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We investigate roads for evaluating model-independent cross-section-distribution functions for the

sequential-hyperon decay X° — Ay; A — pz~ and its corresponding antihyperon decay. The X° and Z°

hyperons are produced in the reaction ete™ — J/y — EY%0. Cross-section-distribution functions

are calculated using the folding technique, but a comparison with results using the helicity technique

is also made.

DOI: 10.1103/PhysRevD.103.033001

I. INTRODUCTION

The BESIII experiment [1] is exploring new venues into
hyperon physics, based on e e~ annihilation into hyperon-
antihyperon pairs. In a recent paper [2], we investigated
in some detail the reaction ete™ — J/y — X0 and its
associated decay chains X° — Ay; A — pa~ and £° — Ay;
A — pz™. By measuring this process in the vicinity of the
J /w-vector-charmonium state, one gains information on
the strong baryon-antibaryon-decay process of the J/y-
vector-charmonium state and also, it offers a model-
independent way of measuring weak-decay-asymmetry
parameters, that in turn could probe CP symmetry [3].

The diagram for the basic reaction eTe™ — J/y — £°2°
is graphed in Fig. 1. Its structure is governed by two
vertices. The strength of the lepton-vertex function is
determined by a single parameter, the electromagnetic-
fine-structure constant a,, but two complex form factors
GY(s) and GY%(s) are needed for the baryonic-vertex
function. However, we shall not work with the form factors
themselves but with certain combinations thereof: the
strength of form factors D, (s); the ratio of form-factor
magnitudes 7#,,(s); and the relative phase of form factors
A®,,(s). These form-factor combinations are defined in
Appendix A.

The theoretical description of the annihilation reaction of
Fig. 1 can be found in Ref. [4]. Accurate experimental
results for the form-factor parameters 7, and A®,, and the
weak-interaction parameters a, (a3 ) for the J/y annihila-
tion process are all reported in Ref. [3]. In addition, the
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graph can be generalized to include hyperons that decay
sequentially.

Our analysis of the cross-section-distribution function
for the annihilation reaction ete™ — J/y — 220, fol-
lowed by its subsequent hyperon decays, starts from the
master formula of Ref. [2], and which is reproduced in the
following section. The purpose of our investigation is to
find out which coordinate choice would be most convenient
when evaluating the master formula, and at the same time
being able to compare our result to those of others.

II. MASTER FORMULA

In several previous publications we studied e e~ anni-
hilation into hyperon pairs Y'Y and the subsequent decays
of those pairs. Photon as well as charmonium induced
annihilaton was considered. In the present investigation we
limit ourselves to the hyperon-decay chain X0 — Ay;
A — pz~, and its corresponding antihyperon-decay chain
30  Ay; A = px*, again when simultaneously occurring
in the reaction ete™ — J/yr — X0%0.

In Ref. [2] it was shown that the cross-section-
distribution function for a J/y induced joint production
and subsequent decay of a X°X° pair can be summarized in
the master formula

_do
 dQyo

x [@} db(Z0, A, p:SO. R, 5). (2.1)

do

(efe™ = J/y — X0%0)

As can be seen the master formula involves three factors,
describing the annihilation of a lepton pair into a hyperon
pair, the folded product of spin densities W(€) representing
hyperon production and decay, and the phase space element
of sequential hyperon decays. Each event is specified by a
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FIG. 1. Graph describing the psionic annihilation reaction

ete” = J/y - £9%0. The same reaction can also proceed
hadronicly via other vector-charmonium states such as y’ or
w(2S), or electromagnetically via photons.

nine-dimensional vector & = (6, QA,QI,,Q,-\,Q,—,), with 6
the scattering angle in the e*e™ — X0X0 subprocess.

Following Refs. [4,2] we write the cross-section-
distribution function for the J/w induced annihilation
reaction ete” = J/y — X020 as

do
dgzo

(ete™ = J/y — 2059)

P Ay %y
== D, (s)R,
k(s— m&,)2 + mg,l"(ml,,) "’(S)

(2.2)

where the strength function D, () is defined in Appendix A,
and the structure function R in Appendix B. The electro-
magnetic-coupling constant «, is determined by the
electromagnetic-decay width I'(J/yy — e"e™), and the had-
ronic-coupling constant «, similarly by the hadronic-decay
width T'(J /yr — £°£0), as illustrated in Fig. 2.

The differential-spin-distribution function W(€) of
Eq. (2.1) is obtained by folding a product of five spin
densities,

FIG. 2. Graph describing the reaction e*e™ — Z%°, and the
subsequent decays, X° — Ay; A — pr~ and £° — Ay; A — prt.
The reaction graphed can, in addition to photons, be mediated by
vector charmonia, such as J/y, ' and w(2S). Solid lines refer to
baryons, dashed to mesons, and wavy to photons.

W(E) = (S(ny, n50)G(nyo,m,)G(np, 1)

x G(ng,nz)G(ngz.ny)),, (2.3)
in accordance with the prescription of Ref. [5] and of
Eq. (5.1). The folding operation {...), applies to each of the
six hadron spin vectors, nyo, ..., Nj.

