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Generalized symmetries and 2-groups
via electromagnetic duality in AdS/CFT
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We discuss how electromagnetically dualizing a 1-form to a 2-form in AdSs exchanges regular
and alternate boundary conditions, and thus gauges the originally global U(1) symmetry in the dual field
theory. The generalized symmetry current dual to the 2-form in the bulk is identified as the dual field
strength of the gauged U(1), and the associated double-trace operator with a logarithmically running
coupling is just the gauged U(1) Maxwell action. Applying this dualization to an AdS Maxwell-Chern-
Simons theory dual to a global U(1) x U(1) model with a ’t Hooft anomaly results in a theory with a
modified field strength that holographically realizes a 2-group symmetry. We explicitly carry out the
holographic renormalization to verify this, and discuss the generalization to other rank fields in other

dimensions.

DOI: 10.1103/PhysRevD.103.026011

I. INTRODUCTION

Symmetries are a fundamental aspect of physics, and
their association with conserved charges and currents is a
deep principle. In recent years, it has become increasingly
apparent that it is useful to think about nonscalar conserved
quantities beyond the familiar energy-momentum. These
higher-rank conserved quantities are associated with so-
called generalized symmetries, which have become the
subject of much study since the work of Gaiotto, Kapustin,
Seiberg, and Willett [1]. An elementary example occurs
with a U(1) gauge field in four dimensions, where the dual
field strength behaves as a two-index generalized current
that is conserved in the absence of magnetic sources due to
the Bianchi identity.

Novel symmetry structures may also arise when these
generalized symmetries interplay with ordinary symmetries.
Cérdova, Dumitrescu and Intriligator have described how
gauging certain global symmetries with 't Hooft anomalies
leads to a generalized symmetry that for consistency must
also transform nontrivially under ordinary symmetries
of the theory, producing a so-called 2-group structure [2].
This 2-group structure can illuminate aspects of the
field theory, and is generalizable to cases with higher rank
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symmetries. Earlier developments of 2-group symmetries
include [3-10], while more recent work on 2-groups
includes [11-17].

Meanwhile, the AdS/CFT correspondence is a powerful
way to understand quantum field theories outside of the weak
coupling limit by means of a “holographic” dual gravitational
description living in asymptotically anti—de Sitter space
[18-20]. The quantum field theory “lives” at the boundary
of the bulk spacetime, and the boundary limits of bulk fields
are associated to field theory operators and their sources,
while holographic renormalization to remove divergences is
carried out by adding counterterms living at the boundary.
Symmetry properties of the field theory have natural realiza-
tions in the dual gravity picture; spacetime symmetries are
mapped to isometries of the metric, and global symmetries
are mapped to symmetries of fluctuating gauge fields. It is
natural that higher-rank generalized symmetries are realized
in the gravity dual by dynamical p-form gauge fields.

The holographic dual of a 2-form current in four-
dimensional conformal field theories is thus a 2-form
gauge field in AdSs, and this was studied by Grozdanov
and Poovuttikul [21] and Hofman and Igbal [22], who
noticed that the solutions to the ordinary Maxwell action
for the 2-form involve logarithmic behavior, which is not
compatible with conformal invariance [21,22]. This loga-
rithmic behavior is associated with the possibility of adding
to the field theory action a classically marginal “multitrace”
term bilinear in the 2-form current, whose coupling runs
logarithmically. More work on generalized symmetries and
AdS/CFT includes [23-25].

In this paper we explore this issue further, and find an
interpretation of the logarithmic behavior of the 2-form
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current. In the AdS/CFT correspondence, the boundary
conditions on bulk fields determine the identity of the
dual field theory operator. One set of “regular” boundary
conditions is always possible, but for certain fields one may
have additional ‘“alternate” boundary conditions where
what was the source now becomes the dual operator,
leading to an entirely different dual quantum field theory.
An ordinary 1-form gauge field in the bulk with regular
boundary conditions is dual to the current of a conserved
global U(1) symmetry, with a nondynamical background
gauge field as its source. However, were the 1-form gauge
field given alternate boundary conditions this background
gauge field would become dynamical, and the dual theory
would describe a gauged U(1). This was noted in the
context of AdS, by Witten [26], where the phenomenon
was related to bulk electromagnetic duality.

We observe that in five dimensions, a 1-form gauge field
A, and a 2-form B, are electromagnetic duals of each
other, and thus represent the same bulk physics. We may
ask how this relates to the physics in the dual field theory.
We indeed find that the electromagnetic duality exchanges
regular and alternate boundary conditions. Thus the 2-form
gauge field with regular boundary conditions describes the
dual physics of a 1-form with alternate boundary con-
ditions, that is, a dynamical U(1) gauge field. Indeed, the
electromagnetic duality map reveals that the conserved
two-index generalized symmetry current in the field theory
is nothing but the dual field strength of this gauged U(1).
Moreover, the associated multitrace operator is shown to be
simply the Maxwell action for this gauged U(1), and thus
the running coupling that breaks conformal symmetry is the
ordinary coupling of a QED-like theory coupled to electric
matter. Related observations, with an application to mag-
netohydrodynamics, are made in [21].

After going through the case of the 1-form and the
2-form in AdSs in some detail, we show how the statement
that electromagnetic duality in AdS exchanges regular and
alternate boundary conditions, and thus gauges the dual
global symmetry, holds for general rank p-forms in general
dimension. This is the gravity dual of the statement that
gauging any conserved generalized symmetry produces a
new generalized symmetry from the Bianchi identity of the
new dynamical gauge field.

