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We derive the exact gravitational wave solutions in a general class of quadratic metric-affine gauge
gravity models. The Lagrangian includes all possible linear and quadratic invariants constructed from the
torsion, nonmetricity and the curvature. The ansatz for the gravitational wave configuration and
the properties of the wave solutions are patterned following the corresponding ansatz and the properties
of the plane-fronted electromagnetic wave.
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I. INTRODUCTION

In contrast to Newton’s gravity with its absolute space
and time, the modern understanding of relativistic gravi-
tational phenomena is based on the idea that the structure
and the dynamics of the geometry of the spacetime
continuum is determined by the physical matter. As
Einstein wrote in [1]: “…The question whether this
continuum has a Euclidean, Riemannian, or any other
structure is a question of physics proper which must be
answered by experience, and not a question of a convention
to be chosen on grounds of mere expediency.” Classical
experimental tests in terrestrial laboratories and observa-
tions in the solar system demonstrate the validity of
Einstein’s general relativity (GR) theory on the macro-
scopic scales when the matter is characterised by its mass
and energy.
Such a satisfactory status of GR as a macroscopic theory

of gravity, however, is not a guarantee that it also correctly
describes the gravitational phenomena at extremely small
scales when one takes into account that matter is charac-
terized not only by the energy-momentum current but also
by other intrinsic properties known as microstructure (spin,
shear and dilaton current, in particular). In this respect, an
alternative viable description of the gravitational interaction
in the microworld (and at earliest stages of universe’s
evolution) is provided by the gauge approach to gravity
[2–5]. The gauge principle is one of the cornerstones of the
modern physics, which explains the nature of all physical
interactions in a consistent field-theoretic Yang-Mills-Higgs

framework that is solidly substantiated by high-energy
experiments.
For gravity, the corresponding gauge-theoretic formal-

ism can be developed [6,7] along the same lines as for the
electroweak and strong interactions by replacing the under-
lying non-Abelian group of internal symmetries with a
group of spacetime symmetries, e.g., translational, Lorentz,
Poincaré, conformal, general linear, or affine one. In
particular, the metric-affine gravity (MAG) arises as a
gauge theory based on the general affine group
GAð4; RÞ ¼ T4⋊GLð4; RÞ, a semidirect product of the
translation group T4 times the general linear group
GLð4; RÞ, when the matter is characterized by the three
Noether currents: the canonical energy-momentum current,
the canonical hypermomentum current, and the metric
energy-momentum current [2]. These matter sources are
minimally coupled to the corresponding gravitational field
potentials: the coframe, the linear connection and the
metric, respectively. It is worthwhile to mention that
Einstein’s GR can be consistently interpreted as a gauge
theory under the assumption of a nonminimal coupling of a
certain form [8].
In MAG, the geometrical structure of spacetime is

extended from the Riemannian geometry of Einstein’s
GR to include nontrivial post-Riemannian structures such
as the torsion and the nonmetricity. The resulting metric-
affine geometry is of interest, both mathematically and
physically, for a number of reasons [9–14]. A strong moti-
vation comes from the geometrical approach to the physics
of hadrons in terms of extended structures [2,15–17], and
from the efforts to construct a consistent quantum gravity
theory [18–21]. The theory of continuous media with
microstructure [22] gives rise to a realistic model of
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classical matter with hypermomentum [23] which is widely
used for the study of the early universe’s evolution, also
relating the post-Riemannian structures to the dark matter
problem [24–26]. It is worthwhile to mention that certain
special MAG models may arise as the effective theories in
the dilaton-axion-metric low-energy limit of the string
theory [27–30]. It is important to notice that it is possible
to detect the post-Riemannian spacetime geometry only
with the help of the matter with microstructure [31–34].
The study of the exact solutions of the MAG field

equations is important for understanding and development
of the physical aspects mentioned above, in order to fix the
structure of the basic Lagrangian of the theory, as well as
for the detailed analysis of possible new physical effects.
The derivation of new exact solutions for these models
would bring new insight to the understanding of gravita-
tional physics on microscopic scales, under an important
condition of consistency with Einstein’s GR at large
distances which should be recovered in a certain limit
[35–37]. The earlier results include the construction of the
spherically and axially symmetric solutions, including the
black hole configurations which can carry nontrivial shear
and dilaton charges, in addition to the mass [38–45].
Among other methods, the so-called triplet ansatz tech-
nique has proven to be an effective method of deriving
exact solutions in MAG [44].
Wave is a fundamental physical phenomenon, and the

gravitational wave research became a rapidly developing
subject after the recent experimental discovery of the first
gravitational wave signals [46,47]. The plane-fronted
gravitational waves represent an important class of exact
solutions which generalize the basic properties of electro-
magnetic waves in flat spacetime to the case of curved
spacetime geometry. In the framework of GR, the theo-
retical study of the gravitational waves has a long and rich
history [48–83]. Awide variety of exact gravitational plane
wave solutions was obtained in the Poincaré gauge gravity
[84–96], in teleparallel gravity [97–102], in a number of
modified gravity theories [103–106], as well as in super-
gravity [107–111] and in superstring theories [112–118].
The higher-dimensional generalizations of the gravitational
wave solutions were discussed in [119–123].
A critical analysis of the gravitational wave criteria [82]

was performed in the recent work [124], and an appropriate
extension was proposed for the metric-affine spacetimes.
The earlier studies [125–133] had demonstrated the exist-
ence of the gravitational wave solutions in the metric-affine
theory of gravity with the propagating torsion and non-
metricity fields. In many cases, however, either the torsion
waves were revealed, or the wave field configurations were
found for a special class of the MAG Lagrangian by means
of the triplet technique [37,44] with a specific ansatz for
torsion and nonmetricity.
The aim of this paper is to describe the plane gravita-

tional waves for the general Yang-Mills type quadratic

MAG Lagrangian with nontrivial torsion and nonmetricity
configurations that do not belong to the triplet ansatz. The
motivations are as follows. Quite generally, the systematic
study of the space of solutions represents a significant
aspect of the development of any field-theoretic model. At
the same time, since the wave phenomena are of funda-
mental importance as such, the construction and compari-
son of the wave solutions in different models may help to
establish their physical contents and clarify the relations
between the microscopic and macroscopic gravitational
theories (in particular, general relativity, Poincaré gauge
gravity and MAG). Moreover, the analysis of the plane
wave solutions can provide a good understanding of the
particle spectrum for the general quadratic MAG models,
extending the earlier results [134–140].
The structure of the paper is as follows. In the next

Sec. II, we give a short overview of the general structure of
the MAG theory. Then in Sec. III we formulate the
corresponding ansatz for a gravitational plane wave in
MAG. The properties of the resulting curvature, torsion and
nonmetricity in terms of their irreducible parts are dis-
cussed in Sec. III A, and the explicit field equations are
derived in Sec. IV for the general quadratic MAG model
(4). Finally, in Sec. V we derive the exact solutions of the
MAG field equations for the proposed ansatz. The con-
clusions are outlined in Sec VI.

A. Notations

Our basic notation and conventions are consistent with
[2]. In particular, Greek indices α; β;… ¼ 0;…; 3, denote
the anholonomic components (for example, of a coframe
ϑα), while the Latin indices i; j;… ¼ 0;…; 3, label the
holonomic components (dxi, e.g.). The anholonomic vector
frame basis eα is dual to the coframe basis in the sense that
eαcϑβ ¼ δβα, where c denotes the interior product. The
volume 4-form is denoted η, and the η-basis in the space of
exterior forms is constructed with the help of the interior
products as ηα1…αp ≔ eαpc…eα1cη, p ¼ 1;…; 4. They are
related to the θ-basis via the Hodge dual operator �, for
example, ηαβ ¼ �ðϑα ∧ ϑβÞ. We will mark the parity-odd
variables by the overline in order to distinguish them from
the parity-even objects (for example, T̄ denotes the axial
trace 1-form of the torsion, whereas T is the torsion trace
1-form).

