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We derive an exact, axially symmetric solution representing stationary accretion of the relativistic,

collisionless Vlasov gas onto a moving Schwarzschild black hole. The gas is assumed to be in thermal

equilibrium at infinity, where it obeys the Maxwell-Jiittner distribution. The Vlasov equation is solved

analytically in terms of suitable action-angle variables. We provide explicit expressions for the particle

current density and accretion rates. In the limit of infinite asymptotic temperature of the gas, we recover the

qualitative picture known from the relativistic Bondi-Hoyle-Lyttleton accretion of the perfect gas with the

ultrahard equation of state, in which the mass accretion is proportional to the Lorentz factor associated with

the black hole velocity. For a finite asymptotic temperature, the mass accretion rate is not in general a

monotonic function of the velocity of the black hole.
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I. INTRODUCTION

In this paper, we investigate stationary accretion of the
relativistic Vlasov (collisionless) gas onto a moving
Schwarzschild black hole. In the literature, a Newtonian
counterpart of this process is known as the Bondi-Hoyle-
Lyttleton accretion, a term which is used in a broad sense,
referring to early works using the ballistic approximation
[1-3], as well as to hydrodynamical solutions [4].
A modern review of these works can be found in [5].
Probably the best known general-relativistic solution
describing stationary accretion of matter onto a moving
black hole was derived by Petrich, Shapiro, and Teukolsky
for the ultrahard equation of state [6]. It is exceptional in the
sense that for the ultrahard fluids the flow is always
subsonic (the local speed of sound is equal to the speed
of light), and consequently no shock waves occur in the
solution. A general-relativistic version of the Bond-Hoyle-
Lyttleton ballistic approximation was derived in [7]. In the
generic, general-relativistic case, hydrodynamical solutions
can be computed numerically [8—15]. In all these cases
the solution is obtained by solving equations of the general-
relativistic hydrodynamics, assuming a fixed black hole
background spacetime and the boundary conditions corre-
sponding to the gas moving asymptotically with a con-
stant speed.

In technical terms, the analysis of this paper is a sequel to
the work of Rioseco and Sarbach [16,17], who considered
stationary, spherically symmetric accretion of the relativ-
istic Vlasov gas onto the Schwarzschild black hole and
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developed an elegant Hamiltonian formalism for solving
the relativistic Vlasov equation on the Schwarzschild
background. The key element of this formalism is the
construction of a suitable set of action-angle variables
(Q*, P,) (coordinates in the phase space) that trivialize the
Vlasov equation. Consequently, the task of choosing the
right distribution function (solution to the Vlasov equation)
is reduced to a proper choice of the boundary conditions.
In [16,17], this choice corresponds to the gas which is
asymptotically in thermal equilibrium and at rest—the
distribution function is required to reduce asymptotically
to the Maxwell-Jiittner distribution [18,19]. As a result, the
main task in the analysis consists not so much in the actual
solving of the Vlasov equation but rather in computing a set
of physical variables (observables) that describe the flow:
the particle current density, the particle number density,
the energy density, the pressures. To this end, another set of
phase-space coordinates is required, which allows us to
control the region of the phase space available to the
motion of the gas particles. In [16] and in this paper, these
coordinates are denoted as (¢,r,6,p,&,m, A, x).

In [20] (a work coauthored by one of us) the formalism
of Rioseco and Sarbach was used to compute solutions
representing the accretion of the relativistic Vlasov gas
onto the Reissner-Nordstrom black hole, treated as a toy
model for spinning black holes. In this paper, we abandon
spherical symmetry. As usual for the relativistic analog of
the Bondi-Hoyle-Lyttleton accretion problem, we consider
accretion onto the Schwarzschild black hole with the
asymptotic conditions corresponding to the gas in thermal
equilibrium, boosted with a velocity » in some direction
(along the z axis, say). Similarly to the spherically
symmetric case treated in [16,17,20], the gas in thermal
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equilibrium at the infinity is no longer in thermal equilib-
rium in the vicinity of the black hole. In analogy with
[16,17,20], we only consider the particles that travel from
infinity and get absorbed by the black hole, and particles
with sufficiently high angular momentum to get scattered to
infinity. Particles on bounded trajectories are not taken into
account. This is justified by the fact that scattering
(collisions) between the particles is neglected, and we only
consider the motion in a fixed background spacetime (there
is no gravitational interaction between the particles). In
comparison with [16,17,20], the formulas describing the
flow are considerably more complex, but we are still able to
derive exact expressions for the particle density current,
mass accretion rate, etc.

Perhaps the most interesting result of our analysis is the
fact that the mass accretion rate is not, in general, a
monotonic function of the black hole velocity, which is
different from the situation known from [6]. For the
accretion of the perfect fluid with the ultrahard equation
of state investigated in [6], the mass accretion rate is simply
proportional to the Lorentz factor associated with black
hole velocity. On the other hand, the general-relativistic
ballistic approximation constructed in the spirit of Bondi,
Hoyle, and Lyttleton in [7] yields the accretion rate with a
minimum for the black hole speeds of the order of 0.8c,
which agrees also with numerical results obtained for
perfect fluids with the perfect-gas equation of state and
with suitably adjusted values of the asymptotic speed of
sound. Our results for the collisionless Vlasov gas inter-
polate between those two regimes, depending on the
asymptotic temperature.

The assumptions that the gas is in thermal equilibrium at
infinity, and that the collisions between particles can be
neglected at the same time, should be understood as a
statement about timescales in the accretion process. We
assume that the particles interact only very weakly, but
the asymptotic reservoir of the gas (the cloud of the gas)
was given sufficient time to thermalize. In comparison, the
timescale associated with the motion of the particles in the
vicinity of the black hole moving through the gas is
assumed to be short. The same assumptions were made
in [16,20]. Probably the most natural application of this
kind of models would be the accretion of the hypothetical
dark matter particles onto black holes [21].

The order of this paper is as follows. In Sec. II we recall
the Hamiltonian approach to the Vlasov equation in the
Schwarzschild spacetime and introduce suitable action-
angle coordinates. In Sec. III we discuss the boosted
Maxwell-Jiittner distribution, serving as an asymptotic
condition for our accretion model. We derive the expression
for the asymptotic distribution function, expressed both
in terms of the spherical phase-space coordinates and in
the action-angle variables. In Sec. IV we compute several
quantities expressed as suitable integrals over momenta, in
particular the particle current density and the mass

accretion rate. Numerical results are discussed in Sec. V.
Section VI contains a few concluding remarks.

In this paper we use geometric units with ¢ = G = 1,
where ¢ denotes the speed of light, and G is the gravita-
tional constant. Spacetime dimensions are labeled with
Greek indices y =0, 1, 2, 3. Spatial dimensions are
denoted with Latin indices i = 1, 2, 3. The signature of
the metric is (—, +, +, +).

II. VLASOV EQUATION IN THE
SCHWARZSCHILD SPACETIME

A. Hamiltonian description of the geodesic motion

We start this section with recalling the basics of the
Hamiltonian description of the geodesic motion and the
Vlasov equation (in the Hamiltonian framework).

Let g,, denote the components of the spacetime metric,
and let (x*) be local coordinates. We consider timelike
geodesics I" parametrized with a parameter 7. The momenta
p* are defined as four-vectors tangent to I': p# = dx*/dx.
The Hamiltonian of a free particle can be chosen as

1
H(x”’ Pu) = Egﬂb(xa)pﬂpw

where (x#, p,) are treated as canonical variables. Note that
we deliberately choose to work with contravariant repre-
sentation of the coordinates x* and covariant momenta p,
(one forms). It is easy to show that the equations of motion

av_on  dp__om
dr  9p,’ dr  Ox*

imply standard geodesic equations

d?x+
dr?

u dx® dx’ B

Pde dr

where F’;ﬂ denotes the Christoffel symbols associated with
the metric g. Here, a somewhat subtle point is the choice of
the parameter 7. We require that H =1¢*p,p, = —im?,
where m denotes the rest mass of the particle. As a
consequence, T = s/m, where s is the proper time. The
four-velocity u* = dx* /ds is normalized as ¢*"u,u, = —1.

