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Supersymmetric Yang—Mills theory is formulated in six dimensions, without the use of anticommuting
variables. This is achieved using a new Nicolai map, to third order in the coupling constant. This is the
second such map in six dimensions and highlights a potential ambiguity in the formalism.
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I. INTRODUCTION AND NOTATION

Supersymmetric theories may be formulated without the
use of anticommuting variables [1,2]. In this approach,
supersymmetric gauge theories are characterized by a
Nicolai map—a transformation of the bosonic fields such
that the Jacobian determinant of the transformation exactly
cancels against the product of the Matthews-Salam-Seiler
(MSS) [3,4] and Faddeev-Popov (FP) determinants [5,6].
This formalism offers an alternate perspective on the
physics of supersymmetric gauge theories.

The Nicolai map, for Yang-Mills theory, was explicitly
constructed to second order in the coupling constant in [7]
and derived from a rigorous R prescription in [8—11]. It
was subsequently shown [12] that this construction holds in
all the critical dimensions D = 3, 4, 6, 10 where super-
symmetric YangMills theories exist [13]. The map and the
framework itself were extended to third order in the
coupling constant in [14].

In this paper, we present a stand-alone result—a new
map, also to third order in the coupling constant, but valid
exclusively in six dimensions. The map presented here,
arrived at by trial and error (starting with an educated
guess), is simpler than the one in [14]. This highlights a
potential ambiguity in the R prescription approach, an
aspect of which was also discussed in [14]. For N =1
Yang Mills theories, alternate Nicolai maps are known to
exist in four and six dimensions [15,16]. These maps in
light cone gauge, not constructed from a ‘R prescription,
work to all orders in perturbation theory.
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Supersymmetric gauge theories, in D dimensions, are
characterized by the existence of a Nicolai map 7, of the
Yang—Mills fields

T ,:AL(x) = Al (x, g: A),

such that
(1) The Yang—Mills action without gauge-fixing terms
is mapped to the Abelian action

SolAT = S,[A], (1)

where S [A] = [dxF4,F4, is the Yang-Mills ac-
tion with gauge coupling g and Fj, =0,A] —
D,A% + gf*°AbA¢ is the field strength.

(ii) On the gauge surface' G [A] = 0'Aj] = 0, the Jacobi
determinant of 7' is equal to the product of the MSS
and FP determinants, order by order in perturbation
theory.

d 0A) (x,g;A)
SAD(y)

) = Susllanll @)
(iii) The gauge fixing function

G“[A] is a fixed point of 7. (3)

A new expression for A (x) up to order ¢ is presented in

this paper and shown to satisfy all three requirements above
only in D = 6.

"The gauge surface restriction will prove unnecessary for this
particular map.
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We work in Euclidean space using the Landau gauge
GA,] = 0'Aj. (4)

The results presented below may be adapted to other
gauges (the light-cone gauge being of particular interest
given potential links to [17,18]). The free scalar propagator
is (=00,

D eikx
Cx) = / %7 = —0C(x) =8(x).  (5)

The free fermion propagator is (spinor indices suppressed)
|

7#9,S0(x) = 8(x) = So(x) = =r*9,C(x),  (6)

So(x —y) = =So(y — x). In a gauge-field dependent back-
ground
7"(D,S)™ (x) = y*6° 0, — gf “IAf(x)]S (x) = 65 (x).
(7)
II. RESULT

The new result in this paper is the following explicit
expression for 7, to O(g?).

(T ) = Afx) + af ™ [ dy0,C(c = ALIAL) +5 7™ [ dydz0,CLx = 1A (3),Cly = A ()

3
+ §g3f“b"f”"€f dmn / dydzdwd,C(x = y)A5(y){+0,C(y — 2)A5(2)0),C(z — w)AZ (w)AL (w)

+9,C(y = 2)A5(2)9,,C(z - w)AP’"(w)A:{] (w) +9,C(y — 2)A5(2)0,C(z — w)AY (w)AZ] (w)}

— g ferefrde pimn / dydzdwd,C(x — y)A5 (y){+0,C(y — 2)A5(2) 9}, C(z — w)AT (w)A7 (w)

+ 9,C(y — 2)A5(2)0,C(z = w)AT (W)AL (W) + 0,C(y — 2)A5(2) 9, C(z — w)AZ (W) AG (W)

+ 9,C(y = 2)A5(2)9,C(z = w)AZ (W)AL (W)},

where [uvp] = § [uvp — ppv + vpp — vpup + ppv — pup).

