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We derive the static Schwarzschild-Tangherlini metric by extracting the classical contributions from the
multiloop vertex functions of a graviton emitted from a massive scalar field. At each loop order the classical
contribution is proportional to a unique master integral given by the massless sunset integral. By computing
the scattering amplitudes up to three-loop order in general dimension, we explicitly derive the expansion of
the metric up to the fourth post-Minkowskian order OðG4

NÞ in four, five and six dimensions. There are
ultraviolet divergences that are cancelled with the introduction of higher-derivative nonminimal couplings.
The standard Schwarzschild-Tangherlini is recovered by absorbing their effects by an appropriate
coordinate transformation induced from the de Donder gauge condition.
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I. INTRODUCTION

General relativity is a theory for the action of gra-
vity in space and time. The dynamics of the gravita-
tional field is constrained by the Einstein’s classical
field equations. They are tensorial nonlinear equations,
because of the self-interaction of the gravitational field,
notoriously difficult to solve. It is therefore important to
develop efficient methods for studying gravity in various
regimes.
General relativity can be embedded in quantum theory

where the gravitational force results from the exchange of a
quantized massless spin-2 graviton field [1–5]. One can
then consider the Einstein-Hilbert term as the first term of a
low-energy effective action containing an infinite number
of higher derivative operators [6].
The classical limit ℏ → 0 has been studied by Duff

in [7] where he showed how to reproduce the classical
Schwarzschild metric in four dimensions from quantum
tree graphs up to the second order OðG2

NÞ in Newton’s
constant.

The relation between the quantum theory of gravity
and the classical Einstein’s theory of general relativity
has received a new interpretation with the understanding
[8–13] that an appropriate (and subtle) ℏ → 0 limit of
quantum multiloop scattering gravitational amplitudes
lead to higher GN-order classical gravity contributions.
Considering the importance of such approach for the eva-
luation of the post-Minkowskian expansion for the
gravitational two-body scattering [14–20], we use the
procedure given in [12] for extracting the classical
contributions from the multiloop vertex function of a
graviton emission from a massive scalar field to recover
the Schwarzschild-Tangherlini metric in various dimen-
sions. The scattering amplitude approach works in gen-
eral dimensions [21–24] and gives the opportunity to
explore general relativity in higher-dimensions [25,26].
At tree-level and one-loop our results agree with the
general dimension results in [21,24]. We show how to
reconstruct the metric up to the fourth order OðG4

NÞ in
Newton’s constant by evaluating the scattering amplitudes
up to three-loop orders.
Using the procedure designed in [12] we argue, in

Sec. II A, that the classical contribution at l-loop order is
given by the two-point l-loop massless sunset graphs. We
verify this explicitly evaluating the classical limit of the
quantum scattering amplitudes up to three-loop order.
The scattering amplitudes develop ultraviolet divergen-

ces. In Sec. IV, we show how to recover the finite static
Schwarzschild-Tangherlini metric by the addition of
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nonminimal couplings given schematically by (see (88) for
a precise expression)

δðnÞSct ∼ ðGNmÞ 2n
d−2

Z
ddþ1x

ffiffiffiffiffiffi
−g

p ∇2ðn−1ÞRμν∂μϕ∂νϕ: ð1Þ

In four dimensions the nonminimal couplings δð1ÞSct have
been introduced in [27] for the analysis up to the third post-
Minkowskian order in the context of the world-line
formalism. The relation between the world-line formalism
and the amplitude approach is detailed in [20]. Higher-
derivative couplings with n ≥ 2 would be needed in four
dimensions from the fifth post-Minkowskian order, but
they appear at lowest order in higher dimensions. Indeed,
we show that in five dimensions one needs to consider
higher dimensional of nonminimal couplings δð2ÞSct at the
third post-Minkowskian order and δð3ÞSct at the fourth post-
Minkowskian. Interestingly, the metric components are
finite in space-time dimensions greater or equal to six,
although the stress-tensor develops ultraviolet divergences
from one-loop order in odd dimensions and from two-loop
order in even dimensions. These divergences are cancelled
by the nonminimal couplings δðnÞSct. Actually, we expect
that an all order computation in perturbation will require an
infinite set of such nonminimal couplings.
We show that the effects of the nonminimal couplings

can be reabsorbed by a coordinate transformation, and they
do not affect the Schwarzschild-Tangherlini space-time
geometry. Since we work in the fixed gauge de Donder
gauge, we give the coordinate transformation for extracting
the classical space-time metric from the scattering ampli-
tudes in that gauge. Although general relativity is coor-
dinate system invariant, our analysis shows that there is a
preferred coordinate system when extracting the classical
geometry from scattering amplitudes in the de Donder
gauge. The lowest-order n ¼ 1 nonminimal couplings have
been shown to arise from the gauge fixing in [20,24,28].
We will not address the question of the gauge dependence,
but we remark that the choice of coordinate system (or
gauge) can be critical for finding solution to Einstein’s
equations [29].
Since “black hole formation is a robust prediction of the

general theory of relativity” [30], it is satisfying to be able
to embed such classical solutions in the new understanding
of the relation between general relativity and the quantum
theory of gravity.
The paper is organized as follows. In Sec. II we setup the

connection between the perturbation expansion vertex
function for the emission a graviton from a massive scalar
field and the post-Minkowskian expansion of the static
metric in dþ 1 dimensions. In Sec. II A we show that the
classical contribution from the multiloop amplitudes is
given by the massless sunset multiloop integrals in d
dimensions. In Sec. II B we evaluate the master integrals.
In section III we derive the metric component up to the

order OðG4
NÞ by computing the relevant amplitudes up to

three-loop order in dþ 1 dimensions. In Sec. IV we
compute the nonminimal couplings required for canceling
the ultraviolet divergences in the amplitude computation. In
Sec. V we solve the Einstein’s equations in four (d ¼ 3),
five (d ¼ 4), and six (d ¼ 5) dimensions in the de Donder
gauge, and we show in Sec. VI how these results match the
results derived from the amplitude computations. In
Sec. VII we give an interpretation of the results in this
paper. The Appendix A contains formulas for the Fourier
transforms used in the text, and Appendix B the vertices for
the scattering amplitude computations.

II. THE SCHWARZSCHILD-TANGHERLINI
METRIC FROM SCALAR FIELD AMPLITUDES

The Schwarzschild metric is obtained by the gravita-
tional scattering of a scalar field of mass m

S ¼
Z

ddþ1x
ffiffiffiffiffiffi
−g

p �
R

16πGN
þ 1

2
gμν∂μϕ∂νϕ −

1

2
m2ϕ2

�
:

ð2Þ

For further reference Newton’s constant has length dimen-
sions ½GN � ¼ ðlengthÞd−1, the scalar field has dimension
½ϕ� ¼ ðlengthÞ1−d and the mass ½m� ¼ ðlengthÞ−1. We work
with the mostly negative signature ðþ;−; � � � ;−Þ metric.
The graviton emission from a scalar particle of mass

p2
1 ¼ p2

2 ¼ m2 is given by the three-point vertex function

ð3Þ

At each loop order we extract the l-loop contribution
to the transition density of the stress-energy tensor

hTμνðq2Þi ¼
P

l≥0hTðlÞ
μν ðq2Þi

iMðlÞ
3 ðp1; qÞ ¼ −

i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
32πGN

p
2

hTðlÞμνðq2Þiϵμν ð4Þ

where ϵμν is the polarization of the graviton with momen-
tum q ¼ p1 − p2 is the momentum transfer.
The scattering amplitude computation is not done in the

harmonic gauge coordinates gμνΓλ
μνðgÞ ¼ 0 but in the de

Donder gauge coordinate system [2,19,21,24,27]

ημνΓλ
μνðgÞ ¼ ημνgλρ

�∂gρμ
∂xν þ ∂gρν

∂xμ −
∂gμν
∂xρ

�
¼ 0; ð5Þ
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the metric perturbations gμν ¼ ημν þ
P

n≥1 h
ðnÞ
μν satisfy1

∂
∂xλ h

λðnÞ
ν −

1

2

∂
∂xν h

ðnÞ ¼ 0: ð6Þ
The de Donder gauge relation between the metric pertur-
bation and the stress-energy tensor reads

hðlþ1Þ
μν ðx⃗Þ ¼ −16πGN

Z
ddq⃗
ð2πÞd e

iq⃗·x⃗ 1

q⃗2

×

�
hTðlÞ

μν iclassðq2Þ − 1

d − 1
ημνhTðlÞiclassðq2Þ

�
:

ð7Þ
In this relation enters the classical contribution at l loop
order hTðlÞ

μν iclassðq2Þ defined by the classical limit of the
quantum scattering amplitude [10,12,13]. From now, we
are dropping the super-script class and just use the notation

hTðlÞ
μν iðq2Þ for the classical contribution.

A. The classical contribution of the amplitude

In this section we derive the generic form of the classical
contribution of the gravity amplitudes (3) in the static limit
where q ¼ ð0; q⃗Þ and q⃗2 ≪ m2. The classical limit is
obtained by taking ℏ → 0 with the momentum transfer
q=ℏ held fixed [13].
At the l-loop order we have to consider the graphs

ð8Þ

The classical contribution emerges as a particular ℏ → 0
limit of the amplitude in [8,10–13]. The classical limit
results in cutting the massive lines, projecting on the
contribution from localized sources at different positions
in space [12,31,32], pictorially represented by shaded blobs

ð9Þ

In this process one keeps only the leading q2 contribu-
tion from the multigraviton tree-level amplitudes. The
quantum tree-level graphs that were considered in [7] arise
from the classical limit of the scattering amplitude up to
two-loop order. In the rest of this section, we derive the
generic features of the classical limit to all orders in
perturbation. We then explicitly evaluate the classical limit
up to three-loop order in perturbation.
The quantum amplitude in (8) is an lþ 2 gravitons

amplitude with lþ 1 gravitons attached to the massive
scalar line

ð10Þ

¼ ð−i ffiffiffiffiffiffiffiffiffiffiffiffi
8πGN

p Þlþ1τμ1ν1ðp1; p1 − l1Þτμ2ν2ðp1l1; p1 − l1 − l2Þ � � � τμlþ1νlþ1
ðp1 − l1 − � � � − llþ1; p2ÞQ

l
i¼1 ððp1 −

P
i
j¼1 ljÞ2 −m2 þ iϵÞ ; ð11Þ

with the momentum conservation condition l1 þ � � � þ llþ1 ¼ q ¼ p1 − p2 and the vertex for emitting a graviton from a
scalar field2

τμνðp1; p2Þ ¼ pμ
1p

ν
2 þ pν

1p
μ
2 þ

1

2
ημνðp1 − p2Þ2: ð12Þ

This line is attached to an lþ 2 tree-level graviton amplitude

1The harmonic gauge linearized at the first order in perturbation gives (6) with n ¼ 1. The higher-order expansions of the harmonic
gauge differ from these conditions.

2The vertices are given in Appendix B. We have stripped of a factor i
ffiffiffiffiffiffiffiffiffiffiffiffi
8πGN

p
from their normalization.
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ð13Þ

We have to sum over all the permutation of the graviton lines attached to the scalar lines. Because the gravity amplitude is
invariant under the action of the permutation of the graviton lines we have

iMðlÞ
3 ðp1; qÞ ¼

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
4E1E2

p
Z Yl

n¼1

ddþ1ln

ð2πÞD
� X

σ∈Slþ1

Lμ1ν1;…;μlþ1νlþ1
ðp1; p2;lσð1Þ;…;lσðlþ1ÞÞ

�

×
Ylþ1

i¼1

iPμiνi;ρiσi

l2
i þ iϵ

Mρ1σ1;…;ρlþ1σlþ1
ðl1;…;llþ1; qÞ ð14Þ

where Slþ1 is the group of permutation of lþ 1 elements. In the static limit the vertex (12) becomes

τμνðp1; p1 − lÞ ≃ −2m2δ0μδ
0
ν; ð15Þ

therefore the scalar line approximates to

Lðp1; p2;l1;…;llþ1Þ ≃
Qlþ1

i¼1 i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
32πGN

p
m2δ0μiδ

0
νiQ

l
i¼1 ððp1 −

P
i
j¼1 ljÞ2 −m2 þ iϵÞ : ð16Þ

In the static limit ðp1 − LÞ2 −m2 þ iϵ ¼ L2 − 2p1 · Lþ iϵ ≃ L2
0 − L⃗2 − 2mL0 þ iϵ. In the limit where the mass m is large

compared to the graviton loop momenta jLj ≪ m we have

L2
0 − L⃗2 − 2mL0 þ iϵ ¼

�
L0 −m −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L⃗2 þm2 − iϵ

q ��
L0 −mþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L⃗2 þm2 − iϵ

q �

≃
�
L0 − 2m −

L⃗2

2m
þ iϵ

��
L0 þ

L⃗2

2m
− iϵ

�
≃ −2mðL0 − iϵÞ: ð17Þ

Therefore we have

Lðp1; p2;l1;…;llþ1Þ ≃ i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
32πGN

p
m2δ0μlþ1

δ0νlþ1

Yl
i¼1

−i2 ffiffiffiffiffiffiffiffiffiffiffiffi
2πGN

p
mδ0μiδ

0
νiP

i
j¼1 l

0
j − iϵ

: ð18Þ

Using momentum conservation l1 þ � � � þ llþ1 ¼ p1 − p2 and that in the static limit p0
1 − p0