B. Vlasov equation

The Vlasov gas of noncolliding particles is described by
the probability function f = f(x*#, p,), which should be
invariant along a geodesic, i.e.,

_ax* of dp, Of

1), pufo)

~ dr Ox*  dr Op,
OH Of OH Of
dOp, Ox  Ox* dp, {H.f} =0,
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where {-,-} denotes the Poisson bracket. In more explicit
terms, the Vlasov equation

OH Of _OH of _,

— - = 1
Op, Ox'  Ox* dp, (1)
can be written as [22,23]
0 1 09?0
7p, A

a2 PelP g op,
An important ingredient of the relativistic Vlasov model
is the way of associating the energy momentum tensor 7',

to a given distribution function. It is assumed that 7', can
be expressed as

mw=/mmmmmmw, 2)
where

dvol,(p) = /—det[¢"”(x)|dpodp dp,dp;.

At the same time the particle current density is given by

az/mm¢mmw. 3)

The Vlasov equation can be used to show that

VﬂJ" =0 (4)
and

V” T =0, (5)
where Vﬂ denotes the covariant derivative associated with

the metric g [15]. The particle number density can be
defined covariantly as

n= /=T, (6)

C. Horizon-penetrating coordinates

In this work we consider a gas of free particles on the
fixed Schwarzschild background spacetime with the metric

g=—N(¥)d* + dr* + 7*(d6* + sin® 0dg?),

1
N(7)
where N = 1-2M /7. As usual for accretion problems, it is

convenient to work in horizon-penetrating coordinates. We
introduce a standard transformation (7, 7) — (z, r) given by

t_i+/7[ﬁs)—n(S)}ds’ r=r

where 7 is a function, which effectively controls the time
foliation. In terms of coordinates (7, r) the metric can be
expressed as

g = —Ndt* +2(1 — Ny)dtdr + n(2 — Nn)dr*
+ r2(d6? + sin®0d¢?). (7)

The contravariant metric components can be easily com-
puted:

g*=n(=2+Nn), g =1-Nn.  g"=N.

Note that

(gtr)2 _ grrgrt =1. (8)

The function # defines the time foliation. A popular choice
(sometimes referred to as the Eddington-Finkelstein coor-
dinates) is to set # = 1. We adhere to this choice in the
discussion in Sec. III and in our numerical examples.

D. Action-angle variables
in the Schwarzschild spacetime

The Hamiltonian of a free particle in the Schwarzschild
spacetime endowed with metric (7) reads

H_1
2

1 2 p<20
+ r? <p9 + sin?@) |’ ©)

This form implies the following conserved quantities:
E = —p, (because H does not depend on 1), I, = p,
(since H does not depend on ¢), and m = \/—2H (because
H does not depend explicitly on the parameter 7).
An elementary calculation shows that the total angular
momentum

[g“(r)p? + 29" (r)pp, + g7 (r)p?

(10)

is also conserved.
For a geodesic with fixed E, [, [, and m, the radial
momentum can be computed as
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gtrE+ er\/[(gtr)Z _gtlgrr}EZ _ grr(mz _|_£_22)
Pr= rr
g

(1 —NH)E + er\/ E? - f]l.m(r)

- 5 , (1)

where we have used Eq. (8) and introduced the effective
potential

- I?
Ul.,n(r) —N<m2+ﬁ>

We also denote €, = 1, distinguishing between ingoing
and outgoing particles. The p, component is given by
|

12
PaZEHNIZZ—@v (12)

where, similarly to €,, ¢y = *1.
Consider a motion along a geodesic I" with constant E,
[,, I, and m. Define the so-called abbreviated action [24,25]

S:/pﬂdx”:—Et+lZ(p+/prdr+/p9d9.
r r r

Here p, and p, are given by Eqgs. (11) and (12), respec-
tively. We now introduce the following canonical trans-
formation: (z, 7,0, ¢, p;, Prs Pos pw) - (Q*, P,), where the
new momenta are constant:

2
Py=m= \/ (P = 20" (Apips — (D (p)? =5 (pg L P )

PIZE:_ph
P2:lz:p¢7
2
p
Py=1=1/p; s
3 o Gn2o

and the corresponding conjugate variables are defined as

Q° —g—s——m/#, (13a)
m r—9"E+9g"p,

o' :%:—z /r%dr, (13b)

szg—izfp—zz/rﬁ, (13¢)

¢ _%__lﬂﬂ(—g”g: g”pr)H rg’ (134)

where again all integrals are understood as line integrals
along geodesics with constant m, E, [, and /.

The main advantage of the new coordinates (P,, Q%) is
that they trivialize the Vlasov equation. The Hamiltonian
reads simply H = —P3}/2. Since the Poisson bracket is
covariant with respect to canonical transformations, we
have

OH 0 OH 0 OH 0 OH 0 _ , 0
dp,Ox*  Ox*dp, OP,00" 9Q*oP,  "aQ"

Consequently, the Vlasov equation takes the form

r sin%0

of
g0~ (14)

and its general solution can be locally written as

f(xﬂ’pu):‘F(QI’Q2’Q3’PO’P1’P27P3)' (15)

Further restrictions on the form of f follow from the
symmetry assumptions. This can be understood by com-
puting the lifts of the Killing vectors generating the
symmetries of the spacetime to the cotangent bundle with
local coordinates (x*, p,). Given a Killing vector

0
— &
&= &0
we compute its lift as
R 0 0E” 0
é(x, ) :gﬂ(x>— _pa—(x) .
! 0| () O =7 0Pyl p)

The case of stationary and axially symmetric flows is
relatively simple, as we are only interested in two Killing
vectors: k = 9/0t and & = 0/ 0, with the corresponding
lifts also given by
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Expressing k and &, in terms of the coordinates (Q¥, P,)
we get

10 000 0P 0 __ 0
ot 8t 9Q* ' 0t oP, 9Q"’

. 9 90 a op, 0 D

=00 00 00 oy 0P, 00>

Hence, a stationary distribution should be locally indepen-
dent of Q', and an axially symmetric one should be locally
independent of Q2. The above reasoning is closely related
with the so-called Jeans theorem proved for Newtonian
Vlasov-Poisson systems in [26]. It states that every spheri-
cally symmetric, stationary solution of the Vlasov-Poisson
system can be globally expressed as a function of the
energy and the angular momentum only. The general
relativistic counterpart of the Jeans theorem is known to
be false—counterexamples were constructed in [27]. Since
in this paper we are dealing with the fixed Schwarzschild
background, and we will restrict ourselves to a very special
subset of trajectories relevant to the accretion process
(excluding the particles on bounded orbits), we will search
for a global solution of the form

f(xﬂ7pl/) :‘F(Q3vPO7P17P27P3)'

In the following, it will be convenient to use dimension-
less quantities, introduced in [16]. We define

t = M7,
r=ME,
Pr= mﬂé?
Po = Mmﬂ'g,
E = me,
| = MmA4,
[, =Mmi,.
Note that
N — 2
é’
and with =1,
gtt:_<1+%> gtr:% grr: _%'
¢ ¢ ¢

In terms of dimensionless quantities Eq. (12) takes the form

/12
sin? @

g = €y /12—

while for z; we get

(1—Nnle +e,\/e> — Uy (&)

71'/: = N s (16)

where the dimensionless effective potential reads

i0-x(8)- (- (+8)

For 03 we obtain

d do
Q3__/1/ 2 tr : rr A —
r&(=g"e+g"n:) r 7o

to
:€,X(§,8,/1)—erg—€9arctan _Acotd . (17)
2 2 2
ey
where
00 d&
maa@:z/ ¢ _ (1)
e (-0 +5)

For future convenience, we chose the reference point in
computing the integrals in Q° so that for & — oo,
X(&,e,4) = 0. The above convention is consistent with
(and in fact motivated by) the choice made in Sec. III for the
flat spacetime. The integral in Eq. (18) can be computed
analytically and expressed for example in terms of the
inverse of the Weierstrass elliptic function g (or rather its
suitable restrictions). We postpone the derivation of this
result to Appendix A.

