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The chiral effective meson-baryon Lagrangian for the description of interactions between the doubly

charmed baryons and Goldstone bosons is constructed up to the order of g*. The numbers of linearly
independent invariant monomials of O(¢?), O(g*), and O(g*) are 8, 32, and 218, in order. The obtained
Lagrangian can be used to study the chiral dynamics and relevant phenomenology of the doubly charmed
baryons at complete one-loop level in future. For completeness, the nonrelativistic reduction of the

Lagrangian is also discussed.
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I. INTRODUCTION

One of the most crucial tasks in hadron physics is to
explore hadrons containing heavy quarks, since they are
not only necessary for completing the hadron spectroscopy
but also useful for our understanding of the QCD dynamics.
In recent years, plenty of heavy-flavored baryons have been
observed at experiments, some of which are even exotic
beyond the expectation of the conventional quark model,
e.g., the P, states as pentaquark candidates reported by
LHCb [1,2]. Though predicted by the quark model,
members of the spectrum of the doubly and triply
heavy-flavored baryons are still absent so far, with the
only exception being the E/" state. The E/." state is one of
the three doubly charmed baryons, showing up in the 20,,-
plet representation of flavor SU(4) group [3] concerning the
u, d, s, ¢ quarks. The three baryons are denoted by =/,
E/., and Q. with quark constituents [ccu], [ccd], and [ccs]
in order.

Nevertheless, the establishment of the existence of the
doubly charmed baryons is zigzag. It was first reported
in 2002 by the SELEX Collaboration [4] that the E/,. state
was observed with measured mass 3519 +2 MeV [5].
However, this baryon state was not confirmed by any other
subsequent experimental groups [6-9]. Moreover, the
experimental value is not consistent with theoretical deter-
minations, e.g., by the relativistic quark model [10],
effective potential method [11], heavy quark effective
theory [12], and lattice QCD [13,14]. Actually, the
SELEX result is also questionable according to the analysis
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based on heavy quark-diquark symmetry; see, e.g.,
Ref. [15]. Hence, the realistic existence of the doubly
charmed baryons, especially the Z}, state, becomes very
unclear. The issue was addressed in 2017 that the obser-
vation of the doubly charged state =" was announced by
the LHCb Collaboration [16], following the theoretical
prediction made by Ref. [17]. The reported mass of E/"
is 3621.44+0.78 MeV, which is in good agreement
with previous theoretical results within 16 uncertainty
[10,11,14]. The finding of the E/ state has triggered
renewed interest in studying doubly charmed baryons; see,
e.g., Refs. [18-22]. Experiments are still ongoing to
investigate the properties of the Zf;" state and also to
pursue the other two members, i.e., E;" and Qf,., in the
family of the doubly charmed baryons. Since the existence
of the doubly charmed baryons is now robust, it becomes
necessary, on the theoretical side, to investigate them and
their excited states using model-independent and system-
atical methods.

Chiral perturbation theory (ChPT) [23-25] is one such
method, which plays a prominent role in the study of the
low-energy dynamics of QCD; see, e.g., Refs. [26-29]. It is
initially developed for the description of the interactions
of the Goldstone bosons stemming from the spontaneous
breaking of the SU(3); x SU(3) chiral symmetry of QCD
[25]. The inclusion of light baryons as degrees of freedom
was first done in Ref. [30], and various renormalization
versions [31-36] have to be proposed to tackle the power
counting problem. In order to study the heavy-flavored
hadron spectrum, ChPT can also be extended to describe
the interactions between heavy hadrons and Goldstone
bosons. Traditionally, ChPT for heavy-flavored hadrons
was proposed in Refs. [37-43] by implementing heavy-
quark symmetry [44] and heavy quark-diquark symmetry
[42,45,46] in addition to chiral symmetry, which means a
nonrelativistic expansion in terms of the inverse of heavy-
flavored hadron mass is performed. However, such a
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nonrelativistic expansion distorts the analytic structure
of the amplitudes, e.g., the location of the poles of the
expanded heavy-flavored hadron propagators are shifted,
which could lead to a convergence problem. For instance,
the scalar form factor of the nucleon at t = 4M2 diverges
[34,47]. It is thus more appropriate to utilize relativistic
treatment of the matter fields involved in ChPT. For doubly
charmed baryons, covariant ChPT analyses can be found
in Refs. [48-50], where their masses and electromagnetic
form factors were studied at loop level. However, a
complete and minimal chiral effective Lagrangian for a
full one-loop description of interactions between the
doubly charmed baryons and Goldstone bosons is still
lacking. In this work, we are going to fill this gap.

This manuscript is organized as follows. In Sec. II, the
relevant chiral building blocks are introduced. In Sec. I, the
procedure of the construction of the Lagrangian is described
in detail. Transformation properties and chiral dimension
of the building blocks together with other necessary ingre-
dients such as Clifford algebra elements are shown in
Sec. III A. Consequently, invariant monomials are discussed
in Sec. III B, while the reduction of the monomials is shown
in Sec. III C. Our results of the constructed Lagrangian are
listed in Sec. IV, Appendix B, and Appendix C. A short
summary is given in Sec. V.

II. CHIRAL BUILDING BLOCKS
OF THE LAGRANGIAN

QCD is the underlying theory of ChPT and its
Lagrangian reads

L = LYcp + qr'(v, +rsa,)q = q(s —iysp)g, (1)

where EOQCD is the QCD Lagrangian with massless u, d, and
s quarks. The L{, exhibits a global SU(3), x SU(3)

chiral symmetry, which is spontaneously broken to the
subgroup SU(3),, with the emergence of 8 Goldstone bosons
according to Goldstone theorem [51]. Here, v, a,, s, and p
are external vector, axial-vector, scalar, and pseudoscalar
sources, in order.' The underlying Lagrangian possesses a
local SU(3), x SU(3)g chiral symmetry due to the presence
of the external fields. Furthermore, the Goldstone bosons
acquire little masses from the explicit breaking of the chiral
symmetry by setting s = diag(m,,, mg, my).