2 ≃ 0 we have

Lðp1; p2;l1;…;llþ1Þ ≃ 2miϵ
Ylþ1

i¼1

−i2 ffiffiffiffiffiffiffiffiffiffiffiffi
2πGN

p
mδ0μiδ

0
νiP

i
j¼1 l

0
j − iϵ

: ð19Þ

Using the identity3

3This was proven in the Appendix of [33]. We give here an alternative proof using recursion. For l ¼ 1 we have
Σð2Þ ¼ 1

x1ðx1þx2Þ þ 1
x2ðx1þx2Þ ¼ 1

x1x2
. Assuming that (22) is true at the order l, then at the order lþ 1 we have

Σðlþ 1Þ ¼
X

σ∈Slþ1

Ylþ1

i¼1

1P
i
j¼1 xσðjÞ

¼ 1

x1 þ � � � þ xlþ1

Xlþ1

i¼1

X
σ∈Sl

Yl
i¼1

1P
i
j¼1 x̂σðjÞ

ð20Þ

where σðnþ 1Þ ¼ i and the fx̂1;…; x̂lg ¼ fx1;…; xlþ1gnfxig. By recursion hypothesis we can use the expression for ΣðlÞ

Σðlþ 1Þ ¼ 1

x1 þ � � � þ xlþ1

Xlþ1

i¼1

Yl
i¼1

1

x̂i
¼ 1

x1 þ � � � þ xlþ1

Xlþ1

i¼1

xi
Ylþ1

i¼1

1

xi
¼

Ylþ1

i¼1

1

xi
: ð21Þ
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X
σ∈Slþ1

Ylþ1

i¼1

1P
i
j¼1 xσðjÞ

¼
Ylþ1

i¼1

1

xi
: ð22Þ

In the limit ϵ → 0 the expression vanishes unless some of the l0
j vanish at the same time. This means that one needs to pick

the residues at l0
j ¼ iϵ for j ¼ 1;…; l to have a nonvanishing answer. This implies that the amplitude (14) reduces to

iMðlÞ
3 ðp1; qÞ ≃ −ilð2

ffiffiffiffiffiffiffiffiffiffiffiffi
2πGN

p
mÞlþ1

Z Yl
n¼1

ddl⃗n

ð2πÞd
Ylþ1

i¼1

P00;ρiσiQlþ1
i¼1ðl2

i þ iϵÞMρ1σ1;…;ρlþ1σlþ1
ðl1;…;llþ1; qÞjl0i¼0 ð23Þ

with l1 þ � � � þ llþ1 ¼ q. We recall that

P00;ρσ ¼ δρ0δ
σ
0 −

ηρσ

D − 2
: ð24Þ

The amplitude (23) corresponds to the graph where the scalar line has been collapsed to a point

ð25Þ

In the static with q ¼ ð0; q⃗Þ, jqj ≪ m, the lþ 2-tree level gravitons amplitude has the leading behavior

Ylþ1

n¼1

P00;ρiσiMρiσi;…;ρlþ1σlþ1
ðl1;…;llþ1; qÞ ∝

ffiffiffiffiffiffiffi
GN

p
lq2; ð26Þ

and higher powers of q⃗2 contribute to higher powers of ℏ and are subleading quantum corrections (see Sec. III A for more
about this).
Therefore, the classical contribution to the stress-tensor in (4) is given by4

hTðlÞ
μν i ¼ πlðGNmÞlm

�
cðlÞ1 ðdÞδ0μδ0ν þ cðlÞ2 ðdÞ

�
qμqν
q2

− ημν

��
JðlÞðq2Þ; ð27Þ

where cðlÞ1 ðdÞ and cðlÞ2 ðdÞ are rational functions of the dimension d and JðnÞðq2Þ is the massless n-loop sunset graph

ð28Þ

B. The master integrals for the classical limit

The master integrals (28) can be evaluated straightforwardly with the parametric representation of the n-loop sunset inD
dimensions (see [36])

JðnÞðq⃗2Þ ¼
ðq⃗2Þnðd−2Þ2

ð4πÞnd2 Γ
�
nþ 1 −

nd
2

�Z
xi≥0

�
1

x1
þ � � � þ 1

xn
þ 1

�ðnþ1Þð2−dÞ
2 Yn

i¼1

dxi

x
d
2

i

ð29Þ

4We have checked this explicitly to three-loop order using the LiteRed code [34,35].
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since the first Symanzik polynomial is Unþ1 ¼
ðPnþ1

i¼1
1
xi
ÞðQnþ1

i¼1 xiÞ and the second Symanzik polynomial

is Fnþ1 ¼ −q2x1 � � � xnþ1 ¼ q⃗2x1 � � � xnþ1. Changing vari-
ables to yi ¼ 1=xi we have

JðnÞðq⃗2Þ ¼
ðq⃗2Þnðd−2Þ2

ð4πÞnd2 Γ
�
nþ 1 −

nd
2

�

×
Z
yi≥0

ðy1 þ � � � þ yn þ 1Þðnþ1Þð2−dÞ
2

Yn
i¼1

dyi

y
4−d
2

i

:

ð30Þ

Using the expression for Euler’s beta-function

Z
∞

0

ðxþ aÞα dx
x1−β

¼ aαþβ Γð−β − αÞΓðβÞ
Γð−αÞ ; ð31Þ

the master integral is readily evaluated to be

JðnÞðq⃗2Þ ¼
ðq⃗2Þnðd−2Þ2

ð4πÞnd2
Γðnþ 1 − nd

2
ÞΓðd−2

2
Þnþ1

Γððnþ1Þðd−2Þ
2Þ Þ

: ð32Þ

The master integrals develop ultraviolet poles at loop
orders, inducing divergences in the stress-energy tensor.
We will show in Sec. IV how to renormalize these
divergences with the introduction of higher-derivative
couplings.

III. THE METRIC PERTURBATION FROM
GRAVITON EMISSION

Using the relation (7) between the metric perturbation
and using the expression (27) for the stress-energy tensor in
d-dimension in the static limit we have

hðlþ1Þ
μν ðq⃗Þ ¼ −8

�
cðlÞ1 ðdÞð2δ0μδ0ν − ημνÞ

þ cðlÞ2 ðdÞ
�
2
qμqν
q2

þ ðd − 2Þημν
��

×
ðπGNmÞlþ1JðlÞðq⃗2Þ

q⃗2
: ð33Þ

The static space-time components are obtained by comput-
ing the Fourier transform in d dimensions

hðlþ1Þ
μν ðx⃗Þ ¼

Z
Rd

hðlþ1Þ
μν ðq⃗Þeiq⃗·x⃗ ddq⃗

ð2πÞd : ð34Þ

Using the Fourier transformations given in Appendix A,
and setting r ¼ jx⃗j, the Fourier transform of the master
integrals are given by

Z
Rd

JðlÞðq⃗2Þ
q⃗2

eiq⃗·x⃗
ddq⃗
ð2πÞd ¼

�
Γðd−2

2
Þ

4π
d
2

1

rd−2

�lþ1

ð35Þ

which is finite to all loop orders. The ultraviolet divergen-
ces in the momentum space representation in (32) has been
cancelled by the Fourier transform.5

The tensorial Fourier transform

Z
Rd

qiqj
q⃗2

JðlÞðq⃗2Þ
q⃗2

eiq⃗·x⃗
ddq⃗
ð2πÞd

¼
�
Γðd−2

2
Þ

4π
d
2

1

rd−2

�lþ1 1

2 − lðd − 2Þ

×

�
−δij þ ðlþ 1Þðd − 2Þ xixj

r

�
: ð36Þ

diverges for l ¼ 1 and d ¼ 4 and for l ¼ 2 and d ¼ 3, and
are otherwise finite.
By spherical symmetry we parameterise the metric in

dþ 1 dimensions

ds2 ¼ h0ðr; dÞdt2 − h1ðr; dÞdx⃗2 − h2ðr; dÞ
ðx⃗ · dx⃗Þ2

x⃗2
; ð37Þ

so that

hiðx⃗Þ ¼ hð0Þi þ
X
l≥1

hðlÞi ðx⃗Þ; ð38Þ

with hð0Þi ¼ 1, 1, 0 for i ¼ 0, 1, 2, the post-Minkowskian
expansion of the metric components

hðlþ1Þ
0 ðr;dÞ¼−

16

d−1
ððd−2ÞcðlÞ1 ðdÞþcðlÞ2 ðdÞÞ

�
ρðr;dÞ

4

�
lþ1

;

hðlþ1Þ
1 ðr;dÞ¼ 16

d−1

�
cðlÞ1 ðdÞ−

�
1þ d−1

2− lðd−2Þ
�
cðlÞ2 ðdÞ

�

×

�
ρðr;dÞ

4

�
lþ1

;

hðlþ1Þ
2 ðr;dÞ¼16

ðd−2Þðlþ1Þ
2− lðd−2Þ cðlÞ2 ðdÞ

�
ρðr;dÞ

4

�
lþ1

: ð39Þ

We have introduced the radial parameter

ρðr; dÞ ¼ Γðd−2
2
Þ

π
d−2
2

GNm
rd−2

; ð40Þ

which is our post-Minkowskian expansion parameter.
Recall that in dþ 1 dimensions the length dimension of
½GNm� ¼ ðlengthÞd−2 and ρðr; dÞ is dimensionless.
The metric component present poles in four dimensions

(d ¼ 3) from two-loop order and in five dimensions

5This fact had been noticed by L. Planté in his PhD thesis [31].
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(d ¼ 4) from one-loop order. Such divergences will be
removed by the contribution from the nonminimal coupling
contributions in section IV.

A. Tree-level amplitude

At tree-level, the only contributing diagram is

ð41Þ

is the emission of a graviton from the scattering of two
massive scalars of momenta p1 and p2 and p2

1 ¼ p2
2 ¼ m2

with momentum transfert q ¼ p1 − p2. The scattering
amplitude is given by the 2-scalar-1-graviton vertex
τμνðp1; p2Þ in (B2)

iMð0Þ
3 ðp1; qÞ ¼ −

i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
32πGN

p
2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4E1E2

p ϵμντμν ¼ −
i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
32πGN

p
2

× ϵμνðp1μp2ν þp2μp1ν − ημνðp1 ·p2 −m2ÞÞ:
ð42Þ

Using that P ¼ ðp1 þ p2Þ=2 and q ¼ p1 − p2 we have that

iMð0Þ
3 ðp1;qÞ¼−

i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
32πGN

p
2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4E1E2

p ϵμν
�
2PμPν−

1

2
ðqμqν−ημνq2Þ

�
:

ð43Þ

In the static limit q ¼ p1 − p2 ≃ ð0; q⃗Þ, E1 ≃ E2 ≃m and
jq⃗j ≪ m we have

hTð0Þ
μν ðq2Þi ≃mδ0μδ

0
ν þ

�
qiqj
2⃗q2

ηiμη
j
ν þ 1

2
ημν

�
q⃗2: ð44Þ

The q⃗2 term in this expression is the contact term which has
a higher power of ℏ and does not contribute to the classical
limit [12,37]. The coefficients of the classical contribution
to the stress-tensor at tree-level are given by

cð0Þ1 ðdÞ ¼ 1;

cð0Þ2 ðdÞ ¼ 0: ð45Þ

From this we deduce the metric components in dþ 1
dimensions using (39)

hð1Þ0 ðr; dÞ ¼ −4
d − 2

d − 1
ρðr; dÞ;

hð1Þ1 ðr; dÞ ¼ 4

d − 1
ρðr; dÞ;

hð1Þ2 ðr; dÞ ¼ 0; ð46Þ

where ρðr; dÞ is defined in (40). This reproduces the
expression given in [21,24].

B. One-loop amplitude

At one-loop the only contributing diagram to the
classical limit is

ð47Þ

from which we extract the one-loop contribution to the stress-energy tensor in dþ 1 dimensions

Tð1Þμνðq2Þ ¼ i8πGNffiffiffiffiffiffiffiffiffiffiffiffiffi
4E1E2

p
Z

ddþ1l
ð2πÞD

τσρðp1; lþ p1Þτμνð3Þσρ;κδðl; qÞτκδðp2; lþ p1Þ
ðl2 þ iϵÞððlþ qÞ2 þ iϵÞððlþ p1Þ2 −m2 þ iϵÞ ; ð48Þ

where τμνð3Þ πρ;στðp1; p2Þ is the three graviton vertex and τμνðp1; p2Þ the vertex for the emission of a graviton from two scalars

with momenta p1 and p2. We refer to appendix B for definitions and normalization of our vertices.
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In the static limit, q⃗2 ≪ m2, the classical contribution coming from the two scalars to one-graviton vertex is

ταβ ≈ 2m2δ0αδ
0
β; ð49Þ

using that p2
1 ¼ p2

2 ¼ m2. This gives for the stress-energy tensor

Tð1Þ μνðq2Þ ¼ i16πGNm3

Z
ddþ1l
ð2πÞD

τμνð3Þ00;00ðl; qÞ
ðl2 þ iϵÞððlþ qÞ2 þ iϵÞððlþ p1Þ2 −m2 þ iϵÞ : ð50Þ

At this point, we want to focus on the computation of the classical contribution at the static limit. Thus, we will employ a
trick, which will prove useful for higher loops. We symmetrize the diagram

Tð1Þ μνðq2Þ ¼ i8πGNm3

Z
ddþ1l
ð2πÞD

τμνð3Þ00;00ðl; qÞ
ðl2 þ iϵÞððlþ qÞ2 þ iϵÞ ×

�
1

ðlþ p1Þ2 −m2 þ iϵ
þ 1

ðl − p2Þ2 −m2 þ iϵ

�
: ð51Þ

In the approximation l2 ≪ m2 we have ðlþ piÞ2 −m2 ¼ l2 þ 2l · p1 ¼ l2 þ 2l0E − ⃗l · q⃗ ≃ l20 þ 2ml0 and the amplitude
reduces at leading order