II. MAG: BRIEF OVERVIEW

The metric-affine gravity (MAG) is constructed as the
gauge theory for the general affine spacetime symmetry
group [2]. The gravitational field potentials are the metric
gαβ, the coframe ϑα ¼ eαi dx

a and connection Γα
β ¼ Γiα

βdxi

1-forms. The corresponding gauge field strengths are
identified with the nonmetricity 1-form, the torsion 2-form,
and the curvature 2-form, respectively:
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Qαβ ¼ −Dgαβ ¼ −dgαβ þ 2ΓðαβÞ; ð1Þ

Tα ¼ Dϑα ¼ dϑα þ Γβ
α ∧ ϑβ; ð2Þ

Rα
β ¼ dΓα

β þ Γγ
β ∧ Γα

γ: ð3Þ

As usual, the covariant differential is denoted D.
The gravitational Lagrangian 4-form

V ¼ Vðgαβ; ϑα; Qαβ; Tα; Rα
βÞ ð4Þ

is an arbitrary function of the gravitational field variables.
The MAG field equations are derived from the variational
derivatives with respect to the coframe and connection.
They read explicitly (with the canonical energy-momentum
Σα and the hypermomentum Δα

β currents as the matter
sources):

δV
δϑα

¼ −DHα þ Eα ¼ Σα; ð5Þ

δV
δΓα

β ¼ −DHα
β þ Eα

β ¼ Δα
β: ð6Þ

These are the 1st, and the 2nd MAG field equations [2]. We
do not write down the 0th field equation (which arises from
the variation with respect to the metric) because it is
identically satisfied in view of (5) and (6) and the
Noether identities (see Sec. 5.5 in [2]). Here the partial
derivatives of the Lagrangian with respect to the general-
ized “velocities”

Mαβ ¼ −2
∂V
∂Qαβ

; ð7Þ

Hα ¼ −
∂V
∂Tα ; ð8Þ

Hα
β ¼ −

∂V
∂Rα

β ; ð9Þ

are identified as the gravitational field momenta, and

Eα ¼ eαcV þ ðeαcTβÞ ∧ Hβ þ ðeαcRβ
γÞ ∧ Hβ

γ

þ 1

2
ðeαcQβγÞMβγ; ð10Þ

Eα
β ¼ −ϑα ∧ Hβ −Mα

β: ð11Þ

are the canonical gauge field currents of the gravitational
energy-momentum and hypermomentum, respectively.

A. Quadratic metric-affine gravity models

The 1-form of nonmetricity can be decomposed into 4
irreducible parts, the torsion 2-form can be decomposed
into the 3 irreducible parts, whereas the curvature 2-form
has 11 irreducible pieces. Their definition is presented in
Appendices A–C.
The general quadratic model is described by the

Lagrangian 4-form that contains all possible quadratic
invariants of the nonmetricity, the torsion and the curvature:

V ¼ 1

2κc

�
a0ηαβ ∧ Rαβ − Tα ∧ X3

I¼1

aI�ððIÞTαÞ −Qαβ ∧
X4
I¼1

bI�ððIÞQαβÞ − 2b5ðð3ÞQαγ ∧ ϑαÞ ∧� ðð4ÞQβγ ∧ ϑβÞ

− 2ϑα ∧� Tβ ∧ X3
I¼1

cIðIþ1ÞQαβ

�
−

1

2ρ
Rαβ ∧ �

�X6
I¼1

wI
ðIÞWαβ þ

X5
I¼1

zIðIÞZαβ

þ v1ϑα ∧ ðeγc ð5ÞWγ
βÞ þ v2ϑγ ∧ ðeαc ð2ÞZγ

βÞ þ
X5
I¼3

vIϑα ∧ ðeγc ðIÞZγ
βÞ
�
: ð12Þ

We do not use topological invariants to simplify the
Lagrangian. In this relation it is worthwhile to notice that
the metric-affine Gauss-Bonnet term is not a boundary term
in the presence of nonmetricity [141], and hence it cannot
be used to eliminate quadratic curvature terms. For com-
pleteness, we included in (12) the dimensionless constant
a0. This allows for the special case a0 ¼ 0 of the purely
quadratic model without the Hilbert-Einstein linear term in
the Lagrangian. In the Einstein-Cartan model, one puts
a0 ¼ 1. Here we assume that the cosmological constant is
zero. The analysis of a possibly nonvanishing cosmological
term would require a different (more general) wave ansatz.

The structure of the quadratic part of the general
Lagrangian (12) is determined by 27 dimensionless coupling
constants: a1, a2, a3, b1;…; b5, c1, c2, c3, w1;…; w6,
z1;…; z5, v1;…; v5. The coupling constant ρ has the dimen-
sion of an inverse action: ½ρ� ¼ ½1ℏ�. It is worthwhile to notice
that this Lagrangian contains only parity-even invariants. For
the most general case (to be analysed elsewhere) one should
also take into account the parity-odd sector.
The contribution of the curvature square terms in the

Lagrangian (12) to the gravitational field dynamics in the
field equations is characterized by the parameter
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l2
ρ ≔

κc
ρ
: ð13Þ

Since ½1ρ� ¼ ½ℏ�, this new coupling parameter has the

dimension of the area, ½l2
ρ� ¼ ½l2�.

III. GRAVITATIONAL WAVES IN MAG

Let us now describe the plane wave ansatz in metric-
affine gravity for the gravitational field potentials
ðgαβ; ϑα;Γα

βÞ. We will do it by extending the approach
[95,96,125] in which the gravitational waves are patterned
by the electromagnetic waves on a curved spacetime.
As a first step, we divide the local coordinates into two

groups: xi ¼ ðxa; xAÞ, where xa ¼ ðx0 ¼ σ; x1 ¼ ρÞ and
xA ¼ ðx2; x3Þ. Hereafter the indices from the beginning of
the Latin alphabet a; b; c… ¼ 0, 1, whereas the capital
Latin indices run A;B;C… ¼ 2, 3.
To begin with, we fix the metric as the Minkowski tensor

gαβ ¼

0
BBB@

1 0 0 0

0 −1 0 0

0 0 −1 0

0 0 0 −1

1
CCCA: ð14Þ

This can always be done by making use of the local
general linear transformations of the coframe. Although it
is common to use the so-called null (or seminull)
Minkowski metric for the discussion of the gravitational
waves, however, throughout this paper we make use of the
standard diagonal metric (14).
As the next step, we have to specify the ansatz for the

coframe and the linear connection ðϑα;Γα
βÞ. The coframe

1-form is chosen as

ϑ0̂ ¼ 1

2
ðU þ 1Þdσ þ 1

2
dρ; ð15Þ

ϑ1̂ ¼ 1

2
ðU − 1Þdσ þ 1

2
dρ; ð16Þ

ϑÂ ¼ dxA; A ¼ 2; 3: ð17Þ

Here U ¼ Uðσ; xAÞ. As a result, the line element reads

ds2 ¼ gαβϑαϑβ ¼ dσdρþUdσ2 − δABdxAdxB: ð18Þ

Following the analogy with the electromagnetism, we
now introduce a crucial object: the wave 1-form k. We
define the latter as

k ≔ dσ ¼ ϑ0̂ − ϑ1̂: ð19Þ

By construction, we have k ∧ �k ¼ 0. The wave cove-
ctor kα ¼ eαck then has (anholonomic) components

kα ¼ ð1;−1; 0; 0Þ and kα ¼ ð1; 1; 0; 0Þ. Hence, this is a
null vector field, kαkα ¼ 0.
For the local Lorentz connection 1-form, we assume

Γα
β ¼ −kðkαVβ þ kβWαÞ þ kαkβu; ð20Þ

where the two new vector variables are introduced:
Wα ¼ Wαðσ; xAÞ, and Vα ¼ Vαðσ; xAÞ. The 1-form u ¼
uαðσ; xAÞϑα is assumed to be orthogonal to the wave
covector,

k ∧ �u ¼ 0; kαuα ¼ 0: ð21Þ

In addition, we assume the orthogonality

kαWα ¼ 0; kαVα ¼ 0: ð22Þ

This is guaranteed if we choose

Wα ¼
�
Wa ¼ 0; a ¼ 0; 1;

WA ¼ WAðσ; xBÞ; A ¼ 2; 3:
ð23Þ

Here W2ðσ; xBÞ and W3ðσ; xBÞ are the two unknown
functions. The same applies to Vα:

Vα ¼
�
Va ¼ 0; a ¼ 0; 1;

