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We derive an exact, axially symmetric solution representing stationary accretion of the relativistic,
collisionless Vlasov gas onto a moving Schwarzschild black hole. The gas is assumed to be in thermal
equilibrium at infinity, where it obeys the Maxwell-Jüttner distribution. The Vlasov equation is solved
analytically in terms of suitable action-angle variables. We provide explicit expressions for the particle
current density and accretion rates. In the limit of infinite asymptotic temperature of the gas, we recover the
qualitative picture known from the relativistic Bondi-Hoyle-Lyttleton accretion of the perfect gas with the
ultrahard equation of state, in which the mass accretion is proportional to the Lorentz factor associated with
the black hole velocity. For a finite asymptotic temperature, the mass accretion rate is not in general a
monotonic function of the velocity of the black hole.
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I. INTRODUCTION

In this paper, we investigate stationary accretion of the
relativistic Vlasov (collisionless) gas onto a moving
Schwarzschild black hole. In the literature, a Newtonian
counterpart of this process is known as the Bondi-Hoyle-
Lyttleton accretion, a term which is used in a broad sense,
referring to early works using the ballistic approximation
[1–3], as well as to hydrodynamical solutions [4].
A modern review of these works can be found in [5].
Probably the best known general-relativistic solution
describing stationary accretion of matter onto a moving
black hole was derived by Petrich, Shapiro, and Teukolsky
for the ultrahard equation of state [6]. It is exceptional in the
sense that for the ultrahard fluids the flow is always
subsonic (the local speed of sound is equal to the speed
of light), and consequently no shock waves occur in the
solution. A general-relativistic version of the Bond-Hoyle-
Lyttleton ballistic approximation was derived in [7]. In the
generic, general-relativistic case, hydrodynamical solutions
can be computed numerically [8–15]. In all these cases
the solution is obtained by solving equations of the general-
relativistic hydrodynamics, assuming a fixed black hole
background spacetime and the boundary conditions corre-
sponding to the gas moving asymptotically with a con-
stant speed.
In technical terms, the analysis of this paper is a sequel to

the work of Rioseco and Sarbach [16,17], who considered
stationary, spherically symmetric accretion of the relativ-
istic Vlasov gas onto the Schwarzschild black hole and

developed an elegant Hamiltonian formalism for solving
the relativistic Vlasov equation on the Schwarzschild
background. The key element of this formalism is the
construction of a suitable set of action-angle variables
ðQμ; PνÞ (coordinates in the phase space) that trivialize the
Vlasov equation. Consequently, the task of choosing the
right distribution function (solution to the Vlasov equation)
is reduced to a proper choice of the boundary conditions.
In [16,17], this choice corresponds to the gas which is
asymptotically in thermal equilibrium and at rest—the
distribution function is required to reduce asymptotically
to the Maxwell-Jüttner distribution [18,19]. As a result, the
main task in the analysis consists not so much in the actual
solving of the Vlasov equation but rather in computing a set
of physical variables (observables) that describe the flow:
the particle current density, the particle number density,
the energy density, the pressures. To this end, another set of
phase-space coordinates is required, which allows us to
control the region of the phase space available to the
motion of the gas particles. In [16] and in this paper, these
coordinates are denoted as ðt; r; θ;φ; ε; m; λ; χÞ.
In [20] (a work coauthored by one of us) the formalism

of Rioseco and Sarbach was used to compute solutions
representing the accretion of the relativistic Vlasov gas
onto the Reissner-Nordström black hole, treated as a toy
model for spinning black holes. In this paper, we abandon
spherical symmetry. As usual for the relativistic analog of
the Bondi-Hoyle-Lyttleton accretion problem, we consider
accretion onto the Schwarzschild black hole with the
asymptotic conditions corresponding to the gas in thermal
equilibrium, boosted with a velocity v in some direction
(along the z axis, say). Similarly to the spherically
symmetric case treated in [16,17,20], the gas in thermal
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equilibrium at the infinity is no longer in thermal equilib-
rium in the vicinity of the black hole. In analogy with
[16,17,20], we only consider the particles that travel from
infinity and get absorbed by the black hole, and particles
with sufficiently high angular momentum to get scattered to
infinity. Particles on bounded trajectories are not taken into
account. This is justified by the fact that scattering
(collisions) between the particles is neglected, and we only
consider the motion in a fixed background spacetime (there
is no gravitational interaction between the particles). In
comparison with [16,17,20], the formulas describing the
flow are considerably more complex, but we are still able to
derive exact expressions for the particle density current,
mass accretion rate, etc.
Perhaps the most interesting result of our analysis is the

fact that the mass accretion rate is not, in general, a
monotonic function of the black hole velocity, which is
different from the situation known from [6]. For the
accretion of the perfect fluid with the ultrahard equation
of state investigated in [6], the mass accretion rate is simply
proportional to the Lorentz factor associated with black
hole velocity. On the other hand, the general-relativistic
ballistic approximation constructed in the spirit of Bondi,
Hoyle, and Lyttleton in [7] yields the accretion rate with a
minimum for the black hole speeds of the order of 0.8c,
which agrees also with numerical results obtained for
perfect fluids with the perfect-gas equation of state and
with suitably adjusted values of the asymptotic speed of
sound. Our results for the collisionless Vlasov gas inter-
polate between those two regimes, depending on the
asymptotic temperature.
The assumptions that the gas is in thermal equilibrium at

infinity, and that the collisions between particles can be
neglected at the same time, should be understood as a
statement about timescales in the accretion process. We
assume that the particles interact only very weakly, but
the asymptotic reservoir of the gas (the cloud of the gas)
was given sufficient time to thermalize. In comparison, the
timescale associated with the motion of the particles in the
vicinity of the black hole moving through the gas is
assumed to be short. The same assumptions were made
in [16,20]. Probably the most natural application of this
kind of models would be the accretion of the hypothetical
dark matter particles onto black holes [21].
The order of this paper is as follows. In Sec. II we recall

the Hamiltonian approach to the Vlasov equation in the
Schwarzschild spacetime and introduce suitable action-
angle coordinates. In Sec. III we discuss the boosted
Maxwell-Jüttner distribution, serving as an asymptotic
condition for our accretion model. We derive the expression
for the asymptotic distribution function, expressed both
in terms of the spherical phase-space coordinates and in
the action-angle variables. In Sec. IV we compute several
quantities expressed as suitable integrals over momenta, in
particular the particle current density and the mass

accretion rate. Numerical results are discussed in Sec. V.
Section VI contains a few concluding remarks.
In this paper we use geometric units with c ¼ G ¼ 1,

where c denotes the speed of light, and G is the gravita-
tional constant. Spacetime dimensions are labeled with
Greek indices μ ¼ 0, 1, 2, 3. Spatial dimensions are
denoted with Latin indices i ¼ 1, 2, 3. The signature of
the metric is ð−;þ;þ;þÞ.

II. VLASOV EQUATION IN THE
SCHWARZSCHILD SPACETIME

A. Hamiltonian description of the geodesic motion

We start this section with recalling the basics of the
Hamiltonian description of the geodesic motion and the
Vlasov equation (in the Hamiltonian framework).
Let gμν denote the components of the spacetime metric,

and let ðxμÞ be local coordinates. We consider timelike
geodesics Γ parametrized with a parameter τ. The momenta
pμ are defined as four-vectors tangent to Γ: pμ ¼ dxμ=dτ.
The Hamiltonian of a free particle can be chosen as

Hðxμ; pνÞ ¼
1

2
gμνðxαÞpμpν;

where ðxμ; pνÞ are treated as canonical variables. Note that
we deliberately choose to work with contravariant repre-
sentation of the coordinates xμ and covariant momenta pμ

(one forms). It is easy to show that the equations of motion

dxμ

dτ
¼ ∂H

∂pμ
;

dpν

dτ
¼ −

∂H
∂xν

imply standard geodesic equations

d2xμ

dτ2
þ Γμ

αβ

dxα

dτ
dxβ

dτ
¼ 0;

where Γμ
αβ denotes the Christoffel symbols associated with

the metric g. Here, a somewhat subtle point is the choice of
the parameter τ. We require that H ¼ 1

2
gμνpμpν ¼ − 1

2
m2,

where m denotes the rest mass of the particle. As a
consequence, τ ¼ s=m, where s is the proper time. The
four-velocity uμ ¼ dxμ=ds is normalized as gμνuμuν ¼ −1.

