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Hyperbolically symmetric static fluids: A general study
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We carry on a comprehensive study on static fluid distributions endowed with hyperbolical symmetry.
Their physical properties are analyzed in detail. The energy density appears to be necessarily negative,
which suggests that any possible application of this kind of fluids requires extreme physical conditions
where quantum effects are expected to play an important role. Also, it is found that the fluid distribution
cannot fill the region close to the center of symmetry. Such a region may be represented by a vacuum cavity
around the center. A suitable definition of mass function, as well as the Tolman mass are explicitly
calculated. While the former is positive defined, the latter is negative in most cases, revealing the repulsive
nature of gravitational interaction. A general approach to obtain exact solutions is presented and some exact

analytical solutions are exhibited.
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I. INTRODUCTION

In recent papers [1,2] an alternative global description
of the Schwarzschild black hole has been proposed,
motivated on the one hand by the well known fact that
any transformation that maintains the static form of the
Schwarzschild metric (in the whole space-time) is unable
to remove the coordinate singularity in the line element [3].

On the other hand, based on the physically reasonable
point of view that any equilibrium final state of a physical
process should be static, it would be desirable to have a
static solution over the whole space-time.

However, as is well known, no static observers can be
defined inside the horizon (see [4,5] for a discussion on this
point), this conclusion becomes intelligible if we recall that
the Schwarzschild horizon is also a Killing horizon,
implying that the timelike Killing vector existing outside
the horizon, becomes space—like inside it.

Thus, outside the horizon (R > 2M) one has the usual
Schwarzschild line element corresponding to the spheri-
cally symmetric vacuum solution to the Einstein equations,
which in polar coordinate reads (with signature +2)

—_—
Iherrera@usal.es
.l_alicia.diprisco @ciens.ucv.ve; adiprisc@fisica.ciens.ucv.ve
*j.ospino@usal.es

2470-0010/2021/103(2)/024037(15)

024037-1

2M dR?
ds? = —[1-"\dP +—— R2d92,
’ ( R ) Taom T
dQ? = d6? + sin? Odg>. (1)

This metric is static and spherically symmetric, meaning
that it admits four Killing vectors:

X©) = O, X(2) = —c0s p0y + cotOsin pI

Xy =0y x(3) = singdy + cotdcos ¢pd,. (2)

However, when R < 2M the signature remains +2 but
the g,, and the gpp terms switch their signs, which explains
the fact that the time-like Killing vector outside the
horizon, becomes spacelike inside it. Also, an apparent
line element singularity appears at R = 2M. Of course, as is
well known, these drawbacks can be removed by coor-
dinate transformations, but at the price that, as mentioned
before, the staticity is lost within the horizon.

In order to save the staticity inside the horizon, the model
proposed in [1] describes the space time as consisting of a
complete four dimensional manifold [described by (1)] on
the exterior side of the horizon and a second (different)
complete four dimensional solution in the interior of it.
More specifically, to ensure that the vector y () = 0y be
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time-like (inside the horizon), a change in signature as well
as a change in the symmetry at the horizon was required.
The 6 — ¢ sub-manifolds have spherical symmetry on the
exterior and hyperbolic symmetry in the interior. The two
meet only at R =2M, 6 = 0.

Thus the model permits for a change in symmetry,
from spherical outside the horizon to hyperbolic inside
the horizon. Doing so, one has a static solution everywhere,
but the symmetry of the R = 2M surface is different at both
sides of it. We have to stress that we do not know if there is
any specific mechanism behind such a change of symmetry
and signature. However, the main point is that the change of
symmetry (and signature) was the way followed in [1] to
obtain a globally static solution.

Thus, the solution proposed for R < 2M is (with
signature (+ — ——)):

2M dR?
dS2 - (? - 1> dfz - m - deQ27
R

dQ? = d§” + sinh® 0dg*. (3)

This is a static solution with the (0, ¢) space describing
a positive Gaussian curvature. It admits the four Killing
vectors

X0 = O X(2) = —€0s ¢pJy + coth @ sin g0,

xa) =0y x(3) = singpdy + coth & cos ¢pd;. (4)

A solution to the Einstein equations of the form given
by (3), defined by the hyperbolic symmetry (4), was first
considered by Harrison [6], and has been more recently the
subject of research in different contexts (see [7—15] and
references therein).

In [2], a general study of geodesics in the spacetime
described by (3) was presented, leading to some interesting
conclusions about the behavior of a test particle in this
new picture of the Schwarzschild black hole. Our purpose
in this work is to carry out a complete study on the physical
properties of a fluid distribution in the region inner to the
horizon, endowed with the symmetry given by (4). Such a
fluid distribution might serve as the source of (3).

The mass function (m) as well as the Tolman mass (m7)
are defined for our fluid distribution. It is shown that within
the region r < 2m the energy density is negative, a
discussion about the physical implications of this fact is
presented. A general approach to obtain any exact solution
corresponding to a spacetime admitting hyperbolical sym-
metry is provided and some examples are found and
analyzed.

I1. BASIC DEFINITIONS, NOTATION,
AND EQUATIONS

In this section we shall present the physical variables
and the relevant equations necessary for describing a static

self-gravitating locally anisotropic fluid admitting the four
Killing vectors (4).

A. The metric

We consider hyperbolically symmetric distributions of
static fluid, which for the sake of completeness we assume
to be locally anisotropic and which may be (or may be not)
bounded from the exterior by a surface X¢ whose equation
is r = ry. = constant. On the other hand as we shall see
below, the fluid distribution cannot fill the central region, in
which case we may assume that such a region is represented
by an empty vacuole, implying that the fluid distribution
is also bounded from the inside by a surface X’ whose
equation is r = ry; = constant.