(8)

It is important to note that this result differs from the one in [14]. All terms above have the base structure 0CAICAOCAA
at O(g?), while the result in [14] also includes the structures ICOCAAICAA, ACAOCAA, and OCI(AC)AICAA.
Further, terms that overlap with those in [14], appear here with different coefficients. As a consequence, the expression

above is not a subset of the result in [14].

Finally, while the result in [14] was valid in all the critical dimensions, we will see that the result in (8) constitutes a map

only in six dimensions.

III. CHECKS OF THE RESULT

In this section, we prove that expression in (8) satisfies all three requirements, (1), (2), and (3), necessary for it to be a
map. The calculations up to O(g?) are identical to those in [12,14], so the focus here will be on O(g*).

A. Gauge condition

We begin with the third requirement, listed in (3). We need to show that 9,4} (x) = 9,A4(x) + O(g*).
We apply 0, to the terms of order g° in (8). This gives us a symmetric 0,0, at the beginning of the expression so we
eliminate all terms that are antisymmetric under the exchange y <> p and find

3
0uid Dlog) =5

H

g} fabe phde pdmn / dydzdwd,0,C(x — y)AS(y){+0,C(y — 2)A%(2)0,,C(z — w)A}! (W)AZ](W)

+0,C(y = 2)A5(2)0, Clz — w)AL (w)As (W)} — g fabe frde pim / dydzdw0,0,C(x — y)Aj(y)

x {+0,C(y — 2)A5(2)0,,C(z - W)AT(W)AZ](W) + 9,C(y — 2)A;(2)9,C(z - w)A/’,"(w)AZ‘] (w)}. 9)

The first two terms cancel each other under the interchange of i and p. Similarly, the other two terms also cancel out

confirming that

0,4 (x) = 0,A

(x) + O(g*). (10)
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B. Free action

We now move to the first requirement in (1) which states that the transformed gauge field must satisfy

;/dxA;f(x)(—Déﬂy +0,0,)A (x) = i/ dxFy, (x)Fj,(x) + O(gh). (11)

Because of the invariance of the gauge function, we ignore the second term on the left-hand side (lhs) and the corresponding
term on the right-hand side (rhs) of this equation [12]. At third order, (11) has two contributions

Oi/dX(ALa(X)|0<g3)DA;4a(X)|O(gU) +A;la(X)|O(g2)DA;f(X)|O(gl)). (12)

This expression reads
[ o AT Wlog + AL ) lor DAL o)

3

- 5g3Jm”"f”defd"m / dxdydzdwd,C(x — y)A5(y){+0,C(y — 2)A5(2)0,C(z — w)A) (w)Ag] (w)OAZ(x)
+9,C(y — 2)A5(2)9,,C(z — w)A}f‘(w)Af{](W)DA; (x) +9,C(y — 2)A5(2)9,C(z — w)AY (w)AZ](w)DA,‘j (x)}
— g fabe fhde pdmn / dxdydzdwd,C(x — y)A§(y){+0,C(y — 2)A5(2)9;,C(z — w)AT(w)A/’}‘](w)DAz (x)
+9,C(y = 2)A5(2)9,C(z = w)AT(w)A;’] (w)OAG(x) + 0,C(y — 2)A5(2)0,C(z — w)A;”(w)A;’] (w)DA%(x)
+ 9,C(y = 2)A5(2)9,C(z — w)A)) (w)AfT] (w)DA4(x)}

300 [ dvdydzdnd, €l = )A€ = ARG DD, Clx = WAL (0AZ(w)).
We simplify the rhs to obtain
=gt [ vz, AGOAS (x)(+0,C(x = A0,z = w)AT (w)A% ()
+0,C(x — DAE(2)0,Cz ~ WAT A (0) + 0,Clx — AL, Clz = wAT (WAL ()}
= g i [ dxdzdwd Ag(0AS () {+0,Cx = A1, C(z = WAL (A ()

+ 9,C(x = 2)A5(2)0,C(z = WAL (W)AL (w) + 0,C(x = 2) A5 (2)),C(z = w)AR (W) Al (w)
+ 0,C(x = 2)A(2)0,C(z = w)A;"(w)Ag] (w)}

3
i 5g3fabc]cbdefamn / dxdzdwAj(x)9),C(x — z)Al‘f(z)Aj] (2)0,0,C(x —w)A) (w)AL(w).