We also examine an application of this relationship. In
[2], the expected gravity dual for a theory with a 2-group
symmetry was identified as a theory of a 2-form and a
1-form where the 2-form has a modified field strength. Also
in [2] a simple example of a field theory with a 2-group
structure was given, by starting with a U(1) x U(1) global
symmetry with a 't Hooft anomaly, and gauging one of
the U(1)s; the new generalized symmetry from the gauge
field combines with the remaining global symmetry to
produce a 2-group. In AdS/CFT, the global symmetry
model is realized by a pair of gauge fields in AdSs with
a Chern-Simons coupling capturing the 't Hooft anomaly.

We show that performing electromagnetic duality to replace
one of the gauge fields with a 2-form, thereby gauging the
associated U(1), leads precisely to the gravity theory with
modified field strength expected to capture the 2-group
structure, and verify in detail using holographic renorm-
alization that the 2-group structure is indeed present. We
also discuss the natural generalization to n-group structure
in arbitrary dimension. Other work on AdS/CFT and
2-groups with a focus on hydrodynamics recently appeared
in [27].

In Sec. I we recapitulate the ideas of boundary con-
ditions and holographic renormalization in AdS/CFT,
and study the 1-form and 2-form in AdS; in detail, showing
how their electromagnetic duality relation exchanges
boundary conditions and gauges the global symmetry,
before discussing generalizations to other forms in other
dimensions at the end of the section. In Sec. III, we review
the U(1) x U(1) 2-group model of [2], and show how
electromagnetic duality on the gravity dual Chern-Simons
theory produces the holographic dual to a theory with the
2-group symmetry, before commenting on the generaliza-
tion to n-groups. Two flowcharts are provided to summa-
rize the relations discussed. In Sec. IV we conclude.

II. ELECTROMAGNETIC DUALITY,
BOUNDARY CONDITIONS AND GAUGING
GLOBAL SYMMETRIES

In anti-de Sitter space, one must specify boundary
conditions for a dynamical field at spatial infinity, and
moreover the choice of boundary conditions affects the
identity of the corresponding operator in the dual field
theory and its dynamics. Rendering the action finite and
compatible with the boundary conditions involves the
addition of appropriate boundary counterterms, a process
called holographic renormalization.

We first review this for the more familiar case of a scalar
field, before turning to our primary subjects of study, the
l-form A, and 2-form B, in AdSs, and their relationship
via electromagnetic duality. We will see how alternate
boundary conditions for the gauge field A, which describe
a dynamical U(1) field in the dual field theory, can be
realized by ordinary boundary conditions for the magnetic
dual field B,,. This 2-form field is dual to a 2-form
conserved current, which is shown to be just the magnetic
field strength of the dynamical U(1) gauge field. Double-
trace boundary conditions are possible given an appropriate
choice of finite counterterm, which we identity as the
Maxwell action for this dynamical U(1).

A. Review of holographic renormalization

Consider a field ¢(X, ¢, r) living in (d 4 1)-dimensional
anti—de Sitter space, whose metric in the Poincaré patch we
take to be
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r? N
ds? = Gudxtdx" = ﬁnijdx‘dxf + 7dr2, (1)
where L is the AdS length scale, Greek indices denote
(d 4+ 1)-dimensional coordinates in the bulk, while
Roman indices denote d-dimensional coordinates on the
boundary (which exclude r), and 7;; is the d-dimensional
Minkowski metric. Solutions to the Klein-Gordon equation
L 0,/=99"0,¢ = m*¢ near the boundary look like

2A_ 128,

d(x,t,r > o) = a(X, 4+ p(X 1) it

:
d d\?

AL =—=% = 2L 2

c=5x)(5) +mrn @)

where a(X,f) and pS(X,r) are the leading terms in
each independent solution. Using the scaling isometry
X = {X,t = {t,r - r/{ we can see that a(X, 1) has scaling
dimension A_ and f(X, r) has scaling dimension A ; we
have inserted factors of L in (2) to make the engineering
dimensions match the scaling dimensions.

The bulk action evaluated on solutions to the equations
of motion generally diverges. This can be remedied by
cutting off the bulk space at some large radial coordinate
r = R, with induced boundary metric

2
ds* = h;jdx'dx) = 122 n;dx'dx’, (3)
and adding boundary terms to the action that cancel the
divergences as the cutoff is removed R — oo. In general,
the finite parts of these boundary counterterms can be
adjusted freely. This process is the bulk realization of the
process of regularizing and renormalizing a quantum field
theory, and goes by the name ‘“holographic renormaliza-
tion” [28-31] (for additional review, see [32,33]; for
additional developments, see [33,34]).

Moreover, boundary conditions for fields in AdS are
naturally associated to the choice of terms in the boundary
action. We demand the action be stationary on solutions to
the equations of motion, and while the bulk action will
always be so, in general the boundary part of the action is
only stationary when suitable boundary conditions are
chosen. For a scalar ¢(X,t,7) of generic mass m?, the
natural choice is a(X, t) fixed, the so-called regular boundary
condition. In this case (X, ¢) is identified as the expectation
value of the dimension-A . operator O, dual to ¢,

(Oreg (X, 1)) ~ (X, 1), (4)

while a(X, t) is its source. A boundary counterterm of the
form S, ~ [ d?x\/—h¢?* renders the action finite and sta-
tionary with these regular boundary conditions.

However, for scalars fields with mass in the range
—d*/4 < m’L? < —d?/4 + 1, it is possible to make a
different choice, the alternate boundary condition [35].
Adding a different set of boundary terms, the action can be
made finite and stationary for the boundary condition
B(X, 1) fixed, and then (X, r) acts as a source to an operator
O, (X, 1) with dimension A_, whose expectation value is

(Ow(X. 1)) ~ al(X, 1). (5)

We see that a change in boundary conditions (and corre-
spondingly to the boundary action) changes the operator
content of the dual quantum field theory.

