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A Simpson-Visser spacetime has two non-negative parameters a andm and its metric is correspond with
(i) a Schwarzschild metric for a ¼ 0 and m ≠ 0, (ii) a regular black hole metric for a < 2m, (iii) a one-way
traversable wormhole metric for a ¼ 2m, (vi) a two-way traversable wormhole metric for a > 2m, and
(v) an Ellis-Bronnikov wormhole metric for a ≠ 0 and m ¼ 0. The spacetime is one of the most useful
spacetimes for the purpose of comprehensively understanding gravitational lensing of light rays reflected
by a photon sphere of black holes and wormholes. We have investigated gravitational lensing in the
Simpson-Visser spacetime in a strong deflection limit in all the non-negative parameters of a and m. In a
case of a ¼ 3m, two photon spheres and an antiphoton sphere at the throat degenerate into a marginally
unstable photon sphere. The deflection angle of the light rays reflected by the marginally unstable photon
sphere at the throat diverges nonlogarithmically in the strong deflection limit.
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I. INTRODUCTION

Recently, the detections of gravitational waves emitted
by binary black holes and of the shadow of a supermassive
black hole candidate at center of a giant elliptical galaxy
M87 have been reported by the LIGO and VIRGO
Collaborations [1] and by Event Horizon Telescope
Collaboration [2], respectively. The phenomena in a strong
gravitational field near compact objects can be more
important in general relativity and astrophysics.
Static and spherically symmetric compact objects with a

strong gravitational field in general relativity have unstable
(stable) circular photon orbits called photon spheres (anti-
photon spheres) [3,4] and its property, such as the upper
bound of the radius [5] and the number [6], has been
studied. The relations between (anti)photon spheres and the
photon absorption cross section [7–9] quasinormal modes
[10–13], a centrifugal force and gyroscopic precession
[14–17], Bondi’s sonic horizon of a radial fluid [18–23],
stability of thin-shell wormholes [24,25], and an apparent
shape during a collapsing star to be a black hole [26–28]
have been investigated. Extensions and alternatives of the
(anti)photon spheres to low symmetry have also been
investigated [4,29–40] and there is concerned that stable
photon rings of compact objects lead to instability caused
by the slow decay of linear waves [41–43].
Gravitational lensing has been studied not only in a weak

gravitational field [44,45] but also in a strong gravitational
field. In 1931, Hagihara pointed out that light rays are

strongly deflected by the photon sphere and that an
observer will see the light rays coming from all the
directions of our universe [46]. Infinite number of the
dim images of the light rays reflected by the photon sphere
have been revived by many authors [47–66]. The dim
images are named relativistic images in Ref. [53].
The deflection angle of a light scattered by the photon

sphere in a general asymptotically flat, static and spheri-
cally symmetric spacetime in a strong deflection limit
b → bm, where b is the impact parameter of the light
and bm is the critical impact parameter, is expressed by

α ¼ −ā log
�

b
bm

− 1

�
þ b̄

þO

��
b
bm

− 1

�
log

�
b
bm

− 1

��
; ð1:1Þ

where ā and b̄ are parameters, and its application to a lens
equation has been investigated by Bozza [55] and the
formalism has been extend by many authors [60,63–82].1
Recently, deflection angles in the strong deflection limit
with some different forms from Eq. (1.1) such as α ¼
ā�ðb=bm − 1Þ−1=6 þ b̄� þOððb=bm − 1Þ1=6Þ, where ā� and
b̄� are constant, have been reported in Refs. [65,83] when
an antiphoton sphere and a photon sphere degenerate to a
marginally unstable photon sphere. These recent studies on
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1In Ref. [55], the subleading term of Eq. (1.1) has been
considered as Oðb − bmÞ, However, it should be read as
Oðð b

bm
− 1Þ log ð b

bm
− 1ÞÞ as discussed in Refs. [75,77,80].
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the strong deflection limit analysis show that Bozza’s
standard method [55] and alternative methods [80] do
not always work in the case of all parameters of spacetimes.
Thus, we have to choose carefully appropriate coordinates,
variable z, and methods of the analysis.
Wormholes are hypothetical objects permitted as a

solution of Einstein equations with nontrivial topology
[84,85] and they do not have an event horizon but they can
have photon spheres and antiphoton spheres. It is known
that any static and spherically symmetric wormhole vio-
lates energy conditions on a throat at least if we assume
general relativity [85]. Gravitational lensing of light rays
passing through the throat or passing near the photon
sphere [56,57,60,61,77,81,82,86–91], the visualizations
of wormholes [92,93], and shadows in an accretion gas
[94–96], wave optics [97], and gravitational waves [98] in
wormhole spacetimes have been investigated.
Recently, Simpson and Visser have suggested a metric

which can correspond with a Schwarzschild metric (a ¼ 0
and m ≠ 0), a regular black hole metric (a < 2m), and a
wormhole metric (a ≥ 2m) including an Ellis-Bronnikov
wormhole metric (a ≠ 0 and m ¼ 0), where a and m are
parameters of the spacetime [99]. Assuming general
relativity, the energy conditions must be violated as shown
in [99]. This is not surprising because the Simpson-Visser
metric includes the wormhole metric as a special case.
We notice that Simpson and Visser have disregarded the
photon sphere of the wormhole with a > 3m. Its gravita-
tional lensing in the strong deflection limit for a < 3m
[100] and the one under a weak-field approximation
[100,101] have been studied. New examples of spacetimes
similar to the Simpson-Visser spacetime have been pro-
posed in Ref. [102].
In this paper, we investigate the gravitational lensing in

the strong deflection limit in the Simpson-Visser spacetime
in all the cases of the non-negative parameters a andm. We
show that the observation of the black hole shadow [2] does
not reject the wormhole with a > 3m which is disregarded
in [99,100]. We also show that two photon spheres and one
antiphoton sphere degenerate into a marginally unstable
photon sphere at a wormhole throat for a ¼ 3m and that the
deflection angle in the strong deflection limit becomes

αðbÞ ¼ c̄

ð b
bm

− 1Þ14 þ d̄; ð1:2Þ

where c̄ and d̄ are constant while it has the form of Eq. (1.1)
for a ≠ 3m.
This paper is organized as follows. In Sec. II, we review

the Simpson-Visser spacetime and the deflection angle
of the light ray. In Secs. III and IV, we investigate the
deflection angle and observables in the strong deflection
limit. Gravitational lensing under a weak-field approxima-
tion is shortly reviewed in Sec. V, and this paper is

concluded in Sec. VI. In this paper we use the units in
which a light speed and Newton’s constant are unity.

