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We use holographic correspondence to study transport of the conformal plasma in R>! in a phase with a

spontaneously broken global Z, symmetry. The dual black branes in a Poincare patch of asymptotically
AdS, have “hair”—a condensate of the order parameter for the broken symmetry. This hair affects both the
hydrodynamic and the nonhydrodynamic quasinormal modes of the black branes. Nonetheless, the shear
viscosity of the conformal order is universal, the bulk viscosity vanishes and the speed of the sound waves

2 1

iscy =3

. We compute the low-lying spectrum of the nonhydrodynamic modes. We identify a quasinormal

mode associated with the fluctuations of the Z, order parameter with the positive imaginary part. The
presence of this mode in the spectrum renders the holographic conformal order perturbatively unstable.
Correspondingly, the dual black branes violate the correlated stability conjecture.

DOI: 10.1103/PhysRevD.103.026008

I. INTRODUCTION AND SUMMARY

Following the general suggestion of [1], we proposed
in [2]' a holographic model for a conformal order”: a
thermal phase of a conformal gauge theory in R*! with a
nonzero expectation value of an irrelevant, dimension
A = 4 operator O, spontaneously breaking the global Z,
symmetry. Specifically, for a model SCFTZ in [2] two

distinct thermal phases were identified:

Foo3s4 F 64
GIF = ¢ @I m
y { 1, (O) =0 = Z, is unbroken; 0
k(b), (O(b)) #0 = Z, is broken,

where F is the free energy density, 7 is the temperature,
and c is the central charge. The constant 0 < x < I and the
thermal expectation value of O (in the symmetry breaking
phase)3 depends on the parameter b of the dual gravitational
action’:

'See also [3].
’See [4] for related nonconformal models.
*We set the radius of an asymptotic AdS, geometry to unity.
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_ ¢ 4 = 1 2 h 2 b
S_384 dx*\/ y{R+6 Z(V)() 277 —=by*|. (2)

The symmetry broken phase exists only b < by g = —2.

2
Note that since the specific heat density c,, is

T O*F cn3T?
=T =] =—
! orr), 27

{ 1, Z, is unbroken;
k(b) >0, Z, is broken,

(3)
it is positive, irrespectively whether or not the global
symmetry Z, is broken.

In this paper we continue the study of the model (2).
First, we point out that there are multiple branches, indexed
by i =0,1,..., of the “hair"—the thermal expectation
values of O. In the holographic dual, the index is related
to the number of zeros in the radial profile of the holo-
graphic bulk scalar y. For two branches with i < j,

k;(b) > K;(b),

i.e., the branches with the higher index are increasingly less
thermodynamically favored—all the symmetry breaking
phases have a higher free energy density than that of the
Z,-symmetric phase. We find that the thermodynamics of
all the symmetry broken phases resemble that of the
symmetric phase in the limit b — —o0,

b € (=00, beritj < b ] (4)

1 1
(I—Ki(b))oH'm’ <O>i°<ﬁ' (5)
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Notice that the gravitational potential for y
V =2+ byt (6)

is unbounded from below as b < 0, (naively) implying that
the exotic features of the model (2) are due to this
“sickness.” This is not the case: given (5), it is clear that
a simple deformation of the scalar potential, i.e.,

V—>Vg:V+g)(6, g>0, (7)
makes it bounded, while not affecting the thermodynamics
of the model, at least as b —» —o0:

1 1
Vocz, V—Vg:gfcxﬁ. (8)
We explicitly demonstrate that the symmetry breaking
phases at finite b are robust against the deformation (7),
for small enough g > 0.

We study the coupled metric-scalar fluctuations in the
symmetry broken phases of (2) and compute the spectrum
of the quasinormal modes (QNMs) of the black branes dual
to the conformal order on the lowest branch.* As expected
from the conformal theory, irrespectively of the symmetry
breaking, we find

{=0, ©)

for the speed of the sound waves ¢, and the bulk viscosity ¢
correspondingly. From the dispersion relation of the hydro-
dynamic mode in the shear channel [5] we recover the
universal result [6—8] for the ratio of the shear viscosity 7 to
the entropy density s

T_ —. (10)

Besides the sound wave—a hydrodynamic QNM in the
scalar channel [5]—there are two branches of the non-
hydrodynamic modes coming from the mixing of the
helicity zero metric fluctuations in the equilibrium black
brane geometry and the gravitational bulk scalar field,
whose boundary values determine the order parameter for
the Z, symmetry breaking. There are two purely dissipative
nonhydrodynamic modes”:

Im|r] # 0. (11)

*We expect that the conclusions apply for the i > 0 branches of
the conformal order as well.
We take the space-time dependence of the QNM fluctuations

—iwt+ik ¥ : _ w _ ﬂ
to be x e and introduce W = ;% and q = ;.

One of these QNMs, w,(q), at least when the spatial
momentum  is below some critical value q. = q.(b), has a
positive imaginary part, i.e.,

>0, q<q.;
i, @) = { 20 150

We further show that

Im[mu(q = O)] > 0’ as b € (_oo’bcrit,O)’ (13)

approaching zero in the limit b — b . The presence of
this mode in the spectrum implies that the translational
invariant horizon of the black brane dual to a conformal
order is perturbatively unstable to clumping. We expect6
that the dynamical evolution of the perturbed conformal
order will result in a destruction of the ordered phase, with
the Z, symmetric equilibrium phase being the attractor. We
show that the unstable QNM is present on the higher
branches of the conformal order as well.

Note that the perturbative instability of the holographic
conformal order proposed in [2] implies that the correlated
stability conjecture of [9,10] for the dual black branes is
violated: while these black branes have positive specific
heat, they are dynamically unstable.” We stress that the
positive specific heat is not the same as the thermodynamic
stability, tacitly assumed in [9]—the latter concept typically
applies to the thermodynamically dominant phases (having
the minimal free energy density in the canonical ensemble),
which is not necessarily the case. Indeed, unlike the ordered
thermodynamically stable phases discovered in [1], the
holographic conformal ordered phases in [2] are metasta-
ble, see (1).

A challenge remains to find an example of a stable
holographic thermal conformal order—a phase of the black
branes which is both the dominant one in the canonical
ensemble, and is perturbatively stable with respect to the
linearized fluctuations.

II. HOLOGRAPHIC THERMAL
CONFORMAL ORDER

In this section we review the construction of the holo-
graphic conformal order proposed in [2] and discuss two
generalizations:

(i) we show that there are multiple branches of the

conformal order;

(i) we show that the effective scalar potential in the

gravitational dual can be made bounded, without
affecting the existence of the ordered phases.