In deriving Eq. (17) we have assumed that the signs ¢,
and e,y remain constant along a given trajectory. Since both
signs can change along a single trajectory, in our analysis
we will divide the trajectories into segments characterized
by constant ¢, and ¢4. For example, the contribution to
the particle current density due to particles scattered by the
black hole will be computed by considering separately
segments of the orbits corresponding to incoming and
outcoming particles.

III. BOOSTED MAXWELL-JUTTNER
DISTRIBUTION

A. Maxwell-Jiittner distribution
in the Minkowski spacetime

In the light of the formalism described in the preceding
sections, the main task in the search for solutions repre-
senting the accretion onto a moving Schwarzschild black
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hole consists in choosing the appropriate distribution
function f = F(Q3, Py, Py, P,, P3). We will do this by
demanding that it should correspond asymptotically to a
boosted Maxwell-Jiittner distribution.

We start by considering the Maxwell-Jiittner distribution
in the Minkowski spacetime. The metric is written as

g = —di* + dx* + dy* + dz?
= —df* + dr* + r*(d6? + sin’0d¢?),

either in Cartesian (¢, x, y, z) or spherical (¢, r, 0, ¢) coor-
dinates. The timelike Killing vector reads k* = (1,0,0,0)
(in both coordinate systems). We write the Maxwell-Jiittner
distribution for the particles of the same mass m (the so-
called simple gas) as

f(#, py) = 6(\/=pup* —m)F(x*,p,),  (19)

where

F(x*,p,) = aexp (% k"pﬂ> = aexp <@>, (20)

m

and a and f are constants. It is obviously a Lorentz scalar,
as it should be. Note that the Dirac delta term in Eq. (19)
can be omitted in the formalism in which the momenta are
a priori required to satisfy the mass shell condition. In the
following, we will refer to both f and F given by Eqgs. (19)
and (20) as to Maxwell-Jiittner distribution functions. The
constant f is related to the temperature 7 as

m
ﬁ - kBT’

where kg denotes the Boltzmann constant. The constant
can be related to the particle number density

+K:(p)
B

where K, is the modified Bessel function of the second
kind [28]. We use the subscript oo in Eq. (21), since n, will
be used in subsequent sections to denote the asymptotic
value of the particle number density. Note that the con-
vention concerning the constant f is changed here with
respect to [16,20]. In turn, we adhere to the original
notation used by Jiittner [18] and also Israel in [28].
Boosting this distribution with the velocity v along the z
axis is simple. Under a Lorentz boost, k* transforms as

. (21)

Ny, = 4mwam

1
y:
V1—1?

in Cartesian coordinates. Thus, the boosted Maxwell-
Jiittner distribution reads

KH — (k", K kY, k/z) — (y,O, 0, —]/U),

f/(x”’ pu) = 5( V _pyp” - m)F’(x”, pu)?

where

F'(¥*,p,) = aexp (% k’”py) = aexp [%y(p, - vpz)} -

Note that we boost the gas in the negative direction of the z
axis—this will correspond to the black hole moving in the
positive direction. In terms of spherical coordinates
(t,r,0, ) related to the Cartesian ones by

X =rcosgsind,
y =rsingsind,

z =rcoso,
we get

sin @

F'(x*, p,) = aexp {%Y[pt - U<COS‘9Pr _Tpeﬂ }

(22)

For simplicity, we will omit the prime in f and F in the
remainder of this paper.

As a consistency test one can check that the above
distribution function satisfies the Vlasov equation (1). In
terms of the spherical coordinates, the Hamiltonian func-
tion of a free particle in the Minkowski spacetime can be
written as

PPN IR (23)
2T\ P in2g) |
Showing that Eq. (1) is satisfied with H and f (or F) given,
respectively, by Egs. (23) and (22) is a straightforward
calculation.

B. Boosted Maxwell-Jiittner distribution
and action-angle variables

Similarly to the Schwarzschild case, £ = —p,, [, = p,,,

m = +/—2H, and [ given by Eq. (10) are also constants of
motion governed by the Hamiltonian (23).

For a geodesic parametrized by fixed E, [, [, and m, the
momentum component py is still given by Eq. (12), but the
formula for p, is much simpler, namely

12
p,ze,\/Ez—mz—p,

with €, = +1. This allows us to express the abbreviated
action as
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S:/p”dx"=—Et—|—lz(p—|—/p,dr+/p9d9
r r r

l2
= —EH—lz(p—I—e,/ \/ E* —m? —Pdr
&
- ———do.
+ 69/ sin%0

Here, as before, we assume that the signs ¢, and ¢, are
constant. The last two integrals can be computed analyti-
cally. We get, in total,

S=-Et+Lo+e | E-—m*——

12
— larctan (f E?—m? — 7)]
l r

[cotd
+ €y | —larctan | ———
12 _ [3
sin’6
[, cotd
+ [, arctan LZ +const.  (24)
2 5
- sin?6

In analogy to the Schwarzschild case, we introduce
the following canonical transformation: (¢, r,0, ¢, p,, p,,
Pos Py) — (Q", P,), where the new momenta are constant:

Py=m= \/(pt)2 —(p,)? —% (P% + %) (25a)
P =E=—p, (25b)
P, =1,=p,, (25¢)
Py=1=1|p2+ Py (25d)

sin? @’
and the corresponding conjugate variables are defined as

2 2 2
E?—m? -5

E?—m?

mre,

_ 95 _
—o =

r 2
=—G¢%7J@f—@f—§,<%@

QO

S Ere,\/Ez—mz—i—z2

QIZG—E:_H_ E? —m?

= —f —

rpipy
PP 26b
(p)?+5 (260)

oS [, cotd
—— = @ + arctan | ——
8lz 2 2

cotd
= ¢ + arctan <L> ,
Po

0 =
(26¢)

oS

3_90 _ LV T S
0] =5 = €, arctan (l E-—m 2)

lcotd
— ggarctan | ——

0 _ B
! sin’@

<rp,) <l cot 9)
= —arctan | —— | — arctan .
l Po

In the above formulas the last form is given in terms of
the momenta (p,, p,. py, p,,)- The total angular momentum
[ is given by Eq. (10). In deriving expressions (26) we have
assumed that the constant in Eq. (24) is independent of m,
E, [, and [. Our normalization assumed in Eq. (17) for the
coordinate Q3 in the Schwarzschild metric was chosen
precisely to match the normalization of Eq. (26d).