More general boundary conditions are also possible, as a
condition like a(X, t) « (X, t) is associated to the insertion
into the field theory action of the “double-trace” operator
AScrr & [ d9xOreq(X, 1)Oreg (X, 7). In general the addition
of the multitrace operator W[O,,,] to the field theory gives a
boundary condition of the form a(X, ) o« SW[f]/5p(X, 1)
[36-38], see also [39].

B. The 1-form A, in AdSs
and its dual global U(1) symmetry

Consider now the Maxwell action for a 1-form field A " in
five dimensions (d = 4):

Sp = / d5x\/_<——F F””) (6)

with F,, = 0,A

A, — 0,A,. The bulk equation of motion is

Du/=gF" =0, (7)

which becomes
" 3 L*
l’]] 8ijr:0’ 3,+ F”+ r]faFk,—O (8)

In the gauge A, = 0, the solution to leading order is

L’ log r

> - - L’
Ai(%,t,r) = (X, )L +y(X.1) S

©)

The functions «;(X, t) and f;(X, ¢) are the two independent
modes, with scaling dimensions 1 and 3, respectively.
Bi(X, 1) is constrained by the first equation of motion to
satisfy'

(10)

'In our notation naturally four-dimensional quantities like a;
and f; have their indices raised and lowered by the Minkowski
metric 7;;.
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while the equations
completely as

of motion determine y;(X,1)

| y
r =507, (1)
with f;; = 0;a; — 0ja;. Residual gauge transformations
of A, are r-independent and become transformations of
a; (}, t):

a,-()?, t) - ai(f, t) +8l/1()_5, t) (12)
Plugging in the solution (9) to the action, the bulk action

vanishes, but we are left with a boundary term. Cutting off
AdS at some large r = R we find

L3 . .
Sa = ‘7/ d*xa;[(1 - 21og R)y' = 2§'].

- L3/d4x {a,-ﬂ" + <10gR —%) (—%f,,fff)}, (13)

where we have dropped terms vanishing in the R — o
limit, and in the second line we integrated by parts to
cast the latter term in the form of a Maxwell action
for ;. Furthermore, when we vary the field by J6A; =
Sa;L + 8y;logr/r* + 8B;/r* + - - -, we obtain the variation
of the action as a boundary term,

6Sy =L / d*xda;[(1 = 21og R)y' — 2]

= 2L3/d4x {5aiﬁi + <logR —%) <—%5f,»jf‘7>}

(14)

We want both the action and its variation to be finite on
the equations of motion, but so far they are divergent due
to the log R factor. To address this we add a boundary
counterterm,

1
S =L [ aeV=h (= o P 09

where we noted how the coefficient 1/e?(R) may depend
on the value of the cutoff R. For the choice

1
=5~ logR, (16)

*(R)

we cancel all ¥’ terms from the action and its variation,
leaving

Sa + Seta = L3 / d4xaiﬁi,

S8Sa + 68 q = 2L3 / d*xdap. (17)

These are now finite. The total action will be stationary on
the boundary as well as in the bulk if we take da; (X, 1) = 0,
which identifies the compatible boundary condition as

(18)

and thus a;(X, ¢) should be thought of as the source in the
dual field theory. The operator it is a source for is then

a;(X, 1) = fixed,

55 tot

V& =57

— 203 (3.1). (19)

We have neglected an overall normalization for S involving
the five-dimensional Newton constant, but in principle this
combines with L? to give a constant proportional to N2,
with N the rank of the field theory gauge group. Thanks to
(10), we see this current is conserved, and thus we identify
the operator dual to A, with this boundary condition as a
conserved global U(1) symmetry current J! ~ ', with
nondynamical background gauge field source ;. This is
the regular boundary condition.

Let us make a few comments. We notice that the answer
we get is the same as if we ignored the y; log r/r? term, and
also ignored the counterterm. However y; will be important
for our comparison to the magnetic dual B, field, and we
would like to be careful about what boundary conditions
we are imposing by being specific about our counterterms,
so we have included it.

We also note that while the coefficient of the log R term
in (16) is fixed to cancel the divergence, we can in principle
make the finite part whatever we want. A different choice
for the finite part is equivalent to adding the counterterm

1 .
L3/d4x<—4€2f,‘jflj>’

involving the background gauge field a; only. This would
preserve the boundary condition a(X,7) fixed, but shift
the current,

(20)

(Ji(X, 1)) —>2L3( I(X, r)+21628,~ff">, (21)

which is still conserved; this shift has the form of an
“improvement” term that does not change the total charge.
Adding such a counterterm involving a nondynamical
background field is not something we have need to do,
but as we will see, the corresponding freedom to add
counterterms for the case of B,, will be more interesting
to us.
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We could also consider an alternate boundary condition
for A,, where f3;(X, t) would be fixed while ; (¥, ) would
be the fluctuating dynamical degree of freedom, a dimen-
sion 1 field with a standard Abelian gauge invariance: that
is, the dynamical degree of freedom is a U(1) gauge field. It
has been noticed before, especially in the context of AdS,,
that alternate boundary conditions for a vector field lead to
a gauged, rather than a global, U(1) symmetry in the dual
theory [26,40-44]. We will not pursue the appropriate
counterterms for this boundary condition directly in the A,
language (for further discussion, see [44]), but instead will
show how the dynamics arises as the regular boundary
condition for the magnetic dual 2-form field B, .