The line element is given in polar coordinates [with the
same signature as (3)] by

ds* = e'dt> — e*dr* — r*(d#* + sinh? 8d¢?),  (5)

where, due to the imposed symmetry v(r) and A(r) are
exclusively functions of r. We number the coordinates:
O =nx'=rx®=0,x=¢.

The metric (5) has to satisfy Einstein field equations

G, = 8xzT},. (6)
Let us next provide a full description of the source.

B. The source

We shall first consider the most general source, com-
patible with staticity and axial symmetry. Afterward we
shall impose the hyperbolical symmetry.

Thus we may write for the energy momentum tensor

Taﬂ = (/l + P)VaVﬂ - Pgaﬂ + Haﬂ' (7)

The above is the canonical algebraic decomposition of a
second order symmetric tensor with respect to unit timelike
vector, which has the standard physical meaning when 75
is the energy-momentum tensor describing some energy
distribution, and V* the four-velocity assigned by certain
observer.

Then, it is clear that u is the energy density (the
eigenvalue of T, for eigenvector V*), whereas P is the
isotropic pressure, and I, is the anisotropic tensor. We are
considering an Eckart frame where fluid elements are
at rest.

Thus, it is immediate to see that

H = T(I/J’V(lvﬁ’ (8)
1
P= —ghaﬁTaﬁ, Moy = hahty(T,, + Phy,), 9)
with i, =g, =V, V,.
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The introduction of pressure anisotropy in the study of
self-gravitating fluids (Newtonian or relativistic) is justified
by the fact that it appears in a large number of physically
meaningful situations (see [16] and references therein).
Furthermore, as it has been recently shown [17], physical
processes of the kind expected in stellar evolution will
always tend to produce pressure anisotropy, even if the
system 1is initially assumed to be isotropic. The important
point to stress here is that any equilibrium configuration is
the final stage of a dynamic regime and there is no reason to
believe that the acquired anisotropy during this dynamic
process, would disappear in the final equilibrium state, and
therefore the resulting configuration, even if initially had
isotropic pressure, should in principle exhibit pressure
anisotropy.

Since we choose the fluid to be comoving in our
coordinates, then

Ve = (e7/2,0,0,0); V,=(e/%,0,0,0). (10)

Let us now define a canonical orthonormal tetrad (say

eg,”) ), by adding to the four-velocity vector e&o) =V, three
spacelike unitary vectors

) =K, =(0,-¢2,0,0); e =L, =(0,0,-r,0),
(11)

S, = (0,0,0,—rsinh 0), (12)

Q
R
1

with a = 0, 1, 2, 3 (latin indices labeling different vectors
of the tetrad).
The dual vector tetrad ef‘a) is easily computed from the

condition

_ a P
Na)(b) = Yap€(a)€(p)°

where 7(4)() denotes the Minkowski metric.

In order to provide physical significance to the compo-
nents of the energy momentum tensor, it is instructive to
apply the Bondi approach [18].

Thus, following Bondi, let us introduce a purely locally
Minkowski frame (1.M.f) with coordinates (z, x, y, z)
(or equivalently, consider a tetrad field attached to such
LM.f)) by:

dr = e¥/*dt,
dy = rd#,

dx = e*?dr;
dz = rsinh 0d¢. (14)
Denoting by a hat the components of the energy

momentum tensor in such 1.M.f., we have that the matter
content is given by

g 0 0 0
. 0 P, P, O
Top = : (15)
U yx yy 0
0 0 0 P

2z

where u, Py, P,., Py,, P, denote the energy density and
different stresses, respectively, as measured by our locally
defined Minkowskian observer.

This is the general expression for the energy—momentum
tensor (in the L.M.f.) only assuming axial symmetry.
However, as consequence of the hyperbolical symmetry
of the system, it follows from the FEinstein equations
that the off diagonal term P,, vanishes and, in general,
Py # Py, =P,.

The components of our tetrad field in the Minkowski
coordinates read

V,=(1,0,0,0;  K,=(0,-1,0,0);
L,=(0,0.-1.0.  8,=(0,0,0.-1), (16)

from which we may write

f{lﬂ = (l’l + PZZ)‘A/(I‘A//} - Pzz”a[)’ + (Pxx - Pzz)f(af([)”

(17)

where 7,5 denotes the Minkowski metric.

Then transforming back to the coordinates of (5), we
obtain the components of the energy momentum tensor in
terms of the physical variables as defined in the 1.M.f.
Ta/)’ = (/’4 + Pzz)vavﬂ - Pzzga/)’ + (Pxx - Pzz)KaK/)" (18)

It would be useful to express the anisotropic tensor in
the form

h,
M,y =11 (KaKﬁ + Tﬁ> : (19)
with
H:Pxx_Pzz’ (20)
and
p=Lut 2l 21)
3
Or, inversely
1
P,.=P-— §H, (22)
2
P,=P+ §H. (23)
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Since the Lie derivative and the partial derivative
commute, then

1
‘c;( (Ra/} - Zga/}R) = 8”£)(Ta/1 = 09 (24)

for any y defined by (4), implying that all physical variables
only depend on r.