VA ¼ VAðσ; xBÞ; A ¼ 2; 3;
ð24Þ

and to the components of uα:

uα ¼
�
ua ¼ 0; a ¼ 0; 1;

uA ¼ uAðσ; xBÞ; A ¼ 2; 3:
ð25Þ

In other words, the ansatz for the MAG gauge potentials—
coframe (15)–(17) and the linear connection (20)—is
described by 7 variables: U¼Uðσ;xBÞ, WA ¼ WAðσ; xBÞ,
VA ¼ VAðσ; xBÞ, and uA ¼ uAðσ; xBÞ. These functions
determine wave’s profile and their explicit form should be
found from the gravitational field equations.
One immediately verifies that the wave 1-form is closed,

and the wave covector is constant:

dk ¼ 0; dkα ¼ 0; Dkα ¼ 0: ð26Þ

Taking this into account, we straightforwardly compute
nonmetricity 1-form and the torsion and the curvature
2-forms:

Qαβ ¼ −kðkαW
ðþÞ

β þ kβW
ðþÞ

αÞ þ 2kαkβu; ð27Þ

Tα ¼ −k ∧ kαΘ; ð28Þ

Rα
β ¼ k ∧ ðkαdVβ þ kβdWαÞ þ kαkβdu; ð29Þ
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where we introduced

Θ ≔
1

2
dU þWαϑ

α þ u; ð30Þ

W
ð�Þ

α ≔ Wα � Vα: ð31Þ

The differential d acts in the transversal 2-space spanned by
xA ¼ ðx2; x3Þ:

d ≔ ϑAeAcd ¼ dxA∂A; A ¼ 2; 3: ð32Þ

Although the geometry of the transversal 2-space spanned
by xA ¼ ðx2; x3Þ is fairly simple, it is convenient to describe
it explicitly. It is a flat Euclidean space with the volume
2-form η ¼ 1

2
ηABϑ

A ∧ ϑB ¼ dx2 ∧ dx3, where ηAB ¼
−ηBA is the 2-dimensional Levi-Civita tensor (with
η23 ¼ 1). The volume 4-form of the spacetime manifold
then reads η ¼ ϑ0̂ ∧ ϑ1̂ ∧ ϑ2̂ ∧ ϑ3̂ ¼ 1

2
k ∧ dρ ∧ η. For the

wave 1-form we find the remarkable relation

�k ¼ −k ∧ η: ð33Þ

We will denote the geometrical objects on the transversal
2-space by underlining them; for example, a 1-form
ϕ ¼ ϕAϑ

A. The Hodge duality on this space is defined
as usual via �ϑA ¼ η

A
¼ eAcη ¼ ηABϑ

B. With the help of
(33), we can verify

�ðk ∧ ϕÞ ¼ k ∧ �ϕ: ð34Þ

From (29) we immediately find

Wαβ ¼ R½αβ� ¼ −k ∧ k½αΩ
ð−Þ

β�; ð35Þ

Zαβ ¼ RðαβÞ ¼ k ∧ kðα Ω
ðþÞ

βÞ þ kαkβdu; ð36Þ

where we denoted

Ω
ð�Þ

α ≔ d W
ð�Þ

α: ð37Þ

The new objects (30) and (37) have the obvious properties:

k ∧� Θ ¼ 0; k ∧� Ω
ð�Þ

α ¼ 0; kα Ω
ð�Þ

α ¼ 0: ð38Þ

In accordance with (23)–(25), we have explicitly: Ω
ð�Þ

a ¼ 0
(a ¼ 0, 1) and

Θ ¼ ϑA
�
1

2
∂AU − δABWB þ uA

�
; Ω

ð�Þ
A ¼ ϑB∂BW

ð�Þ
A:

ð39Þ

Applying the transversal differential to (30), and making
use of (37), we find

dΘ ¼ 1

2
ðΩ
ðþÞ

α þ Ω
ð−Þ

αÞ ∧ ϑα þ du: ð40Þ

In essence, this is equivalent to the Bianchi identity DTα ¼
Rβ

α ∧ ϑβ which is immediately checked by applying the
covariant differential D to (28) and using (29). It is
worthwhile to notice that

du ¼ k ∧ _uþ du; _u ¼ ð∂σuαÞϑα: ð41Þ

Let us discuss the properties of the torsion and the
curvature for the wave ansatz (15)–(17) and (20). To begin
with, it is worthwhile to notice that the 2-forms of the
gravitational gauge field strengths (28) and (29) have the
same structure as the electromagnetic field strength of a
plane wave, when u ¼ 0. Indeed, we then have

Qαβ ¼ kqαβ; Tα ¼ k ∧ aα; Rα
β ¼ k ∧ aαβ; ð42Þ

where qαβ ¼ −ðkαW
ðþÞ

β þ kβW
ðþÞ

αÞ, aα ¼ −kαΘ and aαβ ¼
kαdVβ þ kβdWα play the role of the gravitational “polari-
zation” 1-forms, in complete analogy to the polarization
1-form a in the electromagnetic plane wave field
F ¼ k ∧ a, which is orthogonal to the wave covector
k ∧ �a ¼ 0. Similarly, the polarization 1-forms satisfy
the orthogonality relations

k ∧ �aα ¼ 0; k ∧ �aαβ ¼ 0; ð43Þ

kαqαβ ¼ 0; kαaα ¼ 0; ð44Þ

kβaαβ ¼ 0; kαaαβ ¼ 0: ð45Þ

Clearly, the gravitational field strengths of a wave have the
properties

k ∧ �Qαβ ¼ 0; k ∧ �Tα ¼ 0; k ∧ �Rα
β ¼ 0; ð46Þ

k ∧ Qαβ ¼ 0; k ∧ Tα ¼ 0; k ∧ Rα
β ¼ 0; ð47Þ

Qαβ ∧ �Qρσ ¼ 0; Tα ∧ �Tβ ¼ 0; Rα
β ∧ �Rρ

σ ¼ 0;

ð48Þ

in complete analogy to the electromagnetic plane wave,
k ∧ F ¼ 0, F ∧ �F ¼ 0.
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In addition, however, the gravitational field strengths
satisfy

kαQαβ ¼ 0; kαTα ¼ 0; kβRα
β ¼ 0; kαRα

β ¼ 0;

ð49Þ

in view of (22) and (38).

A. Irreducible decomposition of gravitational
field strengths

It is straightforward to find the irreducible parts of the
nonmetricity, the torsion and the curvature.
Directly from (28), with an account of (22), we find

eαcTα ¼ 0 and ϑα ∧ Tα ¼ 0. Hence the second (trace) and
third (axial trace) irreducible parts of the torsion are trivial,
ð2ÞTα ¼ 0 and ð3ÞTα ¼ 0, and

ð1ÞTα ¼ Tα ¼ −k ∧ kαΘ: ð50Þ

In a similar way, we derive
from (27) and (22). Hence the third and the fourth
irreducible parts of the nonmetricity are trivial, ð3ÞQαβ ¼
0 and ð4ÞQαβ ¼ 0, and we are left with

ð1ÞQαβ ¼ −
4

3
kkðαW

ðþÞ
βÞ −

2

3
kαkβW

ðþÞ
γϑ

γ

þ 4

3
kkðαuβÞ þ

2

3
kαkβu; ð51Þ

ð2ÞQαβ ¼ −
2

3
kkðαW

ðþÞ
βÞ þ

2

3
kαkβW

ðþÞ
γϑ

γ

−
4

3
kkðαuβÞ þ

4

3
kαkβu: ð52Þ

Finally, the structure of the curvature Rαβ ¼ Wαβ þ Zαβ

is as follows. Five irreducible pieces are trivial,
ð3ÞWαβ ¼ ð5ÞWαβ ¼ ð6ÞWαβ ¼ 0, and ð3ÞZαβ ¼ ð5ÞZαβ ¼ 0,
whereas for I ¼ 1, 2, 4 we derive