C. The 2-form B,, in AdS;s gauges
the global U(1) dual to A,

Instead of (6), consider the action for a 2-form field B,
in AdSs,

1
Sp = /dsx\/—g<—EHWpHﬂ”/’>, (22)

with standard field strength H,,,,=0d,B,,+0,B,,+0,B W.z

The equation of motion is 9, (,/=gH*") = 0, becoming

n70;H . = 0, (ar + i) H,;; + I;:nklakHlij =0.
(23)

Choosing a gauge with B;, = 0, we have the solution
By(X.t,r) = &;(X, 1)L + Bi;(X. 1)L log r + ..., (24)
where the subleading terms do not contribute to the action

or its variation in the large-r limit. Analogously to the case
of A, &;;(X, t) inherits the residual gauge invariance of B,,,,

A

and the equations of motion require ﬁ,-j()_c', ) to be
divergence-free,

oip = 0. (26)

Scaling tells us that both &;; and B ; have scaling dimension
2, and the fact that these dimensions coincide leads to the
logarithm distinguishing the independent solutions in (24).
As noted by [21,22], this logarithmic behavior leads to

*Note that a potential Chern-Simons term of the form f BAH
is a total derivative in the bulk. Chern-Simons terms containing
two different 2-form fields are relevant in compactification of
type IIB string theory on five-manifolds [45,46] and are also
examined more recently in [22], but are not considered here.

boundary conditions incompatible with conformal invari-
ance; we will have more to say about this shortly.

The action and variation of the action evaluated on the
solution are

L3 N . ~..
S = —I/ d*x(&; + pijlog R)BY,
L3 ~ Jo
6SB = —7/ d4.X((S&ij + 5ﬂl} IOgR)ﬂU, (27)

which are again divergent, thanks to the log R term. We can
add a counterterm analogous to (15),

1
SeB :L/d4xv_h(_mHﬂl/ﬂHﬂ p>, (28)

and we obtain

L3 B 1 = T
SB+Sct.B—_T/d4x {%’j"’ <m+10gR>ﬁij]ﬁ/,

L} . 1 .
5SB +6SCL,B = —2/ d4x {5(111 =+ (éz(R) +10gR> 6ﬁ”:| ﬁ /.,
(29)
To cancel the divergence, we wish to have
1 1
= log R, 30
2 2R TE (30)

for some R-independent constant 1/&%. For the choice
1/&* = 0 we obtain simply the boundary condition

&ij<5é’ t) - ﬁxed, (31)

and then @;;(X, 1) is the source, a background 2-form gauge
field for the 2-form current,

S0t

W) =g = w2

which is conserved thanks to (26). In general we obtain the
family of boundary conditions,

-

| . .
&ij(x, t) +72,Bij(x, t) = leed, (33)
e

while the current (32) does not change. Since this family
includes the case where &;; (X, r) alone is fixed, but does not
include a case where f3; (X, 1) alone is fixed, we may think
of it as a family of regular boundary conditions for B,,.
Boundary conditions relating the « and # modes to each
other as in (33) are associated to the addition of multitrace
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operators to the theory. Indeed, for 1/&* # 0, according
to (29) we have added to the theory the boundary term

|
L3/d4x<—4é2ﬁ,-jﬁ”>.

Since ﬁ,-j ~ J;; is a single-trace operator (that is, it is gauge
invariant from the point of view of gauge symmetries of the
field theory), this counterterm corresponds to the addition
of a double-trace operator JJ. This double-trace operator
was noted by [21,22]. We will elaborate on the physics
of this momentarily, after we describe the relationship
between A, and B, if we think of them electric and
magnetic duals of each other.

If we declare the field strength of B, to be dual to a field
strength for A,

(34)

H

pp = EeﬂvﬂaﬁFaﬁ’

(35)
and insert the solutions (9) and (24), we find the
correspondence3

-1
pij = Eeijklfklv (36)

- N 1

fijk = €iju <2ﬂl - Eamfml> ; (37)
where ]‘,-jk = 0,0, + 0;0y; + Oi@;;. We note that including
the y; term in (9) was essential for matching the logr
term in (24). The relations (36), (37) are gauge invariant
under both gauge invariances (12) and (25), with @; and &;

appearing only through their field strengths. The inverse
formulas are

1. -
fij = Eeijklﬂklv (38)
1 ikl | =ikl
pi = ﬂeijkl(zf +3). (39)

with i = 0ifj + O + Oibij-

From this we can see that regular boundary conditions
for one field, by the time they are translated through the
electric/magnetic duality (35), become alternate boundary
conditions for the other field. The regular boundary
conditions we found for A, were da;(X, ) =0, which
through (36) imply &p; j(X,1) =0, which are alternate
boundary conditions for B,,,

In our conventions the Levi-Civita symbols (with elements
+1, =1 and 0) are &,,,, and &;y, with €,,, = &y, and
the corresponding Levi-Civita tensors are as usual €,,,,, =

V _ge;wpo'a and eijkl =V _heijkl'

a;(%,1) = fixed — B;;(X, 1) = fixed. (40)
Meanwhile, the family of regular boundary conditions for
B,, (33), which we could always think of as allowing

Bi;(%.1) to fluctuate while @;;(X, ) is determined, maps to

I 1

= fixed - 2p/(X,1) + <~_2 - 5) 0 f7 (X, 1) = fixed,
¢

(41)

a family of boundary conditions for A, that we may think of
as alternate conditions, since they may always be thought
of as «;(X,t) being free and f;(X, ) being determined;
for the special case &> =2 the conditions are precisely
Bi(X, 1) fixed.

It is interesting how choosing between expressing iden-
tical bulk dynamics as A, or as B, changes the boundary
conditions. Indeed, the duality relation (35) implies

1 1
-—H,, H" = A_LF””FW’

and thus up to the overall sign, both the bulk Maxwell action
(6) and the counterterm (15) for the A field are equal to the
bulk action (22) and counterterm (28) for the B field, with
1/e*(R) <> 1/&%*(R), and indeed the same choice of diver-
gent part in 1/e*(R) (16) and 1/&%(R) (30) renders both
finite. Yet by the time we expand the fields near the
boundary, the boundary conditions come out different; the
identical choice 1/e*(R) = 1/&*(R) = —log R + 1/2 leads
to regular boundary conditions éa;(X,7) =0 for A,, but
boundary conditions on B, that when translated into A,
variables are the alternate boundary conditions §f; (%, ) = 0.
In some sense, electromagnetic duality does not commute
with the near-boundary limit. This is likely related to the
fact that the gauge invariances for A, and B, are different,
and while absent the boundary these would be physically
irrelevant redundancies, in the presence of the boundary each
can induce a “long-range gauge symmetry” which is
physical and controls the dual global symmetry [24].

