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We study quantum fields on spacetimes having a bifurcate Killing horizon by allowing the possibility
that left and right (ingoing and outgoing) modes have different temperatures. An example of such a state is
the Unruh vacuum in a black hole background, in which ingoing modes are in the zero temperature state,
while the outgoing ones are at the Hawking temperature. We construct the corresponding Wightman
functions and study their properties with arbitrary and different temperatures for both types of movers.
We consider, in particular, the Rindler for both massless and massive fields, the static de Sitter, and
Schwarzschild black hole backgrounds for massive fields. We find that in all three cases, when any of the
temperatures are different from the canonical one (Unruh, Hawking, and Gibbons-Hawking, correspond-
ingly) the correlation functions have extra singularities at the horizon.
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I. INTRODUCTION

There is a well-known relation between the existence
of a bifurcate Killing horizon on certain spacetime
manifolds and the temperature of some specially privileged
equilibrium thermal states. The Rindler, the de Sitter,
and the Schwarzschild spacetimes are examples of such
situations [1].
While there is vast literature devoted to the study of the

above states, little attention has been paid to other possible
thermal or pseudothermal states, let alone to what happens
when interactions are switched on: does the fluctuation-
dissipation theorem still work as in flat space? Are the
privileged states attractor solutions of some sort of kinetic
equations with exact modes instead of plane waves? Does
thermalization of a given initial state happen in strongly
curved space-times without substantial backreaction on the
gravitational background? The backreaction during ther-
malization seems to be negligible practically for any
reasonable (Hadamard) initial state in flat space-time [2,3].
When attempting to address some of the above questions

one encounters many underwater stones; for example,
describing thermal states other than the Gibbons-
Hawking one [4] in the static de Sitter-Rindler wedge
[5,6] is already nontrivial. Furthermore, if time translations

are not a symmetry, as is the case in the global Lanczos’
spherical coordinate system [7], secular divergences arise
both in distributions and in anomalous averages [8–11].
The latter can be resummed for fields whose mass is bigger
than a critical mass, via analogues of kinetic equations for
both the distributions and anomalous averages. Such
kinetic equations do not have Planckian or Boltzmannian
solutions. Moreover, they have exploding solutions. Such a
situation, when thermalization does not happen without
taking into account backreaction on the background field, is
similar to the one encountered in a constant electric
field [12,13].
As regards to the Schwarzschild geometry and the black

hole radiation, there are three distinguished states which are
usually considered: the Boulware [14], Unruh [15], and
Hartle-Hawking states. [16,17]. The Boulware state is the
vacuum of both the ingoing and outgoing modes of the
Schwarzschild background; the Unruh state is the vacuum
of the ingoing modes and has the Planckian distribution at
the Hawking temperature for the outgoing modes; finally,
in the Hartle-Hawking state both the ingoing and the
outgoing modes are thermally distributed at the Hawking
temperature.
Can any of the aforementioned quantum states actually

describe the fate of the quantum field at the end of the
collapse [18]? Actually, in the formation of a black hole
process one has to consider a different basis of modes [19]
where the ingoing and outgoing modes are not treated as
independent but rather a linear combination of them, which
is regular at the center of the collapsing star. The corre-
sponding state is inequivalent to either the Boulware, the
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Unruh, or the Hartle-Hawking state. The question then
arises whether the initial state before the collapse can
thermalize to any of the above mentioned states.
A second set of questions regards the behavior of black

holes surrounded by a gas with a temperature different
from the Hawking one. Can one heat up a black hole by
surrounding it with a gas of temperature different from the
Hawking one? And how does the heating work in detail? In
concrete astrophysical situations black holes indeed are
surrounded by accretion disks which definitely have
nothing to do with the Hawking radiation. It goes without
saying about primordial black holes in early Universe.
In this paper, even without performing loop calculations

(where the heating process is actually seen), we will argue
that the answer to the first question in the last paragraph
seems to be negative. Both in the static de Sitter space (see
also [6]) and in the black hole background all correlation
functions with temperatures different from the Hawking
one have anomalous singularities at the horizon.
To simplify our discussion for the beginning we consider

real scalar field theory in two dimensions, in either the
Rindler, the static de Sitter or two-dimensional analog of
the Schwarzschild background. We study the properties of
the tree-level Wightman functions for a class of time
translation invariant states, which include states having
different temperatures for the ingoing and the outgoing
modes. In all cases when the temperatures are different
from the Unruh, Gibbons-Hawking, and Hawking ones in
the corresponding situations there are anomalous singular-
ities of the correlation functions at the horizon.

II. RINDLER SPACE-TIME

To put the results of the paper in perspective we start
by discussing the Rindler spacetime. This section mainly
contains a recapitulation of known facts. However, some of
them are new.

A. Geometry, modes, and the Wightman function

The coordinate system for the Rindler right wedge of the
Minkowski spacetime is obtained by applying the one-
parameter subgroup of boosts, which leaves invariant the
wedge to points of, say, the half-line t ¼ 0, x ¼ eαξ=α > 0:

Xðη; ξÞ ¼
�
t

x

�
¼

�
coshðαηÞ sinhðαηÞ
sinhðαηÞ coshðαηÞ

��
0

1
α e

αξ

�

¼
� 1

α e
αξ sinhðαηÞ

1
α e

αξ coshðαηÞ

�
: ð2:1Þ

Here η is the parameter of the subgroup and is interpreted as
the Rindler time, ξ is the space coordinate, and α is the
proper acceleration. For real values of η and ξ the Rindler
coordinates (2.1) cover only the right wedge; this is
causally disconnected from the left wedge Fig. 1. The

half-lines x ¼ �t with x > 0 are the past and the future
horizons. When η and ξ are complex they cover the full
Minkowski spacetime; in the following we will set the
acceleration to 1 (α ¼ 1).
In the above coordinates the metric is static and

conformal to Minkowski

ds2 ¼ e2ξðdη2 − dξ2Þ; ð2:2Þ

the invariant interval between two events in the wedge is
given by

L12 ¼ ðX1 − X2Þ2 ¼ 2eðξ1þξ2Þ coshðη2 − η1Þ − e2ξ2 − e2ξ1 :

ð2:3Þ

For future reference please note the obvious symmetry of
the interval in the exchange

ξ1 ↔ ξ2: ð2:4Þ

Lorentz transformations of the wedge corresponds to (time)
translations in the η variable: η → ηþ γ; dilatations in
Minkowski space X → eβX correspond to the shift
ξ → ξþ β. As regards to the light cone variables

u ¼ t − x ¼ −eðξ−ηÞ ¼ −e−U; v ¼ tþ x ¼ eðξþηÞ ¼ eV;

ð2:5Þ

they are transformed as follows:

u→ e−γu; u→ eβu; U → Uþ γ; U → U − β;

v→ eγv; v→ eβv; V → V þ γ; V → V þ β:

ð2:6Þ
Though geodetically incomplete, the Rindler wedge is a
globally hyperbolic manifold in itself; of course, a Cauchy
surface, say η ¼ 0, is not a Cauchy surface for the whole
Minkowski spacetime. As a consequence, the modes
constructed by canonical quantization in the Rindler wedge
do not constitute a basis for the whole Minkowski space-
time. It is well known that to obtain general Hilbert space
representations of the fields, including the ones carrying
unitary representations of the Poincaré group, one needs to
construct also the modes defined in the left wedge [20].
A less known but powerful alternative is to resort to the
theory of generalized Bogoliubov transformations,1 which
makes use only of the modes of the right wedge [21,22].
The Klein-Gordon equation for a massive scalar field in
two dimensions is as follows:

1Starting from pure states, generalized Bogoliubov transfor-
mations may produce mixed states while standard Bogoliubov
transformations cannot.
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ð∂2
η − ∂2

