτSλÞ þ igAc29υ · uðυμSν − υμSνÞυρfuμ; fνρ− g
þ igAc30υ · uðυμSν − υμSνÞυρhuμfνρ− i þ gA

4m
c1υ · ufuμ; fuμ; υ · ugg

−
igA
2m

c11υ · u½uμ; hμν�Sν þ
gA
4m

υ · uðc15fυ · u; χ̃þg þ c16υ · uhχþi

þ c17hυ · uχ̃þi þ ic18½υ ·D; χ̃−�Þ þ
gA
4m

c2υ · u½uμ; ½uμ; υ · u��

þ igA
4m

c19υ · uh½υ ·D; χ−�i −
gA
2m

c20υ · u½χ̃−; S · u�

þ igA
4m

c21υ · u½uμ; fμνþ �υν −
gA
2m

ϵμνρτυ · uSτðc22fuμ; fνρþ g þ c23huμfνρþ iÞ

−
igA
2m

c26υ · u½uμ; fμν− �Sν þ
gA
4m

c27ϵμνρτυ · ufuμ; fνρ− gυτ

þ gA
4m

c28ϵμνρτυ · uυτhuμfνρ− i þ gA
4m

c3ðυ · uÞ2hu2i

þ gA
4m

c31υ · uυν½Dμ; fμν− � þ gA
4m

c4υ · uuμhuμυ · ui

−
igA
2m

c7ϵμνρτυ · uf½uμ; uν�; uρgSτ −
igA
2m

c8ϵμνρτυ · uSτh½uμ; uν�uρi
þ 2imgAc12υ · u½S · u; hνρ�υνυρ −mgAc32υ · u½υ ·D; fμν− �υμυν
− 4mgAc5ðυ · uÞ4 −mgAc6ðυ · uÞ2hðυ · uÞ2i; ðB13Þ

PENG-CHENG QIU and DE-LIANG YAO PHYS. REV. D 103, 034006 (2021)

034006-10



γ0Bð1Þ†γ0Cð1Þ−1Bð2Þ ¼ −
1

m2
b7S ·Dðυ ·D − igAS · uÞðυμSν − υνSμÞ½uμ; uν�

þ igA
4m2

b7υ · uðυ ·D − igAS · uÞðυμSν − υνSμÞ½uμ; uν�

þ i
m2

b8S ·Dðυ ·D − igAS · uÞðυμSν − υνSμÞfþμν

þ gA
4m2

b8υ · uðυ ·D − igAS · uÞðυμSν − υνSμÞfþμν; ðB14Þ

γ0Bð1Þ†γ0Cð2Þ−1Bð1Þ ¼ −
1

2m3
S ·Dðυ ·DÞ2S ·Dþ igA

2m3
S ·Dfυ ·D; S · ugS ·D

þ g2A
2m3

S ·DðS · uÞ2S ·D −
1

m2
S ·DCð2ÞS ·D

þ g2A
32m3

υ · uðυ ·DÞ2υ · u −
ig3A
32m3

υ · ufυ ·D; S · ugυ · u

−
g4A

32m3
υ · uðS · uÞ2υ · uþ g2A

16m2
υ · uCð2Þυ · u

þ igA
8m3

S ·Dðυ ·DÞ2υ · uþ g2A
8m3

S ·Dfυ ·D; S · ugυ · u

−
ig3A
8m3

S ·DðS · uÞ2υ · uþ igA
4m2

S ·DCð2Þυ · u

þ igA
8m3

υ · uðυ ·DÞ2S ·Dþ g2A
8m3

υ · ufυ ·D; S · ugS ·D

−
ig3A
8m3

υ · uðS · uÞ2S ·Dþ igA
4m2

υ · uCð2ÞS ·D; ðB15Þ

−
1

m2
S ·DCð2ÞS ·D ¼ 1

m2
S ·Dfb1hχþi þ b2χ̃þ þ b3u2 þ b4hu2i þ 2b7½Sμ; Sν�½uμ; uν� − 2ib8½Sμ; Sν�fμνþ gS ·D

− 4S ·Df2b5ðυ · uÞ2 þ b6hðυ · uÞ2igS ·D; ðB16Þ

g2A
16m2

υ · uCð2Þυ · u ¼ −
g2A

16m2
υ · ufb1hχþi þ b2χ̃þ þ b3u2 þ b4hu2i þ 2b7½Sμ; Sν�½uμ; uν� − 2ib8½Sμ; Sν�fμνþ gυ · u

þ g2A
4
υ · uf2b5ðυ · uÞ2 þ b6hðυ · uÞ2igυ · u; ðB17Þ

igA
2m2

S ·DCð2Þυ · u ¼ −
igA
2m2

S ·Dfb1hχþi þ b2χ̃þ þ b3u2 þ b4hu2i þ 2b7½Sμ; Sν�½uμ; uν� − 2ib8½Sμ; Sν�fμνþ gυ · u
þ 2igAS ·Df2b5ðυ · uÞ2 þ b6hðυ · uÞ2igυ · u; ðB18Þ

igA
2m2

υ · uCð2ÞS ·D ¼ −
igA
2m2

υ · ufb1hχþi þ b2χ̃þ þ b3u2 þ b4hu2i þ 2b7½Sμ; Sν�½uμ; uν� − 2ib8½Sμ; Sν�fμνþ gS ·D

þ 2igAυ · uf2b5ðυ · uÞ2 þ b6hðυ · uÞ2igS ·D; ðB19Þ

γ0Bð2Þ†γ0Cð0Þ−1Bð2Þ ¼ 2

m
ðυμSν − υνSμÞ2fb27ð½uμ; uν�Þ2 − b28ðfþμνÞ2g −

2i
m
b7b8ðυμSν − υνSμÞ2f½uμ; uν�; fμνþ g; ðB20Þ

CHIRAL EFFECTIVE LAGRANGIAN FOR DOUBLY CHARMED … PHYS. REV. D 103, 034006 (2021)