®Work in progress.
'See [11,12] for other examples of the CSC violation.
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A. Branches of the conformal order

The starting point is the effective action (2). The thermal
ordered states are dual to black brane solutions

dsi = —cldf’ + c3[dx? + dx3) + c3dr?,  (14)

where all the metric warp factors ¢; as well as the bulk
scalar y are functions of the radial coordinate r,

r € [ry, +0), (15)
where ry is a location of a regular Schwarzschild

horizon, and r — +o0 is the asymptotic AdS; boundary.
Introducing a new radial coordinate

x="0 x € (0,1], (16)
r
and denoting
3\ 1/2 1 3\ ~1/2
cl—r(l—r—(;) ay, ¢y =r, c3——<1—r—g) as,
r r r

(17)

we obtain the following system of ODEs (in a radial
coordinate x, ' = %):

3a (a3 -1) 1 ala,V
0O=q - L3374~ N2y 18
i 2x(x* = 1) +8xa1()() +4x(x3—1) (18)
1 3az(az - 1) alv
0=d - 12 3\3 _ 3 , 19
G 8xa3(;() - 2x(x* =1)  4x(x®-1) (19)
0=+ a) a’3+ X +2 L ova3 (20)
4 a; ay; x(x*-1) d (x3 = 1)x%’
where the scalar potential V is given by (6), and 0V = ‘;—)‘;.

Notice that r, is completely scaled out from all the
equations of motion. Equations (18)—(20) have to be solved
subject to the following asymptotics:
(1) in the UV, ie., as x =- 0.,
ay=1+a;3x° + O(x9),
a; =1—a;3x° + O(x%),

x = xax* + O7); (21)

(ii) in the IR, ie.,asy=1—-x -0,

6
6= V(ch)

X =c;+00), (22)

ay = ajy+O(y), +00),

asy =

where V(clt) implies that the scalar potential (6) is

evaluated on the horizon value of the bulk scalar y.

In total, given b, the asymptotic expansions are specified
by four parameters

{01.3,)(47“?,0’08}7 (23)

which is the correct number of parameters necessary to
provide a solution to a system of a single second-order and
two first-order equations, 1 X 2 + 2 x 1 = 4. It is straight-
forward to extract the thermodynamics of the resulting
black brane:

__ ¢ 3 _ ©O) o _
F = 192(71T) K, E=-2F, . 7% (0) = x4,
ro h h 36
T =—aj,\/36-6V(cj), k= ,
gz 10 ’ (a)*(36 — 6V (cg))

(24)

for the free energy density F, the energy density &, the
temperature 7, and the thermal expectation value of the
conformal order (®). We explicitly indicated the r
dependence—all the parameters in (23), as well as x and
V(ch) depend only on b.

From (24), the speed of the sound waves in the holo-
graphic conformal order plasma is

OF 1

98 2

2 =

(25)

Additionally, since that temperature 7" depends on r,, and
the horizon value of the scalar is ry independent,

d d

ﬁ (x)|x—>l_) = ﬁ (Cg) =0, (26)

implying that the bulk viscosity of the corresponding
plasma must vanish® [15]

¢

7=0. (27)

In Sec. IIT A we reproduce (25) and (27) from the dispersion
relation of the hydrodynamic QNMs.

Note that the “disordered phase” corresponds to identical
vanishing of the bulk scalar field, in this case

(O) = 0.
(28)

h _
ajo = 1 = Kisordered = 1,

®Eling-Oz formula implies that the holographic plasma bulk
viscosity is proportional to the square of the derivative of the bulk
scalar field(s) evaluated at the horizon with respect to the
temperature, keeping all the mass parameters fixed [13,14].
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Left: branches (“overtones”) of the holographic conformal order are characterized by the number of zeros of the gravitational

scalar dual to the order parameter. We plot the scalar profiles as b — —oo0. The green/orange/brown profiles correspond to an index
i = 0, 1, 2 branch/overtone. Right: x(b) characterizing the thermodynamics of the ordered phases [see Eq. (1)] fori = 0, 1, 2 (solid blue/
red/black curves correspondingly). The dashed green/orange/brown curves represent the leading order b — —oco approximation,

see Eq. (35).

To understand the ordered phases it is the easiest to
consider the b — —oo limit. From (18)—(20) it is straight-
forward to see that

= f2n—1 ()C)
2(x) = Zﬁ

n=1

aj(x) =1+ ia(l’_[’}],gf) ;

- as (x)
as(0) =1+ 3 (29)
n=1
and correspondingly [from (21) a3 = —aj3 3]
u _i% ()3 ¥ _i fen-1)4
33 = P 4 = VRS
n—=1 (_b) n=1 (_b) 1/2
© fhaio ©_af (10
ch — [2n-1], , Clh =1 + J[n], , (30)
0 ; (_b)n_]/Q 1,0 ; (_b)n

i.e., in this limit the “hairy” black branes approach the
standard AdS,-Schwarzschild solution.” To leading order,
i.e., n = 1, we have

0= 1+ x4+2 f _4(f[21]—1)f[1] G1)
A -DT 2P—1)
3613 (1] X [21] (f[21] - 2)
0=d +—l g T2 3
el x(x*=1) * 8 (Fi)*+ dx(x* =1) (32)

°As we will see in Sec. III B, this is not the case for the
spectrum of the nonhydrodynamic QNMs: some of the QNMs of
the hairy black branes remain distinct from the AdS,-Schwarzs-
child black brane QNMs in the limit b — —oo.

iy (ff =2
dx(x®—1) -

3asy  x
— ’ Z(f )2 =
O_al.[l] x(x3_ 1)+8( [1])

(33)
There is a discrete set of solutions of (31) subject to the
boundary conditions inherited from (21) and (22), charac-
terized by the number of zeroes in the function f|;). In the
left panel of Fig. 1 we present
Fux) = lim (=b)"V2 (), (34)
with i = 0, 1, 2 (green, orange, brown curves correspond-
ingly) zeros. The discrete set of solutions for (31) leads to
discrete sets of a3 and a; ;). We just constructed the
lowest" (i = 0) and the higher (i = 1, 2) overtones of the
holographic conformal order:

Number of zeroes fi4 ffl],o a3 alll,[l],o
0 +0.914 +3.114 0.644 —4.928
1 +7.875 F6.789 6.899 —155.534
2 +30.546 +11.233 27.835 —1249.88

where + for the parameters specifying f|; reflects the
spontaneously broken global Z, symmetry. To leading
order as b - —oo [see (24)]

2“?,[1],0} +3 (ffll].o)4 -3 (ff’l],oy) < 1 )
+0( =

b
(33)

which is represented by the dashed green/orange/brown
(fori = 0, 1, 2 correspondingly) curves in the right panel of

lOOnly this overtone was discussed in [2].