ξ þ e2ξm2Þφðη; ξÞ ¼ 0: ð2:7Þ

By separating the variables one gets a Schrodinger eigen-
value (textbook) problem in an exponential potential
VðξÞ ¼ m2e2ξ. Normalizable modes are proportional to
Macdonald functions KiωðmeξÞ which are linear combi-
nations of left-moving and right-moving waves.
The canonical field operator may be expanded as

follows:

φðXÞ ¼ 1

π

Z þ∞

0

ðe−iωηbω þ eiωηb†ωÞKiωðmeξÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinh πω

p
dω;

ð2:8Þ

where the creation and annihilation operators obey the
standard commutation relations:

½bω; b†ω0 � ¼ δðω − ω0Þ; ½bω; bω0 � ¼ 0:

The so-called Fulling vacuum [23,24] is identified by the
condition

bωj0Ri ¼ 0; ω ≥ 0: ð2:9Þ

It is a pure state and the corresponding two-point function
is given by

W∞ðX1; X2Þ ¼ h0RjφðX1ÞφðX2Þj0Ri

¼ 1

π2

Z
∞

0

e−iωðη1−η2ÞKiωðmeξ1Þ

× Kiωðmeξ2Þsinh πω dω: ð2:10Þ

The thermal equilibrium average of an operator O at
temperature T ¼ β−1 is defined in quantum mechanics as
follows:

hOi ¼ Tr e−βHO
Tr e−βH

; ð2:11Þ

where H is the Hamiltonian of the system. This definition
does not directly work in quantum field theory, but there are
states having the same general properties expressed in
terms of their analyticity and periodicity properties in the
complex time variable; they are known as the Kubo-Martin-
Schwinger (KMS) states [25].
In the Rindler wedge, a Wightman function having

the KMS property may be obtained by a generalized
Bogoliubov transformation [21,22] of the Fulling vacuum.
In the case under consideration it is given by:

WβðX1ðη1;ξ1Þ;X2ðη2;ξ2ÞÞ

¼ 1

π2

Z
∞

0

�
e−iωðη1−η2Þ

1−e−βω
þeiωðη1−η2Þ

eβω−1

�
×Kiωðmeξ1ÞKiωðmeξ2Þsinhπωdω: ð2:12Þ

The two-point function (2.12) is time-translation invariant
(and, therefore, it provides an equilibrium state) and
respects the exchange symmetry (2.4). The formal proof
of the KMS periodicity makes use of the exchange
symmetry (2.4) but is otherwise straightforward.
When β ¼ 2π an explicit calculation of the integral

shows that the lhs in Eq. (2.12) can be extended to the
whole complex Minkowski spacetime (minus the causal
cut), and it is actually Poincaré invariant [15,21,22]:

W2πðX1; X2Þ ¼
1

2π
K0

�
m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ðX1 − X2Þ2

q �
: ð2:13Þ

When mL → 0 it has the standard ultraviolet (Hadamard
behavior) divergence with the correct coefficient 1=4π:

1

2π
K0ðm

ffiffiffiffiffiffiffi
−L

p
Þ ≈ −

1

4π
logð−m2LÞ: ð2:14Þ

Inside the Rindler wedge, the main contributions to the
integral (2.12) for lightlike separations come from high
energies ω ≫ meξ1;2 (ξ1;2 fixed), and the divergence does
not depend on the temperature. This is true for any β.
However, when β ≠ 2π there are extra (anomalous) singu-
larities at the horizon—the boundary of the wedge, which
of course is also lightlike. We will show this now.
When the temperature is an integer multiple of ð2πÞ−1 a

simple formula is available [6,26]:

W2π
N
ðX1; X2Þ ¼

XN−1

k¼0

W2π

�
X1

�
η1 −

2πik
n

; ξ1

�
; X2ðη2; ξ2Þ

�
:

ð2:15Þ

Let us consider the simplest case β ¼ π:

Wπ ¼
1

2π
K0

�
m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2ξ1 þ e2ξ2 − 2eξ1þξ2 coshΔη

q �

þ 1

2π
K0

�
m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2ξ1 þ e2ξ2 þ 2eξ1þξ2 coshΔη

q �
:

ð2:16Þ

Points of the horizons may be attained as follows:

lim
λ→�∞

Xðλ; χ ∓ λÞ ¼ lim
λ→∞

�
eχ∓λ sinh λ

eχ∓λ cosh λ

�
¼ 1

2

��eχ

eχ

�
:

ð2:17Þ
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The interval between two points having the same coor-
dinate λ is spacelike; for instance,

L12 ¼ ðX1ðλ; χ1 − λÞ − X2ðλ; χ2 − λÞÞ2
¼ −e−2λðeχ1 − eχ2Þ2 < 0; ð2:18Þ

furthermore,

ðX1ðλ − iπ; χ1 − λÞ − X2ðλ; χ2 − λÞÞ2
¼ −e−2λðeχ1 þ eχ2Þ2 ¼ L12 þ 4e−2λeχ1þχ2 : ð2:19Þ

The first term in (2.16) is singular for any two lightlike
separated points in the Rindler wedge. When the two points
are both approaching either the future or the past horizon
also the second term diverges, and it does exactly as the first
term; when λ → þ∞,

Wπ½Xðλ; χ1 − λÞ; Xðλ; χ2 − λÞ�

≈ −
2

4π
logð−m2L12Þ; as λ → þ∞: ð2:20Þ

Similarly, for β ¼ 2π
N and λ → þ∞,

W2π
N
½Xðλ; χ1 − λÞ; Xðλ; χ2 − λÞ� ≈ −

N
4π

logð−m2L12Þ

¼ −
1

2β
logð−m2L12Þ:

ð2:21Þ

In the horizon limit (2.17) the dominant contribution to the
integral (2.12) comes from the infrared region ω → 0.
Using Appendix A and the asymptotic form of the modes
near the horizon, one can show that (2.21) remains true for
general β. The calculation is similar to the one preformed in
[6]. Such a dependence of the coefficient of the singularity
at lightlike separation (at the horizon) implies that the
thermal state cannot be continued to the entire Minkowski
space-time.
It is possible to introduce more general time translation

invariant (at tree-level) states by letting the temperature
depend on the energy:

WðX1; X2Þ ¼
1

π2

Z
∞

0

�
e−iωðη1−η2Þ

1 − e−βðωÞω
þ eiωðη1−η2Þ

eβðωÞω − 1

�
× Kiωðmeξ1ÞKiωðmeξ2Þsinh πω dω: ð2:22Þ

These sates also respect the exchange symmetry (2.4).
However, when m ≠ 0 it is not possible to disentangle two
independent temperatures for the left- and right-movers.
That is because the modes e−iωtKiω are normalizable linear
combinations of left- and right-movers. We will see below
that for de Sitter and Schwarzschild fields the situation is
different and such a possibility does exist.

B. General dimension

If there are d extra flat transverse spatial dimensions x⃗,
then the Rindler metric is

ds2d ¼ e2ξðdη2 − dξ2Þ − dx⃗2: ð2:23Þ

The modes can be represented as φðη; ξ; x⃗Þ ¼ eik⃗ x⃗φk⃗ðη; ξÞ,
where φk⃗ðη; ξÞ obeys Eq. (2.7) with the effective mass
m2 þ k2. Therefore, the field operator can be expanded as

φðη; ξ; x⃗Þ ¼
Z þ∞

−∞

ddk

ð2πÞd2
Z þ∞

0

dω
π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinh πω

p

×
h
e−iωηþik⃗ x⃗bω;k⃗ þ eiωη−ik⃗ x⃗b†

ω;k⃗

i
× Kiω

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ k2

p
eξ
�
: ð2:24Þ

The Wightman function at temperature β is as follows:

WβðX1; X2Þ ¼
Z þ∞

−∞

ddk
ð2πÞd

Z þ∞

−∞

dω
π2

sinhðπωÞ
1 − e−βω

× e−iωðη1−η2Þeik⃗ðx⃗1−x⃗2ÞKiω

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ k2

p
eξ1

�
× Kiω

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ k2

p
eξ2

�
: ð2:25Þ

Enforcing Poincaré invariance gives β ¼ 2π [21]; this is the
well-known Bisognano-Wichmann theorem, valid also for
interacting quantum fields [27]. The anomalous divergence
on the horizons for generic β ≠ 2π goes precisely as in the
previous section.