B. Vlasov equation

The Vlasov gas of noncolliding particles is described by
the probability function f ¼ fðxμ; pνÞ, which should be
invariant along a geodesic, i.e.,

d
dτ

fðxμðτÞ; pνðτÞÞ ¼
dxμ

dτ
∂f
∂xμ þ

dpν

dτ
∂f
∂pν

¼ ∂H
∂pμ

∂f
∂xμ −

∂H
∂xν

∂f
∂pν

¼ fH; fg ¼ 0;
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where f·; ·g denotes the Poisson bracket. In more explicit
terms, the Vlasov equation

∂H
∂pμ

∂f
∂xμ −

∂H
∂xν

∂f
∂pν

¼ 0 ð1Þ

can be written as [22,23]

gμνpν
∂f
∂xμ −

1

2
pαpβ

∂gαβ
∂xμ

∂f
∂pμ

¼ 0:

An important ingredient of the relativistic Vlasov model
is the way of associating the energy momentum tensor Tμν

to a given distribution function. It is assumed that Tμν can
be expressed as

TμνðxÞ ¼
Z

pμpνfðx; pÞdvolxðpÞ; ð2Þ

where

dvolxðpÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− det½gμνðxÞ�

p
dp0dp1dp2dp3:

At the same time the particle current density is given by

Jμ ¼
Z

pμfðx; pÞdvolxðpÞ: ð3Þ

The Vlasov equation can be used to show that

∇μJμ ¼ 0 ð4Þ

and

∇μTμν ¼ 0; ð5Þ

where ∇μ denotes the covariant derivative associated with
the metric g [15]. The particle number density can be
defined covariantly as

n ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi
−JμJμ

p
: ð6Þ

C. Horizon-penetrating coordinates

In this work we consider a gas of free particles on the
fixed Schwarzschild background spacetime with the metric

g ¼ −Nðr̄Þdt̄2 þ 1

Nðr̄Þ dr̄
2 þ r̄2ðdθ2 þ sin2 θdφ2Þ;

where N ¼ 1–2M=r̄. As usual for accretion problems, it is
convenient to work in horizon-penetrating coordinates. We
introduce a standard transformation ðt̄; r̄Þ → ðt; rÞ given by

t ¼ t̄þ
Z

r̄
�

1

NðsÞ − ηðsÞ
�
ds; r ¼ r̄;

where η is a function, which effectively controls the time
foliation. In terms of coordinates ðt; rÞ the metric can be
expressed as

g ¼ −Ndt2 þ 2ð1 − NηÞdtdrþ ηð2 − NηÞdr2
þ r2ðdθ2 þ sin2θdφ2Þ: ð7Þ

The contravariant metric components can be easily com-
puted:

gtt ¼ ηð−2þ NηÞ; gtr ¼ 1 − Nη; grr ¼ N:

Note that

ðgtrÞ2 − grrgtt ¼ 1: ð8Þ

The function η defines the time foliation. A popular choice
(sometimes referred to as the Eddington-Finkelstein coor-
dinates) is to set η≡ 1. We adhere to this choice in the
discussion in Sec. III and in our numerical examples.

D. Action-angle variables
in the Schwarzschild spacetime

The Hamiltonian of a free particle in the Schwarzschild
spacetime endowed with metric (7) reads

H ¼ 1

2

�
gttðrÞp2

t þ 2gtrðrÞptpr þ grrðrÞp2
r

þ 1

r2

�
p2
θ þ

p2
φ

sin2θ

��
: ð9Þ

This form implies the following conserved quantities:
E ¼ −pt (because H does not depend on t), lz ¼ pφ

(since H does not depend on φ), and m ¼ ffiffiffiffiffiffiffiffiffiffi
−2H

p
(because

H does not depend explicitly on the parameter τ).
An elementary calculation shows that the total angular
momentum

l ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
θ þ

p2
φ

sin2 θ

s
ð10Þ

is also conserved.
For a geodesic with fixed E, lz, l, and m, the radial

momentum can be computed as
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pr ¼
gtrEþ ϵr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ðgtrÞ2 − gttgrr�E2 − grrðm2 þ l2

r2Þ
q

grr

¼
ð1 − NηÞEþ ϵr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 − Ũl;mðrÞ

q
N

; ð11Þ

where we have used Eq. (8) and introduced the effective
potential

Ũl;mðrÞ ¼ N

�
m2 þ l2

r2

�
:

We also denote ϵr ¼ �1, distinguishing between ingoing
and outgoing particles. The pθ component is given by

pθ ¼ ϵθ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 −

l2z
sin2 θ

s
; ð12Þ

where, similarly to ϵr, ϵθ ¼ �1.
Consider a motion along a geodesic Γ with constant E,

lz, l, andm. Define the so-called abbreviated action [24,25]

S ¼
Z
Γ
pμdxμ ¼ −Etþ lzφþ

Z
Γ
prdrþ

Z
Γ
pθdθ:

Here pr and pθ are given by Eqs. (11) and (12), respec-
tively. We now introduce the following canonical trans-
formation: ðt; r; θ;φ; pt; pr; pθ; pφÞ → ðQμ; PνÞ, where the
new momenta are constant:

P0 ¼ m ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−gttðrÞðptÞ2 − 2gtrðrÞptpr − grrðrÞðprÞ2 −

1

r2

�
p2
θ þ

p2
φ

sin2θ

�s
;

P1 ¼ E ¼ −pt;

P2 ¼ lz ¼ pφ;

P3 ¼ l ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
θ þ

p2
φ

sin2θ

s
;

and the corresponding conjugate variables are defined as

Q0 ¼ ∂S
∂m ¼ −m

Z
Γ

dr
−gtrEþ grrpr

; ð13aÞ

Q1 ¼ ∂S
∂E ¼ −tþ

Z
Γ

gttE − gtrpr

gtrE − grrpr
dr; ð13bÞ

Q2 ¼ ∂S
∂lz ¼ φ − lz

Z
Γ

dθ
pθ sin2 θ

; ð13cÞ

Q3 ¼ ∂S
∂l ¼ −l

Z
Γ

dr
r2ð−gtrEþ grrprÞ

þ l
Z
Γ

dθ
pθ

; ð13dÞ

where again all integrals are understood as line integrals
along geodesics with constant m, E, lz, and l.
The main advantage of the new coordinates ðPμ; QνÞ is

that they trivialize the Vlasov equation. The Hamiltonian
reads simply H ¼ −P2

0=2. Since the Poisson bracket is
covariant with respect to canonical transformations, we
have

∂H
∂pμ

∂
∂xμ −

∂H
∂xν

∂
∂pν

¼ ∂H
∂Pμ

∂
∂Qμ −

∂H
∂Qν

∂
∂Pν

¼ −P0

∂
∂Q0

:

Consequently, the Vlasov equation takes the form

∂f
∂Q0

¼ 0; ð14Þ

and its general solution can be locally written as

fðxμ; pνÞ ¼ F ðQ1; Q2; Q3; P0; P1; P2; P3Þ: ð15Þ

Further restrictions on the form of f follow from the
symmetry assumptions. This can be understood by com-
puting the lifts of the Killing vectors generating the
symmetries of the spacetime to the cotangent bundle with
local coordinates ðxμ; pνÞ. Given a Killing vector

ξx ¼ ξμðxÞ ∂
∂xμ
����
x
;

we compute its lift as

ξ̂ðx;pÞ ¼ ξμðxÞ ∂
∂xμ
����
ðx;pÞ

− pα
∂ξα
∂xμ ðxÞ

∂
∂pμ

����
ðx;pÞ

:

The case of stationary and axially symmetric flows is
relatively simple, as we are only interested in two Killing
vectors: k ¼ ∂=∂t and ξ3 ¼ ∂=∂φ, with the corresponding
lifts also given by
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k̂ ¼ ∂
∂t ; ξ̂3 ¼

∂
∂φ :

Expressing k̂ and ξ̂3 in terms of the coordinates ðQμ; PνÞ
we get

k̂ ¼ ∂
∂t ¼

∂Qμ

∂t
∂

∂Qμ þ
∂Pν

∂t
∂

∂Pν
¼ −

∂
∂Q1

;

ξ̂3 ¼
∂
∂φ ¼ ∂Qμ

∂φ
∂

∂Qμ þ
∂Pν

∂φ
∂

∂Pν
¼ ∂

∂Q2
:

Hence, a stationary distribution should be locally indepen-
dent of Q1, and an axially symmetric one should be locally
independent of Q2. The above reasoning is closely related
with the so-called Jeans theorem proved for Newtonian
Vlasov-Poisson systems in [26]. It states that every spheri-
cally symmetric, stationary solution of the Vlasov-Poisson
system can be globally expressed as a function of the
energy and the angular momentum only. The general
relativistic counterpart of the Jeans theorem is known to
be false—counterexamples were constructed in [27]. Since
in this paper we are dealing with the fixed Schwarzschild
background, and we will restrict ourselves to a very special
subset of trajectories relevant to the accretion process
(excluding the particles on bounded orbits), we will search
for a global solution of the form

fðxμ; pνÞ ¼ F ðQ3; P0; P1; P2; P3Þ:

In the following, it will be convenient to use dimension-
less quantities, introduced in [16]. We define

t ¼ Mτ̃;

r ¼ Mξ;

pr ¼ mπξ;

pθ ¼ Mmπθ;

E ¼ mε;

l ¼ Mmλ;

lz ¼ Mmλz:

Note that

N ¼ 1 −
2

ξ
;

and with η≡ 1,

gtt ¼ −
�
1þ 2

ξ

�
; gtr ¼ 2

ξ
; grr ¼ 1 −

2

ξ
:

In terms of dimensionless quantities Eq. (12) takes the form

πθ ¼ ϵθ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 −

λ2z
sin2 θ

s
;

while for πξ we get

πξ ¼
ð1 − NηÞεþ ϵr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε2 −UλðξÞ

p
N

; ð16Þ

where the dimensionless effective potential reads

UλðξÞ ¼ N

�
1þ λ2

ξ2

�
¼
�
1 −

2

ξ

��
1þ λ2

ξ2

�
:

For Q3 we obtain

Q3 ¼ −λ
Z
Γ

dξ
ξ2ð−gtrεþ grrπξÞ

þ λ

Z
Γ

dθ
πθ

¼ ϵrXðξ; ε; λÞ − ϵr
π

2
− ϵθ arctan

0
B@ λ cot θffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

λ2 − λ2z
sin2θ

q
1
CA; ð17Þ

where

Xðξ; ε; λÞ ¼ λ

Z
∞

ξ

dξ0

ξ02
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε2 − ð1 − 2

ξ0Þð1þ λ2

ξ02Þ
q : ð18Þ

For future convenience, we chose the reference point in
computing the integrals in Q3 so that for ξ → ∞,
Xðξ; ε; λÞ → 0. The above convention is consistent with
(and in fact motivated by) the choice made in Sec. III for the
flat spacetime. The integral in Eq. (18) can be computed
analytically and expressed for example in terms of the
inverse of the Weierstrass elliptic function ℘ (or rather its
suitable restrictions). We postpone the derivation of this
result to Appendix A.
In deriving Eq. (17) we have assumed that the signs ϵr

and ϵθ remain constant along a given trajectory. Since both
signs can change along a single trajectory, in our analysis
we will divide the trajectories into segments characterized
by constant ϵr and ϵθ. For example, the contribution to
the particle current density due to particles scattered by the
black hole will be computed by considering separately
segments of the orbits corresponding to incoming and
outcoming particles.