If the fluid is bounded from the exterior by a hypersur-
face X¢ described by the equation r = rye = constant,
then the smooth matching of (3) and (5) on X¢ requires
the fulfillment of the Darmois conditions [19], imposing
the continuity of the first and the second fundamental
forms, which imply

1
g
Irye 1

el/;e — /‘{Ze

-1, e Pxx(rZ") :O7 (25)

and the continuity of the mass function m(r) defined below.
If we assume that the central region is surrounded by
an empty cavity whose delimiting surface is r = ryi =
constant, then the fulfillment of Darmois conditions on X!
implies

est =1, el =1,

Pxx(r):i) = 0’ (26)
and m(rgi) = 0.

If either of conditions above (or both) are not satisfied,
then we have to resort to Israel conditions [20], implying
that thin shells are present at either boundary surface
(or both).

C. The Einstein equations

The nonvanishing components of the Einstein equations
for the metric (5) and the energy momentum tensor (18) are

(e*+1) A _,

Bru = — 3 + 76_ , (27)
—A 1 /

8ﬂP, — (67:—)_"_1/_6_/1’ (28)
r r

e—/l 1/2 Yy JooN
P =—(/4+——"—t - 2

where we have used the standard notation P, = P,
and P, = Py, = P, and primes denote derivatives with
respect to r.

It is worth stressing the differences between these
equations and the corresponding to the spherically sym-
metric case (see for example Egs. (2—4) in [21]).

From the equations above or using the conservation
laws T;;a = 0 we obtain, besides the identity g = 0 (where
dot denotes derivative with respect to ¢), the corresponding
hydrostatic equilibrium equation (the generalized Tolman—
Oppenheimer—Volkoff equation)

U,

2
“nm=o. 30
5T (30)

Pr+ (u+Py)

Let us now define the mass function m = m(r). For
doing so, let us notice that using (3) we have that outside
the fluid distribution (but inside the horizon)

M= —(§>R33z, (31)

where the Riemann tensor component R3;,, has been
calculated with (3).

Then generalizing the above definition of mass for the
interior of the fluid distribution we may write

r r e_ﬂ
mn=-(5)8. =" @

where now the Riemann tensor component is calculated
with (5).
Feeding back (32) into (27) we obtain

m'(r) = —dnr’y = m = —47r/r/1r2dr. (33)
0

Since m as defined by (32) is a positive quantity, then u
should be negative and therefore the weak energy condition
is violated, a result already obtained in [15]. However it
is important to stress that our definition of mass function
differs from the one introduced in [15]. In particular our m
is positive defined whereas the expression used in [15] is
negative (for the hyperbolically symmetric fluid).

The following comments are in order at this point.

(1) Itis worth noticing that while the total energy (mass)
of the bounded distribution is unique (M), the
definition of the energy localized in a given piece
of the fluid distribution is not. As a matter of fact,
this ambiguity in the localization of energy, which
is present even in classical electrodynamics [22],
has been extensively discussed in general relativity,
leading to different definitions of energy (see for
example [23-29] and references therein).

(i) Our main motivation to study hyperbolically sym-
metric fluids is directly related to the black hole
picture described in the Introduction, according to
which the region interior to the horizon is described
by (3), whereas the spacetime outside the horizon is
described by the usual Schwarzschild metric (1).
Now, the parameter M appearing in (3) is the same
as the M appearing in (1), i.e., the total mass of the
source, which is positive defined. Then, if we wish
that our mass function be continuous at the boundary
surface of our fluid distribution, which in turn is the
source of (3), it is natural to assume (32) as the
definition of the mass function. However it should
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be clear that any other scenario different from the
one described above, allows for other alternative
definitions of mass function.

(iii) Equation (32), as expected, is at variance with the
definition in the spherically symmetric case (e™* =
1- 27’"), since we are interested in the region 2m > r.

(iv) If the energy density is regular everywhere then the
mass function must vanish at the center as m ~ >,
this implies [as it follows from (32)] that the fluid
cannot fill the space in the neighborhood of the
center, i.e., there is a cavity around the center which
may be either empty or filled with a fluid distribution
nonendowed with hyperbolical symmetry. Thus the
hyperbolically symmetric fluid spans from a mini-
mal value of the coordinate r until its external
boundary. For the extreme case y = constant, this
minimal value r;,. is defined by —%” url. > 1.
Obviously, if the energy density is singular in the
neighborhood of the center, then this region must
also be excluded by physical reasons.

From the above it follows that, strictly speaking, we

should write instead of (33)

m= 47z/r |u|rdr, (34)

min

where due to the fact that u is negative, we have replaced it
by —|u| (as we shall do from now on).

The situation described above is fully consistent with the
results obtained in [2] where it was shown that test particles
cannot reach the center for any finite value of its energy.

Next, using (28) and (32) we obtain

4zr3P, —m
/ — 2 r
v rm—r)’ (35)

from which we may write (30) as

P (P = ) o=

4zr’P, —m 2
r ~-I1=0. 36
r2m—r r (36)

This is the hydrostatic equilibrium equation for our fluid.
Let us analyze in some detail the physical meaning of its
different terms. The first term is just the gradient of
pressure, which is usually negative and opposing gravity.
The second term describes the gravitational “force” and
contains two different contributions: on the one hand the
term P, — |u| which we expect to be negative (or zero for
the stiff equation of state) and is usually interpreted as the
“passive gravitational mass density” (p.g.m.d.), and on
the other hand the term 4zr°P, — m that is proportional to
the “active gravitational mass” (a.g.m.), and which is
negative if 4z773P, < m. Finally the third term describes
the effect of the pressure anisotropy, whose sign depends on

the difference between principal stresses. Two important
remarks are in order at this point:

(1) It is worth stressing that while the self-regenerative
pressure effect [described by the 4zr°P, term in
(36)] has the same sign as in the spherically
symmetric case, the mass function contribution in
the second term has the opposite sign with respect to
the latter case. This of course is due to the fact that
the energy density is negative.