C. Stress energy tensor in 2D

Here we complete the discussion of the massive scalar
field in 2D Rindler spacetime by examining the renormal-
ized stress-energy tensor at various temperatures (some
technical details can be found in Appendix B). To set up
the notations let us summarize the standard expression
resulting from point splitting regularization in the Poincaré
invariant case β ¼ 2π:

hTVVi2π ¼ −
tVtV
4πϵ2

; hTUUi2π ¼ −
tUtU
4πϵ2

;

hTVUi2π ¼ hTUVi2π
¼ −

eV−U

8π
m2

h
γe þ logðmÞ þ log ðϵ

ffiffiffiffiffiffiffiffi
tαtα

p
Þ
i
;

ð2:26Þ

where tμ is the vector separating the two points of the
Wightman function (2.12).
The above expressions lead to the covariantly conserved

stress-energy tensor [28]:
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h∶Tμν∶i2π ¼ −
1

4π
m2½γ þ logðmÞ�gμν; ð2:27Þ

where γ is the Euler-Mascheroni constant. This is obviously
related to the expectation value in Minkowski space by the
coordinate transformations (2.1).
Similarly, for β ¼ 2π=N point splitting regularization

in (2.15) gives

h∶Tμν∶i2πN ¼
XN−1

n¼1

m2

4
eV−UK2

�
2me

V−U
2 sin

�
nπ
N

���
1 0

0 1

�

þ
�
−

1

4π
m2½γ þ logðmÞ�

þm2

2

XN−1

n¼1

K0

�
2me

V−U
2 sin

�
nπ
N

���
gμν;

ð2:28Þ

where K0ðxÞ and K2ðxÞ are MacDonald functions.
Violation of Poincaré invariance is manifest.
Near the horizon this expression simplifies to

h∶Tμν∶i2πN ¼ 1

24
ðN2 − 1Þ

�
1 0

0 1

�
þOðeV−UÞ; ð2:29Þ

while at the spatial infinity it gives

h∶Tμν∶i2πN ≈ −
1

4π
m2½γe þ logðmÞ�gμν;

which coincides with the β ¼ 2π case. These two types of
asymptotic behavior of the stress energy tensor are regular.
Furthermore, the second one does not depend on β. On the
other hand, the expectation value of the mixed components
of stress-energy tensor Tν

μ diverge at the horizon. For
generic values of β, when both points in (2.25) are taken to
the horizon, we get (see Appendix B)

WβðXþ; X−Þ ≈
Z

∞

−∞

dω
πω

e−
iω
2
ðVþþUþ−V−−U−Þ

1− e−βω

× sin ðω logðme
ðVþ−UþÞ

2 =2Þ þ argΓð1− iωÞÞ
× sin ðω logðme

ðV−−U−Þ
2 =2Þ þ argΓð1− iωÞÞ:

ð2:30Þ

The expectation value may be obtained by taking into
account

∂Vþ∂V−
WβðXþ; X−Þ ¼

Z
∞

−∞

dω
4π

ω

1 − e−βω
e−iωðVþ−V−Þ

¼ −
1

4πðVþ − V−Þ2 þ
π

12β2

¼ −
tVtV
4πϵ2

þ 1

24π
þ π

12β2
: ð2:31Þ

At the horizon for arbitrary temperatures we get

h∶Tμν∶iβ ¼
1

24

��
2π

β

�
2

− 1

��
1 0

0 1

�
þOðeV−UÞ

ð2:32Þ

to be compared with (2.29).

D. Massless case

We complete this section with a few remarks on the
massless case, necessary to understand the novel features of
the de Sitter case, which are presented in the next section.
The discussion is kept short. Details will be fully discussed
elsewhere.
The massless Klein-Gordon equation in the two-

dimensional Rindler spacetime is

□ϕ ¼ ∂2
ηϕ − ∂2

ξϕ ¼ 0: ð2:33Þ

As regards the vacuum two-point function, as in the
Minkowskian case [29,30], one would set in Fourier space

W̃0ðkÞ ¼ θðk0Þδðk2Þ ¼ W̃RðkÞ þ W̃LðkÞ

¼ 1

kþ
θðkþÞδðk−Þ þ 1

k−
θðk−ÞδðkþÞ; ð2:34Þ

where we introduced the light cone variables k� ¼ k0 � k1.
Unfortunately, θðk0Þ is not a multiplier for δðk2Þ. The
standard regularization (see e.g., [29–32]) involves an
arbitrary infrared regulator having the dimension of a mass:

WRðη; ξÞ ¼ WRðUÞ ¼ −
1

4π
logðiμðU − iϵÞÞ; ð2:35Þ

WLðη; ξÞ ¼ WLðVÞ ¼ −
1

4π
logðiμðV − iϵÞÞ: ð2:36Þ

We see here that WR (resp. WL) is analytic in the lower
half-plane of the complex variable U (resp. V). We may,
therefore, introduce the regularized thermal massless right
two-point function as the following formal series:

WR;βðx−Þ ¼
X∞
n¼0

WRðU − inβÞ þ
X∞
n¼1

W0
RðU þ inβÞ

ð2:37Þ
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and similarly for WL;βðVÞ. The total two-point function is
the sum

W0;βðη; ξÞ ¼ WL;βðVÞ þWR;βðUÞ: ð2:38Þ

But the left and right movers are independent fields and
may have independent temperatures. We may thus formally
introduce the states characterized by functions of the form

W0;βLβRðxÞ ¼ WL;βLðxþÞ þWR;βRðx−Þ: ð2:39Þ

This choice, of course, does not change the commutators
that do not depend on the temperatures.
In conclusion we may introduce two independent tem-

peratures for the left- and right-moving fields,

ϕ ¼ ϕR þ ϕL; ð2:40Þ

by leaving, of course, the commutator untouched. But this
possibility in Rindler space exists only for the massless
field and not for the massive one.

III. STATIC PATCH OF de Sitter SPACE-TIME

A. Geometry, modes, and Wightman functions

The two-dimensional de Sitter space can be most easily
visualized as the one-sheeted hyperboloid embedded in a
three dimensional ambient Minkowski space:

dS2 ¼ fX ∈ R3; XμXμ ¼ X2
0 − X2

1 − X2
2 ¼ −R2g: ð3:1Þ

Xμ denotes the coordinates of a given Lorentzian frame of
the ambient spacetime; we set the radius R of the de Sitter
space equal to 1. A suitable coordinate system for the static
patch is

Xðt; xÞ ¼
8<
:

X0 ¼ sinh tsechx

X1 ¼ tanh x ¼ u

X2 ¼ cosh tsechx

;

t ∈ ð−∞;∞Þ; x ∈ ð−∞;∞Þ: ð3:2Þ

The static coordinates cover a causal diamond of the entire
two-dimensional de Sitter space (see Fig. 2; see also [6] for
a full description); we refer to it as the static patch or the
Rindler-de Sitter wedge. The metric and the massive scalar
Klein-Gordon equation in these coordinates are written as
follows:

ds2 ¼ dt2 − dx2

cosh x2
;

∂2
tφ − ∂2

xφþ m2φ

cosh2x
¼ 0: ð3:3Þ

FIG. 1. Penrose diagram of the Rindler space. The Rindler
space is bordered by a Killing horizon.

