PHYSICAL REVIEW D 103, 026003 (2021)

Universal logarithmic behavior in microstate counting and the dual one-loop
entropy of AdS, black holes

Leopoldo A. Pando Zayas 2" and Yu Xin®*"
'Leinweber Center for Theoretical Physics, Randall Laboratory of Physics, The University of Michigan,
Ann Arbor, Michigan 48109-1120, USA
*The Abdus Salam International Centre for Theoretical Physics, Strada Costiera 11, 34151 Trieste, Italy
3Department of Applied Mathematics and Theoretical Physics, University of Cambridge,
Cambridge CB3 OWA, United Kingdom

® (Received 18 October 2020; accepted 7 December 2020; published 4 January 2021)

We numerically study the topologically twisted index of several three-dimensional supersymmetric field
theories on a genus g Riemann surface times a circle, X, x S'. We show that for a large class of theories

with leading term of the order N*/2, where N is generically the rank of the gauge group, there is a universal

logarithmic correction of the form g—;l log N. We explain how this logarithmic subleading correction can be
obtained as a one-loop effect on the dual supergravity theory for magnetically charged, asymptotically
AdS, x M7 black holes for a large class of Sasaki-Einstein manifolds, M’. The matching of the logarithmic
correction relies on a generic cohomological property of M7 and it is independent of the black hole charges.
We argue that our supergravity results apply also to rotating, electrically charged asymptotically AdS, x
M7 black holes. We present explicitly the quiver gauge theories and the gravity side corresponding to

M7 — 1\]041,07 V5’2 and Ql'l’l.

DOI: 10.1103/PhysRevD.103.026003

I. INTRODUCTION

One remarkable recent result in the context of the
AdS/CFT correspondence is the microscopic understanding
of the Bekenstein-Hawking entropy of a class of asymptoti-
cally AdS, black holes. Benini, Hristov and Zaffaroni
demonstrated in [1] that the topologically twisted index of
Aharony-Bergman-Jafferis-Maldacena  (ABJM)  theory
reproduces the entropy of the dual magnetically charged,
asymptotically AdS, x S7 black holes.

Similar microscopic foundations via the topologically
twisted index were provided for the corresponding macro-
scopic black hole entropy in different situations, including:
dyonic black holes [2], black holes with hyperbolic
horizons [3] and asymptotically AdS, black holes in
massive IIA supergravity [4,5]. Some interesting progress
has also been reported in the higher dimensional context
[6-10] and for AdS, black holes embeddable in certain
universal sectors of M2 [11] and M5 backgrounds [12,13]
(see [14,15] for reviews and a complete list of references for
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those developments). An analogous microscopic descrip-
tion, rooted in the superconformal index, has recently been
presented for rotating, electrically charged AdS, black
holes [16,17], including in a universal sector arising from
wrapped M5 branes [18,19].

The robust agreement at the leading order inspired
attempts to understand the topologically twisted index
beyond the large N limit with focus on the logarithmic
corrections to the entropy on both sides of the correspon-
dence [20,21]. The initial conclusion, however, was that
more work was required and that Sen’s quantum entropy
formalism in its current formulation needed to be amended
to also account for hair degrees of freedom away from the
near-horizon region. Ultimately, precise agreement was
found in [22] whose computation focused on the asymp-
totically AdS, region of the black hole solution. Further
successful matches of the logarithmic contributions were
provided in the case of universally embedded black holes
[13,19]. This subleading agreement motivates us to embark
on a systematic exploration of a large class of models with
the aim of demonstrating that the logarithmic correction is,
indeed, quite universal. This is precisely one of the main
results of this paper: an expression for the logarithmic
corrections of the topologically twisted index for a large
class of field theories on L, xS U which we find to
be %log N.

Let us describe two important previous results that make
the journey to a universal logarithmic correction plausible.

Published by the American Physical Society
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The first precedent pointing to the fact that the coefficient
of logN in the topologically twisted index could be
universal comes from a subleading analysis of the free
energy of a large class of 3d field theories. The exact
partition function for a large class of Chern-Simons matter
theories on S® can be computed using field theory
localization and certain matrix model techniques, the
answer can be succinctly written in terms of an Airy
function [23]. In some cases the supergravity dual is
known to be a background of M-theory on AdS, x M,
where M7 is a Sasaki-Einstein seven-dimensional mani-
fold. The universality of the logarithmic term in the free
energy on S° established in [23] was beautifully elucidated
from the dual supergravity point of view in [24] and
shown to depend on some mild cohomological properties
of the seven-dimensional manifold M’. Some of our
arguments in this manuscript mimic that analysis closely.
The other important source of inspiration for us is a group
of works that established a leading order in N relationship
between the free energy on S° and the topologically
twisted index on §% x S' presented and developed in
[25,26]. There is a formal background that arguably
provides a rigorous basis for relations among the free
energy on S° and the topologically twisted index in DIFDS
S1[12,27-29] but we were particularly inspired by the two
developments mentioned above. In this manuscript we
effectively ask the questions of whether there is a relation-
ship between the free energy on S° and the topologically
twisted index in X, X § ! beyond the leading order in N
and, in particular, whether we can establish the univer-
sality of the logarithmic in N correction. We are not able
to answer the broader question of the relationship between
the free energy on S and the topologically twisted index
beyond the large N limit but we present strong numerical
evidence in favor of a universal logarithmic correction in
the topologically twisted index very similar to the uni-
versality of the logarithmic term for the free energy.

The rest of the manuscript is organized as follows. We
start in Sec. II by briefly reviewing the topologically
twisted index in general and its form for the ABJM theory.
Sections III, IV and V are devoted to extensive numerical
evaluations of the topologically twisted index for the 3d
Chern-Simons matter theories dual to M-theory on AdS, x
M7 for M7 = NO10 v32 QLL1 respectively. We discuss
the one-loop gravity computation dual to the universal
result in Sec. VI. We conclude in Sec. VII where we also
point to a number of interesting, in our opinion, open
problems.

II. THE TOPOLOGICALLY TWISTED INDEX
FOR GENERIC N =2 THEORIES

In this section we will briefly review the construction and
structure of the topologically twisted index for 3d N = 2
supersymmetric theories. The topologically twisted index

for three dimensional A/ = 2 field theories was defined in
[30] (see other related works [25,26,31-33]) by evaluating
the supersymmetric partition function on S' x §? with a
topological twist on S%. One considers a 3d theory, usually
containing Yang-Mills, Lyy, and Chern-Simons, Lcg,
interactions on $? x S' with metric and background field
given as

1
ds?* = R*(d6? + sin’0d¢?) + pdr?, AR = 5 ¢0s Odg.

(2.1)

There is typically a set of flavor symmetries characterized
by Cartan-valued magnetic fluxes:

1
J=— | F/ =n.

=5 /. (2.2)

With these magnetic fluxes one associates flavor fugacities
y = exp [i(A] + iBo)], where the constant potential A7 is a
flat connection for the flavor symmetry and ¢/ is a real
mass for the three-dimensional field theory. Similarly the
fugacities for the dynamical fields are x = exp[i(A,+
ifio)], where A, runs over the maximal torus of the gauge
group and o over the corresponding Cartan subalgebra.

The topologically twisted index generically takes the
from

Zny) = 3 § Zwlryimon). (23)

mely

There is an algorithmic way of constructing Z;,, depending
on the field content of the theory. Let us define the building
blocks that go into Z;,,. For a chiral multiplet

p/2yps/2\ p(m)+pp(n)—g+1
. > . (2.4)

Zchiral — H
1-loop 1 — x”yf’f

PER

where R is the representation of the gauge group G, p
denote the corresponding weights, ¢ is the R-charge of the
field and p; is the weight of the multiplet under the flavor
symmetry group. For the gauge multiplet one has

Zihop = [ [ (1 = x)(idu)".

aeG

(2.5)

where r is the rank of the gauge group and a donate the
roots of G. We also use u = A, + iffloc which lives on the
complexified Cartan subalgebra, essentially, x = e'.

The only classical contribution to Z;,, comes from the
Chern-Simons term and takes the form
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785 = xm (2.6)

class ’

where k is the Chern-Simons level and m is the magnetic
flux taking values in the co-root latice I'y of the gauge
group. There is also the contribution of a U(1) topological
symmetry with holonomy & = ¢ and flux t:

ZP = xtem, (2.7)

cla%%

With these ingredients one has that the index takes the
general form

Z(n,y)

(1—x%)
mel“f, fi; Cartan <27”x >al;£

x/),/2 1/2 pr(m)—n;+1
[T 11 (1 —xmy ) , (2.8)

I peR,;

where a are the roots of G, p; are the weights of the
representation R; and m are gauge magnetic fluxes living
in the co-root lattice I'y.

The index depends on a choice of fugacities y; for the
flavor group and a choice of integer magnetic charges n;
for the R-symmetry of the theory. Both y; and n; are
parameterized by the global symmetries of the theory.
Each monomial term W in the superpotential imposes a
constraint:

[In =2 (2.9)

where the product and sum are restricted to the fields
entering in W. These constraints are called the marginality
conditions of the superpotential.

After summing over the magnetic fluxes, m, in Eq. (2.8),
one obtains an expression for the index whose poles are
located at positions determined by the following Bethe-
Ansatz like expression

exp (isign(k,)B\") = 1. (2.10)

For the class of theories we are interested in this
manuscript it is convenient to consider some representa-
tions explicitly. The ingredients in the topologically twisted
index that we will require are

(i) The Vandermonde determinant contributes to the

logarithm of the index as

P
logH<1 _x(.“)>
(a)\ 2 (a)
_ NN (X
—logH(l x<“)) ( x(a)>
i<j i j
2ZL11 etu —ua

i<j i<j

(2.11)

(i) The topological symmetry contributes as

N
i ut,, (2.12)
i=1

where t, is the flux of the U(1)
symmetry.

(iii) A bifundamental chiral multiplet transforming in
(N.N) of U(N), x U(N), with magnetic flux n,
and chemical potential A, ,) contributes as

LNON LT 5 ) -1
Gr) (i)™
i=1 x(.b) f“>

N (a)_(b)\ 3(npa=1)
(XX
x [[(=1mea 1<>71>>

. topological

(2.13)
(iv) Fundamental and antifundamental fields contribute as

N
log H

j=1 anti-fundamental
a

a)\3(#,—1 - a—117 —
(P = )

a)\5 a— - a)\— —
x TT G =yt () e,

fundamental
a

(2.14)

(v) As anticipated above, the contour integration is best
expressed in terms of the position of the poles, given
by the BA equation in terms of B;. In taking the
residues from one set of variables x; to another B;,
we incur a Jacobian denoted by B:

(b)

(a)
B (:)(e Bj etBj )
- b
8(logx§ >,logx§ ))
5@ 5@
xga) < B{ ) xgb) < B{ )
o (a b
= o i (2.15)
50 B® ’
x(“)e j x(b) e
1 o (a) 1 0. ()
X X 2NX2N
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(@ ®

y “ N Vb)) 1 —ﬁy(b.a)
.« . a 1 a i
exp (isign(k,)B;") = (£l@))sien(ka) (19 )ka ;(a) "
ifundamentals — Xj
iy =1 1 <P Yab) [5GV b.a)
(a) 1-Ly
X (a) Ja
o ()y 5 (2.16)
fundm‘l:enlals 1—x i Ya amifund;xmema]s x(l,,) )Nfa