026008-4



FATE OF THE CONFORMAL ORDER

PHYS. REV. D 103, 026008 (2021)

— 77—

[T j i i T 251 ]
0.75} ¥
2.0f ]
0.70f 1.
[ 1.5} 11
2 0.65F ¥ N
1.0f ] SD_/
0.60F [
[ 0.5} ]
0.55} [
[, ) ) ) ) | T T I
0 1 2 3 4 0 1 2 3 4
) g
FIG. 2. Left: k parameter of the lowest branch of the conformal order at » = —10 as a function of g, a deformation parameter bounding

the potential of the bulk scalar dual to the order parameter, see Eq. (7). Holographic conformal order persists for 0 < g < g.; ~ 4.2.

A,

Right: the corresponding dependence of the thermal order parameter (O). Note that the order parameter diverges as g — G-

Fig. 1. Once the overtones of the conformal order are
constructed in the limit b - —oo0, it is straightforward to
solve Egs. (18)—(20) and extend the results for «; to finite
values of b. This is shown with the solid blue/red/black (for
i =0, 1, 2 correspondingly) curves in the right panel. For
each overtone of the conformal order there is a critical value
of b, i.e., b ;, beyond which the overtone disappears from
the spectrum“:

i = number of zeroes 0 1 2
Desivi -1.5 —11.258 -39.295
Note that

blilljn Ki(b) =0, (36)

and for each i < j,

1> Ki(b) > K'j(b) and bcrit.i < bcn't,j' (37)
Thus, all the ordered phases are subdominant (have the
higher free energy density) compared to the Z,-symmetric
phase, see (28). Additionally, the free energy density of the
conformal order overtones increases (at fixed b) with
its index.

Equilibrium thermal phases with or without the global
Z, symmetry have positive specific heat. There is a latent
heat AE associated with the transitions between the
symmetry broken phases i < j, and the transitions to the
Z, symmetric phase,

Agj—)i & +(Ki - Kj)T3’ A‘S‘i—>disordered & +<1 - Ki>T3’

(38)

"1n all cases as b — bi; the order parameter (@) ; diverges,
see also [2].

typically indicative of the first-order phase transition.
Rather, as we show in Sec. III B, each of the ordered
phases suffers the perturbative instability for any value of b
it exists. A natural guess is that the end point of the
dynamical evolution will bring us from the ordered phase to
a disordered, Z,-symmetric, phases. However, to confirm
this, a numerical simulation is necessary.'?

B. Holographic conformal order with the
bounded gravitational potential

The gravitational potential for a scalar field dual to a
conformal order parameter is unbounded from below; see
(6) and note that the existence of the conformal order
requires b < —%. We used simple scaling arguments in
Sec. I to suggest that the conformal order exists once the
scalar potential is made bounded as in (7), at least for
sufficiently small g and in the limit b — —o0.

What happens at finite b? First, note that all the analyses
in Sec. II allow for a simple generalization as V is replaced
with V of (7)—see Egs. (18)—(20) and (24). In the left
panel of Fig. 2 we show the results for the parameter «
characterizing the thermodynamics of the lowest branch of
the conformal order [see (1)] evaluated at b = —10 as a
function of g > 0. We find that the holographic conformal
order persists for

gE& [O’ gcrit)’ gcril'h:—lo ~4.2. (39)
AS g = geit» the order parameter |(O)| diverges, see the
right panel of Fig. 2.

It is clear that the conformal order constructed in Sec. II
is robust against the deformation of the bulk scalar potential
as in (7) for 0 < g < g.(b) since the basic equations
determining it, i.e., Egs. (18)—(20) and (24), are analytic in
the limit g — 0.

2Another possibility is the evolution to a naked singularity in
a dual gravitational description, see [16,17].
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III. QNMS OF THE CONFORMAL ORDER

In this section we study the spectrum of the linearized
fluctuations about hairy black branes, dual to the conformal
order—the spectrum of the quasinormal modes [5]:

(1) In Sec. IIT A we consider the hydrodynamic modes,
i.e., QNMs such that w(q) — as ¢ — 0. We confirm
the conformal speed of the sound waves (25), the
vanishing of the bulk viscosity (27), and the uni-
versality of the ratio of the shear viscosity to the
entropy density [6-8].

(i) In Sec. IIIB we consider the spectrum of the
nonhydrodynamic modes. We discuss different
branches of the spectra and exhibit the QNM with
Im[w] > 0, for q <q., see Eq. (12). This mode
makes holographic conformal order of [2] perturba-
tively unstable. Its existence is yet another counter-
example of the correlated stability conjecture [9,10].

For the most part we focus on the QNM spectra of the
lowest branch of the conformal order with a dual gravi-
tational action (2). We discuss however the instability of the
higher overtones of the conformal order.

Consider fluctuations of the background geometry (14)

G = G + e x> x+ [ (40)

(1) Z,-even, the sound channel,

For convenience, we partially fix the gauge by requiring

htr = hx,-r = hrr = 0 (41)

We orient the coordinate system in such a way that the x,
axis is directed along the spatial momentum, and assume
that all the fluctuations depend only on (¢, x,, r), i.e., we
have a Z, parity symmetry along the x; axis. At a linearized
level, the following sets of fluctuations decouple from each
other

Zy —even: {hy, Ny, By o)y Haynys [ 1
Z, —odd: {hy,, hy,.). (42)

Let
h, = _e—iwt+ikxzcl (r)sz hx[x[
By, = e 20, (P)2H o by, = e Ry (r)2H

Xp Xy T

f — piot+iky F, (43)

__ ,—iwt+ikx 2
=e 2C2(r) Hx[x,-v

Xi1X2?

where {H,,,H,, .H, ., H, ,, F} are functions of the radial
coordinate only and ¢;(r) are defined in (17). Following
[5,18], we introduce fluctuations invariant under the

residual diffeomorphisms preserving (41):

k k2 (62)' k2 C2
Zy=4—H, +2H. -2H, (1-——25)-2—-21H,
H ® 1x, + XpXo X1X] ( (1)2 (C%)/> a)z C% tt
)(/
Zp=f— H,,; 44
F f (1n C%)/ XX ( )
(i) Z,-odd, the shear channel,
Z,=kH, +oH,,, . (45)
Using the radial coordinate (16), we find the following equations of motion: for the sound channel,
0=2Z2Z}+ ApZy + BrZyy + CrZp + DrZy, (47)
with
Ap = (at(aq)’x*(x* = 12 (¢)* + af(aq)’»* (2 = 1)(a3V + 6(1 = x*)) (')?
— 2ajai(aq)*V? + 8a3(a}(aq)’ (x* — 1) — 2(aw)*)V — 8(x° — 1)(5a}(aq)*(x* — 1)
= 4(aw)?)) (2x(x* = 1)(ai(aq)*x*(x* = 1)(¢')* + 2a3ai(aq)*V + 4(aj(aq)*(x* — 1)
+4(aw)?))) " (48)