Tð1Þ μνðq2Þ ≃ i8πGNm3

Z
ddþ1l
ð2πÞD

τμνð3Þ00;00ðl; qÞ
ðl2 þ iϵÞððlþ qÞ2 þ iϵÞ

�
1

l20 þ 2ml0 þ iϵ
þ 1

l20 − 2ml0 þ iϵ

�
: ð52Þ

It is obvious that atOðϵ0Þ order we get a zero contribution at leading order in 1=m, since l0 ≪ m. Thus, we can compute the
leading contribution of the integral over l0 via Cauchy’s theorem, by taking the residue 2ml0 ¼ iϵ and closing the contour
of integration in the upper half-plane6

Tð1Þ μνðq2Þ ¼ 4πGNm2

Z
dd ⃗l
ð2πÞd

τμνð3Þ00;00ðl; qÞ
ð⃗l2 − iϵÞðð⃗lþ q⃗Þ2 − iϵÞ

����
l0¼0

; ð53Þ

with

τμνð3Þ00;00ðl; qÞ ¼
1

d − 1

�
ðd − 2Þ

�
lμlν þ ðlþ qÞμðlþ qÞν þ qμqν þ 3

2
ημνq⃗2

�

− 2ðd − 2Þðl⃗12 þ ðl⃗1 þ q⃗Þ2Þ
�
δμ0δ

μ
0 −

ημν

4

�
− 2ðd − 3Þq⃗2δμ0δμ0

�
: ð54Þ

The component of the stress-tensor are proportional to the one-loop master integral Jð1Þðq⃗2Þ as expected from the general
discussion of Sec. II B

hTð1Þ
μν i ¼ πGNm2

�
cð1Þ1 ðdÞδ0μδ0ν þ cð1Þ2 ðdÞ

�
qμqν
q2

− ημν

��
Jð1Þðq2Þ; ð55Þ

with the master integral

Jð1Þðq2Þ ¼
Γ ð4−d

2Þ Γðd−2
2
Þ2

2dπ
d
2Γðd − 2Þ ðq⃗

2Þd−22 ; ð56Þ

and the coefficients

cð1Þ1 ðdÞ ¼ −
2ð4d2 − 15dþ 10Þ

ðd − 1Þ2 ;

cð1Þ2 ðdÞ ¼ −
2ðd − 2Þð3d − 2Þ

ðd − 1Þ2 : ð57Þ

6One could have taken the residue at 2ml0 ¼ −iϵ and closing the contour in the lower half-plane with the same result.
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1. The one-loop contribution to the metric components

Using (39) we get for the metric components in dþ 1
dimensions

hð2Þ0 ðr; dÞ ¼ 8ðd − 2Þ2
ðd − 1Þ2 ρðr; dÞ2;

hð2Þ1 ðr; dÞ ¼ −
4ð2d2 − 9dþ 14Þ
ðd − 4Þðd − 1Þ2 ρðr; dÞ2;

hð2Þ2 ðr; dÞ ¼ 4ðd − 2Þ2ð3d − 2Þ
ðd − 4Þðd − 1Þ2 ρðr; dÞ2; ð58Þ

where ρðr; dÞ is defined in (40).

This reproduces the expression given in [21] and the
expression in [[24] Eq. (22)] for α ¼ 0.

C. Two-loop amplitude

The diagrams contributing to the classical corrections at
third post-Minkowskian order of the metric at the two-loop
graphs

iMð2Þ
3 ðp1; qÞ ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
32πGN

p
Tð2Þμνϵμν; ð59Þ

there are four contributions

1. The diagrams (a), (b), (c)

The sum of the contributions from the diagrams (a), (b), (c) after appropriate labeling of the momenta, can be
expressed as

Xc
i¼a

Tð2Þμν
ðiÞ ¼ −

16G2
Nπ

2

m

Z Y3
n¼1

ddþ1ln
ð2πÞ2d δðl1 þ l2 þ l3 þ qÞ

×
τγδðp1; l1 þ p1Þτστðl1 þ p1;−l2 þ p1Þτιθðl2 − p2;−p2Þτϕχð3Þιθ;στð−l2; l1 þ qÞ · Pϕχ

αβ · τμνð3Þαβ;γδðl1 þ q; qÞ
l21l

2
2l

2
3ðl1 þ qÞ2

×

�
1

ðl1 þ p1Þ2 −m2

1

ðl2 − p2Þ2 −m2
þ 1

ðl3 þ p1Þ2 −m2

1

ðl1 − p2Þ2 −m2

þ 1

ðl3 þ p1Þ2 −m2

1

ðl2 − p2Þ2 −m2

�
: ð60Þ

Using the approximate form of the two scalars one graviton vertex in (49) and ðl1 þ p1Þ2 −m2 ≈ 2ml01 and taking the
residue 2ml0i ¼ iϵ, since for the rest of the residues we get a zero contribution at order Oðϵ0Þ, we get

Xc
i¼a

Tð2Þ μν
ðiÞ ¼ 32π2G2

Nm
3

Z Y2
n¼1

ddþ1ln
ð2πÞ2d

τμνð3Þαβ;00ðl1 þ q; qÞ · Pϕχ
αβ · τϕχð3Þ00;00ð−l2; l1 þ qÞ

ðl⃗1Þ2ðl⃗2Þ2ðl⃗3Þ2ðl⃗1 þ q⃗Þ2
����
l0
1
¼l0

2
¼0

; ð61Þ

with

ημντ
μν
ð3Þϕχ;00ðl1 þ q; qÞ ¼ ðlμlν − ðlþ qÞμðlþ qÞν − qμqνÞ − 3

2
ημνq⃗2ðημν − ðd − 1Þδμ0δν0Þ

þ ημν

2
ðl⃗12 − ðl⃗1 þ q⃗Þ2Þ − 5 − d

2
δμ0δ

ν
0ðl⃗12 þ ðl⃗1 þ q⃗Þ2Þ; ð62Þ
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and

δ0μδ
0
ντ

μν
ð3Þϕχ;00ðl1 þ q; qÞ ¼ 1

d − 1

�
ðd − 3Þððlþ qÞμðlþ qÞν þ qμqνÞ þ ðd − 1Þ

�
lμ1l

ν
1 −

l⃗1
2

2
ð3δμ0δν0 − ημνÞ

�

þ ημν − δμ0δ
ν
0

2
ðq⃗2ðd − 5Þ þ ð3d − 7Þðl⃗1 þ q⃗Þ2Þ

�
; ð63Þ

and

τμνð3Þ00;00ðl; qÞ ¼
1

d − 1

�
ðd − 2Þ

�
lμlν þ ðlþ qÞμðlþ qÞν þ qμqν þ 3

2
ημνq⃗2

�

− 2ðd − 2Þðl⃗12 þ ðl⃗1 þ q⃗Þ2Þ
�
δμ0δ

μ
0 −

ημν

4

�
− 2ðd − 3Þq⃗2δμ0δμ0

�
: ð64Þ

Using the LiteRed code [34,35] in d dimensions, we find that all the contributions are proportional to the master integral as
expected from the general discussion of Sec. II B

Jð2Þðq⃗Þ ¼
Z Y2

i¼1

dd ⃗li
ð2πÞd

q⃗2Q
2
i¼1

⃗l2i ð⃗l1 þ ⃗l2 þ q⃗Þ2

¼ −
q⃗2

32π2ðd − 3Þ − ð−3þ γE − logð4πÞ þ logðq⃗2ÞÞq⃗2 þOðd − 3Þ; ð65Þ

where γE ¼ 0.57721… is the Euler-Mascheroni constant [38].
We find for the 00-component

Xc
i¼a

Tð2Þ 00
ðiÞ ¼ 32π2G2

Nm
3

3

6d3 − 45d2 þ 134d − 160

ðd − 4Þðd − 1Þ2 Jð2Þðq⃗2Þ; ð66Þ

and for the trace part

Xc
i¼a

Tð2Þ μν
ðiÞ ημν ¼ −

32π2G2
Nm

3

3

10d3 − 63d2 þ 123d − 86

ðd − 1Þ2 Jð2Þðq⃗2Þ: ð67Þ

2. The diagrams (d)

The diagram (d) after symmetrization over the massive scalar legs reads

Tð2Þ μν
ðdÞ ¼ −

32G2
Nπ

2

3m

Z Y3
n¼1

ddþ1ln
ð2πÞ2d

δðl1 þ l2 þ l3 þ qÞ
l21l

2
2l

2
3

�
1

ðl1 þ p1Þ2 −m2 þ iϵ
1

ðl2 − p2Þ2 −m2 þ iϵ

þ 1

ðl3 þ p1Þ2 −m2 þ iϵ
1

ðl1 − p2Þ2 −m2 þ iϵ
þ 1

ðl3 þ p1Þ2 −m2 þ iϵ
1

ðl2 − p2Þ2 −m2 þ iϵ

�

× τγδðp1; l1 þ p1Þτστðl1 þ p1;−l2 þ p1Þτιθðl2 − p2;−p2Þτμνð4Þγδ;στ;ιθðq; l1; l2; l3Þ; ð68Þ

and leads to the contribution

Tð2Þ μν
ðdÞ ¼ −

64π2G2
Nm

3

3

Z Y2
n¼1

ddþ1ln
ð2πÞd

τμνð4Þ00;00;00ðq; l1; l2;−l1 − l2 − qÞ
ðl⃗1Þ2ðl⃗2Þ2ðl⃗1 þ l⃗2 þ q⃗Þ2

����
l0
1
¼l0

2
¼0

ð69Þ

with the vertex
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τμνð4Þ00;00;00ðq; l1; l2; l3Þ ¼
1

ðd − 1Þ2
�
q⃗2

δμ0δ
ν
0

2
ð7d2 − 45dþ 70Þ − q⃗2

ημν

2
ðd − 2Þð6d − 23Þ

þ ðd − 2Þðð9 − 2dÞqμqν þ ð7 − 2dÞðlμ1lν1 þ lμ2l
ν
2 þ lμ3l

ν
3ÞÞ

þ d − 2

2
ðl⃗12 þ l⃗2

2 þ l⃗3
2Þðδμ0δν0ð7d − 23Þ − ημνð2d − 9ÞÞ

�
: ð70Þ

Evaluating these integral we find, for the 00-component

Tð2Þ 00
ðdÞ ¼ −

32π2G2
Nm

3

3

ð4 − dÞð6 − dÞ
ðd − 1Þ2 Jð2Þðq⃗2Þ; ð71Þ

and for the trace part

Tð2Þ μν
ðdÞ ημν ¼

64π2G2
Nm

3

3

3d3 − 20d2 þ 41d − 30

ðd − 1Þ2 Jð2Þðq⃗2Þ:

ð72Þ

3. The two-loop contribution to the
metric components

Summing up all the contributions the two-loop stress-
tensor is given by

hTð2Þ
μν i ¼ π2G2

Nm
3

�
cð2Þ1 ðdÞδ0μδ0ν þ cð2Þ2 ðdÞ

�
qμqν
q2

− ημν

��

× Jð2Þðq2Þ; ð73Þ

with the coefficients given by

cð2Þ1 ðdÞ ¼ 32

3ðd − 4Þðd − 1Þ3
× ð9d4 − 70d3 þ 203d2 − 254dþ 104Þ;

cð2Þ2 ðdÞ ¼ 64ðd − 2Þ
3ðd − 4Þðd − 1Þ3 ð2d

3 − 13d2 þ 25d − 10Þ;

ð74Þ

and the expression for the master integral

Jð2Þðq⃗2Þ ¼
Γð3 − dÞΓðd−2

2
Þ3

ð4πÞdΓð3ðd−2Þ
2

Þ
ðq⃗2Þd−2: ð75Þ

From which we extract the metric components using the
relations (39) [using the definition of ρðr; dÞ in (40)]

hð3Þ0 ðr;dÞ ¼−
8ð3d− 7Þðd− 2Þ3
ðd− 4Þðd− 1Þ3 ρðr;dÞ3;

hð3Þ1 ðr;dÞ ¼ 8ð7d4− 63d3þ 214d2− 334dþ 212Þ
3ðd− 3Þðd− 4Þðd− 1Þ3 ρðr;dÞ3;

hð3Þ2 ðr;dÞ ¼−
8ðd− 2Þ2ð2d3− 13d2þ 25d− 10Þ

ðd− 3Þðd− 4Þðd− 1Þ3 ρðr;dÞ3:

ð76Þ
D. Three-loop amplitude

The diagrams contributing to the classical corrections at
third post-Minkowskian order of the metric at the two-loop
graphs

iMð3Þ
3 ðp1; qÞ ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
32πGN

p
Tð3Þμνϵμν; ð77Þ

where the three-loop stress-tensor is given by five distinct
diagrams

As before, we permute the internal momenta such that by
taking the residue at 2ml0i ¼ iϵ from the massive propa-
gators, we extract the nonanalytic terms which contribute to
the classical metric in the static limit. After taking the
residues and including the symmetry factors
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Tð3Þμν
ðaÞ ¼ 64π3G3

Nm
4

Z Y3
n¼1

dd ⃗ln
ð2πÞd

τμνð3Þπρ;στðl1 þ l2; qÞτπρð3Þð−l1; l1 þ l2Þτστð3Þð−l3; l3 þ l4Þ
ð⃗l1Þ2ð⃗l2Þ2ð⃗l3Þ2ð⃗l4Þ2ð⃗l1 þ ⃗l2Þ2ð⃗l3 þ ⃗l4Þ2

����
l0
1
¼l0

2
¼l0

3
¼0

;

Tð3Þμν
ðbÞ ¼ 256π3G3

Nm
4

Z Y3
n¼1

dd ⃗ln
ð2πÞd

τμνð3Þστ;00ðl1 þ q; qÞτπρð3Þð−l3; l3 þ l4Þτστð3Þ00;πρð−l2; l1 þ qÞ
ð⃗l1Þ2ð⃗l2Þ2ð⃗l3Þ2ð⃗l4Þ2ð⃗l1 þ q⃗Þ2ð⃗l3 þ ⃗l4Þ2