In the chiral effective Lagrangian to be constructed in the
following, Goldstone bosons, originating from spontane-
ously broken chiral symmetry, and the doubly charmed
baryons are taken as explicit degrees of freedom. The
Goldstone bosons are represented by a matrix U, which
transforms as

lThroughout this work, the vector and axial vector currents
should be regarded as traceless 3 x 3 matrices in the flavor space,

ie., (v,) = (a,) =0.

U — VRUV], (2)

under chiral transformation, where Vj, and V; are
independent SU(3) matrices. The matrix field U is para-
metrized as

U = exp(iV2®/F), (3)
with @ given by
\}Eﬂo + 767] P Kt
o= b —\/Liﬂo—l-%n K 1, (4
- 70 2

where F is the Goldstone-boson decay constant in the
SU(3) chiral limit [52,53]. The doubly charmed baryons
with quantum number J” = T are collected in the triplet

=+t
=—cc

y=| E. [ (5)
QL

with 2, 2. and Qf. denoting the doubly charmed
baryons. The triplet transforms as

w = h(Ve, Vi, Uy, (6)

where the compensator 2(Vg, V;,U) is a nonlinear func-
tion of the pion field U, Vg, and V; it is given by

h= (\/VRUVZ>TVRM, (7)

with u = /U. It is straightforward to derive the chiral
transformation property of the corresponding antibaryon
fields, which reads

@ = wh'(Vg,Vp, U). (8)

For the construction of the chiral effective Lagrangian, it is
convenient to use building blocks X which transform in a
uniform way [54]:

X = //l(VR,VL,U)XhT(VR,VL,U). (9)

The building blocks are linear combinations of pion field and
external fields. In our case, the following ones are needed:

u, = i{u’ (0, —ir,)u —u(d, —il,)u'},
[ = uFhu' £ u'FRu,

e =ulyu’ £ uytu, (10)
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where
x =2By(s+ip).  By=—(0]gq|0)/3F>,
FR =0,r,—0,r, —i[r,.r,, ry =0, +a,.

Fﬁyzaﬂlu—aylﬂ—i[lwlﬂ], L, =v,—a,. (11)

Here (0|Gq|0) denotes the quark condensate, and (- --)
stands for trace in the flavor space.
The covariant derivative D¥ is defined by

D,=09,+T,.
r, :%{uT(aﬂ—irﬂ)u+u(8ﬂ—ilﬂ)uT}. (12)

For the covariant derivative acting on any building block X,
say [D,,X], it can be proved that it transforms as

[D,.X] = h[D,,X]h", (13)
by making use of Eq. (7) and the identity 2(h', —T',h) =

28,/1.2 Nevertheless, for the covariant acting on the baryon
field y, one has

D,y — h(D,y). D,y — (Dp)h'.  (15)

In addition, the following three relations [55]

1 i 4
[Dle/]X = Z[[uwuu]vx] _E[fmnx}v (16)
f;y = [D/u uv] - [Dw uﬂ]’ (17)
h,uu = [D;u uu] + [Dw uu}v (18)

are very useful for the construction of the meson-baryon
chiral Lagrangian. The element /4, on the left-hand side
of the third relation can be considered as an extra chiral
building block. In consequence, the terms of [D,, u,] and
[D,, u,] can be eliminated by using the last two equalities.

’Here, I, is given by

i
=3 (, /VRUVZ)*(aﬂ — iVrr, Vi + Ved, VA VRUV]
1
+ 3V VRUVL(O, = Vi,V + VLa,,Vz)(\/VRUV,i)*.

(14)

TABLE I. Parity (P), charge conjugation (C), Hermitian con-
jugation (H.c.) transformation properties, and chiral dimension
(D,) of the building blocks and the covariant derivative acting on
the building blocks. The definitions of p, ¢, and h are shown in
Eq. (20), Eq. (24), and Eq. (22).

P C H.c. p c h D,

u, —u# u; u, 1 0 0 1
X+ X+ pe pa 0 0 0 2
X- - T - 1 0 1 2
R A Y I T BN B
fr —fw (frT fr 1 0 0 2
h —hy, ()T W 1 0 0 2
- - - -

D, D" D, D, 0 0 0 1

III. CONSTRUCTION OF THE CHIRAL
EFFECTIVE LAGRANGIAN

A. Transformation properties and chiral dimension

On top of chiral symmetry, the chiral Lagrangian should
be invariant under Lorentz transformation, Hermitian
conjugation (H.c.), discrete P, and C symmetries.3 For
easy reference, the transformations properties of the build-
ing blocks we use are compiled in Table I, which are taken
from Refs. [25,54-56]. Moreover, one has to know the
power counting of these elements, listed in the last column
of Table I, such that invariant monomials of the chiral
effective Lagrangian can be organized order by order.

Analogously, the transformation properties and power
counting of Clifford algebra elements, the imaginary unit,
the metric and Levi-Civita tensors are shown in Table II,
which usually appear as ingredients of baryon bilinear
iyTy [54]. The covariant derivative acting on the baryon
fields is of zeroth chiral order, since the mass of baryons
cannot be deemed as a small quantity in the chiral limit.

B. Invariant monomials

With the elements specified in Table I and Table II, we
are now in the position to construct all the possible invariant
terms. The generic form of any invariant monomial, con-
strained by Lorentz transformation, chiral symmetry, and
Hermitian conjugation symmetry, in the effective meson-
baryon chiral Lagrangian can be written as

(i)y"ATD"y +He., (m=0,1). (19)

Here,

3According to the CPT theorem, any Lorentz invariant term
one can write down in the Lagrangian is CPT invariant. Hence,
the time reversal invariance is automatically embedded, once
Lorentz covariance, Hermitian conjugation, spatial inversion, and
charge conjugation symmetry are implemented in constructing
the chiral local Lagrangian.
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TABLE II. Parity (P), charge conjugation (C), Hermitian
conjugation (H.c.) transformation properties, and chiral dimen-
sion (D,) of the Clifford algebra elements, the metric and Levi-
Civita tensors together with the imaginary unit and the covariant
derivative acting on the baryon fields. The definitions of p, ¢ and
h are shown in Eq. (20), Eq. (24), and Eq. (22).