034006-11



γ0Bð2Þ†γ0Cð1Þ−1Bð1Þ ¼ 1

m2
b7ðυμSν − υνSμÞ½uμ; uν�ðυ ·D − igAS · uÞS ·D

−
igA
4m2

b7ðυμSν − υνSμÞ½uμ; uν�ðυ ·D − igAS · uÞυ · u

−
i
m2

b8ðυμSν − υνSμÞfþμνðυ ·D − igAS · uÞS ·D

−
gA
4m2

b8ðυμSν − υνSμÞfþμνðυ ·D − igAS · uÞυ · u; ðB21Þ

γ0Bð3Þ†γ0Cð0Þ−1Bð1Þ ¼ 4ϵμνλτðc9fuμ; fuν; υ · ugg þ c10uμhuνυ · uiÞðυλSτ − υτSλÞS ·Dþ 4ðc13fuμ; hνρg
þ c14huμhνρiÞðυμSν − υνSμÞυρS ·D − 4ic24ϵνρλτ½υ · u; fνρþ �ðυλSτ − υτSλÞS ·D

þ 4ðc29fuμ; fνρ− g þ c30huμfνρ− iÞðυμSν − υμSνÞυρS ·D

þ i
m
ðc1fuμ; fuμ; υ · ugg − 2ic11½uμ; hμν�Sν þ c15fυ · u; χ̃þg

þ c16υ · uhχþi þ c17hυ · uχ̃þi þ ic18½υ ·D; χ̃−� þ c2½uμ; ½uμ; υ · u��
þ ic19h½υ ·D; χ−�i þ 2c20½χ̃−; S · u� þ ic21½uμ; fμνþ �υνÞS ·D

−
2i
m
ϵμνρτðc22fuμ; fνρþ g þ c23huμfνρþ iÞSτS ·Dþ 2

m
c26½uμ; fμν− �SνS ·D −

i
m
c31υν½Dμ; fμν− �S ·D

þ i
m
ϵμνρτðc27fuμ; fνρ− g þ c28huμfνρ− iÞυτS ·Dþ i

m
ðc3υ · uhu2i þ c4uμhuμυ · uiÞS ·D

þ 2

m
ϵμνρτðc7f½uμ; uν�; uρg þ c8h½uμ; uν�uρiÞSτS ·D

− 8mc12½S · u; hνρ�υνυρS ·Dþ 4imc32½υ ·D; fμν− �υμυνS ·D

− 4imð4c5ðυ · uÞ3 þ c6υ · uhðυ · uÞ2iÞS ·D

− igAϵμνλτðc9fuμ; fuν; υ · ugg þ c10uμhuνυ · uiÞðυλSτ − υτSλÞυ · u
− igAðc13fuμ; hνρg þ c14huμhνρiÞðυμSν − υνSμÞυρυ · u − gAc24ϵνρλτ½υ · u; fνρþ �ðυλSτ − υτSλÞυ · u
− igAðc29fuμ; fνρ− g þ c30huμfνρ− iÞðυμSν − υμSνÞυρυ · u
þ gA
4m

ðc1fuμ; fuμ; υ · ugg − 2ic11½uμ; hμν�Sν þ c15fυ · u; χ̃þg
þ c16υ · uhχþi þ c17hυ · uχ̃þi þ ic18½υ ·D; χ̃−� þ c2½uμ; ½uμ; υ · u��
þ ic19h½υ ·D; χ−�i þ 2c20½χ̃−; S · u� þ ic21½uμ; fμνþ �υνÞυ · u
−

gA
2m

ϵμνρτðc22fuμ; fνρþ g þ c23huμfνρþ iÞSτυ · u −
igA
2m

c26½uμ; fμν− �Sνυ · uþ gA
4m

c3υ · uhu2iυ · u

þ gA
4m

ϵμνρτðc27fuμ; fνρ− g þ c28huμfνρ− iÞυτυ · u −
gA
4m

c31υν½Dμ; fμν− �υ · uþ gA
4m

c4uμhuμυ · uiυ · u

−
igA
2m

ϵμνρτðc7f½uμ; uν�; uρg þ c8h½uμ; uν�uρiÞSτυ · u
þ 2imgAc12½S · u; hνρ�υνυρυ · uþmgAc32½υ ·D; fμν− �υμυνυ · u
− 4mgAc5ðυ · uÞ4 −mgAc6υ · uhðυ · uÞ2iυ · u: ðB22Þ
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APPENDIX C: THE Oðq4Þ OPERATORS

TABLE V. Terms in the Oðq4Þ relativistic and nonrelativistic Lagrangians.

i Oð4Þ
i Ôð4Þ

i

1 fuμ; ffuμ; uνg; uνgg fuμ; ffuμ; uνg; uνgg
2 fuμ; ½½uμ; uν�; uν�g fuμ; ½½uμ; uν�; uν�g
3 ½uμ; f½uμ; uν�; uνg� ½uμ; f½uμ; uν�; uνg�
4 hfuμ; fuμ; uνgguνi hfuμ; fuμ; uνgguνi
5 h½uμ; ½uμ; uν��uνi h½uμ; ½uμ; uν��uνi
6 uμhu2uμi uμhu2uμi
7 uμuμhu2i u2hu2i
8 uμuνhuμuνi uμuνhuμuνi
9 ifuμ; fuμ; ½uν; uλ�ggσνλ 2fuμ; fuμ; ½uν; uλ�gg½Sν; Sλ�
10 i½uμ; ½uμ; ½uν; uλ���σνλ 2½uμ; ½uμ; ½uν; uλ���½Sν; Sλ�
11 i½uν; fuμ; fuμ; uλgg�σνλ 2½uν; fuμ; fuμ; uλgg�½Sν; Sλ�
12 i½uν; ½uμ; ½uμ; uλ���σνλ 2½uν; ½uμ; ½uμ; uλ���½Sν; Sλ�
13 ih½uμ; uν�u2iσμν 2½Sμ; Sν�h½uμ; uν�u2i
14 ih½uμ; fuλ; uνg�uλiσμν 2½Sμ; Sν�h½uμ; fuλ; uνg�uλi
15 iuμhuμ½uν; uλ�iσνλ 2½Sν; Sλ�uμhuμ½uν; uλ�i
16 i½uμ; uν�hu2iσμν 2½uμ; uν�½Sμ; Sν�hu2i
17 i½uμ; uλ�huνuλiσμν 2½uμ; uλ�½Sμ; Sν�huνuλi
18 fuμ; fuμ; fuν; uλgggDνλ þ H:c: −8m2fuμ; fuμ; ðυ · uÞ2gg
19 ½uμ; ½uμ; fuν; uλg��Dνλ þ H:c: −8m2½uμ; ½uμ; ðυ · uÞ2��
20 fuν; fuμ; fuμ; uλgggDνλ þ H:c: −4m2fυ · u; fuμ; fuμ; υ · uggg
21 fuν; ½uμ; ½uμ; uλ��gDνλ þ H:c: −4m2fυ · u; ½uμ; ½uμ; υ · u��g
22 hfuμ; fuλ; uνgguλiDμν þ H:c: −4m2hfυ · u; fuλ; υ · ugguλi
23 hfuμ; uνgu2iDμν þ H:c: −8m2hðυ · uÞ2u2i
24 uμhuνu2iDμ