A. The topologically twisted index
Explicitly, the general expression of the index is

\G\ ) b @ @ ‘ w X @
Z = ‘ ‘ / |: >()C(_a)) am; (é,(a))sngn(k,,)m[ % I l <1 _ E )>:|
NG t 11 a
(V) {mmezV} i1 2mx e x|
_ = m(@—m® 41 50 m® @ 1
N Eb) Y(a,b) 7 Y(b.a)
<11 ! :
9 KO
[.]—= bifundamentals —_ i
e (b.n)and(a‘.b) 1 x(.b y(a'b) 1 - x(u) y(b,ﬂ)
/ i
m Y —n o+ O PO
(a) i T2 (aa) T (a) i T2Wa.a) T2
X; x;
X(a) y(a.,a) x( y y(a a)
< '
x () @
w\ 1~ 7 Yew =5 Y(aa)
J i
(a) 1 5 (a)
N X,(-a)ya m; Y —n,+1 x“)y —m —fi +1
* O i : (2.17)
(a) 1 — 1 =
i=1 | fundamentals l - xi yll antifundamentals x(.a) ya

The sum over magnetic fluxes is effectively a geometric sum introducing a large cutoff M and the index takes the form

\G\ a) @ x@ (eiBﬁ“)>M
N'G/ {,12751)( - XH<1_ (a> H ]

(a)
iB;
i#]

/ i—1e”i —1
@ L=, K L=nq)
1 j
N x;_b) Y(a,b) @ Y(b.a)
<11 @ NG
st | 1= o Yas) I ==Y
J i
1-n
v/ Y(a.a) @
<11
FD
adjoints )
W\ =2y
i

—_

antifundamentals (a) y(l
a X

(2.18)

N xl(_a)ya (1-n,) x.l“ Fa\ (1-i,)
) 11;[ |funt£1:ema]s<1 — x(.a)ya> : H (1 - ! > 1 ’

i

This is precisely the main expression we will consider.
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B. Bethe Ansatz potential

An alternative way to package the information in the
index is to consider the so-called Bethe-Ansatz potential, V.
The Bethe-Ansatz potential succinctly summarizes the
Bethe-Ansatz equations. For the representations we will
consider in this manuscript it is possible to write
4 Vbi—fund 4 Vadjoint 4 V(anti—)fund‘

Y = Ves (2.19)

Introducing chemical potentials:

Phi-fund _ v

Z Zlee”

blfundamema]ﬂ
(b.a)and (a.b)

[\

NG

1
+ Arg {exp (i <——Arg {exp( Z (Apa) + A b)))]
bifundamentals

N
2 )R-
bifundamentals i,j=1

(b,a)and (a.b)
and

N

antl )fund __ E

= |:dmlfunddmemdl

a

53]
-

i=1

L12

annfundamema]

antifundamental
a

Adjoint fields are treated as a special case of bifundamentals
with A, ) = A(ap) = A(aq) and an explicit factor of 1/2.
The second term in the bifundamental potential Eq. (2.22) is a
little different from (A.10) in [25] for consistency with the
potential in the ABJM theory in [1]. This difference will only
translate all of the eigenvalues along the real axis by a constant
depending on N, which has no effect on the final result of
Relog Z. Under the choice of the second term in Eq. (2.22),
the eigenvalues for different values of N will be concentrated
without any translation along the real axis.

C. The topologically twisted index of ABJM
beyond the large N limit

As a way of giving the above general description of the
topologically twisted index some concrete context, let us
consider the ABJM theory [34] which is a three-dimensional
supersymmetric Chern-Simons-matter theory with gauge
group U(N), x U(N)_, (the subscripts denote the Chern-

oo = Y W

vy = eiAl,f(a) = ¢lbu | (2.20)
the Bethe potential is given by
k@ (a) (a)
S = — 2 (u;”)? —sign(k,) A w; |, (221
I e L FCE)
u +A hu))) _ le(ei(uih)—u ) A(ub)))]
(b.a) and (a,b)
ul®), (2.22)
= Y Lig(ela ))}
funddmemd]
Bo-mul? + Y (8=l
fundamental
} (2.23)
tunddmenml

[

Simons levels) and matter in bifundamental representations. A
simple representation of the theory is via standard N = 2
notation in terms of the quiver diagram below:

As
eSSl
The superpotential of the theory is
W = Tr[AlBlAzBZ - AleAzBl]. (225)

There are a total of four U(1) gauge fields from the Cartan
of the SO(8) R-symmetry, with corresponding charges n,,
satisfying the supersymmetry constraint »_ n, = 2. The
expression for the topologically twisted index, before sum-
ming over the magnetic fluxes m takes the form
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dx; dx; it ki g, 2, X
/H2mx 27iX; i i eme XH ! X; ! X;

J J

i#]

% m;—m;—n,+1

R . (2.26)

Performing the summation over magnetic fluxes introducing a large cutoff M we get

1 /I—N[dx,- dfcil—NII Xi
(N2 Je i 2mix; 2mi% 4\ x; ;

N (eiBiyM N (eiBj)M
X

iB; iB. .
e e'bi — 1 i esz -1

3101

i,j=1la=1.2

- 1-n,
1/j~§—;ya " H

_ X
Ya

& 1-n,
X, b

Y
p=3a\ 1 =3V

(2.27)

The topologically twisted index for ABJM theory was worked out in [1], and reduces to the evaluation of the partition

function

H i, Z 1 [T, x¥ 2L (1 x/.)( —%) (2.28)
yav tl ’ *
Pt ,EBAEdetBHQV,:l [Lizi2(Fj — yax x;) ] T 34(% = VaX; )1 fa
I
where y, are the corresponding fugacities. The summation —uth,)
is over all solutions / of the “Bethe Ansatz equations” 0= ku; - lZ Z; log(1 )
(BAE) e'?i = ¢/ = 1 modulo permutations, where -
- Z log(1 — el (== u))} —2nn;,
a=1,2
N (1 =y (1 -y, ) N
e = x| : e 0= kit; — i [ log(1 — ei(#itAd))
o (1=t (1 =y3'3) ! ; a:zm
] N1 =y 9) (1 =y, i -
oiB — ~§<H ( y? i)( 4 lxx) (2.29) - Z log(1 — e!(#—u Aa))} — 27ii;. (2.31)
i (L=yr D=y ) a=l2

Here k is the Chern-Simons level, and the two sets of
variables {x;} and {X;} arise from the U(N), x U(N)_,
structure of ABJM theory. Finally, the 2N x 2N matrix B is
the Jacobian relating the {x;, %;} variables to the {e'®, ¢/}

variables
91 = 9%
B X, Mg,
S\ et et )
1" 0x, 1" 0%,

It is convenient to introduce the chemical potentials A,
according to y, = e« and furthermore perform a change
of variables x; = e, In this case, the BAE
become

(2.30)

Y. = el
X =e.

The topologically twisted index is evaluated by first solving
these equations for {u;, ii;}, and then inserting the resulting
solution into the partition function Eq. (2.28). This pro-
cedure was carried out in [1] in the large N limit with k = 1
by introducing the parametrization:

1
Ml' = iNl/zli +77: —551](1’1'),

1
i = N2t + 7+ 2 80(). (2.32)

where we have further made use of reflection symmetry
about 7 along the real axis. In the large N limit, the
eigenvalue distribution becomes continuous, and the set
{t;} may be described by an eigenvalue density p(?).
The leading order solution for p(¢) and 5v(r) was worked

out in [1], and the resulting partition function exhibits the
expected N*/2 scaling of ABJM theory:
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20F

10F

—54

—10H

FIG. 1. The solution to the BAE for A, = {0.4,0.5,0.7, 27 —
1.6} and N = 60. The solid lines correspond to the leading order
expression obtained in [1].

N3/2 n
Relog ZO = —T\/2A1A2A3A4ZA—a. (233)

D. Evaluation of the index beyond
the leading order in N

Given that the BA approach provides the exact answer in
N anumerical study of this topologically twisted index was
performed in [20] and established that presence of a
logarithmic correction of the form — % log N. In this manu-
script we take [20] as a blueprint and extend that analysis to
a number of models with the goal of determining whether
this logarithmic contribution is universal; we find that,
indeed, it is. Let us thus briefly review the main result and
some of the techniques of [20].

In the ABJM context, one expects the subleading
behavior of the index to have the form

RelogZ = RelogZy + f1(A,, na)Nl/z
+ fz(A“’ na) IOgN + f3(Aa7 na) + O(N_l/z)’
(2.34)

p(t)
0.4F

0.3

0.1

1

-1

where the functions f, f, and f5 are linear in the magnetic
fluxes n,.

Let us quote some results from [20] where the numerical
solution for the eigenvalues u; and &; for A, = {04,
0.5,0.7,2z — 1.6} and N =60 is shown in Figure I
quoted from [20]. The corresponding eigenvalue density
p(7) and function 6v(r) are shown in Figure 2 quoted
from [20].

Once the eigenvalues are obtained, it is then simply a
matter of numerically evaluating the index Eq. (2.28) on the
solution to the BAE. For a given set of chemical potentials
A,, we compute log Z for a range of N. We then subtract
out the leading behavior Eq. (2.33) and decompose the
residuals into a sum of four independent terms:

RelogZ = RelogZy + A + Bin; + Bon, + B3ng,
(2.35)

where we have used the condition >, n, =2. At this
stage, we then perform a linear least-squares fit of A and B,,
to the function

F(N) = fIN'2+ falogN + f3 + f4N='/2

+ fsN~L 4 foN3/2, (2.36)

The results of the numerical fit are presented in Table I
quoted from [20] whose main result is that the numerical
evidence points to the coefficient of the log N term being
exactly —1/2. We thus have

N3/2
RelogZ = =~ /2A1A2A3A4Z%
a a

1
+ N2 f1(Agm) = Slog N
+ f3(Bg ) + O(NT'/2), (2.37)

where f| and f; remain to be determined.

dv(t)
04¢

0.2+

—0.2¢
—0.4F

—Qpl

FIG.2. The eigenvalue density p(¢) and the function v (¢) for A, = {0.4,0.5,0.7,2z — 1.6} and N = 60, compared with the leading

order expression.
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TABLE L.

(ABJM) Numerical fit for Relog Z = Relog Z, + f1N'/? + f,log N + f5 + - - -. The values of N used

in the fit range from 50 to N, in steps of 10 where N, = 290, 150, 190, 120 for the four cases, respectively. We
made use of the fact that the index is independent of the magnetic fluxes when performing the fit for the special case

A, ={x/2,7/2,7/2,7/2}).

A A, Aj S /2 J3

/2 /2 /2 +3.0545 —0.4999 —3.0466

z/4 12 x4 442215 0.0491n, —~0.4996 + 0.0000m, ~4.1710 - 0.2943n,
~0.14731, — 0.0491n, £0.00001, + 0.0000n5 £0.06451, — 0.2943n,

0.3 0.4 0.5 +7.9855 — 0.2597n;, —0.4994 — 0.0061n, —9.8404 — 0.9312n,
—0.5833n, — 0.6411n; —0.0020n, — 0.0007n4 —0.0293n, 4 0.3739n4

0.4 0.5 0.7 +6.6696 — 0.1904n, —0.4986 — 0.0016m, —7.5313 — 0.6893n,

—0.4166m, — 0.4915n;

—0.0008n, — 0.0001n;

—0.1581n, + 0.2767n;

III. THE TOPOLOGICALLY TWISTED
INDEX OF N*10

In this section we study the Chern-Simons matter theory
whose holographic dual is described by M-theory on
AdS, x N*19/7, [35-37]. The space N*!? is a homo-
geneous Sasaki-Einstein manifold of dimension seven and
defined as the coset SU(3)/U(1). The manifold has the
isometry SU(3) x SU(2); the latter SU(2) is identified
with the R-symmetry.