026008-6
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By = (aw)*(a}(aq)’x°(x — 1 )3()(’)6+4a‘1‘(aq 2t = DX (a3V +5(1 - x7) ()

+4a3(aq)?x? (x> — 1)(613612V2 8a3a?(x® — 1)\7—|—4a3(am) 2+ 4a3(x* = 1)(a3(aq)?

e
x 2 +3(x* = 1)))(')* + 16aiai(aq)*(x* — 1)V2 + 32a3ai(aq)* (4} (x* — 1)(a3(aq)*x?

+6(1 —x3)) + a%(aw)>x?)V + 64at(aq)?(x* = 1)?(a3(aq)?x* + 9(x* — 1))

320 1))+ 2563w 1661 1

X (2 = 1)(¢')? + 2x*(aw)*(aq)?aia3V + 4x* (aw)? (af (aq)* (x> — 1) 4 4(aw)?)))~!
Co = a7 P08 — 1)+ 2637 + 12(1 — ) (@ (2 — 1)()?

+;1‘a (aq)*x*a3(x* = 1)V (y')? = 2(x* = 1)(6x(aw)* + a3ai(aq)’xV)y' + a3(ai(aq)?

X (¥ = 1) + 4(aw)?)0V + Eaga%(aq)szaf/)((f = 1)x*(am)*(a?(aq)*x* (x> = 1)

x ()% +2a%a3(aq)?V + 4a3(aq)* (x> = 1) + 16(aw)?))~!

a3V +2(1-x3)

Ar == 2(x = 1)x

Bp = 2a3(aw)*(y'xV = 20V)((x* = 1)x(a7(aq)*x*(x* = 1)(¢)* + 2a3ai(aq)*V
+4a3(aq)?(x* = 1) + 16(aw)?))1,
Cr = a3 (3t = POV + (40t = 1)(@Ha (e = 1) + (aw)?)
X = ataa R = 20T e e - (e = 1) (@) 4
+ (amw)2x?)) (') + a3x(x® — 1)0V(a3a3 (aq)*V + 1043 (aq)*(x* = 1) + 16(am)?)y’
=2(aj(x’ = 1)V + ai(x* = 1)((aq)*x* 4 4) + (aw)*x?)(a3ai (aq)*V + 247 (aq)?
x (¥ = 1) + 8(0“”)2)) (= 1)2aix?(af(aq)*x*(¥* = 1)(')* + 24347 (aq)*V + 4a
x (aq)*(x* = 1) + 16(aw)?))~"!
Dy = a3 (aw)?(xVy' = 20V)((¢')>x*(x> = 1) +2a3V + 12(1 — %)) (4(x> — 1)%x?
x (aj(@q)’x* (o = 1)(¢')* + 2a3a7(aq)*V + 4a7(aq)*(x* = 1) + 16(aw)?))™!

where we introduced

. Y - &V
V=v-6, V=—, V=—F,
Sy oy
k kl 0] wl 3
W= = 9—-=V(c}),
= 4nT roa’ 4nT roa’ “ 2 (<6)

with V being the scalar potential (6); and for the shear channel,
0= Z/s/ + AsZ{v + BSZS7

with

Ay = (ai(aq)’x*(x = 12(¢')? = 2a3(aw)’V = (4(x" — 1)) (2a7(aq)* (¥’ = 1)
= (aw)?))(4x(x* = 1)(ai(aq)*(x* = 1) + (aw)?))~",

026008-7
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a%(a%(a Q)23 = 1) + (aw)?) We now evaluate (59) in the holographic conformal order.
B, = 3 55 . (58)  To this end, we set
(¥ =1)%ay
A. Hydrodynamic modes and the transport Z,=x(1=x)"™(Z0 + ¢°Z,2 + O(q*)),
We begin with the ¢ — 0 limit of the dispersion relation  w = —ifq> + O(q*). (60)

for the shear and the sound channels QNM modes. From
the former, we extract the shear viscosity, and from the
latter, the speed of the sound waves and the bulk viscosity Usine (56 find
of the holographic conformal order. We discuss the sing (56), we fin
dispersion relation w = w(q) for the sound waves in
Sec. Il A 3 for different values of b. 2/ 4 16
X +
0=2" ——Z
50t 4x
. . . . - xz /\2 + 16 3
The shear mode dispersion relation in the limit ¢ -0 _ Z/;,z T ) Zo) + : ()?Zy5 + Ty (61)

3
\) ! + n ! ZZx )
1. The shear viscosity 50 Ty ')*Zs o

takes the form 4x
w=—i g 1 O(¢*) (59)
s ' where
|
xB(y)? paiv 3p 2
Joh = — _ A 2
52 ﬁ<4a%(x3 -1) + 2x(x* =120 a(F¥P-1)x x-1 50 )
" B@x(x® +x+1)=38) a2 (Bx—4)p (3a3V—18(x>—1))p? P (62)
4(x* = 1)a? ¥ =1 x(x—1)> 2(x* = 1)2a3x? S0
Equations (61) have to be solved subject to the following boundary conditions:
In the UV, ie, as x —» 0,
Zs,O =1+ O(x8)7 Zs,2 = _ﬂx + O(xz)' (63)
In the IR, ie.,asy=1—-x -0,
Zoo =200+ 20,y +O0?).  Zyp=120+25,y+00?). (64)

Given (60), these asymptotes reflect the incoming boundary conditions as the horizon, and the Dirichlet boundary
conditions at the asymptotic boundary [5].

Ultimately, we need to extract # = f(b). First, we need to solve numerically the first equation in (61), producing the
datasets {z{} (), z& | (b)}. Remarkably, we do not need to solve for Z, ,: direct series expansion of the second equation in
(61) in the IR leads to

_ Blaty)’z0 —3Bzg0 + Pzo)P 1 13(afo)’zg0 — 3P2i0 + Bib

. 3, AN e e A e
~ (B(al o = Bk = 16HT () + O, (65)

with the parameters of the asymptotic expansion of Z;, [see (64)] entering only in O(y). Thus, we find

3(at o)’z
f =10 200 (66)
328,0 - Zg,l
In the disordered phase, see Eq. (28), the equation for Z; is very simple:
)((x>|disordered =0= ZS,0|disordered =1= ﬂ|disordered - 17 (67)
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FIG. 3. The ratio of the shear viscosity to the entropy density in

the holographic conformal order as a function of b obtained from
the analysis of the shear channel QNMs.

leading to the universal result for the ratio of the shear
viscosity to the entropy density [6]. In the symmetry broken
phase, from the perspective of the shear channel QNM
discussed here, we do not have a general proof why f must
be unity as well. In Fig. 3 we present # — 1 of (66), from the
numerical solution of the equation for Z_,.