ðIÞWαβ ¼ k ∧ ðIÞΩ
ð−Þ½αk β�; ð53Þ

ð1ÞZαβ ¼ 1

2
k ∧ ð1Þ Ω

ðþÞðαk βÞ þ 1

4
kαkβϑγ ∧ Ω

ðþÞ
γ

þ 1

2
k ∧ Ω

ðþÞðαk βÞ

þ 1

2
k ∧ kðαeβÞcduþ 1

2
kαkβdu; ð54Þ

ð2ÞZαβ ¼ 1

2
k ∧ ð2Þ Ω

ðþÞðαk βÞ −
1

4
kαkβϑγ ∧ Ω

ðþÞ
γ

−
1

2
k ∧ kðαeβÞcduþ 1

2
kαkβdu; ð55Þ

ð4ÞZαβ ¼ 1

2
k ∧ ð4Þ Ω

ðþÞðαk βÞ: ð56Þ

These are constructed in terms of the irreducible parts

Ω
ð�Þ

α ¼ ð1Þ Ω
ð�Þ

α þ ð2Þ Ω
ð�Þ

α þ ð4Þ Ω
ð�Þ

α; ð57Þ

which read explicitly:

ð1Þ Ω
ð�Þ

α ≔
1

2

�
Ω
ð�Þ

α − ϑαeβcΩ
ð�Þ

β þ ϑβeαcΩβ

ð�Þ	
; ð58Þ

ð2Þ Ω
ð�Þ

α ≔
1

2

�
Ω
ð�Þ

α − ϑβeαcΩβ

ð�Þ	
; ð59Þ

ð4Þ Ω
ð�Þ

α ≔
1

2
ϑαeβcΩ

ð�Þ
β: ð60Þ

The transversal components of these objects are symmetric
traceless part, skew-symmetric part and the trace of the

2 × 2 matrix ∂BW
ð�Þ

A, respectively. Using (39), we derive

ðIÞ Ω
ð�Þ

A ¼ ðIÞ Ω
ð�Þ

A
Bϑ

B, with

ð1Þ Ω
ð�Þ

A
B ¼ 1

2

�
∂BW

ð�Þ
A þ ∂AWB

ð�Þ
− δAB∂CW

ð�Þ
C
	
; ð61Þ

ð2Þ Ω
ð�Þ

A
B ¼ 1

2

�
∂BW

ð�Þ
A − ∂AWB

ð�Þ	
; ð62Þ

ð4Þ Ω
ð�Þ

A
B ¼ 1

2
δAB∂CW

ð�Þ
C: ð63Þ

One can demonstrate the following properties of these
1-forms:

ϑα ∧ ð1ÞΩα ¼ 0; ϑα ∧ ð2ÞΩα ¼ ϑα ∧ Ωα; ð64Þ

ϑα ∧ ð4ÞΩα ¼ 0; eαcð1ÞΩα ¼ −eαcΩα; ð65Þ

eαcð2ÞΩα ¼ 0; eαcð4ÞΩα ¼ 2eαcΩα; ð66Þ

kαð1ÞΩα ¼ −
1

2
keαcΩα; kαð2ÞΩα ¼ 0; ð67Þ

kαð4ÞΩα ¼ 1

2
keαcΩα; k ∧ �ð2ÞΩα ¼ 0; ð68Þ

k ∧� ð1ÞΩα ¼ −k ∧� ð4ÞΩα ¼ −
1

2
kαϑβ ∧�Ωβ: ð69Þ

To make formulas more compact, we omit the ð�Þ labels
because the above properties hold for both types of Ω’s.
It is worthwhile to notice that although some of the

irreducible parts (58)–(60) are not orthogonal to the wave
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covector, in view of (67) and (68), all irreducible parts of
the curvature and nonmetricity satisfy

kαðIÞWαβ ¼ 0; kαðIÞZαβ ¼ 0; kαðIÞQαβ ¼ 0; ð70Þ

in full agreement with (49).

IV. EXPLICIT FIELD EQUATIONS

For the Lagrangian (12) from the definitions (7) and (8),
we find explicitly the gravitational field momenta

Mαβ ¼ 2

κc
mαβ; Hα ¼

1

κc
hα; ð71Þ

mαβ ¼
X4
I¼1

bI �ððIÞQαβÞ

þ b5

�
ϑðα ∧ eβÞc �Q −

1

4
gαβ �ðΛþ 3QÞ

�

− c1ϑðα ∧� TβÞ þ c1 þ c2
3

ϑðα ∧ eβÞc �T

þ 2c1 − c2 − c3
4

gαβ �T; ð72Þ

hα ¼
X3
I¼1

aI �ððIÞTαÞ þ
X3
I¼1

cI �ðϑβ ∧ ðIþ1ÞQαβÞ: ð73Þ

For the MAG wave ansatz, these are reduced to

mαβ ¼ �½b1ð1ÞQαβ þ b2ð2ÞQαβ þ c1eðαcTβÞ�; ð74Þ

hα ¼ �½a1Tα − c1ð2ÞQαβ ∧ ϑβ�: ð75Þ

A direct computation from the definition (9) for the
Lagrangian (12) yields, by inserting the MAG wave ansatz:

Hα
β ¼ −

a0
2κc

ηαβ þ
1

ρ
hαβ; ð76Þ

where hαβ ¼ h½αβ� þ hðαβÞ explicitly read

h½αβ� ¼ �
�
w1

ð1ÞWαβ þ w2
ð2ÞWαβ þ w4

ð4ÞWαβ

þ v2
2
ϑγ ∧ e½αc ð2ÞZγ

β� þ
v4
2
ϑ½α ∧ ejγjc ð4ÞZγ

β�

�
;

ð77Þ
hðαβÞ ¼ �

�
z1ð1ÞZαβ þ ðz2 − v2Þð2ÞZαβ

þ ðz4 þ 2v4Þð4ÞZαβ þ
v2
2
ϑγ ∧ eðαc ð2ÞWγ

βÞ

þ v4
2
ϑðα ∧ ejγjc ð4ÞWγ

βÞ

�
: ð78Þ

Splitting the Lagrangian (12) into the linear Hilbert-
Einstein term and the purely quadratic part, V ¼ a0

2κc ηαβ ∧
Rαβ þ 1

κc V
ðqÞ, we derive from (10)

Eα ¼
a0
2κc

ηαβγ ∧ Rβγ þ 1

κc
qα; ð79Þ

where we introduced

qα ≔ eαcVðqÞ þ ðeαcTβÞ ∧ hβ þ l2
ρðeαcRβ

γÞ ∧ hβγ

þ ðeαcQβγÞmβγ: ð80Þ

With an account of (71), (76), and (79), the MAG field
equations (5) and (6) in vacuum (assuming the vanishing
matter sources Σα ¼ 0 and Δα

β ¼ 0) are recast into the
following form:

a0
2
ηαβγ ∧ Rβγ þ qα −Dhα ¼ 0; ð81Þ

a0
2
Dηαβ − ϑα ∧ hβ − 2mα

β − l2
ρDhαβ ¼ 0: ð82Þ

The first term in (82) is straightforwardly evaluated

Dηαβ ¼ DðgαγηγβÞ ¼ ηαβγ ∧ Tγ þQαγ ∧ ηγβ − 2Q ∧ ηαβ:

ð83Þ

In view of (70), we verify the orthogonality properties for
(71), (77) and (78):

kαmαβ¼0; kαhα¼0; kαh½αβ� ¼0; kαhðαβÞ ¼0: ð84Þ

As a result, for (80) we derive

qα ¼ 0 ð85Þ

for the MAG wave field strengths (27)–(29). Moreover,
substituting (53)–(56) into (77) and (78), we recast the
latter into

h½αβ� ¼ �ðk ∧ Σ
ðwÞ

½αÞkβ�; ð86Þ

hðαβÞ ¼ �ðk ∧ Σ
ðzÞ

ðαÞkβÞ þ
1

4
kαkβ �Σ; ð87Þ

where

Σ
ðwÞ

α ≔ w1
ð1ÞΩ

ð−Þ
α þ w2

ð2ÞΩα

ð−Þ
þ w4

ð4ÞΩα

ð−Þ

−
v2
2

ð2ÞΩα

ðþÞ
þ v4

2
ð4ÞΩα

ðþÞ
þ v2

2
eαcdu; ð88Þ
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Σ
ðzÞ

α ≔ z1ð1Þ Ω
ðþÞ

α þ
z1 þ z2 − v2

2
ð2Þ Ω

ðþÞ
α

þ z1 þ z4 þ 2v4
2

ð4Þ Ω
ðþÞ

α

−
v2
2

ð2ÞΩ
ð−Þ

α þ
v4
2

ð4ÞΩ
ð−Þ

α

þ z1 − z2 þ v2
2

eαcdu; ð89Þ

Σ ≔ ϑγ ∧ ½ðz1 − z2 þ v2ÞΩ
ðþÞ

γ þ v2Ω
ð−Þ

γ�
þ 4z1k ∧ _uþ 2ðz1 þ z2 − v2Þdu: ð90Þ

In a similar way, substituting (28) and (51)–(52) into (74)
and (75), we recast the latter into

mαβ ¼ �ðk ∧ μðαÞkβÞ − kαkβ �μ; ð91Þ

hα ¼ −kα�
h
k ∧ ða1Θ − c1W

ðþÞ
βϑ

β − 2c1uÞ
i
; ð92Þ

where

μα ≔ c1eαcΘ −
4b1 þ 2b2

3
W
ðþÞ

α þ
4ðb1 − b2Þ

3
uα; ð93Þ

μ ≔ c1Θþ 2b1 − 2b2
3

W
ðþÞ

βϑ
β −

2b1 þ 4b2
3

u: ð94Þ

In view of (34), the structure of the 2-forms (86), (87) and
(92) guarantees that