����
l0
1
¼l0

2
¼l0

3
¼0

;

Tð3Þμν
ðcÞ ¼ −

512π3G3
Nm

4

3

Z Y3
n¼1

dd ⃗ln
ð2πÞd

τμνð3Þαβ;00ðl1 þ q; qÞταβð4Þ00;00;00ðl1 þ q; l2; l3; l4Þ
ð⃗l1Þ2ð⃗l2Þ2ð⃗l3Þ2ð⃗l4Þ2ð⃗l1 þ q⃗Þ2

����
l0
1
¼l0

2
¼l0

3
¼0

;

Tð3Þμν
ðdÞ ¼ −256π3G3

Nm
4

Z Y3
n¼1

dd ⃗ln
ð2πÞd

τγδð3Þð−l3; l3 þ l4Þτμνð4Þγδ;00;00ðq; l1; l2; l3 þ l4Þ
ð⃗l1Þ2ð⃗l2Þ2ð⃗l3Þ2ð⃗l4Þ2ð⃗l3 þ ⃗l4Þ2

����
l0
1
¼l0

2
¼l0

3
¼0

;

Tð3Þμν
ðeÞ ¼ 256π3G3

Nm
4

3

Z Y3
n¼1

dd ⃗ln
ð2πÞd

τμνð5Þ00;00;00;00ðq; l1; l2; l3; l4Þ
ðl⃗1Þ2ðl⃗2Þ2ðl⃗3Þ2ðl⃗4Þ2

����
l0
1
¼l0

2
¼l0

3
¼0

; ð78Þ

with the five-graviton vertex contribution

τμνð5Þ00;00;00;00ðk1; k2; k3; k4; k5Þ
≔ τ̃μνð5Þαβ;γδ;ϵη;κλðk1; k2; k3; k4; k5ÞPαβ

00P
γδ
00P

ϵη
00P

κλ
00

¼ 1

4ðd − 1Þ3
�
4δ0μδ

0
ν

�
4ð2d3 − 18d2 þ 57d − 61Þk21 þ ðd − 2Þð8d2 − 47dþ 79Þ

X5
i¼2

k2i

�

− ðd − 2Þημν
�
ð29d2 − 191dþ 362Þk21 þ ð7d2 − 61dþ 142Þ

X5
i¼2

k2i

�

þ 2ðd − 2Þðð11d2 − 73dþ 150Þk1μk1ν þ ð7d2 − 53dþ 102Þðk2μk2ν þ k3μk3ν þ k4μk4ν þ k5μk5νÞÞ
�
: ð79Þ

where the vertex τμνð5Þαβ;γδ;ϵη;κλðk1; k2; k3; k4; k5Þ has been derived using the results of [39].
The integral reduction is done using the LiteRed code [34,35] in d dimensions. In agreement with the general analysis of

Sec. II B, we find that the classical contribution is proportional to the single master integral

Jð3Þðq⃗2Þ ¼
Z

dd ⃗l1dd ⃗l2dd ⃗l3
ð2πÞ3d

q⃗2

l⃗1
2l⃗2

2 l⃗3
2ðl⃗1 þ l⃗2 þ l⃗3 þ q⃗Þ2

: ð80Þ

1. The μ= ν= 0 component

Tð3Þ 00
ðaÞ ¼ −

32π3G3
Nm

4

3

3d5 − 169d4 þ 1378d3 − 4592d2 þ 7256d − 4752

ðd − 4Þ2ðd − 1Þ3 Jð3Þðq⃗2Þ;

Tð3Þ 00
ðbÞ ¼ −

128π3G3
Nm

4

3

68d6 − 1003d5 þ 6211d4 − 20820d3 þ 40020d2 − 41584dþ 17824

ðd − 4Þðd − 3Þð3d − 4Þðd − 1Þ3 Jð3Þðq⃗2Þ;

Tð3Þ 00
ðcÞ ¼ 64π3G3

Nm
4

3

37d5 − 502d4 þ 2731d3 − 7486d2 þ 10164d − 5256

ðd − 3Þð3d − 4Þðd − 1Þ3 Jð3Þðq⃗2Þ;

Tð3Þ 00
ðdÞ ¼ 32π3G3

Nm
4

3

53d4 − 615d3 þ 2690d2 − 5572dþ 4840

ðd − 4Þðd − 1Þ3 Jð3Þðq⃗2Þ;

Tð3Þ00
ðeÞ ¼ 64π3G3

Nm
4
ð6 − dÞðd2 − 7dþ 14Þ

ðd − 1Þ3 Jð3Þðq⃗2Þ: ð81Þ
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2. Contraction with ημν

Tð3Þ μν
ðaÞ ημν ¼

32π3G3
Nm

4

3

85d6 − 1126d5 þ 6307d4 − 19114d3 þ 32944d2 − 30472dþ 11952

ðd − 4Þ2ðd − 1Þ3 Jð3Þðq⃗2Þ;

Tð3Þ μν
ðbÞ ημν ¼

128π3G3
Nm

4

3

168d6 − 2231d5 þ 12319d4 − 35796d3 þ 57396d2 − 48304dþ 16736

ðd − 4Þð3d − 4Þðd − 1Þ3 Jð3Þðq⃗2Þ;

Tð3Þ μν
ðcÞ ημν ¼ −

64π3G3
Nm

4

3

147d6 − 1801d5 þ 8727d4 − 21555d3 þ 28942d2 − 20148dþ 5688

ð3d − 4Þðd − 1Þ4 Jð3Þðq⃗2Þ;

Tð3Þ μν
ðdÞ ημν ¼ −

32π3G3
Nm

4

3

179d5 − 2146d4 þ 10305d3 − 24614d2 þ 28972d − 13704

ðd − 4Þðd − 1Þ3 Jð3Þðq⃗2Þ;

Tð3Þ μν
ðeÞ ημν ¼

64π3G3
Nm

4

3

29d4 − 274d3 þ 973d2 − 1484dþ 852

ðd − 1Þ3 Jð3Þðq⃗2Þ: ð82Þ

3. The classical three-loop contribution to the stress-tensor

Summing up all the contributions we get for the three-loop stress-tensor

hTð3Þ
μν i ¼ π3G3

Nm
4

�
cð3Þ1 ðdÞδ0μδ0ν þ cð3Þ2 ðdÞ

�
qμqν
q2

− ημν

��
Jð3Þðq2Þ; ð83Þ

with the master integral

Jð3Þðq2Þ ¼
Γð8−3d

2
ÞΓðd−2

2
Þ4

8dπ
3d
2 Γð2ðd − 2ÞÞ jq⃗j

3ðd−2Þ; ð84Þ

and the three-loop coefficients are given by

cð3Þ1 ðdÞ ¼ −
64

3ðd − 3Þðd − 4Þ2ðd − 1Þ4 × ð56d7 − 889d6 þ 5868d5

− 20907d4 þ 43434d3 − 52498d2 þ 33888d − 8760Þ;

cð3Þ2 ðdÞ ¼ −
64

3ðd − 3Þðd − 4Þ2ðd − 1Þ4 × ð45d7 − 670d6 þ 4167d5

− 14016d4 þ 27430d3 − 30916d2 þ 18104d − 3952Þ: ð85Þ
Using the relations (39) we obtained the three-loop contribution to the metric from the classical stress-tensor in (126) [using
the notation for ρ in (40)]

hð4Þ0 ðr; dÞ ¼ 16ðd − 2Þ3ð14d3 − 85d2 þ 165d − 106Þ
3ðd − 3Þðd − 4Þðd − 1Þ4 ρðr; dÞ4;

hð4Þ1 ðr; dÞ ¼ −
8ð39d7 − 691d6 þ 5155d5 − 21077d4 þ 51216d3 − 74346d2 þ 60168d − 21208Þ

3ðd − 3Þðd − 4Þ2ðd − 1Þ4ð3d − 8Þ ρðr; dÞ4;

hð4Þ2 ðr; dÞ ¼ 16ðd − 2Þ2ð45d6 − 580d5 þ 3007d4 − 8002d3 þ 11426d2 − 8064dþ 1976Þ
3ðd − 3Þðd − 4Þ2ðd − 1Þ4ð3d − 8Þ ρðr; dÞ4: ð86Þ

IV. NONMINIMAL COUPLINGS AND RENORMALIZED METRIC

The stress-tensor and the metric components have ultraviolet divergences. These divergences can be removed by the
addition of the nonminimal couplings made from the powers of the covariant derivative ∇μ acting on a single power of the
Riemann tensor and its contractions. The Bianchi identity on the Riemann tensor ∇μRνρσλ þ∇νRρμσλ þ∇ρRμνσλ ¼ 0,
implies that
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∇μRμ
ρσλ ¼ ∇σRρλ −∇λRρσ; ∇μRμ

ν ¼
1

2
∇νR: ð87Þ

The counter-terms are powers of covariant derivative acting
on a single power of the Ricci tensor and Ricci scalar.
Therefore the counterterms are given by the following
nonminimal couplings

δðnÞSct ¼ ðGNmÞ 2n
d−2

Z
ddþ1x

ffiffiffiffiffiffi
−g

p ðαðnÞðdÞð∇2Þn−1R∂μϕ∂μϕ

þ ðβðnÞ0 ðdÞ∇μ∇νð∇2Þn−2R
þ βðnÞ1 ðdÞð∇2Þn−1RμνÞ∂μϕ∂νϕÞ: ð88Þ

where αðnÞðdÞ, βðnÞ0 ðdÞ and βðnÞ1 ðdÞ are dimensionless
coefficients depending on the space-time dimension. The
power of GNm is determined by dimensional analysis, and
give the correct order of GN in all dimensions. The first
nonminimal coupling with n ¼ 1 is given by

δð1ÞSct ¼ ðGNmÞ 2
d−2

Z
ddþ1x

ffiffiffiffiffiffi
−g

p ðαð1ÞðdÞR∂μϕ∂μϕ

þ βð1ÞðdÞRμν∂μϕ∂νϕÞ: ð89Þ

This non-minimal coupling has been introduced in [27] in
four dimensions and [24] in five dimensions. We will see
that up to three-loop order the renormalization of the
static metric component only require the counter-term
αð1ÞR∂μϕ∂μϕ, whereas both couplings are needed for the
cancellation of the stress-tensor divergences. This coupling
is induced by harmonic gauge condition [20,24] and the
value of its coefficient depends on the choice of gauge. In
our gauge, the de Donder gauge, this corresponds to α ¼ 0

in the work of [24] and ξ ¼ 1
4
in the work of [20]. Since we

are working in fixed gauge we will not discuss further the
gauge dependence of the higher-order nonminimal cou-
pling coefficients, but we expect that the gauge dependence
of these coefficients will be an extension of the discussion
in [[24] Appendix B].
The power of the Newton constant in (89) is an integer

only in four dimensions with d ¼ 3 and five dimensions
d ¼ 4. Therefore this counterterm will not appear in
dimensions D ≥ 6.
In four dimensions, from five-loop order, or the sixth

post-Minkowskian order OðG6
NÞ, one expects that higher

derivative nonminimal couplings will be needed to get
finite stress-tensor components. In dimensions five and six,
the higher-derivative nonminimal couplings arise at lower
loop order.
In five dimensions one needs to consider higher-deriva-

tive nonminimal couplings δðnÞSct with n ≥ 2 for removing
the divergences in the stress-tensor. The nonminimal
coupling at this order is then given by

δð2ÞSct¼ðGNmÞ 4
d−2

Z
ddþ1x

ffiffiffiffiffiffi
−g

p ðαð2ÞðdÞ□R∂μϕ∂μϕ

þðβð2Þ0 ðdÞ∇μ∇νRþβð2Þ1 ðdÞ□RμνÞ∂μϕ∂νϕÞ: ð90Þ

We will need the nonminimal coupling

δð3ÞSct ¼ ðGNmÞ 6
d−2

Z
ddþ1x

ffiffiffiffiffiffi
−g

p ðαð3ÞðdÞð∇2Þ2R∂μϕ∂μϕ

þðβð3Þ0 ðdÞ∇μ∇ν∇2Rþ βð3Þ1 ðdÞð∇2Þ2RμνÞ∂μϕ∂νϕÞ;
ð91Þ

for removing the two-loop divergence in the stress-tensor in
six (d ¼ 5) dimensions and the three-loop divergence in
five (d ¼ 4) dimensions. In five dimensions (d ¼ 4) the
metric, up to G4

N , is renormalized using only the n ¼ 1 and
the metric is finite to all order in six dimensions (d ¼ 5).
The higher-order non-minimal couplings δðnÞSct with

n ≥ 2will not contribute to the classical limit when inserted
into graphs with loops, because they contribute to higher
powers in the momentum transfer q⃗, and are subleading
with respect to the classical contributions. Their tree-level
insertions will contribute to the renormalization of the
stress-tensor but thanks to the properties of the Fourier
transform they will not contribute to the metric
components.

A. Tree-level insertions

We give the contribution of the insertions of the non-
minimal counterterms with n ¼ 1 in (89), with n ¼ 2 in
(90) and with n ¼ 3 in (91) in the tree-level graph.