The function S(nyo,ns0) represents the spin-density
distribution for the %% hyperon pair. This function also
depends on the unit vectors lyo and lso, which are unit
vectors in the directions of motion of the X% and X°
hyperons in the center-of-momentum (c.m.) frame of the
event. The four remaining spin-density-distribution func-
tions G(ny, .ny,) represent spin-density distributions for
the hyperon decays X° — Ay; or A — pz~, or their anti-
hyperon counterparts.

The spin-decay-distribution functions G(ny .ny,) are
normalized to unity, which means their spin indepen-
dent terms are unity. However, for convenience the spin-
density-distribution function S(nso,nso) is normalized
to R.

The phase-space factor, d®(X°, A, p;Z°, A, p) of the
master equation, describes the normalized phase-space
element for the sequential decays of the two baryons X°
and X0,

dd (20, A, p; £ A, p)

[(Z° - Ay)dQ, T'(A - pz7)dQ,

(X - all) 4= T(A - all) 4z
[(E0 > Ay)dQi [T(A — pr)dQ;

T(E > all) 4r  T(A > all) 4r

= dQZO .

(2.4)

The widths are defined in the usual way. For ['(Z° — Ay)
this means forming an average over the X° spin directions,
and summing over the A and y spin directions. However,
since the X — Ay decay rate is 100% we also have
I - Ay) =T(Z° - all).

The angles Q, define the direction of motion of
the A hyperon in the X° rest system, the angles Q, the
direction of motion of the p baryon in the A rest system,
and so on.

III. e*e~ ANNIHILATION INTO X°Z° PAIRS

The cross-section-distribution function for e™e™ annihi-
lation into a X°Z° pair appears in two places in the master
formula of Eq. (2.1). The unpolarized-cross-section-
distribution function is a prefactor in the master formula,
and the hyperon-spin-density-distribution function enters
as a factor in the spin-density-distribution function
of Eq. (2.3).

The cross-section distribution for polarized-final-state
hyperons was derived in Refs. [2,4] as
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do
dQEO
P a,a,D,,(s)
4k (s — mg,)2 + mg,F(mW)

(ete™ = J/y — 20%9)

S(nzo,nio), (3.1)

where D, (s) is the strength function of Eq. (A1), nyo and
nso the spin vectors of the X and X hyperons, and
S(nyo,ns0) the spin-density-distribution function for the
final-state hyperons. This spin-density-distribution func-
tion is normalized so that its spin-independent part equals
R, with

R =1+ n,,c0s%0, (3.2)
according to Eq. (B1). Consequently, summing over the

final-state-hyperon polarizations gives the unpolarized
cross-section-distribution function

do _
+ ,— 2020
P Ay %y
== D,(s)R. (3.3)
k(s— ms,)2 + m&,l“(mv,) v

The branching rate for the decay channel J/y — X% is
(1.07 £ 0.08) x 1073, and for the channel J/y — AA it is
(1.89 £ 0.09) x 1073 [6].

For a spin-one-half baryon of four-momentum p, the
four-vector spin s(p) is related to the three-vector-spin
direction n, the spin in the rest system, by

s(p.m) = L(pl.EB) + (O.ny). (34

Longitudinal and transverse directions of vectors are
relative to the p direction.

In the global c.m. system kinematics simplifies. There,
three-momenta p and k are defined such that

Pz = —Pso =P, (3.5)

k., =-k, =k, (3.6)

and the scattering angle 6 such that cos @ = p - k. For the
20 and £° unit vectors lyo and lso, we have lyo = —lso = .
The spin-density-distribution function S(nso,nso) is a
sum of seven mutually orthogonal contributions [7],
S(l’lzo,nio) :R—I—SN-IIEO —I—SN'nio +Tln>:0 -f)llio f)
=+ Tznzol ‘Nso, + T3nzoJ_ . Rniol . R/Sil‘lze
+ T4(nzo -pnso - k +nso - Pnso - l%)/sin@,
(3.7)

where N is normal to the scattering plane,

1 .
N=—pxKk.

sin @ (3:8)

The six structure functions R, S, and 7 of Eq. (3.7) depend
on the scattering angle 6, the ratio function 7,,(s), and the
phase function A®,,(s). For their definitions we refer to
Appendix B, but be careful, our original definitions were
slightly different [7].

IV. ASSORTED SPIN DENSITIES

To be able to calculate the differential-distribution
function of Eq. (2.3) we need in addition to the spin-
density-distribution function for the X°X° final-state pair,
the spin-density-distribution functions for the decays X° —
Ay and A — pn~, and their antiparticle conjugate decays.

Weak decays of spin-one-half baryons, such as
A — pr~, involve both S- and P-wave amplitudes, and
the spin-density-decay distribution is commonly parame-
trized by three parameters, denoted afy, and which fulfill
a relation

a+ 4y =1. (4.1)
Details of this description can be found in Refs. [8] or [2].