The field theory was discussed in [38—40] and shown to
be described by the following quiver diagram:

o1 (o5

/ﬁ dx; d%
c 2rix; 2wiX;

i=1

The superpotential is

W ="Tr <A1¢2Bz = By Ay — Ay, By + B 1Ay

k k
+2¢%—2¢%+EI¢1Q)- (3.2)

The free energy on S° has been shown to match the
gravity computation [38]; a discussion of the superconfor-
mal index was presented in [39,40]. In the context of the
topologically twisted index, this theory was recently
considered by Hosseini and Mekareeya in [26] from which
we borrow much, including the notation and the leading
order analysis.

A. Numerical solutions to the system of BAEs

The topologically twisted index can be algorithmically
assembled from the field theory content and the result is

N ~

km; ——kmW; H Xi Xi
Xi X X (1 —x—) (1 —i—>

i] J J

i m—m;—n,+1 . m;—m;—n,+1
N ?jya \/x—jiyb
<1111 1= I
ij=1a=12 5 Ya p=34\1— % Vb
v 1 r(=m;—ng+1)
X;y r(m;—n,+1) x_’y(‘]
] (livq ) 1 (3.3)
=1\ T Xig 1=y

026003-8



PHYS. REV. D 103, 026003 (2021)

UNIVERSAL LOGARITHMIC BEHAVIOR IN MICROSTATE

Performing the summation over magnetic fluxes by introducing a large cutoff M we get
N N 1-m, %, 1-m,
1 / dxi de’l ( xi> ( > V x_,yh
= 7 H N s H 1 I H H H X
(N1 Je i 2mi; 2mi%; 5 Y i/ ijEa=12 p=34\1- %Yb
y e [ Vo N\ N iy
Xy T l—nq x_, g Py (ez ])
x H<1\/ Vg 1 H e (3.4)
=1 N\ T XiYq __yq i1 — e —1
where the Bethe Ansatz equations are
=-r
1—613,_x5H 1_y3x>1_y‘*;nj x( xiyq)’ ley‘? ’
e D=yt N\ =xyg) \1=1g
(3.5)

&>

11 l Hl#/(l_Z)( _7‘]’
~.)1_na

The compact expression for the index in terms of solutions to the Bethe-Ansatz equations Eq. (3.5) takes the form
1)%y—%quy—%Nrn;, ﬁy—%Nzna % Z |: 1
! ‘ detBTY,o) [Tacio (8 = yaxi) ™ [ Lacs a(xi = ya¥;

q
IEBAE
(3.6)

Z(yav na) = (_

a=1

r
X

N
X
H (1 - xqu)r(l_nq

|~ o=

i— (x; = Yc})r(l_""’)} .
The transformation matrix B describing the change in integration variables from x; to B; is
Oj1 {k = 2=t Gjm + 1% (x,lyq - x,._ly;)] G
, (3.7)
0ji {k RED D ij:|

BlBAEs =
-Gj;
where
(1 —zy3)(1 = zyy) dlog D(z)
D(z) = _? il ; Gij = " loss . (3.8)
(I=2y7") (1 =2y3") logz |,z /s,
The Bethe-Ansatz equations Eq. (3.5) can be obtained from the potential which takes the form
N Tk N -
V = Zl |:§(i:t12 - l/tlz) - 27[(;11'12,' - n,»bti)} =+ Z_ |:_Z Liz(el(uj_uiJrA Zle i( ij=ui= A ):|
i= i,j=1 La=34 a=12
&
: i(—ui+hgz)) — —u;— -
+r;[Ll (el )) — Liy (el ZZ: —27)uy, (3.9)
(3.10)

where
i — na; (471_24:%)%(&,.—%)zzﬂé(aj—ui).
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p(t)
Im(u;, &)
20f
10F
. \\ o . Re(u;, )
25 3.0 \ 35 4.0
-10f 01}
-20+
35 o -o0s 05 10 5!
(a) Eigenvalue distribution (b) Eigenvalue density p(t)
6v(t) k(v(t)+v ()2
15f 34r
10F sl B N=50 k=1,
: S AN LS LSS
0sf ' wah Ba={3. 5 30 3b
) r=1,
L L u: L ‘ Ly i N_fm 3m
15 10 -0 E 05 1.0 15 34 {Aq, Aq} _{ = }
-0.5F+
: sof B N=200, k=1,
-1.0f (i 1
E : 20 A""_{z’z’z’z}’
—15} I I I I I I t r=
i 15 10  -05 05 1.0 15 ’ an
Ay, A} ={-Z, 21
(c) Real part difference dv(t) B Bgh { 27 2 }

(d) Real part axis k(v(t) + 0(t))/2

FIG. 3. Eigenvalues for the special case A, = {5.5,5,5} for N = 50 (blue) and 200 (orange) with the same other parameters.

Im(us &)
15F
10f
s5f
20 25 40 Re(u )
_5F
-10F
-15¢F I I I I I I
45 40  -05 05 1.0 15
W N=100, k=1,
(a) Eigenvalue distribution (b) Eigenvalue density p(t) A = {E non E}
a=\3 30 30 2b
- r=1
ov(t) k(v(t)+v(t))/2 ’ o an
150 *r {Bqg, B} = {_? 7}
1.0F 34t B N= OB’I;::‘ .
o5t T A, = {E’ 7 7 E}’
2| r=2,
‘ ‘ ‘ ‘ ‘ t f - - sr
a5 A0 - 05 1.0 15 wol {Ag, Az} = { > 5 }
-05[
B N=100,k=1,
-1.0f 281 _[n mon o7
Bo={m T, 1 M),
-18p G5 0 05 ol 05 10 15 r=3,
m 3n
{AQH AE’} = {_?s 7}

(c) Real part difference duv(t)

FIG. 4. Eigenvalues for the special case A,

(d) Real part axis k(v(t) +9(t))/2

= {g 5.5, %} for r = 1 (blue), 2 (orange) and 3 (green) with other parameters kept the same.
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We use the leading order solution to the system of BAEs
in [26] as a seed for the exact numerical solution to the
BAE’s in Eq. (3.5). We will assume, as in [25], that 0 <
v(t) + A, <27 and 0 < —v(t) + Ay < 27, then we have

-A, <o(t) < Ay, (3.11)
thus we set the initial real part axis to be
1)+ o(1) A;—-A
U()+U(): q ‘]‘ (312)

2 2

The marginality condition on the superpotential requires
that A, + A; = #. For comparison, recall that in the ABJM
theory, the real part axis defined above is 7 when k =1,
thus we assume the range of the real part axis here should
be near to z to match with the ABJM theory when r = 0.
If we set (A;—A,)/2=nr we will get {A,,0;} =
{-n/2,37/2}. We will see the effects of the values of
{A,. A} in the numerical solutions.

Before entering the details of the numerical analysis, let
us remark that, as compared to ABJM, the system has three
new parameters which are r—the number of flavors of
fundamental hypermultiplets, and the fugacities {A,, Az}
discussed above. Our goal is to explore the space of new
parameters as well as those parameters already present in

Im(u;, ;)

L L Re(u;, i
0 45 (0 )

ABJM, namely N—the rank of the gauge group and
A, = {A}, Ay, Az, Ay }—the fugacities of the bifundamen-
tal matter.

The numerical solutions to the BAEs can be obtained
using FindRoot in Mathematica as implemented in [20,41].
In the following we focus on the case k = 1. The numerical
solutions for different values of NV, r, {Aq, Az,} and A, are
shown in Figs. 3-6. The black lines are the analytical
results in [26].

The numerical solutions show that the eigenvalues are
not reflectively symmetric about 7 alone the real axis as the
ABIM theory. Furthermore, the imaginary part of u; is not
exactly the same as #i; so that there are two numerical
results of the eigenvalue density p(¢), the real part differ-
ence 6v(¢) and the real part axis (v(7) + ©(¢))/2, though it
is not obvious in the last two because of overlapping.

In Fig. 3 we describe the eigenvalues as exact numerical
solutions of the BAE Eq. (3.5). The plots show that the
imaginary part of the eigenvalues scales as N'/2. The
eigenvalue densities are very well described by the leading
analytical result of [26] except for some deviations at the
edges of the intervals.

Figure 4 explores the nature of the eigenvalues as one
changes the number of fundamental flavors r, the most
prominent change is accurately captured by the slope in the
eigenvalue density. In Fig. 5 we explore the effects of

p(t)

o,

AN

(a) Eigenvalue distribution

ov(t)

0.20+

(b) Eigenvalue density p(t)

K(v({B)+7(5)12
401

3.5

essessseasensesenssseeess
3.0r

25F

205

-1.5

(c) Real part difference duv(t)

n T

FIG. 5. Eigenvalues for the special case A, = {5.5.5,

(green) with the same other parameters.

-1.0

(d)

I
-0.5 0.5 1.0

Real part axis k(v(t) + o(t))/2

2} for {A,.A;} = {—5.3%} (blue), {0, 7} (orange) and {-1—1%,1+ 3}
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2.0

-10f
= 1 2t
(a) Eigenvalue distribution (b) Eigenvalue density p(t)
Sv(t) Kv()+ (D)2
L 34l W N=100,k=1
bl 255

WL 33f

32 /"’“w" L {Bg, gk ={-Z, 37"}
W N=100 k=1,
ﬂi ..-". A _{rr 3mr 2m 277}
a =13 ) ) )

o

T
3.0 / r=1,
mo3n
- B, k= {5, 57}
T 28f B N=100 k=1,
1 1
‘ i ‘ ‘ Aa={5,1,—1+n,—5+rr},
] 1 2 re1,
: : - {Ag, Az ={-Z, 2=}
(c) Real part difference dv(t) (d) Real part axis k(v(t) + 0(¢))/2 a 54 2’ 2

FIG. 6. Eigenvalues for the special case A, = {£,%,Z.2} (blue), and the general cases A, = {%,3%,2% 2} (orange) and A, =
{3.1.-1 + z,— 1+ 7} (green) with the same other parameters.

changing the fugacities {A,, A;}. The main effect is in the  using the numerical solutions obtained in Sec. IIl A. Then

real part axis (v(r) + 9(¢))/2. we decompose Relog Z into a sum of four independent
Finally, in Fig. 6 we explore the eigenvalues away from  terms

the symmetric point of the bifundamental fugacities. As in

the ABJM case [20], this is numerically challenging as one RelogZ = A + Byny + Byny + Byn,,  (3.14)
needs confront numerically, various numerical singularities

due to branch points in the polylogarithmic functions. where we have used the marginality condition on the super-

potential n; +mny =1, ny+n3=1 and n, +n; = 1.

B. The subleading term of the index at large N Then we perform a linear least-squares fit for A and B,

. . . to the function
Having achieved control of the eigenvalues we can

proceed to analyze the index. As the ABJM theory, we
expand the index beyond the leading order in N and we

expect the subleading behavior of the index to have the Pe
fogn ¢ T zfp+4N(1_2p)/2’ (3.15)
p=1

F(N) = fiN3%+ foNV2 + filogN + f4

RelogZ = fy(k,r, A, n)N*? k.r,A,n)N'/?
clos filkr. A +folkor.Asm) where p, is the cutoff needed for the numerical fitting.

+ f3lk.r A n)log N + fa(k.r. A n) Notice that the inverse powers of N should be N(!=27)/2,
+ O(N-1/2), (3.13) instead of N?/2, for a integer p as before, because of the
stability which has been checked numerically.
where the functions f|, f,, f3 and f, are linear in the The results of the numerical fit for Relog Z with N are
magnetic fluxes n. presented in Table II. The error between the analytical

For k = 1 and a given set of A,, r and {A A q}, we can leading term computed by the index theorem in [26] and the
compute the index Eq. (3.6) and Relog Z for arange of N numerical leading term f;N*/? is negligible. More
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TABLE II.  (N%!9) Numerical fit for Relog Z = fN*/2 + f,NY/2 4 fylogN + f4 + ngf NU-20)/2 The s in
the bracket of N is the step of N.