Inverting the transformation (z, 7,6, . p,, p,. pe. P,) =
(Q*,P,) is tedious. We get

(26d)

(P —P5)Q°

rp,=— P()

and

o _ (PI=P5)(Q°)
P

P
PI- P

+

The formulas for € and p, can be derived from

PZ
P2 = p2 4 2
3T PTG e
and
P;cotd P - P2)Q"
36 _ tan {—Q3 — arctan [(071)Q} }
Po PP

We get, for instance,
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where

2 _ p2y0
V = tan {—Q3 — arctan [w] }
PyP3

As the second consistency test we check that F' given by
Eq. (22) does not depend on Q°, as required by Eq. (14). In
principle this should be a straightforward task. The map-
ping (t,7,6,¢, p.. p,. pe. P,) = (Q*, P,) can be inverted,
and one can express F in terms of new variables (Q*, P,).
However, the resulting formula is long, and it is difficult
to show that the terms containing 0" cancel out. Instead,
we write

OF  Ox* OF 0Op, OF

90° 00" ax* " 9Q° dp,
_ Or OF 00 OF dp, OF dpy OF
“og"or 90" 06 " 90"0p, " 90 opy

(27)

where on the right-hand side we only keep nonzero terms.
By inverting the Jacobian 9(Q*,P,)/d(x", p,) one can
show that the right-hand side of Eq. (27) vanishes.

C. Asymptotic relations

In fact, it suffices to consider asymptotic relations only.
For r — o0, Eq. (22) tends to

F(¢, p,) = aexp %r(pt—vcosepr) . (28)

where the term proportional to p, drops out, since we only
consider trajectories with finite / and /,, and py is given by
Eq. (12). On the other hand, asymptotically,

/s [cotd
Q® = —€,= —¢yarctan | ——
2 12 _ z

7 (l cot 9)
= —¢, = — arctan .
2 Po

Note that —Q* — €,7/2 € (—n/2,7/2). A straightforward
calculation yields

P3—P3 . ™
cos? @ = %sm2 (—Q3 —€, —),
3

sin’@

and

sign(cos 0) = eysign [tan <—Q3 —€, g)] ,

This gives
cosf = ¢y

Since asymptotically,

pr=€6VE —m?=¢./P} - P},

we get

F = aexp{ﬁy {—Pl — veegy/ P — P}
Py
P2 _P2
x Y37 D0 gin <—Q3 —e f)} } (29)

P 2

Let us stress that the above formula, derived based on the
asymptotic relations, is actually valid everywhere in the
Minkowski spacetime, provided that p, # 0. One can
substitute in Eq. (29) the expressions for Py, Py, P,, Ps,
and Q° derived in Sec. Il B, i.e., Egs. (25) and (26d), and
after some algebra obtain Eq. (22). This means, in
particular, that Eq. (29) can be derived without referring
to the asymptotic form given by Eq. (28) and without the
assumptions on the falloff of the term p,/r made in
deriving Eq. (28).

Standard spherical coordinates used in this section
correspond to the limit M — 0 in the Schwarzschild metric
(7) but also to the choice 7 — 1. On the other hand, the
expressions for Pﬂ and Q3 in (29) are, in fact, independent
of the choice of 5. This allows us to restore the explicit
dependence of some of the quantities on an arbitrary
function # in the remaining sections.

IV. MOMENTUM INTEGRALS

A. Properties of the effective potential, classification
of trajectories

The probability function given by Eq. (29) with the
action-angle variables (Q¥,P,) computed for the
Schwarzschild metric in Sec. II D constitutes the desired
solution of the Vlasov equation describing the accretion
onto a moving Schwarzschild black hole. However, in order
to compute momentum integrals appearing in Eq. (3), one
needs a set of variables allowing one to control the region in
the phase space available for the motion of the particles. We
define such coordinates in the following subsection. In this
subsection, we classify the trajectories of the particles that
can reach to infinity and recall the relevant properties of the
effective potential U, (&). A detailed discussion of this topic
can be found in [16].

For A% <12, the effective potential is an increasing
function of &, growing from U, =0 at £=2 (the
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horizon) to U, = 1 at & — oco. If 4> > 12, there is a local

maximum at
22 12
‘gmax_5<1_ 1_/1_2>7

and a local minimum at

b = (1441212
max — "5 12

For /> growing from 12 to infinity, &,,, decreases from
6 to 3 (the location of the photon sphere), and U;(&ax)
grows from 8/9 to infinity. At the same time, &;, grows
from 6 to infinity, while U, () grows from 8/9 to 1.
Of special interest is the limiting value of the angular
momentum 4.(g) such that U /1 ¢)(Emax) s equal to an

a priori prescribed value of &, i.e., a solution to the

equation

U/lc (&) (émax) = €.

It can be easily computed as

12
hole) = \/1 —4(5—- V& + o)

12
= , 30
\/1—45—8524—85\/524—5 (30)
where

9
5:§82—1,

and this is essentially the formula given in [16].
Unfortunately, it turns out to be numerically unstable for
large values of €. In numerical applications we use another
form, namely,

12

Ao(e)? = T —— (31)

2
3e
+1
(\/98278 )

which reduces the numerical instability.

Particles with ¢ > 1 and A <A.(¢) can travel from
infinity and get absorbed by the black hole. We denote
the quantities referring to such particles (trajectories) with
the subscript or superscript (abs). On the other hand,
particles with sufficiently high angular momentum A are
scattered by the centrifugal barrier, and travel back to
infinity. Quantities referring to those trajectories are
denoted with (scat). The precise characterization of the

phase-space region occupied by these trajectories is slightly
more complex. A minimal energy of a scattered particle
depends on &, and it is given by

00, £<L3,

gmin(‘f) = 3< 5 < 49 (32)

1, £> 4.

Note that £ = 3 corresponds to the location of the photon
sphere. Consequently, no particle can be scattered to
infinity from a location with & < 3. The upper limit on
the total angular momentum of a scattered particle reads

6‘2

ﬂmax(é’ 8) = ‘f m_ 1. (33)
¢

This is actually a very simple bound following directly
from the requirement that &> > U,(£). The phase-space
region occupied by the particles traveling from infinity and
scattered off the centrifugal barrier is given by the con-
ditions &, (€) < € < 00, A.(€) <A < Apax (&, €).

B. Particle current density and the accretion rate

In order to evaluate integrals over momenta in Egs. (2)

or (3), we define a new coordinate y so that
g = AcCosy, A, = Asinfsiny,
and change the variables (7y,4.) to (4,y). Note that
Eq. (12) is then satisfied identically. In total, we change
the momentum variables from (p,. p,., pg. p,,) to (&,m,A.x),
according to
p, = —me, = MmAcosy, » = Mmisin@siny.

The radial momentum p, is given as a solution to the
equation

212

m
gttm2£2 _ 2gtrm8pr +grr(pr)2 +

52

For the integration element in the momentum space
we get

+m?=0.

3

A
dvol, (p) = o

———dedmdAidy.
2 /-0, g

Note that

\VPI—Pi=mVe -1,
/P2 P2
=4/ 1 —sin?@sin’ .
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Also note that

Acotd cotd
€p arctan | ———=| = arctan .
2 2 cosy
sin? 6

Thus

0® =e,X(EeA) — e,g — arctan <COt 9).

cosy

This allows one to express F as

to
F = aexp {ﬂy |:—8 — ve,e9V €2 — 14/ 1 — sin’6sin’y sin <—6,X(§, e, A) + arctan (CO ))] }
cosy

= aexp{ﬂy [—e —vVer = 1(e,cos X(£,&,4) cosO —sin X (&, e, A) sin@cosx)} }

where we have used the fact that ¢, = sign(cos y). Note that the above expression shows the correct asymptotic behavior for
X -0 (or &£ - ).
In the following we define also

F,= /oo m"fdm = m"F
0
= am" exp {ﬁy [—s —vVer —1(e,cos X(&,e,4) cosO —sin X (&, e, A) Sin@COS)():| }

We abuse the notation at this point: the symbol m is used to denote the mass understood as one of the phase-space
coordinates, and also as the fixed mass of the gas particles. While using two different symbols in this context would be
mathematically more clear, it could turn out to be physically confusing.