The  spin-density-distribution ~ function G(ny.,n,),
describing the decay A — pz~, is a scalar, which we
choose to evaluate in the rest system of the A hyperon,
to get

G(nA,np) =1 —l—aAnA-lp —i—aAnp 'lp +nA-LA(nP,1p),
(4.2)

with the vector-valued function L(n,,1,) defined as

LA(np’ lp) =yan, + Kl - yA)np : lp]lp +ﬁAnp X lp'
(43)

Here, n, and n, are the spin vectors of the A hyperon
and the p baryon, and 1, a unit vector in the direction of
motion of the proton in the rest system of the A hyperon.
The A indices remind us the parameters refer to a A decay.
An important aspect of the spin-density-distribution func-
tion is its normalization. The spin-independent term
is unity.

The spin-density-distribution function G(nz.nj) for
the antiparticle-conjugate decay A — pz* has exactly
the same functional structure as G(m,,n,), but the
decay parameters take other numerical values. For CP
conserving interactions the asymmetry parameters of the
A-hyperon decay are related to those of the A-hyperon
decay by [9,10]

Pr = —P;. (4.4)

an = ~ax, YA = YA-
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Numerical values for the weak-interaction parameters
are given in Ref. [6]: for the decay A — pz~ we have
[@ = 0.732 + 0.014], and [¢ = arctan(B/y) = —6.5 £ 3.5];
and for the decay A — pa™, we have [a = —0.758 &
0.010 £ 0.007].

Next, we turn to the electromagnetic M1 transition
0 — Ay. It is caused by a transition-magnetic moment,
of strength

psp = eF3(0)/(my + my). (4.5)

The normalized-spin-density-distribution function for a
>0 — Ay transition to a final state of fixed photon helicity
4, is, according to Ref. [2],

G,(ng,np;4,) =1-ng-L1L -ny+4,(ng-1,—ny-1,),
(4.6)

where 1, is a unit vector in the direction of motion of the
photon, and 1, = —ly a unit vector in the direction of
motion of the A hyperon, both in the rest system of the X°
baryon. The photon helicities 4, take on the values +1.

We notice that when both hadron spins are parallel or
antiparallel to the photon momentum, then the decay
probability vanishes, a property of angular-momentum
conservation.

Summing, in Eq. (4.6), the contributions from the two
photon-helicity states gives the normalized-spin-density-
distribution function

G(ng,np) =1-ny-L1L -ny. (4.7)

The normalized-spin-density-distribution function for
the conjugate transition, ° — Ay, is obtained by replacing,
in expression (4.7), the particle spin vectors nyo and n, by
the antiparticle-spin vectors nso and njy.

V. SEQUENTIAL DECAY OF HYPERONS

A factor of our master formula for hyperon production
and decay, Eq. (2.1), is the differential-spin-distribution
function W(E) of Eq. (2.3), which is obtained by folding a
product of five spin densities. The folding prescription
is especially adapted to spin one-half baryons. A folding
operation implies forming an average over intermediate-
spin directions n according to the prescription of Ref. [5],
(m-kn-1), =k-1. (5.1)
The spin-density distribution W(ng,n,) for the decay
chain X - Ay; A — pn~ is obtained by folding the
product of the spin density distributions in the decay chain.
We obtain

W(nyp.n,) = (G(np,ny)G(npm,)), . (52)

where the two spin-density-distribution functions on the
right-hand side are defined in Egs. (4.7) and (4.2).
Performing the folding operation gives

W(nzo,np) = Uz() + nEO . VZO, (5.3)
Up = 1+aym, -1, (5.4)
Vyo = —LfasL, -1, +n, - Ly(L, 1)), (5.5)

and the same for W(nso,nj).

VL. PRODUCTION AND DECAY OF X% PAIRS

Now, we come to our final task: production and decay of
X030 pairs. The starting point is the reaction et e~ — X0,
the spin-density-distribution function of which was calcu-
lated in Sec. III, and named S(nyo, nso). The spin-density-
distribution function W(ng,n,) which represents the
decay chain X — Ay; A — pa~ was calculated in Sec. V,
and so for the antichain-decay function W(ngo,nj5).

The final-state-angular distributions are obtained by
folding the spin distributions for production and decay,
according to prescription (5.1). Invoking Eq. (3.7) for the
production step and Eq. (5.3) and its antidistribution for
the decay steps, we get the differential-spin-density-
distribution function

W(E) = (S(ngo. ngo)W(ngo, m, )W (ngo.np))y
= RUsoUso + SUsoN - Vo + SUsoN - Vo
+ 71V - PpVso - p+ T, Vo, - Vo
+7T5Vso, -kVso, - k/sin%0
+ T 4(Vso - pVso, -k + Vso - pVyo, - K)/siné.
(6.1)

The functions Uso and Vyo are defined in Sec. B, and

Ugpo =1+axn, -1, (6.2)

Vso = =L[aal, -1, +n,-Lx(1,,-1,)].  (6.3)
We observe that Uso depends on the weak interaction
parameter a,, whereas Vyo in addition depends on the
parameters S, and y, through the vector function L,
of Eq. (4.3).

The angular distributions of Eq. (6.1), which are the most
general ones, still depend on the spin vectors n, and nj. In
case we are satisfied with considering their averages, then
the variables U and V simplify,
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Uio =1,
Uso = 1,

VEO == _aAlA . lplA7
(6.4)

When Uso = Uso = 1 the effect of the folding is to make
the replacements nyo — Vyo and nso — Vso in the spin-
density function S(nyo, nso) of Eq. (3.7). We notice that the
U and V variables now are independent of the weak-
asymmetry parameters f, and y,.