(@ k=1; {A, Ay, A3, 04} = {5.5.5.5

r A, 4; N(s) i P S3 Sa
1 -7 37” 100 ~ 300(10) —2.41840 +2.11612 —0.50066 —2.29495
7 100 ~ 300(10) —2.41840 +1.73825 —0.50056 —2.29565
+0.15115n4
+0.15115n,
+0.45345n,
-7-1 37” +1 100 ~ 300(10) —2.41840 +2.35669 —0.50080 —2.29412
—0.09623n4
—0.09623n,
—0.28868n,,

2 -7 37” 100 ~ 300(10) —3.14159 +2.08351 —0.50065 —2.49377
3 -7 32—” 100 ~ 300(10) —3.74657 +2.38846 —0.50068 —3.10991
(b) k=1; {A,8,, 83,04} = {%,%”,%”,%”

r 4 v N(s) Si /2 f3 fa
1 -3 37” 100 ~200(5) —2.45347 +2.16951 —0.50086 —2.37003
—0.37599n, —0.00208 15 —0.00002n5 —0.0048914
+0.44419n, 40.01685n, +0.00002n4 +0.00569n,
+0.01959n,,
0 T 85 ~ 105(1) —2.45347 +1.81164 —-0.50107 —2.36898
—0.37599n, +0.16898n4 —0.00007n3 —0.00460n5

+0.44419n, +0.13521ny -+0.00008n, -+0.00537n,
+0.46029n,, —0.00002n,, +0.00012n,,

-2-1 ¥4 100 ~200(5)  —2.45347 +2.40631 -0.50082 -2.37028
-0.37599n; —0.08786m; —0.00001n;5 —0.00493n;
+0.44419n,  —0.08581n, +0.00003n,  +0.00566m,

-0.26097n,

2 -z > 90 ~ 110(1) -3.16053 +2.13744 -0.50098 -2.59551
—0.46062n; +0.19592n;  +0.00024n;  —0.12623n;
+0.49512n,  —0.16992n, —0.00043n, +0.12251ny

+0.02533n,  —0.00007n, +0.00039n,,

3 -z > 80 ~ 100(1) —3.75949 +2.47949 -0.50119 -3.29270
—0.53656m; +0.46309n;  +0.00691n;  —0.37592n;
+0.55794n,  —0.43345n, —0.00646n, +0.36784n,

+0.02703n,  +0.00146n,  —0.00802n,
© k=1 {AL A A A} = Ln—1,n-1}

r 4, 4 N(s) fi fa f3 fa

1 -z £ 100 ~ 140(2) —2.69204 +2.10645 -0.50101 -2.42730
+0.02322n;  +0.05070m; —-0.00001n;  +0.00051n3
+0.51870n,  +0.05726m, +0.01181n,

+0.15070m,, +0.000057,,
0 P 100 ~ 120(1) —2.69204 +1.79254 -0.50079 —2.42886
+0.02322n;  +0.19251n; —-0.00008n;  +0.00089n3
+0.51870n,  +0.14797n,  —0.00002n,  +0.01185n,
+0.58329n,, +0.00010m,,

-%-1 341  100~120(1) —2.69204 +2.33490 -0.50108 —2.42691
+0.02322n;  —0.04105n3  +0.00002n;  +0.00031n3
+0.51870n,  —0.03333n, -0.00005n,  +0.01213n,

—0.12470m,, —0.00003n,,

(Table continued)
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TABLE II. (Continued)

(© k=1; {A], Ay, A3, Ay} = {%,l’ﬂ— l,ﬂ—%}

r A, A; N(s) 1 2 VE Sa
2 -3 37” 80 ~ 180(5) —3.28009 +1.91465 —0.50031 —2.52837
—0.14052n4 +0.19945n, —0.00026m5 —0.07857n5
+0.41670n, —0.00011ny —0.00042n, +0.04734n,
+0.20126n,, —0.00040n,, +0.00239n,,
3 -3 37” 100 ~ 140(2) —3.83240 +2.18910 —0.50565 —3.11766
—0.23232n;4 +0.36535n; +0.00191n4 —0.20891n4
+0.40375n, —0.13462n, +0.00215n, +0.14117ny,
+0.21699n,, +0.00343n,, —0.01975n,,

precisely, the analytic leading order and the numerical
result match to number of significant digits present in
the table. The leading term is, indeed, independent of
{A,.A;}. The numerical results indicate that the coeffi-
cient f3 of the log N term is precisely —1/2.

The main result of this section is the numerical evidence
pointing to the presence of a correction of the form
—1log N in the topologically twisted index.

IV. THE TOPOLOGICALLY TWISTED
INDEX OF V52

One particularly interesting model is the field theory dual
to AdS, x V>2/Z, because the manifold V> is nontoric.
A simple way to visualize this seven-dimensional manifold
is as a homogeneous space V>2 = SO(5)/SO(3). There
are two models for the dual field theory. Following the
literature, we call model I, the proposal of Martelli and
Sparks [42] and model II the proposal of Jafferis [43].
The free energy on S* of the field theories was discussed in
[44-46] and perfect agreement at leading order was found

with the dual supergravity solutions. The topologically
twisted index for both models was studied at leading large
N order in [26] where the authors established the equiv-
alence of both models. Here we go beyond the leading
order in N and demonstrate the equivalence of both models
at the level of the topologically twisted index up to, and
including, logarithmic in N terms.

A. Model 1

Model 1 was originally proposed in [42] with the
following quiver diagram:

The superpotential accompanying the quiver diagram is

W =Tr[¢ + $3 + ¢1(A1By + A2B)) + 2 (BoA; + BiAy)]. (4.2)
1. Numerical solutions to the system of BAEs
Collecting all the relevant building blocks following from the quiver diagram we have
1 / N dx,» d.il km: ~—kim; N ( Xi> ( )"c,)
Z= : X, XX 1-=)[(1-=
(N!)? m,ﬁqze:z'v c ,11 2mix; 2mix; ! H X; X;
i—m—n, 1 X m;—m;—n,
ﬂ H ;_;ya m;—m;—n,+ H /—%yb m;—m;—n,+1
X 1_%y PRI
Q=i |aziz\ 1 =5 Ya p=3a\ 1 =30
Xi mi—%nlﬁ] +% X _mi_%n(ﬁl +% X; _ﬁlj_%n(f?z +% X ‘ﬁf—%ntﬁz +%
\/ 5 Y % Vo \/ 5 Ve =Yg,
|\ Tomy T S e 5 (4.3)
x]_y(/,, TR 1 _,-C_qubz — %V
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Performing the summation over magnetic fluxes, as in previous cases, by introducing a large cutoff M we get

(N2 Jo i 2mix; 2mi%; it x; %

i#j J J

1-n = I-n
X a X, b
N 5 Ya % Vb
<11 | 7== I =
J=1 , j =3,

1-n, 1-n, N iB\M N iB\M
(25 ) I SIS 4

1=20, 1=, e T e -1

where the Bethe Ansatz equations are
| — ot — T ﬂ—yﬁwl—mg>< 1 ><, ,m>
S (= (1 - y3 ') \WIyas XV, )
X; X;

1:¢a:wf[“‘”ﬁ“‘ﬂﬁ)< L) (G “5)

T (1= D (1 = y3' D) \Wyayaya) \X; = Ty,

We highlight the ambiguity of selecting a branch as discussed around Eq. (2.22) by explicitly keeping the product

/Y1Y2Y3Y4 in the above expression.
The compact expression for the index, once the solutions to the BAE are known, is

- —IN?n, | =Ny, NPy,
Z(yana) = ( Ya' )y,ﬁl Ve "
a=1

4
|: 1 N %N<6_Za:|n"_2n¢l IN 6_2 — Na~ 2n¢2
i=1%i

x Z detBH?/j:lHa:I,Z (Xj_ya 1) Ha 34(x )1 e

IEBAE
[Ty (1 =1 -5
XN I—n, (= _ = T—ng, | (4.6)
Hl] l( x]y¢) ’](xj_xiylﬁz) ?
The transformation matrix B is given by
By, Gj
Blgags = ( T >, (4.7)
* _Glj le
where
Yo _ Ojm = Vg,
— G + X ( ]m 1 _
+ 1 1 1
— 5 [y"" }Hl[ a—_— } (4.8)
Yo, =1 X| = XVg, X1 T XY,
1—51{k+ZG + % Z( y4’2—]_5jmy“2)]
] g m=1 Xm Jy’/’ xj - xmy(/)z
14y, 1 1
—5,-,{ y‘“}+x,[~ - _1}. (4.9)
Tl - y()z X|— xjyuz X — xquﬁz
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Im(u;, &)

20

=
E

Re(u;, ;)

-20

_30 b
(a) Eigenvalue distribution

Sv(t)

2+

L
-2

2+

(b) Eigenvalue density p(t)
K+ (1)1

6F
5F

4F

2
(c) Real part difference dv(t)

2n 2z 2z

FIG. 7. Eigenvalues for the special case A, = {2" 353

The Bethe potential is

L L L
-1 1 2

(d) Real part axis k(v(t) +(t))/2

2} for N = 50 (blue) and 200 (orange) with the same other parameters.

Z |: 2ﬂ(ﬁiﬂi - niui)}
+Z|:ZL1 lu u+A“ ZLIZ lu —ui—A,) _(ZA )M—M):|
i,j=1 La=34 a=12
N1 o o
+ Z [Lin(t7#+84)) — Lip(ft80))] 1 3 2 [Lip (el 877 8)) — Lip (el0-5-30))], (4.10)
ij=1
where
4 N 4 N
Z [_2ﬂ(ﬁlﬁl - nlul)] = <677: - Z Au 2Al/12> Z ﬁ] - <6” - Z A” - 2A¢’l) Z i
=1 a=1 i~ a=1 i)
N
i>j

We focus on the case k=1 and set the initial real
part axis to be z. The numerical solutions for different
values of N and A, = {A,A,, A3, Ay} are shown in
Figs. 7 and 8. The main new ingredients, as compared

to the ABJM case, are the fugacities {A¢I,A¢2}:

2rn 2z
33

Figure 7 displays the eigenvalues and their imaginary
and real part densities as a function of N. The choice of
N =50 and N = 200 is meant to indicate clearly that the
imaginary part of the eigenvalues scales as N'/? in the large
N limit; this can be easily noted by glancing at the axes in
panel (a) of Figure 7.
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Im(u,-,Clj)

—20}F

—40fF

p(t)
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L

(a) Eigenvalue distribution

Sv(f)

L
(b) Eigenvalue density p(t)

k(v(f)+0(f)/2

i W N=100, k=1,
(3. 5 5. 27)

{Bp g} = {2

5

af

L

N =100,

N =100, ,
Aa:{;—(‘l+2rr),1§(5+2rr),

1 " " " [ " " " 1

(c) Real part difference duv(t)

FIG. 8. 2z 2n 27 2z

1 2z 5 2z 5
{§+7,§+

3> 3

Figure 8 explores the dependence of the eigenvalues on
the choice of fugacities {A,}. As expected from the ABJIM
construction, and more general configuration of tails in the
distribution of the eigenvalues emerges. The agreement
with the leading order large N distribution is maintained
with deviations registered mostly along the piece-wise
discontinuous slopes.

2. The subleading term of the index at large N
The index should take the form

RelogZ = f(k, A, n)N32 + f,(k, A, n)N'/?
+ f3<k7 A? n) IOgN + f4(k’ A’ n) + O(N_l/z)’
(4.12)
where the functions f;, f,, f3 and f, are linear in the
magnetic fluxes n.