III. BOOSTED MAXWELL-JÜTTNER
DISTRIBUTION

A. Maxwell-Jüttner distribution
in the Minkowski spacetime

In the light of the formalism described in the preceding
sections, the main task in the search for solutions repre-
senting the accretion onto a moving Schwarzschild black
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hole consists in choosing the appropriate distribution
function f ¼ F ðQ3; P0; P1; P2; P3Þ. We will do this by
demanding that it should correspond asymptotically to a
boosted Maxwell-Jüttner distribution.
We start by considering the Maxwell-Jüttner distribution

in the Minkowski spacetime. The metric is written as

g ¼ −dt2 þ dx2 þ dy2 þ dz2

¼ −dt2 þ dr2 þ r2ðdθ2 þ sin2θdφ2Þ;

either in Cartesian ðt; x; y; zÞ or spherical ðt; r; θ;φÞ coor-
dinates. The timelike Killing vector reads kμ ¼ ð1; 0; 0; 0Þ
(in both coordinate systems). We write the Maxwell-Jüttner
distribution for the particles of the same mass m (the so-
called simple gas) as

fðxμ; pνÞ ¼ δð ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−pμpμ

p
−mÞFðxμ; pνÞ; ð19Þ

where

Fðxμ; pνÞ ¼ α exp
�
β

m
kμpμ

�
¼ α exp

�
βpt

m

�
; ð20Þ

and α and β are constants. It is obviously a Lorentz scalar,
as it should be. Note that the Dirac delta term in Eq. (19)
can be omitted in the formalism in which the momenta are
a priori required to satisfy the mass shell condition. In the
following, we will refer to both f and F given by Eqs. (19)
and (20) as to Maxwell-Jüttner distribution functions. The
constant β is related to the temperature T as

β ¼ m
kBT

;

where kB denotes the Boltzmann constant. The constant α
can be related to the particle number density

n∞ ¼ 4παm4
K2ðβÞ
β

; ð21Þ

where K2 is the modified Bessel function of the second
kind [28]. We use the subscript∞ in Eq. (21), since n∞ will
be used in subsequent sections to denote the asymptotic
value of the particle number density. Note that the con-
vention concerning the constant β is changed here with
respect to [16,20]. In turn, we adhere to the original
notation used by Jüttner [18] and also Israel in [28].
Boosting this distribution with the velocity v along the z

axis is simple. Under a Lorentz boost, kμ transforms as

k0μ ¼ ðk0t; k0x; k0y; k0zÞ ¼ ðγ; 0; 0;−γvÞ; γ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p

in Cartesian coordinates. Thus, the boosted Maxwell-
Jüttner distribution reads

f0ðxμ; pνÞ ¼ δð ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−pμpμ

p
−mÞF0ðxμ; pνÞ;

where

F0ðxμ; pνÞ ¼ α exp

�
β

m
k0νpν

�
¼ α exp

�
β

m
γðpt − vpzÞ

�
:

Note that we boost the gas in the negative direction of the z
axis—this will correspond to the black hole moving in the
positive direction. In terms of spherical coordinates
ðt; r; θ;φÞ related to the Cartesian ones by

x ¼ r cosφ sin θ;

y ¼ r sinφ sin θ;

z ¼ r cos θ;

we get

F0ðxμ; pνÞ ¼ α exp
�
β

m
γ

�
pt − v

�
cos θpr −

sin θ
r

pθ

��	
:

ð22Þ

For simplicity, we will omit the prime in f and F in the
remainder of this paper.
As a consistency test one can check that the above

distribution function satisfies the Vlasov equation (1). In
terms of the spherical coordinates, the Hamiltonian func-
tion of a free particle in the Minkowski spacetime can be
written as

H ¼ 1

2

�
−p2

t þ p2
r þ

1

r2

�
p2
θ þ

p2
φ

sin2θ

��
: ð23Þ

Showing that Eq. (1) is satisfied with H and f (or F) given,
respectively, by Eqs. (23) and (22) is a straightforward
calculation.

B. Boosted Maxwell-Jüttner distribution
and action-angle variables

Similarly to the Schwarzschild case, E ¼ −pt, lz ¼ pφ,

m ¼ ffiffiffiffiffiffiffiffiffiffi
−2H

p
, and l given by Eq. (10) are also constants of

motion governed by the Hamiltonian (23).
For a geodesic parametrized by fixed E, lz, l, and m, the

momentum component pθ is still given by Eq. (12), but the
formula for pr is much simpler, namely

pr ¼ ϵr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 −m2 −

l2

r2

r
;

with ϵr ¼ �1. This allows us to express the abbreviated
action as
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S ¼
Z
Γ
pμdxμ ¼ −Etþ lzφþ

Z
Γ
prdrþ

Z
Γ
pθdθ

¼ −Etþ lzφþ ϵr

Z ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 −m2 −

l2

r2

r
dr

þ ϵθ

Z ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 −

l2z
sin2θ

s
dθ:

Here, as before, we assume that the signs ϵr and ϵθ are
constant. The last two integrals can be computed analyti-
cally. We get, in total,

S ¼ −Etþ lzφþ ϵr

"
r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 −m2 −

l2

r2

r

− l arctan

 
r
l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 −m2 −

l2

r2

r !#

þ ϵθ

2
64−l arctan

0
B@ l cot θffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

l2 − l2z
sin2θ

q
1
CA

þ lz arctan

0
B@ lz cot θffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

l2 − l2z
sin2θ

q
1
CA
3
75þ const: ð24Þ

In analogy to the Schwarzschild case, we introduce
the following canonical transformation: ðt; r; θ;φ; pt; pr;
pθ; pφÞ → ðQμ; PνÞ, where the new momenta are constant:

P0 ¼ m ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðptÞ2 − ðprÞ2 −

1

r2

�
p2
θ þ

p2
φ

sin2 θ

�s
; ð25aÞ

P1 ¼ E ¼ −pt; ð25bÞ

P2 ¼ lz ¼ pφ; ð25cÞ

P3 ¼ l ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
θ þ

p2
φ

sin2 θ

s
; ð25dÞ

and the corresponding conjugate variables are defined as

Q0 ¼ ∂S
∂m ¼ −

mrϵr
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 −m2 − l2

r2

q
E2 −m2

¼ −
rpr

ðprÞ2 þ l2

r2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðptÞ2 − ðprÞ2 −

l2

r2

r
; ð26aÞ

Q1 ¼ ∂S
∂E ¼ −tþ

Erϵr
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 −m2 − l2

r2

q
E2 −m2

¼ −t −
rptpr

ðprÞ2 þ l2

r2
; ð26bÞ

Q2 ¼ ∂S
∂lz ¼ φþ arctan

0
B@ lz cot θffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

l2 − l2z
sin2 θ

q
1
CA

¼ φþ arctan

�
pφ cot θ

pθ

�
; ð26cÞ

Q3 ¼ ∂S
∂l ¼ −ϵr arctan

 
r
l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 −m2 −

l2

r2

r !

− ϵθ arctan

0
B@ l cot θffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

l2 − l2z
sin2θ

q
1
CA

¼ − arctan

�
rpr

l

�
− arctan

�
l cot θ
pθ

�
: ð26dÞ

In the above formulas the last form is given in terms of
the momenta ðpt; pr; pθ; pφÞ. The total angular momentum
l is given by Eq. (10). In deriving expressions (26) we have
assumed that the constant in Eq. (24) is independent of m,
E, lz, and l. Our normalization assumed in Eq. (17) for the
coordinate Q3 in the Schwarzschild metric was chosen
precisely to match the normalization of Eq. (26d).
Inverting the transformation ðt; r; θ;φ; pt; pr; pθ; pφÞ →

ðQμ; PνÞ is tedious. We get

rpr ¼ −
ðP2

1 − P2
0ÞQ0

P0

and

r2 ¼ ðP2
1 − P2

0ÞðQ0Þ2
P2
0

þ P2
3

P2
1 − P2

0

:

The formulas for θ and pθ can be derived from

P2
3 ¼ p2

θ þ
P2
2

sin2 θ

and

P3 cot θ
pθ

¼ tan

�
−Q3 − arctan

�ðP2
0 − P2

1ÞQ0

P0P3

�	
:

We get, for instance,
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sin2 θ ¼ P2
3 þ P2

2V
2

P2
3ð1þ V2Þ ;

where

V ¼ tan

�
−Q3 − arctan

�ðP2
0 − P2

1ÞQ0

P0P3

�	
:

As the second consistency test we check that F given by
Eq. (22) does not depend onQ0, as required by Eq. (14). In
principle this should be a straightforward task. The map-
ping ðt; r; θ;φ; pt; pr; pθ; pφÞ → ðQμ; PνÞ can be inverted,
and one can express F in terms of new variables ðQμ; PνÞ.
However, the resulting formula is long, and it is difficult
to show that the terms containing Q0 cancel out. Instead,
we write

∂F
∂Q0

¼ ∂xμ
∂Q0

∂F
∂xμ þ

∂pν

∂Q0

∂F
∂pν

¼ ∂r
∂Q0

∂F
∂r þ ∂θ

∂Q0

∂F
∂θ þ ∂pr

∂Q0

∂F
∂pr

þ ∂pθ

∂Q0

∂F
∂pθ

; ð27Þ

where on the right-hand side we only keep nonzero terms.
By inverting the Jacobian ∂ðQμ; PμÞ=∂ðxν; pνÞ one can
show that the right-hand side of Eq. (27) vanishes.