II. SIMPSON-VISSER SPACETIME

The Simpson-Visser spacetime is described by a line
element, in Buchdahl coordinates [103,104],−∞ < t < ∞,
−∞ < r < ∞, 0 ≤ ϑ ≤ π, and 0 ≤ φ < 2π,

ds2 ¼ −AðrÞdt2 þ BðrÞdr2 þ CðrÞðdϑ2 þ sin2ϑdφ2Þ;
ð2:1Þ

where AðrÞ, BðrÞ, and CðrÞ are given by

AðrÞ ¼ 1

BðrÞ≡ 1 −
2mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ a2

p ;

CðrÞ≡ r2 þ a2 ð2:2Þ

and where m and a are non-negative parameters. It is (i) a
Schwarzschild metric if a ¼ 0 and m ≠ 0, (ii) a regular
black hole metric if a < 2m, (iii) a one-way traversable
wormhole metric with a null throat if a ¼ 2m, (vi) a
traversable wormhole metric with a two-way throat at
r ¼ 0 if a > 2m, and (v) an Ellis-Bronnikov metric if
a ≠ 0 and m ¼ 0. On this paper, we use not only the radial
coordinate r but also a standard radial coordinate ρ≡ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ a2

p
which is related to the surface area 4πρ2 of a two-

dimensional sphere. See the end of this section for the
standard radial coordinate ρ. There are time-translational
and axial Killing vectors tμ∂μ ¼ ∂t and φμ∂μ ¼ ∂φ because
of stationarity and axisymmetric symmetry of the space-
time, respectively. Without loss of generality, we concen-
trate on ϑ ¼ π=2 and r ≥ 0.
The trajectory of the light ray is described by kμkμ ¼ 0,

where kμ ≡ _xμ is the wave number of the light and where
the dot denotes the differentiation with respect to an affine
parameter along the trajectory. The equation of the trajec-
tory of the light is written as

−AðrÞ_t2 þ BðrÞ_r2 þ CðrÞ _φ2 ¼ 0: ð2:3Þ

We consider a light ray comes from spatial infinity, it is
reflected by a black hole or wormhole at the closest
distance r ¼ r0, it goes back to spatial infinity. At the
closest distance r ¼ r0, Eq. (2.3) becomes

A0_t20 ¼ C0 _φ
2
0: ð2:4Þ

Here and hereafter, functions with subscript 0 denote the
functions at r ¼ r0. From Eq. (2.4), an impact parameter b
is expressed by

bðr0Þ≡ L
E
¼ C0 _φ0

A0_t0
¼ �

ffiffiffiffiffiffi
C0

A0

s
; ð2:5Þ
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where E≡ −gμνtμkν and L≡ gμνφμkν are the conserved
energy and angular momentum of the light, respectively,
and they are constant along the trajectory.
Equation (2.3) is rewritten as

_r2 þ VðrÞ ¼ 0; ð2:6Þ

where VðrÞ is an effective potential defined as

VðrÞ≡ −
L2FðrÞ
BðrÞCðrÞ ¼

L2

CðrÞBðrÞ − E2 ð2:7Þ

where FðrÞ is given by

FðrÞ≡ CðrÞ
AðrÞb2 − 1: ð2:8Þ

The light ray can exist in a region for VðrÞ ≤ 0. The first,
second, third, and fourth derivatives of VðrÞ with respect to
the radial coordinate r are given by

V 0 ¼ 2L2rð3m −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ r2

p
Þ

ða2 þ r2Þ52 ; ð2:9Þ

V 00 ¼ 2L2

ða2 þ r2Þ72
h
−3r2

�
4m −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ r2

p �

þ a2
�
3m −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ r2

p �i
; ð2:10Þ

V 000 ¼ 6L2r

ða2 þ r2Þ92
h
4r2
�
5m −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ r2

p �

þ a2
�
−15mþ 4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ r2

p �i
; ð2:11Þ

and

V 0000 ¼ 6L2

ða2 þ r2Þ112
h
20a2r2

�
9m − 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ r2

p �

þ 20r4
�
−6mþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ r2

p �
þ a4

�
−15mþ 4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ r2

p �i
; ð2:12Þ

respectively. We name a stable (unstable) circular light
orbit which satisfies V ¼ V 0 ¼ 0 and V 00 < 0 (V 00 > 0)
photon sphere (antiphoton sphere). Let rm the radius of
the outermost circular light orbit which satisfies Vm ¼
V 0
m ¼ 0. Here and hereafter, functions with the subscript m

denotes the functions at the outermost circular light orbit.
The light ray with the impact parameter b < bm, where

bm ¼ bðrmÞ is the critical impact parameter, falls into the
black hole or the wormhole while the light ray with the
impact parameter b > bm is scattered by the black hole
or the wormhole. Figure 1 shows a dimensionless
effective potential VðrÞ=E2 for the light ray with the critical
impact parameter b ¼ bm. In Refs. [99,100], a circular
light orbit at r ¼ 0 has been disregarded. It is inside the
event horizon for a < 2m while it is an antiphoton sphere
for 2m ≤ a < 3m, which is the stable circular light orbit

with the impact parameter b ¼
ffiffiffiffiffiffiffiffiffi
a3

a−2m

q
, satisfies Vð0Þ ¼

V 0ð0Þ ¼ 0 and V 00ð0Þ > 0 and it is coincident with the
wormhole throat at r ¼ 0. However, we cannot disregard
the gravitational lensing by the circular light orbit at r ¼ 0
for 3m ≤ a since it becomes the (marginally unstable)
photon sphere as shown in Fig. 1. We concentrate on the
scattering case b > bm. We name r0 → rm or b → bm
strong deflection limit.
A deflection angle α is obtained as, from Eq. (2.3),