1. Insertion of δð1ÞSct

The insertion of the nonminimal couplings δð1ÞSct in (89)
into the tree-level diagram

ð92Þ

leads to the stress-tensor contribution in dþ 1 dimensions

δð1ÞhTð0Þ
μν i ¼ −q⃗2ðGNmÞ 2

d−2m

×

�
−βð1ÞðdÞδ0μδ0ν þ 2αð1ÞðdÞ

�
qμqν
q2

− ημν

��
;

ð93Þ
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and using (7) this contributes to the metric components

δð1Þhð1Þ0 ðr; dÞ ¼ 0; ð94Þ

δð1Þhð1Þ1 ðr; dÞ ¼ 16αð1ÞðdÞΓðd
2
Þ

π
d−2
2

�ðGNmÞ 1
d−2

r

�d

;

δð1Þhð1Þ2 ðr; dÞ ¼ −
32αð1ÞðdÞΓðdþ2

2
Þ

π
d−2
2

�ðGNmÞ 1
d−2

r

�d

: ð95Þ

Thanks to the properties of the Fourier transformation (see
Appendix A) only the coefficient αðdÞ contributes to static
metric perturbation.

2. Insertion of δð2ÞSct

The insertion of the nonminimal couplings δð2ÞSct in (90)
into the tree-level diagram

ð96Þ

leads to the stress-tensor condition in dþ 1 dimensions

δð2ÞhTð0Þ
μν i ¼ jq⃗j4ðGNmÞ 4

d−2m

�
−βð2Þ1 ðdÞδ0μδ0ν

þ 2

�
αð2ÞðdÞ þ 1

2
βð2Þ0 ðdÞ

��
qμqν
q2

− ημν

��
:

ð97Þ
Because of the vanishing of the Fourier transforms
Z
Rd

jq⃗j2eiq⃗·x⃗ ddq⃗
ð2πÞd ¼ 0;

Z
Rd

qiqj
jq⃗j2 jq⃗j

2eiq⃗·x⃗
ddq⃗
ð2πÞd ¼ 0;

ð98Þ
this extra contribution to the stress-tensor does not affect
the metric components

δð2Þhð1Þ0 ðr; dÞ ¼ 0; ð99Þ

δð2Þhð1Þ1 ðr; dÞ ¼ 0;

δð2Þhð1Þ2 ðr; dÞ ¼ 0: ð100Þ

3. Insertion of δð3ÞSct

The insertion of the nonminimal couplings δð3ÞSct in (91)
into the tree-level diagram

ð101Þ

leads to the stress-tensor condition in six dimensions
(d ¼ 5)

δð3ÞhTð0Þ
μν i ¼ −jq⃗j6ðGNmÞ 6

d−2m

�
−βð3Þ1 ðdÞδ0μδ0ν

þ 2

�
αð3ÞðdÞ þ 1

4
βð3Þ0 ðdÞ

��
qμqν
q2

− ημν

��
:

ð102Þ

Because of the vanishing of the Fourier transforms

Z
Rd

jq⃗j4eiq⃗·x⃗ ddq⃗
ð2πÞd ¼ 0;

Z
Rd

qiqj
jq⃗j2 jq⃗j

4eiq⃗·x⃗
ddq⃗
ð2πÞd ¼ 0;

ð103Þ

this extra contribution to the stress-tensor does not affect
the metric components

δð2Þhð1Þ0 ðr; dÞ ¼ 0; ð104Þ

δð2Þhð1Þ1 ðr; dÞ ¼ 0;

δð2Þhð1Þ2 ðr; dÞ ¼ 0: ð105Þ

B. One-loop insertions

We give the contribution of the insertions of the counter-
terms (88) with n ¼ 1 in (89) in the one-loop graph.

1. Insertion of δð1ÞSct

The insertion of the nonminimal coupling in (89) in the
one-loop graph
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ð106Þ

leads to the stress-tensor contribution

δð1ÞhTð1Þ
μν i ¼ 32iαð1ÞðdÞπðGNmÞ d

d−2m2

Z
dd ⃗l
ð2πÞd

τμν10 αβ;γδðl; qÞP00
αβlγlδ

l2ðlþ qÞ2
�

1

ðlþ p1Þ2 −m2 þ iϵ
þ 1

ðl − p2Þ2 −m2 þ iϵ

�

¼ 8παð1ÞðdÞðGNmÞ d
d−2mq⃗2

d − 2

ðd − 1Þ2
�
dδ0μδ0ν þ

qμqν
q2

− ημν

�
Jð1Þðq⃗2Þ: ð107Þ

where we used that

ημντ
μν
1000;γδðl; qÞlγlδ ¼

l⃗1
2

2
ðq⃗2 þ ðl⃗1 þ q⃗Þ2 − l⃗1

2Þ; ð108Þ

and

δ0μδ
0
ντ

μν
1000;γδðl; qÞlγlδ ¼

1

2ðd − 1Þ ððd − 2Þq⃗4 þ ðd − 2Þðl⃗1 þ q⃗Þ2ððl⃗1 þ q⃗Þ2 − 2q⃗2Þ − l⃗1
4

− ðd − 3Þl⃗12ððl⃗1 þ q⃗Þ2 þ q⃗2ÞÞ: ð109Þ

Using the Fourier transforms

Z
Rd

Jð1Þðq⃗2Þeiq⃗·x⃗
ddq⃗
ð2πÞd ¼ −

Γðd
2
Þ2

2πdr2ðd−1Þ
;

Z
Rd

qiqj
q⃗2

Jð1Þðq⃗2Þeiq⃗·x⃗
ddq⃗
ð2πÞd ¼

Γðd−2
2
ÞΓðd

2
Þ

4πdr2ðd−1Þ

�
δij − 2ðd − 1Þ xixj

r

�
: ð110Þ

and the relation between the stress-tensor and the metric components in (7) we obtain the following contribution to the
metric components

δð1Þhð2Þ0 ðr; dÞ ¼ 64αð1ÞðdÞ ðd − 2ÞΓðd
2
Þ2

ðd − 1Þπd−2
�ðGNmÞ 1

d−2

r

�2ðd−1Þ
;

δð1Þhð2Þ1 ðr; dÞ ¼ −64αð1ÞðdÞ Γðd
2
Þ2

ðd − 1Þπd−2
�ðGNmÞ 1

d−2

r

�2ðd−1Þ
;

δð1Þhð2Þ2 ðr; dÞ ¼ 128αð1ÞðdÞ Γðd
2
Þ2

ðd − 1Þπd−2
�ðGNmÞ 1

d−2

r

�2ðd−1Þ
: ð111Þ
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2. Two insertions of δð1ÞSct

Two insertions of the nonminimal coupling δð1ÞSct in
(89) in the one-loop graph

ð112Þ

leads to the stress-tensor contribution

ðδ1Þ2hTð1Þ
μν i ¼ 2ðαð1ÞðdÞÞ2ðGNmÞdþ2

d−2πmq⃗4

d − 1

�
δ0μδ

0
ν − ðd − 2Þ

×
�
qμqν
q2

− ημν

��
Jð1Þðq⃗2Þ; ð113Þ

and the metric contributions

ðδ1Þ2hð2Þ0 ðr; dÞ ¼ 0;

ðδ1Þ2hð2Þ1 ðr; dÞ ¼ 64ðαð1ÞðdÞÞ2
πd−2

Γ
�
d
2

�
2
�ðGNmÞ 1

d−2

r

�2d

;

ðδ1Þ2hð2Þ2 ¼ 64dðd − 2Þðαð1ÞðdÞÞ2
πd−2

Γ
�
d
2

�
2
�ðGNmÞ 1

d−2

r

�2d

:

ð114Þ

C. Two-loop insertions

For the insertion of the nonminimal coupling δð1ÞSct in
(89) in the two-loop graph one needs to sum over all the
contributions in Table I. The classical limit of the sum of all
these graphs lead to the following contribution to the stress-
tensor

δð1ÞhTð2Þ
μν i ¼ −

128π2ðd − 2Þαð1ÞðdÞ
3ðd − 4Þð3d − 4Þðd − 1Þ2 ðGNmÞ2ðd−1Þd−2 mq⃗2

�
ð3d3 − 19d2 þ 28d − 10Þδ0μδ0ν

þ ð3d3 − 15d2 þ 18d − 4Þ
�
qμqν
q2

− ημν

��
Jð2Þðq⃗2Þ; ð115Þ

which leads to the following contributions to the metric components

TABLE I. Insertion of the non-minimal coupling in the two-loop graph.
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δð1Þhð3Þ0 ðr; dÞ ¼ −
512αð1ÞðdÞ

d − 1

Γðd
2
Þ3

π
3
2
ðd−2Þ

�ðGNmÞ 1
d−2

r

�3d−4
;

δð1Þhð3Þ1 ðr; dÞ ¼ 256αð1ÞðdÞð3d3 − 23d2 þ 46d − 28Þ
ðd − 4Þðd − 2Þðd − 1Þ2ð3d − 4Þ

Γðd
2
Þ3

π
3
2
ðd−2Þ

�ðGNmÞ 1
d−2

r

�3d−4
;

δð1Þhð3Þ2 ðr; dÞ ¼ −
256αð1ÞðdÞð3d3 − 15d2 þ 18d − 4Þ

ðd − 4Þðd − 2Þðd − 1Þ2
Γðd

2
Þ3

π
3
2
ðd−2Þ

�ðGNmÞ 1
d−2

r

�3d−4
: ð116Þ

D. The renormalized metric in four dimensions

The metric components have ultraviolet poles in four
dimensions from two-loop order. We show how the
addition of the nonminimal couplings leads to finite
renormalized metric components.

1. The two-loop renormalization

The two-loop metric components in (76) have a diver-
gence in four dimensions (d ¼ 3)

hð3Þ0 ðr; dÞ ¼ Oð1Þ;

hð3Þ1 ðr; dÞ ¼ −
2

3ðd − 3Þ
�
GNm
r

�
3

þOð1Þ;

hð3Þ2 ðr; dÞ ¼ 2

d − 3

�
GNm
r

�
3

þOð1Þ: ð117Þ

This divergence is cancelled by adding the metric con-
tribution from the non-minimal coupling in (94)

hrenor ð3Þi ðr; dÞ ≔ hð3Þi ðr; dÞ þ δð1Þhð1Þi ðr; dÞ; i ¼ 0; 1; 2

ð118Þ
and setting the αð1ÞðdÞ coefficient to be

αð1ÞðdÞ ¼ 1

12ðd − 3Þ þ að1Þð3Þ − logð2Þ
6

þOðd − 3Þ:

ð119Þ

The resulting renormalized two-loop metric reads

hrenor ð3Þ0 ðr; dÞ ¼ 2

�
GNm
r

�
3

þOðd − 3Þ;

hrenor ð3Þ1 ðr; dÞ ¼ 4

3

�
−
1

2
þ 6að1Þð3Þ

þ log

�
rCE

GNm

���
GNm
r

�
3

þOðd − 3Þ;

hrenor ð3Þ2 ðr; dÞ ¼ 4

�
1

3
− 6að1Þð3Þ − log

�
rCE

GNm

���
GNm
r

�
3

þOðd − 3Þ: ð120Þ

where we have introduced the following combination of the
Euler-Mascheroni constant [38] and π

CE ≔
ffiffiffi
π

p
e
γE
2 : ð121Þ

The divergence in the two-loop stress-tensor in (73)

hTð2Þ
μν i ¼ G2

Nq⃗
2m3

6ðd − 3Þ
�
2δ0μδ

0
ν þ

�
qμqν
q2

− ημν

��
þOð1Þ;

ð122Þ

is canceled by adding the contribution in (93) from the
nonminimal coupling with the following choice of βð1ÞðdÞ
coefficient

βð1ÞðdÞ ¼ −
1

3ðd − 3Þ þOð1Þ: ð123Þ

Notice that this computation does not determine the finite
part of the αð1ÞðdÞ and βð1ÞðdÞ. They are free scales in the
logarithms. We will show in Sec. VI that this freedom is
totally reabsorbed in the change of coordinate and the
Schwarzschild-Tangherlini metric does not have any
ambiguity.

2. The three-loop renormalization

The three-loop metric components in (86) have a
divergence in four dimensions (d ¼ 3) given by

hð4Þ0 ðr; dÞ ¼ −
2

3ðd − 3Þ
�
GNm
r

�
4

þOð1Þ;

hð4Þ1 ðr; dÞ ¼ 2

3ðd − 3Þ
�
GNm
r

�
4

þOð1Þ;

hð4Þ2 ðr; dÞ ¼ −
4

3ðd − 3Þ
�
GNm
r

�
4

þOð1Þ; : ð124Þ

Adding to this contribution the (111) from the insertion of
the nonminimal couplings at one-loop, and using the value
of αð1ÞðdÞ determined in (119), we obtain the renormalized
three-loop metric
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hrenormð4Þ
0 ðrÞ¼

�
−
32

3
þ8að1Þð3Þþ4

3
log

�
rCE

GNm

���
GNm
r

�
4

þOðd−3Þ;

hrenormð4Þ
1 ðrÞ¼

�
10−8að1Þð3Þ−4

3
log

�
rCE

GNm

���
GNm
r

�
4

þOðd−3Þ;

hrenormð4Þ
2 ðrÞ¼

�
−
86

3
þ16að1Þð3Þþ8

3
log

�
rCE

GNm

���
GNm
r

�
4

þOðd−3Þ: ð125Þ

The classical three-loop contribution to the stress-tensor
has an ultraviolet divergence

hTð3Þ
μν ðq⃗Þi ¼ −

πG3
Nm

4jq⃗j32
48ðd − 3Þ

�
3δ0μδ

0
ν þ

�
qμqν
q2

− ημν

��

þOð1Þ; ð126Þ

this divergence is canceled by the addition of the contri-
bution in (107) from the nonminimal coupling and the
choice of αð1ÞðdÞ in (119).

E. The renormalized metric in five dimensions

The metric components have ultraviolet divergences in
five dimensions from one-loop order. We show how the
addition of the nonminimal couplings leads to finite
renormalized metric components.