FIG. 2. Penrose diagram of the de Sitter manifold with Cauchy surfaces of different patches. The static patch is bordered by a bifurcate
Killing horizon.
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The scattering eigenfunctions of the Schrödinger operator with potential m2= cosh2 x [6]

ψωðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinhðπωÞ

p
Γ
�
1

2
þ iμ − iω

�
Γ
�
1

2
− iμ − iω

�
Piω
−1
2
þiμ

ðtanh xÞ; μ2 ¼ m2 −
1

4

provide two modes for each energy level ω, namely e−iωtψωð�xÞ. The asymptotic behavior of the modes at x → ∞ is
governed by

Piω
−1
2
þiμ

ðtanh xÞ ≈
x→∞

eiωx

Γð1 − iωÞ ; ð3:4Þ

Piω
−1
2
þiμ

ð− tanh xÞ ≈
x→∞

�
Γð−iωÞe−iωx

Γð1
2
þ iμ − iωÞΓð1

2
− iμ − iωÞ þ

coshðμπÞΓðiωÞeiωx
π

�
; ð3:5Þ

this shows that e−iωtψωðxÞ is asymptotically right moving
and e−iωtψωð−xÞ left moving.
The expansion of the field operator written in terms of

the above modes naturally splits into two commuting fields:
a left mover ϕL and a right mover ϕR for all values of the
mass m:

ϕðt; xÞ ¼ ϕRðt; xÞ þ ϕLðt; xÞ;

ϕRðt; xÞ ¼
1

2π

Z
∞

0

½e−iωtψωðxÞaω þ eiωtψ�
ωðxÞa†ω�dω;

ϕLðt; xÞ ¼
1

2π

Z
∞

0

½e−iωtψωð−xÞbω þ eiωtψ�
ωð−xÞb†ω�dω;

ð3:6Þ

the ladder operators obey the standard commutation
relations

½aω1
; a†ω2

� ¼ δðω1 − ω2Þ; ½bω1
; b†ω2

� ¼ δðω1 − ω2Þ;
½aω1

; bω2
� ¼ ½aω1

; b†ω2
� ¼ 0:

It maybe worthwhile to stress that the above separation
into left and right movers is only possible in the static
coordinate system because of the symmetry of the effective
potential and, once more, it holds true for massive fields.
Here the left- and right-moving modes only asymptotically
depend on one of the two light cone variables t� x near the
corresponding side of the horizon.

In [6] we constructed general time translation invariant
states

ha†ωaω0 i ¼ δðω − ω0Þ 1

eβRðωÞω − 1
and

hb†ωbω0 i ¼ δðω − ω0Þ 1

eβLðωÞω − 1
: ð3:7Þ

We gave, in particular, a full treatment for states of arbitrary
global (inverse) temperature

βLðωÞ ¼ βRðωÞ ¼ β ð3:8Þ

and provided new integral representations for their corre-
lation functions. Taking inspiration from the consideration
of the Unruh state for black holes, we enlarge that study and
consider different global temperatures for the left- and the
right-moving modes:

βLðωÞ ¼ βL; βRðωÞ ¼ βR: ð3:9Þ

The Wightman function is the sum of two contributions

WβLβRðX1; X2Þ ¼ WL;βLðX1; X2Þ þWR;βRðX1; X2Þ; ð3:10Þ

where

WL;βðX1; X2Þ ¼
Z

∞

0

dω
4π2

�
e−iωðt1−t2Þ

ψωð−x1Þψ�
ωð−x2Þ

1 − e−βω
þ eiωðt1−t2Þ

ψ�
ωð−x1Þψωð−x2Þ

eβω − 1

�
; ð3:11Þ

WR;βðX1; X2Þ ¼
Z

∞

0

dω
4π2

�
e−iωðt1−t2Þ

ψωðx1Þψ�
ωðx2Þ

1 − e−βω
þ eiωðt1−t2Þ

ψ�
ωðx1Þψωðx2Þ
eβω − 1

�
: ð3:12Þ

The formal proof of the KMS periodicity property goes as follows:
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WR;βðX2ðt2; x2Þ; X1ðt1; x1ÞÞ ¼
1

4π2
X∞
n¼0

Z
∞

0

e−iωðt2−t1−inβÞψωðx2Þψ�
ωðx1Þdωþ 1

4π2
X∞
n¼1

Z
∞

0

eiωðt2−t1þinβÞψ�
ωðx2Þψωðx1Þdω

¼ WR;βðX1ðt1 − iβ; x1Þ; X2ðt2; x2ÞÞ: ð3:13Þ

There holds the exchange symmetry

WR;βRðX1ðt1; x1Þ; X2ðt2; x2ÞÞ
¼ WL;βRðX1ðt1;−x1Þ; X2ðt2;−x2ÞÞ: ð3:14Þ

When βL ¼ βR ¼ 2π the Wightman function (3.10) re-
spects the de Sitter isometry [4,6,33–37], i.e., it is a
function of the complex de Sitter invariant variable

ζ ¼ −
coshðt2 − t1Þ þ sinh x1 sinh x2

cosh x1 cosh x2

with the locality cut on the negative reals. The variable ζ
and the geodesic distance L are related as follows: ζ ¼
− coshL for timelike geodesics, ζ ¼ cosL for spacelike
ones, and ζ ¼ −1 for lightlike separations.
Let us consider now the behavior at the horizon of

Eq. (3.10). Points of the right (left) future horizon are
obtained in the following limit:

lim
λ→þ∞

Xðλ;�ðλ − χÞÞ ¼ lim
λ→þ∞

0
B@

sechðλ − χÞ sinh λ
� tanhðλ − χÞ
sechðλ − χÞ cosh λ

1
CA

¼

0
B@

eχ

�1

eχ

1
CA: ð3:15Þ

Points of the left (right) past horizon are obtained in the
limit λ → −∞ of the above expression. In all cases the
interval between two points having the same finite coor-
dinate λ is spacelike:

L12 ¼ −
2ðcoshðχ1 − χ2Þ − 1Þ

coshðλ − χ1Þ coshðλ − χ2Þ
< 0; ð3:16Þ

becoming lightlike only in the limit λ → �∞.
Using the asymptotics of the modes in (3.4) and (3.5),

and Eq. (A1), one can obtain the behavior of WR;βR and
WL;βL separately at, e.g., the right side of the horizon.
As we can see from Eq. (3.4), in this regionWR;βR depends
only on the difference x1 − x2, which does not grow when
both points are taken to the same side of the horizon. It
means that this contribution to the Wightman function is
regular near the right side of the horizon. At the same time,
in the same region WL;βL depends on both the x1 − x2 and
x1 þ x2, as we can see from Eq. (3.5). The latter sum is

infinitely growing near the horizon. As a result, using (A1)
one obtains that

WβLβRðXðλ; χ1 − λÞ; Xðλ; χ2 − λÞÞ

≈WL;βLðXðλ; χ1 − λÞ; Xðλ; χ2 − λÞÞ ≈ 1

βL
λ; λ → þ∞:

ð3:17Þ

Behavior near the left horizon can be found from the
symmetry from Eq. (3.14), which implies that

WβLβRðXðt1;x1Þ;Xðt2;x2ÞÞ¼WβRβLðXðt1;−x1Þ;Xðt2;−x2ÞÞ:

Hence, parity x → −x plus rearrangement of temperatures
βL ↔ βR leaves the two-point function invariant. As a
result, it follows that for λ → −∞

WβLβRðXðλ; χ1 − λÞ; Xðλ; χ2 − λÞÞ

≈WR;βRðXðλ; χ1 − λÞ; Xðλ; χ2 − λÞÞ ≈ 1

βR
jλj: ð3:18Þ

The lightlike singularity at the horizons depends on the
state of the theory. In particular, at the right horizon it
depends only on βR, while at the left horizon it depends on
βL. This shows that such a peculiar behavior is present due
to the interplay between the waves that are falling down and
reflected from the m2= cosh2 x potential.