We are now ready to compute the components of the particle current density J,, which we express as a sum of two parts,

J,=J Labs) +J ,(,“at) corresponding to absorbed and scattered particles, respectively. The components J,Sabs) are computed as

o [ [

where we have to keep in mind that the absorbed trajectories correspond to €, = —1 (e, appears in the expressions for p, and

(scat)

f). For the components J, we have

max (£:6) 32
qcat / dE/ dﬂ/ d){/ pyfm
€,==+1 €min (& e 8 - Ui(g)

The components of the four-momentum can be expressed as

(1-Nnle +e,\/& = Uy (&)
N

Py = (Pt Pr Do Py) =M <—8, ,MAcosy, MA sinesin;().

(abs)

To get J;” ' we evaluate
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J®s) — d/ d/l/ dyeF
62/ ‘ V) e—Uﬂ(f)

2mam’ / dege™Pre / exp
52 /

where we have used the fact that

[ﬁyv\/ €2 — 1 cos X cos 9} Iy [ﬂyv\/ €2 — 1sin X sin 9} . (34)

2z
/ e dy = 2xl(5),
0

and 7,(8) is the modified Bessel function of the first kind. For scattered particles we get

J(scat)

max (€:€) A
— ds/ dll/ d)(€~7:47
t /
€, =41 /Smm c 8 - Uﬂ(f)
4 ] lmux(éé‘) A«
_ mam’ / dgge—ﬁye/ da —) cosh (ﬂyv\/ €2 — 1 cos X cos 9) I (ﬂyv\/ €2 — 1sin X sin 9).
Emin(§) l(

52 (g) e -U 2

(35)

In evaluating J ﬁabs), one should note that an expression for p, with e, = —1 which is manifestly regular at the horizon can
be written as

< 1+4 >
pr=mr: = m| —ne + .
¢ £+ 82 -U A(f )
For ¢, = +1 the component p, is divergent at the horizon. Note that this does not cause any difficulties, as J Lscat) vanishes

below the photon sphere (for £ < 3), and p, with €, = 41 only appears in expressions for Jf,scat) The formulas for J, and J,

are as follows:

4 ) Ac(g) A 1 + é
(abs) 2ram / B s/ < £ )
Jy = dee "7 dd——==| —1ne +
S 0 Vet —U, (&) e+\e2—U,(&)
X exp [ﬁyv V e* — 1cos X cos 9] Iy [ﬁyv\/ €2 — 1sin X sin «9} , (36a)

sca 4 4 o j'mu)&(‘}:vg) 1 - N
Jieat —g?]’:: dee™Pre / dAA [(2—17»? cosh (ﬁyv Ve — 1 cos X cos 9)
Emin (&) }“1'(5)

E7 — Uﬂ
— sinh (ﬂyv\/ 2 — 1cos X cos 9)] Iy [ﬁyv\/ &2 — 1sin X sin 9}, (36b)

(abs) _ 2raMm

J / dee™Pre / exp
0 2 \/*——_——'
4 M 4 oo lmux (5’8) lz
Jéscat) = - M/ dee‘/’”/ di—)cosh (ﬂ}’v\/ €2 — 1cos X cos 9)11 (ﬂ}’v\/ €2 — 1sin X sin 6).
Smin(g) j'r

(ﬂyv\/ £2 — 1 cos X cos 9)11 (ﬁyv\/ €2 — 1sin X sin 9), (36¢)

& 2

(¢) e -U,

(36d)

In computing J4, we make use of the integral

27
/ cos ye® S dy = 2zl ().
0
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Finally, since

2
/ sin ye® 4 dy = 0,
0

we obtain J, = 0.
We will now discuss the mass accretion rate through a
sphere of a given radius r = M¢, defined as

. 2r b3
M= —m/ d(p/ dor? sin0J". (37)
0 0

It follows immediately from Eq. (4) that M does not
depend on the radius of the sphere. Taking into
account that J" = ¢"J, 4+ ¢"J,, or p"=¢"p,+4¢"p, =
e,my/&* — U,(£), we get in general

1
J’—?/de/dﬂ/d)(erﬂF4.

A straightforward calculation yields

2 4 e Ac(e)
Ty == om [ a’se‘/’”"A dA)exp (ﬁyv\/ e> — 1 cos X cos 9) Iy (ﬂyv\/ €2 — 1sin X sin 9)

52

and

dram* [ Amax (&)
Jr = e / dee‘ﬂ”/ d sinh (ﬂyv\/ €2 — 1 cos X cos 6) Iy <[J’yv\/ €2 — 1sin X sin 9).
Emin(f) '1(

(scat) 52 ©

It is easy to see that J fscm

) does not contribute to the mass
accretion rate. Indeed,

A dt9sin9]<’scm> =0.

This is because
/ ’ Io(f3 sin 6) sinh (5 cos ) sin Od6
0
1
- / Iy (ﬂ\/l - x2> sinh(éx)dx = 0,
-1

where x = cos 6. This is also reasonable, as we could try to
evaluate M at a sphere with a radius ¢ <3, where

stcat =0(. In order to facilitate the computation of M

we first take the limit of £ - co (X — 0). In this limit

o
52‘](ralbs) — —mam* / d€/1%(8)e_ﬂ7€eﬂyvv e’—1cos 0
1

Consequently, M (evaluated at infinity) reads

) S pern sinh (ﬁyvv82—1>
M =4n-aM*m / dee P )% (e
1 © prvver —1

sinh (ﬂyv\/m )

Prover -1
(38)

=aM*mn,

p ® e
Kz(ﬂ)/l dee™Pre)2 ()

Note that for v =0 we recover the result of [20]
[Eq. (40) of [20]]. As yet another consistency test, we

|
checked that expression (37) evaluated numerically at
spheres with different radii £ agrees with M given by
Eq. (38) with an accuracy of at least 107*.

In the limit of # — O (infinite temperature, ultrarelativ-
istic gas) we found

M = 27zM*mny. (39)

This agrees qualitatively with the result of Petrich,
Shapiro, and Teukolsky [6], who found for the perfect
gas with the ultrahard equation of state the expression
M= 162M?*mn,y. Similarly to the result derived in [6],
for large temperatures the accretion rate is essentially the
value for » = 0 multiplied by the Lorentz factor. For v = 0,
it is also possible to compute the low-temperature limit
(f — o). We get in this case

M(v = 0) = 16M>mng,\/27p

(this result has already been derived in [16]). For v > 0 we
get in the low-temperature limit an approximate expression

2
M = zM2mn,, 4(7) , (40)

YU

which has a local minimum for v = \/3—/_8 and diverges for
v =0and v — 1. A detailed derivation of the above limits
is given in Appendix B.

Another quantity that can be used to characterize the
accretion is the energy accretion rate &. Tt can be computed

in a way similar to M, taking into account the conservation
law V(T k") = 0, instead of V,JV* = 0, i.e., replacing J¥
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with Ji = —T# k¥ = —T*,. The energy accretion rate is
then defined as

. 2r n
5—/ d(p/ dér?sinOT",.
0 0

The component 7", can be computed according to Eq. (2),
again by splitting into the parts corresponding to scattered
and absorbed trajectories. As with M, one can show that
only the latter part contributes to the energy accretion rate.