Recall from our earlier remarks that the alternate
boundary condition for A, corresponds to a dynamical
U(1) vector field. But we now see this physics of a
dynamical U(1) gauge field should also find realization
in B, with the family of regular boundary conditions,
for which the dual dynamical operator is a conserved
2-form current J¥ (32). Indeed according to (36), this
operator is nothing more than the dual field strength
associated with a;(X, 1):

(JI(X. 1)) o &M f (%, 1) (43)
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Gravity Field Theory

Regular BCs

Electric Gauge Field Global U(1) Symmetry

A

Electromagnetic
duality

Magnetic Gauge field
)
B

Regular BCs

l@mlging

Dynamical U(1)

gauge field

FIG. 1. A flowchart depicting the relationships between electro-
magnetic duality, boundary conditions and gauging described in
this section.

This is entirely natural: given any U(1) vector field o;, the
associated dual field strength is conserved by the Bianchi
identity. Thus in the A, and B,,, perspectives we see the same
physics in two different ways: in the former we see a
dynamical U(1) gauge field itself, while in the latter we see
its associated global 2-form current. One useful thing about
generalized symmetries is that they can describe aspects of a
gauge theory without referring to the gauge field itself, and
the physics of B, is a realization of this phenomenon. The
relationships between boundary conditions, electromagnetic
duality and gauging the global symmetry of the field theory
are summarized in Fig. 1.

We can also now understand the physical meaning of the
multitrace operator (34). Translated into A, variables, it is
nothing more than a Maxwell kinetic term for the gauge

field a;,
L[| a —l i 44
X _452 fijf . ( )

This is analogous to (20), except with these boundary
conditions f; is dynamical, instead of a background field.
From (30), we can understand the running of the coupling,
since 1/&2 is cutoff independent,

d (1 d 1
RE( o tlogR)=0-RE- =1, (45
dR <é2(R)+ o8 > T AR (45)

and we find an IR-free coupling, as expected for a U(1)
gauge field coupled to electric matter. This is also con-
sistent with the emergence of a linearly dispersing mode at
high energies in the finite-temperature hydrodynamics for
this field studied in [21,22].

Thus the logarithmic behavior of the B, field in AdSs
has a simple explanation: the dual 2-form current is just the
magnetic field strength for a dynamical U(1) gauge field in

the dual theory, and the double-trace operator built from the
2-form current is just the gauge field’s Maxwell kinetic
term, with logarithmically running coupling, as in QED.
Passing from A, to B, has gauged the global U(1).
Moreover, the fact that any free B,, can be understood
in this way is the holographic version of the statement that
any conserved 2-form current in a four-dimensional CFT
can be expressed as the dual field strength of a Maxwell
field [2].

D. Electromagnetic duality and generalized
symmetries in general dimension

Before turning to a discussion of the gravity dual to
2-group symmetries in four-dimensional field theories, we
discuss briefly the generalization of the duality between A,
and B,, in AdSs and its relation to gauging a global
symmetry to a general pair of electric/magnetic dual
p-form fields in AdS,, .

For a quantum field theory in d dimensions possessing
a conserved p-form current j,, gauging the symmetry
produces a dynamical p-form gauge field a,. Given the
field strength f,., = da,, we can always define a new
d — p — 1-form current

Jap-1 = *f i1, (46)

which is automatically conserved due to the Bianchi
identity (assuming no magnetic sources for a,,). The classic
example of this is in d =3, where an ordinary 1-form
gauge field leads to a I-form conserved current via
Jy = *f5, or J# = (1/2)e"’f,,; in this paper so far we
discussed the case p = 1, d = 4.

It is easy to see that for general d and p we can reproduce
this on the gravity side. Let the p-form current be realized
in the AdS,, | gravity theory by the p-form field A, with a
Maxwell action. The solution for the gauge where A, has
no nonzero term with an r index is

2d-3p
A, (Xt r) = (X, )L 4 - - 4 f,(X, I)W +...,

(47)

with d * 3, = 0, where * is the d-dimensional Hodge star.
With regular boundary conditions, this is dual to a con-
served current (j, (X, 1)) « f8,(X, 1), with a,, (¥, t) the back-
ground gauge field.

To gauge this symmetry, consider the magnetic dual field
By, in AdS, 4,

Bd—p—l()_g? 1, I") = (Nld_p_l ()_C', t)Ld_p_l + -

3 1,3p+3-d
—|—ﬂd_,,_1(x, l‘)m-f— cees (48)
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and we find that electromagnetic duality dB,;_,_; = *dA,,
gives us relations of the form
ﬂd—p—l & *fp+1’ fd—p & *ﬁp' (49)
Thus once more the regular boundary conditions for B,_,_;
are the alternate boundary conditions for A,, with the
dynamical conserved current dual to B,_,_; related to the
field strength of the gauged original symmetry as described
above,
<Jd—p—1> & ﬁd—p—l & >kfp+l' (50)
Thus for general d and p, the conserved (d — p — 1)-form
current that comes from gauging a global p-form current
can be realized by electric/magnetic duality in the bulk.
The flowchart of Fig. 1 still describes this more general
case. Notice that which bulk field we call electric and
which we call magnetic is a matter of convention, and both
cases in the field theory column of Fig. 1 can be thought of
as containing both a global conserved current and a
dynamical gauge field, where one determines the other
as in (46).