B. General dimension

The (Dþ 1)-embedding coordinates and the invariant
scalar product for the D-dimensional static patch are
given by

X0 ¼ sinhðtÞsechðxÞ; Xi ¼ tanhðxÞy⃗i;
XD ¼ coshðtÞsechðxÞ; y⃗iy⃗i ¼ 1; ð3:19Þ

Z ¼ ημνX
μ
1X

ν
2 ¼ −

coshðt2 − t1Þ þ y⃗1 · y⃗2 sinh x1 sinh x2
cosh x1 cosh x2

:

ð3:20Þ

The Bunch-Davies Wightman function [4,35,36,38–42]
corresponding to the inverse temperature βL ¼ βR ¼ 2π
[4,26,33,35,36] is given by
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W2πðZÞ ¼
ΓðD−1

2
þ iμÞΓðD−1

2
− iμÞ

2ð2πÞD2 ðZ2 − 1Þ−D−2
4 P

−D−2
2

−1
2
þiμ

ðZÞ;

ð3:21Þ

where μ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 − ðD − 1Þ2=4

p
. It has the standard

Hadamard singularity near Z ¼ −1.
Points of the future and past horizons are attained in the

following limits:

lim
λ→�∞

Xðλ; ðλ − χÞÞ ¼ lim
λ→∞

0
B@

sechðλ − χÞ sinh λ
tanhðλ − χÞy⃗
sechðλ − χÞ cosh λ

1
CA

¼

0
B@

�eχ

�y⃗

eχ

1
CA: ð3:22Þ

Two events on the horizons are spacelike separated unless
y⃗1 ¼ y⃗2. As in Eq. (2.15) for β ¼ 2π

N in the horizon limit
one gets:

W2π
n
ðλ → þ∞Þ ≈ NW2πðλ → þ∞Þ

≈ −N
ΓðD−2

2
Þ

22þðD−2Þ3
2π

D
2

eðD−2Þλ: ð3:23Þ

As in Rindler space the singularity of the propagator on the
horizon depends on the temperature.

C. Stress-energy tensor in 2D

Let us introduce the light-cone coordinates of the static
patch:

V ¼ tþ x; U ¼ t − x;

ds2 ¼ 1

cosh2ðV−U
2
Þ dUdV ≡ CðU;VÞdUdV: ð3:24Þ

To set up notations let us discuss first the de Sitter invariant
case β ¼ 2π. When the two arguments of the Wightman
function are taken very close to each other, one has that

W2πðXþ; X−Þ ≈ −
1

4π

�
H−1

2
þiμ þH−1

2
−iμ

þ log

�ðV− − VþÞðUþ − U−Þ
4cosh2ðV −UÞ

��
; ð3:25Þ

where H−1
2
þiμ ¼ ψð1

2
þ iμÞ þ γe are the harmonic numbers;

the definitions of X�, V�, and U� can be found in
Appendix B. Since

∂Vþ∂V−
W2πðZÞ ≈ −

1

4πðVþ − V−Þ2
þ 1

48π
; and

∂Uþ∂U−
W2πðZÞ ≈ −

1

4πðUþ −U−Þ2
þ 1

48π
; ð3:26Þ

the covariant point splitting regularization gives

hTUVi2π ¼ −
m2

8πcosh2ðV−U
2
Þ
�
ψ

�
1

2
þ iμ

�
þ ψ

�
1

2
− iμ

�

þ 2γe þ log ½ϵ2tαtα�
�
; ð3:27Þ

hTUUi2π ¼ −
�

1

4πϵ2ðtαtαÞ
þ R
24π

�
tUtU
tαtα

; ð3:28Þ

hTVVi2π ¼ −
�

1

4πϵ2ðtαtαÞ
þ R
24π

�
tVtV
tαtα

: ð3:29Þ

After regularization we obtain the well-known answer [42]

h∶Tμν∶i2π¼−
1

4π
m2

�
ψ

�
1

2
þ iμ

�
þψ

�
1

2
− iμ

�
þ2γe

�
gμν:

ð3:30Þ

The expectation value of the stress-energy tensor with two
temperatures βL and βR can be obtained starting from
Eq. (3.10). The most interesting case in this situation is the
near horizon limit. For instance, close to the right horizon a
lengthy but not difficult calculation gives

∂Vþ∂V−WβLβRðXþ; X−Þ ≈
Z

∞

−∞

dω
4π

ω

eβLω − 1
eiωðVþ−V−Þ

¼ π

12β2L
−

1

4π

1

ðVþ − V−Þ2 ð3:31Þ

and

∂Uþ∂U−WβLβRðXþ; X−Þ

≈
Z

∞

−∞

dω
4π

ω sinh2 πωeiωðUþ−U−Þ

cosh πðω − μÞ cosh πðωþ μÞ

×

�
1

eβRω − 1
þ cosh2 μπ
sinh2 πω

1

eβL − 1

�
: ð3:32Þ

The above expressions simplify when the temperatures of
the left- and right-movers coincide: βR ¼ βL ¼ β. Then the
regularized stress-energy tensor in the near horizon limit
takes the form

h∶Tμν∶i ≈ Θμν þ
R
48π

gμν; ð3:33Þ

where
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ΘUU ¼ −
1

12π
C1=2∂2

UC
−1=2 þ π

12β2
¼ π

12

�
1

β2
−

1

ð2πÞ2
�
;

ΘVV ¼ −
1

12π
C1=2∂2

VC
−1=2 þ π

12β2
¼ π

12

�
1

β2
−

1

ð2πÞ2
�
;

ΘUV ¼ ΘVU ¼ 0:

Note that the de Sitter covariance is recovered only when
β ¼ 2π.

IV. SCHWARZSCHILD BLACK HOLE

Here we consider the radial part of the Schwarzschild
metric (we call it the two-dimensional black hole):

ds2 ¼
�
1 −

rg
r

�
dt2 −

dr2

1 − rg
r

¼ ds2

¼
�
1 −

rg
rðr�Þ

�
ðdt2 − dr�2Þ: ð4:1Þ

The tortoise coordinate,

r� ¼ rþ rg log

�
r
rg

− 1

�
; ð4:2Þ

is such that r� ≈ r when r → þ∞, while r� → −∞ when
r → rg; near the horizon the metric looks like the Rindler’s
one (2.2):

ds2nh ≈ e
r�
rgðdt2 − dr�2Þ ð4:3Þ

with the acceleration α ¼ 1
2rg
. see Fig. 3 for the Penrose

diagram'.