The index Eq. (4.6) and Relog Z can be computed using
the numerical solutions. Under the similar decomposition
RelogZ:A+Bln3—|—an4, (413)

where we have used the marginality condition on
the superpotential n; + ny, =4/3, n, +n3 =4/3 and

-4

=) 2 L(-5+2m), L(-1+2m)},

{Bg.00) = {25, 21}

(d) Real part axis k(v(t) +9(t))/2

Eigenvalues for the special case A, = {T’?’?’T} (blue), and the general case A, = {%%”%7[} (orange) and A, =
+ % —1+ 2 (green) with the same other parameters.

ny = n, = 2/3. Then we perform a linear least-square
fit for A and B, to the function

f(N) = fIN¥2 4 foN'2 + f3logN + f4

Pe
+ pr+4N(l—2P)/2‘
p=1

(4.14)

The results of the numerical fit for Relog Z with N are
presented in Table III. The analytical leading term com-
puted by the index theorem in [26] and the numerical
leading term f;N*/?> match to number of significant digits
present in the table. The numerical results indicate that the
coefficient f3 of the log N term is precisely —1/2.

B. Model 11

Model II was originally proposed in [43] with the
following quiver diagram:

©1,2,3

The superpotential is taken to be

026003-17
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TABLE III. (V32 Model I) Numerical fit for RelogZ = f{N32+ f,N'/2 + fylogN + f4 + gj s aNU=20)/2,
(@) k=1; {A1,A2,A3,A4} = {23”,23”,2{[,2{[} {A¢I,A¢2} = {23”,23”
N(s) S 2 S3 Sa
100 ~ 300(10) -1.86168 +3.02526 —0.50066 —2.75740
() k= 1{A1 Ay, A5, A} = 5757} {8y 00} = (8.5
N(s) S 2 f3 Sa
100 ~ 300(10) —2.18550 +3.56708 -0.50082 -3.39532
—0.31221n;4 +0.0078 115 —0.02821n4
+0.78053 1,4 —0.17562n, +0.19180m,
©k=1{ALA A A ={F+3.5+3.5 1.5 -3 {800 =5 .F
N(s) S P S3 Sa
100 ~ 200(5) -0.79002 +4.27652 —0.50167 —4.51009
—1.81136m; +1.38166n; —0.0000515 —1.91182n;
—0.13631n, —0.069901,, —0.00001n, +0.01935n,

k
W = Tr{(ﬂs (P12l + > a;(0} + 93 + fﬂ%)fzf}- (4.16)

J=1

The SO(5) symmetry of V32 can be made manifest by
using the variables

1 .
X :75((01 +ig), X,=

—=(p1—ip,), X3=ips.

E_

(4.17)

In terms of these new variables, the superpotential can be
rewritten as

k
W= TT{X3[X17X2} + Z a;(X1 Xy + X, X = X3)§/
=

1. Numerical solutions to the system of BAEs

The above matter content implies that the topologically
twisted index takes the general form

i 2 [ Mpmesten [T (1-7)

mezV i#]
1 1
[x; m—ghy, + x; -mi—hx,
N 3 .X_/-yxa X_IyXa
<11 1= j
ij=la=1 \ 1 TxYX, 1=y,
N 1~ m;—f, +1
xiyqj m; "4j+1 x[yl]j
<7 -
=1 j=1 \1 TXiYg; 3 Ya
(4.19)

Performing the summation over magnetic fluxes by

(4.18) introducing a large cutoff M we get
|
v 2 0= T2
xt x -= —
meZN c H 27ix; H llj_[l al_[ 1- —yX
Nk 1 Ly e (eiBrM
VEiYg, ) My X4 e'Bi
X — . (4.20)
15 B _1°
gg(l — XY, 1 -5 Ee’ 1
where the Bethe Ansatz equations are
-1
iB 3 xi xjyxa £ xiyqj ;’yq!
1=ef =[] (=— 11 1V_ i (4.21)
amt j=1 \Yj —XiYx, /i XiYVq; XV

026003-
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The compact expression for the index once the BA solutions are known is

3 Koo .
, _1z2 —Nn,. —Nii,.
__ LiZNk N nx 2V 0 <72 e
Z(yang) = e [ Tox ™ []ve "o
a=1

=1

Z [ 1 i xf'VHHi;éj(l _;C_;) l—N[ x%k ] (422)
3 v —— — |- )

e [ BT Ty (= xjvx, )7 2 [T (1 —xi)’qj)(l ") (x; — )’qj)(l o)

The matrix B is

B|BAEs = ( le ), (4-23)
where

3 3
Yx +1 1 1
— Y ) - . 4.24
ﬂ[ Yx, — J M = [x Vx jYXj ( )

i=1 a=1i,j=1
Nk Cui ) ua) 1Nk
+ Z Z [Liz(el Uit Ry, ) — Liz(el Ui=Bq; )] + EZ Z [(Aq/_ + qu - 2ﬂ)u,~], (425)
i=1 j=1 i=1 j=1
where
N 3 N N
S 2, = (aﬂ B Axu> Sy —u) =23 (). (4.26)
i=1 a=1 i>j i>j
[ ~
Notice that for even N we are left with a common factor v(t) = A, -4y ) (4.27)
7Y N | u; which can be reabsorbed in the definition of the 2

topological fugacity ¢ [25]. The quiver described in quiver diagram (4.15) is quite

For simplicity we set A, = A, and qu = Aq forall j.  different from the ABJM quiver, in particular, it has
Since there is only one gauge group we directly set the  only one node. We have only one set of eigenvalues to

initial real part to be consider. The set of fugacities involved yx , Vg, and yqj are
o)
Im(u;) 055

301

201

-20}F

T S &5 5
-30*- -1.5 -1.0 -0.5 0.5 1.0 1.5 k=1

A 2 4
(a) Eigenvalue distribution (b) Eigenvalue density p(t) {Bg, Ag}= {_T’ T}

FIG. 9. Eigenvalues for the special case Ay = {%” , 2{ , 23—”} for N = 50 (orange) and 200 (blue) with the same other parameters.
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Im(u;)
201
10F
g Re)
-10f
_20,
(a) Eigenvalue distribution
FIG. 10. Eigenvalues for the special case Ay = {
Im(u;)
20p
10}
1 1 2 s | Rew
10}
_20:
(a) Eigenvalue distribution
FIG. 11. Eigenvalues for the special case Ay = {

the same other parameters.

quite different as well, in the sense that there is no particular
subset that one would naturally identify with the y, of the

ABJM model.

The numerical solutions for different values of N, k,
{A, A} and A, Ay ={Ax, Ax, Ay} are shown in

Im(u)
20

—-20fF

(a) Eigenvalue distribution

FIG. 12. Eigenvalues for the special case A,, = 0,Ay = {

(orange) and A, =1 Ay ={-3+%.3

2z 2z
3°3

Re(u)

2z 2z 2z
3°3°3

-1.0 -0.5 0.5 1.0 1.5

(b) Eigenvalue density p(t)

2 21 2

3°3°3

-1.5

T T S 7\ -
-1.0 -0.5 0.5 1.0 1.5

(b) Eigenvalue density p(t)

m N=100,A, =0,
_j2n 2m 2
Ax—{—3,

k=2,

} for k = 1 (blue), 2 (orange) and 3 (green) with the same other parameters.

k=1,

}or {A,. A} = {—2 .42} (blue), {Z,%} (orange) and {¥,0} (green) with

Figs. 9-12. We find the value of the real parts of the exact
eigenvalues is the same as our initial value.

Figure 9 shows that the real part of the eigenvalues is a
constant. It is harder to spot the scaling from panel (a) but it

is still N1/2.

2z 2z 2z
3°3°3

(b) Eigenvalue density p(t)

026003-20

2" 6 3.
k=1,

= 2 4
{A%'ACH}={_TN' Tn}

W N=100,An =1,
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In Fig. 10 we consider the effect of changing the number 2. The subleading term of the index at large N
of flavors k. As expected from the leading order solution
[26], changing k mostly affects the slope in the eigenvalue
distribution p(z) which increases proportional to .

Figure 11 demonstrates that the role of the chemical
potentials {A,, &q} display the real part of the eigenvalues
u; and have, otherwise no effect on the imaginary eigen-
value density p(z).

Finally, we display the dependence of the eigenvalues u;
on the choice of the chemical potential Ay in Fig. 12
keeping the same real parts.

The index should take the form

RelogZ = f(k, A, n, t)N*? + f,(k, A, n,t)N'/?
+ f3(k, A, n,t)logN

+ fa(k, A n 1) + O(N™1/2), (4.28)

where the functions f;, f,, f3 and f, are linear in the
magnetic fluxes n and t.

TABLE IV. (V52 Model II) Numerical fit for Relog Z = f\N*/2 + f,N'/? + f3log N + f4 + 397" NU-20/2,

(a) Am :07 {AXI’AXZ’AXJ} = {Zl R

3°3°3
k 4 A q N(s) fi /2 f3 fa
— %" %" 100 ~ 300(10) —1.86168 +3.02526 —0.50066 —2.75740
1 z z 100 ~ 300(10) —1.86168 +3.02526 —0.50066 —2.75740
%” 0 100 ~ 300(10) —1.86168 +3.02526 —0.50066 —2.75740
- %” %” 100 ~ 200(5) —2.63282 +3.37334 —0.50090 —3.26096
3 — 27” 4?” 100 ~ 200(5) —3.22453 +4.43378 —-0.50115 —4.75453
®) A, = —%; {Ax,,sz,AxJ = {%%ZT”}
k A, &q N(s) S /2 f3 fa
1 - 27" 4{ 100 ~ 300(10) —-1.66514 +3.44999 —0.50082 —3.26746
" ) —0.31221ny, +0.00781my, —0.02821ny,
+0.78053t —0.17562t +0.19180t
% 5 100 ~ 300(10) —1.66514 +3.44999 —0.50082 -3.26746
—0.31221ny, +0.00781ny, —0.02821ny,
+0.78053t —0.17562t +0.19180t
27” 0 100 ~ 300(10) —1.66514 +3.44999 —0.50082 -3.26746
) —=0.31221ny, +0.00781ny, —0.02821ny,
+0.78053t —0.17562t +0.19180t
2 — 27" 47” 100 ~ 200(5) —2.30372 +3.19233 —0.50098 —3.22095
) ‘ —0.49365ny, +0.41961ny, —0.34133ny,
+0.24683t +0.08639% —0.06902t
3 — %" 4?" 100 ~ 200(5) —2.81460 +3.99013 —-0.50123 —4.52640
—0.61569ny, +0.89056my, —0.00006my, —0.83862ny,
+0.13193t +0.09188t + 0.00003t —0.08196t
(C) Am - %; {AXI’sz’AX3} - {2%_%’23_”+%’2Tﬂ}
k 4, Aq N(s) S fa f3 Sa
1 —2?” % 100 ~ 200(5) —0.88090 +4.22992 —-0.50168 —4.49720
' —1.81136ny, +1.38166my, —0.00005my, —1.91182ny,
—-0.13631t —0.06990t —0.00001t +0.01935t
2 —2?” % 100 ~ 200(5) —1.24227 +3.87599 —-0.50409 —5.28616
—2.58650my, +5.44770ny, +0.00620m y, —8.41742ny,
—-0.04773t —-0.07670t +0.00063t +0.05162t
3 —2?” % 100 ~ 200(5) —1.52070 +4.40337 —0.49827 —7.73447
—3.17340ny, +10.53032ny, —0.05617ny, —18.79411ny
—0.02594t —0.06618t —0.00672t +0.098341
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The index Eq. (4.22) and RelogZ can be computed
using the numerical solutions. For simplicity we set n, =

n,and i, = fi, forall j. Under the similar decomposition
J

RelogZ = A+ Byny, + Byn, + Bst,  (4.29)

where we have used the marginality condition on the super-
potential ny +ny, =4/3,ny, =2/3and n, + i, = 2/3.
Then we perform a linear least-squares fit for A and B, to
the function

F(N) = fIN32 4 foN'2 4 filogN + f4

Pc
+ D fpaNIZ2P2, (4.30)
p=1

The results of the numerical fit for Relog Z with N are
presented in Table IV. The analytical leading term com-
puted by the index theorem in [26] and the numerical
leading term f;N*/? match to number of significant digits
present in the table. And the numerical results are also
independent of {A,,A,}. The numerical results indicate
that the coefficient f3 of the log N term is precisely —1/2.