Inserting the expressions of Eq. (6.4) into the spin-
density function of Eq. (6.1), we get

W(E) =R —apySN- 1,1, -1, —azSN - Izl; - 1,
+apagly - LIz - 1[T 1, - ply -
+Toly, 15, + T3l,, -Kly, - k/sin%0
+T4(ly - Plas - K + 15 - plas - k)/sind).

o>

(6.5)

Thus, this is the angular distribution obtained when folding
the product of spin densities for production and decay.
These results were previously reported in Ref. [2].

VII. DIFFERENTIAL-SPIN DISTRIBUTIONS

A closer inspection of the differential-spin-density-
distribution function of Eq. (6.5) shows that the weak-
interaction parameters a, and aj always come in the
combinations axl, -1, or ajlj - 1;. Therefore, it is con-
venient to define the following functions:

/1/\(0/\[)) :aAlA-lp :aACOS(eAP), (71)

/1/‘\(9[\1—7) :a,-\l/-\-ll—, :a[\COS(QAI—,). (7.2)

Then, the differential-spin-density-distribution function of
Eq. (6.5) can be rewritten as

W(E) = R — [1\0n + 21;305]S

+ MO T ) + 02T, + 03T+ 04Ty, (7.3)

with the argument € a nine-dimensional vector € = (0, Q,,
Q,.Qz,Q;) representing the scattering angle and four
directional-unit vectors of particle motion.

The six structure functions R, S, and 7 are functions of
the scattering angle € and the ratio of form factors 7,,. The
six kinematic Q functions are functions of 1, and 1;. Their
dependencies on the unit vectors 1, and 15 reside solely in
the functions 1, and A3 of Egs. (7.1) and (7.2).

The analytic expressions for the six functions Q(I,, 15)
are obtained by comparing Eqgs. (6.5) and (7.3),

Or =N-14,
0 N-1;,
0, =1,-plx-p,

>
I

Or =151 - 154,
05 =1, -kl5, - k/sin20,

Qs =[x Pli, -k +15-ply, - K]/sing.  (7.4)
Here, longitudinal and transverse components of vectors
are defined relative to p, the direction of motion of the X°
hyperon.

The differential-spin-density distribution of Eq. (7.3),
and the angular functions above, depend on a number of
unit vectors; p and —p are unit vectors along the directions
of motion of the ° and the £° in the c.m. system; k and —k
are unit vectors along the directions of motion of the
incident electron and positron in the c.m. system; 1, and 13
are unit vectors along the directions of motion of the A and
A in the rest systems of the ° and the £°; and 1, and 1, are
unit vectors along the directions of motion of the p and the
p in the rest frames of the A and the A.

VIII. SPIN POLARIZATIONS

As an application we shall now investigate what can be
learned by concentrating our attention to the proton leg.
The spin-density-distribution function A(n,,, n;) for final-
state-spin vectors n,, and nj is described by Eq. (6.1). We
start by averaging over the final-state antiproton-spin
directions nj, to get

W(np) = <W(np’ n}‘?)>nﬁ

= (X, + X,) + aX, + bX,, (8.1)
where the functions X, and X, are defined as
X, =R —130;S. (8.2)

Xp = =An0OAS + R[0T 1 + Q0T + 0373 + Q4T 4],

(8.3)

and the functions a and b as
a=oayn,-1,, (8.4)
b=-n,- LA (14, —lp). (8.3)

Since the vector-valued function L, (—I,,~1,) is defined
in Eq. (4.3), and X = X, + X, equals W() of Eq. (7.3), it
follows that in this particular case the final-state-proton
polarization P, becomes
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Pp = (aAXalp —XbLA(—lA,—lp))/X. (86)
Hence, apart from the A weak-interaction parameters, the
final-state-proton-polarization vector is built on the vectors
1, and L.

It is instructive to compare this result with the spin-
density-distribution function G(n,.m,) of Eq. (4.2)
describing the decay A — pz~. For a A hyperon of initial-
state poarization n, = P,, the spin-density-distribution
function reads

G(PA,np) =1+ aAPA . lp —I—aAnp . l]) + PA . LA(np,lp),
(8.7)

and implies a proton polarization

l)[7 = (aAlp—LA(—PA,—lp))/(l —l—aAPA-lp). (88)
We immediately notice the similarity between the final-
state-proton polarizations of Egs. (8.6) and (8.8).
However, it should be remembered that the spin polari-
zation P, of Eq. (8.6) is only one of many possible.

IX. GLOBAL ANGULAR FUNCTIONS

The differential-spin-density distribution (6.5) is a func-
tion of several unit vectors. In order to handle them we need
a common coordinate system, which we call global and
define as follows. The scattering plane of the reaction
ete™ — X%V is spanned by the unit vectors p = lyo and
k =1,, as measured in the c.m. system. The scattering
plane makes up the xz plane, with the y axis along the
normal to this plane. We choose a right-handed coordinate
system with basis vectors

ez:fL
e —L(A x k)
A
1 .
=——(p P, 9.1

and where the initial-state-lepton momentum is decom-
posed as

A

k = sinfe, + cosfe,. (9.2)
The reason we call this coordinate system global is that
we use it whenever studying a subprocess of the e*e™
annihilation.