The final expression for & reads

E=Ar2aM? S/md P 12( )Sinh(ﬂ}/v 82_1)
=4rcaM"m ee el (e
1 prvver —1

sinh (ﬁyv V-1 )

Prover—1
(41)

=zM’mng,

2
K2(ﬁ)[ dee™Pree)2(e)

Again, for v = 0 the above expression coincides with the
result derived in [16,17]. In physical applications it is
probably more reasonable to normalize £ by the asymptotic
energy density e.. For the Maxwell-Jiittner distribution
in the Minkowski spacetime it can be defined as e, =

T, k'k' =T, =-T'. A direct calculation yields [16,28]
Ki(p) | ,K:(p)
€0 = dmam’ { D+ )
p B
Thus
. e ﬂz o0
E = nM? %”—/ dee Pree)2(e)
BK.(B) ¢
34 Kzl(/i) Ky (B) i
sinh (ﬁym/e2 - 1)
X : 42)
prove — 1 (

The reasoning analogous to that described in
Appendix B [it is possible to provide both lower and upper
estimates of the integral in Eq. (42)] shows that in the limit
of f — 0 one obtains

42 -1

E= 27aM?%e, 3

meaning that the energy accretion rate is essentially
proportional to the square of the Lorentz factor y.

V. NUMERICAL RESULTS

A numerical computation of the integrals representing
the components of the particle current density J,, derived in
the preceding sections, is time consuming and not exactly

straightforward, but it is feasible with computer systems
such as Wolfram Mathematica [29]. They are all relatively
simple, double integrals of elementary functions, with the
exception of X(&, &,4), which is given in terms of elliptic
functions (and which is responsible for the main computa-
tional cost in our numerical implementation). On the other
hand, care should be taken in order to evaluate these
integrals to a satisfactory accuracy, as shown by a necessity
of replacing the expression (30) for A.(¢) with its more
stable version (31). In this section we show the results of
our computations of the particle current density J, and the
particle density n for a sample of solutions.

Figures 1 and 2 illustrate a sample morphology of the
flow, obtained for » = 0.5 and = 8. In Fig. 1 we plot
radial and angular profiles of the particle density n. As
expected, the particle density tends to n,,, as £ — oo (in all
angular directions). Close to the black hole, the structure of
the flow becomes quite intricate. There is a local maximum
of the particle density in front of the black hole (for 8 = 0),
just outside the photon sphere, and a minimum behind the
black hole (for @ = x). The graph of the angular density

50

— 6=0
— O=n/2

_ . _horizan
_._lsca

_ . photon sphere

1 2 3 6 10 20 50 100 250

— r=2M 2 ™ sm

T

FIG. 1. Typical structure of the particle density ratio n/n, for
f =8 and v = 0.5. The black hole moves towards € = 0. The
upper panel shows the radial profiles of the density for three
selected values of the angle 6. The lower panel depicts angular
profiles of the ratio n/n., computed for a sample of spheres of
constant radius £. Vertical lines in the upper plot correspond to
the locations of the horizon (r/M = 2), the photon sphere
(r/M = 3), and the innermost stable circular orbit (r/M = 6).
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— |71/n
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-10| -10|

-10 -5 0

FIG. 2. Typical structure of the particle density current J% ,  (left column), J¥

20
-20|
-40,
-60

60

40

20
-20|
-40,

(middle column), and the total J# = J*

abs

)—I—J

(scat)

(right column) for v = 0.5 and # = 8. The directions of the vector field (J*, JZ) are shown with arrows and streamlines. The colors on

the plot are proportional to the ratio |J |/n.

profiles (Fig. 1, lower panel) depicts also an increase of the
particle density in the direction perpendicular to the
symmetry axis (i.e., to the direction of the black hole
motion).

For visualization purposes we define the Cartesian
components of the particle density current

J
J¥ = <—gcos9+ J" sin9> cos ¢,
r
Jo . .
JY = —cosO+ J"sin@ | sing,
r
Jo .
J* = ——sinf + J cosé.
r

In Figs. 2—4 we plot the components J¥ and J* at the plane
x =0, so that J* =0. Figure 2 depicts the structure of
the flow, with an explicit division into the absorbed part

J’(‘abs) the scattered part J/ ( and the total current

Jh = J(abs) + J(scat)
of the spatial part of the particle density current

scat)’

The colors in Fig. 2 depict the length

J 2
7 = \Jag I = \/ J’)Z (—9>
r

normalized by the particle density n. Far from the black
hole (upper panels), the absorbed flow is roughly spheri-
cally symmetric, while the scattered one represents a
uniform motion along the symmetry axis. For the case
depicted in Fig. 2, the uniform motion prevails in the total
current (upper right panel), but this does not need to be the
case—note that for v = 0 (spherically symmetric flow), we

have stcat) = 0. For sufficiently small velocities v, we

would expect a region around the black hole, in which the
accretion occurs roughly spherically symmetrical; at the
same time at far distances from the black hole the uniform
motion with a nonzero velocity v should dominate the
radial velocity component, which vanishes asymptotically.
In the examples shown in Figs. 3 and 4 for » = 0.05, the
approximately spherically symmetric region has a radius
smaller than &~ 10. This roughly spherically symmetric
region seems to disappear for black hole velocities larger
than » = 0.1.
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EEE—— 000

’’’’’’ B

0 0.5 1.0

B=1,v=0.05

n/Nes
1.5 2.0

B=1,v=0.95

FIG. 3.

The dependence of the flow on the black hole velocity » and the parameter . The upper row corresponds to # = 1; the graphs

in the lower row were obtained for # = 8. The columns correspond (from left to right) to v = 0.05, 0.5, and 0.95, respectively. The
colors in the graphs depict the particle density ratio n/ny,. The vector field (J7, J?) is depicted with arrows, similarly to Fig. 2.

Among other structures present in Fig. 2, we note the
importance of the photon sphere at £ =3 (dot-dashed
circle) and, to a less extent, the innermost stable circular
orbit with the radius £ = 6 (dotted circle). An inspection of
the flow in the vicinity of the black hole (lower row) reveals
the existence of a stagnation point behind the black hole.
This is a common feature observed in all our models, and
also in hydrodynamical solutions of the relativistic Bondi-
Hoyle-Lyttleton accretion.

The dependency of the solutions on » and f is shown in
Figs. 3 and 4. The morphology of the flow seems to be
affected much stronger by the black hole velocity v than by
the parameter f. As expected, for small black hole
velocities v the accretion occurs more or less isotropically
(Fig. 4, left column). On the other hand, for relativistic
black hole speeds, anisotropic features, signalled already in
Fig. 1, become dominant. In the large scale, we observe
mainly the increase of the particle number density in the
direction perpendicular to the symmetry axis, which
becomes thinner and thinner with an increasing velocity v.

This seems to be consistent with a hand-waved explanation
in terms of the relativistic Lorentz contraction. There is also
a long tail of a low-density material behind the black hole.
The matter gets compressed in front of the photon sphere,
but also just behind the black hole, where it is accreted
through the horizon.

Another peculiar feature occurring for ultrarelativistic
black hole speeds (Figs. 3 and 4, right column) is the
presence of a high-density tubelike region in front of the
black hole. It is roughly parallel to the symmetry axis and
forms a kind of a funnel, dividing the stream accreted
directly by the black hole from the stream “passing by.”

We would also like to point the reader’s attention to
huge differences in the value of the particle density at its
minimum close to the stagnation point. For =8 and
v = 0.95 the particle density n at this minimum is nearly
six orders of magnitude smaller than the asymptotic value
ne. For =1 and v = 0.95, the ratio of n/n, in this
rarefaction region is of the order n/n. ~ 1072 This
appears to be the only quantity rapidly changing with £.
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B=1,v=0.05

log;o(n /ne)
1.0

log;o(n /ne)
1.0 10)

-5

-10| -10

-10 -5 0 5 10 -10 -5 0

B=1,v=0.5

B=1,v=0.95
log;o(1/ns) log;o(n /)
1.0 10] 2
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FIG. 4. Same as in Fig. 3, except for the density scale, which is now logarithmic. The graphs show the morphology of the flow in the
vicinity of the black hole. The region inside the horizon is marked in black, although the solution was computed up to £ = 1. Two
additional circles with radii £ = 3 and £ = 6 mark the locations of the photon sphere and the innermost stable circular orbit.