We would like to stress that we already know from [6]
that"? f = 1; the analysis presented here should be viewed
as a highly nontrivial check on the QNM equations and our
numerical construction of the holographic order parameter.

2. The speed of the sound waves and the bulk viscosity

The sound mode dispersion relation in the limit ¢ — 0
takes the form

_bdmn (0 8\ o 3
ca=5— (1+’7>q +O(@).  (68)

We now evaluate (68) in the holographic conformal order.
To this end, we set

Zy=(1-x)""™(Zyo+iaZy1 + O(q?)).
Zp=(1=x)""™(Zpo+iaZp,; + O(q?)),
v i
= q—-Ta%+0O(d%). 69
NN (a°) (69)

It is straightforward to derive the corresponding equations

of motion from (46) and (47)—they are too long to be

presented here. We explain the boundary conditions only:
In the UV, ie., as x = 0,

Zyo=x" 4 O(x°), Zro = zs00x" + OX7),

=

ZH,] = —Lx4 + O(}CS),

V2

Zry = zp108" + O(X).
(70)
“The universality of the shear viscosity in the holographic

plasma was never proven from the perspective of the shear
channel QNMs dispersion relation.

In the IR, ie.,as y=1-x—->0,,

Zyo = ZZ.O,O + O()’),
Zyy = Zz,l,o + O()’),

Zpo = Z?,0,0 + O(y),
Zpy = Z?,],o + O(y). (71)

Given (69), these asymptotes reflect the incoming boun-
dary conditions as the horizon, and the Dirichlet boundary
conditions at the asymptotic boundary [5].

Numerically solving the equations for {Zy,Zr.
Zy1.Zr 1}, subject to the boundary conditions (70) and
(71), we extract

1=22—1—12 and S=T-1, (72)
n

where we used the universal result for the ratio of the shear
viscosity to the entropy density [6]. These results are
presented in Fig. 4. As expected, the transport in the
ordered phase is conformal.

3. Dispersion of the sound waves in holographic
conformal order

We now present results for the dispersion relation of the
sound waves at finite q in holographic conformal order.
We set

w(q) =w,(q) +iw;(q), with limw(q) =0,
q—)
Zy=(1=x)"™Zy, +iZy,)
Zp=(1=x)"™(Zp, +iZp,), (73)

and obtain from (46) and (47) equations14 for
{Zy,Zy ;. Zr,.Zr;}. These equations have to be solved
subject to the boundary conditions:

In the UV, ie, as x —» 0,

Zy,=x+0(xY),
ZF,r = Zf,r,Ox4 + O(xs)v

ZH.i = —mrx4 + O(xs),
ZFJ' = Zf,,',()x4 + O()CS).

(74)
In the IR, ie.,asy=1—-x—>0,,
Zy, =20+ O00), Zyi =12+ 00).
Zpy =12}, +O(), Zri =2} 0+O0®). (75)

Given (73), these asymptotes reflect the incoming boun-
dary conditions as the horizon and the Dirichlet boundary
conditions at the asymptotic boundary [5].

In Figs. 5 and 6 we present results for /o, = Re[w] and
w; = Im[w] of the sound mode in holographic conformal

“The equations are too long to be presented here.
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FIG. 4. The speed of the sound waves (left) and the bulk viscosity (right) of the holographic conformal order as a function of b
obtained from the analysis of the sound channel QNMs.

“Re[w]

0.0 0.5 1.0 15 2.0 0.50 0.55 0.60 0.65 0.70 0.75 0.80

FIG.5. Re[m] of the sound waves dispersion relation in the disordered (dashed red curve) and ordered phases (solid curves) for select
values of b; see text. The dashed black lines indicate the hydrodynamic q — 0 and the q — oo limits.

order at b = {-10,-5,—4,-3,-2} [solid (grey, blue, limmr(q> _L’ limmi(q) o 1’
magenta, green, orange) curves correspondingly]. The -0 q V2 -0 q° 2
dashed red curve represents the dispersion relation for

the disordered phase, also in the limit b — —co; see  and the large q limit,

Sec. IT A. The dashed black lines represent the hydro-

. . . R ] q
dynamic approximation lim L = 1.
q—00 q
000 -0.05¢
-0.05F
; -0.10
l—|_0.10' -I_V
2 ; ] [ 12
—-0.15} 1 -0.15|
R o E
-0.20r 1 [ 1
; ] -0.20
-0.25} [
-0.30f 1 -0.2sf ‘ ‘ ‘ ~o ‘ J
0.50 0.55 0.60 0.65 0.70 0.75 0.80

FIG. 6. Im[w] of the sound waves dispersion relation in the disordered (dashed red curve) and ordered phases (solid curves) for select
values of b; see text. The dashed black line indicates the hydrodynamic q — O limit.
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There is a noticeable deviation in the sound QNM mode
dispersion between the ordered and the disordered phases
for b = —5; this is a reflection of the fact that in this regime
some nonhydrodynamic modes become light; see Fig. 9.

B. Nonhydrodynamic QNMs and the instability

In this section we discuss the spectrum of low-lying
nonhydrodynamic QNMs. We consider only the nonhy-
drodynamic modes in the sound channel. We identify the
QNM with Im[w,| > 0, see (12), rendering the holographic
conformal order discussed in this paper unstable. This
mode is present in the spectrum for all values of b,
whenever the conformal order is present. We explain
why this mode is present in the ordered phases in the
limit"” b — —o0, and is absent in the disordered phase.

|

2(x> +x+ D2wx +x— 1) —alV

To begin, we set ¢ = 0. There are two distinct branches
of the sound channel QNMs: we call them BRquic
and BRhair‘

BR yewic branch of the sound channel QNMs.—Notice
that, see (50),

Chlq=0 = 0. (76)

which decouples Zy and Z fluctuations. On this branch,
the spectrum is completely determined by the equation
for Zy fluctuations, even though Z; fluctuations are
sourced by the former ones: Br #0 and Dr #0
in (47). Using the decomposition as in (73), but for
limg_, w(q) # 0, we find

0=2
et 2(x* = 1)x
x (2a3x(w?