In spherical xyz coordinates the unit vectors 1, and 13
associated with the directions of motion of the A and A
hyperons are

1y = (cos ¢y sin By, sin¢hy sin 6, cos b)),
(9.3)

15 = (cos ¢b5 sin O5, sin b5 sin O, cos 03).

However, in order to make our formulas more transparent
we introduce the notations 1, = E = (E,,E,,E;) and
I =F = (F,, Fy, F.). In this Cartesian notation, the
expressions for kinematic functions Q(l,,153) of Eq. (7.4)
are

QA = Eya Q]\ = Fy’
Ql = Eze’ Q2 = Exe +EyFy7
O3 = E,F,, 04 = Esz + EZFX' (94)

Inserting them into Eq. (7.3), the differential-spin-density-
distribution function becomes

W(E(Q))

=1+n,cos’0— /1 —n; sin(AD,, ) sinfcosO[A\E, + ;1 F,]

2R [(1 41, ) E.F. +sin*0(E F,— E.F,—n,E,F,)

+4/1=n,2cos(AD,, )sinfcosO(E . F,+E_F,)]. (9.5)

Now, the phase-space-angular variables are hidden inside
the E(0,, ) and F(05, ¢5) functions.

The differential-spin-density-distribution function W (€)
of Eq. (9.5) involves two parameters related to the e*e™ —
3030 reaction that can be determined by data: the ratio
of form factors 7,,, and the relative phase of form factors
A®,,. In addition, the distribution function W(€) depends
on the weak-asymmetry parameters a, and aj of the two
Lambda-hyperon decays. The dependencies on the weak-
asymmetry parameters f and y drop out, when final-state-
proton and antiproton spins are unidentified.

An important conclusion to be drawn from the differ-
ential distribution of Eq. (9.5) is that when the phase A®,,
is small, the parameters a, and aj are strongly correlated
and therefore difficult to separate. In order to contribute to
the experimental precision value of @, and aj; a nonzero
value of A®,, is required.

X. GLOBAL2 ANGULAR FUNCTIONS

In the global2-coordinate system, the scattering plane
of the reaction ete™ — X%0 is still spanned by the unit
vectors p = lyo and k = 1, as measured in the c.m. system,
and with scattering angle cos 0 = k- p. Again, the scatter-
ing plane makes up the x'z’ plane, and the y’ axis is normal
to this plane. In the x'y'7’ coordinate system we choose a
right-handed set of basis vectors
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eQ:lA(,
e :—1 (k x p)
Y sin@ ’
1 - .
= ——(kxp k. 10.1
¢ = (kx p) x (10.1)

We observe that by this definition the xyz and x'y'7
coordinate bases are related by an interchange of the p
and k momenta. Moreover, in global2 coordinates the final-
state-hyperon momentum can be decomposed as
p = sinfe), + cosfe., (10.2)
with N = —e{ normal to the scattering plane, for N defined
in Eq. (3.8).
In spherical x'y'7’ coordinates the unit vectors 1, and 13

associated with the directions of motion of the A and A
hyperons are

I, = (cos @), sin @, sin @), sin @y, cos &, ),

15 = (cos ¢ sin 65, sin ¢’; sin &5, cos 65 ), (10.3)
and similarly for the unit vectors 1, and 1;. More generally,
we use the prime notation for vectors in global2 coordi-
nates, 1, = E' = (E},E},E}) and 1 = F' = (F\, F}, F’).

In order to be able to determine the spin-density-
distribution function in terms of the angles of Egs. (10.3),
first we need to determine the angular dependencies of the
six kinematic functions Q(1,,15) of Eq. (7.4). In principle,
this is straightforward but it turns out to be more involved
than for the global case, since some of the Q(l,,13)
functions will depend on the scattering angle 6.

The basis vectors of Egs. (10.1) and (9.1) are related by

e, = —cosde), +sinfel,

/

€, = —¢€,

¥
e, =sinde) + coslOe’. (10.4)
From this relation one obtains a corresponding relation
for the xyz components F;, and the x'y’z’ components F",

of the directional unit vector 15 = F associated with the A
hyperon,

F, = —cosOF + sinOF’,
F,=-F;,
F. = sinOF, + cos OF",, (10.5)
and the same for the A hyperon case.

The new set of the six Q(l,,13) functions of Eq. (7.4)
is obtained by replacing global-vector components by
global2-vector components, which give

Op = —E,
Ox = —-F},
0, = (sinOF', + cos OF.)(sin OF, 4 cos OF"),
0, = 03 + E}F,
03 = (—cosOF', + sinOE.)(— cos OF ' + sin OF",),
Q4 = (—cosOF + sin OF ) (sin OF; + cos OF")
+ (sinOF', + cos OE.)(— cos OF, 4 sinOF",). (10.6)

This global2 set of functions has a decidedly more
complex dependence on the scattering angle 6 than the
global set of Eq. (9.4), which is independent of the
scattering angle.