α ¼ Iðr0Þ − π; ð2:13Þ

where

Iðr0Þ≡ 2

Z
∞

r0

drffiffiffiffiffiffiffiffiffiffiffiffiffi
FðrÞCðrÞ
BðrÞ

q : ð2:14Þ

FIG. 1. A dimensionless effective potential V=E2 of a light ray
with b ¼ bm as a function of the radial coordinate r. Solid (red),
dashed (green), long-dashed (cyan), dotted (magenta), dotted-
dashed (brown), double-dotted-dashed (blue), long-dashed-short-
dashed (black) curves denote V=E2 for I (Schwarzschild metric
with a ¼ 0 and m ¼ 1), II (regular black hole with a ¼ 1 and
m ¼ 1), III (one-way traversable wormhole with a ¼ 2 and
m ¼ 1), IV (traversable wormhole with a ¼ 2.5 and m ¼ 1),
V (traversable wormhole with a marginally unstable photon
sphere with a ¼ 3 and m ¼ 1), VI (traversable wormhole with
a ¼ 10 and m ¼ 1), and VII (Ellis-Bronnikov wormhole metric
with a ¼ 1 and m ¼ 0), respectively.
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A. Standard radial coordinate ρ

By using the standard radial coordinate ρ≡ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ a2

p
,

the line element (2.1) is rewritten as

ds2 ¼ −AðρÞdt2 þ B̃ðρÞdρ2 þ CðρÞðdϑ2 þ sin2ϑdφ2Þ;
ð2:15Þ

where AðρÞ, B̃ðρÞ, and CðρÞ are given by

AðρÞ≡ 1 −
2m
ρ

; ð2:16Þ

B̃ðρÞ≡ 1

ð1 − 2m
ρ Þð1 − a2

ρ2
Þ ; ð2:17Þ

CðρÞ≡ ρ2: ð2:18Þ

The trajectory of a light ray is expressed as

_ρ2 þ ṼðρÞ ¼ 0; ð2:19Þ

where ṼðρÞ is an effective potential for the radial coor-
dinate ρ defined as

ṼðρÞ≡ −
L2FðρÞ
B̃ðρÞCðρÞ : ð2:20Þ

The deflection angle α (2.13) is rewritten as

α ¼ Iðρ0Þ − π; ð2:21Þ

where Iðρ0Þ is given by

Iðρ0Þ ¼ 2

Z
∞

ρ0

dρffiffiffiffiffiffiffiffiffiffiffiffiffiffi
FðρÞCðρÞ
B̃ðρÞ

q
¼ 2

Z
∞

ρ0

dρffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
A0ρ

2

ρ2
0

− A
�
ðρ2 − a2Þ

r : ð2:22Þ

III. DEFLECTION ANGLE IN THE STRONG
DEFLECTION LIMIT

In this section, we investigate the deflection angle in the
strong deflection limit r0 → rm or b → bm. By using a
variable z defined by

z≡ gttðrÞ − gttðr0Þ
1 − gttðr0Þ

¼ 1 −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r20 þ a2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ a2

p ; ð3:1Þ

Iðr0Þ can be expressed by

Iðr0Þ¼
Z

1

0

2ða2þr20Þ3=4dzffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r20þ2a2z−a2z2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c1ðr0Þzþc2ðr0Þz2−2mz3

p ;

ð3:2Þ

where

c1ðr0Þ≡ 2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ r20

q
− 3m

�
; ð3:3Þ

c2ðr0Þ≡ 6m −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ r20

q
: ð3:4Þ

A. Case of a < 3m

For a < 3m, from Vm ¼ V 0
m ¼ 0, we find a circular light

orbit at rm ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9m2 − a2

p
with bm ¼ 3

ffiffiffi
3

p
m. From V 00

m < 0,
the circular light orbit forms a photon sphere. We express
Iðr0Þ as

Iðr0Þ ¼
Z

1

0

Rðz; r0Þfðz; r0Þdz; ð3:5Þ

where Rðz; r0Þ and fðz; r0Þ are defined by

Rðz; r0Þ≡ 2ða2 þ r20Þ3=4ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r20 þ 2a2z − a2z2

p ð3:6Þ

and

fðz; r0Þ≡ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c1ðr0Þzþ c2ðr0Þz2 − 2mz3

p ; ð3:7Þ

respectively. c1ðr0Þ and c2ðr0Þ are expanded in power of
r0 − rm as

c1ðr0Þ ¼
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9m2 − a2

p

3m
ðr0 − rmÞ þOððr0 − rmÞ2Þ; ð3:8Þ

c2ðr0Þ ¼ 3mþOðr0 − rmÞ: ð3:9Þ

Thus, fðz; r0Þ diverges as z−1 in the strong deflection
limit r0 → rm.
We separate Iðr0Þ as

Iðr0Þ ¼ IDðr0Þ þ IRðr0Þ; ð3:10Þ

where IDðr0Þ is a divergent term defined by

IDðr0Þ≡
Z

1

0

Rð0; rmÞfDðz; r0Þdz; ð3:11Þ

where fDðz; r0Þ is defined as
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fDðz; r0Þ≡ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c1ðr0Þzþ c2ðr0Þz2

p ð3:12Þ

and Rð0; rmÞ is given by

Rð0; rmÞ ¼
6m

ffiffiffiffiffiffiffi
3m

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9m2 − a2

p : ð3:13Þ

The divergent term IDðr0Þ yields

IDðr0Þ ¼
2Rð0; rmÞffiffiffiffiffiffiffiffiffiffiffiffi

c2ðr0Þ
p log

ffiffiffiffiffiffiffiffiffiffiffiffi
c2ðr0Þ

p þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c1ðr0Þ þ c2ðr0Þ

p
ffiffiffiffiffiffiffiffiffiffiffiffi
c1ðr0Þ

p :