For general d and p the equations (49) are simpler than
their d =4, p =1 counterparts (36), (37) due to the
absence of the log in the solution for B; the lack of the
log indicates that the coupling for the double-trace operator
Ja—p-1J 4—p—1 18 not marginal. The log will arise for even d
when p=d/2—1 and hence d — p—1=d/2 (or vice
versa) for which the ranks of A and B differ only by one;
these cases will be analogous to the AdSs case studied
earlier.

III. GAUGING T HOOFT ANOMALIES
AND 2-GROUP SYMMETRIES

We saw in the previous section that to gauge a global U(1)
in the field theory, we switch from regular to alternate
boundary conditions in the dual vector field A,, or equiv-
alently replace A, with the 2-form B,,. Thus gauging the
U(1) becomes electromagnetic duality on the gravity side.

We can realize a nice example of this with a simple
model discussed by Cérdova, Dumitrescu and Intriligator
[2]. This model starts as a field theory with U(1) x U(1)
global symmetry, with a mixed 't Hooft anomaly. Gauging
one of the U(1)s introduces a conserved 2-form current,
which combines with the remaining global U(1) into a
symmetry structure called a 2-group. It is known that
the ungauged theory should be modeled in the gravity dual
by a pair of 1-form gauge fields, with a Chern-Simons
coupling capturing the 't Hooft anomaly. Electromagnetic
duality transforming one gauge field into a 2-form then
produces exactly the correct modified field strength to
generate a dual field theory with 2-group global sym-
metry, as we shall see.

A. The U(1) x U(1) model

Here we briefly review the method presented by Cérdova
et al. for obtaining a 2-group symmetry structure from a
mixed 't Hooft anomaly in [2]. Consider a four-dimensional
quantum field theory manifesting U(1), x U(1). global
symmetry with background 1-form gauge fields A and C,
with field strengths F' = dA and G = dC. Further suppose
the theory has a mixed ’t Hooft anomaly represented by the
anomaly polynomial

10 =xF A F A G, (51)
where « is a constant. If U(1), is gauged, this leads to an
ordinary Adler-Bell-Jackiw anomaly for the global U(1),,
8”],? o« ke"?°F, F ;. Instead, consider the case where we
gauge U(1). while U(1), remains global. Respecting
the gauged U(1). then requires we choose our counter-
terms such that the anomaly descent forms encoded in
10 = dI®), §10) = dI® are written as

I® =kAAFAG,

I® =k, FAG, (52

where 0A = dA,, and thus the variation of the effective

action 1is
58:/1(4):K//1AF/\G.

This nontrivial variation of U(1), does not have the form of
an ordinary anomaly because the right-hand side includes
a dynamical gauge field alongside a background field.
However, the gauging of U(1). introduces a new 1-form
generalized global symmetry, with 2-form current

(53)

7, = *G. (54)

This couples to a background 2-form gauge field B via

SJ:/B/\G.

The variation of the action (53) will be canceled if we allow
B to vary under transformations of A in addition to its own
natural transformation:

(55)

OB = dAp — kA4 F, 0A = dly, (56)
where Ap is a 1-form gauge parameter. With this combined
transformation, the effective action as a function of the
background fields S[A, B] is invariant. This is known as a
2-group symmetry, and is denoted

umy =, u(n)y’, (57)
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where the superscripts indicate that U (1)5‘0) is an ordinary

symmetry with a zero-form parameter 1, while U(1 )g) isa

generalized symmetry with 1-form parameter Ap, and
the presence of x indicates the nontrivial transformation
of B in (56).4 The invariant field strength H for B is
modified by this 2-group symmetry structure:

H=dB+kAAF. (58)

B. Gravity dual of the global U(1) x U(1)
is a Chern-Simons theory

For the gravity dual of the global U(1), x U(1),. field
theory, we introduce two 1-form fields A and C in AdSs,
as described in Sec. II. In addition, the presence of
the 't Hooft anomaly is well known to be described
by a Chern-Simons term in the gravity theory [20]

whose structure mimics the anomaly polynomial /) =
kA AN F A G. We thus have the bulk action

1 1

1 1
= / dxy/~g [— ZFub" = 2GuG"
K
+3 e“””P"AaFWGM} : (59)

The bulk equations of motion are
dxF =2xF N G, d«G=xFANF, (60)

or equivalently,
K. C
/=GP =SSV, G,
K = lof?
ab V _gGMl/ = Zeﬂp 1'/))}7/1()'}7(1/5’ (61)
while the Bianchi identities are simply
dF =0, dG = 0. (62)

The solutions to the equations of motion (61) still take the
form (9),

- L L

Ai = aA_i(x, t)L + - +ﬂA_l~(x, t) ? + ... (63)
- N A

Ci :ac_i(x, t)L+~--+ﬂc,,-(x, 1)74— (64)

“The authors of [2] actually write U (1)20) xx U (1)5;) where
K = 27k is integer quantized.

We have suppressed the y; terms, but they lead to
divergences canceled by counterterms just as in Sec. II.
The only effect of the nonlinear Chern-Simons terms
in (61) to the leading a and S coefficients is the modifi-
cation of the divergences,

K

A K_.: ’ i
0ipy = — 7€ K igu iPc g€ Kfifu.  (65)
where f = day, g = doc.