The differential-distribution function as defined in
Eq. (7.3) now takes the form

W(E(Y))

=1+n,cos’0+
+ i [(1+n,) 0 +sin?0((Q3 = 01) +1, (03— Q1))
+/1-1,7cos(A®, ) sinfcos0Q,]. (10.7)

with the functions Q(€') of Eq. (10.6).

This ends our involvement with x'y’z’ global2 coordi-
nates, since the xyz coordinates seem considerably easier to
work with.

1=z, sin(A®,,) sinfcosO[A\E, + Az F))]

XI. CROSS-SECTION DISTRIBUTIONS

The differential-cross-section-distribution  function
WI(E(Q)) of Eq. (7.3) is a Cartesian scalar. Its argument
& is a nine-dimensional vector & = (0,Q,,Q,,Q3,Q;),
which represents the scattering angle and four directional-
unit vectors of particle motion. In view of the findings of
the previous sections, we propose evaluating this cross-
section-distribution function in the global xyz coordinate
system of Eq. (9.1), and so for each event.

The desired expression for the cross-section-distribution
function W(E(Q)) is in our global coordinates already
known, and displayed in Eq. (9.5), where the symbol Q
refers to spherical angles, Q = (6, ¢), in the xyz coordinate
system.

It might be remembered we introduced the notation
E =1, and F = 1, with Cartesian components as defined
in Eq. (9.3). A unit vector such as 1,, which is a unit vector
in the direction of motion of the A hyperon in the rest
system of the X° hyperon, can be expressed in either
Cartesian xyz or spherical-angular variables,

I = (Inxs Ipys In;) = (COSp sinBy, singhy sinby, cos6)).
(11.1)
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The decomposition into spherical coordinates needs to be
known since in our treatment the phase-space element dQ2,
is expressed in terms of spherical-angular variables.

It was already noticed in Sec. VII that the angular
variables €, and Q; only appear in the multiplicative
parameters A5 (6,,) and 45(6; ;) of Eqgs. (7.1) and (7.2).
Averaging these parameters over 2, or £ give a vanishing
result, as e.g.,

dQ
/—paA cos(6,,) = 0. (11.2)
4n

The phase-space element d®(€) of Eq. (2.4), associated
with the spin-density-distribution function W(E), is nine-
dimensional as the dimensionality of the & vector. The
corresponding nine-dimensional-cross-section distribution
is that of the master formula Eq. (2.1). Certainly, it should
be possible to determine the weak-interaction parameters
a,(ag), and the amplitude parameters 7,,(s) and A®,,(s),
from this distribution.

Lower dimensional cross-section distributions may con-
tain as much information as the nine-dimensional one. To
investigate this claim let us integrate over the antihyperon
angles Q; and Qgo. The result is a five-dimensional cross-
section-distribution function

dQﬁ inO o ’
I dr W) =W(E), (11.3)
with & = (0.Q,.9,), and
WI(E) =R —r0\S,
—R(0.n,) — axN- 11, -1, S(0.AD,). (11.4)

Thus, we realize the five-dimensional cross-section-
distribution function contains as much information as the
nine-dimensional one.

A further reduction of phase-space into a three-dimen-
sional space can be obtained by integrating over the
hyperon angles Q,, giving

dQ/\ AN 7
i) = wee, (11.5)
with & = (6,9,,), and
W(E") = R = Ar0AS,
— R(0,n,) - %aAN 1,50,A9,).  (11.6)

Since N = e, it follows that N-1, =1, = sin¢g,sin6,.
Again we are forced to conclude that the three-dimensional
phase-space harbors as much information as the nine-
dimensional one.

We end our investigation with a remark on polarization.
If we integrate the cross-section-distribution function over
the antiparticle leg, which will then be the polarizations of
the X and A baryons? After the integration, we get the X°
polarization from Eq. (3.7)

Py = S/RN, (11.7)

and, similarly, the A polarization can be picked out from
Eq. (6.5)

Thus, the polarization of the X is directed along the normal
to the scattering plane, and the polarization of the A
directed along its own momentum.

XII. SUMMARY

This is a study of joint production and simultaneous
sequential decay of X°Z° pairs produced in e*e~ annihi-
lation. It starts from a master formula which is a product of
three factors, describing: the annihilation of a lepton pair
into a hyperon pair, the spin-density distribution W (€)
representing the spin dependence in hyperon production
and decay, and the phase-space element in sequential
hyperon decay. Each measured event is specified by a
nine-dimensional vector & = (6, Q,, Q,, Q3, Ql—,), with @
the scattering angle in the e*e™ — XX subprocess.

The dynamics of the process is described by four unit-
three vectors 1,, 15, 15, 13, directed along the directions
of motion of the final state baryons (Qp, Q),Q5,Q 1) We
have arranged so that the spin-density-distribution function
can be written as

W(E) = R — [20n + 1:04]S
+ WA T + 02T, + Q3T 5 + Q4T 4.
(12.1)

Here, the six functions R, S, and 7 are functions of the
scattering angle € and the ratio of form factors 7,,, whereas
the six functions Q are functions of 1, and l3, and of
p = Iyo and k = 1,. The unit vectors 1 » and 15 only enter the
weak-asymmetry functions 4, and A3 of Egs. (7.1) and (7.2).