ð3:14Þ

From Eqs. (3.8), (3.9) and

bðr0Þ ¼ bm þ 9m2 − a2

6
ffiffiffi
3

p
m3

ðr0 − rmÞ2 þOððr0 − rmÞ3Þ;

ð3:15Þ

the divergent term IDðr0Þ becomes in the strong deflection
limit b → bm

IDðr0Þ ¼ −
3mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

9m2 − a2
p log

�
b
bm

− 1

�
þ 3mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

9m2 − a2
p log 6

þO

��
b
bm

− 1

�
log

�
b
bm

− 1

��
: ð3:16Þ

We define a regular part IRðr0Þ as

IRðr0Þ≡
Z

1

0

gðz; r0Þdz; ð3:17Þ

where gðz; r0Þ defined by

gðz; r0Þ≡ Rðz; r0Þfðz; r0Þ − Rð0; rmÞfDðz; r0Þ ð3:18Þ

and it is expanded in the power of r0 − rm as

IRðr0Þ ¼
X∞
j¼0

1

j!
ðr0 − rmÞj

Z
1

0

∂jg

∂rj0

����
r0¼rm

dz: ð3:19Þ

We are interested in the term of j ¼ 0 given by

IRðr0Þ ¼
Z

1

0

gðz; rmÞdz; ð3:20Þ

where gðz; rmÞ is expressed by

gðz; rmÞ ¼
� ffiffiffi

3
pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

9m2 − a2 þ a2ð2 − zÞz
p ffiffiffiffiffiffiffiffiffiffiffiffiffi

3 − 2z
p

−
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

9m2 − a2
p

	
6m
z

: ð3:21Þ

Therefore, the deflection angle in the strong deflection
limit has the form of Eq. (1.1) and the parameters ā and b̄
are obtained as

ā ¼ 3mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9m2 − a2

p ; ð3:22Þ

b̄ ¼ 3mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9m2 − a2

p log 6þ IR − π: ð3:23Þ

Figure 2 shows ā and b̄ as a function of a=m. Note that IR is
obtained numerically in usual. In the Schwarzschild case of
a ¼ 0, we obtain IR ¼ log ½36ð7 − 4

ffiffiffi
3

p Þ�, ā ¼ 1, and b̄ ¼
log ½216ð7 − 4

ffiffiffi
3

p Þ� − π ∼ −0.40023 analytically. They are
equivalent to a result in Refs. [47,54,55].
We notice that ā given by Eq. (3.22) is the same as

Eq. (27) shown by Nascimento et al. [100]. Nascimento
et al. chose a variable z� ≡ 1 − r0=r as shown Eq. (17) and
the variable z� gave a complicated form of b̄ which is
calculated by Eqs. (28) and (31) in Ref. [100]. We have
chosen the variable z instead of z� to get the simpler form
of b̄. We have confirmed our result by comparing Eq. (1.1)
with Eq. (2.13) in numerical as shown Fig. 3.

B. Case of a > 3m

In the case of a > 3m, the wormhole throat at r ¼ 0
correspond with the photon sphere with V 00

m < 0. Notice
rm ¼ 0 and

FIG. 2. The solid (red) and broken (green) curves denote ā and
b̄, respectively, as a function of a=m.
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bm ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a3

a − 2m

r
ð3:24Þ

due to Vm ¼ V 0
m ¼ 0. We express Iðr0Þ as

Iðr0Þ ¼
Z

1

0

Sðr0Þhðz; r0Þdz; ð3:25Þ

where Sðr0Þ and hðz; r0Þ are defined by

Sðr0Þ≡ 2ða2 þ r20Þ3=4 ð3:26Þ

and

hðz; r0Þ

≡ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c3ðr0Þzþ c4ðr0Þz2 þ c5ðr0Þz3 þ c6ðr0Þz4 þ 2ma2z5

p ;

ð3:27Þ

respectively, and where c3ðr0Þ, c4ðr0Þ, c5ðr0Þ, and c6ðr0Þ
are defined by

c3ðr0Þ≡ r20c1; ð3:28Þ

c4ðr0Þ≡ r20c2 þ 2a2c1; ð3:29Þ

c5ðr0Þ≡ −2r20mþ 2a2c2 − a2c1; ð3:30Þ

c6ðr0Þ≡ −4a2m − a2c2: ð3:31Þ

We can expand c3ðr0Þ and c4ðr0Þ in the power of
r0 − rm as

c3ðr0Þ ¼ 2ða − 3mÞðr0 − rmÞ2 þOððr0 − rmÞ3Þ; ð3:32Þ

c4ðr0Þ ¼ 4a2ða − 3mÞ þOðr0 − rmÞ: ð3:33Þ

Thus, hðz; r0Þ diverges as z−1 in the strong deflection
limit r0 → rm.
In the case, we separate Iðr0Þ as

Iðr0Þ ¼ Idðr0Þ þ Irðr0Þ; ð3:34Þ

where Idðr0Þ is a divergent term and Irðr0Þ is a regular part.
We define the divergent term Idðr0Þ as

Idðr0Þ≡
Z

1

0

SðrmÞhdðz; r0Þdz; ð3:35Þ

where hdðz; r0Þ is defined by

hdðz; r0Þ≡ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c3ðr0Þzþ c4ðr0Þz2

p ð3:36Þ

and SðrmÞ is

SðrmÞ ¼ 2a3=2: ð3:37Þ

The divergent term is obtained as

Idðr0Þ ¼
2SðrmÞffiffiffiffiffiffiffiffiffiffiffiffi
c4ðr0Þ

p log

ffiffiffiffiffiffiffiffiffiffiffiffi
c4ðr0Þ

p þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c3ðr0Þ þ c4ðr0Þ

p
ffiffiffiffiffiffiffiffiffiffiffiffi
c3ðr0Þ

p :