P c h D,
i 0 0 1 0
1 0 0 0 0
75 1 0 1 1
Yu 0 1 0 0
YsYu 1 0 0 0
O 0 1 0 0
G 0 0 0 0
€upr 1 0 0 0
[)'”y, 0 1 1 0

(i) A is a product of building blocks and their covariant
derivatives. Since the matrix fields do not commute
with each other, one should consider all possible
permutations. In addition, it is more preferable to
express all the products in terms of combinations of
(anti)commutators. For instance, u,u, can be written
as w,u, = ({u,,u,} + [u,,u,])/2.

(ii) T'isaproduct of elements of the Clifford algebra basis
and/or the metric tensors, the Levi-Civita tensors.
More discussions on I' are shown in Appendix A.

(iii) D" = [D*D# - - D" + all the other permutations]
is a product of n > 0 covariant derivatives acting on
y in a totally symmetrized way. It is worth pointing
out that the commutators of the covariant derivatives
can be translated to the basic building blocks with
the help of Eq. (16).

Note that, in Eq. (19), the Lorentz indices are suppressed
for brevity. However, one needs to keep in mind that all the
Lorentz indices of A must be properly contracted with those
coming from I and D" to guarantee that all the terms are
Lorentz scalars.

Let us proceed with the transformation property of
Eq. (19) under parity, which reads

{(i)y"pATD"y + H.c.}*
= (=1)Patretro{({)"yAUD"y + H.c.}, (20)
where p, can be determined from Table I, while pr- and pp
from Table II. It can be concluded from Eq. (20) that the

monomial of Eq. (19) survives in the chiral effective chiral
Lagrangian only if

(=1)Patrrtrp =1, (21)

Although Eq. (19) is obviously invariant under Hermitic
conjugation, it is still worthwhile to demonstrate the

corresponding  transformation
Equation (19) can be rewritten as

property  explicitly.

(i)"FAT D"y 4 (= 1)l () D ATy
— (l)ml/_/AFDnl//—‘r (—1)hA+hr+hD+’n(i)ml/_/Aanl//+h.0.,
(22)

where the values of &y, hr, and hp are calculated with the
help of Table I and Table II. Note that the value of A,
includes an additional factor of 1 for each commutator. The
terms on the right-hand side of Eq. (22) is obtained by
making use of integration by parts and the Leibniz rule
together with the elimination of total derivatives. The last
term h.o. denotes the sum of higher order pieces with
covariant derivatives acting on the building blocks shown
Table I, and hence actually can be thrown away from the
Lagrangian of a given chiral order under construction.
Finally, Eq. (19) can occur in the Lagrangian only if

(_1)hA+hr+hD+m = 1. (23)

Lastly, we check the invariance of Eq. (22), equivalent to
Eq. (19), under charge conjugation,

{2(i)™pATD"y + h.0.}€
— (D)ot ()" GATD Yy + ho.,  (24)

where ¢4, which contains an extra factor of 1 for each
commutator, is determined from Table I. Meanwhile, the
values of cr 4 c¢p can be obtained from Table II. Likewise,
for a given chiral order, Eq. (19) remains in the Lagrangian
only if

(—1)eaterten = 1. (25)

C. Reduction of the monomials

A list of invariant monomials, some of them might be
linearly dependent, can be obtained according to the
procedure discussed above. In this section, we will utilize
several linear identities to remove these dependent mono-
mials. The first relation stems from the property of matrix
trace, namely,

(abc) = (bca) = (cab). (26)
The second relation is the Schouten identity
€;41/Ma/) + €MT/)a/4 + elr/mau + €T/);wa/1 + €/}/4u/1a1 =0. (27)

The third relation is obtained by making use of the
Bianchi identity, Eq. (16) and Eq. (17),
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[Dﬂ’fzi] + [Dwfjl‘;] + [Dbf;:ztv]

= Sl S5+ 5 fE) 45w fEL - (28)

It can be used to eliminate certain monomials containing
[D,. f5] or [D,,,ffﬂ], [D,. fx], as done in Ref. [57].
The fourth relation is the so-called Cayley-Hamilton

relation [56]. For any 3 x 3 arbitrary matrices a, b, and c,
the Cayley-Hamilton relation indicates that

abc + bca + cab + acb + cba + bac — ab(c) — bc(a)

—ca(b) —ac(b) — cb{a) — ba(c) — a(bc) — b{ca)

— c(ab) — (abc) — (acb) + a(b)(c) + b{(c){a)

+c(a)(b) + (a){bc) + (b)(ca)

+ (c){(ab) = {a)(b)(c) =0, (29)
which is usually adopted to replace the terms with two or
more traces by those with one trace or without trace.

On the other hand, it is also possible to use equations of

motion (EOM) to remove some redundant terms. First of
all, the lowest order EOM of the pseudoscalar meson reads

i
Dyt =7, (30)

where

=50 (31)

With Eq. (16), Eq. (17), and the EOM of Eq. (30), one can
prove that

1
D*u, =

i . i
" Z Huw ull]’ MD] _5[ u+;u uy] + Dyfvﬂ +5Du)(—'

(32)

Therefore, D, u* and D? u, cannot be regarded as indepen-
dent structures [25,52].

The lowest order EOMs of the baryon fields, obtainable
from the Lagrangian in Eq. (47) to be shown in the next
section, are

(i}D —m+ ‘%AWs)w =0, (33)

w <le +m— ‘%A ll75> =0, (34)

where (i) — m) is counted as O(q). Here m and g, are the
mass and the axial coupling of the doubly charmed baryons
in the SU(3) chiral limit, respectively. Based on the above
two equations, one can obtain a few linear relations to

eliminate many unnecessary terms. The linear relations we
use read [55,57]:

WwA*iD,y + H.c. = 2mypy, Ay, (35)

o Ga
Wy, liD*, Aly = TAW’% (A, ]y (36)

_ . . _ Ja
Pysy,[iD, Aly = =2myrysAy — EAW‘ [A,w,Jy,  (37)

Fysy,AMD 4+ Hee. = 2imiry s, APy
+ (@ysy,A*iDy 4+ He.), (38)

Wysy, AMD .y + Hee, = mpo*’e,,,, APy
+ (prsy, A*iDy +Hee.), (39)

WO sAPH Dy + Hoe. = =2mpe g, rsy* APy
— (wop, A" Dy + H.c.)
+ (o, A" iDgy + H.c.), (40)

where the symbol = means the two objects on the left- and
right-hand sides are equal up to some negligible higher
order pieces.