This is further simplified with some rewriting [for example, 9,A%(x)A§(x) — $0,(A%(x)A4(x)) based on the symmetries
a <> ¢ and p <> A]. The rhs simplifies to

3
= Zg3f abe frde famn A (x) A (x) Ag (x) 0 C(x = w) AT (w)Asy (w). (13)

There is a symmetry to these terms: the JCAA blocks are invariant under a cyclic permutation of the Lorentz indices. This
motivates rewriting the term as

%93f abe frde fammAG (x)AS (x)AZ (x) + AG(x) A5 (x) A5 (x) + A (x) AS (x) A7 (x)] 0 Cx — w)AY (w) A%y (w)

1
= PP - peba e - pebe e £ AG (1) A5 (x) A5 ()03, C x = w)AT () A7) (). (14)
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We now find, for the first time in this computation, that for
(14) to vanish we need to invoke the Jacobi identity

fabcfbde +febafbdc +fcbefbda =0. (15)
Thus (11) holds up to O(g?).

C. Jacobians, fermion, and ghost determinants

Finally, we turn to (2), the second requirement. This is, in
some sense, the most constraining of the three require-
ments, demanding that the bosonic Jacobian determinant
equal the product of the MSS and FP determinants. Again,
this check up to O(g?) was performed in [7,12] allowing us
to concentrate here on O(g?).

g et oy ot (wsstalars Wl (16

It is this nontrivial requirement which results in a dimen-
sional dependence. We prove that the map in (8) satisfies
(16) only for D = 6.

1. Fermion determinant

To compute the fermion determinant, we need to

evaluate the following quantity
det [y”(é“”aﬂ - gf“b'”A;”)] =detd-det(l1-Y), (17)

where the relevant functional matrix reads
|

Y (x,y;A) = gf "y yr9,C(x — y)Ar(y). (18)

For the treatment of the y-matrices we only need the
Clifford algebra relation {y,.y,} = 26,, and the trace

Trl=r, (19)

where r counts the number of off-shell fermionic degrees of
freedom. These relations fully define the trace of the
product of any number of y-matrices and it will not be
necessary to explicitly distinguish between Majorana,
Weyl, and Majorana-Weyl spinors. Even though r is related
to the number of dimensions D via

=2(D-2) (20)

we will treat them as independent for now. The relation
above is only invoked at the very last step, to highlight the
crucial fact that the Nicolai map presented here only works
in six dimensions. Furthermore, we use

logdet(1 —Y) = Trlog(1 —

Z TrY”,

and taking into account an extra factor of% for the on-shell
degrees of freedom, we find

1 1
Elog det(l _ Y) — 8gSTI‘O/a}’ﬂ?’pVG}’}“)/T)f”bmfbcnfcap / dxdydz{aaC(x - y)AZ’ (y)6pC(y - Z)Aﬁ(z)&lC(Z - X)Af (x)},

(22)
From the relations above the trace over six y-matrices can be computed recursively and reads
Tr(ya},ﬂypyaylyr) — _r(éaﬂé/lrépa _ 5aﬂ5/lo‘5pr + 5aﬂ5/1p5m' + 5(1/15,515/76 _ 5(1/15,50‘501 + 5a/15ﬂp561 + 5a65ﬂ1507 + 5ap5ﬁ’r5ﬁd
+ 5ap5505/11 _ 504/)&0/1551 + 60:75,555/1/) _ 50455515/1/) _ 5(1555,05/11 _ 5a75ﬂp5/16 _ 5(115,615/)0). (23)
Equation (22) then yields the following five independent terms at order g*
grferm frenfear / dxdydz{—r0,C(x = y)A} (y)0,C(y — 2)A7(2)0;C(z — x)A5 (x)
+3 = 0,C(x = Y)AP(1)9,C(y = D)AL(2)9,C(z — 1) AY (x)
+ §3pC (x = Y)AL(v)0,C(y = 2)Ap(2)9,C(z — x)A5 (x)
r
~ g 0, Cle= AT ()0, C(y = 2)A}(2)0,C(z = x)As (x)
+3 = 0,C(x = V)AL (1)0,C(y = 2)A}(2)9,C(z = x)AL (x)}. (24)

025010-4
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2. Ghost determinant

For the ghost determinant, we compute

det(D,0") = det ([6“°0, — gf*""An|o*) = det(0) - det(1 — X), (25)
where
X (x,y:A) = gf " 0,Cx = y)AR(y). (26)
Up to O(g?) this yields
1
—|—§g3f"b”’fb”’f“”’ / dxdydz9,C(x — y)An (y)9,C(y — 2)A%(2)0,C(z — x)A (x). (27)
3. Bosonic Jacobian
At O(g?) the logarithm of the Jacobian determinant schematically consists of three terms
SA¢ SA’ 1 SA’ SA 1. [6A 5A SA
logdet< ’;(x)> = r[— ] - <2-—>Tr[— - ] +—Tr[— - - ] (28)

and the final trace involves setting u = v,a = b,x = y and
integrating over x.