C. Asymptotic relations

In fact, it suffices to consider asymptotic relations only.
For r → ∞, Eq. (22) tends to

Fðξμ; pνÞ ¼ α exp

�
β

m
γðpt − v cos θprÞ

�
; ð28Þ

where the term proportional to pθ drops out, since we only
consider trajectories with finite l and lz, and pθ is given by
Eq. (12). On the other hand, asymptotically,

Q3 ¼ −ϵr
π

2
− ϵθ arctan

0
B@ l cot θffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

l2 − l2z
sin2θ

q
1
CA

¼ −ϵr
π

2
− arctan

�
l cot θ
pθ

�
:

Note that −Q3 − ϵrπ=2 ∈ ð−π=2; π=2Þ. A straightforward
calculation yields

cos2 θ ¼ P2
3 − P2

2

P2
3

sin2
�
−Q3 − ϵr

π

2

�
;

and

signðcos θÞ ¼ ϵθsign

�
tan

�
−Q3 − ϵr

π

2

��
:

This gives

cos θ ¼ ϵθ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2
3 − P2

2

p
P3

sin

�
−Q3 − ϵr

π

2

�
:

Since asymptotically,

pr ¼ ϵr
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 −m2

p
¼ ϵr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2
1 − P2

0

q
;

we get

F ¼ α exp

�
β

P0

γ

�
−P1 − vϵrϵθ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2
1 − P2

0

q

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2
3 − P2

2

p
P3

sin

�
−Q3 − ϵr

π

2

��	
: ð29Þ

Let us stress that the above formula, derived based on the
asymptotic relations, is actually valid everywhere in the
Minkowski spacetime, provided that pr ≠ 0. One can
substitute in Eq. (29) the expressions for P0, P1, P2, P3,
and Q3 derived in Sec. III B, i.e., Eqs. (25) and (26d), and
after some algebra obtain Eq. (22). This means, in
particular, that Eq. (29) can be derived without referring
to the asymptotic form given by Eq. (28) and without the
assumptions on the falloff of the term pθ=r made in
deriving Eq. (28).
Standard spherical coordinates used in this section

correspond to the limitM → 0 in the Schwarzschild metric
(7) but also to the choice η → 1. On the other hand, the
expressions for Pμ and Q3 in (29) are, in fact, independent
of the choice of η. This allows us to restore the explicit
dependence of some of the quantities on an arbitrary
function η in the remaining sections.

IV. MOMENTUM INTEGRALS

A. Properties of the effective potential, classification
of trajectories

The probability function given by Eq. (29) with the
action-angle variables ðQμ; PνÞ computed for the
Schwarzschild metric in Sec. II D constitutes the desired
solution of the Vlasov equation describing the accretion
onto a moving Schwarzschild black hole. However, in order
to compute momentum integrals appearing in Eq. (3), one
needs a set of variables allowing one to control the region in
the phase space available for the motion of the particles. We
define such coordinates in the following subsection. In this
subsection, we classify the trajectories of the particles that
can reach to infinity and recall the relevant properties of the
effective potentialUλðξÞ. A detailed discussion of this topic
can be found in [16].
For λ2 ≤ 12, the effective potential is an increasing

function of ξ, growing from Uλ ¼ 0 at ξ ¼ 2 (the

PATRYK MACH and ANDRZEJ ODRZYWOŁEK PHYS. REV. D 103, 024044 (2021)

024044-8



horizon) to Uλ ¼ 1 at ξ → ∞. If λ2 > 12, there is a local
maximum at

ξmax ¼
λ2

2

 
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

12

λ2

r !
;

and a local minimum at

ξmax ¼
λ2

2

 
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

12

λ2

r !
:

For λ2 growing from 12 to infinity, ξmax decreases from
6 to 3 (the location of the photon sphere), and UλðξmaxÞ
grows from 8=9 to infinity. At the same time, ξmin grows
from 6 to infinity, while UλðξminÞ grows from 8=9 to 1.
Of special interest is the limiting value of the angular

momentum λcðεÞ such that UλcðεÞðξmaxÞ is equal to an
a priori prescribed value of ε2, i.e., a solution to the
equation

UλcðεÞðξmaxÞ ¼ ε2:

It can be easily computed as

λcðεÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

12

1 − 4ðδ −
ffiffiffiffiffiffiffiffiffiffiffiffiffi
δ2 þ δ

p
Þ2

s

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

12

1 − 4δ − 8δ2 þ 8δ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
δ2 þ δ

p
s

; ð30Þ

where

δ ¼ 9

8
ε2 − 1;

and this is essentially the formula given in [16].
Unfortunately, it turns out to be numerically unstable for
large values of ε. In numerical applications we use another
form, namely,

λcðεÞ2 ¼
12

1 − 4

3εffiffiffiffiffiffiffi
9ε2−8

p þ1

�
2

; ð31Þ

which reduces the numerical instability.
Particles with ε ≥ 1 and λ ≤ λcðεÞ can travel from

infinity and get absorbed by the black hole. We denote
the quantities referring to such particles (trajectories) with
the subscript or superscript (abs). On the other hand,
particles with sufficiently high angular momentum λ are
scattered by the centrifugal barrier, and travel back to
infinity. Quantities referring to those trajectories are
denoted with (scat). The precise characterization of the

phase-space region occupied by these trajectories is slightly
more complex. A minimal energy of a scattered particle
depends on ξ, and it is given by

εminðξÞ ¼

8>><
>>:

∞; ξ ≤ 3;ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − 2

ξÞð1þ 1
ξ−3Þ

q
; 3 < ξ < 4;

1; ξ ≥ 4:

ð32Þ

Note that ξ ¼ 3 corresponds to the location of the photon
sphere. Consequently, no particle can be scattered to
infinity from a location with ξ ≤ 3. The upper limit on
the total angular momentum of a scattered particle reads

λmaxðξ; εÞ ¼ ξ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε2

1 − 2
ξ

− 1

s
: ð33Þ

This is actually a very simple bound following directly
from the requirement that ε2 ≥ UλðξÞ. The phase-space
region occupied by the particles traveling from infinity and
scattered off the centrifugal barrier is given by the con-
ditions εminðξÞ < ε < ∞, λcðεÞ < λ < λmaxðξ; εÞ.

B. Particle current density and the accretion rate

In order to evaluate integrals over momenta in Eqs. (2)
or (3), we define a new coordinate χ so that

πθ ¼ λ cos χ; λz ¼ λ sin θ sin χ;

and change the variables ðπθ; λzÞ to ðλ; χÞ. Note that
Eq. (12) is then satisfied identically. In total, we change
the momentum variables from ðpt;pr;pθ;pφÞ to ðε;m;λ;χÞ,
according to

pt ¼ −mε; pθ ¼ Mmλ cos χ; pφ ¼ Mmλ sin θ sin χ:

The radial momentum pr is given as a solution to the
equation

gttm2ε2 − 2gtrmεpr þ grrðprÞ2 þ
m2λ2

ξ2
þm2 ¼ 0:

For the integration element in the momentum space
we get

dvolxðpÞ ¼
1

ξ2
m3λffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ε2 − UλðξÞ
p dεdmdλdχ:

Note that

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2
1 − P2

0

q
¼ m

ffiffiffiffiffiffiffiffiffiffiffiffi
ε2 − 1

p
;ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

P2
3 − P2

2

p
P3

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − sin2 θ sin2 χ

q
:
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Also note that

ϵθ arctan

0
B@ λ cot θffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

λ2 − λ2z
sin2 θ

q
1
CA ¼ arctan

�
cot θ
cos χ

�
:

Thus

Q3 ¼ ϵrXðξ; ε; λÞ − ϵr
π

2
− arctan

�
cot θ
cos χ

�
:

This allows one to express F as

F ¼ α exp

�
βγ

�
−ε − vϵrϵθ

ffiffiffiffiffiffiffiffiffiffiffiffi
ε2 − 1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − sin2θsin2χ

q
sin

�
−ϵrXðξ; ε; λÞ þ arctan

�
cot θ
cos χ

���	

¼ α exp
n
βγ
h
−ε − v

ffiffiffiffiffiffiffiffiffiffiffiffi
ε2 − 1

p
ðϵr cosXðξ; ε; λÞ cos θ − sinXðξ; ε; λÞ sin θ cos χÞ

io
;

where we have used the fact that ϵθ ¼ signðcos χÞ. Note that the above expression shows the correct asymptotic behavior for
X → 0 (or ξ → ∞).
In the following we define also

Fn ¼
Z

∞

0

mnfdm ¼ mnF

¼ αmn exp
n
βγ
h
−ε − v

ffiffiffiffiffiffiffiffiffiffiffiffi
ε2 − 1

p
ðϵr cosXðξ; ε; λÞ cos θ − sinXðξ; ε; λÞ sin θ cos χÞ

io
:

We abuse the notation at this point: the symbol m is used to denote the mass understood as one of the phase-space
coordinates, and also as the fixed mass of the gas particles. While using two different symbols in this context would be
mathematically more clear, it could turn out to be physically confusing.
We are now ready to compute the components of the particle current density Jμ, which we express as a sum of two parts,

Jμ ¼ JðabsÞμ þ JðscatÞμ , corresponding to absorbed and scattered particles, respectively. The components JðabsÞμ are computed as