Γα
β ∧ hβ ¼ 0; Γα

β ∧ h½βγ� ¼ 0; Γα
β ∧ hðβγÞ ¼ 0;

ð95Þ

for the connection (20), and therefore the covariant deriv-
atives are reduced to the ordinary ones:

Dhα ¼ dhα; Dhαβ ¼ dhαβ: ð96Þ

With an account of (85), (83) and (96), we can recast the
MAG field equations (81) and (82) into the final form

a0
2
ηαβγ ∧ Rβγ − dhα ¼ 0; ð97Þ

a0
2
ðηαβγ ∧ Tγ þQ½αγ ∧ ηjγjβ�Þ − ϑ½α ∧ hβ� − l2

ρdh½αβ� ¼ 0;

ð98Þ
a0
2
Qðαγ ∧ ηjγjβÞ − ϑðα ∧ hβÞ − 2mαβ − l2

ρdhðαβÞ ¼ 0: ð99Þ

After making use of (96), we have lowered the upper index
and split the resulting equation into the symmetric and
skew-symmetric equations to derive (98) and (99).

It thus remains to plug (86)–(94) into the field equa-
tions (97)–(99) and solve the system of coupled equations.
It is worthwhile to notice the remarkable fact that the final
system is a set of linear differential equations for the
unknown functions U ¼ Uðσ; xBÞ, WA ¼ WAðσ; xBÞ,
VA ¼ VAðσ; xBÞ, and uA ¼ uAðσ; xBÞ.

A. First field equation

Making use of (35) we find

ηαβγ ∧ Rβγ ¼ ηαβγ ∧ Wβγ ¼ ηαβγ ∧ k ∧ Ω
ð−Þ

βkγ

¼ kα �keβcΩ
ð−Þ

β: ð100Þ

On the other hand, we have, see (92), hα ¼ −kα �ðk ∧ ΞÞ
with the transversal 1-form

Ξ ≔ a1Θ − c1W
ðþÞ

βϑ
β − 2c1u; ð101Þ

and in view of (34), we evaluate the exterior differential

dhα ¼ kαk ∧ d �Ξ: ð102Þ

It is worthwhile to note that although Ξ depends on σ, we
have for the total differential

d �Ξ ¼ dσ ∧ ∂σð�ΞÞ þ d�Ξ; ð103Þ

and thus the first term drops out from (102) since
dσ ¼ k, cf. (19).
Finally, by using the dual (33), we recast the first MAG

field equation (97) into

−kαk ∧
�
a0
2
ηeβcΩ

ð−Þ
β þ d�Ξ

�
¼ 0: ð104Þ

B. Second field equation

Since ϑα ∧ hβ ¼ �ðeαc�hβÞ, a direct computation yields,
with the help of (27) and (28):

a0
2
ηαβγ ∧ Tγ ¼ a0 �ke½αcΘkβ�; ð105Þ

a0
2
Qα

γ ∧ ηγβ − ϑα ∧ hβ ¼ �ðkναÞkβ − kαkβ�νþ a0 �kkαuβ;

ð106Þ

where

να ≔ a1eαcΘ −
�
a0
2
þ c1

�
W
ðþÞ

α − 2c1 uα; ð107Þ
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ν ≔ a1Θþ
�
a0
2
− c1

�
W
ðþÞ

βϑ
β − 2c1 u: ð108Þ

As a result, for the second MAG field equations (98) and
(99) we find

a0
2
ðηαβγ ∧ Tγ þQ½αγ ∧ ηjγjβ�Þ − ϑ½α ∧ hβ�

¼ �kða0e½αcΘþ ν½α − a0u½αÞkβ�; ð109Þ

a0
2
Qðαγ ∧ ηjγjβÞ − ϑðα ∧ hβÞ

¼ �kðνðα þ a0uðαÞkβÞ − kαkβ�ν: ð110Þ

Finally, the differentials of (86) and (87) read

dh½αβ� ¼ −k ∧ d � Σ
ðwÞ

½αkβ�; ð111Þ

dhðαβÞ ¼ d �ðk ∧ Σ
ðzÞ

ðαÞkβÞ þ
1

4
kαkβd �Σ; ð112Þ

where we used (34) once again. Note that in (112) we have
the full differential, unlike the transversal one in (111), and
evaluation of the latter is somewhat nontrivial.
When writing down the field equations, we have to

specialize to the subsets of the indices: α ¼ ða; AÞ, with
lower case Latin indices a ¼ 0, 1 and the upper case indices
A ¼ 2, 3.
As a preliminary step, we recall that

kA ¼ 0; ð113Þ

and notice that

ð1Þ Ω
ð�Þ

a ¼ −
1

2
ϑaeβcΩ

ð�Þ
β; ð114Þ

ð2Þ Ω
ð�Þ

a ¼ 0; ð115Þ

ð4Þ Ω
ð�Þ

a ¼ 1

2
ϑaeβcΩ

ð�Þ
β; ð116Þ

whereas ðIÞ Ω
ð�Þ

A are purely transversal for all I ¼ 1, 2, 4.

As a result, from (88) and (89) we conclude that Σ
ðwÞ

A and

Σ
ðzÞ

A are purely transversal, while

Σ
ðwÞ

a ¼
1

4
ϑa φ

ðwÞ
; Σ

ðzÞ
a ¼

1

4
ϑaφ

ðzÞ
; ð117Þ

where

φ
ðwÞ

≔ 2ðw4 − w1ÞeβcΩ
ð−Þ

β þ v4eβcΩ
ðþÞ

β; ð118Þ

φ
ðzÞ

≔ðz4 − z1 þ 2v4ÞeβcΩ
ðþÞ

β þ v4eβcΩ
ð−Þ

β: ð119Þ

Then, for (86) we find

h½ab� ¼ 0; h½AB� ¼ 0; ð120Þ

h½Ab� ¼
1

2
�ðk ∧ Σ

ðwÞ
AÞkb ¼

1

2
k ∧ � Σ

ðwÞ
Akb: ð121Þ

The structure of (87) is more nontrivial:

hðabÞ ¼ �ðk ∧ Σ
ðzÞ

ðaÞkbÞ þ
1

4
kakb �Σ

¼ 1

4
kakb

n
�Σ − φ

ðzÞ
η
o
; ð122Þ

hðAbÞ ¼
1

2
�ðk ∧ Σ

ðzÞ
AÞkb ¼

1

2
k ∧ �Σ

ðzÞ
Akb: ð123Þ

hðABÞ ¼ 0: ð124Þ

Here we used (117) and

�ðk ∧ ϑaÞ ¼ eac �k ¼ −kaη: ð125Þ

After these preparations, we are in a position to write
down the second MAG field equations. The skew-sym-
metric part (98) has only “½Ab�” nontrivial component
which reads explicitly

k ∧
n
ηða0eAcΘþ νA − a0uAÞ − l2

ρd � Σ
ðwÞ

A

o
kb ¼ 0: ð126Þ

However, the symmetric part (99) encompasses two non-
trivial components, “ðabÞ” and “ðAbÞ”, respectively:

kakb

�
�ð2μ − νÞ − l2

ρ

4
dð �Σ − φ

ðzÞ
ηÞ
�

¼ 0; ð127Þ

k ∧ fηðνA − 2μA þ a0uAÞ − l2
ρd �Σ

ðzÞ
Agkb ¼ 0: ð128Þ

C. Explicit MAG field equations in components

To begin with, let us fix the notation. Namely, we choose
the original position of indices for the vector objects as
upper position forWα and Vα, and lower position for uα. In
other words, the basic variables will be chosen as