ν þ H:c: −4m2υ · uhυ · uu2i
25 uλhfuμ; uνguλiDμν þ H:c: −8m2uλhðυ · uÞ2uλi
26 u2huνuλiDνλ þ H:c: −4m2u2hðυ · uÞ2i
27 fuμ; uνghu2iDμν þ H:c: −8m2ðυ · uÞ2hu2i
28 fuμ; uνghuνuλiDμ

λ þ H:c: −4m2fυ · u; uνghuνυ · ui
29 ifuλ; fuρ; ½uμ; uν�ggσμνDλρ þ H:c: −8m2fυ · u; fυ · u; ½uμ; uν�gg½Sμ; Sν�
30 i½uλ; ½uρ; ½uμ; uν���σμνDλρ þ H:c: −8m2½υ · u; ½υ · u; ½uμ; uν���½Sμ; Sν�
31 i½uμ; fuλ; fuρ; uνgg�σμνDλρ þ H:c: −8m2½uμ; fυ · u; fυ · u; uνgg�½Sμ; Sν�
32 i½uμ; ½uλ; ½uρ; uν���σμνDλρ þ H:c: −8m2½uμ; ½υ · u; ½υ · u; uν���½Sμ; Sν�
33 ihf½uμ; uν�; uλguρiσμνDλρ þ H:c: −8m2hf½uμ; uν�; υ · ugυ · ui½Sμ; Sν�
34 ih½uμ; fuλ; uνg�uρiσμνDλρ þ H:c: −8m2h½uμ; fυ · u; uνg�υ · ui½Sμ; Sν�
35 iuμh½uν; uλ�uρiσνλDμ

ρ þ H:c: −8m2υ · uh½uν; uλ�υ · ui½Sν; Sλ�
36 i½uμ; uν�huλuρiσμνDλρ þ H:c: −8m2½uμ; uν�½Sμ; Sν�hðυ · uÞ2i
37 i½uμ; uν�huλuρiσμλDν

ρ þ H:c: −8m2½uμ; υ · u�½Sμ; Sλ�huλυ · ui
38 fuμ; fuν; fuλ; uρgggDμνλρ þ H:c: 384m4ðυ · uÞ4
39 hfuμ; fuν; uλgguρiDμνλρ þ H:c: 192m4hðυ · uÞ4i
40 uμhfuν; uλguρiDμ

νλρ þ H:c: 96m4υ · uhðυ · uÞ3i
41 fuμ; uνghuλuρiDμν

λρ þ H:c: 96m4ðυ · uÞ2hðυ · uÞ2i
42 ϵμνλρ½½uμ; uν�; f−λρ� ϵμνλρ½½uμ; uν�; f−λρ�
43 ϵμνλρuμhuνf−λρi ϵμνλρuμhuνf−λρi
44 f½uμ; uν�; f−μλgγ5γνDλ þ H:c: 4imf½uμ; S · u�; f−μλgυλ
45 ½fuμ; uνg; f−μλ�γ5γνDλ þ H:c: 4im½fuμ; S · ug; f−μλ�υλ
46 f½uμ; uν�; f−μλgγ5γλDν þ H:c: 4imf½uμ; υ · u�; f−μλgSλ

(Table continued)
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TABLE V. (Continued)

i Oð4Þ
i Ôð4Þ

i

47 ½fuμ; uνg; f−μλ�γ5γλDν þ H:c: 4im½fuμ; υ · ug; f−μλ�Sλ
48 fuμ; ½uλ; f−μν�gγ5γνDλ þ H:c: 4imfuμ; ½υ · u; f−μν�gSν
49 fuμ; ½uλ; f−μν�gγ5γλDν þ H:c: 4imfuμ; ½S · u; f−μν�gυν
50 fuμ; ½uμ; fνλ− �gγ5γνDλ þ H:c: 4imfuμ; ½uμ; fνλ− �gSνυλ
51 h½uμ; uλ�f−νλiγ5γμDν þ H:c: 4imh½S · u; uλ�f−νλiυν
52 h½uν; uλ�f−μλiγ5γμDν þ H:c: 4imh½υ · u; uλ�f−μλiSμ
53 fuμ; ½uμ; hνλ�gγ5γνDλ þ H:c: 4imfuμ; ½uμ; hνλ�gSνυλ
54 f½uμ; uν�; hμλgγ5γνDλ þ H:c: 4imf½uμ; S · u�; hμλgυλ
55 ½fuμ; uνg; hμλ�γ5γνDλ þ H:c: 4im½fuμ; S · ug; hμλ�υλ
56 f½uμ; uν�; hμλgγ5γλDν þ H:c: 4imf½uμ; υ · u�; hμλgSλ
57 ½fuμ; uνg; hμλ�γ5γλDν þ H:c: 4im½fuμ; υ · ug; hμλ�Sλ
58 fuμ; ½uλ; hμν�gγ5γνDλ þ H:c: 4imfuμ; ½υ · u; hμν�gSν
59 fuμ; ½uλ; hμν�gγ5γλDν þ H:c: 4imfuμ; ½S · u; hμν�gυν
60 h½uμ; uλ�hνλiγ5γμDν þ H:c: 4imh½S · u; uλ�hνλiυν
61 h½uν; uλ�hμλiγ5γμDν þ H:c: 4imh½υ · u; uλ�hμλiSμ
62 ϵμνλρ½½uμ; uν�; f−λσ �Dρσ þ H:c: −4m2ϵμνλρ½½uμ; uν�; f−λσ �υρυσ
63 ϵμνλρffuμ; uσg; f−νλgDρσ þ H:c: −4m2ϵμνλρffuμ; υ · ug; f−νλgυρ
64 ϵμνλρ½½uμ; uσ �; f−νλ�Dρσ þ H:c: −4m2ϵμνλρ½½uμ; υ · u�; f−νλ�υρ
65 ϵμνλρfuμ; ff−νλ; uσggDρσ þ H:c: −4m2ϵμνλρfuμ; ff−νλ; υ · uggυρ
66 ϵμνλρhfuν; uσgf−λρiDμ