1. The one-loop renormalization

The metric components in (58) have a divergence in five
dimension (d ¼ 4) given by

hð2Þ0 ðr; dÞ ¼ Oð1Þ;

hð2Þ1 ðr; dÞ ¼ −
40

9ðd − 4Þ
�
GNm
πr2

�
2

þOð1Þ;

hð2Þ2 ðr; dÞ ¼ 160

9ðd − 4Þ
�
GNm
πr2

�
2

þOð1Þ: ð127Þ

The divergences in the metric components (127) are
canceled for the choice

αð1ÞðdÞ ¼ 5

18πðd − 4Þ þ að1Þð5Þ þOðd − 4Þ; ð128Þ

so that the renormalized metric components

hrenor ð2Þi ðr; dÞ ≔ hð2Þi ðr; dÞ þ δð1Þhð1Þi ðr; dÞ; i ¼ 0; 1; 2;

ð129Þ

have a finite expansion near d ¼ 4

hrenor ð2Þ0 ðr; dÞ ¼ 32

9

�
GNm
πr2

�
2

þOðd − 4Þ;

hrenor ð2Þ1 ðr; dÞ ¼ 20

9

�
14

15
þ 36að1Þð5Þπ

5
þ log

�
r2C2

E

GNm

��

×

�
GNm
πr2

�
2

þOðd − 4Þ;

hrenor ð2Þ2 ðr; dÞ ¼ −
80

9

�
7

30
þ 36að1Þð5Þπ

5
þ log

�
r2C2

E

GNm

��

×

�
GNm
πr2

�
2

þOðd − 4Þ: ð130Þ

where CE is defined in (121).
Thanks to the properties of the Fourier transform, only

the coefficient αð1ÞðdÞ enters the counterterm contribution
to the metric component. To determine as well the
coefficient βð1ÞðdÞ in (89) one needs to look at the
divergences of the stress-tensor

hTð1Þ
μν i ¼ GNm2q⃗2

18πðd − 4Þ
�
7δ0μδ

0
ν þ 10

�
qμqν
q2

− ημν

��
þOð1Þ

ð131Þ

The cancellation of the pole fixes the pole part of βð1ÞðdÞ
near five dimensions

βð1ÞðdÞ ¼ −
7

18πðd − 4Þ þOð1Þ: ð132Þ

2. The two-loop renormalization

The two-loop metric components in (76) have a diver-
gence in five dimensions (d ¼ 4)

hð3Þ0 ðr; dÞ ¼ −
320

27ðd − 4Þ
�
GNm
πr2

�
3

þOð1Þ;

hð3Þ1 ðr; dÞ ¼ 160

27ðd − 4Þ
�
GNm
πr2

�
3

þOð1Þ;

hð3Þ2 ðr; dÞ ¼ −
320

27ðd − 4Þ
�
GNm
πr2

�
3

þOð1Þ: ð133Þ

The divergences in the metric components (76) are can-
celled for the choice made at one-loop in (128), so that the
renormalized metric components

hrenorð3Þi ðr; dÞ ≔ hð3Þi ðr; dÞ þ δð1Þhð2Þi ðr; dÞ; i ¼ 0; 1; 2;

ð134Þ

have a finite expansion near d ¼ 4
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hrenor ð3Þ0 ðr; dÞ ¼ 160

27

�
2

15
þ 36að1Þð5Þπ

5
þ log

�
r2C2

E

GNm

���
GNm
πr2

�
3

þOðd − 4Þ;

hrenor ð3Þ1 ðr; dÞ ¼ −
80

27

�
7

15
þ 36að1Þð5Þπ

5
þ log

�
r2C2

E

GNm

���
GNm
πr2

�
3

þOðd − 4Þ;

hrenor ð3Þ2 ðr; dÞ ¼ 160

27

�
−

1

15
þ 36að1Þð5Þπ

5
þ log

�
r2C2

E

GNm

���
GNm
πr2

�
3

þOðd − 4Þ: ð135Þ

The two-loop stress-tensor in (73) is not finite in d ¼ 4 as it diverges like

hTð2Þ
μν i ¼ 5G2

Nm
3jq⃗j4

162π2ðd − 4Þ2
�
4δ0μδ

0
ν þ

qμqν
q2

− ημν

�
þ 5G2m3jq⃗j4
162π2ðd − 4Þ

��
4 log

�
q⃗2

4π

�
þ 4γE −

183

20

�
δ0μδ

0
ν

þ
�
log

�
q⃗2

4π

�
þ γE −

41

20

��
qμqν
q2

− ημν

��
þOð1Þ: ð136Þ

The addition of the counterterm in (107) from the nonminimal couplings in (89) is not enough for making the stress-tensor
finite in d ¼ 4

hTð2Þ
μν i þ δð1ÞhTð1Þ

μν i ¼ −
5G2

Nm
3jq⃗j4

162π2ðd − 4Þ2
�
4δ0μδ

0
ν þ

qμqν
q2

− ημν

�

þ 5G2m3jq⃗j4
162π2ðd − 4Þ

��
4 log ðGNmÞ − 144πað1Þð5Þ

5
−
109

60

�
δ0μδ

0
ν

þ
��

log ðGNmÞ þ 17

60
−
36

5
πað1Þð5Þ

��
qμqν
q2

− ημν

���
þOð1Þ: ð137Þ

We need to consider the addition of the counterterm from the insertion of δð2ÞSct evaluated in Sec. IVA 2 with the values of
the coefficient near d ¼ 4

βð2Þ1 ðdÞ ¼ 1

π2

�
10

81ðd − 4Þ2 þ
109þ 1728πað1Þð5Þ

1944ðd − 4Þ þ að2Þð5Þ þOðd − 4Þ
�
;

αð2ÞðdÞ þ 1

2
βð2Þ0 ðdÞ ¼ −

1

2π2

�
5

162ðd − 4Þ2 þ
432πað1Þð5Þ − 17

1944ðd − 4Þ þ bð2Þð5Þ þOðd − 4Þ
�
; ð138Þ

plugged in (97) cancel the divergences in (137)

hTð2Þ
μν i þ δð1ÞhTð1Þ

μν i þ δð2ÞhTð0Þ
μν i ¼ Oð1Þ: ð139Þ

3. The three-loop renormalization

The three-loop metric components in (86) have a divergence in five dimensions (d ¼ 4)

hð4Þ0 ðr; dÞ ¼ 1280

27ðd − 4Þ
�
GNm
πr2

�
4

þOð1Þ;

hð4Þ1 ðr; dÞ ¼
�

400

81ðd − 4Þ2 −
20ð101þ 120 log ðr2C2

EÞÞ
243ðd − 4Þ

��
GNm
πr2

�
4

þOð1Þ;

hð4Þ2 ðr; dÞ ¼
�

3200

81ðd − 4Þ2 þ
160ð187 − 120 log ðr2C2

EÞÞ
243

��
GNm
πr2

�
4

þOð1Þ: ð140Þ

The divergences in the metric components (86) are cancelled for the choice made at one-loop in (128), so that the
renormalized metric components
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hrenor ð4Þi ðr; dÞ ≔ hð4Þi ðr; dÞ þ δð1Þhð3Þi ðr; dÞ þ ðδ1Þ2hð2Þi ðr; dÞ; i ¼ 0; 1; 2; ð141Þ

have a finite expansion near d ¼ 4

hrenor ð4Þ0 ðr; dÞ ¼ −
128

243

�
23þ 324að1Þð5Þπ þ 45 log

�
r2C2

E

GNm

���
GNm
πr2

�
4

þOðd − 4Þ;

hrenor ð4Þ1 ðr; dÞ ¼ 100

81

��
36að1Þð5Þπ

5
þ log

�
r2C2

E

GNmÞ
��

161

30
þ 36

5
að1Þð5Þπ þ log

�ðr2C2
E

GNmÞ
�

þ 7085

1800

�
×

�
GNm
πr2

�
4

þOðd − 4Þ;

hrenor ð4Þ2 ðr; dÞ ¼ −
800

81

��
36að1Þð5Þπ

5
þ log

�
r2C2

E

GNm

���
41

15
−
36

5
að1Þð5Þπ − log

�
r2C2

E

GNm

��

þ 2381

900

�
×

�
GNm
πr2

�
4

þOðd − 4Þ: ð142Þ

The three-loop stress-tensor in (83) is not finite in d ¼ 4 as it diverges like

hTð3Þ
μν i ¼ 25G3

Nm
4jq⃗j6

5832π3ðd − 4Þ3
�
−
1

2
δ0μδ

0
ν þ

qμqν
q2

− ημν

�

þ 25G3
Nm

4jq⃗j6
3888π3ðd − 4Þ2

�
−
1

2

�
log

�
q⃗2

4π

�
þ γE −

41

6

�
δ0μδ

0
ν

þ
�
log

�
q⃗2

4π

�
þ γE −

17

10

��
qμqν
q2

− ημν

��

þ 225G3
Nm

4jq⃗j6
839808π3ðd − 4Þ

�
1

2

�
70939

450
þ π2 − 18

�
log

�
q⃗2

4π

�
þ γE −

41

6

�
2
�
δ0μδ

0
ν

þ
�
4769

450
− π2 þ 18

�
log

�
q⃗2

4π

�
þ γE −

17

10

�
2
��

qμqν
q2

− ημν

��
þOð1Þ: ð143Þ

The addition of the counterterms in ðδ1Þ2hTð1Þ
μν i in (113), and δð1ÞhTð2Þ

μν i in (115) from the non-minimal couplings in (89) is
not enough for making the stress-tensor finite in d ¼ 4

hTð3Þ
μν i þ ðδ1Þ2hTð1Þ

μν i þ δð1ÞhTð2Þ
μν i

¼ 25G3
Nm

4jq⃗j6
5832π3ðd − 4Þ3

�
−
1

2
δ0μδ

0
ν þ

qμqν
q2

− ημν

�

þ 25G3
Nm

4jq⃗j6
3888π3ðd − 4Þ2

�
−
1

2

�
25

12
þ 36

5
að1Þð5Þπ − log ðGNmÞ

�
δ0μδ

0
ν

þ
�
1

60
þ 36

5
að1Þð5Þπ − log ðGNmÞ

��
qμqν
q2

− ημν

��
−

25G3
Nm

4jq⃗j6
5184π3ðd − 4Þ

×

��
27487

48600
þ að1Þð5Þπ

�
1þ 288

25
að1Þð5Þπ

�
−
log ðGNmÞ

3

�
7

2
þ log ðGNmÞ þ 72

5
að1Þð5Þπ

��
δ0μδ

0
ν

þ
�
6749

16200
−
6að1Þð5Þπ

25
ð1þ 144að1Þð5ÞπÞ − log ðGNmÞ

�
19

30
þ log ðGNmÞ − 72

5
að1Þð5Þπ

���
qμqν
q2

− ημν

��

þOð1Þ: ð144Þ

We need to consider the addition of the counterterm from the insertion of δð3ÞSct evaluated in Sec. IVA 3 with the values of
the coefficient near d ¼ 4
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βð3Þ1 ðdÞ ¼ 25

11664π3ðd − 4Þ3 þ
5ð432πað1Þð5Þ þ 125Þ

93312π3ðd − 4Þ2

þ 559872ðπað1Þð5ÞÞ2 þ 486000πað1Þð5Þ þ 27487

6718464π3ðd − 4Þ þOð1Þ;

αð3ÞðdÞ þ 1

4
βð3Þ0 ðdÞ ¼ 25

11664π3ðd − 4Þ3 þ
2160πað1Þð5Þ þ 5

93312π3ðd − 4Þ2

þ 559872ðπað1Þð5ÞÞ2 þ 3888πað1Þð5Þ − 6749

6718464π3ðd − 4Þ þOð1Þ; ð145Þ

plugged in (97) cancel the divergences in (137)

hTð2Þ
μν i þ δð1ÞhTð2Þ

μν i þ ðδð1ÞhTð2Þ
μν i þ δð3ÞhTð0Þ

μν i ¼ Oð1Þ:
ð146Þ

F. The renormalized stress-tensor
in six dimensions

In six dimensions, the metric component are finite to all
order in perturbation but the two-loop stress-tensor in (73)
presents an ultraviolet divergence in six dimensions (d ¼ 5)

hTð2Þ
μν i ¼ −

G2
Nm

3jq⃗j6
40320π2ðd − 5Þ

�
49δ0μδ

0
ν þ 15

�
qμqν
q2

− ημν

��

þOð1Þ; ð147Þ

which is canceled by the addition of the insertion of the
nonminimal coupling δð3ÞSct at tree-level in (102) with the
choice of the coefficients

αð3ÞðdÞ þ 1

4
βð3Þ0 ðdÞ ¼ −

15

80640π2ðd − 5Þ þOð1Þ;