D. Nonrelativistic projection

For completeness, we further consider the doubly
charmed baryons as heavy static sources in the nonrela-
tivistic limit and perform the so-called heavy baryon (HB)
projection [31] of the relativistic Lagrangian. Here,
we present a brief introduction to the nonrelativistic
approach (for more detailed discussions, see, e.g.,
Refs. [26,31,32]).

The four-momentum of the doubly charmed baryon can
be split as

Py =mv, +1,, (41)

where v, denotes the four-velocity satisfying v> = 1 and I,
is the small off-shell momentum with v/ < m. The
doubly charmed baryon field y can be decomposed into
large component H and small component % via

w = e ™(H +h), (42)
with
yH = H, yh = —h. (43)

In terms of H and &, the meson-baryon chiral Lagrangian
can be recast as

L = HAH + hBH + Hy,B'yyh — hCh,  (44)
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where the operators A, B, and C may be expanded as
a series of the low energy momentum ¢. In this approach,
it is more advantageous to make use of the velocity v, and
the spin-operator S, = %]/56/“/1)” to express every baryon
bilinear pTy.

After eliminating the small component /4, the nonrela-
tivistic Lagrangian reads

L =H{A+ (y,B'yy)C ' B}H, (45)

ol 1 i(v-D)4+gsS-u
(2m)?

(iv- D + g,S - u)?
(2m)’

IV. THE CHIRAL EFFECTIVE MESON-BARYON
LAGRANGIAN

Using the method described above, we have constructed
the minimal and complete chiral effective meson-baryon
Lagrangians up to O(g*) both in the relativistic and the
nonrelativistic forms.

A. The Lagrangian at O(q)

The lowest order of relativistic chiral effective
Lagrangian reads
1 _ . ga _
Ly =9GP =mw + Zgghysy. (47)

where m is the mass of baryon and g, is the axial-vector
coupling constant in the SU(3) chiral limit. The operator
(ip —m) is counted as O(g) in the chiral expansion,
as discussed in Ref. [54]. In principle, the g, coupling is
an unknown parameter which needs to be determined by
experimental data. In Ref. [48], it was estimated to be
lga] = 0.2. The above leading order Lagrangian has been
used to explore the possible exotic states in the spectrum of
doubly charmed baryons [58].

The corresponding non-relativistic Lagrangian can be
expressed as

Ly, = H(iv- D+ g, - u)H. (48)

In the nonrelativistic Lagrangian of leading order, the
doubly charmed baryon mass term disappears and the
Dirac matrices have been substituted by v, and S,,.

TABLE III. Terms in the relativistic and nonrelativistic La-
grangian of O(¢?).

i o? o

i ) (1)

2 X+ X+

3 u? u?

4 () (?)

5 {w*, u*}D,, + H.c. —8m?(v - u)?
6 (w*u’)D,, + H.c. —4m*((v - u)?)
7 ilu", u"]o,, 2[S,,, S, ] [u", u”]
8 ’f:(yyu _2i[s/w Su}flﬁ

B. The Lagrangian at 0(¢?)

The O(g?) meson-baryon Lagrangian can be written as

8
2 _ (2
i=1

where b;’s are unknown low-energy constants (LECs). It
was pointed out by Ref. [59] that some of the O(g?) LECs
can be related to those in the charmed meson Lagrangian
[60] by imposing heavy antiquark—diquark symmetry [61].

The monomials 052) are given in the 2nd column of
Table IL.*

In nonrelativistic form, the chiral Lagrangian of O(g?)
reads

A

5% = H{A® 1 By cO-TBOYH,  (50)

where
8 A
A? =3 b0 (51)

The non-relativistic operators 052) corresponding to the

relativistic monomials 052) are listed in the 3rd column
of Table III. The second term in the bracket incorporates
the 1/m corrections, which are shown in Appendix B.
Explicit expressions for B® and C') are collected in
Appendix B as well. Based on the Lagrangian we obtained
here, we have checked that it is straightforward to repro-
duce the pion-nucleon Lagrangian in Ref. [57] by using the
Cayley-Hamilton relation for 2 x 2 matrices.

“There is one more term in the O(¢?) Lagrangian given by
Ref. [62]. However, terms with (f,},) do not show up in our case,
due to the fact that the external vector and axial vector currents
are set to be traceless.
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C. The Lagrangian at O(g°)

The chiral meson-baryon Lagrangian at O(q’) takes
the form

32
L, = w0y, (52)

i=1

where ¢; are O(g*) LECs and the operators 0,@1’,_‘32 are
listed in the 2nd column of Table IV.

Also, the O(g®) nonrelativistic Lagrangian can be
written as

L) = H{A®) 4 yoBWy,CO~1 B 4y BTy, c=150)

+ 0BTy, O BOYH, (53)
with
32 .
A® =37 ¢,07, (54)
i=1

where the monomials 053) are collected in the 3rd column

of Table IV. The 1/m corrections are given in Appendix B.

TABLE IV. Terms in the O(g?) relativistic and nonrelativistic Lagrangians.

0,0

i 053)

! {w, {0} }ysy,

2 [, [, 4]},

3 u’ysy, (u?)

4 sy, (u'u”)

5 {w* . {u”,u’}}ysy,D,, +H.c.
6 w'ysy,(u'u’)D,, + H.c.
7 i€pe (1" U], 0P }y?