σ þ H:c: −4m2ϵμνλρυμhfuν; υ · ugf−λρi
67 ϵμνλρuμhuνf−λσiDρσ þ H:c: −4m2ϵμνλρuμυρυσhuνf−λσi
68 ϵμνλρuμhuσf−νλiDρσ þ H:c: −4m2ϵμνλρuμυρhυ · uf−νλi
69 ϵμνλρuσhuμf−νλiDρσ þ H:c: −4m2ϵμνλρυ · uυρhuμf−νλi
70 ϵμνλρf−μνhuρuσiDλ

σ þ H:c: −4m2ϵμνλρf−μνυλhuρυ · ui
71 ϵμνλρ½½uμ; uν�; hλσ �Dρσ þ H:c: −4m2ϵμνλρ½½uμ; uν�; hλσ �υρυσ
72 ϵμνλρuμhuλhρσiDν

σ þ H:c: −4m2ϵμνλρuμυνυσhuλhρσi
73 ½fuμ; uνg; fλρ− �γ5γλDμνρ þ H:c: −48im3½ðυ · uÞ2; fλρ− �Sλυρ
74 ½fuμ; uνg; hλρ�γ5γλDμνρ þ H:c: −48im3½ðυ · uÞ2; hλρ�Sλυρ
75 f½uμ; uν�; hλρgγ5γμDνλρ þ H:c: −24im3f½S · u; υ · u�; hλρgυλυρ
76 fuμ; ½uν; hλρ�gγ5γμDνλρ þ H:c: −24im3fS · u; ½υ · u; hλρ�gυλυρ
77 fuν; ½uμ; hλρ�gγ5γμDνλρ þ H:c: −24im3fυ · u; ½S · u; hλρ�gυλυρ
78 h½uμ; uν�hλρiγ5γμDνλρ þ H:c: −24im3h½S · u; υ · u�hλρiυλυρ
79 if½uμ; uν�; fμνþ g if½uμ; uν�; fμνþ g
80 ifuμ; ½uν; fμνþ �g ifuμ; ½uν; fμνþ �g
81 ih½uμ; uν�fμνþ i ih½uμ; uν�fμνþ i
82 fuμ; fuμ; fνλþ ggσνλ −2ifuμ; fuμ; fνλþgg½Sν; Sλ�
83 ½uμ; ½uμ; fνλþ ��σνλ −2i½uμ; ½uμ; fνλþ ��½Sν; Sλ�
84 fuμ; fuλ; fμνþ ggσνλ −2ifuμ; fuλ; fμνþ gg½Sν; Sλ�
85 ½uμ; ½uλ; fμνþ ��σνλ −2i½uμ; ½uλ; fμνþ ��½Sν; Sλ�
86 fuλ; fuμ; fμνþ ggσνλ −2ifuλ; fuμ; fμνþ gg½Sν; Sλ�
87 fμνþ hu2iσμν −2i½Sμ; Sν�fμνþ hu2i
88 uμhfþνλuμiσνλ −2iuμ½Sν; Sλ�hfþνλuμi
89 fμνþ huνuλiσμλ −2ifμνþ ½Sμ; Sλ�huνuλi
90 uμhfþν

λuλiσμν −2iuμ½Sμ; Sν�hfþν
λuλi

91 uμhfþμνuλiσνλ −2iuμ½Sν; Sλ�hfþμνuλi
92 if½uμ; uλ�; fμνþ gDνλ þ H:c: −4im2f½uμ; υ · u�; fμνþ gυν
93 i½fuμ; uλg; fμνþ �Dνλ þ H:c: −4im2½fuμ; υ · ug; fμνþ �υν
94 ifuμ; ½uλ; fμνþ �gDνλ þ H:c: −4im2fuμ; ½υ · u; fμνþ �gυν

(Table continued)
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TABLE V. (Continued)

i Oð4Þ
i Ôð4Þ

i

95 ih½uν; uλ�fþμ
λiDμν þ H:c: −4im2h½υ · u; uλ�fþμ

λiυμ
96 fuλ; fuρ; fμνþ ggσμνDλρ þ H:c: 8im2fυ · u; fυ · u; fμνþ gg½Sμ; Sν�
97 ½uλ; ½uρ; fμνþ ��σμνDλρ þ H:c: 8im2½υ · u; ½υ · u; fμνþ ��½Sμ; Sν�
98 fuλ; fuρ; fμνþ ggσμλDνρ þ H:c: 8im2fuλ; fυ · u; fμνþ gg½Sμ; Sλ�υν
99 ½uλ; ½uρ; fμνþ ��σμλDνρ þ H:c: 8im2½uλ; ½υ · u; fμνþ ��½Sμ; Sλ�υν
100 fuρ; fuλ; fμνþ ggσμλDνρ þ H:c: 8im2fυ · u; fuλ; fμνþ gg½Sμ; Sλ�υν
101 fμνþ huλuρiσμνDλρ þ H:c: 8im2fμνþ ½Sμ; Sν�hðυ · uÞ2i
102 fμνþ huλuρiσμλDν

ρ þ H:c: 8im2fμνþ ½Sμ; Sλ�υνhuλυ · ui
103 uμhfþνλuρiσμνDλρ þ H:c: 8im2uμ½Sμ; Sν�hfþνλυ · uiυλ
104 uμhfþνλuρiσνλDμ

ρ þ H:c: 8im2υ · u½Sν; Sλ�hfþνλυ · ui
105 uμhfþνρuλiσνλDμ

ρ þ H:c: 8im2υ · u½Sν; Sλ�hfþνρuλiυρ
106 if½uμ; uν�; χ̃−gγ5γμDν þ H:c: −4mf½S · u; υ · u�; χ̃−g
107 i½fuμ; uνg; χ̃−�γ5γμDν þ H:c: −4m½fS · u; υ · ug; χ̃−�
108 ifuμ; ½uν; χ̃−�gγ5γμDν þ H:c: −4mfS · u; ½υ · u; χ̃−�g
109 ih½uμ; uν�χ̃−iγ5γμDν þ H:c: −4mh½S · u; υ · u�χ̃−i
110 i½uμ; uν�hχ−iγ5γμDν þ H:c: −4m½S · u; υ · u�hχ−i
111 fuμ; fuμ; χ̃þgg fuμ; fuμ; χ̃þgg
112 ½uμ; ½uμ; χ̃þ�� ½uμ; ½uμ; χ̃þ��
113 uμhuμχ̃þi uμhuμχ̃þi
114 χ̃þhu2i χ̃þhu2i
115 u2hχþi u2hχþi
116 ifuμ; ½uν; χ̃þ�gσμν 2fuμ; ½uν; χ̃þ�g½Sμ; Sν�
117 i½uμ; fuν; χ̃þg�σμν 2½uμ; fuν; χ̃þg�½Sμ; Sν�
118 ih½uμ; uν�χ̃þiσμν 2½Sμ; Sν�h½uμ; uν�χ̃þi
119 i½uμ; uν�hχþiσμν 2½uμ; uν�½Sμ; Sν�hχþi
120 fuμ; fuν; χ̃þggDμν þ H:c: −4m2fυ · u; fυ · u; χ̃þgg
121 ½uμ; ½uν; χ̃þ��Dμν þ H:c: −4m2½υ · u; ½υ · u; χ̃þ��
122 uμhuνχ̃þiDμ