JðabsÞμ ¼
Z

∞

1

dε
Z

λcðεÞ

0

dλ
Z

2π

0

dχ
Z

∞

0

dm
pμfm3λ

ξ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε2 −UλðξÞ

p ;

where we have to keep in mind that the absorbed trajectories correspond to ϵr ¼ −1 (ϵr appears in the expressions for pr and

f). For the components JðscatÞμ we have

JðscatÞμ ¼
X
ϵr¼�1

Z
∞

εminðξÞ
dε
Z

λmaxðξ;εÞ

λcðεÞ
dλ
Z

2π

0

dχ
Z

∞

0

dm
pμfm3λ

ξ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε2 −UλðξÞ

p :

The components of the four-momentum can be expressed as

pμ ¼ ðpt; pr; pθ; pφÞ ¼ m

�
−ε;

ð1 − NηÞεþ ϵr
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε2 −UλðξÞ

p
N

;Mλ cos χ;Mλ sin θ sin χ

�
:

To get JðabsÞt we evaluate
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JðabsÞt ¼ −
1

ξ2

Z
∞

1

dε
Z

λcðεÞ

0

dλ
Z

2π

0

dχεF 4

λffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε2 −UλðξÞ

p
¼ −

2παm4

ξ2

Z
∞

1

dεεe−βγε
Z

λcðεÞ

0

dλ
λffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ε2 −UλðξÞ
p exp

h
βγv

ffiffiffiffiffiffiffiffiffiffiffiffi
ε2 − 1

p
cosX cos θ

i
I0
h
βγv

ffiffiffiffiffiffiffiffiffiffiffiffi
ε2 − 1

p
sinX sin θ

i
; ð34Þ

where we have used the fact that Z
2π

0

eδ cos χdχ ¼ 2πI0ðδÞ;

and InðδÞ is the modified Bessel function of the first kind. For scattered particles we get

JðscatÞt ¼ −
1

ξ2
X
ϵr¼�1

Z
∞

εminðξÞ
dε
Z

λmaxðξ;εÞ

λcðεÞ
dλ
Z

2π

0

dχεF 4

λffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε2 −UλðξÞ

p
¼ −

4παm4

ξ2

Z
∞

εminðξÞ
dεεe−βγε

Z
λmaxðξ;εÞ

λcðεÞ
dλ

λffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε2 −UλðξÞ

p cosh


βγv

ffiffiffiffiffiffiffiffiffiffiffiffi
ε2 − 1

p
cosX cos θ

�
I0


βγv

ffiffiffiffiffiffiffiffiffiffiffiffi
ε2 − 1

p
sinX sin θ

�
:

ð35Þ

In evaluating JðabsÞr , one should note that an expression for pr with ϵr ¼ −1which is manifestly regular at the horizon can
be written as

pr ¼ mπξ ¼ m

�
−ηεþ

1þ λ2

ξ2

εþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε2 −UλðξÞ

p �
:

For ϵr ¼ þ1 the component pr is divergent at the horizon. Note that this does not cause any difficulties, as J
ðscatÞ
μ vanishes

below the photon sphere (for ξ < 3), and pr with ϵr ¼ þ1 only appears in expressions for JðscatÞμ . The formulas for Jr and Jθ
are as follows:

JðabsÞr ¼ 2παm4

ξ2

Z
∞

1

dεe−βγε
Z

λcðεÞ

0

dλ
λffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ε2 − UλðξÞ
p �

−ηεþ
1þ λ2

ξ2

εþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε2 −UλðξÞ

p �

× exp
h
βγv

ffiffiffiffiffiffiffiffiffiffiffiffi
ε2 − 1

p
cosX cos θ

i
I0
h
βγv

ffiffiffiffiffiffiffiffiffiffiffiffi
ε2 − 1

p
sinX sin θ

i
; ð36aÞ

JðscatÞr ¼ 4παm4

ξ2N

Z
∞

εminðξÞ
dεe−βγε

Z
λmaxðξ;εÞ

λcðεÞ
dλλ

�ð1 − NηÞεffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε2 − Uλ

p cosh


βγv

ffiffiffiffiffiffiffiffiffiffiffiffi
ε2 − 1

p
cosX cos θ

�

− sinh


βγv

ffiffiffiffiffiffiffiffiffiffiffiffi
ε2 − 1

p
cosX cos θ

��
I0
h
βγv

ffiffiffiffiffiffiffiffiffiffiffiffi
ε2 − 1

p
sinX sin θ

i
; ð36bÞ

JðabsÞθ ¼ 2παMm4

ξ2

Z
∞

1

dεe−βγε
Z

λcðεÞ

0

dλ
λ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ε2 −UλðξÞ
p exp



βγv

ffiffiffiffiffiffiffiffiffiffiffiffi
ε2 − 1

p
cosX cos θ

�
I1


βγv

ffiffiffiffiffiffiffiffiffiffiffiffi
ε2 − 1

p
sinX sin θ

�
; ð36cÞ

JðscatÞθ ¼ −
4παMm4

ξ2

Z
∞

εminðξÞ
dεe−βγε

Z
λmaxðξ;εÞ

λcðεÞ
dλ

λ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε2 −UλðξÞ

p cosh


βγv

ffiffiffiffiffiffiffiffiffiffiffiffi
ε2 − 1

p
cosX cos θ

�
I1


βγv

ffiffiffiffiffiffiffiffiffiffiffiffi
ε2 − 1

p
sinX sin θ

�
:

ð36dÞ

In computing Jθ, we make use of the integralZ
2π

0

cos χeδ cos χdχ ¼ 2πI1ðδÞ:
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Finally, since Z
2π

0

sin χeδ cos χdχ ¼ 0;

we obtain Jφ ¼ 0.
We will now discuss the mass accretion rate through a

sphere of a given radius r ¼ Mξ, defined as

_M ¼ −m
Z

2π

0

dφ
Z

π

0

dθr2 sin θJr: ð37Þ

It follows immediately from Eq. (4) that _M does not
depend on the radius of the sphere. Taking into
account that Jr ¼ grrJr þ grtJt, or pr ¼ grrpr þ grtpt ¼
ϵrm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε2 −UλðξÞ

p
, we get in general

Jr ¼ 1

ξ2

Z
dε
Z

dλ
Z

dχϵrλF4:

A straightforward calculation yields

JrðabsÞ ¼ −
2παm4

ξ2

Z
∞

1

dεe−βγε
Z

λcðεÞ

0

dλλ exp


βγv

ffiffiffiffiffiffiffiffiffiffiffiffi
ε2 − 1

p
cosX cos θ

�
I0


βγv

ffiffiffiffiffiffiffiffiffiffiffiffi
ε2 − 1

p
sinX sin θ

�

and

JrðscatÞ ¼ −
4παm4

ξ2

Z
∞

εminðξÞ
dεe−βγε

Z
λmaxðξ;εÞ

λcðεÞ
dλλ sinh



βγv

ffiffiffiffiffiffiffiffiffiffiffiffi
ε2 − 1

p
cosX cos θ

�
I0


βγv

ffiffiffiffiffiffiffiffiffiffiffiffi
ε2 − 1

p
sinX sin θ

�
:

It is easy to see that JrðscatÞ does not contribute to the mass
accretion rate. Indeed,Z

π

0

dθ sin θJrðscatÞ ¼ 0:

This is becauseZ
π

0

I0ðβ sin θÞ sinhðδ cos θÞ sin θdθ

¼
Z

1

−1
I0


β
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2

p �
sinhðδxÞdx ¼ 0;

where x ¼ cos θ. This is also reasonable, as we could try to
evaluate _M at a sphere with a radius ξ < 3, where
JrðscatÞ ≡ 0. In order to facilitate the computation of _M
we first take the limit of ξ → ∞ (X → 0). In this limit

ξ2JrðabsÞ → −παm4

Z
∞

1

dελ2cðεÞe−βγεeβγv
ffiffiffiffiffiffiffi
ε2−1

p
cos θ:

Consequently, _M (evaluated at infinity) reads

_M¼ 4π2αM2m5

Z
∞

1

dεe−βγελ2cðεÞ
sinh



βγv

ffiffiffiffiffiffiffiffiffiffiffi
ε2−1

p �
βγv

ffiffiffiffiffiffiffiffiffiffiffi
ε2−1

p

¼ πM2mn∞
β

K2ðβÞ
Z

∞

1

dεe−βγελ2cðεÞ
sinh



βγv

ffiffiffiffiffiffiffiffiffiffiffi
ε2−1

p �
βγv

ffiffiffiffiffiffiffiffiffiffiffi
ε2−1

p :

ð38Þ

Note that for v ¼ 0 we recover the result of [20]
[Eq. (40) of [20] ]. As yet another consistency test, we

checked that expression (37) evaluated numerically at
spheres with different radii ξ agrees with _M given by
Eq. (38) with an accuracy of at least 10−4.
In the limit of β → 0 (infinite temperature, ultrarelativ-

istic gas) we found

_M ¼ 27πM2mn∞γ: ð39Þ

This agrees qualitatively with the result of Petrich,
Shapiro, and Teukolsky [6], who found for the perfect
gas with the ultrahard equation of state the expression
_M ¼ 16πM2mn∞γ. Similarly to the result derived in [6],
for large temperatures the accretion rate is essentially the
value for v ¼ 0multiplied by the Lorentz factor. For v ¼ 0,
it is also possible to compute the low-temperature limit
(β → ∞). We get in this case

_Mðv ¼ 0Þ ¼ 16M2mn∞
ffiffiffiffiffiffiffiffi
2πβ

p
(this result has already been derived in [16]). For v > 0 we
get in the low-temperature limit an approximate expression