_'______f:]jf(

AV -2(x>+x+1)2mx +x— 1)

2w 1
zZ L7 —
Hr T x— 1770 2xad(x3 —1)?

—w2)a? + a} (x> + x + 1)(a3Vw; = 2(x* + x + 1)((w? — w2)x —w,)))

a3a}(x* +x + 1)V + 4adw;xa® — 242 (x* + x + 1)?>(2mw;x

2(x3 = 1)x

x (@ta3w; (x> + x + 1)V + 2a3x(w? — w?)a? — 243 (x> + x + 1)*((w? — w2)x — ;)

w,

X 2 [ S
wit 2xa}(x® —1)?

The boundary conditions are as in the first lines of Eqs. (74)
and (75). Note that the limit » — —oco is trivial here [see
(55) and (29)]:

V - —6, a; -1, a3 — 1, a—3, (79)

precisely reproducing the equations for the ¢ = 0 non-
hydrodynamic QNMs of the AdS,; Schwarzschild black
brane—there is no distinction between the ordered and the
disordered QNMs in this limit. We present the spectrum of
the quasinormal modes on this branch for b = —4 as blue
dots in Fig. 7.

BRyr branch of the sound channel QNMs.—Setting
identically Zy =0, in addition to q =0, we satisfy the
QNM equation (46). Using the decomposition as in (73)
we find

Recall that in this limit there is no distinction between the
ordered and the disordered phases thermodynamics.

(77)
L o, 1
B — 1717 2xa? (1 = 1)?
(@2a3(x* + x + 1)V +dadwxa® — 2a3(x* + x + 1)2(2wx — 1)) Zy. - (78)
0.0'
g I L] L]
= -05F ° ° B
71'0: . . -
R
Re|r]

FIG. 7. Spectrum of low-lying QNMs in the ordered phase at
b = —4. There are two branches BR cyic (blue dots) and BRy;,
(black dots). The QNMs on the former branch reproduce the
QNMs of the AdS,-Schwarzschild black brane in the limit
b — —oo, while those on the BR,,;, branch remain distinct in
the limit. QNMs on the BRI™ sub-branch of the BRy,;, branch
are nonpropagating: Re[w] = 0. There is a single dissipative
mode (a green dot) and the unstable mode (the red dot).
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27 2
asV=2(x*+x+1)2wx+x—-1) _, 2w, 1
- Z VA
2(x = 1)x Er Jr)c —17F * 4a3x*(x3 = 1)?
x (4a3a3 (x> = 1)0*V — 4y’ adaix(x® — 1)0V + a3adx(x* + x + 1)((¢')2x(x — 1)
—2w,)V —d4a3x*(w? —w?)a? + 4a2(x* + x + 1)(dad(x = 1) + x(x> + x + 1)

0= Z;.r_

W, N
x (w7 —w7)x =w;)))Zp, — 2B = 1) (a1a3(x* + x4+ 1)V + 4adw;xa?
— 20%()(2 + X + 1)2(2mix - ]))ZF,is (80)
alV =2(x* +x+1)(2wix + x — 1) 2w 1
0=z". — 3 i 7 _ r 7! s
i 2x(x3 = 1) Fi 170 * 4aix* (x> —1)?

x (4a3a3 (x> = 1)0*V — 4y ada3x(x® — 1)0V — 4a3x2 (w? —w2)a® + a (x> + x + 1)
x (@3Vx(y')?x(x = 1) = 2w;) + 16a2(x — 1) + 4x(x> + x + 1)((w? — w2)x —w,))Zp,
D,

@@ 1) (@a(x® +x+ 1)V +4ddwixa® = 2a3(x* + x + 1)2(2wix — 1)) Zp . (81)
The boundary conditions are
Zp, =x*+0(x%), Zp; =-w.x + O(x%), (82)
asx — 0., and
Zp, = Z,@,r,o + O()’)’ Zp;= Z?,i,O + O()’)’ (83)

asy =1—x — 0. Now, there is a clear distinction between the ordered and the disordered phases, even in the limit 5 — —co.
Indeed, the QNM equations (80) and (81) contain *V (set in bold), and

lim 9V = lim (4 + 12b7%) = 4 = 12(f (x)), (84)

b——c0

where we used (29). In the ordered phase f (x) is a nontrivial function, see Fig. 1, while in the disordered phase it vanishes
identically. We present the spectrum of the quasinormal modes on this branch for » = —4 as black dots in Fig. 7.

There is a nonpropagating subbranch of the BRy,;, branch; we call it BRI™ . The QNM equation of motion on this
subbranch is a consistent truncation of Egs. (80) and (81) with

mr = 0, ZF,i = 0, (85)

resulting in

0= Zg‘.r_

a3V =2(x*+x+1)(2mix + x — 1) 2w, _,
S L+

Z/
2(x = 1)x Er +x 1 da3x* (x> - 1)?
x (4a3a?(x* = 1)V — 4y’ ala?x(x* = 1)0V + adadx(x® + x + 1)((¢')?x(x = 1)
—2w,)V —4a2x*(w? —w?)a? + 4a2(x* + x + 1)(dad(x = 1) + x(x> + x + 1)

3 ~
W;—ly (ll%(l% (X2 +x+ l)V + 4(1%“)1')((12

— Za%(xz + X + I)Z(Zmix - 1))ZF1 (86)

x (w7 = w7)x —;)))Zp,, —

Solving (86) with the boundary conditions for Zy, as in (82) and (83), we find two quasinormal modes: one with
w,; = Im[w] < 0 and the other one with ¥; = Im[w] > 0—these are (correspondingly) the green and the red dots presented
for b = —4 in Fig. 7. The red dot QNM is what we called v, in Sec. I; it is signaling perturbative instability of the hairy
black brane horizon, dual to a holographic conformal order.
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In the rest of this section we focus on the BR™

decomposition (73

is a consistent one,

with

branch. First, we identify the BRI™

hair air

), we find that the truncation
tD,:O, ZFJ'EO, ZHiEO
even for q # 0:

0=2},+ Az, +B0Z), +CZp, + DM Zy,,
0=2},+ARZy, + By Zy, +CiZr,.