All terms at O(g?) are of the form dCAOCAICAA. The
functional derivative on the very first field, in this structure,
vanishes trivially [12]. The functional differentiation of
the field in the middle block produces the structure
OCAOCOCAA not seen elsewhere. These terms vanish as
described in the Appendix. Functional differentiation of
either field from the last block produces terms with the
same structure as those from the fermion and ghost
contributions. The table below offers a summary of the
various contributions to the Jacobian from (28).

4. Jacobian table

In the table, columns 2—-5 capture bosonic contributions,
summed up in column 6. Column 7 contains the sums of the
fermion and ghost contributions. The detailed breakdown
for the bosonic contributions is as follows: Column 2
contains the contributions from O(g) terms when “cubed.”
Column 3 lists contributions from O(g) x O(g?). Column 4
has contributions from the 9 terms in the bosonic result
[first three lines of O(¢?) from (8)]. In column 5, we present
contributions from the next four lines of (8) (12 terms).

In column 7, we now set [12]

r=2(D-2). (29)

The main result is that columns 6 and 7 are equal only
for D = 6.

This completes our proof of (1), (2), and (3). It is curious
that we have not had to invoke the gauge condition, which
was needed in [14], in this proof.

Group (g)* (g) x (¢?) 9 Terms 12 Terms Boson MSS + FP

R
S T I
R T T
O T I Y
S0 b me m

IV. A POTENTIAL ALGORITHM TO GENERATE
THE MAP TO THIRD ORDER AND BEYOND

In this section we outline an algorithmic approach to
determining the map T,. This involves perturbatively
generating higher order expressions in a manner reminis-
cent of that in [8]. However, the approach presented here
comes with the potential advantage of yielding the map
directly as opposed to generating the inverse map T;l.

As mentioned already below Eq. (8), we first note that
the structure of the map presented in this paper is simple
compared to that in [14]. The entire map in (8), at order ¢°,
involves a single structure. We present below an algorithm
that generates exactly this structure and suggesting a simple
all-order generalization of our results.

We start by noting that the “base” structure—the order ¢
result—has the form: 9CAA. Our claim is that there exists a
realization of the map 7'y, to all orders, generated entirely
by linking a series of OCA structures to this base structure.

025010-5
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We illustrate this first at order g>. The map, at this order,
requires one JCA in addition to the base structure.

T () ~ FOCAICAA.

We now follow the algorithm below.

(i) Sprinkle Lorentz indices on the base 0CAA block,
such that the indices are all distinct. A set of three
terms having the same “external” structure but with
the three indices on the base-block permuted cycli-
cally constitute a “triplet.”

(i) Choose the two Lorentz indices on the first “block™
to be different, for example without loss of general-
ity we can choose them to be p and 1 respectively.

(iii) Discard all terms with x on the O of the first block
(Note that A, [ ]acting on such terms trivially vanish).
For

T () ~ POCAICAA, (30)

we distribute Lorentz indices on the 0CAA block. We have
three sets of indices at this order: p, 4 which are summed
over and y which is the free index. There is only one
“triplet” possible at this order, with u, p and A all sprinkled
on the last block. Hence, at this order, the algorithm
generates three terms in the map 7'

T,: %0,CA0,CAA,;. (31)

Moving to order ¢°, our procedure asks that we add two
OCA structures to the base structure. So we have

O(4) = POCAICAICAA. (32)

We again distribute Lorentz indices on the 0CAA block. At
this order, we have four sets of indices to work with: p, o, A all
summed over and p which is free. There are 4 ways of
selecting 3 different indices (triplets) from the available set.
Without loss of generality we choose the Lorentz indices on
the first block to be p and A respectively. This leaves us with
two indices and two slots, which is two arrangements for
each triplet, except for one, where we have the same index (o
in this convention), and hence only one arrangement. This
gives us seven triplets, or 21 terms at order ¢°, and the map

T, 9,CA;0,CA0,CAA,
8,CA,0,CA;0,CA, A,
8,CA10,CA,0,,CA,Ay
8,CA,8,CA,0,CA A,
8,CA10,CA,0,,CAA,;
8,CA,8,CA,0,CAA,;
8,CA0,CA,0,CAA,;, (33)

exactly matching the structures that appear in (8).