_M ¼ πM2mn∞
λcðγÞ2
γv

; ð40Þ

which has a local minimum for v ¼ ffiffiffiffiffiffiffiffi
3=8

p
and diverges for

v ¼ 0 and v → 1. A detailed derivation of the above limits
is given in Appendix B.
Another quantity that can be used to characterize the

accretion is the energy accretion rate _E. It can be computed
in a way similar to _M, taking into account the conservation
law ∇μðTμ

νkνÞ ¼ 0, instead of ∇μJμ ¼ 0, i.e., replacing Jμ
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with Jμε ¼ −Tμ
νkν ¼ −Tμ

t. The energy accretion rate is
then defined as

_E ¼
Z

2π

0

dφ
Z

π

0

dθr2 sin θTr
t:

The component Tr
t can be computed according to Eq. (2),

again by splitting into the parts corresponding to scattered
and absorbed trajectories. As with _M, one can show that
only the latter part contributes to the energy accretion rate.
The final expression for _E reads

_E¼4π2αM2m5

Z
∞

1

dεe−βγεελ2cðεÞ
sinh



βγv

ffiffiffiffiffiffiffiffiffiffiffi
ε2−1

p �
βγv

ffiffiffiffiffiffiffiffiffiffiffi
ε2−1

p

¼πM2mn∞
β

K2ðβÞ
Z

∞

1

dεe−βγεελ2cðεÞ
sinh



βγv

ffiffiffiffiffiffiffiffiffiffiffi
ε2−1

p �
βγv

ffiffiffiffiffiffiffiffiffiffiffi
ε2−1

p :

ð41Þ

Again, for v ¼ 0 the above expression coincides with the
result derived in [16,17]. In physical applications it is
probably more reasonable to normalize _E by the asymptotic
energy density ε∞. For the Maxwell-Jüttner distribution
in the Minkowski spacetime it can be defined as ε∞ ¼
Tμνkμkν ¼ Ttt ¼ −Tt

t. A direct calculation yields [16,28]

ε∞ ¼ 4παm5

�
K1ðβÞ
β

þ 3
K2ðβÞ
β2

�
:

Thus

_E ¼ πM2
ε∞

3þ βK1ðβÞ
K2ðβÞ

β2

K2ðβÞ
Z

∞

1

dεe−βγεελ2cðεÞ

×
sinh



βγv

ffiffiffiffiffiffiffiffiffiffiffiffi
ε2 − 1

p �
βγv

ffiffiffiffiffiffiffiffiffiffiffiffi
ε2 − 1

p : ð42Þ

The reasoning analogous to that described in
Appendix B [it is possible to provide both lower and upper
estimates of the integral in Eq. (42)] shows that in the limit
of β → 0 one obtains

_E ¼ 27πM2ε∞
4γ2 − 1

3
;

meaning that the energy accretion rate is essentially
proportional to the square of the Lorentz factor γ.

V. NUMERICAL RESULTS

A numerical computation of the integrals representing
the components of the particle current density Jμ, derived in
the preceding sections, is time consuming and not exactly

straightforward, but it is feasible with computer systems
such as Wolfram Mathematica [29]. They are all relatively
simple, double integrals of elementary functions, with the
exception of Xðξ; ε; λÞ, which is given in terms of elliptic
functions (and which is responsible for the main computa-
tional cost in our numerical implementation). On the other
hand, care should be taken in order to evaluate these
integrals to a satisfactory accuracy, as shown by a necessity
of replacing the expression (30) for λcðεÞ with its more
stable version (31). In this section we show the results of
our computations of the particle current density Jμ and the
particle density n for a sample of solutions.
Figures 1 and 2 illustrate a sample morphology of the

flow, obtained for v ¼ 0.5 and β ¼ 8. In Fig. 1 we plot
radial and angular profiles of the particle density n. As
expected, the particle density tends to n∞, as ξ → ∞ (in all
angular directions). Close to the black hole, the structure of
the flow becomes quite intricate. There is a local maximum
of the particle density in front of the black hole (for θ ¼ 0),
just outside the photon sphere, and a minimum behind the
black hole (for θ ¼ π). The graph of the angular density

FIG. 1. Typical structure of the particle density ratio n=n∞ for
β ¼ 8 and v ¼ 0.5. The black hole moves towards θ ¼ 0. The
upper panel shows the radial profiles of the density for three
selected values of the angle θ. The lower panel depicts angular
profiles of the ratio n=n∞ computed for a sample of spheres of
constant radius ξ. Vertical lines in the upper plot correspond to
the locations of the horizon (r=M ¼ 2), the photon sphere
(r=M ¼ 3), and the innermost stable circular orbit (r=M ¼ 6).
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profiles (Fig. 1, lower panel) depicts also an increase of the
particle density in the direction perpendicular to the
symmetry axis (i.e., to the direction of the black hole
motion).
For visualization purposes we define the Cartesian

components of the particle density current

Jx ¼
�
Jθ
r
cos θ þ Jr sin θ

�
cosφ;

Jy ¼
�
Jθ
r
cos θ þ Jr sin θ

�
sinφ;

Jz ¼ −
Jθ
r
sin θ þ Jr cos θ:

In Figs. 2–4 we plot the components Jy and Jz at the plane
x ¼ 0, so that Jx ≡ 0. Figure 2 depicts the structure of
the flow, with an explicit division into the absorbed part
JμðabsÞ, the scattered part JμðscatÞ, and the total current

Jμ ¼ JμðabsÞ þ JμðscatÞ. The colors in Fig. 2 depict the length

of the spatial part of the particle density current

jJ⃗j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
gijJiJj

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1þ 2M

r

�
ðJrÞ2 þ

�
Jθ
r

�
2

s
;

normalized by the particle density n. Far from the black
hole (upper panels), the absorbed flow is roughly spheri-
cally symmetric, while the scattered one represents a
uniform motion along the symmetry axis. For the case
depicted in Fig. 2, the uniform motion prevails in the total
current (upper right panel), but this does not need to be the
case—note that for v ¼ 0 (spherically symmetric flow), we
have JrðscatÞ ¼ 0. For sufficiently small velocities v, we

would expect a region around the black hole, in which the
accretion occurs roughly spherically symmetrical; at the
same time at far distances from the black hole the uniform
motion with a nonzero velocity v should dominate the
radial velocity component, which vanishes asymptotically.
In the examples shown in Figs. 3 and 4 for v ¼ 0.05, the
approximately spherically symmetric region has a radius
smaller than ξ ≈ 10. This roughly spherically symmetric
region seems to disappear for black hole velocities larger
than v ≈ 0.1.

0 0.2 0.4 0.6 0.8 1.0

FIG. 2. Typical structure of the particle density current JμðabsÞ (left column), JμðscatÞ (middle column), and the total Jμ ¼ JμðabsÞ þ JμðscatÞ
(right column) for v ¼ 0.5 and β ¼ 8. The directions of the vector field ðJy; JzÞ are shown with arrows and streamlines. The colors on
the plot are proportional to the ratio jJ⃗j=n.
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Among other structures present in Fig. 2, we note the
importance of the photon sphere at ξ ¼ 3 (dot-dashed
circle) and, to a less extent, the innermost stable circular
orbit with the radius ξ ¼ 6 (dotted circle). An inspection of
the flow in the vicinity of the black hole (lower row) reveals
the existence of a stagnation point behind the black hole.
This is a common feature observed in all our models, and
also in hydrodynamical solutions of the relativistic Bondi-
Hoyle-Lyttleton accretion.
The dependency of the solutions on v and β is shown in

Figs. 3 and 4. The morphology of the flow seems to be
affected much stronger by the black hole velocity v than by
the parameter β. As expected, for small black hole
velocities v the accretion occurs more or less isotropically
(Fig. 4, left column). On the other hand, for relativistic
black hole speeds, anisotropic features, signalled already in
Fig. 1, become dominant. In the large scale, we observe
mainly the increase of the particle number density in the
direction perpendicular to the symmetry axis, which
becomes thinner and thinner with an increasing velocity v.

This seems to be consistent with a hand-waved explanation
in terms of the relativistic Lorentz contraction. There is also
a long tail of a low-density material behind the black hole.
The matter gets compressed in front of the photon sphere,
but also just behind the black hole, where it is accreted
through the horizon.
Another peculiar feature occurring for ultrarelativistic

black hole speeds (Figs. 3 and 4, right column) is the
presence of a high-density tubelike region in front of the
black hole. It is roughly parallel to the symmetry axis and
forms a kind of a funnel, dividing the stream accreted
directly by the black hole from the stream “passing by.”
We would also like to point the reader’s attention to

huge differences in the value of the particle density at its
minimum close to the stagnation point. For β ¼ 8 and
v ¼ 0.95 the particle density n at this minimum is nearly
six orders of magnitude smaller than the asymptotic value
n∞. For β ¼ 1 and v ¼ 0.95, the ratio of n=n∞ in this
rarefaction region is of the order n=n∞ ≈ 10−2. This
appears to be the only quantity rapidly changing with β.

0 0.5 1.0 1.5 2.0

FIG. 3. The dependence of the flow on the black hole velocity v and the parameter β. The upper row corresponds to β ¼ 1; the graphs
in the lower row were obtained for β ¼ 8. The columns correspond (from left to right) to v ¼ 0.05, 0.5, and 0.95, respectively. The
colors in the graphs depict the particle density ratio n=n∞. The vector field ðJy; JzÞ is depicted with arrows, similarly to Fig. 2.