ν þ H:c: −4m2υ · uhυ · uχ̃þi
123 χ̃þhuμuνiDμν þ H:c: −4m2χ̃þhðυ · uÞ2i
124 fuμ; uνghχþiDμν þ H:c: −8m2ðυ · uÞ2hχþi
125 ½uμ; ½Dν; χ̃þ��γ5γνDμ þ H:c: 4im½υ · u; ½S ·D; χ̃þ��
126 ½uμ; ½Dν; χ̃þ��γ5γμDν þ H:c: 4im½S · u; ½υ ·D; χ̃þ��
127 ifuμ; ½Dμ; χ̃−�g ifuμ; ½Dμ; χ̃−�g
128 ihuμ½Dμ; χ̃−�i ihuμ½Dμ; χ̃−�i
129 iuμh½Dμ; χ−�i iuμh½Dμ; χ−�i
130 ½uμ; ½Dν; χ̃−��σμν −2i½uμ; ½Dν; χ̃−��½Sμ; Sν�
131 ifuμ; ½Dν; χ̃−�gDμν þ H:c: −4im2fυ · u; ½υ ·D; χ̃−�g
132 ihuμ½Dν; χ̃−�iDμν þ H:c: −4im2hυ · u½υ ·D; χ̃−�i
133 iuμh½Dν; χ−�iDμ

ν þ H:c: −4im2υ · uh½υ ·D; χ−�i
134 if½Dμ; fþμ

ν�; uλgγ5γνDλ þ H:c: −4mf½Dμ; fþμ
ν�; υ · ugSν

135 if½Dμ; fþμ
ν�; uλgγ5γλDν þ H:c: −4mf½Dμ; fþμ

ν�; S · ugυν
136 if½Dμ; fþλ

ν�; uλgγ5γμDν þ H:c: −4mf½S ·D; fþλ
ν�; uλgυν

137 if½Dμ; fνλþ �; uμgγ5γνDλ þ H:c: −4mf½Dμ; fνλþ �; uμgSνυλ
138 ih½Dμ; fþν

λ�uλiγ5γμDν þ H:c: −4mh½S ·D; fþν
λ�uλiυν

139 ih½Dλ; fþμλ�uνiγ5γμDν þ H:c: −4mSμh½Dλ; fþμλ�υ · ui
140 ih½Dμ; fνλþ �uμiγ5γνDλ þ H:c: −4mh½Dμ; fνλþ �uμiSνυλ
141 ih½Dλ; fþνλ�uμiγ5γμDν þ H:c: −4mh½Dλ; fþνλ�S · uiυν
142 fuμ; ½Dν; f−μν�g fuμ; ½Dν; f−μν�g
143 huμ½Dν; f−μν�i huμ½Dν; f−μν�i
144 i½uμ; ½Dμ; fνλ− ��σνλ 2½uμ; ½Dμ; fνλ− ��½Sν; Sλ�

(Table continued)
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TABLE V. (Continued)

i Oð4Þ
i Ôð4Þ

i

145 i½uμ; ½Dν; f−νλ��σμλ 2½uμ; ½Dν; f−νλ��½Sμ; Sλ�
146 i½uν; ½Dμ; fνλ− ��σμλ 2½uν; ½Dμ; fνλ− ��½Sμ; Sλ�
147 fuλ; ½Dμ; fμν− �gDνλ þ H:c: −4m2fυ · u; ½Dμ; fμν− �gυν
148 fuμ; ½Dλ; fμν− �gDνλ þ H:c: −4m2fuμ; ½υ ·D; fμν− �gυν
149 huμ½Dλ; fμν− �iDνλ þ H:c: −4m2υνhuμ½υ ·D; fμν− �i
150 huλ½Dμ; fμν− �iDνλ þ H:c: −4m2υνhυ · u½Dμ; fμν− �i
151 χ̃2þ χ̃2þ
152 hχ̃2þi hχ̃2þi
153 χ̃þhχþi χ̃þhχþi
154 hχþi2 hχþi2
155 ffμνþ ; χ̃þgσμν −2iffμνþ ; χ̃þg½Sμ; Sν�
156 hfþμνχ̃þiσμν −2i½Sμ; Sν�hfþμνχ̃þi
157 fμνþ hχþiσμν −2ifμνþ ½Sμ; Sν�hχþi
158 ½χ̃þ; hμν�γ5γμDν þ H:c: 4im½χ̃þ; hμν�Sμυν
159 ½χ̃þ; fμν− �γ5γμDν þ H:c: 4im½χ̃þ; fμν− �Sμυν
160 ½D2; χ̃þ� ½D2; χ̃þ�
161 h½D2; χþ�i h½D2; χþ�i
162 χ̃2− χ̃2−
163 hχ̃2−i hχ̃2−i
164 χ̃−hχ−i χ̃−hχ−i
165 hχ−i2 hχ−i2
166 ffμνþ ; χ̃−gγ5γμDν þ H:c: 4imffμνþ ; χ̃−gSμυν
167 hfμνþ χ̃−iγ5γμDν þ H:c: 4imhfμνþ χ̃−iSμυν
168 fμνþ hχ−iγ5γμDν þ H:c: 4imfμνþ hχ−iSμυν
169 ifhμν; χ̃−gDμν þ H:c: −4im2fhμν; χ̃−gυμυν
170 ihhμνχ̃−iDμν þ H:c: −4im2υμυνhhμνχ̃−i
171 ihμνhχ−iDμν þ H:c: −4im2hμνυμυνhχ−i
172 ½fμν− ; χ̃−�σμν −2i½fμν− ; χ̃−�½Sμ; Sν�
173 ffμνþ ; fþμνg ffμνþ ; fþμνg
174 hfμνþ fþμνi hfμνþ fþμνi
175 i½fμνþ ; fþμ