Furthermore, from the numerical results it is shown that
by taking

2
AX1 = ASv Am - k(?ﬂ - A4>

2
TIXI = n3,t =—k |: (431)

3u—m—m}

W= Tr(A1B1A2B2 —AleAzBl)

Nyl )
+Tr [Z 7'M +3 q7a
j=1 j=1

where ¢ is the genus and g = 0 for this case, Model I
matches exactly with Model II for every term, including to
logarithmic terms which are equal as they are independent
of the chemical potentials of the magnetic charges.

V. THE TOPOLOGICALLY TWISTED
INDEX OF Q!

The field theory dual to M-theory of AdS, x Q""!'1/7,
was originally discussed in [43,47], see also [48]. The quiver
diagram is a particular flavored type of the ABJM quiver:

(5.1)
with the superpotential
SENE () NPT o WINC)PNC)
7+ 3050+ e mof) 52
=1 =1

The free energy of the field theory on S* was shown to match the gravity side in [44,46]. Aspects of the superconformal
index have been discussed in [39,40]. The large N analysis of the topologically twisted index was presented in [26] whose

notation and leading order analysis we follow very closely.

A. Numerical solutions to the system of BAEs

From the ingredients of the quiver diagram (5.1) one constructs the topologically twisted index as

/ H dx; dx;
c 2mix; 2wiX;

m,mezN
N m;—m;—n,+1
N ;C_jya
[T 11 |1==
—_—
iicta=ia \ L 5 Va
1 ~ n(—m;—fiy+1)
N ;iyak
[T (1=
itz \ =5 Yak

st (1-5) ()

= my—m;—n,+1

I7 |
%
p=34\ 1 3 Vb

N T Vo \ 0=t 1)
<11 TI <7V’y"> o (5.3)
it imin N = XYk
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Performing the summation over magnetic fluxes introducing a large cutoff M.

(N!1)? ¢ i 2mix; 2mx R X; X

m,mezV i#j J
1-n =z 1-n
X a X b
N \/ 5 Va Vb
<11 1—%, %
i,j=1a=12 X;/a =34\ 1—3Y

B, _ B 1
et = 1ire —1

—n

1—y;7 )(1 —y,
_1x X
- ;j)(l_ 2 k=1,

><|._.

—_—

[\)
»

The compact expression is

INn(1-n, —N?n,
Z(ya’ na) = H [yakz n(1=fa yakn at) H)’a "
k=12

Z |: 1 N Y, xN+t~N+tHHé]< _. (1 _;v_;)
IEBAE det B sz 1 Ha:l,2 (xj - yaxi) “Ha:3,4(xi - yujéj)l_n”

N xfln(l_ﬁnk)x%n<1_nak)

X ! _ i )
1 s (= Fa) ") (1~ Fc,»yak)”(‘-"ak)]

The matrix B is

026003-23
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The Bethe potential is

N N
V= Z [~AWu; + A @ = 2 (i — nauy)] + Z [ Liy (e/(i8a)) — ZLiz(ei(u’_“"_A‘J)}
[ a=3,4

—1 ij=1 a=12
N
+ nz Z [Li2<el(_ux+Aak)> — L12(€I< Uj Aak))}
i=1 k=12
n < ~ n
+§Z [(Aq = m)u; + (A — 7)it;] _EZ[M’Z —E’ﬂ (5.8)
i=1 k=12 i=1
where
N 4 N N
> [=2a(fit; - nu;)] = <47z -> Au> S (i —u) =2z (it; - uy). (5.9)
i=1 a=1 i>j i>]
It is assumed that 0 < —v() + A, <27, 0 < —v(1)+ _A-2A, +A+42E,,
( 2a’ 20)’ Aal<AaZ

e 9

Ap <27,0 <5(f)+ Ay <27and 0 < 3(t) + Ay < 2. (1) +9(2)
2 (%v%)v Aal > Aa2

Using Aj = A, =7 — Ay =7 — A, = A and the margin-
ality condition from the superpotential A; 4+ A, +
Ay =27, Dy + Dy + Ay = 27 we get (5.10)

Im(u;, &)
20f
45 40 los ..\t..,‘_o.s 0 Trs o Reld T
ol ) ......__ . 0-1:
-20 i
‘ ‘—1‘.5‘ - ‘—1‘.0‘ - ‘—0‘5‘ — - ‘0.‘5‘ - ‘1‘.0‘ - ‘1.‘5‘ it
(a) Eigenvalue distribution (b) Eigenvalue density p(t)
su(t) V(O+7 ()2
G5 0 05 P 05 10 5! . 10f
[ . : , B N=50,A=7,
o5l N\ . 0sf
! h f {65, AR} = {0, 0},
I ‘ ‘ o ‘ ‘ ‘ ¢ DAp=0,n=1,
I 45 10 05 05 10 15 3m 3
1ok r ~ {Aa1, Ag2} = {Trr’ Tn}
I -0sf W N=200,A=7,
1o . : (A0, AZ) = {0, 0}
-tof : Ap=0,n=1,
Aa1, Do} = (35, 37y,
(c) Real part difference dv(t) (d) Real part axis (v(t) + 9(t))/2 a1, Aoz} = {57, T}

FIG. 13. Eigenvalues for A, = {5,5,%.%} for N = 50 (blue) and 200 (orange) with the same other parameters.
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p()

Im(u;, &)

0.8

S5 oo T Tis  Relwd : /
: s 02} o
J5 o “os 05 10 15!
(a) Eigenvalue distribution (b) Eigenvalue density p(t) B N=100,A= %,
{al), AP} = {0, 0},
ov(t) (V(t)+0(t)12 Ap=0,n=1,
e {Bar, Doy = {21, 2y,
W N=100,A=Z,
. 05} 2
{a, AP} = {0, 0},
. L L I L t Am = 0, n= 21
45 10 05 10 15 (Do, Do) = {%, %}.
-05p o, m N=100,A= %,
{a(), AR} = {0, 0},
-1or - Ap=0,n=3,
Aar, Do} = {35, 321}
(c) Real part difference dv(t) (d) Real part axis (v(t) +9(t))/2 {Ba1, D} = {7, =

FIG. 14. Eigenvalues for A, = {%%%g} for n =1 (blue), 2 (orange) and 3 (green) with the same other parameters.

s T Re(u.)
45 a0 05 ozl 05 10 s\t
(b) Eigenvalue density p(t) W N=100,4= %
{8, 6} = {0, 0},
Sv(t) (vV(t)y+7 ()2 An=0,n=1,
45 40 s 0s 10 5! 10f {Dar, Ao} = {%, %},
.. [ DN=100,A=§,
... osf
o5 \: o, 82y ={3. 2},
e ey Bg=0,n=1,
o S5 40 -os 05 10 15 Dot Mg} = {¥, ¥}
-0sf W N=100,A= 7,
: R N R
15F A -1.0p . An=0,n=1,
-3 3¢
() Real part difference dv(t) (d) Real part axis (v(t) + 9(t))/2 {Bar, Aaz} = {7, 7}

FIG. 15. Eigenvalues for A, = {5.5.5.5} for {AE,,I),AS,%)} = {0,0} (blue), {5.5} (orange) and {z,z} (green) keeping the same
A,, = 0 with the same other parameters.
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Im(u;, i)

Re(u, i)

(a) Eigenvalue distribution

sv(t)

() Real part difference dv(t)

p(t)
0.8

0.6

-3

-2 -1 1 2

(b) Eigenvalue density p(t)

(v(ty+i(t)2

(d) Real part axis (v(t) + #(t))/2

W N=100,A=1,
{85, AR} =10, 0},
Ap=0,n=1,

3 3
{Da1, Da2} = {T"’ Tn}

W N=100,A=Z

E’
o6, A2y = {2, -1,

Am=_§,n=1,

{Bar, Do} = {21, 31},

W N=100,A=Z

T
{8, AR} ={-1, 1},
Ap=2,n=1,

{Bar, Doz} = {31, 23,

FIG. 16. Eigenvalues for A, = {Z,%,%,2} for A,, = 0, {A})), A%} = {0,0} (blue), A, = =%, {A}), A} = {~%,2} (orange) and

2°2°2°2

A, =2, {AS,P, AE,?} = {1,—-1} (green) with the same other parameters.

Im(u;, ;)

é Re(u;, T;)

(a) Eigenvalue distribution

(c) Real part difference 6v(t)

I
-1.0 -05 0.20~ 0.5 1.0 15

15
(b) Eigenvalue density p(t)
(v(t)+V(t))/2
e
......... 3F
N -
s S0 s 10 15

b

(d) Real part axis (v(t) + 9(t))/2

6

B N=100,A= g
B, A2 =0, 0}
An=0,n=1,
{DAat1, Da} = {:%T, 34_n .
B N=100,A=7,
B, A2 =0, 0,
Ap=0,n=1,
{Ba1, Aap} = {‘§' _g}

m N=100,A=TZ,
t 2

(o), A@3Y = {0, 0},
An=0,n=1,
{Da1, Da2} = {%, _%}

FIG. 17. Eigenvalues for A, = {Z,Z,Z.%} for {Au, Ay, Ay, Ayt = {32,327 37 310 (blue), {-%.—2z 4z 3r} (orange)

2°2°2°2
. 5z 19z

{5.—%.5F . %} (green) with the same other parameters.

4°4°4°4
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B N=100,A=

{B), AR} ={
DAm=0,n=1,

I
2’
0,

0},

(a) Eigenvalue distribution

su(t)
0.5+

I I
0.5 1.0

{AahAaZ}
_y3m 3m
_{T! T}
N=100,A =
(A, AP} ={
Ap=0,n=1,
{AahAaZ}

(b) Eigenvalue density p(t)

(V(y+i(D)2

LS
4’
1.0 0,

0},

0.5

() Real part difference §v(t)

FIG. 18. Eigenvalues for A,={5.2.5.5}, {Au A Ay Ay} =
{3,272 .27} (orange) and A, = {2.2,7—2,7 -2}, {Aal,Aaz,Aal

other parameters.

Thus we set the initial real part axis to be

v(r) + (1) _
2

2r—A-A,
2

~Ba (5.11)

Note that we have specialized from the general flavored
ABJIM quiver (5.1) to the particular case corresponding to
the dual of AdS, x Q"' /Z, which in the notation we
have introduced implies: k=0,n, =ny,H =n,n, =
ny, = 0 where the subindex bi corresponds to the fields
Q and Q. Our goal is thus, to explore the numerical
behavior of the index as a function of N and A, just as in

the ABJM case but also as functions of {AE,p,Aﬁ,f)}, n
and {Aal’ Aa2v Aal s AaZ}'

We set A, = Aff) — Afnl). The numerical solutions for
different values of N, n, {Ag,}), Ag)}, A, {Au, Ay,
Ay Ap) and A, = {A;. Ay, Ay, AL} (A) are shown in
Figs. 13-18.