ð3:38Þ

From

bðr0Þ ¼ bm þ a− 3m

2
ffiffiffi
a

p ða− 2mÞ3=2 ðr0 − rmÞ2 þOððr0 − rmÞ3Þ

ð3:39Þ

and Eqs. (3.32) and (3.33), we get the divergent term in the
strong deflection limit b → bm as

Idðr0Þ ¼ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a
a − 3m

r
log

�
b
bm

− 1

�

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a
a − 3m

r
log

4ða − 3mÞ
a − 2m

þO

��
b
bm

− 1

�
log

�
b
bm

− 1

��
: ð3:40Þ

We define the regular term Irðr0Þ as

Irðr0Þ≡
Z

1

0

kðz; r0Þdz; ð3:41Þ

where kðz; r0Þ is given by

FIG. 3. The deflection angle in the case of a ¼ 2m. A solid
(red) curve is calculated by the strong deflection limit (1.1) and a
dashed (green) curve is calculated by Eq. (2.13) in numerical.
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kðz; r0Þ≡ Sðr0Þhðz; r0Þ − SðrmÞhdðz; r0Þ: ð3:42Þ

We expand Irðr0Þ in the power of r0 − rm as

Irðr0Þ ¼
X∞
j¼0

1

j!
ðr0 − rmÞj

Z
1

0

∂jk

∂rj0

����
r0¼rm

dz; ð3:43Þ

and the term of j ¼ 0 is given by

Ir ¼
Z

1

0

kðz; rmÞdz; ð3:44Þ

where kðz; rmÞ is

kðz; rmÞ ¼
�

2ffiffiffiffiffiffiffiffiffiffi
2 − z

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2a − 6mþ ð6m − aÞz − 2mz2

p
−

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a − 3m

p
	 ffiffiffi

a
p
z

: ð3:45Þ

The deflection angle in the strong deflection limit has the
form of Eq. (1.1) and parameters ā and b̄ are obtained as

ā ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a
a − 3m

r
; ð3:46Þ

b̄ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a
a − 3m

r
log

4ða − 3mÞ
a − 2m

þ Ir − π ð3:47Þ

and they have been shown in Fig. 2. We have confirmed
our result in numerical as shown Fig. 4. When a ≠ 0 and
m ¼ 0, the metric coincides with the Ellis-Bronnikov
wormhole metric which is a solution of Einstein and
scalar field equations [105–107]. Gravitational lensing
by the Ellis-Bronnikov wormhole has investigated eagerly

[56,57,60,61,77,81,86–91,108–125]. See Ref. [77] and
references therein for the details of the Ellis-Bronnikov
wormhole. In the case, we obtain Ir ¼ log 2, and then
ā ¼ 1 and b̄ ¼ 3 log 2 − π ∼ −1.06215. This is equivalent
to a result in Refs. [77,80,91].

C. Case of a = 3m

In the case of a ¼ 3m, the photon sphere at r ¼ rm ¼ 0,
which is correspond with a wormhole throat, is marginally
unstable since the light ray with bm ¼ 3

ffiffiffi
3

p
m satisfies

Vm ¼ V 0
m ¼ V 00

m ¼ V 000
m ¼ 0 and V 0000

m < 0. From c3ðr0Þ,
c4ðr0Þ, c5ðr0Þ, and c6ðr0Þ which are expanded in the power
of r0 − rm as

c3ðr0Þ ¼
1

3m
ðr0 − rmÞ4 þOððr0 − rmÞ5Þ; ð3:48Þ

c4ðr0Þ ¼ 9mðr0 − rmÞ2 þOððr0 − rmÞ3Þ; ð3:49Þ

c5ðr0Þ ¼ 54m3 þOðr0 − rmÞ; ð3:50Þ

c6ðr0Þ ¼ −63m3 þOðr0 − rmÞ; ð3:51Þ

hðz; rmÞ is obtained as

hðz; rmÞ ¼
1

3m3=2z3=2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6 − 7zþ 2z2

p : ð3:52Þ

Thus, in the case, we define hd as not Eq. (3.36) but

hdðzÞ≡
ffiffiffi
6

p

18m3=2z3=2
: ð3:53Þ

The divergent term Id is given by

Id ∼
2
ffiffiffi
2

p
ffiffiffi
z

p
����
z¼0

− 2
ffiffiffi
2

p

∼
2
ffiffiffi
2

pffiffiffiffiffiffiffiffiffiffiffiffi
ρ0
ρm

− 1
q

������
ρ0¼ρm

− 2
ffiffiffi
2

p
: ð3:54Þ

Notice that the position of the marginally unstable photon
sphere or the wormhole throat is given by ρ ¼ ρm ¼ 3m
and the variable z is expressed by

z ¼ 1 −
ρ0
ρ

ð3:55Þ

by using the standard radial coordinate ρ. From the relation
between the impact parameter b and the closest distance ρ0

b − bm ¼
ffiffiffi
3

p

2m
ðρ0 − ρmÞ2 þOððρ0 − ρmÞ3Þ; ð3:56Þ

FIG. 4. The deflection angle for a ¼ 4m. A solid (red) curve is
calculated by the strong deflection limit (1.1) and a dashed
(green) curve is calculated by Eq. (2.13) in numerical.
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the divergent term Id is given by

Id ∼
25=431=4

ð b
bm

− 1Þ1=4 − 2
ffiffiffi
2

p
: ð3:57Þ

From

kðz; rmÞ ¼
2
ffiffiffi
3

p

z3=2

�
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

6 − 7zþ 2z2
p −

ffiffiffi
6

p

6

�
; ð3:58Þ

the regular term (3.44) is obtained as

Ir ¼ 2
ffiffiffi
2

p  
1þ K

 ffiffiffi
1

6

r !
− E

 ffiffiffi
1

6

r !!
; ð3:59Þ

where KðxÞ and EðxÞ are complete elliptic integrals of the
first and second kinds defined by

KðxÞ≡
Z π

2

0

dθffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2sin2θ

p ð3:60Þ

and

EðxÞ≡
Z π

2

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2sin2θ

p
dθ; ð3:61Þ

respectively.
The parameters c̄ and d̄ in the deflection angle in the

strong deflection limit with the form of Eq. (1.2) are
obtained as

c̄ ¼ 25=431=4 ∼ 3.13017; ð3:62Þ

d̄ ¼ 2
ffiffiffi
2

p  
K

 ffiffiffi
1

6

r !
− E

 ffiffiffi
1

6

r !!
− π

∼ −2.74546: ð3:63Þ

We confirm the deflection angle in the strong deflection
limit by comparing Eq. (1.2) with Eq. (2.13). The error
of the deflection angles for α≳ π is small enough as
shown Fig. 5.