Figures 5-7 show the dependence of the accretion rate M
on the black hole velocity v and the parameter $. In Fig. 5

we plot the ratio of the accretion rate M = M (v) to its value
corresponding to the case with v = 0, denoted as M (0). For

10
— p=102
8 — p=l
—102
S s — B=10
i _____ y
o
S 4
2 J
0 : :
0.0 0.2 0.4 0.6 0.8 1.0

v

FIG. 5. The ratio M(v)/M(0) of the accretion rate given by
Eq. (38) for the moving black hole to the accretion rate
corresponding to » = 0. For nonrelativistic particles with suffi-
ciently large > 4.844 (this threshold value has been determined
numerically) the accretion becomes suppressed for moderate
black hole speeds . For v ~ 1, the ratio M(v)/M(0) is propor-
tional to the value of the Lorentz factor y for all values of  (see
also Fig. 6).

nonrelativistic particles (f > 4.844), the ratio M (v)/M(0)
is not monotonic with », and it drops below 1 for moderate
black hole velocities v. For ultrarelativistic black hole
velocities, the ratio M (v)/M (0) turns out to be proportional
to the Lorentz factor y. The same, nearly linear dependence
on y is also observed for small values of the parameter f
and the entire range of » (see Fig. 6). This confirms
the limit given by Eq. (39), derived in Appendix B.

10

Mw)/M(0)

FIG. 6. Same as in Fig. 5. Instead of the velocity, the abscissa
shows the Lorentz factor y, to clarify a nearly linear behavior for
ultrarelativistic black hole velocities. For sufficiently small f# < 1
(red), the ratio M (v)/M(0) is indistinguishable from y (dashed).
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FIG.7. Theratio M/(27zmM?n.,) versus y. The Lorentz factor
provides both the lower estimate and the high-velocity limit. The
upper limit for the accretion rate is given by Eq. (40).

Figure 7 illustrates this fact in yet another way by plotting
the ratio M/(27zM?*mn,) versus 7.

VI. CONCLUSIONS

Using the formalism developed by Rioseco and Sarbach
in [16], we have been able to derive an exact solution
representing stationary accretion of the relativistic Vlasov
gas onto a moving Schwarzschild black hole. In general,
the obtained accretion rate is not a monotonic function of
the black hole velocity, although in the limit of f — 0 (hot
gases) we recover the situation known from the relativistic
accretion of ultrahard fluids—the accretion rate is directly
proportional to the Lorentz factor associated with the black
hole velocity. In the low-temperature limit, the behavior of
the Vlasov model is similar to the result of the ballistic
approximation used in [7]—the accretion rate attains a local
minimum at a finite, nonzero black hole velocity.

As usual for the relativistic accretion onto a moving
black hole, we describe the velocity field in the frame
associated with the black hole. For highly relativistic black
hole speeds the velocity of the gas departures from the
uniform asymptotic distribution only in a narrow zone,
parallel to the symmetry axis. In all cases there is a
stagnation point behind the black hole in which the velocity
of the gas with respect to the black hole vanishes. It is also
roughly correlated with a minimum of the particle number
density. Remarkably, for highly relativistic black hole
speeds the density in this minimum can be lower than
its asymptotic value by several orders of magnitude. A
substantial increase of the density is observed in front of the
black hole, still outside the photon sphere, and behind the
black hole, in a close vicinity of the horizon.

Our analysis is limited to stationary configurations
of a Vlasov gas of collisionless and nondegenerate par-
ticles. Obvious possible generalizations include taking
into account Fermi-Dirac and Bose-Einstein statistics,

scattering terms between particles, dynamics of the flow,
the existence of particles on bounded orbits. The latter
would become important if the collisions between the
particles or self-gravity of the gas were taken into account.
Also a natural (but probably difficult) generalization would
consist of considering a Kerr black hole instead of the
Schwarzschild spacetime. We believe that all these gener-
alizations are technically feasible to some extent.
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APPENDIX A: DERIVATION OF THE
EXPRESSION FOR Q3

In this appendix we derive expressions (17) and (18) for
Q? in the Schwarzschild spacetime. Recall that Q° is
defined as [Eq. (13d)]

dr do
Q3 =-l / 2 I rr L —.
rr(=g"E+4"p,)  Jrpe
The second integral can be evaluated in terms of elementary
functions. Recalling that pj, is given by Eq. (12), we get

do lcotd
| | — = —¢parctan | ———
r Do p__&
sin? 0

-+ const.

The integral

l/ dr
rr*(—g"E+ 4" p,)

is more problematic. A direct calculation making use of
Eq. (16) yields

l/ dr
rr*(—g"E+ 4" p,)

Sy p—
— T 62(_9”‘9"' grrﬂ.‘s)

d¢
= —/Je, —,
/52¢e2—<1—§><1+*—“>

.,:2

where we have assumed that ¢, is fixed along I". We fix the
integration constant by introducing

de

/f /e - (1= +5)

X(& e,4) =2
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[Eq. (18)] and setting

Acotf
Q3 =¢€,X(¢,e,1) — €, = — egarctan ——
2 A
A= sin2 6

[Eq. (17)]. Asymptotically (for £ — o), the radial terms
tend to —e,z/2, which agrees with the asymptotic limit
of Eq. (264d).

The integral (Al) can be evaluated by substituting

w = a(z—¢), where @ > 0 is an arbitrary constant. This
yields
—V2a (A2)
6 \/4W — W 93
where

The integral (A2) can be expressed in terms of an inverse
of a restriction of the Weierstrass elliptic function ¢ by
recalling the standard integral formula for the Weierstrass
function

/00 dw
7= . :
0(2:92.93) VAW’ — gow — g3

In numerical applications inverting the Weierstrass
function g can be inconvenient because of a necessity of
choosing its appropriate restrictions. In practice, we use the
representation of the indefinite integral

B / dw
V 4w’ — 9w = g3

in the form

— Wmwy - JWewy
2(W W3> wy—wi'\/ wi—w,

w—ws
Wy—ws

><F<arcsin1 / i

W3 — Wy
where w;, w,, ws denote (possibly complex) roots of the
polynomial 4w3 —g,w—g; =0, and F(¢|m) is Legendre’s

elliptic integral of the first kind. The convention for F(¢|m)
used here is

VAW — gow — g3

W_%)+a (A3)
w3

wy —

Fg) = [* 2
Jo V1—msinZe’

for —z/2 < ¢ < n/2. The integral X(&, e, 4), given by
Eq. (A2), is then computed as

X = —V2a[I(-a/6) — I(a/& — a/6)).
In our numerical calculations, the above formula yields a
correct, real result, even though the representation of the
indefinite integral I(w) given by Eq. (A3) is in general
complex valued and depends on the ordering of w;, w,,
and ws. Since a can be any positive constant, we
assume a = 1.

APPENDIX B: DERIVATION OF THE LIMITING
EXPRESSIONS FOR M

In this appendix we compute limiting expressions for the
mass accretion rate M given in Sec. IV B. To shorten the
notation, we define p,, = mng,.