(i1) If, both, the p.g.m.d. and the a.g.m. are negative,
the final effect of the gravitational interaction
would be as usual, to oppose the negative pressure
gradient. However, because of the equivalence
principle, a negative p.g.m.d. implies a negative
inertial mass, which in turn implies that the hydro-
static force term (the pressure gradient and the
anisotropic term), and the gravitational force term,
switch their roles with respect to the positive energy
density case.

D. The Riemann and the Weyl tensor

As is well known, the Riemann tensor may be expressed
through the Weyl tensor CZ/}W the Ricci tensor R4, and the

scalar curvature R, as

1 1 1
P P p
Rign = Copu 5 RpIau = 5 Rap®ls + 5 Rey 3
T B :
- ERilga/} - ER(éfﬁgaﬂ - gaﬁéfl)' (37)

In our case, the magnetic part of the Weyl tensor vanishes
and we can express the Weyl tensor in terms of its electric
part (Ea/} = Cayﬂ,;VVV‘S) as

C/Awd = (g/wa/igrdyé - ”ﬂuaﬁnxﬂyﬁ) Ve VyEﬁé’ (38)

with g/,u/a/} = gﬂ(lgbﬂ - g/,t/iguw and 71;41/(1/)’ denOting the
Levi—Civita tensor.

The electric part of the Weyl tensor for our metric (5)
may be written as

1
Ea — 5<KaKﬂ +§haﬂ>7 (39)

satisfying the following properties:

E% =0,  En=Eg), E,V/ =0, (40)
where
et (., v v X 1
= —— RS R—— | =
¢ 4(+2 2 r+>2r2(+e>
(41)
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Using the field equations (27)—(29), (32), and (41) the
following relationship may be obtained

3
T — dzlu| + 4all - €. (42)

r 3
Taking the r-derivative of the expression above and
using (33) we find

_47r

& 3 A || d¥ + 4xll. (43)

Finally, inserting (43) into (42) we obtain

4 A [ _ 5
n(r) =5l =5 [ Pluar. @

Equation (43) relates the Weyl tensor to two fundamental
physical properties of the fluid distribution, namely: energy
density inhomogeneity and local anisotropy of pressure,
whereas (44) expresses the mass function in terms of its
value in the case of a homogeneous energy density
distribution, plus the change induced by energy density
inhomogeneity. In the expressions (43), (44) above it must
be kept in mind that the center of the distribution should
be excluded.

E. Tolman mass

An alternative definition to describe the energy content
of a fluid sphere was proposed by Tolman many years ago
[23]. The Tolman mass generalized for any fluid element of
our static fluid distribution inside X¢ reads

2r T r
- / / / =T = T = 272)drd6ds
0 0 0

= 2z(cosh 7 — 1) / W22 (—|u| + P, + 2P )dF-.
0

(45)

Using the field equations (27)—(29), the integration of
(45) produces

(cosh 7 — 1)

1 eWA/2p2y (46)

mr =

or combining (35) with (46)

(cosh 7 —1)

5 W2 (4gP, P —m).  (47)

my =

In the light of equation (47) [or (46)] and (36) [or (30)],
the usual physical interpretation of m; as a measure of the
active gravitational mass becomes evident. It must be
stressed the fact that this quantity is negative provided
4zP,r3 < m, which would imply the repulsive character

of the gravitational interaction in the spacetime under
consideration.
Indeed, let us consider the four-acceleration a,, defined
as usually by
a, = Va;ﬂVﬁ, (48)
that in our case may be written as

a(l = aK(l’ (49)

where
a= %e"l/z, (50)

which allows us to write

2my ev/?
r?> (coshz—1)"

a =

(51)

Thus the four-acceleration is directed inwardly (if
4zP,r’ < m). Now, let us recall that a* represents the
inertial radial acceleration which is necessary in order to
maintain static the frame by canceling the gravitational
acceleration exerted on the frame. Therefore the fact that
the four—acceleration is directed radially inward, reveals the
repulsive nature of the gravitational force.

Next, taking the r-derivative of (45) and using (47) we
find

mlr_ng _ _(cosh 7 —1)

5 W22 (4T + E),  (52)
p

whose integration produces

3 hr—1
r) +(0082ﬂ' )r3

e = ()

I'ye

Y
« / (€ + 4xIT)dF, (53)

or using (43)

r\3 (coshz—1
my = (mr)sxe <r20) + 7< 5 ) r

Iye (”+’1>/2 4 7
x/ ¢ - <~—7;/ |,u|’s3ds+87rH)d?. (54)
r r  Jo

The above expressions are equivalent to the ones
obtained for the spherically symmetric case [30].

We shall next present the orthogonal splitting of the
Riemann tensor, and express it in terms of the variables
considered so far. Doing so we shall be able to define the
structure scalars for our fluid distribution.
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III. THE ORTHOGONAL SPLITTING OF
THE RIEMANN TENSOR AND THE
STRUCTURE SCALARS

Following the orthogonal splitting scheme of the
Riemann tensor considered by Bel [31], let us introduce
the following tensors (we shall follow closely, with some
changes, the notation of [32]),

Yaﬂ = Ra},ﬂéVyV‘s, (55)

1 i
Za/i =" Ray/iﬁvyv(s = ii/layeuREMﬂﬁVyV{S’ (56)

* * 1 *
Xop =" R, 55VIVO zinaﬂ‘Reﬂ/}&W’V‘s, (57)

where * denotes the dual tensor, i.e., R(*W(S = %nengaﬂG“.