βð3Þ1 ðdÞ ¼ −
49

40320π2ðd − 5Þ þOð1Þ: ð148Þ

V. THE SCHWARZSCHILD-TANGHERLINI
METRIC IN de DONDER GAUGE IN FOUR,

FIVE, AND SIX DIMENSIONS

The Schwarzschild-Tangherlini [40] space-time metric in
dþ 1 dimensions is given by the Tangherlini solution,
using ρðr; dÞ defined in (40),7

ds2Schw ¼
�
1 − 4

d − 2

d − 1
ρðr; dÞ

�
dt2 − dx⃗2

−
4 d−2
d−1 ρðr; dÞ

1 − 4 d−2
d−1 ρðr; dÞ

ðx⃗ · dx⃗Þ2
r2

: ð150Þ

As explained in Sec. II the amplitude computa-
tion selects the de Donder gauge in (5). We make the
coordinate transformation ðt; x⃗Þ → ðt; fðrÞx⃗Þ so that the
Schwarzschild metric reads

ds2 ¼ h0ðrÞdt2 − h1ðrÞdx⃗2 − h2ðrÞ
ðx⃗ · dx⃗Þ2

r2
; ð151Þ

with r ¼ jx⃗j and

h0ðrÞ ≔ 1 − 4
d − 2

d − 1

ρðr; dÞ
fðrÞd−2 ;

h1ðrÞ ≔ fðrÞ2;

h2ðrÞ ≔ −fðrÞ2 − fðrÞd−2 ðfðrÞ þ r dfðrÞ
dr Þ2

fðrÞd−2 − 4 d−2
d−1 ρðr; dÞ

: ð152Þ

The de Donder gauge condition (5) then reads

2ðd − 1Þh2ðrÞ ¼ r
d
dr

ðh0ðrÞ þ ðd − 2Þh1ðrÞ − h2ðrÞÞ:
ð153Þ

We will be solving the de Donder gauge condition (5)
in four dimensions (d ¼ 3), five dimensions (d ¼ 4), and
six dimensions (d ¼ 5), using the post-Minkowskian
expansion

fðrÞ ¼ 1þ
X
n≥1

fnðrÞρðr; dÞn ð154Þ

with the condition at each order that

lim
r→þ∞

fnðrÞ=rn ¼ 0: ð155Þ

7In spherical coordinate the metric reads

ds2 ¼
�
1 −

μ

rd−2

�
dt2 −

dr2

1 − μ
rd−1

− r2dΩd−1 ð149Þ

with μ ¼ 16πGNm
ðd−1ÞΩd−1

and Ωd−1 ¼ 2π
d
2

Γðd
2
Þ is the area of the unit (d − 1)-

sphere.
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A. The metric in the de Donder gauge
in four dimensions

The de Donder gauge condition (5) in d ¼ 3 reads

4h2ðrÞ ¼ r
d
dr

ðh0ðrÞ þ h1ðrÞ − h2ðrÞÞ; ð156Þ

supplemented with the asymptotic boundary condition

lim
r→∞

fðrÞ ¼ 1: ð157Þ

This differential equation implies either that fðrÞ ¼
C=r, which does not satisfy the boundary condition
(157), or fðrÞ satisfies the differential equation, with
x ¼ GNm=r

xfðxÞ3ð2x − fðxÞÞ d
2fðxÞ
dx2

þ ðxfðxÞÞ2
�
dfðxÞ
dx

�
2

þ 2fðxÞ3ðfðxÞ − 3xÞ dfðxÞ
dx

− 3ðfðxÞÞ4 þ 8ðfðxÞÞ3xþ ðfðxÞÞ2 − 4fðxÞxþ 4x2 ¼ 0: ð158Þ

We solve the Eq. (158) using a series expansion in GNm using (154) and the boundary condition (155). The result to the
order ðGNmÞ7 is given by

fðrÞ ¼ 1þ GNm
r

þ 2

�
GNm
r

�
2

þ 2

3
log

�
rC3

GNm

��
GNm
r

�
3

þ
�
2

3
−
4

3
log

�
rC3

GNm

���
GNm
r

�
4

þ
�
−
21

25
þ 32

15
log

�
rC3

GNm

���
GNm
r

�
5

þ
�
112

75
−
28

15
log

�
rC3

GNm

��
GNm
r

�
6

þ
�
50023

34300
þ 1139

2205
log

�
rC3

GNm

�
þ 2

7
log

�
rC3

GNm

�
2
��

GNm
r

�
7

þOðG8
NÞ: ð159Þ

This solution is finite and has logðrÞ terms from the orderG3
N. The solution has a single constant of integrationC3 associated

with the scale of the logarithm.

1. The metric perturbation

In d ¼ 3 we derive components of the metric in perturbation by plugging the expression for fðrÞ in (159) in (152).
We obtain for the time component

hdD0 ðrÞ ¼ 1 − 2
GNm
r

þ 2

�
GNm
r

�
2

þ 2

�
GNm
r

�
3

þ
�
4

3
log

�
rC3

GNm

�
− 6

��
GNm
r

�
4

þ
�
−
16

3
log

�
rC3

GNm

�
þ 10

3

��
GNm
r

�
5

þ
�
124

15
log

�
rC3

GNm

�
þ 424

75

��
GNm
r

�
6

þ
�
−
8

9
log

�
rC3

GNm

�
2

þ 16

15
log

�
rC3

GNm

�
−
674

75

��
GNm
r

�
7

þOðG8
NÞ; ð160Þ

and for the spatial components

hdD1 ðrÞ ¼ 1þ 2
GNm
r

þ 5

�
GNm
r

�
2

þ
�
4

3
log

�
rC3

GNm

�
þ 4

��
GNm
r

�
3

þ
�
−
4

3
log

�
rC3

GNm

�
þ 16

3

��
GNm
r

�
4

þ
�
64

15
log

�
rC3

GNm

�
−
26

75

��
GNm
r

�
5

þ
�
4

9
log

�
rC3

GNm

�
2

−
24

5
log

�
rC3

GNm

�
þ 298

75

��
GNm
r

�
6

þOðG7
NÞ; ð161Þ

and
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hdD2 ðrÞ ¼ −7
�
GNm
r

�
2

−
�
4 log

�
rC3

GNm

�
þ 38

3

��
GNm
r

�
3

þ
�
8

3
log

�
rC3

GNm

�
−
58

3

��
GNm
r

�
4

−
�
16

3
log

�
rC3

GNm

�
−
32

3

��
GNm
r

�
5

þ
�
4

3
log

�
rC3

GNm

�
2

þ 508

45
log

�
rC3

GNm

�
þ 7378

225

��
GNm
r

�
6

þOðG7
NÞ: ð162Þ

Notice the appearance of the logðrÞ2 at the sixth post-Minkowskian order, G6
N , in the spatial components of the metric. This

is one order less than the appearance in the time component. The same phenomenon happens for the logðrÞ contribution
which appears one order earlier in the spatial component than in the time component.

B. The metric in the de Donder gauge in five dimensions

The de Donder gauge condition (5) in d ¼ 4 reads

6h2ðrÞ ¼ r
d
dr

ðh0ðrÞ þ 2h1ðrÞ − h2ðrÞÞ; ð163Þ

supplemented with the asymptotic boundary condition

lim
r→∞

fðrÞ ¼ 1: ð164Þ

This differential equation implies either that fðrÞ ¼ C=r, which does not satisfy the boundary condition (164), or fðrÞ
satisfies the differential equation, setting x ¼ GNm=ðπr2Þ

xfðxÞ5ð8x − 3fðxÞ2Þ d
2fðxÞ
dx2

þ 8fðxÞ4x2
�
dfðxÞ
dx

�
2

þ fðxÞ5ð3fðxÞ2 − 16xÞ dfðxÞ
dx

− 4fðxÞ6 þ ð16xþ 2ÞfðxÞ4 − 32

3
xfðxÞ2 þ 128x2

9
¼ 0: ð165Þ

We solve the equation (165) using a series expansion in GNm using (154) and the boundary condition (155). The result to
the order ðGNmÞ7 is given by

fðrÞ ¼ 1þ 2

3

GNm
πr2

þ 10

9
log

�
r2C2

GNm

��
GNm
πr2

�
2

−
4

81

�
−8þ 45 log

�
r2C2

GNm

���
GNm
πr2

�
3

þ
67þ 3780 logðr2C2

GNm
Þ

972

�
GNm
πr2

�
4

−
32963þ 156420 logðr2C2

GNm
Þ − 43200 log ðr2C2

GNm
Þ2

21870

�
GNm
πr2

�
5

þ
409303þ 1620270 logðr2C2

GNm
Þ − 1087200 log ðr2C2

GNm
Þ2

131220

�
GNm
πr2

�
6

−
11148022313þ 37508666370 logðr2C2

GNm
Þ − 64367301600 log ðr2C2

GNm
Þ2

2362944150

�
GNm
πr2

�
7

−
4939200000

2362944150
log

�
r2C2

GNm

�
3
�
GNm
πr2

�
7

þOðG8
NÞ: ð166Þ

Again there is a single constant of integration C2 arising as the scale of the logðrÞ arising from the G2
N order.

1. The metric perturbation

In d ¼ 4 we derive components of the metric in perturbation by plugging the expression for fðrÞ in (166) in (152).
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We obtain for the time component

hdD0 ðrÞ ¼ 1 −
8

3

GNm
πr2

þ 32

9

�
GNm
πr2

�
2

þ
32ð−3þ 5 logðr2C2

GNm
ÞÞ

27

�
GNm
πr2

�
3

−
640ð−2þ 9 logðr2C2

GNm
ÞÞ

243

�
GNm
πr2

�
4

þOðG5
NÞ; ð167Þ

and for the spatial components

hdD1 ðrÞ ¼ 1þ 4

3

GNm
πr2

þ
4ð1þ 5 logðr2C2

GNm
ÞÞ

9

�
GNm
πr2

�
2

þ
ð64 − 240 logðr2C2

GNm
ÞÞ

81

�
GNm
πr2

�
3

þ
ð323þ 2340 logðr2C2

GNm
Þ þ 600log2ðr2C2

GNm
ÞÞ

486

�
GNm
πr2

�
4

þOðG5
NÞ; ð168Þ

and

hdD2 ðrÞ ¼
40ð1 − 2 logðr2C2

GNm
ÞÞ

9

�
GNm
πr2

�
2

þ
32ð−4þ 5 logðr2C2

GNm
ÞÞ

27

�
GNm
πr2

�
3

þ
8ð−31 − 1260 logðr2C2

GNm
Þ þ 300 log ðr2C2

GNm
Þ2Þ

243

�
GNm
πr2

�
4

þOðG5
NÞ: ð169Þ

C. The metric in the de Donder gauge in six dimensions

The de Donder gauge condition (5) in d ¼ 5 reads

8h2ðrÞ ¼ r
d
dr

ðh0ðrÞ þ 3h1ðrÞ − h2ðrÞÞ; ð170Þ

supplemented with the asymptotic boundary condition

lim
r→∞

fðrÞ ¼ 1: ð171Þ

This differential equation implies either that fðrÞ ¼ C=r, which does not satisfy the boundary condition (171), or fðrÞ
satisfies the differential equation with x ¼ GNm=ðπr3Þ

xfðxÞ7ð6x − 4fðxÞ3Þ d
2fðxÞ
dx2

þ 9fðxÞ6x2
�
dfðxÞ
dx

�
2

þ fðxÞ7
�
8

3
fðxÞ3 − 10x

�
dfðxÞ
dx

−
5

3
fðxÞ8 þ fðxÞ6 þ 4xfðxÞ5 − 3xfðxÞ3 þ 9x2

4
¼ 0: ð172Þ

We solve the Eq. (172) using a series expansion inGN using (154) and the boundary condition (155). Asking for an expression
with only integer powers of GN , the result to the order G7

N is given by

fðrÞ ¼ 1þ GNm
4πr3

−
5

8

�
GNm
πr3

�
2

þ 2

3

�
GNm
πr3

�
3

−
775

1344

�
GNm
πr3

�
4

þ 545977

537600

�
GNm
πr3

�
5

−
15194099

10483200

�
GNm
πr3

�
6

þ 4421000509

1878589440

�
GNm
πr3

�
7

þOðG8
NÞ: ð173Þ

The expression is uniquely determined and finite.
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1. The metric perturbation

In d ¼ 5 we derive components of the metric in perturbation by plugging the expression for fðrÞ in (173) in (152).
We obtain for the metric components

hdD0 ðrÞ ¼ 1 −
3GNm
2πr3

þ 9

8

�
GNm
πr3

�
2

−
27

8

�
GNm
πr3

�
3

þ 387

64

�
GNm
πr3

�
4

þOðG5
NÞ;

hdD1 ðrÞ ¼ 1þ GNm
2πr3

−
19

16

�
GNm
πr3

�
2

þ 49

48

�
GNm
πr3

�
3

−
577

1344

�
GNm
πr3

�
4

þOðG5
NÞ;

hdD2 ðrÞ ¼ 117

16

�
GNm
πr3

�
2

−
45

16

�
GNm
πr3

�
3

þ 1599

112

�
GNm
πr3

�
4

þOðG5
NÞ: ð174Þ

VI. RECOVERING THE SCHWARZSCHILD-
TANGHERLINI METRIC FROM THE

AMPLITUDE COMPUTATIONS

In this section we show how the amplitude computations
match the Schwarzschild-Tangherlini metric in four, five
and six dimensions in the de Donder gauge of the previous
section.

A. The Schwarzschild metric in four dimensions

1. The first post-Minkowskian contribution OðGNÞ
Setting d ¼ 3 in the expressions for the metric pertur-

bation from the tree-level amplitude in (46) matches the de
Donder gauge first post-Minkowskian order in four dimen-
sion (d ¼ 3) in (160)–(162).

2. The second post-Minkowskian contribution OðG2
NÞ

At the order G2
N, setting d ¼ 3 in the metric perturbation

from the one-loop amplitude in (58) matches the metric in
the de Donder gauge in four dimensions (d ¼ 3) in
(160)–(162).

3. The third post-Minkowskian contributions OðG3
NÞ

At this order the components of the metric in the de
Donder gauge in four dimensions (d ¼ 3) from (160)–
(162) match the metric components from the renormalized
two-loop amplitude computation in (120) for the value of
the constant of integration

logC3 ¼ logCE −
7

2
þ 6að1Þð3Þ; ð175Þ

where CE is given in (121).
With this identification we recover the results of [27] for

the renormalization of the metric divergences and the
coordinate change from the de Donder gauge to the
harmonic gauge from the world-line approach.
Substituting this value of C3 in the solution (159)

completely determines the solution to the de Donder gauge
in four dimensions and the coordinate change in (159)
to the Schwarzschild metric in (151) in four dimensions.