A. Modes and the Wightman function

In the tortoise coordinates the massive Klein-Gordon
field equation,

∂2
tφ − ∂2

r�φþm2g00φ ¼ 0; ð4:4Þ

is such that the mass term in (4.4) vanishes at the horizon
where g00 does vanish. By separating the variables
φðt; r�Þ ¼ eiωtφωðr�Þ, we obtain

−∂2
r�φωðr�Þ þm2g00ðr�Þφωðr�Þ ¼ ω2φωðr�Þ: ð4:5Þ

When ω ≤ m the modes decay exponentially at large r�
and are localized near the horizon [43]. There is no
double degeneration as in the case of massive field in
Rindler space.
The classically permitted region is at the left of the

turning point solving the equationω2 −m2g00ðr�turningÞ ¼ 0.
Near the horizon, where the effective potential vanishes, the
modes approximately behave as

φωðr�Þ≈
ffiffiffi
2

π

r
cosðωr�þδωÞ; ω<m; jωr�j≫1: ð4:6Þ

We do not need their exact form for further considerations.
They do not propagate at spatial infinity and do not contribute
to theHawking radiation [19,43].On the other hand, they play
an important role in the vicinity of the horizon.
When ω > m the situation is similar to the static de Sitter

case: there are outgoing modes (right movers) Rωðr�Þ and
ingoing modes (left movers) Lωðr�Þ which might be
represented by resorting to special functions. We will
instead apply semiclassical approximation methods, which
in two dimensions2 works well for all values of r�; they lead
to the following solutions:

Rωðr�Þ¼Aω4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2

ω2−m2g00ðr�Þ

s

×exp
�
isgnðωÞ

Z
r�

r0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2−m2g00ðxÞ

q
dx

�
; ð4:7Þ

Lωðr�Þ ¼ Bω4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2

ω2 −m2g00ðr�Þ

s

× exp

�
−i sgnðωÞ

Z
r�

r0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 −m2g00ðxÞ

q
dx

�
;

ð4:8Þ

where r0 is a reference point.
Here is the mode expansion of the field operator:

φðt; r�Þ ¼
Z

m

0

dωffiffiffiffiffiffi
2ω

p e−iωtφωðr�Þcω

þ
Z þ∞

m

dωffiffiffiffiffiffi
2ω

p e−iωt½Rωðr�Þaω þ Lωðr�Þbω�

þ H:c:; ð4:9Þ

2Indeed one has that

kðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðωrgÞ2 − ðmrgÞ2g00ðxÞ

q
;				 ddx 1

kðxÞ
				 ¼ 1

2mrg

1

ðωm − g00ðxÞÞ3=2
dg00
dx

:

Here x ¼ rg=r�; kðxÞ is the wave vector of the problem (4.5); the
following inequality holds for all values of ω > m:

				 ddx 1

kðxÞ
				 < 1:

Thus, if mrg ≫ 1 the semiclassical approximation is applicable
for all values of r� and there is no reflection from the potential
barrier in (4.5). Such a reflection is inevitable in four dimensions.
We would like to thank Dmitriy Trunin for bringing to our
attention this important simplification in 2D.
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where

½aω; a†ω0 � ¼ δðω − ω0Þ; ½bω; b†ω0 � ¼ δðω − ω0Þ;
½cω; c†ω0 � ¼ δðω − ω0Þ; ð4:10Þ

all the other commutators being zero. One may show that in
the approximation mrg ≫ 1 the canonical commutation
relations give the normalization

jAωj2 ¼ jBωj2 ≈
1

2π
: ð4:11Þ

Taking inspiration from the Rindler and de Sitter cases, we
may now introduce a Wightman function depending on
three (inverse) temperatures as follows:

Wððt1; r�1Þ; ðt2; r�2ÞÞβ0βLβR
¼

Z
jωj<m

dω
2ω

e−iωðt1−t2Þ

1 − e−β0ω
φωðr�2Þφωðr�1Þ

þ
Z
jωj>m

dω
2ω

�
e−iωðt1−t2Þ

1 − e−βLω
Lωðr�1ÞL�

ωðr�2Þ

þ e−iωðt1−t2Þ

1 − eβRω
Rωðr�1ÞR�

ωðr�2Þ
�
: ð4:12Þ

The first term on the rhs of (4.12) shows again a double
pole at ω ¼ 0. The way we treat it is explained
Appendix A.
In Appendix C it is shown that when m ¼ 0 and

βR ¼ βL ¼ 4πrg the above expression coincides with the
Hartle-Hawking Wightman function; when βL ¼ ∞ and
βR ¼ 4πrg it corresponds to the Unruh state; finally, when
βR;L ¼ ∞ it reproduces the Boulware state.

B. Singularity at the horizon

The additional singularity at the horizon is an infrared
effect; the main contribution to it comes from the term

φωðr�1Þφωðr�2Þ ≈
1

π
cosðωðr�1 þ r�2Þ þ 2δωÞ ð4:13Þ

in (4.12) with ω → 0. To fix the phase we consider
spacelike separated points near the horizon parametrized
as follows:

r�1 ¼ λ; r�2 ¼ λþ const; t1 ¼ t2 ¼ −λ: ð4:14Þ

The (future) horizon limit corresponds to λ → −∞; in this
limit the Wightman function has the following asymptotics:

Wðt1;r�1¼ λjt2;r�2¼ λÞ¼ λ

β0
e2iδ0 ; as λ→−∞: ð4:15Þ

As anticipated the limiting expression depends on the phase
and goes to zero in the zero temperature limit. At low
energies turning point

r�turning ≈ rg log
ω2

m2
; as ω → 0 ð4:16Þ

is shifted to minus infinity. Since in this limit the Rindler
space asymptotics should be reproduced, we have to set
δ0 ¼ π

2
. At the end of the Appendix C we present another

derivation of this.

C. Stress-energy tensor

In the light cone coordinates V ¼ tþ r�, U ¼ t − r� the
metric (4.1) takes the form

FIG. 3. Penrose diagram of the Schwarzschild black hole.
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ds2 ¼ CðU;VÞdUdV; CðU;VÞ ¼ WðeV−U
4M −1Þ

1þWðeV−U
4M −1Þ ; ð4:17Þ

where Wðr�Þ is the Lambert function. Near the horizon

WððVþ; UþÞ; ðV−; U−ÞÞ ≈
Z

m

−m

dω
4πω

1

eβ0ω − 1
ðeiωðVþ−U−Þþ2iδω þ eiωðVþ−V−Þ þ eiωðUþ−U−Þ

þ eiωðUþ−V−Þ−2iδωÞ þ
Z
jωj>m

dω
4πω

�
eiωðVþ−V−Þ

eβRω − 1
þ eiωðUþ−U−Þ

eβLω − 1

�
: ð4:18Þ

By taking the limit of coinciding points, one gets

∂Uþ∂U−W ≈ −
1

4π

1

ðUþ −U−Þ2 þ
π

12β20
þ 1

2π

�
Li2ðe−mβLÞ

β2L
−
Li2ðe−mβ0Þ

β20

�
þ m
2π

�
logð1 − e−mβ0Þ

β0
−
logð1 − e−mβLÞ

βL

�
;

ð4:19Þ

where Li2ðxÞ is the polylogarithmic function.
Then for the components of the stress-energy tensor we obtain

TUU ≈ −
�

1

4πϵ2ðtαtαÞ
þ R
24π

�
tUtU
tαtα

þ π

12

�
1

β20
−

1

ð8πMÞ2
�
þ 1

2π

�
Li2ðe−mβLÞ

β2L
−
Li2ðe−mβ0Þ

β20

�

þ m
2π

�
logð1 − e−mβ0Þ

β0
−
logð1 − e−mβLÞ

βL

�
:

TVV ≈ −
�

1

4πϵ2ðtαtαÞ
þ R
24π

�
tVtV
tαtα

þ π

12

�
1

β20
−

1

ð8πMÞ2
�
þ 1

2π

�
Li2ðe−mβRÞ

β2R
−
Li2ðe−mβ0Þ

β20

�

þ m
2π

�
logð1 − e−mβ0Þ

β0
−
logð1 − e−mβRÞ

βR

�
: ð4:20Þ

The nondiagonal component near the horizon goes to zero:

TUV ≈
m2

4
eλ=2rg

jλj
β0

→ 0: ð4:21Þ

Near the horizon the stress-energy tensor in similar to the
original result of [44,45]

Tμν ≈ Θμν þ
R
48π

gμν; ð4:22Þ

where

ΘUU ¼ −
1

12π
C1=2∂2

UC
−1=2 þ π

12β20
þ LðβL; β0Þ;