It can be shown that the Riemann tensor can be
expressed through these tensors in what is called the
orthogonal splitting of the Riemann tensor (see [32] for
details). However, instead of using the explicit form of the
splitting of Riemann tensor (Eq. (4.6) in [32]), we shall
proceed as follows (for details see [33], where the general
nonstatic case has been considered).

Using the Einstein equations we may write (37) as

R g5 = C g5 + 28T 57

1
+ 8xT <§ 6a[/36}/5] —_ 5[&[/),6;/]5]) s (58)

then feeding back (7) into (58) we split the Riemann
tensor as

R g5 = R}y ps + Ri11y ps + Rifrn) poo (59)

where

R{ s = 16muVV 3675 — 162Phl 35715
1
+ 87(u — 3P) <§ 8756 5 — 5[0‘[,3&15]) (60)
R({zyz)/i& = 16”1_[[&[/35”5] (61)
R?Iyl]) ps = 4V[“VV;EV]5] — €7 ep5, B (62)
with

€ayﬂ = Vﬂnﬂayﬂ’ €ayﬂVﬁ = 0, (63)

and where the vanishing of the magnetic part of the Weyl
tensor (H s =" C,yp5V7V?) has been used.

Using the results above, we can now find the explicit
expressions for the three tensors Y 5, Z,5 and X5 in terms
of the physical variables, we obtain

47
Y(lﬂ = ? (/A + 3P)hoz[)’ + 47TH(1/3 + Ea/}v (64)
Zoys =0, (65)
and
87
Xa/i = - ? ‘M|ha/} + 4”1_[(1[)’ - E(l/)" (66)

As shown in [33], the tensors above may be expressed in
terms of some scalar functions, referred to as structure
scalars, by decomposing them into their trace-free part and
their trace, as

h(l h(l}

Xop = Xy 3ﬁ L Xy <KaKﬁ+ o > (67)
hy, hy,

Yo = YT?/} T Yop (KaKﬂ + 3/">. (68)

These scalars in turn may written as:

Xr = —8x|ul, (69)
Xrp = 4xll - €, (70)

or using (43)
Xop == [Pt ()

and

Yp = 4n(=|ul +3P), (72)
Yrp =4nll + &, (73)

or using (43)
Ypp = 8all + j—’; A "Bl dr. (74)

From the above it follows that local anisotropy of
pressure is determined by X;r and Y by

877.'H = XTF + YTF- (75)

To establish the physical meaning of Y; and Y, let us
get back to Egs. (45) and (54), using (72) and (74) we get

024037-7
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r\3 (coshz—1 ree e(VA)/2
mr—(mr)26< ) —|—¥r3/ ’ — Y rpdr,
Tye 2 . P

and
(coshz—1) 7 5 nmo -
mp = | T e A2y L dF. (77)
0

We see that Y, encompasses the influence of the local
anisotropy of pressure and density inhomogeneity on the
Tolman mass. Or, in other words, Y75 describes how these
two factors modify the value of the Tolman mass, with
respect to its value for the homogeneous isotropic fluid.
This fact was at the origin of the definition of complexity
provided in [34]. Indeed, if we assume that the homo-
geneous (in the energy density) fluid with isotropic
pressure is endowed with minimal complexity, then the
variable responsible for measuring complexity, which we
call the complexity factor, should vanish for this kind of
fluid distribution, as it happens for Y p.

Also, it is worth noticing that from (77) Y, appears to be
proportional to the Tolman mass “density.”

IV. ALL STATIC SOLUTIONS

We shall next present a general formalism to express any
static hyperbolically symmetric solution in terms of two
generating functions. Afterward we shall also present
some explicit solutions and their generating functions.
The procedure is similar to the one proposed for the
spherically symmetric case (see [21,35]).

Thus, from (28) and (29) we may write

2

(e +1) e
P —P =

Q
N\
_|_
ol S

2
SIES

t\
~ e
N———

- = -—; -4 =Y, 79
5 ; et=y (79)
becomes
27 6 4 2 /1
y/+y<_+2Z__+_2):—<—2—87zH>. (80)
z r zr FARNA

The integration of (80) produces

" Ze JE2z)ar
o) — 81
/6 (2 fz(l—?j;rl'[rz) €f<z%+2z>drdr 1 C])

Therefore, any static solution is fully described by the
two generating functions IT and z.
For the physical variables we may write

m/
arl =" (52)
2mr— 1) —
4”Pr:Z( mr r%) m—i—r, (83)
J
!
87TPJ_:(_m_1><ZI+Zz—E+—2)+ <ﬂ—n;>
ror r
(84)

We shall now find some explicit solutions and their
respective generating functions.

A. The conformally flat solutions

Due to the conspicuous role played by the Weyl tensor in
the structure of the fluid distribution, as indicated by (43)
and (53), it is worth considering the special case £ =0
(conformal flatness).