8 i€,pey* ([, u¥u’)

9 i€ {1 {0, w}}6"D, + H.c.
10 i€,,:u" 6" (u’u”)D, + H.c.
11 l[uﬂ’ hﬂb]'yy

12 ilu*, h**)y,D,, + H.c.
13 i{u*, h}e,,D, + H.c.
14 io,, (u"h*?)D, 4+ H.c.
15 L g Yrsry

16 wysy )

17 Ysvu (W)

18 iysy D", 7]

19 irs7ud (D" -))

20 -y,

21 ifu. f5]rsr,

2 Cupcdu fLY7°

23 €ﬂup171<“ﬂflr>

24 €opnelut, f)6%°D,, + Hec,
25 i[D,. f*|D, + H.c.
26 i[“u’fﬁy]%

27 Eupe s [ }rsy"

28 et 57 (U f7)

29 i{u*. f}o,,D, + He.
30 io,, (u' f)D, + H.c.
31 Dy f2]rs7,

32 (D, f*ysyuD,, + H.c.

—2{u,. {u".S - u}}
—2[u,, [u*, S - u]]
28 - u{u?)

—2u, (u"S - u)
16m*{S - u, (v-u)*}}
8m2S - u((v-u)?)
i€pe{ (1" 1], uP }0"
1€,p 07 ([, u”]u”)
—dime,, ;. {u*, {u", v - u}}[S*, 57
—4ime, ut (v - u)[S*, S7]
i[u,, W],

—4im*[v - u, h*lv,v,
—4im{u*, h’}[S,. S v,
—4im[S,, S, J(u"h*’)v,
=2{S-u.j.}
=28 uly,)
-2(S-up,)
=2i[S-D,jy_]
—2i([S- D.x-])
7-.0-ul
—2ifu,. f1*1S,
Eupctut, fL 107
€upc0” (! )
—4me, [0 - u, f[S*,57]
2m[D,, f]v,
i[uy., fo,
=26, AU, f2}S°
—ZG”W,TST<M”f”_”>
—dim{u*, f*}[S,. S, v,
—4im[S,. S, v, (u" f**)
—2S,,[Dﬂ,f’i”}
8m2S”[l) -D, f*o,
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D. The Lagrangian at O(q*)

The chiral effective meson-baryon Lagrangian at O(g*)
reads

218

4 _ (4

Lo, = digo My, (55)
i=1

where d; are LECs and the terms of O(g*) are tabulated in
the 2nd column of Table V. The last three terms are contact
terms (See Refs. [56,63] for analogous operators). It should
be noted that they are combinations depending only on
external fields and therefore are not directly accessible
experimentally. Furthermore, as pointed out by Ref. [56], it
is more convenient to express the contact terms in terms of
the LR basis, i.e., F’ ’,‘e”/ ;- and the y element, rather than those
chiral building blocks in Table I.

The O(g*) meson-baryon nonrelativistic Lagrangian
which contains the 1/m corrections takes the form

LS = H{AD 4 y,BWy,CO-1B0) 4y BUiyc)-152)
+7oBM Ty, @1 B 4y B Ty,cO-1B2)
+ 7oBP Ty, =1 BY) 4y BTy cO-1 BV H,

(56)
with
28
A® =3"a,01, (57)
i=1
where the operators 054) are compiled in the 3rd column of
Table V.

V. SUMMARY

Based on chiral symmetry and basic invariances such as
Lorentz invariance, we have constructed the chiral effective
Lagrangian for the description of the interactions between
the doubly charmed ground-state baryons and Goldstone
bosons up to O(g*). Complete and minimal sets of O(g?)
and O(q") operators are established for the first time. The
numbers of O(g*) and O(g*) terms are 32 and 218,
respectively. The involved LECs are expected to be
determined by, e.g., experimental or lattice QCD data in
the future. The obtained Lagrangian is sufficient for
comprehensive analyses of the low-energy physics of the
doubly charmed baryons up to the fourth order, enabling us
to explore the doubly charmed spectroscopy with high
accuracy. Furthermore, it can be readily extended to the
sector of doubly bottomed baryons according to heavy
quark flavor symmetry.
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APPENDIX A: TYPES OF O,

In this Appendix, a brief introduction to the EOM
constraints on the chiral Lagrangian is presented; see
Refs. [57,63] for more discussions. I" can be one of the
Clifford algebra elements {1.ysy,.0,,} or the Levi-Civita
LeNnSor €,,,;,.

() For the Clifford algebra elements {1.ysy,.0,,},
their indices should be distinguished from those
of the covariant derivatives that act on the baryon
field .

(i) For €,,,,, only one of its indices can be contracted
with those of the covariant derivatives that act on the
baryon field .

Therefore, it is more convenient to use O, =

('D"),,. . taken from Ref. [63], to construct our chiral

Lagrangian. The types of ®,, ~we need are as follows:
L;
VsV Dy
Ouws V5YuDys Dy
75}’,4Dy,1, GWD» €,M1pr7 D,m;
(A1)

T
6/411/1,0’ ySnywlp’ GMDD/lp’ €;41/er P D/wlp'

APPENDIX B: SOME EXPLICIT EXPRESSIONS
FOR THE NONRELATIVISTIC LAGRANGIAN

Basic relations regarding the covariant spin operator S,
are given below (e”23 = —1):

S.v=0 {5,8)=

[S,.8,) = €50 SP.