Let us briefly summarize the salient features of the exact
eigenvalues that we find. Similar to the index of N!0
in section III A, the eigenvalues are not reflectively sym-
metric about a particular real axis, except for the case that
(AE,} ) + Aﬁ,f) )/2 = n. Furthermore, the imaginary part of u;
is not exactly the same as #; so that there are two numerical
results of the eigenvalue density p(z), the real part

% N=100,A=2,
B, A} = {0, 0),
An=0n=1,
{Aa‘h AaZ}
={-1+7m, -1+71}.

-05

-1.0

(d) Real part axis (v(t) + 9(t))/2

Az3m (blue), A, = {2,233} A, Ap. Ay Ap} =

={r—-1l,m—1,r— 1,7 — 1} (green) with the same

_ﬂ

3z
42
A

difference v(r) and the real part axis (v(¢) +
addition, Figs. 15
{AE,:),A,(,?} keeping the same A, and the values of
{Au.Ap. Ay Ap) have effects only on the real part
axis (v(r) + 9(1))/2.

#(1))/2. In

and 17 show that the values of

B. The subleading term of the index at large N
The index should take the form

RelogZ = f(n, A, n,t)N3/? 4 f,(n, A, n,t)N'/?
+ f3(n, A, n t)log N + f4(n, A, n,t)

+ ON12), (5.12)

where here A represents all of the chemical potentials as
above and the functions f, f,, f3 and f, are linear in the
magnetic fluxes n and t.

The index Eq. (5.6) and Relog Z can be computed using
the numerical solutions. Under the similar decomposition

RelogZ = A+ Bin; + Byn, + Byns + Byny

+ Bsn,, + Bgt + B, (5.13)

where we have used the marginality condition on the
superpotential > % n, =2, n;+n, +#, =2 and
n, +n,y + i, =2, Then we perform a linear least-
squares fit for A and B, to the function
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TABLE V. (Q"'!) Numerical fit for Relog Z = f;N*? + f,N'/2 + filog N + f4 + Zﬁfﬁ fp+aNU=2P)/2 and N ranges from 100 to
200 in steps of 5 except for four cases. For numerical stability and accuracy, in the cases A =7, A, = 2, {Afﬁ), A,(,?} ={-1,+1} and
{A,(,p, A,(f)} ={r—-1,7+1}, N ranges from 100 to 200 in steps of 5 but p.=15 In the case
A=% A, = —37”, {A,(,p, Afﬁ)} = {37”,0},n =3, N ranges from 100 to 300 in steps of 5 and p.=30. And in the case
A=2,4, = 43—”, {Af,:), A,(f)} = {%,57”}, n =2, N ranges from 200 to 400 in steps of 5 and p,. = 30.

@k=0;A, = {£,2,2,5(A=1)

2°2°2°2 2
A,(,}) Af,? A, n Ayl Ap fi fa f3 fa
0 0 0 1 3 3 —2.41840 +1.81381 —0.50033 —2.13933
+0.60460t
—0.60460t
0 0 0 2 3 3n —3.42013 +1.28258 —0.50064 —2.03420
+0.42752t +0.00004t
—0.42752% —0.00004t
0 0 0 3 i i —4.18879 +1.04723 —0.50087 —2.23075
+0.34907t —0.00005t +0.00030t
—0.34907% +0.00005t% —0.00030¢%
n s 0 1 £ in —2.41840 +1.81384 —0.50098 —2.13483
P s 0 2 i £ —3.42013 +1.28259 —0.50097 —2.03192
s prs 0 3 3 in —4.18879 +1.04725 —-0.50117 —2.22872
z z 0 1 3n in —2.41840 +1.81383 —0.50082 —2.13596
+0.30230t
—0.30230t
z -z -1 1 £ i —2.42234 +2.04473 —0.50044 —2.30777
—0.69511t +0.69572t —0.00015t —0.01877t
—0.69511% —0.44172t —0.00014f —0.01878t
Iz 32 -1z 1 3 in —2.42234 +1.96819 —0.50101 —2.30374
—0.69511t —0.10269t +0.00008t —0.02007t
—0.69511% —0.10269% +0.00008t —0.02007%
-1 +1 2 1 3 " —2.47964 +3.10442 —0.49893 —3.26833
+1.46576t +0.02602t —0.00314t +0.29060t
+1.46576t —0.86801F —0.00336t +0.29211%
z—1 T+ 1 2 1 3 i —2.47964 +2.70455 —0.49839 —3.26854
+1.46576t +0.20706t —0.00226t +0.27889t
+1.46576t +0.20706t —0.00226t +0.27889%
0 0 0 1 -z -z —2.41840 +1.81381 —0.50031 —2.13942
—0.07557n,
+0.075571,
—0.15115n,,
+0.15115n,,
+0.60460t
—0.60460t
0 0 0 1 z -z —2.41840 +1.81381 —0.50027 —2.13970
+0.151157n,
—0.15115n,
+0.30230m,,
—0.30230m,,
+0.60460t
—0.60460t

(b) k=0; A, = {2,232 3} (A =1),

A,(,i) A,(,f) A, n A Ap S 2 f3 fa

0 0 0 1 Iz I —2.41840 +1.81381 —0.50033 —2.13933
+0.60460t
—0.60460t

(Table continued)
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TABLE V. (Continued)

(b) k=0; A, = {55,373 =1
A,(ﬂl) Af,f) Ay n Au Ap S f2 /3 fa
-z -z 3 2 -z 0 —3.42919 +1.47608 —0.49693 —2.08016
+0.55815t —0.342091, —0.00524n, +0.03162n,
+0.55815% +0.342091, +0.00524n, —0.03162n,
—0.56442n , —0.00103n,, +0.00615n,,
+0.56442n +0.00103n,, —0.00615n,,
+0.61625t —0.00517t —0.08824t
—0.66691% —0.00581% —0.08445%
i 0 ~ 3 i 3 —4.22590 +1.26660 —0.49950 —1.95975
—0.62974t +1.34234n, +0.00018n, —0.00141n,
—0.62974% —1.34234n, —0.000181, +0.00141n,
+2.76857n,, +0.00056m,,, —0.00445n,,
—2.76857n —0.00056n +0.004451
+0.02775t +0.00088t +0.25498t
—0.12140t +0.00085t +0.25520t
©k=0;A, ={2,2,7-2,7-2}(A =2)
Aﬁnl) Af,f) Ay n Ay Ay S /2 VE fa
0 0 0 1 -1 -1 —2.41840 +1.81381 —0.50033 —2.13933
+0.60460t
—060460t
z 3 dx 2 -1 -3 —3.52661 +1.58880 —0.49533 —0.49533
+1.10095t +0.24574n, +0.00005n, +0.00005n,
+1.10095t% —0.24574n, —0.00005n, —0.00005n,
+0.49147n,, +0.000091 +0.000091,
—0.49147n,, —0.000091 , —0.000091 ,
+0.40646t —0.00387t —0.00387t
+0.40646t —0.00387t —0.00387t
2 -1 -3 3 4z — 12 6—2r —4.19444 +0.94252 —0.50128 —2.10032
—0.38206t +0.54645n;, +0.00333n, —0.01903n,
—0.38206t —0.54645n, —0.00333n, +0.01903n,
+1.16441n,, +0.01182n,, —0.07214n,,
—1.16441n,, —0.01182n,, +0.07214n,,
+0.06507t +0.00218t +0.15335t
—0.49034t +0.00163t +0.15687t

F(N) = fIN32 4 foN'2 + f3logN + f4

Pe
+ ) fpraNU202, (5.14)
p=1

The results of the numerical fit for Relog Z with N are
presented in Table V. The analytical leading term computed
by the index theorem in [26] and the numerical leading term
f1N3? match to number of significant digits present in
the table. And the leading term is indeed independent of

{Ag,}),Ag,?} keeping the same A,,, and {A,,A,. A,
AaZ}' The numerical results indicate that the coefficient f5
of the log N term is precisely —1/2.

VI. ONE-LOOP ENTROPY IN ELEVEN
DIMENSIONAL SUPERGRAVITY

Inspired by the seminal work of ABIM [34] who estab-
lished the now prototypical dual pair of (AdS, x S’/
Z;)ICFT; where CFT; stands for the particular Chern-
Simons matter theory discussed in Sec. II, a plethora of
similar examples was constructed. A natural way to establish
new dual pairs is to consider, on the gravity side, appropriate
manifolds that could replace the seven-sphere, S7. The
starting point are Freund-Rubin type solutions of the
form AdS, x M7 for a certain list of seven-dimensional
Sasaki-Einstein spaces, M’ [49]. A fairly complete descrip-
tion of solutions of seven dimensional manifolds, providing
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Freund-Ruben solutions to 11d supergravity, was cataloged
by Duff, Nilsson and Pope in [50] (see a previous discus-
sion in [51]). The list includes further specification about
those which are supersymmetric and states what fraction
of the supersymmetry is preserved. An exhaustive list of
Sasaki-Einstein seven-dimensional manifolds is presented
in [52]. Some prominent cases in the list include M’ =
{87, ottt Mt ys2 NOLOY and their quotients by Z;.
The typical structure of those manifolds is that of toric
Sasaki-Einstein manifolds and can be written as a U(1)
bundled over a Kaehler-Einstein base. For example, M!-!'! is
geometrically a U(1) bundle over CP? x S2, the dual quiver
Chern-Simons matter theory was discussed in [53,54]; Q11!
is geometrically a U(1) bundle over §? x $? x S2, the dual
theory is an N = 2 supersymmetric Chern-Simons matter
quiver gauge theory [43,44,47,47,48,55]. The one nontoric
case in the list AdS, x V>?2 was addressed in [42,44]. For all
these dual pairs the free energy of the field theory on S* was
shown to agree with the regularized on-shell action on the
gravity side largely using techniques presented in [56] (see
also [57] for recent applications). More recently, the topo-
logically twisted index of a number of these field theories has
been computed [25,26,58,59].

Our goal in this section is to compute the logarithmic
correction to the entropy of the magnetically charged black
holes dual to the field theory computations presented in the
previous sections and establish that it coincides with the
result of the field theory side. To compute such logarithmic
corrections one requires only low energy data, that is, only
the spectrum of massless fields which in this case would be
eleven-dimensional supergravity with background asymp-
toting to the Freund-Rubin spaces mentioned above plus
magnetic flux components. These IR corrections provide a
litmus test for the would-be UV complete description of
gravity which in our case are simply the Chern-Simons
matter field theories discussed in the previous sections.
Such powerful IR window into UV physics was studied by
Ashoke Sen and collaborators in the case of asymptotically
flat string theory black holes [60,61]; in this case string
theory provides the UV complete result and the IR results
are, again, furnished by supergravity theories. In the
context of the AdS/CFT correspondence, there have been
some developments in matching the gravity computation
to the coefficient of log N term on the field theory side
[13,20-22,41,62-65]. For the cases of AdS/CFT pairs
arising from M5 branes wrapping hyperbolic three-mani-
folds, the field theory results were obtained analytically and
shown to match the gravity result in [13,19]. We are,
nevertheless, quite confident in the numerical results
presented here and in previous works [20,41,63].

In this section we compute the one-loop logarithmic
correction from the gravity side and confront them with the
field-theoretic (UV) results. Let us start by recalling a
number of important facts regarding the one-loop effective
actions of supergravity backgrounds. Our setup is 11d
supergravity where we assume there is an embedding of the

solutions describing magnetically charged asymptotically
AdS, x M7 black holes.

We make the assumption that the whole contribution to
the one-loop effective action comes from the asymptotic
AdS, region as was the case in [24] for the AdS, solution
and in [22], for the magnetically charged asymptotically
AdS, black hole case and for black holes described by M5
branes wrapping hyperbolic 3-manifolds in [13,19].