BV -2(x>+x+1)(2mx +x—1)
2(x* = 1)x

l

Im __
AF—_

2a3w? (y'xV —20V)
(@R — 1) + 203 (@7 + 26 —2) = lowd) (¥ = )x

Im __
BF—_

1 - -
O =~ (@BaOVER (¢ = 120 + G = D)(2aaa (& = NPT + a(ae?

x (x2 + x + 1)(w;x — 8x + 8) + 8w?)V — 2q’a3x*(a2q*(x* — 1) — w?)a? — 2alq?
X (x2 + x4+ 1) (xom;(x2 + x + 1) (wx — 1) + 4ad(x = 1)) (') + 2a3a30Vx (x> = 1)

x (a?q*(a3V + 10x* — 10) — 16w?)y’ — 4d3ai(x® — 1)(alq*(a3V + 2x° — 2) — 8w?)
x PV —4aix*(a}q* (3 — 1) —w?) (a3 q*(a3V + 23 — 2) — 8w?)a? — da’al

X (% 4+ x + 1)(a2q?(x*w; (x> + x + 1) (w; — 1) + 4a3(x — 1)) + 4w’x)V + 2a}aiq*
x x(x? 4+ x + 1)V? = 8a? (x* + x + 1) (xw; (x*> + x + 1) (w;x — 1) + 4a3(x — 1))(a}q?

X (x> =1)—

1 ~ - -
Dim = 1 ()22 (3 = 1) +2a3V + 4(x* + x + 1)(2w;x — 3x + 3))(20V — /xV)

Alm:_

Im __
By =

X W2 (@ P — 1) 4+ 263q3(@3V + 2¢° = 2) = 16m2) () = 1)22) ),
1 -
5( a2q>xt (= 1)2()* — a2 q®x*(x* = 1)(a3V + 2(x* 4+ x + 1)(2w;x — 3x
+3)(7)? — 16w (a3V = 2(x* + x + 1)(2wix + x — 1)) + 2a3 (a4 V> =4V (x> + x + 1)
x (wix +x = 1)a3 = 4(x = 1)(x* +x + 1)*(2wpx = 5x +5))¢%) ((afa’x* (¢)* (x* — 1)
+2a3q*(a3V +2x* = 2) — 16w?) (x> — 1)x)!
1 -
76 (@@’ x* () = 13()° + datq’x* (x = 1)2(a3V + (3 + x + 1) (2wix = 5x
+5) () +4a2¢*x* (x> = 1)(a3a3V? + 2a3a3 (x® + x + 1) (w;x — 4x + 4)V + 4a3x>
x (a2q*(x* = 1) —w?)a? + 4a? (x* + x + 1)?(w?x? — 4w;x? + 3w;x + 3x% — 6x + 3))
x (') +32a3x*(a2q*(x* = 1) = w?)(a2q?*(a3V + 2x* = 2) — 8w?)a? — 1643 (x> + x
+ 1) (a3a2q*(wix — x + 1)V? = 2a3(a?q*(x* + x + 1) (w?x? + ;x> — 2w, x — 6x% + 12x
—6) +4wix)V —4(x? + x + 1)(a?q?(x* = 1) (w?x? — 6w,x% + 5m,x + 9x> — 18x + 9)

+ 4w x — 4wix?))) (a3 (2 = 1)2(a3q® 2 (¢ )2 (x> = 1) + Za%qz(agf/ +2x* = 2) — 16w?)),

026008-13
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1 - -
Cim = —Za%qz((;(’)2x2(x3 = 1) +2a3V — 12x° 4+ 12)(—4wix* (x> — 1)(¢')? + adatoV

x @22 (x> = 1) () = 8x(x* = 1)(a3a2q*V — 6w2)y + 2a30V (a?q?(a3V + 2x° = 2)
= 8m7)) ((afa’* (¢ ) (x* = 1) + 2aq* (a3V + 2x° = 2) — 16w7) (x* — 1)x* 7). (95)

Equations (88) have to be solved subject to the following
boundary conditions:
In the UV, ie, as x —» 0.,

ZF,r =x* + O(.XIS), ZH,r = Zh,r,Ox3 + O(X4). (96)

In the IR, ie,asy=1—-x -0,

ZF,r = Z?,r,o + O(y>’ Zy, = ZZJ’,O + O(y) (97)

In Fig. 8 we present w,(q)—the dispersion relation of
the unstable QNM in the ordered phase at b = —4; this is
the q dependence of the red dot in Fig. 7. Note the existence
of the critical momenta

qelp——sy = 1.548, (98)
represented by a vertical dashed line, such that for
q>q. = Im[w(q)] <0, (99)

i.e., this QNM becomes stable.

In Fig. 9 we present results for i (q = 0) as a function of
b for the QNMs on the BRI™ branch. There is always an
instability in the holographic conformal order, irrespective
of the value of b (the solid red curve). The solid green curve
represents the stable QNM. Both QNMs become light in

the limit b — b0 = —%, strongly affecting the sound

Im [,
o
o

FIG. 8. The dispersion relation ,(q) of the unstable QNM in
the ordered phase at » = —4. For this mode Re[w,] =0. As
typical for the Gregory-Laflamme instability [19], this mode is
stabilized for q > q. [here represented by a vertical dashed line,
see Eq. (98)].

waves dispersion; see Sec. III A 3. The dashed horizontal
lines represent the b — —oo limit of i,

unstable QNM (red);
stable QNM (green).
(100)

_ (Im[w(0)] = 0.461,
bq_w{ Im[mw(0)] = —0.577,

The spectral results (100) are obtained solving Eq. (86)
in the limit » - —oo. Taking

1 1
Zry=Zpo+ O(g) w; =Mw;, + O(g) (101)

and using (29) we find the limiting QNM equation

4w, px(x® +x+ 1) — 12+ 18x3

0=2
Fot 2x(x® = 1)

Zry
1

X (x = 1)(x(x +2)(x* + x + 4)w?,

+ (% + x + 1)((8x% + Tx + 6)w; o + 16x?)))Zr 0.

(102)

24(x* — l)f[zl] —2x

where we set in bold again the crucial difference between
the ordered and the disordered phases:

g T T3

0.4 ]

0.2+ B

0of

Im o]

—02f ]

-04 j

FIG. 9. w(q = 0) of the nonpropagating (Re[w] = 0) QNMs
on the BR{™ branch as a function of b in the ordered phase.
The dashed horizontal lines represent the limit as b — —oo;
see Eq. (100). As b — b0 = —%, these QNMs become light,
strongly affecting the dispersion of the sound waves; see
Figs. 5-6.
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FIG. 10. Ecxistence of the unstable QNM as b — —oo is equivalent to the existence of the bound state in an effective one-dimensional
potential (107) with E < 0. We present this potential, Uy (x), for the ordered phase of the overtone 0 (left). The horizontal dashed lines
indicate the effective energies of the QNMs (100). In the right panel we present the effective potential in the disordered phase, U ;. Since

Ugis(x) > 0 for x € (0, 1], there cannot be any unstable QNM.

fu(x) = {EO’

nontrivial, given by Eq. (31),

The asymptotic representation (102) explains why the
ordered phase is always unstable, while the disordered
phase is not. Indeed, introducing a new radial coordinate u
with

du 1
— =, 104
dx 1-x3 (104)
and rescaling
z ! (105)
FOm B0 —x)me 6
we obtain a Schrodinger-like equation for W:
d
{——2—1- U} Yp = EY, (106)
du
where the effective 1d potential U is
1-x° 3 ’
Ulx) = 2 (x* +6—12(f))7), x€(0,1), (107)
and
E= —9mﬁo. (108)

For an unstable QNM, i.e., for w;, > 0, the boundary
conditions for Zg, i.e., Zpy x* as x —» 0, and Zpg
(1 -x)%asy =1-x — 0., imply that given the definition
(1006),

in the disordered phase;
) (103)
in the ordered phase.