It remains to connect the four kinematic unit vectors to
measured quantities. To this end we imbed Cartesian-
coordinate systems in our events. Then, with the Lambda
hyperon as an example,

In = (Inxs Ipys ;) = (cOS pp sin 6, sin by sin By, cos @y).
(12.2)

Our preferred coordinate system is named global and has
the xz plane as scattering plane, and p along the z direction.
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In global coordinates the building blocks of the spin-density-
distribution function V() in Eq. (12.1) have the simple
structure mentioned above. In particular, the six Q functions
are independent of the scattering angle 6.

An alternative to global coordinates is helicity-like coor-
dinates, when the x'7’ plane is the scattering plane, and k
directed along the 7z’ axis. Several of the Q functions now
depend on the scattering angle @ in a complex way, even
though the two coordinate systems are related by a rotation.
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APPENDIX A: BARYON FORM FACTORS

The diagram in Fig. 1 describes the annihilation reaction
e (k))et(ky) — Y(p,)Y(p,) and involves two vertex
functions: one of them leptonic, the other one baryonic.
The strength of the lepton-vertex function is determined by
the fine-structure constant «,, but two complex form factors
GY(s) and G%(s) are needed for a proper parametrization
of the baryonic vertex function, as of Ref. [4]. The values of
these form factors vary with energy, s = (p, + p,)>.

The strength of the baryon form factors is measured by
the function D, (s),

D, (s) = s|Gy|* + 4M?|GY,

2 (A1)

with the M-variable representing the hyperon mass. The
ratio of form factors is measured by 7, (s),

_s|Gy P —4MP |G
- s|GY P+ AaMP G

My (5) (A2)

with 77,, (s) satistying —1 < ,,(s) < 1. The relative phase of
form factors is measured by A®,,(s),
Gk
Gy

_ pino, ()] GE
Gy

. (A3)

A model involving both strong and electromagnetic
amplitudes, and simultaneously describing the J/y decays
into baryon-antibaryon pairs, J/y — YY, is investigated
in Ref. [11]. The model parameters are determined by
fitting to available experimental data. For the parameters
we need, those of the decay J/y — X%, experimental
data exist [12]. In particular, [, = —0.467 4= 0.014] and
[AD, = 0.092 £ 0.030].

APPENDIX B: STRUCTURE FUNCTIONS

The six structure functions R, S, and 7 of Eq. (3.7)
depend on the scattering angle 6, the ratio function 7, (s),
and the phase function Ad),,,(s). To be specific [4,7],

R =1+ n,,c08%0, (B1)

S = /1 —n; sinfcosfsin(AD,,), (B2)
T, =n, + cos®0, (B3)
T, = —n,,sin*0), (B4)
T3 = (1+n,)sin’0, (BS)
T, =1/1—mnsinfcos@cos(AD,,). (B6)

The parameters 7, and A®,, are defined in Egs. (A2)
and (A3). The function 75 of Eq. (BS) differs from the
corresponding function 7 5 of Ref. [2] by the sin? @ factor.
Similarly, the function 74 of Eq. (B6) differs from the
corresponding function 74 of Ref. [2] by the sin @ factor.

APPENDIX C: INTRODUCING ANGULAR
VARIABLES

The angular functions Q(1,,13) of Eq. (7.4) and the A
parameters of Eqs. (7.1) and (7.2) are expressed in terms
of unit vectors such as 1, and 1,, which are not directly
measurable but which must be calculated. We suggest the
following approach.

For each event we imbed the particle momenta in its c.m.
system and with coordinate axes as defined in Eq. (9.1).
For the 2% hyperon the components of the momentum are,
by definition,

Pso = (0,0, 1). (C1)

Then, let us consider the proton and the hyperon of the
final state, with momenta p,, and p, in the c.m. system. In
the rest system of the Lambda hyperon L, denotes the
proton momentum, which is given by the expression

Lp :pp +BAppA7 (Cz)

1 1

By, =— |——
A ma EA—l-mA

p pA'pp_EA . (C3)

Now, the length of the vector L, is well known, being the
momentum in the hyperon decay A — zN, and therefore

1
L] = g [0+ 002 = )2 = don]

- (C4)

Hence, the unit vector 1, appearing in our equations
should be

1, =L,/|L,| (C5)

= (cos ¢, sin@,,,sing, sind,, cosd,). (C6)
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Also, the equation for 1, in the decay X0 — Ay is easily
written down, as are the corresponding equations for the
antiparticles, p and A.