Including the counterterms as before, the variation of the

action is now

58 =213 / d*x {&;AJ <ﬁ;‘, 4 gé’jk’a& jgk,>

N g
+ dac; (ﬁ’c + Ze ]klaA,jfu)] ; (66)
and thus we find the currents
) A
(Jiy) =2L3 <ﬁ2 + 1€ ']klaA,jgkl>a (67)
. ;KL
w =2 (g + s et ). (6
A U(1), x U(1), transformation can be written
50:AJ~()?, t) = ailA()_C), t), 5ac,,~()_c), t) = ailc()_f, t), (69)
and then the variation of the action is
35 = - [ dx(uds) + 1. (10
where the divergences of the currents evaluate to
i Lk i
ai<JA> = —Tef fijgkla (71)
0:(J) = 0. (72)

As expected, the action is invariant under U(1). but
transforms like (53) under U(1),, realizing the 't Hooft
anomaly. At this point, neither U(1) is gauged and there is
no issue with this transformation.

The effects of a ’t Hooft anomaly can be rearranged by
adding local counterterms; to accomplish this in the gravity
theory, we could add boundary counterterms of the form
JA A C A F, equivalent to integrating the Chern-Simons
action by parts. This would leave (65) unchanged but
change (67), (68) and hence reshuffle the right-hand sides
of (71), (72); for example we could remove the divergence
of J, at the expense of giving J% an ordinary Adler-Bell-
Jackiw anomaly proportional to /¥ f;;f,,. However to
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gauge U(1)., as we will do next, we need its current to
obey (72), so we must leave the action as is.

C. Gravity dual of 2-group structure from
electromagnetic duality

From our previous discussion, we have learned that
replacing a 1-form field in AdSs with the magnetic dual
2-form is equivalent to gauging the formerly global U(1)
symmetry. Thus, we might expect that by appropriately
dualizing C in the U(1), x U(1), Chern-Simons action
(59) into a 2-form B, we would arrive at a gravity theory
with 2-group symmetry in the field theory dual. Indeed we
show this is the case.

We begin by defining a 3-form field strength H dual to
the 2-form G,

H =G, (73)
which implies —G = xH, while retaining F'=dA as
before. The equations of motion (60) and Bianchi identities
62)) of the Chern-Simons theory then become

d*x F = -2xF A *xH,

dH =kF AF, (74)

and

dF =0, dxH =0. (75)
To generate this nontrivial Bianchi identity for H, we
assume the modified field strength form

H=dB+ kA AF, (76)
for a new dynamical 2-form potential B. We still have
dF = 0. One can then verify that the action

1 1
S:/(_EH/\*H_EF/\*F>

gives rise to the other two equations in (74), (75) as
equations of motion.

The field strengths H (76) and F are invariant under the
gauge transformations

(77)

OB = dAp — kA4 F, 0A = dly, (78)
where Ap is the natural 1-form gauge parameter for
the 2-form B. This set of transformations is exactly the
gauged version of the 2-group transformation (56), and the
modified field strength (76) is the same form as the 2-group
background field strength (58). Indeed, due to this corre-
spondence Cordova et al. proposed the modified field
strength (76) as the appropriate gravity dual form for a

2-group symmetry [2]. We now see that it arises naturally

from dualizing the Chern-Simons action describing the
ungauged theory via electromagnetic duality.

Let us now verify that the 2-group symmetry arises
in the near-boundary analysis in detail. The equations of
motion in component form are

Op/—gF" = —k\/—gH"’F .

As in Sec. II, we can use gauge freedom to set
A, = B;, = 0, and the fields then have the form

0,y/—gH"" =0, (79)

5

- - . L
A;(X,t,r) =aq;(X, 1)L + - - + B;(X, t)7+... (80)

Bij(.;é, t, r) = &11(}, [)L2 +B”(.¥, l‘)L2 log r+.... (81)

The equations of motion (79) with the modified field
strength do not modify the divergence of f; ; from (26),

aiﬁ V= 0’ (82)

and their only modification to the modes appearing in

(80), (81) is a nonzero divergence of fj3;,
0 == fip" 83

B =S Fb". (83)

The action and its variation evaluated on these solutions

reduce to divergent boundary expressions that look like the

free cases discussed in Sec. II, with one additional finite

term. Choosing our counterterms as in Sec. II to remove the

divergences as well as extra finite parts, we find for the
variation of the action

| i Bij
éS:L3/d4x{—25a,~jﬂf—|—5ai(2ﬂ — ko) |. (84)

From this variation, we find two currents in the dual field
theory:

() = L 2f' — xa;pV), (85)

.. L3 ...
W = =3B, (86)
We note that the 2-form current is conserved by (82), but
the 1-form current is no longer conserved due to the
nonzero divergence of f3; (83):

o Lk .. y
Iy = ! = —fyld), (87)

Note that in Sec. II, we discussed the fields A and B being
dual to each other; in this section, to match the notation of [2], B
is dual to the field C, while A is independent.
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0i(J§) = 0. (88)

The nonzero divergence for J', is the analog of the "t Hooft
anomaly (71), with the dynamical (J3/) having replaced the
background field /% g,, after the field C was gauged.
The conservation of Jg means that ordinary gauge
transformations for the 2-form field 6&;;=0;A;—0;A,
are symmetries of the effective action. Meanwhile if we
perform a gauge transformation da; = 9;4, and some

unspecified transformation é¢;;, we find

L .. .
58S = /d4x [—75&“[}” —240;(J%)

L3 . S
= _7/ d*x[6a;p7 + ks f yPY].