¥y —0, bothasx—0, and x—-1_.  (109)

The potential U(x) of (107) is divergent as x — 0.,
automatically enforcing the first of the boundary conditions
in (109); it is vanishing as x — 1_, so to enforce the second
boundary condition in (109) we put an infinite domain wall
at x = 1. Phrased in the language of the effective 1d
Schrodinger problem with (106) and (108), the presence
of the unstable QNM in the spectrum is equivalent to the
existence of the bound state in the effective potential (107)
with with £ < 0. In Fig. 10 we plot the potential (107) for
the ordered phase, i.e., with f;;(x) # O (the left panel) and
for the disordered phase, i.e., with fm(x) =0 (the right
panel). In the former case the potential dips below zero,
allowing for the bound states [represented by the dashed
horizontal lines for the QNM frequencies (100)], while in
the latter case the potential is always non-negative for
x € (0, 1], thus excluding the instability.

We demonstrated above that there is a perturbative
instability on an index O ordered phase branch/overtone
for any value of b€ (—oc0,—3). In fact, there is an
instability on the excited branches/overtones of the con-
formal order. In Fig. 11 we present the spectrum of the
QNMs on the BR{™ branch for the index i =0, 1, 2
background phase overtones in the limit b - —oo. These
results are obtained solving (102) with the bulk scalar
profile function f7;; corresponding to the overtone index
i =0, 1, 2; see the left panel of Fig. 1. Note that the higher
branches of the conformal order are more unstable as the
value of Im[w,] increases with the overtone index (the
red dots).
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:l X . X ;j (i) The universality theorem of [6] implies that the shear
0.4¢ ] viscosity of the holographic conformal order is
[ ] s/(4m). This result was obtained evaluating the
o2r ] retarded two-point correlation function of the boun-
B 0_05 ] dary stress-energy  tensor in a generic .hc?lographic
£ [ ] model. In Fig. 3 we presented the deviation of the
P ] shear viscosity from the universal result obtained
[ ] from the dispersion relation of the QNMs in the
—0.4f ] shear channel.
. .: (iii) In [2] the holographic conformal order was con-
-06F] | R R 1 ] structed using the background metric ansatz
0.0 0.5 1.0 15 2.0
branch index 2 ra\2
I dsi = _oald) (—=(1 = %)%de* + [dx} + dx3))
FIG. 11. The spectrum of the QNMs on the BR;% branch at 4 (256 _ 5(2)2/3 1 2
q = 0 and in the limit » — —oo for index i = 0, 1, 2 overtones of
the holographic conformal order; see Fig. 1. The higher overtones + gz:d%%, (110)
are more unstable as the value of Im[w,] grows with index
(red dots). where we denoted a radial coordinate as % to
distinguish it from the radial coordinate x used here,
IV. NUMERICAL TESTS see (16). The two radial coordinates are related as
Results reported in this paper involve numerical com- x = (2% — )13, (111)
putation of the QNMs. While some of the conclusions are
robust and can be understood in the semianalytic fashion, Of course, the results should not depend whether we
e.g., the existence of the unstable QNM in each conformal use x or & as aradial coordinate. We emphasize though
order phase in the limit b » —oo from the effective 1d that the two computational frameworks are very
Schrodinger problem, the bulk of the computations different; this is particularly profound in the compu-
involves the heavy numerics. It is thus important to address tation of the spectrum of the QNMs. Indeed, while the
the question of the numerical tests. We summarize here the incoming-wave boundary condition for a typical
1mp'hc1t and the exp.h.cu'tests. . gauge-invariant fluctuation Z is Z(x) o (1 — x)™™,
(1) Thermal equilibrium phases of the holographic the same boundary condition takes the form
model (2) are conformal. This fact alone predicts
the hydrodynamic transport, i.e., the speed of the R i
sound waves ¢, and the bulk viscosity both in the Z(%) o< (1= %)™ (112)
symmetric and the symmetry broken phases. In
Fig. 4 we presented deviations of these quantities, Since generically the dispersion relations w(q) are
obtained from the QNM computations, from complex, the Re —Im part splits as in (73) are
the expected values dictated by the conformal different for the same normalizations of the wave
symmetry (9). functions [as in (74)]:
1.2F <t T T T T T
E / 0.00f -.\\ 1
o ] \
__osf 1__ -oost \\\ 1
Lo 2 \
e e ] >—Ei N\
04r g 1 -o.10f \ A
0 25 ////, ‘ \\\ """""""""" ]
e ] T
0.0F 7 1 -0.15F 1
(;0 0t2 054 OfG 0t8 1?0 I.é 050 — 052 ‘ 0f4 066 ‘ 058 1?0 ‘ 152
q q
FIG. 12. Comparison of the sound waves dispersion in the ordered phase at b = —5 extracted using the x radial coordinate (solid

curves) and the % radial coordinate, see (111) (the dots).
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[ —01f \\\ -
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0.2f e ] -os3f ]
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FIG. 13. Comparison of the sound waves dispersion in the ordered phase at b = —3 extracted using the x radial coordinate (solid
curves) and the X radial coordinate, see (111) (the dots).
Re[Z(x)] # Re[Z(%)], Im[Z(x)] # Im[Z(%)]. For example, the fractional difference of the unstable

QNM, the red dot in Fig. 7, evaluated in two

(113) schemes is o< 1079,

Of course, ultimately, this should not affect the
computed spectrum w(q). In Figs. 12 and 13 we ACKNOWLEDGMENTS
compare the spectra of the sound waves computed
using the x radial coordinate (solid curves) and using
the X radial coordinate (dots) in the holographic
conformal order at b = —5 and b = —3 correspond-
ingly. There is an excellent agreement.

(iv) In fact, almost all computations presented in this
paper were duplicated in x and X radial coordinates.
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