(Uﬂvu - g;w)’

N[ =

(B1)

By using the above equalities, the Dirac bilinears can be
rewritten as

Hy,H =v,HH,  hy,H = —2hysS,H,
I:Iyﬂy5H = ZI:ISﬂH, }_zyﬂy5H = —vﬂl_l}gH,
Ho'"H = —2iH[S", S"|H,

ho'H = 2ihys(0*S* — v*S*)H. (B2)

Subsequently, we can readily obtain some relevant explicit
expressions of B) and C(:
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BM = 2iysS-D - %Aysu u, (B3)
BO) = —2bys (0S¥ — o) [t ] + 2ibsys(0HS” — 'S f 1y, (B4)

B®) = ys(ci{u,. {u.v-u}} + coluy, [u', 0 u]] + c30 - u(u?) + cqu, (u'v - u) — 16m>cs(v - u)?
—dm?eqv - u((v-u)?) + c1s{v-u g} +cgo - ulyy) + (v upy) +iciglo- D, 7]
+icio([v- D, y_]) + ico [y, 5710, + cor€pupe{ s f2307 + 2g€,pc 07 (W ) + c310,[Dys 2]
— el D, f2l0y0,) ~ 2ieypersS (en (i, ], w0} + ey, )
+ 4ime,,.75(0* ST — v SH{co{u, {u” v - u}} + ciout (u¥v - u)}
= 2icyy [uy,, H*]ysS, + 8im>ciys[S - u, h**lo,v, + 4imys(v,S, —v,8,)v,
X (cra{u!, P} + g (U h*?) + coo{u, [P} + c3o(ut f2)) = 2ca07507-. S - u]
- 2€ﬂyp17557(C22{“”afip} + 023<””fip>) + 4mC24€upr[U ) ”afip]?’s(”lsf - UTSA) - 2ic26[u/ufliv]7ﬁsv' (BS)

CO =2m, (B6)
C) =iv-D+ g,S-u, (B7)

CP = —by(y,) = by, — byu? = by(u?) + 8m?bs(v - u)? + 4m>be((v - u)*) — 2b,[S¥, $)[u,,, u,] + 2ibg[S,. S, ).

(B8)
B 0150 = 2 (5. D)2 =905 iy — Ty 2 (89)
70 7o m 2m ' 8m '
(D1, c0)-11302) — 2i H QU _ Y SH 2 v _ VS
7o BTy, CO-1BE) = —Zb7S-D(v SY —v"SH)[u,, u,) —Eng-D(z)ﬂS —0"S") fim
igA v y 9a v v
+ﬂbg(v"5 —0'S" - uf i, —%b7(u"S —0*S*)o - ulu,, u,), (B10)
yoBW y,c-180) = —LS'DD'DS'D — A uv-DS-D—A5.-Dv-Dv-u + i9 v-uv-Dv-u
m? 4m? 4m? 16m?
) ) 3
ga LGa LG4 9a
A DS uS-D+-Av-uS-uS-D+-248.DS-uv- cuS - uv - B11
sz S-uS +4m20 uS - uS —|—4m2S S-uv u—|—16m20 uS - uv-u, (B11)
B, cO-150) = 2 sy g 2 v _ s
Y0 roCV~'B —Eb7(vS —vS)[u”,uU]S-D—{—Zbg(U”S —0'S*)f WS- D
iga v W 9a v
—%bg(u"S —0'S*)f w0 u —l—%lh(v”S —0"SH) [, uylv - u, (B12)
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0BTy CO-1BE) = —4€,1:S - D(v*S™ = v*S*) (co{u#, {u*, v - u}} + crout (v - u))
—48-D(v,S, —v,S8,)v,(cis{u, P} + iy (W) + coo{u, f2}
+ 30Ut f0)) + 4icas€,S - Do - u, fF](v*S7 — 07 S*)

1
+—S-D(ic\{u,, {u" 0 -u}} +icylu,, [u', v-ul] +2cy,[u,, K]S,
m

ticis{v-u g} +icigo - ulyy) +iciy(v-upy) —ciglv- D,y ]
—cio{[v- D, y_]) = 2icylp-, S - u] - Czl[uwf’f]vy + 2026[’4wf’i”]5y)

20 i
- ZGMV/’TS ’ DST(C22{’/‘#’f’f} + 023<u”flf>) + ;eﬂwﬂs D

X (o7 {ut, fP Y07 + cog™ (U ) —l—éS -D(c30 - u(u?)
2

+ c310,[Dy,, 2] + cqu, (v - u)) + —c7€,,,,S - D{[u¥, u*], u’ } S
m

+ %czgelme -DS*([u¥, u’]u’) — 8mc1,S - D[S - u, h*’|v,v,
—4imc3,S - Do - D, f*Jv,0, — 4imesS - D{4cs(v - u)?
+ cov - u((v- u)*)} + iga€,. (VST — 0°§*) (cov - u{ut, {u” v - u}}
+ c1ov - uu (u'v - u)) +igacizv - u(v,S, —v,8,){u’, h*’}o,
+ igacia0 - u(,S, = 0,8,) (W’ )v, + gacrs€,pi - ulv - u, f7]
X (V187 —07S*) 4 igacaov - u(0,S, — 0,8, )v,{u", 7}
+igacaov - u(v,S, —v,S,)v,(ut ) +f—;clu u{u, {u" v-u}}
—;ﬂc“v ~ulu,, ]S, + I8, u(ers{v-u, g} +cie0 - ulyy)
m 4m

+enlo-ug,) +icwlo- Dg]) + 4 cov- ulu, [, v- ]

i

+ A e ullo- Doy]) = S cxv- ulz-. S -ul

iga ga
+-—c0- u[”ﬂ’ T]UU ~ 5. CuvpV - MST(sz{M”,f’f} + 023<uﬂf’f>)

4dm 2m
—%C%U uluy,, 1S, +g—Acz7€ o0 - u{ ', Yo"
2m # 4m Hept
ga - ) ga
+ oy C28€upel - UV (" f7r) + @03(0- u)?(u?)
g g
+ ﬁcmu -uv,[D,, ] + ﬁcw < un, (uto - u)

iga
- %676141//)1
+2imgycio0 - ulS - u, ko, — mgscxo - ufp - D, o0,

—4mgscs(v-u)* = mgace(v - u)*((v-u)?), (B13)

o-uf{[u, u],u}S" — l;iq;eﬂymv ~uS™([ut, u*uP)
m
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1
7oBWTy,cW-1B2) = ——b7S ‘DD —igsS-u)(0'S” —v*S)u,. u,]

lgA
4 A2

+ —2ng “D(v-D —igyS-u)(v'S" —v*S*)f 1
m

byv - u(v - D —igsS - u)(0"S" —v*S*)[u,, u,]

g ; v v
+4—n122bgu-u(u-D—ngS-u)(v”S —0"S")f i (B14)