We start the discussion with the high-temperature limit
(# — 0). Without loosing generality, we assume v > 0, so
that yv = \/y* — 1, and we write the integrand appearing in
Eq. (38) as

—Pre ) ( )2 sinh (,BJ/U e - 1)
¢ o Prove — 1
smhohﬁﬂ—1V§—l)

= e7Pr¢) (e)? (B1)

BV -1V -1

The above expression can be bounded from below and from
above by noticing that

2 1
2762 -9 —-=<A.(e)* <27 -9-—  (B2)
€ €

and

e—1<Ve-l<e

for € > 1. Since for positive arguments x, the function
sinh(x)/x increases with x, we obtain the following upper
and lower estimates for M:

B[ teotre(n72 —g_L
Kz(/})[ dee V(278 9 £2>

shﬂ1<ﬁ\/y2——1£)
* N A

M < Mjst = M?py,
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. . ﬁ /oo _ 2
M > Mz, = aM? deebre( 2762 —9 _ 2
> est s pooKz(ﬁ) . ege € €

) sinh [ﬂ\/ﬁ (e 1)}
P -1e-1)

The integrals appearing in the above expressions for

MZ, can be computed analytically, say with Wolfram
Mathematica [29]. The resulting expressions are lengthy
but simple. In both cases, one can compute the limit of
f — 0, which reads

lljirré MZ, = 27aM2py.

Since Mz, < M < M{Z,, one obtains Eq. (39).

Another possibility to derive the limit of M as p -0,
only slightly less straightforward, is to substitute y = fiye in
the integral in Eq. (38) and use Lebesgue’s dominated
convergence theorem.

Using Lebesgue’s dominated convergence theorem,
Rioseco and Sarbach [16] provided the f — oo limit of
M in the v = 0 case. It reads

M =
fim M =0)

oo /P

A direct application of the above strategies fails for the
limit f — o0 and » > 0, however even in this case we can

= 16V2zM?%p,.

provide an approximate expression for M. Its derivation
relies on the analysis of the location of the maximum in the
integrand (B1) in the range ¢ > 1. In general, the integrand
(B1) can behave in two distinct ways. It can either be a
decreasing function of e for the entire integration range
e > 1, or it can have a local maximum for some € > 1. We
depict these two possibilities in the parameter space of
(v, f) in Fig. 8. Region I (white) consists of all points (v, )
for which integrand (B1) has a local maximum for ¢ > 1.
Region II (shaded) consists of all values (v, ) for which
integrand (B1) is a decreasing function of ¢ for € > 1. The
boundary between these two regions can be characterized
in a standard way by computing the derivative of (B1) with
respect to ¢, setting € = 1, and equating the result to zero.
This yields the condition for region II in the form

12 + 2%y < 3py.

For large values of § the boundary between the two regions
can be approximated by v> = 3/ (dashed line in Fig. 8).
This means that for # — oo we are effectively in region I for
all » > 0. On the other hand, the points with » = 0 and
large values of f# always remain in region II. Consequently,
the case with v = 0 requires a separate treatment. We will
now proceed with constructing an approximation for the

30}
25

20¢

Region Il Region |

15}
10f

FIG. 8. Region I (white) consists of points (v, ) for which
integrand (B1) has a local maximum in the range & > 1.
Region II (shaded) consists of points (v,f) for which inte-
grand (B1) is a decreasing function of € for € > 1. Region II is
bounded by the line # = 4 and extends up to the point (v, ) =
(v/3/4,21/13) (black dot). The curve »?>=3/p, ie., an
approximation of the boundary between regions I and II,
valid for large values of f, is depicted with the dashed line.
The dotted line shows a numerically determined location of
points satisfying the condition dM/dv = 0.

mass accretion rate M valid for large values of 3 in region I.
We start this construction by dropping the rapidly

decaying term —exp(fyvVe> —1)/2 in the definition of
sinh function in integrand (B1). The accretion rate can be
then approximated as

o WET—pre
W1 e bty = PP / der (B3)
K>(p) ‘

1 2pyvVe? — 1 .

In the next step we change the integration variable:

e =cosht, Ve2 — 1 =sinht, de = dtVe? — 1 and obtain
MI _ ﬂszoo /oo dt)2ePrvsinhi—pycoshr
2K2(ﬂ)3/71 0 ‘

The expression in the exponent has a maximum at
t = artanh(v), i.e., for € = y. Note that this approximate
location of the integrand maximum could be also useful
in numerical integration, providing a hint for algorithms
which, if unguided, might fail to locate the maximum.
The Taylor expansion of the term yv sinh ¢ — y cosh ¢ at this
maximum reads
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1
yvsinht —ycoshr~ —1 —E[t— artanh(v)]? + ...

The integral in M; can be cast into the Gaussian form,
roughly following the so-called method of steepest descent
(Laplace’s method). This gives

. M? © 2
My 2P by ()2 / dte—l-aanh()P (B4

Sk, (B)rv N

The above Gaussian integral reads /2x/f, and the right-
hand side of Eq. (B4) becomes

e P
Ml (1) e (85)
VBK,(B)rv
Taking the limit f — co we finally obtain
) A(r)?
A Y (B6)
Yo

In region II the function sinh(x)/x with x = fyvve® — 1
in Eq. (B1) can be approximated by the Maclaurin series
sinhx 1

Al +—xr 4.
6X

Using the lower estimate for 4.(¢&) from Eq. (B2), or simply
A.(1) =4, one can evaluate the integral

M ~ My
_aMPpf o[ 1
—W[ dee By /1% |:1+6ﬁ2(}/2—1)(82—1):|

analytically. For nonrelativistic black hole velocities
v?> < 3/ and f > 4 we obtain

My~M(v= 0)(1 —éﬁvz>.

4 4 oo /1n1ax
J, =- 77.'6(2m / degePre di
¢ 1 0 [e2 —1 -4
4
J = - Tam
Agam*M [ Amax
Jp= ”“”2’ dee™Pre / A ——
3 1 0 212

APPENDIX C: PARTICLE DENSITY CURRENT
FOR THE BOOSTED MAXWELL-JUTTNER
DISTRIBUTION IN THE MINKOWSKI
SPACETIME

In this appendix we derive the counterpart of expressions
(34)—(36) for the boosted Maxwell-Jiittner distribution in
the flat Minkowski spacetime expressed in spherical
coordinates. They serve as one of the tests of the procedure
used in this paper to compute the Vlasov flow in the
Schwarzschild spacetime.

We start with the boosted Maxwell-Jiittner distribution
in the flat spacetime in spherical coordinates given by
Eq. (22). It can be written in terms of coordinates (7, &, 6, ¢)
and (e,m, 4, y), as defined in Sec. IV B. This yields

[ 2
F = aexp (—pye) exp <—ﬁyver e /;_2(505 9)

in 0
X exp <ﬁyvgﬂcosx>.

: (C1)

There is no division into absorbed and scattered trajec-
tories in the Minkowski spacetime—all trajectories are
simply straight lines. Since the dimensionless radial effec-
tive potential reads simply

12
U(¢ =1 +§7’

the motion is possible for particles with & > 1 with
0 <2 < Anax (&, €), where

lmax(év S) =¢ e —1.

A calculation similar to the one described in Sec. IV B
yields now

/ 2 ino
- cosh (ﬂyv e —1- 5_2(305 9> Iy <ﬂyv/1 %) ,
4 o j'n']«'c\)( 2 i 9
. / dgePre / dAasinh | Byvy[e2 =1 - /1—20059 Iy <ﬁym ﬂ)
¢ 1 0 4 ¢
/12

2 .
cosh ([J’yv e£2—1- /;—zcos 9) I, ([)’yw{ ﬂ)

¢
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The parameter M appearing in the expression for Jy
can be any positive constant such that r = M¢&, and & is
dimensionless.

The particle number density reads

2
"= \/ O

It can be checked numerically that it is a constant value
(independent of £ and ), given exactly by Eq. (21).

Another test is to start with the asymptotic expression for
the distribution function (29), written in terms of the action-
angle variables (Q*, P,), and substitute the expressions for
(Q*,P,) given by Egs. (25) and (26). By a lengthy but
straightforward calculation, one can show that this leads
precisely to expression (C1).
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