Thus we shall now proceed to integrate the condition

£=0, (85)

which, using (41), may be written as

e—ll/ I e”z/ / e—l+1 i
=) - =0. (86
(5) re(5) - () o e

Introducing the new variables

y=e"’ = (87)

the Eq. (86) is cast into

2y(u" —u'[r+ u/r?) N 2u

U TS

=0, (88)
whose formal solution is

y— o J Ky {/ efk(r)drf(r)dr+ C1}, (89)
where C; is a constant of integration, and

k(r) = 2% [m <u’ - %)] : (90)

o1
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Changing back to the original variables, Eq. (89) becomes

Y arer —1 2
—Var'e , (92)

where a is a constant of integration which using the
matching conditions (25) becomes

a :M‘ (93)

r‘éz‘
Next, (92) may be formally integrated, to obtain
e’ = ar’sin? (

o2
S dr+ y) (94)
r

where 7 is a constant of integration which using (25) reads,

M _ 1 /2
—(ry ) - /e—dr .
M(9M - 4}’22) r e

(95)

y = arcsin | rye

It is worth noticing the difference between (94) and the
corresponding expression in the spherically symmetric case
(Eq. (40) in [36]).

Obviously the conformally flat condition only deter-
mines one generating function, therefore in order to find a
specific model we have to impose an additional restriction.
As an example we shall consider the extreme case P, = 0.
This solution represents the hyperbolically symmetric
analogue of the model I found in [36] for the spherically
symmetric case.

Thus assuming P, = 0, we find from (28)

V=- . (96)

Replacing (96) in (41) and using £ = 0 the following
relationship may be easily obtained

8(1+eM)+ (14+e*)2+3rd —rle =0, (97)
or
9(99—4) —gr(3g-2) =0, (98)

where e = 2g — 1. The integration of (98) produces

Cr% = (99)

9g—4"

where C; is a constant of integration.

Next, combining (92) and (96) we obtain

2(2g -1
voor2g=1) (100)
999 —4)
For the physical variables we get
39 (29-1)
= , 101
M =5 G —2) (101)
3 7
=—>—\ 102
7r’ (3g—2) (102)

From the above it follows that g > 2/3 ensuring that e" is
positive, and defining the minimum value of r for the fluid
distribution. The model may be completed by assuming an
empty vacuole with boundary surface r = r,;,. Since P, is
zero, then both the a.g.m. and the p.g.m.d. are negative.
It should be noticed that while the matching conditions may
be satisfied on X¢, the mass function would be discontinu-
ous across X/. Thus a thin shell appears at the boundary
surface r = rp;,.

The generating functions for this model are easily found
to be

L= r(gg_—ll) ’ (103)
and
2
1(r) = _J—rzﬁ' (104)

B. Two anisotropic solutions
from given energy density profiles

We shall next find two solutions, by extending to the
hyperbolically symmetric case the procedure developed in
[37] which allows to find an anisotropic solution from any
known isotropic one, in the spherically symmetric case.

The basic ansatz of the method is based on a specific
form of the anisotropy, more specifically it is assumed that

I//

Py =P, =C(=lu[+P,)5r, (105)

where C is a constant measuring the anisotropy of the

pressure.
Then, using (105) in (30) we obtain

/!

P+ (~lul + P) S h =0,

5 (106)

with h = 1-2C.
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Obviously & =1 corresponds to the isotropic pressure
case. Then assuming the energy density distribution of a
given isotropic solution we may find the corresponding
anisotropic model satisfying (105).

1. The incompressible fluid

Let us first consider a fluid distribution with constant
energy density (4 = constant). If the fluid has isotropic
pressure then the solution is unique and would be the
hyperbolically symmetric version of the interior
Schwarzschild solution, such a solution has been found in
[15]. However if the pressure is anisotropic there are an
infinite number of possible solutions. Here we find a solution
which would be the generalization of the Bowers—Liang
solution [38], for the hyperbolically symmetric fluid.

Thus, assuming p = constant we may integrate (106)
obtaining

Py = |u| = pe2, (107)
where f is a constant of integration.

From the junction condition (P,)y. = 0, we obtain for

B = ~lule="2, (108)
producing
P, = |pl[1 - elar=0Ih2], (109)
Also, from (33) we have
m(r) =2l (110)

Combining (109) with (28) we obtain

2
y 8xr |/l| 1 _M+8”|ﬂ|re(uze—u)h/2 =0,
3 3
(111)

where (32) has been used.
The integration of (111) produces

1 87|pu|r. h/2 87|p|r? h/2]2
vh _ — htdl Und WD 1 — (= g
© T [3( 3 3 ’

(112)

where junction conditions (25) have been used.
Combining the above expression with (109) we obtain,

lulr2 h/2 ;
|ﬂ| |:(8 ‘I43|r):c _ 1) / _ <87£\§t\ 2 _ 1>h/2i|
r= 3(8;1\/;\@6 _ 1)h/2 B (Sﬂlg‘rz _ 1>h/2 s

(113)

and for the tangential pressure we have

|,L£| |:(87t\;;|r§g _ 1)h/2 _ (Sﬂ‘g‘}l _ 1)h/2:|

P
1 3<%_ 1)h/2_ (M_ 1>h/2

2 ) h_
(1- h)8ﬂ|ﬂ|2r2(%_ l)h/Z(%_ 1)2 1

3 |:3 (87[‘;;‘1';9 _ 1)1’1/2 _ (8,1‘?‘,2 _ 1>h/2:|2

(114)

+

As mentioned before, the fluid distribution described
above cannot fill the whole space, but is restricted by a

minimal value of the r coordinate, satisfying r;, > , /#‘M‘.

For 0 < r < rp;, we may assume an empty cavity sur-
rounding the center. Also, it is a simple matter to check that
both, the a.g.m. and the p.g.m.d., are negative. As in the
previous case, this solution may be matched on X¢ but not
on X/, due to the discontinuity of the mass function across
that hypersurface.

For h = 1 we recover the incompressible isotropic fluid
solution found in [15], whereas for & # 1 we obtain the
solution equivalent to the Bowers—Liang fluid distribution,
corresponding to the hyperbolically symmetric case.