7B COIBY) = S - D(v- )25-D+2’9A3S D{v-D.S-u}S-D
g 1
z—nf;S'D(&u)zS‘D——zS~DC<2>S-D
g4 > 97
+32mgv-u(u-D)0-u 32 s0-u{v-D,S-ufv-u
g i
322131)~u(S-u)21)-u+16A21)-uC<2)1)-u
: 7@
+%S'D(v D)% - u+8—S D{v-D,S-u}v-u
m
93 5. D(S - u)? Ms-pC
lgA 2 2
+gv u(v-D)=S - D—|—8 v-u{v-D,S-u}S-D
—%U u(S - u)*s - D—f—mv uCp)S- D, (B15)
1 1 v
-5 DCpS-D=—5S5- D{by(x+) + bojty + bsu® + by(u?) + 2b; (S, §*|[u,,, u,] — 2ibg]S,,, S,/ }S - D
—4S - D{2bs(v - u)? + bg((v-u)*)}S - D, (B16)
9 G
I €=y by (1) + b+ b+ balal) + 2[5 Sy ] =~ 2004[S,. ] o
+ %U ~u{2bs(v - u)> + be((v-u)*)}v - u, (B17)
%S DCy-u = —%S D{b (1) + baZ + bau® + by(u?) + 2b4[8, [ty 1,] = 2ibg[S,.. S,1f* Jv - u
+2igyS - D{2bs(v - u)* + be((v- u)*) }v - u, (B18)
iga

C)

ig ~ , . .
v-uCpS-D = an ~ufby(x i) + by + byu? + by(u?) + 2b,[S*, 8¥][u,, u,] — 2ibg[S,. S| f}S - D

+2igav - u{2bs(v - u)* + be((v-u)?)}S - D, (B19)

2m?

2 2i ,
7B oCO B = = (0857 — 0S4 {53 1 ] = R 1)) = by (01 S* = oSl 1) (B20)
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1
yoBPTy,cH-180) = Wlﬁ(v”S’“ —0*S")[u, u,)(0- D —igsS-u)S-D

lg v v .
= 3 b1 = 08w ) (0 D = igaS - uo - u

- # b(S¥ = 0*S*)f (0D — igyS - u)S - D

_ 94
4m?

bg(0'S* = v*S*)f (0 - D —igsS-u)o - u, (B21)
yoBP Ty COTBY = de, - (cof{ut, {u”, v - u}} + ciou (uv - u)) (V*S* = v°S*)S - D + 4(cy3{u*, h*}

+ c14 (1)) (0,8, = v,8,)0,S - D — 4icyye, ), [0 - u, ('S — 0SS - D

+ 4(C29{”ﬂa flip} + CBO(””flip»(UﬂSu - UySv)UpS D

i
Jra(cl{”w {u",0-u}} —2icy [u,, ]S, +cis{v-uy }

+ 160 ulyy) +eip(v-upy) +iciglo- D]+ cofuy, [u*, v - ul]
+iciof[v- D, y_]) + 20—, S - u] + ic21[uﬂ,f’f]vy)S D

2i y y 2 i
- %eﬂDpT(CZZ{M”’f{»p} + coa +p>)STS D+ %c%[u”,f’i”]SyS D - EC:;]UU[D”,f,iIJ]S D

+ éeﬂvpr<627{uﬂvfip} + e (Ut f¥))0°S - D +é(c3v ~u(u?) + cqu, (u'v - u))S - D

b2 el ([ ], 1) + [, w))S°S - D

—8mcyy[S - u, ho,0,S - D + 4imes[v - D, f*v,0,S - D

—4im(4cs(v-u) + cgv - u{(v-u)?))S- D

— iga€ua (co{u? {u” v - u}} + crou (v - u)) (v*S* — v S - u

—iga(cis{u!, h} + C14<””h”p>)(vy5u - UUSﬂ)UpU ‘u-—= 9A024€yp,11[0 : ”,fvf](UAST - UTS'l)U U
—iga(coofu, f2} + c30(u” f2))(0,S, — 0,8,)v,0 - u

9 . -
ﬁ(cl{uw {ut v ut} = 2icy [u,, WS, + cis{v-u y, }

+ciev - ulyy) +ci7(v-upy) +icglo- D,y | + colu,, [w, v - ul]
+icio([v- D, x_]) +2¢y0[7-, S ul + iCzl[uwfmUu)U U

+

[Y) lg 9

- ﬁeﬂupf(CZZ{u”vflf} + c23<uﬂflf>)STU U= ﬁc%[uwfliy]suv U+ ﬁc?’l) ' u<u2>v U
ga ga ga

+ am Eupe(Cor{tt, [} + cos (Ul f7) )00 - u — am c310, (D, f]0 - u + am
iga

T o St

catt, (U'v - u)v - u

(cr{[w, u"],u”} + cg ([, u']u’))S™0 - u
+ 2imgycia[S - u, B lo,0,0 - u + mgacyp[v - D, o000 - u

—4dmgacs(v-u)* —mgacev - u{(v-u)*)o - u. (B22)
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TABLE V. Terms in the O(g*) relativistic and nonrelativistic Lagrangians.

APPENDIX C: THE O(q*) OPERATORS

~.

oY

o

0~ NN AW =

A A S B B B DB W LW L WW W LW WWWDERNDNDNDEDLNNLNDNDDNINEN = = === = == = \O
AN N A W= O V00NN A WNDRFR, O WV IONWU A WND=—OWVWOoKIONWU A WND—O

US USRI
{u, [l ], wy ]}
[, {[u "], w0, }]
({u, {uy, w3 }uy)

([oa*, T, )
ut (uPu,)
ulu, (u?)

u'u” (u,u,)

i{u {u,. [u* w']}}o,,
i[””» [u;n [“b’ “lmfm
ifu*, {u, {uw' ' }}]o,
i [uy. [, u'll]o,;
i, w,Ju*)yor
it et Yuy) o™
it (u,u,, u,))o*
ifu, u)(u?)o,,

ifu”, u'] (Wuy)o,,

{u, {u,, {w u*}}}D,, + Hec.
[, [, {u*. w*}]ID,; + Hec.
{w {u,. {u" . u'}}}D,; + Hec.
{w”. [u,. W, w*)]}D,, + H.c.
({uy, {u?, u,} yu)D* + Hee.
({u,. u,}u*)D* + H.c.
u*(u,u*)D,* + H.c.
ut({u,, u, yu;)D* + H.c.
u?(u,u;) D + H.c.