IV. OBSERVABLES IN THE STRONG
DEFLECTION LIMIT

We consider that a light ray, which is emitted by a source
S with a source angle ϕ, is scattered by a lens L with
an deflection angle α, and that it is observed as an image I
with an image angle θ by an observer O. The lens
configuration is shown in Fig. 6. We define an effective
deflection angle as

ᾱ ¼ α mod 2π ð4:1Þ

and we assume ϕ ≪ 1, ᾱ ≪ 1, and θ ¼ b=DOL ≪ 1, where
DOL is a distance between the observer and the lens.
A small angle lens equation [126] is obtained as

FIG. 5. The deflection angle for a ¼ 3m. A solid (red) curve is
calculated by the strong deflection limit (1.2) and a dashed
(green) curve is calculated by Eq. (2.13) in numerical.

FIG. 6. A lens configuration. A light ray emitted by a source S
at a source angle ϕ is scattered by a lens L with an effective
deflection angle ᾱ, and it is observed as an image I with an image
angle θ by an observer O. b is the impact parameter of the light
ray. DOS, DLS, and DOL ¼ DOS −DLS are distances between the
observer and the source, between the lens and the source, and
between the observer and the lens, respectively.
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DLSᾱ ¼ DOSðθ − ϕÞ; ð4:2Þ

where DLS and DOS ¼ DOL þDLS are distances between
the lens and the source and between the observer and
the source, respectively. By using a winding number n
which is a non-negative integer, the deflection angle is
expressed by

α ¼ ᾱþ 2πn: ð4:3Þ

We expand the deflection angle αðθÞ around θ ¼ θ0n as

αðθÞ ¼ αðθ0nÞ þ
dα
dθ

����
θ¼θ0n

ðθ − θ0nÞ þOððθ − θ0nÞ2Þ; ð4:4Þ

where θ0n is defined by

αðθ0nÞ ¼ 2πn: ð4:5Þ

A. a ≠ 3m

In the case of a ≠ 3m, the deflection angle in the strong
deflection limit is written in

αðθÞ ¼ −ā log
�

θ

θ∞
− 1

�
þ b̄

þO

��
θ

θ∞
− 1

�
log

�
θ

θ∞
− 1

��
; ð4:6Þ

where θ∞ is the image angle of the photon sphere defined
by θ∞ ≡ bm=DOL and we obtain

dα
dθ

����
θ¼θ0n

¼ −
ā

θ0n − θ∞
: ð4:7Þ

From Eqs. (4.5) and (4.6), we get

θ0n ¼ ð1þ e
b̄−2πn

ā Þθ∞: ð4:8Þ

The effective deflection angle ᾱ is given by, from
Eqs. (4.3)–(4.5), (4.7), and (4.8),

ᾱðθnÞ ¼
ā

θ∞e
b̄−2πn

ā

ðθ0n − θnÞ; ð4:9Þ

where θ ¼ θn is a solution of the lens equation (4.2) with
the winding number n.
By substituting the effective deflection angle (4.9) into

the lens equation (4.2), the image angle is obtained as

θnðϕÞ ∼ θ0n þ
θ∞e

b̄−2πn
ā DOSðϕ − θ0nÞ
āDLS

: ð4:10Þ

When the observer, the lens, and the source are aligned
in a line, ring images called relativistic Einstein rings are
formed. The ring angle θEn is

θEn ≡ θnð0Þ ¼
�
1 −

θ∞e
b̄−2πn

ā DOS

āDLS

�
θ0n: ð4:11Þ

The difference of the image angles between the outermost
relativistic images and the photon sphere is obtained as

s≡ θ1 − θ∞ ∼ θ01 − θ0∞ ¼ θ∞e
b̄−2π
ā : ð4:12Þ

The magnification of the image is obtained as

μn ≡ θn
ϕ

dθn
dϕ

∼
θ2∞DOSð1þ e

b̄−2πn
ā Þeb̄−2πn

ā

ϕāDLS
: ð4:13Þ

The sum of the magnifications of the images from n ¼ 1
to ∞ is given by

X∞
n¼1

μn ∼
θ2∞DOSð1þ e

2π
ā þ e

b̄
āÞeb̄

ā

ϕāDLSðe4π
ā − 1Þ : ð4:14Þ

The ratio of the magnification of the outermost relativistic
image to the others

r≡ μ1P∞
n¼2 μn

∼
ðe4π

ā − 1Þðe2π
ā þ e

b̄
āÞ

e
4π
ā þ e

2π
ā þ e

b̄
ā

; ð4:15Þ

where the magnification without the outermost relativistic
image is given by

X∞
n¼2

μn ∼
θ2∞DOSðe4π

ā þ e
2π
ā þ e

b̄
āÞeb̄−4π

ā

ϕāDLSðe4π
ā − 1Þ : ð4:16Þ

B. a= 3m

In the case of a ¼ 3m, the deflection angle in the strong
deflection limit is given by