The parameter að1Þð3Þ is a free parameter, which corre-
sponds to the running coupling in [27].

4. The fourth post-Minkowskian contribution OðG4
NÞ

At the fourth post-Minkowskian order, we get again a
diverging metric from the amplitude computation.
This finite component metric in the de Donder gauge

in four dimensions (d ¼ 3) in (160)–(162) using the
value of the constant of integration C3 determined in
(175) give

hdDð4Þ0 ¼
�
−
32

3
þ 8að1Þð3Þ þ 4

3
log

�
rCE

GNm

���
GNm
r

�
4

;

hdDð4Þ1 ¼
�
10 − 8að1Þð3Þ − 4

3
log

�
rCE

GNm

���
GNm
r

�
4

;

hdDð4Þ2 ¼
�
−
86

3
þ 16að1Þð3Þ þ 8

3
log

�
rCE

GNm

���
GNm
r

�
4

:

ð176Þ
This matches exactly the renormalized metric components
from the three-loop amplitude computation obtained in
(125) with d ¼ 3.

B. The Schwarzschild-Tangherlini metric
in five dimensions

1. The first post-Minkowskian contribution OðGNÞ
Setting d ¼ 4 in the expressions for the metric pertur-

bation from the tree-level amplitude in (46) matches the de
Donder gauge first post-Minkowskian order in five dimen-
sions (d ¼ 4) in (167)–(169).

2. The second post-Minkowskian contribution OðG2
NÞ

The renormalized one-loop computation in (130)
matches the expression at order OðG2

NÞ from the de
Donder gauge in (167)–(169) for the choice of the constant
of integration

logC2 ¼
11

15
þ 2 logCE þ 36π

5
að1Þð5Þ: ð177Þ
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Again there is a free parameter að1Þð5Þ which can be associated with a running coupling constant.

3. The third post-Minkowskian contributions OðG3
NÞ

At the third post-Minkowskian order, we get again a diverging metric from the amplitude computation.
At this order in perturbation, the two-loop amplitude computation had divergences that had to be renormalized to

give the in (135). This matches exactly the finite component metric in the de Donder gauge in five dimensions ðd ¼ 4Þ in
(167)–(169), using the value of the constant of integration C2 determined in (177), given by

hdDð3Þ0 ¼ 160

27

�
2

15
þ 36að1Þð5Þπ

5
þ log

�
r2C2

E

GNm

���
GNm
πr2

�
3

þOðd − 4Þ;

hdDð3Þ1 ¼ −
80

27

�
7

15
þ 36að1Þð5Þπ

5
þ log

�
r2C2

E

GNm

���
GNm
πr2

�
3

þOðd − 4Þ;

hdDð3Þ2 ¼ 160

27

�
−

1

15
þ 36að1Þð5Þπ

5
þ log

�
r2C2

E

GNm

���
GNm
πr2

�
3

þOðd − 4Þ: ð178Þ

4. The fourth post-Minkowskian contribution OðG4
NÞ

At the fourth post-Minkowskian order, we get again a diverging metric from the amplitude computation.
The three-loop amplitude computation diverges and the finite metric component at the fourth post-Minkowskian

order was obtained after normalisation in (142). This matches exactly, the finite component metric in the de Donder
gauge in five dimensions ðd ¼ 4Þ in (167)–(169), using the value of the constant of integration C2 determined in (177),
given by

hdDð4Þ0 ¼ −
128

243

�
23þ 324að1Þð5Þπ þ 45 log

�
r2C2

E

GNm

���
GNm
πr2

�
4

þOðd − 4Þ;

hdDð4Þ1 ¼
�
7085þ 69552πað1Þð5Þ þ 93312ðπað1Þð5ÞÞ2

1458
þ 10

243
ð161þ 432πað1Þð5ÞÞ log

�
r2C2

E

GNm

�

þ 100

81
log

�
r2C2

E

GNm

�
2
��

GNm
πr2

�
4

þOðd − 4Þ;

hdDð4Þ2 ¼
�
−19048 − 141696πað1Þð5Þ373248ðπað1Þð5ÞÞ2

729
þ 160

243
ð−41þ 216πað1Þð5ÞÞ log

�
r2C2

E

GNm

�

þ 800

81
log

�
r2C2

E

GNm

�
2
��

GNm
πr2

�
4

þOðd − 4Þ: ð179Þ

C. The Schwarzschild-Tangherlini metric
in six dimensions

The metric components in six dimensions (d ¼ 5) are
finite. They are given up to the order OðG4

NÞ in (174) and
are reproduced by the sum of the contributions of the
tree-level amplitude in (46), one-loop amplitude in (58),
two-loop amplitude in (76) and three-loop amplitude in
(86) and setting d ¼ 5 in these expressions.

VII. DISCUSSION

General relativity can be considered in space-times of
various dimensions. It is therefore important to validate our

current understanding of the connection between scattering
amplitudes and classical general relativity in general
dimensions [22,23].
We have shown how to reconstruct the classical

Schwarzschild-Tangherlini metric from scattering ampli-
tudes in four, five and six dimensions. We have extracted
the classical contribution as defined in [12] from the vertex
function for the emission of a graviton from a massive
scalar field. For such a static metric, the classical contri-
bution is obtained by taking appropriate residues on the
time components of the loop momenta. These residues
project the quantum scattering amplitude on contribution
similar to the quantum tree graphs considered in [7], by
cutting the massive propagators.
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The amplitudes develop ultraviolet divergences
which are renormalized by introducing higher-derivative
nonminimal couplings in (88). The nonminimal coupling
removes the ultraviolet divergences in the stress-tensor
and the metric components. For the static solution the
higher n ≥ 2 nonminimal coupling only contribute from
insertions in tree-level graphs. Interestingly, in six dimen-
sions the metric components are finite but the stress-
tensor has ultraviolet divergences. These divergences are
removed by adding counterterms from nonminimal cou-
plings. These counterterms do not induce any contribu-
tion to the metric components. From the presence of
ultraviolet poles in the master integrals JðlÞðq⃗2Þ in (32),
we conclude that in all dimensions one needs to
introduce an infinite set of higher-derivative nonminimal
operators for removing the ultraviolet divergences from
the scattering amplitude. These counterterms do not affect
the space-time geometry because their effect is reab-
sorbed by the change of coordinate from the de Donder
coordinate system to the Schwarzschild-Tangherlini coor-
dinate system.
The scattering amplitude approach presented in this

work can be applied to any effective field theory of
gravity coupled to matter fields. The amplitudes compu-
tations, being performed in general dimensions, lead to
results that have an analytic dependence on the space-
time dimensions. As black-hole solutions develop non-
trivial properties in general dimensions [25,26], it is
interesting to apply the method of this paper to other
black-hole metrics. The Kerr-Newman and Reissner-
Nordström metric in four dimensions have been obtained
in [9,41–47] by considering tree-level and one-loop
vertex function of the emission of the graviton from a
massive particle of spin s. The higher order post-
Minkowskian contributions should be obtained from
higher-loop amplitudes in a direct application of the
methods used in this work.
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APPENDIX A: FOURIER TRANSFORMS

Here we collect the Fourier integrals used to calculate the
long range corrections to the energy momentum tensor and
the metric.

The Fourier transform form momentum space to direct
space

F ðα; dÞ ¼
Z
Rd

1

jqjα e
iq⃗·x⃗ ddq⃗

ð2πÞd ¼
1

ð4πÞd2
Γðd−α

2
Þ

Γðα
2
Þ
�
2

jx⃗j
�

d−α
:

ðA1Þ

Using that

∂xi∂xjðx⃗2Þα ¼ 2αðx⃗2Þα−1
�
δij þ 2ðα − 1Þ xixj

x⃗2

�
; ðA2Þ

we have that

F ijðα; dÞ ≔
Z
Rd

qiqj
jq⃗jαþ2

eiq⃗·x⃗
ddq⃗
ð2πÞd

¼ F ðα; dÞ
�
1

α
δij þ

α − d
α

xixj
x⃗2

�
: ðA3Þ

We have in particular that

F ð0; dÞ ¼ 0; F ijð0; dÞ ¼
Γðd

2
Þ

2π
d
2jx⃗jd

�
δij − d

xixj
x⃗2

�
:

ðA4Þ

APPENDIX B: VERTICES AND
PROPAGATORS

We will here list the Feynman rules which are employed
in our calculation. For the derivation of these forms, see
[3–5,9,48–50]. Our convention differs from these work by
having all incoming momenta. We have stripped off factors
of i

ffiffiffiffiffiffiffiffiffiffiffiffi
8πGN

p
from the vertices and made them explicit in the

amplitudes.
(i) The massive scalar propagator is i

q2−m2þiε.

(ii) The graviton propagator in de Donder gauge can
be written in the form iPαβ;γδ

q2þiε where Pαβ;γδ is

defined by

Pμν;ρσ ¼ 1

2

�
ημρηνσ þ ημσηνρ −

2

D − 2
ημνηρσ

�
ðB1Þ

(i) The 2-scalar-1-graviton vertex τμν1 ðp1; p2Þ is

τμνðp1; p2Þ ¼ pμ
1p

ν
2 þ pν

1p
μ
2 þ

1

2
ημνðp1 − p2Þ2:

ðB2Þ

(ii) The three-graviton vertex has been derived in [49],
where kþ qþ π ¼ 0,
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τð3Þ
μν
αβ;γδðk; qÞ ¼ −

�
Pαβγδ

�
kμkν þ πμπν þ qμqν −

3

2
ημνq2

�

þ 2qλqσ½IαβσλIγδμν þ IγδσλIαβμν − IαβμσIγδνλ − IγδμσIαβνλ�
þ ½qλqμðηαβIγδνλ þ ηγδIαβνλÞ þ qλqνðηαβIγδμλ þ ηγδIαβμλÞ
− q2ðηαβIγδμν þ ηγδIαβμνÞ − ημνqσqλðηαβIγδσλ þ ηγδIαβσλÞ�
þ ½2qλðIαβλσIγδσνπμ þ IαβλσIγδσμπν þ IγδλσIαβσνkμ þ IγδλσIαβσμkνÞ
þ q2ðIαβσμIγδνσ þ IαβνσIγδσμÞ þ ημνqσqλðIαβλρIγδρσ þ IγδλρIαβρσÞ�

þ
�
ðk2 þ π2Þ

�
Pαβ

μσPγδ;σ
ν þ Pγδ

μσPαβ;σ
ν −

1

2
ημνðPαβ;γδ − ηαβηγδÞ

�

þ ðPγδ
μνηαβπ

2 þ Pαβ
μνηγδk2Þ

	�
; ðB3Þ

where Iαβ;γδ ≔ Pαβ;γδ þ 1
2
ηαβηγδ. These vertices are equivalent to the ones computed with the vertices given by De

Witt [3–5] and Sannan [50]. We remark that the expression for τ3 is simpler than the three-graviton vertex in these
references.
We notice that the three-graviton vertex satisfies the identity

τμνð3Þ πρ;στðl; qÞPπρ
αβP

στ
γδ ¼ τμνð3Þ αβ;γδðl; qÞ ðB4Þ

that will be used to simplify the expression of the amplitude.
(iii) The four-graviton vertex with k1 þ k2 þ k3 þ k4 ¼ 0 is given in [31,50]

τ̃ð4Þ μν;στ;ικρλðk1; k2; k3; k4Þ ¼ −
1

32
ðk1 · k2ημνηστηρληικÞ −

1

16
ðkσ1kτ1ημνηρληικÞ

−
1

16
ðkσ1kμ2ηντηρληικÞ þ

1

32
ðk1 · k2ημσηντηρληικÞ þ

1

16
ðk1 · k2ημνηστηρι ηλκÞ

þ 1

8
ðkσ1kτ1ημνηρι ηλκÞ þ

1

8
ðkσ1kμ2ηντηρι ηλκÞ −

1

16
ðk1 · k2ημσηντηρι ηλκÞ

þ 1

4
ðk1 · k2ημνησρητληικÞ þ

1

4
ðkσ1kτ1ημρηνληικÞ þ

1

8
ðkρ1kλ2ημσηντηικÞ

þ 1

2
ðkσ1kρ2ητμηνληικÞ −

1

4
ðk1 · k2ηνσητρηλμηικÞ þ

1

4
ðkσ1kμ2ητρηλνηικÞ

þ 1

4
ðkσ1kρ1ητλημνηικÞ −

1

2
ðk1 · k2ημνητρηλι ησκÞ −

1

2
ðkσ1kτ1ηνρηλι ημκÞ

−
1

2
ðkρ1kλ2ηνι ησκητμÞ − ðkσ1kρ2ητι ημκηνλÞ −

1

2
ðkρ1k2ιηλσητμηνκÞ

þ 1

4
ðk1 · k2ηνρηλσητι ημκÞ −

1

2
ðkσ1kρ1ημνητι ηλκÞ −

1

4
ðk1 · k2ημρηνλησι ητκÞ

−
1

2
ðkσ1kρ1ητλημι ηνκÞ −

1

4
ðkρ1k2ιηλκημσηντÞ − ðkσ1kρ2ητμηνι ηλκÞ

−
1

2
ðkσ1kμ2ητρηλι ηνκÞ þ

1

2
ðk1 · k2ηνσητρηλι ημκÞ þ Symðk1; k2; k3; k4Þ ðB5Þ

we introduce the short hand notation

τμνð4Þ γδ;στ;ιθðk1; k2; k3; k4Þ ≔ τ̃μνð4Þ αβ;γδ;ϵηðk1; k2; k3; k4ÞPαβ
γδP

γδ
στP

ϵη
ιθ : ðB6Þ
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