WA; VA; uA: ð129Þ

Then we denote these objects with the indices moved to a
different position as
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WA≔ δABWB; VA≔ δABVB; uA≔ δABuB: ð130Þ

In addition, we denote the differential operator

∂A ≔ δAB∂B: ð131Þ

This convention is extremely important when we recast the
4-dimensional expressions in the formulas of the sections
above into the 2-dimensional transversal ones. In particular,
one should be always careful with ∂α, Wα, Vα, and uα,
when we specialize to α ¼ A, since then

∂A¼−∂A; WA¼−WA; VA¼−VA; uA¼−uA: ð132Þ

As a preliminary step, we observe the Hodge duals

�η ¼ ϑ0̂ ∧ ϑ1̂; �ϕ ¼ ϑ0̂ ∧ ϑ1̂ ∧ �ϕ; ð133Þ

where the latter is true for any transversal 1-form ϕ. It is

also worthwhile to notice that ϑ0̂ ∧ ϑ1̂ ¼ 1
2
dσ ∧ dρ and

thus the exterior differential vanishes: dðϑ0̂ ∧ ϑ1̂Þ ¼ 0.
Let us analyze (127). Since from (90) we have

Σ ¼ χηþ k ∧ ξ; ð134Þ

then by making use of (133) and (34) we obtain for the
Hodge dual �Σ ¼ χϑ0̂ ∧ ϑ1̂ þ k ∧ �ξ, and thus

d �Σ ¼ ϑ0̂ ∧ ϑ1̂ ∧ dχ − k ∧ d �ξ: ð135Þ

Comparing (134) with (90), we explicitly have for the
transversal 1-form ξ ¼ 4z1 _u, and

χ ¼ ðz1 − z2 þ 2v2ÞηAB∂AWB þ ðz1 − z2ÞηAB∂AVB þ 2ðz1 þ z2 − v2ÞηAB∂AuB: ð136Þ
As a result, with the help of (133) and (135) we recast (127) into

ϑ0̂ ∧ ϑ1̂ ∧
�
2 �μ − �ν −

l2
ρ

4
dχ

�
þ l2

ρ

4
k ∧

�
η∂σ φ

ðzÞ þ d �ξ
�

¼ 0: ð137Þ

Therefore, in components this yields two equations:

2c1 − a1
2

∂AU þ
�
a0 þ 2a1

2
− 3c1 −

4b1 − 4b2
3

�
WA þ

�
a0
2
− c1 −

4b1 − 4b2
3

�
VA þ

�
4c1 − a1 −

4b1 þ 8b2
3

�
uA

þ l2
ρ

4
ηAB∂B½ðz1 − z2 þ 2v2ÞηCD∂CWD þ ðz1 − z2ÞηCD∂CVD þ 2ðz1 þ z2 − v2ÞηCD∂CuD� ¼ 0; ð138Þ

∂σ½ðz4 − z1 þ 3v4Þ∂AWA þ ðz4 − z1 þ v4Þ∂AVA − 4z1∂AuA� ¼ 0: ð139Þ
In addition, the two more field equations (126) and (128) read in components:

a0 þ a1
2

∂AU þ
�
c1 −

a0 þ 2a1
2

�
WA þ

�
a0
2
þ c1

�
VA þ ½a1 − 2c1�uA

−
l2
ρ

4
½2w1ΔWA − 2w1ΔVA þ ð2w4 þ v4Þ∂A∂BWB þ ð−2w4 þ v4Þ∂A∂BVB�

−
l2
ρ

4
ηAB∂B½ð−2w2 þ v2ÞηCD∂CWD þ ð2w2 þ v2ÞηCD∂CVD − 2v2ηCD∂CuD� ¼ 0; ð140Þ

a1 − 2c1
2

∂AU þ
�
a0
2
− a1 þ 3c1 −

8b1 þ 4b2
3

�
WA þ

�
a0
2
þ c1 −

8b1 þ 4b2
3

�
VA þ

�
a0 þ a1 − 4c1 −

8b1 − 8b2
3

�
uA

−
l2
ρ

4
½2z1ΔWA þ 2z1ΔVA þ ðz1 þ z4 þ 3v4Þ∂A∂BWB þ ðz1 þ z4 þ v4Þ∂A∂BVB�

−
l2
ρ

4
ηAB∂B½ð−z1 − z2 þ 2v2ÞηCD∂CWD − ðz1 þ z2ÞηCD∂CVD − 2ðz1 − z2 þ v2ÞηCD∂CuD� ¼ 0: ð141Þ

Finally, to make the system complete, we write explicitly the first MAG field equation (104):

−
a1
2
ΔU þ

�
a0
2
− c1 þ a1

�
∂AWA −

�
a0
2
þ c1

�
∂AVA − ½a1 − 2c1�∂AuA ¼ 0: ð142Þ
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The total number of equations (138), (140)–(142) is 7
which is equal to the number unknown variables
U;WA; VA; uA, so we expect that one can find the latter
as functions of transversal coordinates xA. An additional
equation (139) does not make the system over-determined,
since it merely fixes the dependence on σ.

V. SOLVING FIELD EQUATIONS

We are now in a position to solve the field equations. The
system (138)–(142) always admits a nontrivial solution for
the arbitrary quadratic MAG model with any choice of
coupling constants. There are some interesting special
cases.

A. Riemannian gravitational waves

The nonmetricity (27) and the torsion (28) vanish when

u ¼ 0, W
ðþÞ

α ¼ 0, and Θ ¼ 0 which is realized for

WA ¼ −VA ¼ 1

2
δAB∂BU: ð143Þ

Substituting this into (138)–(142), we find that (138)
is identically satisfied, the first MAG equation (142)
reduces to

a0
2
ΔU ¼ 0; ð144Þ

whereas (139)–(141) reduce to

v4∂σΔU ¼ 0; ð145Þ

−2ðw1 þ w4Þ
l2
ρ

4
∂AΔU ¼ 0; ð146Þ

−v4
l2
ρ

4
∂AΔU ¼ 0: ð147Þ

Accordingly, we conclude that the well-known plane wave
solution of GR with the function U satisfying the Laplace
equation is an exact solution of the generic quadratic MAG
model. This is consistent with our earlier results on the
torsion-free solutions in Poincaré gauge theory [142–144].
Moreover, the Riemannian wave (143)–(144) represents

a general solution for the purely torsionþ nonmetricity
quadratic class of MAG models, since this is the only
configuration admitted by the system (138)–(142) for
wI ¼ 0, zI ¼ 0, vI ¼ 0. This is true generically when the
curvature square terms are absent, with an exception of a
special choice of the coupling constants [44]:

−a1 ¼
a2
2
¼ 2a3 ¼ 2c1 ¼ −c2 ¼ −c3 ¼ a0; ð148Þ

4b1 ¼ 2b2 ¼ −8b3 ¼
8b4
3

¼ 2b5 ¼ a0: ð149Þ

B. Teleparallel gravitational waves

Quite generally, the space of distant parallelism (or the
teleparallel space) is defined by the condition of zero
curvature, Rα

β ¼ 0. In the framework of MAG, the two
other gravitational field strengths, torsion and nonmetricity,
are nontrivial, and therefore the general teleparallel gravi-
tational waves are characterized by the superposition of
propagating torsion and nonmetricity waves, provided the
curvature is trivial.
The curvature (29) vanishes when dWα ¼ 0 and

dVα ¼ 0, i.e., both Wα ¼ WαðσÞ and Vα ¼ VαðσÞ are
independent of the transversal coordinates, and in addition
du ¼ 0. The latter means that the components of u do not
depend on σ, and

uA ¼ 1

2
∂AU ð150Þ

is a gradient of a potential U ¼ UðxAÞ.
Then (139) is identically fulfilled, and the three equa-

tions (138), (140), and (141) after a long but straightfor-
ward derivation are recast into an equivalent algebraic
system