On very general grounds of diffeomorphism invariance,
it can be argued that in odd-dimensional spacetimes, the top
Seeley-De Witt coefficient a,/, vanishes [66]. Therefore,
the only contribution to the heat kernel comes from the zero
modes. Applied to our case, the one-loop contribution due
to 11d supergravity comes from the analysis of zero modes.
As in previous cases [13,19,22,24], the gravity computation
performed in 11d sugra is essentially reduced to the
contribution of a two-form zero mode in the asymptotically
AdS, x M7 region.

More explicitly, given that there is a two-form zero mode
in AdS,; we need to make sure that there are possible zero
modes in M’ that could contribute. In the spectrum of
quantum eleven-dimensional supergravity we can have
contribution coming from one-form zero modes (ghost),
two-form zero modes (ghost) and three-form zero modes
(C3). Other than the two-form zero modes discussed
already in [22], there is another potential source of zero
modes which could arise if M’ admits a harmonic one-
form. This one-form zero mode could contribute to the
ghost one-form or it could contribute to the harmonic three-
form on AdS, x M’ by taking the wedge product of a
harmonic two-form on AdS, times a harmonic one-form on
M. Tt is worth pointing that, given the magnetic charges,
the space is not really a direct product but there is a fibering
of M7 over AdS,. This fibering was studied in detail in [20]
and shown to not affect the counting of two-form zero
modes relevant in this section.

We will not reproduce all the details of the computation
here, the interested reader is referred to [13,19,22] for
details. We briefly sketch the derivation of the one-loop
effective action. Given that the only zero mode in AdS, is a
2-form and assuming that the solution is asymptotically of
the form AdS; x M’ we need to decompose the kinetic
operator along these two subspaces. For the 2-form zero
mode of AdS, to survive we need to have the corresponding
part of the kinetic Laplace-like operator also vanishing.

When integrating over zero modes there is a factor of
L*Px for each zero mode in the path integral. The total
contribution to the partition function from the zero modes is

L*Pam, (6.1)

where 1Y is the number of zero modes of the kinetic
operator A and the sign depends on whether the operator is
fermionic or bosonic. Typically, zero modes are associated
with certain asymptotic symmetries. For example, with
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gauge transformations that do not vanish at infinity. The
key idea in determining f3, is to find the right variables of
integrations and to count the powers of L that such
integration measure contributes. The scaling exponent
for p-forms is easily computed [24], yielding f, = (d —
2p)/2 in terms of the total dimension d of spacetime. For
the case at hand of a 2-form in eleven dimensions, we
have f, = (11 —4)/2 =17/2.

Having determined f,, the computation of the one-loop
effective action reduces to counting the number of 2-form
zero modes, n9. A simple way to determine the number of

|

2-form zero modes is by computing the Euler characteristic
of the black hole. In [13,22] it was argued that n) =
2(1 — g) for a black hole of horizon given by a genus g
Riemann surface. Note that this number is computed using
the non-extremal branch of the solution and that it is
independent of the charges of the black holes. Therefore, be
it for the magnetically charged or the electrically charged
black holes we obtain the same result.

The full contribution to the logarithmic terms of the one-
loop effective action is thus given only by the 2-form zero
modes and we have:

10g Zl—loop = (2 _ﬂZ)n(Z) 10gL = (2 - 7/2)2(] - g) 1OgL =

(9—1)logN, (6.2)

| =

where according to the AdS/CFT dictionary we have used
that for M2 branes backgrounds we have L% ~ N. When
restricting to spherically symmetric horizons (g = 0) we
find perfect agreement with the numerical field theory
results in previous sections. The topologically twisted
index result in the previous sections assume g = O but it
is easily generalized to arbitrary g and the agreement with
Eq. (6.2) remains robust.

There is a generalization of the above result, obtained in
[13] and [19], for the case where M has nonvanishing first
Betti number, b;. The generalization takes the form

1
10ng—loop:§(g_l)(1_bl)logN’ (63)

and was shown to match the field theory result for certain
M" constructed as 4-sphere fibration over a hyperbolic
3-manifold [19]. The extra contribution proportional to b,
arises from the supergravity 3-form potential as one can
construct a zero mode by combining the 2-form zero mode
in AdS; and a 1-form zero mode in the hyperbolic
3-manifold.

For complete agreement between gravity and field
theory, we need to show the vanishing of the first Betti
number for the M7 we considered in this manuscript. This
can be shown as follows. Every seven-dimensional, com-
pact Einstein manifold of positive curvature has vanishing
first Betti number (see, for example, [50]). This can be seen
from the Hodge-de Rham operator acting on one-forms:

AY, =0Y, +R,"Y,. (6.4)

Recall that the Hodge-de Rham operator is defined as
A =dé+éd, (6.5)

where d is the exterior differentiation mapping p-forms to
(p + 1)-forms and § = (—1)? * dx is its adjoint where * is

|
the Hodge dual operation. Let us assume that the Einstein
manifold M’ has natural normalization, R,,, = 6m>g,,,.
Considering the eigenvalues

AV, =4V, (6.6)
it follows immediately that A, > 6m?. For one-forms that
are coclosed V"V, = 0 one can prove an even stronger
bound. Therefore, for the class of Sasaki-Einstein seven-
manifolds relevant for our analysis we have vanishing first
Betti number and, subsequently perfect agreement of the
logarithmic term in Eq. (6.2) with the field theory results in
the previous sections.

Let us finish this section with one important remark.
The analysis performed in this section relied only on the
asymptotic form of the black hole background. The explicit
construction of such black hole backgrounds is, however,
a highly nontrivial problem. In the case of S” many results
exists in the literature for very general black holes. The
case of Q"' has been widely discussed with relatively

modest results about the near-horizon region presented in
[11,67-69].

VII. CONCLUSIONS

In this manuscript we have numerically studied the
topologically twisted index of various Chern-Simons mat-
ter quiver gauge theories on the product of a genus g
Riemann surface and the circle, Zg x S! and determined
that, in all cases, there is a logarithmic contribution of the
from %log N. We are able to explicitly track the con-
tributions to the logarithmic terms coming from different
elements of the index including the precise cancellation of
Nlog N contributions between the vector multiplet and the
Jacobian contribution to the topologically twisted index.
We have also provided the dual computation of one-loop
quantum supergravity which perfectly matches the field
theory result. This gravity computation is quite universal
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and requires a mild cohomological property (vanishing of
first Betti number, b; = 0) on the dual seven-dimensional
manifold M7 which is satisfied for most of the examples
discussed in this manuscript.

The universality of our result for the topologically
twisted index of 3d theories was inspired by the universality
of the free energy on S discussed in [23,24]. This
universality also interestingly resonates with a recent
analogous study in four dimensions which analytically
showed that there is a universal logarithmic contribution to
the superconformal index of a large class of 4d N =1
supersymmetric field theories [70]. Perhaps similar uni-
versal results exist in other dimensions.

We expect that our supergravity analysis extends to
rotating electrically charged asymptotically AdS, x M’
black holes beause the result is independent of the black
hole charges and depends only on the dictionary entry
relating Newton’s contanst, Gy, to the rank of the gauge
group, N, and the horizon topology. For the case of theories
obtained from M5 branes wrapping three-dimensional
hyperbolic manifolds, the logarithmic counting for mag-
netically charged black holes was presented in [13]; the
case of rotating, electrically charged black holes was
analyzed in [19]. In both cases the logarithmic term in
the field theory side was known analytically and the
supergravity analysis was essentially the same and the
result was independent of the black hole charges. Indeed, it
is clear that the logarithmic computation as presented here
and in previous works is independent of the charges. Thus,
we claim that our analysis here is also valid for all
asymptotically AdS, x M" black holes whether magneti-
cally charged or rotating, electrically charged ones. It
would be interesting to directly verify this claim by
analyzing the logarithmic term in the superconformal index
of these theories.

It would be interesting to understand our results from a
more analytic point of view. A natural starting point could
be by pursuing the relation between the Bethe potential VV
and the expectation value of the free energy on S§* as
pointed out in [25] but beyond the leading order. There are
other more formal arguments establishing a relation
between the topologically twisted index in $? x S' and
the free energy on S* pointed out in [27]. Namely, the
leading in N relations between the free energy on S° and the
topologically twisted index has been well documented
[25,26] by explicit computations. Quite remarkably, certain
universality of the logarithmic terms in the free energy on
§% of a large class of Chern-Simons matter theories was
established in [23], that is, a universal contribution of the
form —}Tlog N; the dual supergravity side was elucidated
in [24] and found to be in perfect agreement. Our result in
this manuscript—the universality of —%log N, is mostly
numerical. It would be interesting to develop a matrix
model intuition into some of the crucial subleading in N

relations between the free energy on S3 and the topologi-
cally twisted index on X, x § ! for this large class of field
theories. It will also be quite natural to include aspects of
the superconformal index as presented in [16,17,71] in this
universality analysis. We hope to report on these efforts.

We have studied various theories that have M-theory
duals. It would be interesting to extend our result to field
theories admitting massive IIA duals where the growth of
the microstates goes as N°/3. On the field theory side one
focuses on the topologically twisted index of SU(N)
Chern-Simons matter theory at level k whose leading term,
of order N*/3, coincides with the entropy of magnetically
charged, asymptotically AdS, x S® black holes in massive
type IIA theory [4,5]. The black holes in question were
presented in [72] as a payoff of the arduous work of
obtaining AdS, gauged supergravity from the reduction of
massive type IIA theory [73-76]. The log term in this
Chern-Simons matter theory was computed in [63] using a
combination of analytical and numerical techniques, it
would be interesting to extend those results to a larger
class of theories where a similar universality might be
established. The gravity computation of the logarithmic
contribution, it merits to say, is quite more complicated due
to the dual theory living in an even-dimensional space
leading to a more general type of contributions to the
logarithmic term.

Another potentially fruitful avenue would be to explore
the ’t Hooft limit where N — oo with 4 = N/k kept fixed.
To the best of our knowledge, there are no results about this
limit for the topologically twisted index other than the
analysis of [41]. Even for the free energy on S we are not
aware of systematic numerical explorations beyond the
large N leading term. It is worth noticing that in this limit
one expects a re-arrangement of the degrees of freedoms as
guided by the scaling of the free energy. On the gravity
side, subleading corrections are also quite different as the
one-loop quantum supergravity computations now depend
on more dynamical aspects of the background given that
the dual gravity leaves in ten-dimensional type IIA
supergravity.

We have not addressed in any detail the subleading N'/?
behavior which corresponds to higher curvature corrections
on the gravity side. For the case of the ABJM theory, the
N'/2 was determine in a combination of numerical and
analytical approaches in [20]. A number of interesting
bottom-up observations regarding the structure of higher
curvature corrections in similar classes of theories were
made recently in [77] and it would be interesting to pursue
this entry in the AdS/CFT dictionary more precisely in this
context. We hope to report on some explorations along
these lines.

Finally, there is a glaring open challenge to the super-
gravity community—the problem of missing black holes.
There are some approaches that allow one to determine the
entropy of the supergravity dual black holes to certain
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quiver Chern-Simons matter theory (see, for example,
[78-80]). Some progress has also been reported in
[11,81,82]. Our discussion in Sec. VI assumes the existence
of such black holes and demonstrate that the logarithmic
corrections to the entropy precisely matches the field
theory results using general aspects of the would-be black
hole solution. All these impressive tests are performed in
the backdrop where the explicit construction of the black
holes is lacking. It remains a very interesting question
to explicitly find those black holes and compute their
Bekenstein-Hawking entropy and demonstrate that it

agrees with the microscopic prediction of the topologically
twisted index.
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