ACCRETION OF THE RELATIVISTIC VLASOV GAS ONTO A … PHYS. REV. D 103, 024044 (2021)

024044-15



Figures 5–7 show the dependence of the accretion rate _M
on the black hole velocity v and the parameter β. In Fig. 5
we plot the ratio of the accretion rate _M ¼ _MðvÞ to its value
corresponding to the case with v ¼ 0, denoted as _Mð0Þ. For

nonrelativistic particles (β > 4.844), the ratio _MðvÞ= _Mð0Þ
is not monotonic with v, and it drops below 1 for moderate
black hole velocities v. For ultrarelativistic black hole
velocities, the ratio _MðvÞ= _Mð0Þ turns out to be proportional
to the Lorentz factor γ. The same, nearly linear dependence
on γ is also observed for small values of the parameter β
and the entire range of v (see Fig. 6). This confirms
the limit given by Eq. (39), derived in Appendix B.

FIG. 4. Same as in Fig. 3, except for the density scale, which is now logarithmic. The graphs show the morphology of the flow in the
vicinity of the black hole. The region inside the horizon is marked in black, although the solution was computed up to ξ ¼ 1. Two
additional circles with radii ξ ¼ 3 and ξ ¼ 6 mark the locations of the photon sphere and the innermost stable circular orbit.

FIG. 5. The ratio _MðvÞ= _Mð0Þ of the accretion rate given by
Eq. (38) for the moving black hole to the accretion rate
corresponding to v ¼ 0. For nonrelativistic particles with suffi-
ciently large β > 4.844 (this threshold value has been determined
numerically) the accretion becomes suppressed for moderate
black hole speeds v. For v ≃ 1, the ratio _MðvÞ= _Mð0Þ is propor-
tional to the value of the Lorentz factor γ for all values of β (see
also Fig. 6).

FIG. 6. Same as in Fig. 5. Instead of the velocity, the abscissa
shows the Lorentz factor γ, to clarify a nearly linear behavior for
ultrarelativistic black hole velocities. For sufficiently small β ≪ 1
(red), the ratio _MðvÞ= _Mð0Þ is indistinguishable from γ (dashed).
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Figure 7 illustrates this fact in yet another way by plotting
the ratio _M=ð27πM2mn∞Þ versus γ.

VI. CONCLUSIONS

Using the formalism developed by Rioseco and Sarbach
in [16], we have been able to derive an exact solution
representing stationary accretion of the relativistic Vlasov
gas onto a moving Schwarzschild black hole. In general,
the obtained accretion rate is not a monotonic function of
the black hole velocity, although in the limit of β → 0 (hot
gases) we recover the situation known from the relativistic
accretion of ultrahard fluids—the accretion rate is directly
proportional to the Lorentz factor associated with the black
hole velocity. In the low-temperature limit, the behavior of
the Vlasov model is similar to the result of the ballistic
approximation used in [7]—the accretion rate attains a local
minimum at a finite, nonzero black hole velocity.
As usual for the relativistic accretion onto a moving

black hole, we describe the velocity field in the frame
associated with the black hole. For highly relativistic black
hole speeds the velocity of the gas departures from the
uniform asymptotic distribution only in a narrow zone,
parallel to the symmetry axis. In all cases there is a
stagnation point behind the black hole in which the velocity
of the gas with respect to the black hole vanishes. It is also
roughly correlated with a minimum of the particle number
density. Remarkably, for highly relativistic black hole
speeds the density in this minimum can be lower than
its asymptotic value by several orders of magnitude. A
substantial increase of the density is observed in front of the
black hole, still outside the photon sphere, and behind the
black hole, in a close vicinity of the horizon.
Our analysis is limited to stationary configurations

of a Vlasov gas of collisionless and nondegenerate par-
ticles. Obvious possible generalizations include taking
into account Fermi-Dirac and Bose-Einstein statistics,

scattering terms between particles, dynamics of the flow,
the existence of particles on bounded orbits. The latter
would become important if the collisions between the
particles or self-gravity of the gas were taken into account.
Also a natural (but probably difficult) generalization would
consist of considering a Kerr black hole instead of the
Schwarzschild spacetime. We believe that all these gener-
alizations are technically feasible to some extent.
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APPENDIX A: DERIVATION OF THE
EXPRESSION FOR Q3

In this appendix we derive expressions (17) and (18) for
Q3 in the Schwarzschild spacetime. Recall that Q3 is
defined as [Eq. (13d)]

Q3 ¼ −l
Z
Γ

dr
r2ð−gtrEþ grrprÞ

þ l
Z
Γ

dθ
pθ

:

The second integral can be evaluated in terms of elementary
functions. Recalling that pθ is given by Eq. (12), we get

l
Z
Γ

dθ
pθ

¼ −ϵθ arctan

0
B@ l cot θffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

l2 − l2z
sin2 θ

q
1
CAþ const:

The integral

−l
Z
Γ

dr
r2ð−gtrEþ grrprÞ

is more problematic. A direct calculation making use of
Eq. (16) yields

−l
Z
Γ

dr
r2ð−gtrEþ grrprÞ

¼ −λ
Z
Γ

dξ
ξ2ð−gtrεþ grrπξÞ

¼ −λϵr
Z

dξ

ξ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε2 − ð1 − 2

ξÞð1þ λ2

ξ2
Þ

q ;

where we have assumed that ϵr is fixed along Γ. We fix the
integration constant by introducing

Xðξ; ε; λÞ ¼ λ

Z
∞

ξ

dξ0

ξ02
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε2 − ð1 − 2

ξ0Þð1þ λ2

ξ02Þ
q ðA1Þ

FIG. 7. The ratio _M=ð27πmM2n∞Þ versus γ. The Lorentz factor
provides both the lower estimate and the high-velocity limit. The
upper limit for the accretion rate is given by Eq. (40).
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[Eq. (18)] and setting

Q3 ¼ ϵrXðξ; ε; λÞ − ϵr
π

2
− ϵθ arctan

0
B@ λ cot θffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

λ2 − λ2z
sin2 θ

q
1
CA

[Eq. (17)]. Asymptotically (for ξ → ∞), the radial terms
tend to −ϵrπ=2, which agrees with the asymptotic limit
of Eq. (26d).
The integral (A1) can be evaluated by substituting

w ¼ að1ξ − 1
6
Þ, where a > 0 is an arbitrary constant. This

yields

X ¼ −
ffiffiffiffiffiffi
2a

p Z
−a
6

a
ξ−

a
6

dwffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4w3 − g2w − g3

p ; ðA2Þ

where

g2 ¼ −
2

λ2
a2
�
2 −

λ2

6

�
;

g3 ¼ −
2

λ2
a3
�
ε2 −

2

3
−
λ2

54

�
:

The integral (A2) can be expressed in terms of an inverse
of a restriction of the Weierstrass elliptic function ℘ by
recalling the standard integral formula for the Weierstrass
function

z ¼
Z

∞

℘ðz;g2;g3Þ

dwffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4w3 − g2w − g3

p :

In numerical applications inverting the Weierstrass
function ℘ can be inconvenient because of a necessity of
choosing its appropriate restrictions. In practice, we use the
representation of the indefinite integral

IðwÞ ¼
Z

dwffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4w3 − g2w − g3

p
in the form

IðwÞ ¼
2ðw − w3Þ

ffiffiffiffiffiffiffiffiffiffi
w−w1

w3−w1

q ffiffiffiffiffiffiffiffiffiffi
w−w2

w3−w2

q
ffiffiffiffiffiffiffiffiffiffi
w−w3

w2−w3

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4w3 − g2w − g3

p
× F

�
arcsin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w3 − w
w3 − w2

r ����w2 − w3

w1 − w3

�
þ C; ðA3Þ

where w1, w2, w3 denote (possibly complex) roots of the
polynomial 4w3−g2w−g3¼0, and FðϕjmÞ is Legendre’s
elliptic integral of the first kind. The convention for FðϕjmÞ
used here is

FðϕjmÞ ¼
Z

ϕ

0

dθffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −m sin2 θ

p ;

for −π=2 < ϕ < π=2. The integral Xðξ; ε; λÞ, given by
Eq. (A2), is then computed as

X ¼ −
ffiffiffiffiffiffi
2a

p
½Ið−a=6Þ − Iða=ξ − a=6Þ�:

In our numerical calculations, the above formula yields a
correct, real result, even though the representation of the
indefinite integral IðwÞ given by Eq. (A3) is in general
complex valued and depends on the ordering of w1, w2,
and w3. Since a can be any positive constant, we
assume a ¼ 1.