{u*, w}(w?)D,, +H.c.

{u*, u}(u,u;)D,* +H.e.
i{u {w, [, u]}}o,,D,, +He.
il [w, [, u]]]6,,D,, + H.c.
ifu, {u*, {u*, u*}}]6,,D,, + H.c.
ifut, [u, [w, u]]]o,,D;, + H.c.
i({[uy, u,), u;}u,)o" D + H.c.
i, {u, u,}]u,)o"D¥ + H.c.
i ([u,. u;]u,)e*D,” + H.c.
il u*)(uzu,)o,, D + H.c.
ifu*, u)(uyu,)o,*D,” + H.c.
{u {u” {u*, w’}}}D,,,, + H.c.
({uy {uy, w3} yu,) D" + H.c.
ut ({u, u; Yu,) D, + Hee.
{u', w}(uyu,)D,,” +H.e.
eﬂﬂp[[”‘w uv]’f—/lp]
E”M/)uu<uuf —/1p>
{[w*, u*), fo Yysy.Dy +He.
[{uﬂ’ uy}7 f—yl]}/SyuDﬂ +H.c.
{lw*, w*], -,/ }rsvaD, + He.

{u, {{uy, '}, }y
{u, [l ], ] }

(1, { [ u") w0, }]
({u, {uy, u} huy)
([, [ w*]]u)
ut (utu,)

u?(u?)

w'u” (u,u,)
20w {u,. [, w]}}(S,. )]
20w, [y, [, w]]][S,. S)]
20w {u,, {u w3 (S, S)]
20, [w,. [uw* w]][S,. )]
2(s". 87wy, w,Ju?)
2(8*. 81wy {u, u, )
Z[Sy* SA]“‘“(“/I[“D’ ll,l]>
20, u][S,. S, )(u?)

20 (S, S, ()
—8m*{u {u,. (v-u)*}}
—8m?[u*, [u,. (v u)?]]
—4m*{v - u, {u,, {u",v-u}}}
—4Am*{v - u, [u,, [u" v - u]]}
—4m*({v - u, {u*, v - u}tu))
—8m*((v - u)?*u?)

—4m*v - u(v - uu?®)
—8m?u*((v - u)uy)
—4m*u*{(v - u)?)
—8m?(v - u)*(u?)
—dm*{v - u, v’} {u,o - u)
—8m*{v-u, {v-u, [ u]}}[S,.S.]
—8m*[v - u, [v-u, [u", u!]]][S,. S,
—8m?[u* {v- u,{v-u,u"}}|[S,.S,]
—8m?[u*, [0 u, [v-u,u"]]][S,.S,]
—8m?({[u,, u,), v utv - u)[S*, 5]
—8m* ([, {v - u, u, Yo - u)[S*, 8]
—8m*v - u([u,, w)v - u)[S¥, S
_8m2[u”’ uy] [Sw Su] <(U : M)2>
—8m?[ut, v - u][S,, S*|(uw - u)
384m*(v - u)*
192m*((v - u)*)
96m*v - u{(v - u)?)
96m* (v - u)*((v- u)?)
S”Mp[[uw uv}vf—/lp}
G”M/)uﬂ<uvf—lp>
4im{[u", S - u},f_//}u,l
dim[{u", S - u},f_/}v,l
4im{[u,v - u],f_/}Sl
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TABLE V. (Continued)

i

o

o

47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
71
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94

[{u, u’“},f_”’l]ysnD,, +H.c.
{ut, [u*, f_,1}rsy.D; + Hec.
{w, [u*, f_*1}rsv.D, + Hee.
{uw, [u,, f*1}ysr,D, + He.
([, W f_,)ysy* DY + Hee.
([utys uﬂ]f_M)ySy”D” + H.c.
{w, [u,, "**|}ysy,D; + H.c.
{[u*, u"], h/}ysny,l + H.c.
[{u*, u"}, h/]ySyl,Dﬂ + H.c.
{[w*. "], h,*}ysy,D, + H.c.
[{u#, u"}, h/]ysnD,, + H.c.
{u, [ui, hﬂ”]}ysny,l + H.c.
{u", [u?, h,*1}ysy,D, +H.c.
([, u*lhy;)ysy* DY + H.c.
([uy,, u ]h 2175y DY + H.c.
e ([u, u,), f—;°1D,, + H.c.
e’“”lﬂ{{uﬂ, u”},f_wl}D,m +H.c.
e"””[[uw ul, f_,,]D,, + H.c.
€”Mp{uw {f—vl’ ug}}Dpo + H.c.
e ({u,, u,}f_;,)D,° + H.c.
ey, (u,f_,°)D, + H.c.
6‘/'“"}’/,1,{ < Gf l/l)D c + H'C'
e"”‘/’u (u,f_,,)D,s +H.c.
¢ f_,(uu,)D,;” + Hee.
e ([u,, ul,], h;°|D,, +H.c.
e””’lpuﬂ(ulh/,g)Dy" + H.c.
{u, u}. f]ysyiD,., + H.c.
[{u”, u’}, h’lﬂ}ysnDW, + H.c.
{[w", u], hA”}y5yﬂDw, +H.c.
{u", [u*, h‘/’]}ySyﬂDw, + H.c.
{u?, [u, hip]}ys}/MDm, + H.c.
([u,, uy]hip)ysy"D”’l” + H.c.
i{[uy ), 1}
i{”w [”wflf:]}
i{ [y, w, ] 15)
{w' {wy. f£} Y01
[, [uy,, f)]ona
{w, {u [} Yo,
[”ﬂ’ [”i~f’f]}5u/1
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