APPENDIX D: HELICITY APPROACH

Working within the helicity formalism, Adlarson and
Kupsc [13,14] have derived an expression, Wy(E, F),
|

for the spin-density-distribution function describing
reaction, ete” = J/y = X950 = AyAy — prypaty.
Subsequently, this function has been employed by

Heikkild [12] for a study of hyperon-decay parameters.
The corresponding spin-density-distribution function in
the global formalism is Wg(E, F) of Eq. (9.5).
The two density-distribution functions can be unified
into a single equation,

Won(E,F) =1+ n,c080 4 (/1 — 2 sin(A®,,) sin @ cos O+ E, — 13 F,]
— a1+, )ELF. — sin0(E,F, £ E.F, £n,E,F,)

— /1 —n,?cos(A®,,) sinfcos O(£E, F, — E.F,)],

with the + symbol being + for Wy and — for W, and the
following shorthand notations being understood:

E(eAv d)A) = (Exv E_vv Ez)

= (cos ¢, sinby, sinp, sinfy,cos6y,), (D2)
F(el_\’ ¢/_\) = (Fx’ Fy’ Fz)
= (cos ¢y sin O3, sin g5 sinf5,cos03).  (D3)

The A factors of Eq. (D1) are originally defined in Egs. (7.1)
and (7.2),

/IA :aAcosé’Ap :aAlA-lp (D4)

/1/‘\ :a/‘\COSH/'\[—, :a/-\l,-\~l]—,, (DS)
where the angles 65, and 05 ; are the hyperon-helicity
angles.

In global coordinates the components of the unit vectors
E(Ox. #r) =1A(0r.¢a) and F(Ox.¢3) =15(05.44) of
Egs. (D2) and (D3), as well as the unit vectors 1, and
1;, are defined relative to the Cartesian base (%,9,2) =
(e,.ey,, e.) of Eq. (9.1). Inspection shows that in these
coordinates the differential-spin-density-distribution func-
tions Wg(E,F) and W(E (6, ¢), F(0x, ¢x)) of Eq. (9.5)
are one and the same function, identically,

Wo(E,F) = W(E(0,. §s). F(05.45)).  (D6)

Working in helicity coordinates implies working in
several coordinate systems in parallel. In the present
application it is conventional to consider two different
coordinate systems.

The first one is for particles, such as the A and their
decays, and spanned by basis vectors (%,9,2;) =
(—e,.,—e,,e.). To emphasize the coordinate system,

(D1)

|
components are marked by a ‘prime,” such that E'(0,¢) =
(EV.E\.E,) = (E,(Q).E,(Q),E,(Qf)), and with spheri-
cal coordinates Q. = (6, ¢Pl).

The second coordinate system is for antiparticles, such
as anti-Lambda and their decays, and spanned by basis
vectors (X, 9,,%,) = (—e,, e,,—e,). Vector components
are marked by a ‘bis,” such that F”(0, ¢) = (FY, Fy, F?) =
(Fo(QF). F,(QF),F.(QF)). Relations among basis
vectors lead to relations among components, e.g., E, =
—E.=—E".

Let us then return to Wy of Eq. (D1).

The spin-density function Wy, which is the one encoun-
tered in the helicity-based work, differs from the spin-
density function WWg, encountered in the global-based
work, through some signs. They can be absorbed into
the E and F functions, yielding new functions "E and "F
that satisfy, by definition,

Wu(E, F") = W ("E,"F). (D7)
From Eq. (D1) we deduce that a redefinition with this
demand can be achieved in two different ways:

("E,,"E,,"E.) = (—E}, —E}, E.),
(FFy,F2) = (=FYFY =F2); (A

and

('E,."E,."E) = (E\,~E},~E.),
("Fy"Fy,"F2) = (FYFY F2). (B)

We first check case (A).

By construction "E is a vector with components as given,
in the base X;y;Z;. Comparing the basis vectors of this
coordinate with those of the global-coordinate system X ¥ Z
we notice the minus signs match. Therefore, we have the
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relation (—E),—E},E.) = (E,,E,,E,); in short "E = E.
This represents a rotation by z around the Z axis.

Repeating this analysis for the F vector we get 7F = F.

Now, the rotation is around the Z axis. This all means that,

Wy(E F") = WG ("E,"F) = WG (E.F), (D8)
which in turn means that in the initial spin-density func-
tional Wy the vector E’ is a vector in the base %,9,%;, and
F” a vector in the base %,9,2,. In the global spin-density
functional W, the vectors E and F are vectors in the base
X 9 Z. Equation (DS8) is the connection we set out to prove.

Next, we turn to case (B).

We already have "F = F”, which is a vector in the base
X,9,2,. Concerning the "E we notice it involves a rotation
by z around the X axis, or equivalently, two successive
rotations around the y and Z axes.

Concerning the "E vector we notice the signs enter in
such a way that "E = E. Thus, we obtain a relation,

Wy(E,F") = W(E, F"), (D9)

between the helicity Wy and the global Wg spin-density
functionals. It follows that case (B) is not the relation we
were looking for, but it was fun anyway.

The relations of Egs. (D8) and (D9) can alternatively be
formulated as relations among spherical-angular coordi-
nates. The calculation is elementary and therefore we only
give results. Hence, for case (A) the relations between the
spherical angles of the A-directional-unit-vector E and
the spherical angles of the A-directional-unit-vector F as
required by the helicity (H) and global (G) calculations are

{QAHZHAG {GAH:ﬂ_gAG
dan =7+ Pag Pin =7 — Dic

The notation should be obvious. For case (B) the corre-
sponding relations read

{ Oz = Onc { Oxn = 06
Pan =1+ Ppc Din = Pic
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