It is not difficult to see that the two generating functions
of this solution are

2 r & r
| 3(8”“;‘ Yo 1)h/2 _ <8ﬂ|§t| 2 1)2 1(1671:‘5/1‘ 2 1)
r 3(8n|ﬂ|r§e _ 1>h/2 _ (gﬂ\,,‘rz - l)h/z ,

(115)

Z:

and

7|l r2 h/2 (sn L
(1 - h)8aul>r <8\/f#_ l) / (8 Igt\rz 3 1)_ I

3 [3 (Sﬂ\;;\rée _ 1)h/2 _ <8ﬂlg‘r2 _ 1)h/2]2

(116)

(r) = -

2. Tolman VI type solution

As asecond application of the approach sketched above we
shall now find a solution inspired in the well-known Tolman
VI model [39]. It is worth recalling that in the spherically
symmetric case with isotropic pressure, the equation of state
of this model corresponds to the equation of state of a Fermi
gas in the limit of very large energy density.

Thus, following the approach described above, let us
assume

= m = —4nKr (117)

_K.
.u_rz’

where K is a negative constant.

024037-10



HYPERBOLICALLY SYMMETRIC STATIC FLUIDS: A GENERAL ...

PHYS. REV. D 103, 024037 (2021)

Then (106) for this case may be written as

where € = \/ 4 + 4a + o> — 4yp, and the boundary con-
dition P,(rge) = 0 has been used. Thus the matching on X¢

P aP, 4 prP? + 13 (118) is assured, while the discogtinuity of the ‘mass function
r r (117) across X' produces a thin shell on the inner boundary
surface.
where the constants a, f3, y are defined by For the metric functions and the tangential pressure the
corresponding expressions are
8zKh 5 4rh 4xhK? ,
a=—0; =0 = “h = _
87K + 1 87K +1° ' 8aK+1 et = —(8zK + 1), (121)
(119) @1y
. | | Y= (I (2 a—e) — 1 (2 et ),
Equation (118) may be integrated, producing (2¢)""rge
122
B Q+a+e)2+a—e)(rs —r) (120) (122)
TR ra- - A2 rara] with n = gt and
|
P Q4+a+e)2+a—e)(rs —r) 2n(h—=1) (rs.+a+e)2—¢e)—r'R+a—-€)(2+¢))? (123)
+ 2872+ a—€)—re(2+ate)] (87K +1) 2rirrR+a—¢€)—re.(2+a+e)]

As it is obvious this fluid distribution is singular at the center, and therefore the central region should be excluded by
elementary physical reasons. Furthermore from (121) it follows that 8z|K| > 1, implying @ > 0,8 <0,y < 0,n > 0.
Finally, for the generating functions of this model we obtain:

_r2ntne+2)2+a—e)—rg.(2+a+e)(2n—ne+2)

. : 124
) 22+ a-e) = re(2+a+e) (124)
and
M(r) = - 22(h—1) (reeR+a+e)(2—¢) - r€<2 ta—e)(2+e))2 s
(87K +1) 26r[rF(2+a—e€) —rs(2+a+e)
I
C. A model with vanishing complexity factor Next, imposing Y7 = 0 in (76) it follows that

As mentioned before, the scalar Y75 has been shown to .
be a suitable measure of the complexity of the fluid iy = (m7)s r (128)

distribution (see the discussion on this issue in [34]), »

therefore it would be interesting to find a model (besides
the homogeneous and isotropic solution) satisfying the
condition of vanishing complexity (Y7 = 0). Since there
are an infinite number of such solutions, we have to impose
an additional restriction in order to obtain a specific model.
Here we shall assume (besides the vanishing complexity
factor), the condition P, = 0.
Thus, assuming P, = 0, we obtain from (28)

29
= 126
g (2g—1)r (126)
where ¢ is defined by

-t = (127)

The combination of (46), (126), (127), and (128)
produces

y__ Ampyrt (29-1)
eV = .

= 129
rS(coshn— 1) & (129)

On the other hand the condition Y;r =0 may be
written as

gr(l—g)+9(59-2) =0, (130)

whose solution reads
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5

Crlo=—9 131
SENETEIE 130
where C, is a constant of integration.
Then for the physical variables we obtain
3 g(29-1)
= = 7 132
=4 o (132)
3 4
Pl=——. 133
LT 82 (g— 1) (133)

In this case, the fluid distribution is restricted by a
minimal value of the r coordinate, satisfying g(rpi,) > 1.
The specific value of ry;, is obtained from (131). For
0 < r < rp, we may assume, as in precedent models, an
empty cavity surrounding the center. Also as in precedent
models, the discontinuity of the mass function across X'
implies that a thin shell appears on it. Finally, since the
radial pressure is assumed to be zero, both the a.g.m. and
the p.g.m.d. are negative.

The generating functions for this model are easily found
to be

g—1
Z:
,

2g-1) Y

and

(135)

D. The stiff equation of state

Finally we shall consider a couple of solutions satisfying
the so called stiff equation of state, which as far as we know
was proposed for the first time by Zeldovich [40], and
is believed to be suitable to describe ultradense matter
(in particular for neutral vector mesons @° and ¢°). In its
original form it assumes that energy density equals pressure
(in relativistic units). In our case we shall assume

| = P,. (136)

then (36) becomes

2

P.+Z1=0. (137)
r

To obtain specific solutions, additional information is
required. Here, as examples, we shall consider two par-
ticular cases.