Thus da; = 0;As, 6a;; =0 is not a symmetry of the
effective action, but leads to a variation of the form (53).
Instead the action is invariant under the combined trans-
formation of the 2-group form,

5&1' = aM.A, 5&11 = _Kj'Afij' (89)

Thus the net gauge invariances of a;, @;; are precisely that
of the 2-group U(l)go) Xy U(l)g),

Sa = diy,
5 = dAy — KA f, (90)

matching the transformations (78) required to keep the
modified field strength tensor invariant. Thus indeed,
we see gauging C in (59) by performing electromagnetic
duality to a 2-form gauge field produces a 2-group

Gravity Ficld Theory

Regular BCs U(M)axU@)¢

Chern-Simons Theory

Global Symmetry
with ‘t Hooft Anomaly

l@mlging

UM)a % U(D)p

Electromagnetic
duality

2-form with

Modified Field Strength
H=dB+kANF

——)

Regular BCs

2-group Symmetry

FIG. 2. A diagram of how electromagnetic duality on a bulk
Chern-Simons theory leads to a theory with 2-group symmetry. In
this case the blue arrows would represent alternate boundary
conditions for the B and C fields, but still regular boundary
conditions for A.

symmetry structure in the field theory dual. Figure 2
summarizes the process used to obtain the 2-group
symmetry.

Let us make a few comments. First, we can only dualize
C into B despite the Chern-Simons term (59) because C
does not appear outside its field strength (while A does).
This is associated to the fact that we are preserving the
U(1), symmetry from the "t Hooft anomaly, as discussed
in the last subsection; adding boundary counterterms to
rearrange the bulk Chern-Simons term into a C A F A F
form would cause U(1). to be violated and be ungauge-
able, while electromagnetic duality on C can no longer
operate since it appears outside its field strength.

Second, for both the Chern-Simons theory (59) and the
2-group theory (77), the nonlinear terms in the equations
of motion did not modify the cancellation of the diver-
gences from the way it worked for the free field case, but
only introduced new finite parts. This makes the identi-
fication of symmetry structures like t” Hooft anomalies
and 2-group structure in the dual field theory possible
without going through every detail of holographic
renormalization, and is related to the scheme independ-
ence of the symmetries.

Finally, [2] notes that gauging the U (1)5;) symmetry
returns us to the original ungauged U(1), x U(1). theory;
this is naturally reflected for us in the fact that a second
electromagnetic duality on B returns us to the original
electric variables.

D. n-group symmetries in AdS/CFT
in general dimension

It is straightforward to generalize the 2-group structure
discussed above. A more general n-group structure can be
associated to background fields B,, A,, C,_, when the
effective action is invariant under the transformations

0A, =dA,_,, 0C,_, =dw,_,_;,
0B, = dA\,_; — kA, NdC,_,, (91)

which respects the invariance of the field strengths

H, =dB, + KAp A Gn—p+1’

Guops1 =dC,_p,  F,oy =dA,. (92)

It is straightforward to show this more general case can be
implemented in AdS/CFT as well. For a d-dimensional
field theory, consider the (d + 1)-dimensional gravity
action

1 1 1
S = /dd+1x(—2H A *H—EG A *G—EF A *F),

(93)
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which leads to equations of motion

d*F = (=1)’xG A *H, d+G = (=1)"""kF A xH,

d*H =0, (94)
implying solutions
L2d—3p
A (X.t.r) = a,(X, )L 4 - -+ ...B, (X, t)’,.d—72p’
5 L2d—3n
Bn()_c’, t, r) = 5’,,()?, t)L" NI ﬂn(}’ I)W,
Cpp(X.t.7) = 8, , (X, )L 7P + - -
. L2d+3p—3n
+ ...ﬁn_p(x, I)m, (95)
obeying the constraints
d-2 ~
d+p, = (_1)m<ﬁ(d&n_,, A ),
N \ d—2n ~
d*ﬁn—p = (—1) P+1km(dap AN *ﬁn>,
d*p, =0. (96)

Here we make the simplifying assumption that none of p, n
or n — p equal d/2; otherwise logs would be present, but
the calculation should be similar. We also assume p > 1.
The variation of the action is then

68 = / (ba, A xJy+ 6@, N *Jp+6a,_, AxJc), (97)

where the currents
wJy= (=)L d = 2p) (x4,
Jp = (1)L (d = 2n) (+B,),
*Jo=(=1)HLNd-2p — 2”)(*ﬁfz—p)

+ (=1)"xL41(d — 2n)(a, A ), (98)
obey
dxJy = (-1)#PHkLd1(d - 2n)(da,_, A *B,),
d * JB = 0,
d+Jpo=0. (99)

The conservation of J involves a nontrivial cancellation
between its two terms using the middle term in (96), similar
to the conservation of the current (72) in the Chern-Simons
action. The action is then invariant under

oa, = di

Sty = A,y — Khyp_y A dét,_,,

p—1> 6an—p = da}n—p—l’

(100)

which is indeed the n-group structure (91). For the case
p = n/2 one may let C and A be the same field, as in the
2-group case that was our primary example; the calculation
goes through analogously.

IV. CONCLUSIONS

In this paper, we have discussed how electromagnetic
duality on bulk p-form gauge fields holographically
realizes the fact that gauging any generalized global
symmetry j, in a d-dimensional field theory leads to a
novel generalized global symmetry J,_,_; from the dual
field strength of the new gauge field. The transformation of
an ungauged model with a 't Hooft anomaly to a gauged
model with 2-group symmetry can be captured perfectly by
this electromagnetic duality in the bulk. Special features
like the logarithmic running of a coupling for a double-
trace operator are associated to certain cases where the
gauged symmetry has a classically marginal coupling.

There are a number of interesting directions for future
study. While our primary example involved four-
dimensional quantum field theory, there may be cases in
particular other dimensions, for example six, where the
holographic perspective may lead to new insights. Other
features of theories with n-group symmetries, such as their
spontaneous breaking, renormalization group flows, and
anomalies, may be interesting to investigate in a holographic
context. Finally, the nature of a gauge field in a theory with a
boundary and the associated “long-range gauge symmetry”
is worth further investigation, and the nontrivial interplay
between electromagnetic duality and the near-boundary limit
in AdS/CFT may be able to shed more light on this.
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