ΘVV ¼ −
1

12π
C1=2∂2

VC
−1=2 þ π

12β20
þ LðβR; β0Þ;

ΘUV ¼ ΘVU ¼ 0;

and

Lðβ1; β2Þ ¼
�
Li2ðe−mβ1Þ

β21
−
Li2ðe−mβ2Þ

β22

�

þ m
2π

�
logð1 − e−mβ2Þ

β2
−
logð1 − e−mβ1Þ

β1

�
:

ð4:23Þ

Some comments are in order here. When the three temper-
atures coincide the finite logarithmic and dilogarithmic
contributions vanish. Furthermore, there are no finite con-
tributions at all when they all are equal to the Hawking
temperature β ¼ 4πrg. Second, while the additional singu-
larity of the propagators is effective only on the nondiagonal
components of the stress-energy tensor (in ðu; vÞ coordi-
nates), the exponential damping protects the covariant
components (4.21). Additional singularity does arise in
the mixed components of the stress energy tensor as follows:

TV
V ¼ TU

U ¼ m2

2
hφφi ∼ m2

2β0
jλj; as λ → −∞: ð4:24Þ
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V. OUTLOOK

Heating and thermalization are, however, nonstationary
processes. To calculate the correlation functions in non-
stationary situations one has to exploit the Schwinger-
Keldysh diagrammatic technique [2,3]. The starting point
is to choose an initial Cauchy surface3 and an initial
value of the correlation functions, i.e., an initial state. The
Schwinger-Keldysh technique provides the time evolution
towards the future of the correlation function in question.
Different types of Cauchy surfaces and initial values may,

and in general do, lead to substantially different physical
behaviors [9,11]. Even in highly symmetric curved space-
time (such as de Sitter) the tree-level correlators of a generic
state are not functions of geodesic distances. It goes without
saying about generic space-times, which only partly resem-
ble the de Sitter space [11]. In this sense the situation in
strongly curved space-times is similar to the condensed
matter phenomena rather than to high energy physics ones.
There is no a priori reason for the initial state in the early

universe or in the vicinity of primordial black holes be
necessarily the ground state or a thermal state at the
canonical temperature. Here we considered a class of time
translation invariant states in Rindler, static de Sitter, and
two-dimensional black hole space-times. They can be
thought of as initial states for thermalization or heating
problems. They may also appear as attractor equilibrium
states at the end of some processes. We have shown that
when the various temperatures do not coincide with the
canonical ones then the two-point Wightman functions have
anomalous singularities at the horizons. That may affect the
loop corrections. The latter are necessary to calculate and to
resum to trace the fate of the initial state and of the
correlation functions (see e.g., [2,3,9] for various related
situations). Loop calculations will be considered elsewhere.
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APPENDIX A: LEADING INFRARED
CONTRIBUTION

The behavior of various Wightman functions discussed
above at the horizons is governed by the integral of the
form:

Z þ∞

−∞

dω
ωþ iϵ

eiωθ

eβðωþiϵÞ − 1
; where jθj ≫ 1:

The choice of the shifts of the poles here reproduces the
results in the case β ¼ 2π=N, but it can also be justified by
general distributional methods [31]. The contour in closed
in the upper half-plane for positive values of θ and in the
lower half for negative ones. In the first case the double
pole at ω ¼ −iϵ does not contribute. Contributions from
other poles are suppressed. For negative θ the leading
contributions in the limit θ → −∞ comes from the double
pole at ω ¼ −iϵ:

Z þ∞

−∞

dω
ωþ iϵ

eiωθ

eβðωþiϵÞ − 1
≈


0 if θ > 0

2π
β θ if θ < 0

as jθj ≫ 1;

ðA1Þ

the answer depends on the sign of θ.

APPENDIX B: POINT-SPLITTING
REGULARIZATION

To make the paper self-contained and set up the notations
in this Appendix we summarize here the standard point
splitting regularization procedure [44] of the expectation
value of the stress-energy tensor in curved space-time:

hTμνðxÞi ¼ DμνhφðxþÞφðx−Þijxþ¼x−¼x:

Here Dμν is a differential operator; x� are points which
are separated from x along a spacelike geodesic, and tμ is
tangent vector (see the Fig. 4). A point close enough to xμ

can be represented as follows:

xμðτÞ ¼ xμ þ τtμ þ 1

2
τ2aμ þ 1

6
τ3bμ þ � � � ; ðB1Þ

where τ is the proper length. And the coordinates of x�

are xμ� ¼ xμðτ ¼ �ϵÞ.
General two-dimensional conformally flat metrics can be

written ds2 ¼ Cðu; vÞdudv. The geodesic equations pro-
vide the relations between the parameters tμ, aμ, bμ:

FIG. 4. Point-splitting.

3This method applies to globally hyperbolic spacetimes. In
nonglobally hyperbolic space-times one should deal also with
boundary conditions [46].

HEATING UP AN ENVIRONMENT AROUND BLACK HOLES AND … PHYS. REV. D 103, 025023 (2021)

025023-13



aμ ¼ −Γμ
νλt

νtλ; bμ ¼ −Γμ
νλðaνtλ þ tνaλÞ − tσ∂σΓ

μ
νλt

νtλ:

ðB2Þ

It is enough to express aμ and bμ in terms of tμ to find the
finite part of the expectation value of the stress-energy
tensor. Another building block is the parallel transport
matrix eμνðτÞ, solving the following equation:

deμν
dτ

þ Γμ
ρσ
dxρ

dτ
eσν ¼ 0; eμνðτ ¼ 0Þ ¼ δμν : ðB3Þ

Again, one expands the parallel transport matrix in powers
of τ:

eμν ¼ δμν þ τtμν þ 1

2
τ2aμν þ � � � ;

where

tμν ¼ −Γμ
ρνtρ; aμν ¼ Γμ

ρνΓρ
αβt

αtβ þ Γμ
ρσΓσ

ανtρtα − tαtρ∂αΓ
μ
ρν:

The expectation value of the stress-energy tensor in a state
at inverse temperature β−1 is given by

hTμνiβ ¼ h∂αφðxþÞ∂βφðx−Þiβ
�
eþα
μ e−βν −

1

2
gμνgσρeþα

σ e−βρ

�

þ 1

2
m2gμνhφðxþÞφðx−Þiβ; ðB4Þ

where e�α
μ ¼ eαμðτ ¼ �ϵÞ and the limit ϵ → 0 is taken. The

result will contain terms that depend on ϵ and direction-
dependent terms. For example, for the massless field in the
generic conformally flat background one has [45]

hTμνi ¼ −
�

1

4πϵ2ðtαtαÞ
þ R
24π

��
tμtν
tαtα

−
1

2
gμν

�
þ Θμν; ðB5Þ

and the regularized stress-energy tensor reads:

h∶Tμν∶i ¼ Θμν þ
R
48π

gμν; ðB6Þ

with

Θuu ¼ −
1

12π
C1=2∂2

uC−1=2 þ state dependent terms; ðB7Þ

Θvv ¼ −
1

12π
C1=2∂2

vC−1=2 þ state dependent terms; ðB8Þ

Θuv ¼ Θvu ¼ 0: ðB9Þ

The tensor is conserved for an invariant state only if one
omits the direction-dependent terms, while averaging over
directions leads to quantities, which are not covariantly
conserved.

APPENDIX C: BOULWARE, UNRUH, AND
HARTLE-HAWKING STATES

There are several different ways to define Boulware,
Unruh, and Hartle–Hawking states for massless scalar
fields in four dimensions. Not all of them can be straight-
forwardly generalized to the massive case. Here we repeat
the standard constructions and consider their generaliza-
tions to the massive case.