λ�σνλ 2½fμνþ ; fþμ
λ�½Sν; Sλ�

176 ffμνþ ; fþμ
λgDνλ þ H:c: −4m2ffμνþ ; fþμ

λgυνυλ
177 hfþμ

λfþνλiDμν þ H:c: −4m2υμυνhfþμ
λfþνλi

178 i½fμνþ ; fλρþ �σμλDνρ þ H:c: −8m2½fμνþ ; fλρþ �½Sμ; Sλ�υνυρ
179 iffμνþ ; hμλgγ5γνDλ þ H:c: −4mffμνþ ; hμλgSνυλ
180 iffμνþ ; hμλgγ5γλDν þ H:c: −4mffμνþ ; hμλgSλυν
181 ihfþμ

λhνλiγ5γμDν þ H:c: −4mSμυνhfþμ
λhνλi

182 ihfþν
λhμλiγ5γμDν þ H:c: −4mSμυνhfþν

λhμλi
183 iϵμνλρ½fþμν; hλσ �Dρσ þ H:c: −4im2ϵμνλρ½fþμν; hλσ �υρυσ
184 iffμνþ ; hλρgγ5γμDνλρ þ H:c: 24m3ffμνþ ; hλρgSμυνυλυρ
185 ihfþμνhλρiγ5γμDνλρ þ H:c: 24m3Sμυνυλυρhfþμνhλρi
186 iϵμνλρ½fþμν; f−λρ� iϵμνλρ½fþμν; f−λρ�
187 iffμνþ ; f−μλgγ5γνDλ þ H:c: −4mSνυλffμνþ ; f−μλg
188 iffμνþ ; f−μλgγ5γλDν þ H:c: −4mSλυνffμνþ ; f−μλg
189 ihfþμ

λf−νλiγ5γμDν þ H:c: −4mSμυνhfþμ
λf−νλi

190 ihfþν
λf−μλiγ5γμDν þ H:c: −4mSμυνhfþν

λf−μλi
191 iϵμνλρ½fþμν; f−λσ �Dρσ þ H:c: −4im2ϵμνλρ½fþμν; f−λσ �υρυσ
192 iϵμνλρ½fþμ

σ ; f−νλ�Dρσ þ H:c: −4im2ϵμνλρ½fþμ
σ ; f−νλ�υρυσ

193 ½D2; fνλþ �σνλ −2i½D2; fνλþ �½Sν; Sλ�
(Table continued)
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i Ôð4Þ

i

194 ½Dμ
ν; fþνλ�σμλ −2i½Dμ

ν; fþνλ�½Sμ; Sλ�
195 ½Dμν; fλρþ �σλρDμν þ H:c: 8im2½Dμν; fλρþ �½Sλ; Sρ�υμυν
196 ½Dμν; fλρþ �σμλDνρ þ H:c: 8im2½Dμν; fλρþ �½Sμ; Sλ�υνυρ
197 fhμν; hμνg fhμν; hμνg
198 hhμνhμνi hhμνhμνi
199 i½hμν; hμλ�σνλ 2½hμν; hμλ�½Sν; Sλ�
200 fhμν; hμλgDνλ þ H:c: −4m2fhμν; hμλgυνυλ
201 hhμλhνλiDμν þ H:c: −4m2υμυνhhμλhνλi
202 i½hμν; hλρ�σμλDνρ þ H:c: −8m2½hμν; hλρ�½Sμ; Sλ�υνυρ
203 fhμν; hλρgDμνλρ þ H:c: 48m4fhμν; hλρgυμυνυλυρ
204 hhμνhλρiDμνλρ þ H:c: 48m4υμυνυλυρhhμνhλρi
205 i½fμν− ; hμλ�σνλ 2½fμν− ; hμλ�½Sν; Sλ�
206 ffμν− ; hμλgDνλ þ H:c: −4m2υνυλffμν− ; hμλg
207 hf−μλhνλiDμν þ H:c: −4m2υμυνhf−μλhνλi
208 i½fμν− ; hλρ�σμνDλρ þ H:c: −8m2½fμν− ; hλρ�½Sμ; Sν�υλυρ
209 i½fμν− ; hλρ�σμλDνρ þ H:c: −8m2½fμν− ; hλρ�½Sμ; Sλ�υνυρ
210 ffμν− ; f−μνg ffμν− ; f−μνg
211 hfμν− f−μνi hfμν− f−μνi
212 i½fμν− ; f−μλ�σνλ 2½fμν− ; f−μλ�½Sν; Sλ�
213 ffμν− ; f−μλgDνλ þ H:c: −4m2ffμν− ; f−μλgυνυλ
214 hf−μλf−νλiDμν þ H:c: −4m2υμυνhf−μλf−νλi
215 i½fμν− ; fλρ− �σμλDνρ þ H:c: −8m2½fμν− ; fλρ− �½Sμ; Sλ�υνυρ
216 hχχ†i hχχ†i
217 hFμν

R FRμν þ Fμν
L FLμνi hFμν

R FRμν þ Fμν
L FLμνi

218 hFRμ
λFRνλ þ FLμ

λFLνλiDμν þ H:c: −4m2υμυνhFRμ
λFRνλ þ FLμ

λFLνλi

CHIRAL EFFECTIVE LAGRANGIAN FOR DOUBLY CHARMED … PHYS. REV. D 103, 034006 (2021)

034006-17

https://doi.org/10.1103/PhysRevLett.115.072001
https://doi.org/10.1103/PhysRevLett.122.222001
https://doi.org/10.1093/ptep/ptaa104
https://doi.org/10.1103/PhysRevLett.89.112001
https://doi.org/10.1103/PhysRevLett.89.112001
https://doi.org/10.1016/j.physletb.2005.09.043
https://doi.org/10.1016/S0920-5632(02)01948-5
https://doi.org/10.1016/S0920-5632(02)01948-5
https://doi.org/10.1103/PhysRevD.74.011103
https://doi.org/10.1103/PhysRevD.74.011103
https://doi.org/10.1103/PhysRevLett.97.162001
https://doi.org/10.1103/PhysRevLett.97.162001
https://doi.org/10.1007/JHEP12(2013)090
https://doi.org/10.1007/JHEP12(2013)090
https://doi.org/10.1103/PhysRevD.66.014008
https://doi.org/10.1103/PhysRevD.90.094007
https://doi.org/10.1103/PhysRevD.90.094007
https://doi.org/10.1016/0146-6410(94)90053-1
https://doi.org/10.1016/0146-6410(94)90053-1
https://doi.org/10.1103/PhysRevD.81.094505
https://doi.org/10.1103/PhysRevD.90.094507


[15] S. J. Brodsky, F.-K. Guo, C. Hanhart, and U.-G. Meißner,
Isospin splittings of doubly heavy baryons, Phys. Lett. B
698, 251 (2011).