αðθÞ ¼ c̄

ð θ
θ∞

− 1Þ1=4 þ d̄ ð4:17Þ

and it yields

dα
dθ

����
θ¼θ0n

¼ −
c̄

4θ∞

�
θ0n
θ∞

− 1

�−5
4

: ð4:18Þ

We obtain, from Eqs. (4.5) and (4.17),
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θ0n ¼
�
1þ

�
c̄

2πn − d̄

�
4
	
θ∞: ð4:19Þ

The effective deflection angle is obtained as, from
Eqs. (4.3)–(4.5), (4.18), and (4.19),

ᾱðθnÞ ¼
ð2πn − d̄Þ5
4θ∞c̄4

ðθ0n − θnÞ: ð4:20Þ

By substituting the effective deflection angle (4.20) into
the lens equation (4.2), the image angle and the relativistic
Einstein ring angle are given by

θnðϕÞ ∼ θ0n þ
4c̄4DOSθ∞ðϕ − θ0nÞ
ð2πn − d̄Þ5DLS

ð4:21Þ

and

θEn ¼
�
1 −

4c̄4DOSθ∞
ð2πn − d̄Þ5DLS

	
θ0n; ð4:22Þ

respectively. The difference of the image angles between
the outermost relativistic image and the photon sphere is

s ¼ θ1 − θ∞ ¼
�

c̄
2π − d̄

�
4

θ∞: ð4:23Þ

The magnification of the image is given by

μn ∼
4c̄4DOSθ

2
∞Fn

ϕDLS
; ð4:24Þ

where Fn is defined as

Fn ≡ 1þ ð c̄
2πn−d̄Þ4

ð2πn − d̄Þ5 : ð4:25Þ

The sum of magnifications of images from n ¼ 1 and ∞ is
obtain as

X∞
n¼1

μn ∼
4c̄4DOSθ

2
∞

ϕDLS

X∞
n¼1

Fn; ð4:26Þ

where

X∞
n¼1

Fn ∼ 1.84131 × 10−5: ð4:27Þ

The ratio of the magnifications of the outermost relativistic
image to the other images is given by

r ¼ μ1P∞
n¼2 μn

∼
F1P∞
n¼2 Fn

¼ 11.2412; ð4:28Þ

where

F1 ∼ 1.69089 × 10−5 ð4:29Þ

and

X∞
n¼2

Fn ∼ 1.50420 × 10−6: ð4:30Þ

V. GRAVITATIONAL LENS UNDER A
WEAK-FIELD APPROXIMATION

Let us review gravitational lensing under a weak-field
approximation m=ρ0 ≪ 1 and a=ρ0 ≪ 1 in the standard
radial coordinate ρ briefly. In this section, we consider not
only the positive impact parameter b but also negative one.
Under the weak-field approximation, the line element given
by Eqs. (2.15)–(2.18) becomes

ds2 ¼ −
�
1 −

2m
ρ

�
dt2 þ

�
1þ 2m

ρ

��
1þ a2

ρ2

�
dρ2

þ ρ2ðdϑ2 þ sin2ϑdφ2Þ ð5:1Þ

and the deflection angle α (2.21) is obtained as [100,101],

α ∼
4m
b

for m ≠ 0 ð5:2Þ

and

α ∼� πa2

4b2
for m ¼ 0: ð5:3Þ

Here and hereafter, the upper sign is chosen for b > 0 and
the lower one is chosen for b < 0.

A. m ≠ 0

In the case of m ≠ 0, by substituting the deflection angle
(5.3) into the lens equation (4.2) with Eq. (4.3), n ¼ 0, and
b ¼ θDOL, reduced image angles θ̂≡ θ=θE0 are given by

θ̂�0ðϕ̂Þ ¼
1

2

�
ϕ̂�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϕ̂2 þ 4

q �
; ð5:4Þ

where ϕ̂≡ ϕ=θE0 is a reduced source angle and where θE0
is the Einstein ring angle given by

θE0 ≡ θþ0ð0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4mDLS

DOSDOL

s
: ð5:5Þ

The magnifications of the image angles and its total
magnification are given by
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μ�0 ≡ θ̂�0

ϕ̂

dθ̂�0

dϕ̂

¼ 1

4

0
B@2� ϕ̂ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ϕ̂2 þ 4

q �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϕ̂2 þ 4

q
ϕ̂

1
CA

¼ θ̂4�0

ðθ̂2�0 ∓ 1Þðθ̂2�0 � 1Þ ð5:6Þ

and

μ0tot ≡ jμþ0j þ jμ−0j

¼ 1

2

0
B@ ϕ̂ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ϕ̂2 þ 4

q þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϕ̂2 þ 4

q
ϕ̂

1
CA; ð5:7Þ

respectively.

B. m = 0

In the case of m ¼ 0, from the deflection angle (5.3),
the lens equation (4.2), Eq. (4.3), n ¼ 0, and b ¼ θDOL,
the magnifications of the image angles θ̂�0 are
expressed by

μ�0 ¼
θ̂6�0

ðθ̂3�0 ∓ 1Þðθ̂3�0 � 2Þ ð5:8Þ

and they can be calculated numerically by solving the
lens equation. The Einstein ring angle θE0 is given by

θE0 ¼
�

πa2DLS

4DOSD2
OL

�
1=3

: ð5:9Þ

VI. DISCUSSION AND CONCLUSION

In this paper, we have investigated gravitational lensing
in the strong deflection limit in the Simpson-Visser
spacetime. There are an antiphoton sphere on the throat
and two photon spheres in a side and the other side of the
throat for 2m ≤ a < 3m while the antiphoton sphere and
the throat coincide with the photon spheres and a margin-
ally unstable photon sphere is formed at the throat for
a ¼ 3m. The deflection angle in the strong deflection limit
has the form of Eq. (1.1) for a ≠ 3m and the form of
Eq. (1.2) for a ¼ 3m. In Appendix, we will show that the
Simpson-Visser spacetime for a ¼ 3m violates the assump-
tions of the strong deflection limit analysis for the margin-
ally unstable photon sphere formed by the degeneracy of an
antiphoton sphere and a photon sphere in Ref. [65]. This is
similar to gravitational lensing in the strong deflection limit
in a Damour-Solodukhin wormhole spacetime [127] which
has been investigated in Ref. [64].
We concentrate on only positive impact parameters or