1. Analytic continuation of the positive frequency modes

We look for a complete set of solutions of the massless
Klein-Gordon equation in either the left or right
(Schwarzschild) quadrant of the entire black hole space-
time in four dimensions (see Fig. 3). We require these
functions to have a definite sign of frequency with
respect to the timelike Killing vector ∂

∂t (in the left
quadrant − ∂

∂t):

u⃗ωlmðxÞ ¼ ð4πωÞ−1=2e−iωtR⃗lðωjrÞYlmðθ;φÞ;
u⃖ωlmðxÞ ¼ ð4πωÞ−1=2e−iωtR⃖lðωjrÞYlmðθ;φÞ; ðC1Þ

where R⃗lðωjrÞ and R⃖lðωjrÞ are solutions of the radial
equation corresponding to outgoing and incoming waves,
respectively [17], and Ylmðθ;φÞ are the standard spherical
harmonics; x ¼ ðt; r; θ;φÞ. The Boulware two-point func-
tion is

WBðx; x0Þ ¼
X
lm

Z
∞

0

dω
4πω

e−iωðt−t0ÞYlmðθ;ϕÞY�
lmðθ0;ϕ0Þ

× ½R⃗lðωjrÞR⃗�
l ðωjr0Þ þ R⃖lðωjrÞR⃖�

l ðωjr0Þ�:
ðC2Þ

To define the Unruh state the Kruskal extension is needed:

U ¼ t − r − 2M logðr=2M − 1Þ; Ũ ¼ −4Me−U=4M;

V ¼ tþ rþ 2M logðr=2M − 1Þ; Ṽ ¼ 4MeV=4M:

The Unruh modes are positive-frequency with respect to U
and near the paste horizon behave as follows:

yωlm ∼ e−iωŨYlmðθ;φÞ: ðC3Þ

They are analytic functions in the lower half-plane of the
complex variable Ũ. On the other hand, the behavior of the
modes (C1), on the past horizon of the right patch and,
respectively, on the future horizon of left patch, is as
follows:

u⃗RωlmðxÞ ≈ ð4πωÞ−1=2
				 Ũ
4M

				i4Mω

Ylmðθ;φÞ; ðC4Þ
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u⃗LωlmðxÞ ≈ ð4πωÞ−1=2
				 Ũ
4M

				−i4Mω

Ylmðθ;φÞ: ðC5Þ

Then the normalized combinations,

y⃗ωlm ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffij2 sinhð4πMωÞp j ½e
2πMωu⃗Rωlm þ e−2πMωðu⃗LωlmÞ��;

ðC6Þ

have the same analyticity properties of the modes (C3) and
are equivalent to them. We can then compute the Wightman
function of the Unruh state when the two points are located
in the right Schwarzschild patch:

WUðx; x0Þ ¼
X
lm

Z þ∞

−∞
dω

�
u⃗ωlmðxÞu⃗�ωlmðx0Þ

1 − e−
2πω
κ

þ u⃖ωlmðxÞu⃖�ωlmðx0ÞθðωÞ
�
; ðC7Þ

where κ ¼ ð4MÞ−1 is the surface gravity. In a similar
manner, the modes that are positive frequency with regards
to ∂

∂Ṽ are:

y⃖ωlm ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 sinhð4πMωÞp ½e−2πMωðu⃖RωlmÞ� þ e2πMωu⃖Lωlm�:

ðC8Þ

They give rise to the Hartle-Hawking Wightman function:

WHðx; x0Þ ¼
X
lm

Z þ∞

−∞
dω

�
u⃗ωlmðxÞu⃗�ωlmðx0Þ

1 − e−
2πω
κ

þ u⃖�ωlmðxÞu⃖ωlmðx0Þ
e
2πω
κ − 1

�
: ðC9Þ

The outgoing waves of the Unruh state are thermally
distributed at temperature T ¼ κ

2π ¼ 1
8πM; both the outgoing

and incoming waves of the Hartle-Hawking state are
thermally distributed at the same temperature. In the
two-dimensional case these formulae reduce to

WUðx; x0Þ ¼
Z þ∞

−∞
dω

�
u⃗ωðxÞu⃗�ωðx0Þ
1 − e−

2πω
κ

þ u⃖ωðxÞu⃖�ωðx0ÞθðωÞ
�
;

WHðx; x0Þ ¼
Z þ∞

−∞
dω

�
u⃗ωðxÞu⃗�ωðx0Þ
1 − e−

2πω
κ

þ u⃖�ωðxÞu⃖ωðx0Þ
e
2πω
κ − 1

�
:

ðC10Þ

2. Two dimensions again

The following construction is valid for any stationary
background, provided there are left and right movers.
Stationarity implies that a Wightman function with zero

anomalous quantum averages depends only on the differ-
ence of times:

Wðx; x0Þ ¼
Z þ∞

0

dω
Z þ∞

0

dω0½haωa†ω0 iu⃗ωðxÞu⃗�ω0 ðx0Þ

þ ha†ωaω0 iu⃗�ωðxÞu⃗ω0 ðx0Þ þ hbωb†ω0 iu⃖ωðxÞu⃖�ω0 ðx0Þ
þ hb†ωbω0 iu⃖�ωðxÞu⃖ω0 ðx0Þ�: ðC11Þ

In this general setting the Unruh and the Hartle-Hawking
states correspond, respectively, to the following choices:

ha†ωaω0 i ¼ 1

e
2πω
κ − 1

δðω − ω0Þ; hb†ωbω0 i ¼ 0; ðC12Þ

ha†ωaω0 i ¼ hb†ωbω0 i ¼ 1

e
2πω
κ − 1

δðω − ω0Þ; ðC13Þ

so that

WUðx; x0Þ ¼
Z þ∞

0

dω

�
u⃗ωðxÞu⃗�ωðx0Þ
1 − e−

2πω
κ

þ u⃗�ωðxÞu⃗ωðx0Þ
e
2πω
κ − 1

þ u⃖ωðxÞu⃖�ωðx0Þ
�
; ðC14Þ

WHðx; x0Þ ¼
Z þ∞

0

dω

�
u⃗ωðxÞu⃗�ωðx0Þ
1 − e−

2πω
κ

þ u⃗�ωðxÞu⃗ωðx0Þ
e
2πω
κ − 1

þ u⃖ωðxÞu⃖�ωðx0Þ
1 − e−

2πω
κ

þ u⃖�ωðxÞu⃖ωðx0Þ
e
2πω
κ − 1

�
: ðC15Þ

These expressions are equivalent to (C10) if the following
condition holds:

u�−ωðxÞu−ωðx0Þ ¼ −uωðxÞu�ωðx0Þ ðC16Þ

for both outgoing and incoming waves; this condition is
verified in the two-dimensional Schwarzschild spacetime.
In the massive case, gluing modes (4.6) in the classically

permitted and forbidden regions gives the relation

e2iδω ¼ iω −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 − ω2

p

iωþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 − ω2

p e−2iωr
�
turning : ðC17Þ

From here one can show that

φωðr�1Þφωðr�2Þ ¼ φ−ωðr�1Þφ−ωðr�2Þ;

and this provides another justification of Eq. (4.12).
In the horizon limit modes, as with jωj < m, they behave

as follows:

ϕωðr�Þ ¼ CðωÞK4iωMð4MmξÞ ∼ cosðωr� þ δωÞ;
ξ2 ¼ r

2M
− 1 ðC18Þ
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with

δω ¼ π

2
þ rgωð2 logðmrgÞ − 1Þ − argΓð1þ iωrgÞ: ðC19Þ

It follows that δ0 ¼ π
2
. Noting that argΓð1þ iωrgÞ ¼ − argΓð1 − iωrgÞ again points towards (4.12).
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