[16] R. Aaij et al. (LHCb Collaboration), Observation of the
Doubly Charmed Baryon Ξþþ

cc , Phys. Rev. Lett. 119,
112001 (2017).

[17] F.-S. Yu, H.-Y. Jiang, R.-H. Li, C.-D. Lü, W. Wang, and
Z.-X. Zhao, Discovery potentials of doubly charmed bary-
ons, Chin. Phys. C 42, 051001 (2018).

[18] W. Wang, Z.-P. Xing, and J. Xu, Weak decays of doubly
heavy baryons: SU(3) analysis, Eur. Phys. J. C 77, 800
(2017).

[19] W. Wang, F.-S. Yu, and Z.-X. Zhao, Weak decays of doubly
heavy baryons: The 1=2 → 1=2 case, Eur. Phys. J. C 77, 781
(2017).

[20] H.-S. Li, L. Meng, Z.-W. Liu, and S.-L. Zhu, Radiative
decays of the doubly charmed baryons in chiral perturbation
theory, Phys. Lett. B 777, 169 (2018).

[21] L.-Y. Xiao, K.-L. Wang, Q.-f. Lu, X.-H. Zhong, and S.-L.
Zhu, Strong and radiative decays of the doubly charmed
baryons, Phys. Rev. D 96, 094005 (2017).

[22] H.-S. Li, L. Meng, Z.-W. Liu, and S.-L. Zhu, Magnetic
moments of the doubly charmed and bottom baryons, Phys.
Rev. D 96, 076011 (2017).

[23] S. Weinberg, Phenomenological Lagrangians, Physica (Am-
sterdam) 96A, 327 (1979).

[24] J. Gasser and H. Leutwyler, Chiral perturbation theory to
one loop, Ann. Phys. (N.Y.) 158, 142 (1984).

[25] J. Gasser and H. Leutwyler, Chiral perturbation theory:
Expansions in the mass of the strange quark, Nucl. Phys.
B250, 465 (1985).

[26] V. Bernard, N. Kaiser, and U.-G. Meißner, Chiral dynamics
in nucleons and nuclei, Int. J. Mod. Phys. E 04, 193 (1995).

[27] V. Bernard, Chiral perturbation theory and baryon proper-
ties, Prog. Part. Nucl. Phys. 60, 82 (2008).

[28] E. Epelbaum, H.-W. Hammer, and U.-G. Meißner, Modern
theory of nuclear forces, Rev. Mod. Phys. 81, 1773 (2009).

[29] D.-L. Yao, L.-Y. Dai, H.-Q. Zheng, and Z.-Y. Zhou, A
review on partial-wave dynamics with chiral effective field
theory and dispersion relation, arXiv:2009.13495.

[30] J. Gasser, M. Sainio, and A. Svarc, Nucleons with chiral
loops, Nucl. Phys. B307, 779 (1988).

[31] E. E. Jenkins and A. V. Manohar, Baryon chiral perturbation
theory using a heavy fermion Lagrangian, Phys. Lett. B 255,
558 (1991).

[32] V. Bernard, N. Kaiser, J. Kambor, and U. G. Meißner, Chiral
structure of the nucleon, Nucl. Phys. B388, 315 (1992).

[33] P. J. Ellis and H.-B. Tang, Pion nucleon scattering in a new
approach to chiral perturbation theory, Phys. Rev. C 57,
3356 (1998).

[34] T. Becher and H. Leutwyler, Baryon chiral perturbation
theory in manifestly Lorentz invariant form, Eur. Phys. J. C
9, 643 (1999).

[35] T. Fuchs, J. Gegelia, G. Japaridze, and S. Scherer, Renorm-
alization of relativistic baryon chiral perturbation theory and
power counting, Phys. Rev. D 68, 056005 (2003).

[36] E. Epelbaum, J. Gegelia, U.-G. Meißner, and D.-L. Yao,
Baryon chiral perturbation theory extended beyond the
low-energy region, Eur. Phys. J. C 75, 499 (2015).

[37] G. Burdman and J. F. Donoghue, Union of chiral and heavy
quark symmetries, Phys. Lett. B 280, 287 (1992).

[38] M. B. Wise, Chiral perturbation theory for hadrons contain-
ing a heavy quark, Phys. Rev. D 45, R2188 (1992).

[39] T.-M. Yan, H.-Y. Cheng, C.-Y. Cheung, G.-L. Lin, Y. Lin,
and H.-L. Yu, Heavy quark symmetry and chiral dynamics,
Phys. Rev. D 46, 1148 (1992); Erratum, Phys. Rev. D55,
5851 (1997).

[40] D. Ebert, T. Feldmann, R. Friedrich, and H. Reinhardt,
Effective meson Lagrangian with chiral and heavy quark
symmetries from quark flavor dynamics, Nucl. Phys. B434,
619 (1995).

[41] R. Casalbuoni, A. Deandrea, N. Di Bartolomeo, R. Gatto, F.
Feruglio, and G. Nardulli, Phenomenology of heavy meson
chiral Lagrangians, Phys. Rep. 281, 145 (1997).

[42] J. Hu and T. Mehen, Chiral Lagrangian with heavy quark-
diquark symmetry, Phys. Rev. D 73, 054003 (2006).

[43] P. Colangelo, F. De Fazio, F. Giannuzzi, and S. Nicotri, New
meson spectroscopy with open charm and beauty, Phys.
Rev. D 86, 054024 (2012).

[44] A. V. Manohar and M. B. Wise, Heavy Quark Physics
(Cambridge University Press, Cambridge, 2000), Vol. 10,
https://doi.org/10.1017/CBO9780511529351.

[45] L. Meng and S.-L. Zhu, Light pseudoscalar meson and
doubly charmed baryon scattering lengths with heavy
diquark-antiquark symmetry, Phys. Rev. D 100, 014006
(2019).