This algorithm generates the terms in sets that conven-
iently satisfy the gauge condition. The coloured sets above
satisfy the gauge constraint when taken together, while the
uncolored ones satisfy the gauge constraint by themselves.
However, although this algorithm reproduces the map
structure correctly, it does not predict the overall coefficients
in front of these terms. These need to be determined by the
calculations for the three checks. For example, the coef-
ficient of one set of terms is fixed by the requirement that it
cancels the contribution from A} (x)|o2) AL (X))

It is fairly straightforward to write down the structures
expected at order g*, following this algorithm, however
performing the relevant checks becomes technically involved.

We conclude that (8) represents an alternate Nicolai map
in six dimensions, up to O(g*), distinct from the map in
[14]. This raises the possibility that there exists a dimen-
sion-dependent map that differs for each critical dimension.
However, we note that the checks to this order for this
particular map do not guarantee that this map will work at
next/higher order.” The result in [14] is different because it
is derived from the R-prescription and is limited to O(g?)
only because the procedure becomes technically involved
at higher orders.

There is a third and rather unlikely outcome: that six
dimensions is special for yet unknown reasons. For another
curious result within this formalism that singles out six
dimensions, see Eq. (3.10) in [19]. D = 6 is also home to
the mysterious N = (2, 0) theory [20-23] which still lacks
a complete Lagrangian description [24].

A natural question to ask is how the symmetries in the
theory are reflected in the new formalism. How supersym-
metry is captured by the resulting bosonic theory was
discussed in [19], where explicit calculations were performed
for N =4 super-Yang-Mills theory. In particular, it was
shown that correlators from the standard perturbative com-
putation agree entirely with the corresponding correlators that
result from the “mapped” theory. A related issue, that we hope
to return to, is the relationship between division algebras and
supersymmetry [25] within the framework of the map.

There is an intriguing relationship between supersym-
metric theories that admit Nicolai maps and integrable
systems. In particular, the existence of integrable structures
such as Backlund transformations for supersymmetric
Liouville and sine-Gordon theories, and their ties with
Nicolai maps [26] is curious and deserving of further study.
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’If this map survives to higher orders, the gauge condition may
become necessary, in keeping with [14].

025010-6



SUPERSYMMETRIC YANG-MILLS THEORY IN D =6 ... PHYS. REV. D 103, 025010 (2021)

APPENDIX: JACOBIAN CALCULATION

We present below a part of the calculation referred to below Eq. (28).

1. First set of terms at O(g>)
These are the details for the first nine terms in (8).

a. Line 3 in (8)
Functional differentiation of the middle block field in each of the first three lines yields

SA (x)
SAL (v)

1
= §g3f”bcfbdefd’"" / dydzdwd,C(x = y)A§(v)0,C(y — 2)6,676(z — v)
x{0,C(z = w)AJ (W)AZ (W) + 0,C(z = w)AT (W)AL (W) + 0,C(z — w)AT (W)AF ()},
tracing over here involves setting 4 = v, a = p, x = v and integrating over x. This is then
1
S0 i [ dudyand,Cx = 3)A5()05C(5 =)
x {0,C(x = w)A}(w)Aj(w) + 0,C(x —w)A) (W)A;(w) + 0,C(x — w)A) (w)Aj (W)}

The first and third terms above cancel against each other while the middle terms vanishes (symmetry argument) so these
three lines do not contribute to the Jacobian trace.

b. Line 4 in (8)
After Functional differentiation and tracing over we have
1 ) .
ya e [ vy, = 3)A5(0)2,C( =
x {0,C(x — w)AZ’(w)Ag(w) + 8,,C(x —w)A(w)AL(w) + 0,C(x — w)A(’?(w)A/”, (w)}.

Note that 95C(y — x) = —0%C(x — y) meaning that the first line above is symmetric in p, ¢ while the bracket is anti-
symmetric in the same two indices. Hence this contribution vanishes.

c. Line 5 in (8)

After differentiating and tracing this reads

1 :
R0 £ [ dxdydd, Clx = )A5(9)9,C00 = )
x {0,C(x —w)AT (w)Aj(w) + 0,C(x = w)A] (w)Aj (W) + 0,C(x — w)A} (w)A% (w)}.
These three terms vanish by the same arguments that applied to the terms in line 4 of (8).

2. Second set of terms at O(g?)

We have twelve remaining terms in (8). Functional differentiation and trace in the middle block yields

- D
37D s pave pida i / dxdydwd, C(x — y)AS(y)D,C(y — x)

3

x {0,C(x = w)A} (w)A%(w) + 0,C(x —w)AT(W)AL(w) + 0,C(x —w)A} (w)Aj(w)}.
These three term vanish by using 95C(y — x) = —9:C(x — y) as the first line above is symmetric in p, ¢ while the bracket is
antisymmetric in the same two indices. So this contribution vanishes.
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