APPENDIX B: DERIVATION OF THE LIMITING
EXPRESSIONS FOR _M

In this appendix we compute limiting expressions for the
mass accretion rate _M given in Sec. IV B. To shorten the
notation, we define ρ∞ ¼ mn∞.
We start the discussion with the high-temperature limit

(β → 0). Without loosing generality, we assume v ≥ 0, so
that γv ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p
, and we write the integrand appearing in

Eq. (38) as

e−βγελcðεÞ2
sinh



βγv

ffiffiffiffiffiffiffiffiffiffiffiffi
ε2 − 1

p �
βγv

ffiffiffiffiffiffiffiffiffiffiffiffi
ε2 − 1

p

¼ e−βγελcðεÞ2
sinh



β
ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p ffiffiffiffiffiffiffiffiffiffiffiffi
ε2 − 1

p �
β
ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p ffiffiffiffiffiffiffiffiffiffiffiffi
ε2 − 1

p : ðB1Þ

The above expression can be bounded from below and from
above by noticing that

27ε2 − 9 −
2

ε
≤ λcðεÞ2 < 27ε2 − 9 −

1

ε2
ðB2Þ

and

ε − 1 ≤
ffiffiffiffiffiffiffiffiffiffiffiffi
ε2 − 1

p
< ε

for ε ≥ 1. Since for positive arguments x, the function
sinhðxÞ=x increases with x, we obtain the following upper
and lower estimates for _M:

_M < _Mþ
est ¼ πM2ρ∞

β

K2ðβÞ
Z

∞

1

dεe−βγε
�
27ε2 − 9 −

1

ε2

�

×
sinh



β
ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p
ε
�

β
ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p
ε

;
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_M > _M−
est ¼ πM2ρ∞

β

K2ðβÞ
Z

∞

1

dεe−βγε
�
27ε2 − 9 −

2

ε

�

×
sinh

h
β
ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p
ðε − 1Þ

i
β
ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p
ðε − 1Þ

:

The integrals appearing in the above expressions for
_M�
est can be computed analytically, say with Wolfram

Mathematica [29]. The resulting expressions are lengthy
but simple. In both cases, one can compute the limit of
β → 0, which reads

lim
β→0

_M�
est ¼ 27πM2ρ∞γ:

Since _M−
est < _M < _Mþ

est, one obtains Eq. (39).
Another possibility to derive the limit of _M as β → 0,

only slightly less straightforward, is to substitute y ¼ βγε in
the integral in Eq. (38) and use Lebesgue’s dominated
convergence theorem.
Using Lebesgue’s dominated convergence theorem,

Rioseco and Sarbach [16] provided the β → ∞ limit of
_M in the v ¼ 0 case. It reads

lim
β→∞

_Mðv ¼ 0Þffiffiffi
β

p ¼ 16
ffiffiffiffiffiffi
2π

p
M2ρ∞:

A direct application of the above strategies fails for the
limit β → ∞ and v > 0, however even in this case we can
provide an approximate expression for _M. Its derivation
relies on the analysis of the location of the maximum in the
integrand (B1) in the range ε > 1. In general, the integrand
(B1) can behave in two distinct ways. It can either be a
decreasing function of ε for the entire integration range
ε > 1, or it can have a local maximum for some ε > 1. We
depict these two possibilities in the parameter space of
ðv; βÞ in Fig. 8. Region I (white) consists of all points ðv; βÞ
for which integrand (B1) has a local maximum for ε > 1.
Region II (shaded) consists of all values ðv; βÞ for which
integrand (B1) is a decreasing function of ε for ε > 1. The
boundary between these two regions can be characterized
in a standard way by computing the derivative of (B1) with
respect to ε, setting ε ¼ 1, and equating the result to zero.
This yields the condition for region II in the form

12þ v2β2γ2 < 3βγ:

For large values of β the boundary between the two regions
can be approximated by v2 ¼ 3=β (dashed line in Fig. 8).
This means that for β → ∞we are effectively in region I for
all v > 0. On the other hand, the points with v ¼ 0 and
large values of β always remain in region II. Consequently,
the case with v ¼ 0 requires a separate treatment. We will
now proceed with constructing an approximation for the

mass accretion rate _M valid for large values of β in region I.
We start this construction by dropping the rapidly

decaying term − expðβγv
ffiffiffiffiffiffiffiffiffiffiffiffi
ε2 − 1

p
Þ=2 in the definition of

sinh function in integrand (B1). The accretion rate can be
then approximated as

_M ≈ _MI ¼
πM2ρ∞β

K2ðβÞ
Z

∞

1

dελ2c
eβγv

ffiffiffiffiffiffiffi
ε2−1

p
−βγε

2βγv
ffiffiffiffiffiffiffiffiffiffiffiffi
ε2 − 1

p : ðB3Þ

In the next step we change the integration variable:
ε ¼ cosh t,

ffiffiffiffiffiffiffiffiffiffiffiffi
ε2 − 1

p
¼ sinh t, dε ¼ dt

ffiffiffiffiffiffiffiffiffiffiffiffi
ε2 − 1

p
and obtain

_MI ¼
πM2ρ∞
2K2ðβÞγv

Z
∞

0

dtλ2ceβγv sinh t−βγ cosh t:

The expression in the exponent has a maximum at
t ¼ artanhðvÞ, i.e., for ε ¼ γ. Note that this approximate
location of the integrand maximum could be also useful
in numerical integration, providing a hint for algorithms
which, if unguided, might fail to locate the maximum.
The Taylor expansion of the term γv sinh t − γ cosh t at this
maximum reads

FIG. 8. Region I (white) consists of points ðv; βÞ for which
integrand (B1) has a local maximum in the range ε > 1.
Region II (shaded) consists of points ðv; βÞ for which inte-
grand (B1) is a decreasing function of ε for ε > 1. Region II is
bounded by the line β ¼ 4 and extends up to the point ðv; βÞ ¼
ð ffiffiffi

3
p

=4; 2
ffiffiffiffiffi
13

p Þ (black dot). The curve v2 ¼ 3=β, i.e., an
approximation of the boundary between regions I and II,
valid for large values of β, is depicted with the dashed line.
The dotted line shows a numerically determined location of
points satisfying the condition d _M=dv ¼ 0.
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γv sinh t − γ cosh t ≈ −1 −
1

2
½t − artanhðvÞ�2 þ…:

The integral in _MI can be cast into the Gaussian form,
roughly following the so-called method of steepest descent
(Laplace’s method). This gives

_MI ≈
πM2ρ∞
2K2ðβÞγv

e−βλcðγÞ2
Z

∞

−∞
dte−

1
2
β½t−artanhðvÞ�2 : ðB4Þ

The above Gaussian integral reads
ffiffiffiffiffiffiffiffiffiffi
2π=β

p
, and the right-

hand side of Eq. (B4) becomes

πM2ρ∞λcðγÞ2
ffiffiffiffiffiffi
2π

p
e−βffiffiffi

β
p

K2ðβÞγv
: ðB5Þ

Taking the limit β → ∞ we finally obtain

_MI ≈ π
λcðγÞ2
γv

M2ρ∞: ðB6Þ

In region II the function sinhðxÞ=x with x ¼ βγv
ffiffiffiffiffiffiffiffiffiffiffiffi
ε2 − 1

p
in Eq. (B1) can be approximated by the Maclaurin series

sinh x
x

≈ 1þ 1

6
x2 þ…

Using the lower estimate for λcðεÞ from Eq. (B2), or simply
λcð1Þ ¼ 4, one can evaluate the integral

_M ≈ _MII

¼ πM2ρ∞β

K2ðβÞ
Z

∞

1

dεe−βγελ2c

�
1þ 1

6
β2ðγ2 − 1Þðε2 − 1Þ

�

analytically. For nonrelativistic black hole velocities
v2 ≪ 3=β and β ≫ 4 we obtain

_MII ≈ _Mðv ¼ 0Þ
�
1 −

1

6
βv2
�
:

APPENDIX C: PARTICLE DENSITY CURRENT
FOR THE BOOSTED MAXWELL-JÜTTNER

DISTRIBUTION IN THE MINKOWSKI
SPACETIME

In this appendix we derive the counterpart of expressions
(34)–(36) for the boosted Maxwell-Jüttner distribution in
the flat Minkowski spacetime expressed in spherical
coordinates. They serve as one of the tests of the procedure
used in this paper to compute the Vlasov flow in the
Schwarzschild spacetime.
We start with the boosted Maxwell-Jüttner distribution

in the flat spacetime in spherical coordinates given by
Eq. (22). It can be written in terms of coordinates ðτ̃; ξ; θ;φÞ
and ðε; m; λ; χÞ, as defined in Sec. IV B. This yields

F ¼ α exp ð−βγεÞ exp
 
−βγvϵr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε2 − 1 −

λ2

ξ2

s
cos θ

!

× exp

�
βγv

sin θ
ξ

λ cos χ

�
: ðC1Þ

There is no division into absorbed and scattered trajec-
tories in the Minkowski spacetime—all trajectories are
simply straight lines. Since the dimensionless radial effec-
tive potential reads simply

UλðξÞ ¼ 1þ λ2

ξ2
;

the motion is possible for particles with ε ≥ 1 with
0 ≤ λ < λmaxðξ; εÞ, where

λmaxðξ; εÞ ¼ ξ
ffiffiffiffiffiffiffiffiffiffiffiffi
ε2 − 1

p
:

A calculation similar to the one described in Sec. IV B
yields now

Jt ¼ −
4παm4

ξ2

Z
∞

1

dεεe−βγε
Z

λmax

0

dλ
λffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ε2 − 1 − λ2

ξ2

q cosh

 
βγv

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε2 − 1 −

λ2

ξ2

s
cos θ

!
I0

�
βγvλ

sin θ
ξ

�
;

Jr ¼ −
4παm4

ξ2

Z
∞

1

dεe−βγε
Z

λmax

0

dλλ sinh

 
βγv

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε2 − 1 −

λ2

ξ2

s
cos θ

!
I0

�
βγvλ

sin θ
ξ

�
;

Jθ ¼
4παm4M

ξ2

Z
∞

1

dεe−βγε
Z

λmax

0

dλ
λ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ε2 − 1 − λ2

ξ2

q cosh

 
βγv

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε2 − 1 −

λ2

ξ2

s
cos θ

!
I1

�
βγvλ

sin θ
ξ

�
:
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The parameter M appearing in the expression for Jθ
can be any positive constant such that r ¼ Mξ, and ξ is
dimensionless.
The particle number density reads

n ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðJtÞ2 − ðJrÞ2 −

ðJθÞ2
M2ξ2

s
:

It can be checked numerically that it is a constant value
(independent of ξ and θ), given exactly by Eq. (21).
Another test is to start with the asymptotic expression for

the distribution function (29), written in terms of the action-
angle variables ðQμ; PνÞ, and substitute the expressions for
ðQμ; PνÞ given by Eqs. (25) and (26). By a lengthy but
straightforward calculation, one can show that this leads
precisely to expression (C1).
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