[46] S.-Z. Jiang, Y.-R. Liu, and Q.-H. Yang, Chiral Lagrangians
for mesons with a single heavy quark, Phys. Rev. D 99,
074018 (2019).

[47] V. Bernard, N. Kaiser, and U.-G. Meißner, Nucleon electro-
weak form-factors: Analysis of their spectral functions,
Nucl. Phys. A611, 429 (1996).

[48] Z.-F. Sun and M. J. Vicente Vacas, Masses of doubly
charmed baryons in the extended on-mass-shell renormal-
ization scheme, Phys. Rev. D 93, 094002 (2016).

[49] D.-L. Yao, Masses and sigma terms of doubly charmed
baryons up to Oðp4Þ in manifestly Lorentz-invariant
baryon chiral perturbation theory, Phys. Rev. D 97,
034012 (2018).

[50] A. N. Hiller Blin, Z.-F. Sun, and M. Vicente Vacas,
Electromagnetic form factors of spin 1=2 doubly charmed
baryons, Phys. Rev. D 98, 054025 (2018).

[51] J. Goldstone, Field theories with superconductor solutions,
Nuovo Cimento 19, 154 (1961).

[52] J. A. Oller, M. Verbeni, and J. Prades, Meson-baryon
effective chiral lagrangians to Oðq3Þ, J. High Energy Phys.
09 (2006) 079.

[53] S. Scherer and M. R. Schindler, A Primer for Chiral
Perturbation Theory, 1st ed., Lecture Notes in Physics
Vol. 830 (Springer-Verlag, Berlin, Heidelberg, 2012).

[54] A. Krause, Baryon matrix elements of the vector current
in chiral perturbation theory, Helv. Phys. Acta 63, 3 (1990).

[55] N. Fettes, U.-G. Meißner, and S. Steininger, Pion—nucleon
scattering in chiral perturbation theory. 1. Isospin symmetric
case, Nucl. Phys. A640, 199 (1998).

[56] J. Bijnens, G. Colangelo, and G. Ecker, The mesonic chiral
Lagrangian of order p6, J. High Energy Phys. 02 (1999)
020.

PENG-CHENG QIU and DE-LIANG YAO PHYS. REV. D 103, 034006 (2021)

034006-18

https://doi.org/10.1016/j.physletb.2011.03.014
https://doi.org/10.1016/j.physletb.2011.03.014
https://doi.org/10.1103/PhysRevLett.119.112001
https://doi.org/10.1103/PhysRevLett.119.112001
https://doi.org/10.1088/1674-1137/42/5/051001
https://doi.org/10.1140/epjc/s10052-017-5363-y
https://doi.org/10.1140/epjc/s10052-017-5363-y
https://doi.org/10.1140/epjc/s10052-017-5360-1
https://doi.org/10.1140/epjc/s10052-017-5360-1
https://doi.org/10.1016/j.physletb.2017.12.031
https://doi.org/10.1103/PhysRevD.96.094005
https://doi.org/10.1103/PhysRevD.96.076011
https://doi.org/10.1103/PhysRevD.96.076011
https://doi.org/10.1016/0378-4371(79)90223-1
https://doi.org/10.1016/0378-4371(79)90223-1
https://doi.org/10.1016/0003-4916(84)90242-2
https://doi.org/10.1016/0550-3213(85)90492-4
https://doi.org/10.1016/0550-3213(85)90492-4
https://doi.org/10.1142/S0218301395000092
https://doi.org/10.1016/j.ppnp.2007.07.001
https://doi.org/10.1103/RevModPhys.81.1773
https://arXiv.org/abs/2009.13495
https://doi.org/10.1016/0550-3213(88)90108-3
https://doi.org/10.1016/0370-2693(91)90266-S
https://doi.org/10.1016/0370-2693(91)90266-S
https://doi.org/10.1016/0550-3213(92)90615-I
https://doi.org/10.1103/PhysRevC.57.3356
https://doi.org/10.1103/PhysRevC.57.3356
https://doi.org/10.1007/PL00021673
https://doi.org/10.1007/PL00021673
https://doi.org/10.1103/PhysRevD.68.056005
https://doi.org/10.1140/epjc/s10052-015-3728-7
https://doi.org/10.1016/0370-2693(92)90068-F
https://doi.org/10.1103/PhysRevD.45.R2188
https://doi.org/10.1103/PhysRevD.46.1148
https://doi.org/10.1103/PhysRevD.55.5851
https://doi.org/10.1103/PhysRevD.55.5851
https://doi.org/10.1016/0550-3213(94)00456-O
https://doi.org/10.1016/0550-3213(94)00456-O
https://doi.org/10.1016/S0370-1573(96)00027-0
https://doi.org/10.1103/PhysRevD.73.054003
https://doi.org/10.1103/PhysRevD.86.054024
https://doi.org/10.1103/PhysRevD.86.054024
https://doi.org/10.1017/CBO9780511529351
https://doi.org/10.1017/CBO9780511529351
https://doi.org/10.1017/CBO9780511529351
https://doi.org/10.1103/PhysRevD.100.014006
https://doi.org/10.1103/PhysRevD.100.014006
https://doi.org/10.1103/PhysRevD.99.074018
https://doi.org/10.1103/PhysRevD.99.074018
https://doi.org/10.1016/S0375-9474(96)00291-6
https://doi.org/10.1103/PhysRevD.93.094002
https://doi.org/10.1103/PhysRevD.97.034012
https://doi.org/10.1103/PhysRevD.97.034012
https://doi.org/10.1103/PhysRevD.98.054025
https://doi.org/10.1007/BF02812722
https://doi.org/10.1088/1126-6708/2006/09/079
https://doi.org/10.1088/1126-6708/2006/09/079
https://doi.org/10.5169/seals-116214
https://doi.org/10.1016/S0375-9474(98)00452-7
https://doi.org/10.1088/1126-6708/1999/02/020
https://doi.org/10.1088/1126-6708/1999/02/020


[57] N. Fettes, U.-G. Meißner, M. Mojzis, and S. Steininger, The
chiral effective pion nucleon Lagrangian of order p4, Ann.
Phys. (N.Y.) 283, 273 (2000); Erratum, Ann. Phys. (N.Y.)
288, 249 (2001).

[58] Z.-H. Guo, Prediction of exotic doubly charmed baryons
within chiral effective field theory, Phys. Rev. D 96, 074004
(2017).

[59] M.-J. Yan, X.-H. Liu, S. Gonzàlez-Solís, F.-K. Guo, C.
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