1. PJ_=0

Let us first assume that tangential pressure vanishes.
Then (137) can be easily integrated, producing

K K
Po== = (138)
r r
where K is a positive constant of integration.
The above equation, together with (32), (33), and (35)
produces
m=4nxKr, e*=8rK—1, v=constant. (139)
In this model, both, the a.g.m. and the p.g.m.d. vanish.
Obviously there are not vanishing pressure surfaces
for this solution, and the corresponding generating func-
tions are

(140)

2. YTF =0

Let us next consider the simplest stiff fluid model (i.e.,
the one satisfying, besides (136), the vanishing complexity
factor condition).

Then, using this latter condition in (74) and feeding back
the resulting expression into (137) one obtains

3
P! +=P,. =0, (141)
r
whose solution reads
b
Pr = ﬁ —da (142)

where a and b are two positive constants of integration.
Then from (32) and (33) it follows at once

ar?
—dzr(b-),
m ﬂr< ! )

from which we easily obtain 4. Finally, feeding back these
expressions into (35) we may obtain v.

Assuming the fluid distribution to be bounded from the
exterior by the surface ¢ described by r = ry. = constant,
then we may write

(143)

1 1
P.=bl——-——], 144
’ <r2 r%) (144)
and
drbr
m*37(3r%e—r2). (145)
Z(‘
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Thus, while matching conditions are satisfied on Z¢, they
are not on X'.
From the above expressions it follows at once that

8xbr?
4zr3P, —m = — ﬂ Zr . (146)
3rse
Finally, for the tangential pressure we obtain
b
P =- 147
1 r%e (147)

Thus, for this model the p.g.m.d vanishes, whereas, unlike
the previous case, the a.g.m. (my) does not, and is negative.

V. CONCLUSIONS

Motivated by the physical interest of the black hole
picture described in the Introduction, and which assumes
that the spacetime inside the horizon is described by (3),
we have carried out a general study on the properties of
static fluid distributions endowed with hyperbolical sym-
metry, which eventually could serve as the source of such
spacetime. Thus we have found that such fluid distributions
may be anisotropic in the pressure, with only two main
stresses unequal and the energy density is necessarily
negative. Furthermore, the fluid cannot fill the whole space
within the horizon, the central region being excluded. This
is so, whether the energy density within the fluid distri-
bution is regular or not. This last result implies that the
central region should consist in a vacuum cavity, or should
be described by a different type of source. On the other
hand, the fact that the fluid distribution cannot attain the
center concurs with the result obtained in [2] indicating that
no test particle with finite energy can reach the center.

The violation of the weak energy condition (u < 0),
which in turn implies that the Tolman mass is negative (if
4zP,.r3 < m), requires some discussion.

Let us start by mentioning that in spite of the fact that
from classical physics considerations we expect the energy
density to be positive, negative energy densities are often
invoked in extremes cosmological and astrophysical sce-
narios, usually in relation with possible quantum effects, of
the kind we could expect within the horizon (see [41-45]
and references therein).

Besides, it is worth recalling that at purely classical level,
it has been shown that any spherically symmetric distri-
bution of charged fluid (independently of its equation of
state) whose total mass-radius and charge correspond to the
observed values of the electron, must have negative energy
distribution (at least for some values of the radial coor-
dinate) [46—48]. The possible origin of this intriguing result
may be found in a remark by Papapetrou about the
finiteness of the total mass of the Reissner-Nordstrom

solution [49]. Indeed, since the electrostatic energy of a
point charge is infinite, the only way to produce a finite
total mass is the presence of an infinite amount of negative
energy at the center of symmetry. Without entering into a
detailed analysis of this issue, which is beyond the scope of
this manuscript, we speculate that the violation of the weak
energy condition might be related to quantum vacuum of
the gravitational field.

Next, we recall that in [2] it has been obtained that
any test particle within the horizon, for the metric (3),
would experience a repulsive force. In the case of a fluid
distribution, this repulsive nature of the gravitational
interaction was already brought out in Sec. II as due to
the fact that the a.g.m. (if 4zP,r* < m) is negative. On the
other hand, as we have already mentioned, we expect the
p.g.m.d. to be negative, or at most zero, which according to
the equivalence principle (stating that the inertial mass
equals the passive gravitational mass) would imply that the
inertial mass is negative too, therefore a negative pressure
gradient even if directed outwardly, would push any fluid
element inwardly. In other words, the forces acting on any
fluid element look as if they have switched their role, with
respect to the positive energy density case.

Finally, we have developed a general formalism to express
any static hyperbolically symmetric fluid solution in terms of
two generating functions. Some explicit solutions have been
found and their physical variables have been exhibited. In all
of them it appears clearly that the central region cannot be
filled with the fluid distribution. Further study on the
physical properties of these solutions, although out of the
scope of this work, would be necessary.
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APPENDIX: SOME BASIC FORMULAS

In what follows we shall deploy some formulas used in
our discussion.

1. Christoffel symbols

v v, A
My=7. L=z Ti=7,
I, =—re ™, I}, = —re~*sinh?0,
1 1
2 =-, 2, = ——sinh 26,
2= 33 3 Sin
1
I3, = coth, s, =-. (A1)
r
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2. Ricci tensor and curvature scalar

-

R8 - 64— W4 -rd+r/)+2r/],
r
o
Rl = o [V (4 + )+ r(V)* +2r/],
r
-2
R} =R} :%(2+2e’1—r/1’+r1/), (A2)
o
R = 272 [4(1+ N +ar/ —4lr +rP(V)? =2V + 2r21/’]. (A3)
r
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