image angles in the strong deflection limit analysis.
However, the lens equation has negative solutions θ−n ∼
−θn that represent negative image angles and every
negative image angle makes a pair with the positive image
angle. The diameter of the pair images is given by
θn − θ−n ∼ 2θn. Its magnification μ−n of the image with
θ−n is obtained as μ−n ∼ −μn.
The parameters ā, b̄, c̄, and d̄ of the deflection angles

are shown in Table I. We apply the strong deflection
limit analysis into the supermassive object with its mass
m ¼ m� ≡ 4 × 106 M⊙ and its distant DOL ¼ 8 kpc at
center of our galaxy and the observables in the strong
deflection limit is shown in Table I. We notice that the size
of the photon sphere do not depend on the value of a=m for
a=m ≤ 3. Therefore, we cannot distinguish the black hole

TABLE I. Parameters ā, b̄, c̄, and d̄ of the deflection angle in the strong deflection limit and observables for given a and m.
The diameters of the innermost ring 2θ∞, the outermost ring among rings scattered by the photon sphere 2θE1, the difference of
the radii of the outermost ring and the innermost ring s ¼ θE1 − θ∞, the magnification of the pair images of the outermost ring
μ1totðϕÞ ∼ 2jμ1j for the source angle ϕ ¼ 1 arcsecond, and the ratio of the magnification of the outermost ring to the other rings
r ¼ μ1=

P∞
n¼2 μn are shown in a case of DOS ¼ 16 kpc, DOL ¼ DLS ¼ 8 kpc. m� and a� are defined as m� ≡ 4 × 106 M⊙ and a� ≡

4ð2=πÞ1=2ðDLSDOL=DOSÞ1=4m3=4
� ¼ 7.2 × 109 km, respectively. Notice that we have defined a� so that the Ellis wormhole has the same

diameter of the Einstein ring 2θE0 ¼ 2.8618 arcsecond as the ones in the cases of m ¼ m�.

a 0 m� 1.5m� 2m� 2.5m� 3m� 4m� 20m� 100m� a�
m m� m� m� m� m� m� m� m� m� 0

ā 1.0000 1.0607 1.1547 1.3416 1.8091 � � � 2.0000 1.0847 1.0153 1.0000
b̄ −0.40023 −0.46474 −0.59088 −0.92738 −2.1867 � � � −1.6138 −1.0031 −1.0499 −1.06215
c̄ � � � � � � � � � � � � � � � 3.13017 � � � � � � � � � � � �
d̄ � � � � � � � � � � � � � � � −2.74546 � � � � � � � � � � � �
2θ∞ [μas] 51.580 51.580 51.580 51.580 51.580 51.580 56.153 209.27 1002.7 12028
2θE1 [μas] 51.645 51.669 51.714 51.819 52.058 52.325 57.236 209.52 1003.5 12036
s [μas] 0.032276 0.044522 0.066996 0.11948 0.23887 0.37259 0.54142 0.12658 0.36596 3.8827
μ1totðϕÞ × 1017 1.6163 2.1029 2.9093 4.4747 6.6649 8.3751 15.024 23.709 350.71 45314
r 535.16 373.40 230.36 107.62 31.517 11.2412 22.550 327.24 486.47 534.84
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from the wormhole if we assume Simpson-Visser metric
and if there is no light source in the other side of the
wormhole throat and if the mass, the distant, and the size of
the photon sphere 2θ∞ were given. It is very challenging
future work to distinguish the black hole from the worm-
hole by detecting the difference of the radii of the outermost
relativistic ring and the photon sphere s≡ θE1 − θ∞.
We can estimate the value of a=m from the observation

of the photon sphere of the supermassive object at center
of the giant elliptical galaxy M87. Given mass m ¼
6.2 × 109 M⊙ and DOL ¼ 16.9 Mpc, and if we assume
that the diameter of the photon ring reported by Event
Horizon Telescope Collaboration [2] is equivalent to the
diameter of the photon sphere 2θ∞ ¼ 42 μas, we obtain
a=m ∼ 4.2. Thus, the observation of the black hole shadow
does not reject the wormhole with a=m > 3.0 which is
disregarded in Refs. [99,100].
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APPENDIX: COMPARISON
WITH TSUKAMOTO [65]

The deflection angle in the strong deflection limit can
be classified by Dm and its derivatives, where DðrÞ is
defined by

DðrÞ≡ C0

C
−
A0

A
: ðA1Þ

A usual strong deflection limit analysis [55,80] for a photon
sphere works only under assumptions Dm ¼ 0 and D0

m > 0

and a strong deflection limit analysis for a marginally
unstable photon sphere investigated in Ref. [65] works
under assumptions Dm ¼ D0

m ¼ 0 and D00
m > 0.

In the cases of a < 3m and a > 3m, we obtain

Dm ¼ 0; ðA2Þ

D0
m ¼ −

2ða2 − 9m2Þ
27m4

> 0 ðA3Þ

and

Dm ¼ 0; ðA4Þ

D0
m ¼ 2ða − 3mÞ

a2ða − 2mÞ > 0; ðA5Þ

for the photon sphere at r ¼ rm ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9m2 − a2

p
and

r ¼ rm ¼ 0, respectively. Therefore, we can apply the
usual strong deflection limit analysis [55,80] to the cases.
On the other hand, in the case of a ¼ 3m, we get

Dm ¼ D0
m ¼ D00

m ¼ 0; ðA6Þ

D000
m ¼ 2

9m4
> 0; ðA7Þ

at the marginally unstable photon sphere at r ¼ rm ¼ 0.
Therefore, we cannot apply the strong deflection limit
analysis for the marginally unstable photon sphere in
Ref. [65] to the case of a ¼ 3m since the assumption
D00

m > 0 does not hold.
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