ða0 − 4b1ÞΦA ¼ 0: ð151Þ

3ða0 þ 2c1ÞΘA þ 2ða0 þ 2b2ÞΨA ¼ 0; ð152Þ

2ða0 þ a1ÞΘA þ ða0 þ 2c1ÞΨA ¼ 0; ð153Þ

where we denoted

ΘA ¼ eAcΘ ¼ 1

2
∂AU −WA þ uA; ð154Þ

ΦA ≔ WA þ VA þ uA; ð155Þ

ΨA ≔ WA þ VA − 2uA: ð156Þ

In addition, the Eq. (142) is reduced to

a1ΔU þ ða1 − 2c1ÞΔU ¼ 0: ð157Þ

Writing the system (151)–(153) in the matrix form,

0
B@

0 ða0 − 4b1Þ 0

2ða0 þ a1Þ 0 ða0 þ 2c1Þ
3ða0 þ 2c1Þ 0 2ða0 þ 2b2Þ

1
CA
0
B@

ΘA

ΦA

ΨA

1
CA ¼ 0;

ð158Þ

we conclude that a nontrivial solution exists when the
determinant is zero:
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ða0 − 4b1Þ½3ða0 þ 2c1Þ2 − 4ða0 þ a1Þða0 þ 2b2Þ� ¼ 0:

ð159Þ

This imposes the restriction on the coupling constants of
the general Lagrangian (12) and determines the class of
MAG models which admit the teleparallel gravita-
tional waves.
The explanation of the condition (159) is as follows. If the

determinant is not zero, then the system (151)–(153) yields a
trivial solution ΘA ¼ ΦA ¼ ΨA ¼ 0 which means that all
the gravitational field strengths are zero: the curvature
Rα

β ¼ 0, the nonmetricity Qαβ ¼ 0, and the torsion
Tα ¼ 0. Therefore such a solution describes the flat
Minkowski spacetime.

C. Standard teleparallel waves: No nonmetricity

The nonmetricity (27) vanishes when u¼0 and W
ðþÞ

α ¼ 0,
i.e., Wα ¼ −Vα. This means that ΦA ¼ ΨA ¼ 0, and the
system (151)–(153) is greatly simplified. As a result, such a
solution only exists in a class of quadratic models restricted
by the conditions on the coupling constants

a0 þ a1 ¼ 0; c1 þ
a0
2
¼ 0: ð160Þ

The system (138)–(142) then reduces to

a1
2
ΔU ¼ 0; ð161Þ

Accordingly, the metric structure turns out to be the same
for the Riemannian (no torsion and nonmetricity) and for
the teleparallel gravitational wave solutions.

D. Symmetric teleparallel waves: No torsion

Symmetric teleparallel geometry is characterized by the
vanishing curvature and torsion, along with a nontrivial
nonmetricity [98–100,145–148]. This case arises when
du ¼ 0 and both Wα ¼ WαðσÞ and Vα ¼ VαðσÞ are inde-
pendent of the transversal coordinates, whereasΘ ¼ 0. The
latter means that, by making use of (154) and (150), we
have

∂AðU þ UÞ − 2WA ¼ 0: ð162Þ

As a result, the algebraic system (151)–(153) is simpli-
fied to

ða0 − 4b1ÞΦA ¼ 0; ða0 þ 2b2ÞΨA ¼ 0;

ða0 þ 2c1ÞΨA ¼ 0; ð163Þ

whereas (142) reduces to

−c1ΔU ¼ 0: ð164Þ

Consequently, nontrivial symmetric teleparallel wave
solutions exist for the class of MAG models restricted
by the conditions on the coupling constants

a0 − 4b1 ¼ 0; a0 þ 2b2 ¼ 0; c1 þ
a0
2
¼ 0: ð165Þ

Otherwise, solutions reduce to the flat Minkowski space-
time. The conditions (165) allow for the general solution
with both ΨA and ΦA nonvanishing. Special symmetric
teleparallel wave solutions with ΦA ¼ 0 or ΨA ¼ 0 exist
under the milder conditions when one drops one of the
restriction in (165).

E. General MAG gravitational waves

The torsion-free ansatz (143) can be generalized to

WA ¼ 1

2
ðδAB∂BW þ ηAB∂BW̄Þ; ð166Þ

VA ¼ 1

2
ðδAB∂BV þ ηAB∂BV̄Þ; ð167Þ

uA ¼ 1

2
ð∂AU þ ηAB∂BŪÞ; ð168Þ

Physically, six new variables W, V, U and W̄; V̄; Ū are
analogs of the well-known Hertz potentials in classical
electrodynamics. The overline denotes the three parity-odd
variables W̄; V̄; Ū to distinguish them from the parity-even
variables U, W, V, U.
Substituting this into (138)–(142), we derive

ð2c1 − a1ÞU þ
�
a0 þ 2a1

2
− 3c1 −

4b1 − 4b2
3

�
W þ

�
a0
2
− c1 −

4b1 − 4b2
3

�
V þ

�
4c1 − a1 −

4b1 þ 8b2
3

�
U ¼ 0; ð169Þ

�
a0 þ 2a1

2
− 3c1 −

4b1 − 4b2
3

�
W̄ þ

�
a0
2
− c1 −

4b1 − 4b2
3

�
V̄ þ

�
4c1 − a1 −

4b1 þ 8b2
3

�
Ū

−
l2
ρ

4
½ðz1 − z2 þ 2v2ÞΔW̄ þ ðz1 − z2ÞΔV̄ þ 2ðz1 þ z2 − v2ÞΔŪ� ¼ 0; ð170Þ
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∂σ½ðz4 − z1 þ 3v4ÞΔW þ ðz4 − z1 þ v4ÞΔV − 4z1ΔU� ¼ 0; ð171Þ

ða0 þ a1ÞUþ
�
c1 −

a0 þ 2a1
2

�
W þ

�
a0
2
þ c1

�
V þ ½a1 − 2c1�U −

l2
ρ

4
½ð2w1 þ 2w4 þ v4ÞΔW − ð2w1 þ 2w4 − v4ÞΔV� ¼ 0;

ð172Þ
�
c1 −

a0 þ 2a1
2

�
W̄ þ

�
a0
2
þ c1

�
V̄ þ ½a1 − 2c1�Ū −

l2
ρ

4
½ð2w1 þ 2w2 − v2ÞΔW̄ − ð2w1 þ 2w2 þ v2ÞΔV̄ þ 2v2ΔŪ� ¼ 0;

ð173Þ

ða1 − 2c1ÞU þ
�
a0
2
− a1 þ 3c1 −

8b1 þ 4b2
3

�
W þ

�
a0
2
þ c1 −

8b1 þ 4b2
3

�
V

þ
�
a0 þ a1 − 4c1 −

8b1 − 8b2
3

�
U −

l2
ρ

4
½ð3z1 þ z4 þ 3v4ÞΔW þ ð3z1 þ z4 þ v4ÞΔV� ¼ 0; ð174Þ

�
a0
2
− a1 þ 3c1 −

8b1 þ 4b2
3

�
W̄ þ

�
a0
2
þ c1 −

8b1 þ 4b2
3

�
V̄ þ

�
a0 þ a1 − 4c1 −

8b1 − 8b2
3

�
Ū

−
l2
ρ

4
½ð3z1 þ z2 − 2v2ÞΔW̄ þ ð3z1 þ z2ÞΔV̄ þ 2ðz1 − z2 þ v2ÞΔŪ� ¼ 0; ð175Þ

−a1ΔU þ
�
a0
2
− c1 þ a1

�
ΔW −

�
a0
2
þ c1

�
ΔV − ½a1 − 2c1�ΔU ¼ 0: ð176Þ

The analysis of this system is considerably simplified by
a convenient choice of variables. The key to this is
discovered when we substitute (166)–(168) into (154)–
(156), which yields

ΘA ¼ 1

2
ð∂AX1 þ ηAB∂BX̄1Þ; ð177Þ

ΦA ¼ 1

2
ð∂AX2 þ ηAB∂BX̄ 2Þ; ð178Þ

ΨA ¼ 1

2
ð∂AX3 þ ηAB∂BX̄ 3Þ; ð179Þ

where

X1 ¼ U −W þ U; X̄1 ¼ −W̄ þ Ū; ð180Þ

X2 ¼ W þ V þ U; X̄2 ¼ W̄ þ V̄ þ Ū; ð181Þ

X3 ¼ W þ V − 2U; X̄3 ¼ W̄ þ V̄ − 2Ū: ð182Þ

We choose (180)–(182) as the new set of variables, to
which we add one more:

X 0 ¼ W − V: ð183Þ

For the inverse relations we derive

U ¼ 1

2
X0 þ X1 þ

1

2
X3; ð184Þ

W ¼ 1

2
X0 þ

1

3
X2 þ

1

6
X3; ð185Þ

V ¼ −
1

2
X0 þ

1

3
X2 þ

1

6
X3; ð186Þ

U ¼ 1

3
X2 −

1

3
X3; ð187Þ

and similarly we find

W̄ ¼ −X̄1 þ
1

3
X̄2 −

1

3
X̄3; ð188Þ

V̄ ¼ X̄1 þ
1

3
X̄2 þ

2

3
X̄3; ð189Þ

Ū ¼ 1

3
X̄2 −

1

3
X̄3: ð190Þ

Substituting (184)–(187) into the field equations, we
recast (169), (172), (174), (176), (171), respectively,
into
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ð2c1 − a1ÞX 1 þ
1

3
ða0 − 4b1ÞX 2 þ

�
−
a0
2
− c1 þ

2

3
ða0 þ 2b2Þ

�
X3 ¼ 0; ð191Þ

ða0 þ a1ÞX 1 þ
�
a0
2
þ c1

�
X3 −

l2
ρ

4

�
2ðw1 þ w4ÞΔX0 þ

2

3
v4ΔX2 þ

1

3
v4ΔX3

�
¼ 0; ð192Þ

ða1 − 2c1ÞX1 þ
2

3
ða0 − 4b1ÞX2 þ

�
a0
2
þ c1 −

2

3
ða0 þ 2b2Þ

�
X3

−
l2
ρ

4

�
v4ΔX0 þ

2

3
ð3z1 þ z4 þ 2v4ÞΔX2 þ

1

3
ð3z1 þ z4 þ 2v4ÞΔX3

�
¼ 0; ð193Þ

a0
2
ΔX0 − a1ΔX1 − c1ΔX3 ¼ 0; ð194Þ

∂σ

�
v4ΔX0 þ

2

3
ðz4 − 3z1 þ 2v4ÞΔX2 þ

1

3
ðz4 þ 3z1 þ 2v4ÞΔX3

�
¼ 0: ð195Þ

Similarly, substituting (188)–(190) into the field equations, we recast (170), (173), and (175), respectively, into

ð2c1 − a1ÞX̄1 þ
1

3
ða0 − 4b1ÞX̄2 þ

�
−
a0
2
− c1 þ

2

3
ða0 þ 2b2Þ

�
X̄ 3

−
l2
ρ

4

�
−2v2ΔX̄1 þ

4

3
z1ΔX̄ 2 −

1

3
ðz1 þ 3z2ÞΔX̄3

�
¼ 0; ð196Þ

ða0 þ a1ÞX̄ 1 þ
�
a0
2
þ c1

�
X̄3 −

l2
ρ

4
½−4ðw1 þ w2ÞΔX̄1 − ð2w1 þ 2w2 þ v2ÞΔX̄3� ¼ 0; ð197Þ

ða1 − 2c1ÞX̄1 þ
2

3
ða0 − 4b1ÞX̄2 þ

�
a0
2
þ c1 −

2

3
ða0 þ 2b2Þ

�
X̄3 −

l2
ρ

4

�
2v2ΔX̄1 þ

8

3
z1ΔX̄2 þ

1

3
ðz1 þ 3z2ÞΔX̄3

�
¼ 0:

ð198Þ
It is remarkable that the parity-even (191)–(195) and the parity-odd (196)–(198) sectors are completely decoupled.
Both are second order differential systems with constant coefficients, for which solutions are sought in the form

X I ¼ X ð0Þ
I ðσÞeiqAxA ; I ¼ 0; 1; 2; 3; X̄J ¼ X̄ ð0Þ

J ðσÞeiq̄AxA ; J ¼ 1; 2; 3; ð199Þ
where qA and q̄A are not necessarily equal.

Parity-even sector. Substituting the ansatz (199) into (191)–(194) we obtain the algebraic system for the amplitudes X ð0Þ
I .

In matrix form, the latter reads as0
BBBBBB@

− a0
2

a1 0 c1

0 2c1 − a1 1
3
ða0 − 4b1Þ − a0

2
− c1 þ 2

3
ða0 þ 2b2Þ

2ðw1 þ w4ÞQ2 a0 þ a1 2
3
v4Q2 a0

2
þ c1 þ 1

3
v4Q2

Q2v4 0 a0 − 4b1 þ 2
3
Q2Λ0

1
3
Q2Λ0

1
CCCCCCA

0
BBBBBB@

X ð0Þ
0

X ð0Þ
1

X ð0Þ
2

X ð0Þ
3

1
CCCCCCA

¼ 0: ð200Þ

Here we denoted Q2 ≔ l2
4
qAqBδAB, and Λ0 ≔ 3z1 þ z4 þ 2v4. Nontrivial solutions exist when the determinant of the

4 × 4 matrix in (200) vanishes. Interestingly, despite being 4 × 4, the matrix has a very special structure that yields just a
quadratic equation for Q2. This equation determines the eigenvalues of the two propagating massive wave modes.
It is worthwhile to notice the existence of a special solution of (191)–(195): X2 ¼ 0 and X3 ¼ 0. This means that U ¼ 0

and W ¼ −V. The remaining system for X0 and X1 can be recast into
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v4ΔX0 ¼ 0;

ð2c1 − a1ÞX1 ¼ 0;

−
a0
2
ΔX0 þ a1ΔX1 ¼ 0;

ða0 þ a1ÞX1 −
l2
ρ

2
ðw1 þ w4ÞΔX0 ¼ 0: ð201Þ

Recalling the definitions (180)–(183), and assuming v4 ≠ 0
and a1 ≠ 2c1, we find ΔX0 ¼ 0 ¼ X 1 and the four
equations (201) are automatically fulfilled. We thus con-
clude that this solution describes the massless graviton
mode, for which the 4 potentials satisfy

ΔU ¼ 0; W ¼ −V ¼ U; U ¼ 0: ð202Þ

Parity-odd sector. A peculiar property of the system
(196)–(198) is that the variable X̄2 is decoupled from the
pair X̄1; X̄3. Indeed, the sum of (196) and (198) yields an
equation for X̄2,

ða0 − 4b1ÞX̄2 − l2
ρz1ΔX̄2 ¼ 0; ð203Þ

whereas by taking the sum of (196) and (197) we derive

ða0 þ 2c1ÞX̄1 þ
2

3
ða0 þ 2b2ÞX̄ 3 −

l2
ρ

4

�
−2½2w1 þ 2w2 þ v2�ΔX̄1 −

�
2w1 þ 2w2 þ v2 þ

1

3
ðz1 þ 3z2Þ

�
ΔX̄3

�
¼ 0; ð204Þ

which in combination with (197) determines X̄1 and X̄3.

Substituting the ansatz (199) into (203), (204), and (197), we obtain the algebraic system for the amplitudes X̄ ð0Þ
I . In

matrix form, the latter reads as

0
BB@

0 a0 − 4b1 þ 4z1Q̄ 2 0

a0 þ 2c1 − 2Q̄ 2Λ2 0 2
3
ða0 þ 2b2Þ − Q̄ 2ðΛ2 þ Λ3Þ

a0 þ a1 − Q̄ 2Λ1 0 a0
2
þ c1 − Q̄ 2Λ2

1
CCA
0
BB@

X̄ ð0Þ
1

X̄ ð0Þ
2

X̄ ð0Þ
3

1
CCA ¼ 0: ð205Þ

Here we denoted Q̄ 2 ≔ l2
4
q̄Aq̄BδAB, and Λ1 ≔ 4ðw1 þ w2Þ,

Λ2 ≔ 2ðw1 þ w2Þ þ v2, Λ3 ≔ 1
3
ðz1 þ 3z2Þ.

The system (205) shows that there are three propagating
parity-odd modes which are determined by

a0−4b1þ4z1Q̄2¼0; AQ̄4þBQ̄2þC¼0; ð206Þ

where we denoted the combinations of the coupling
constants

A ≔ 2Λ2
2 þ Λ1ðΛ2 þ Λ3Þ; ð207Þ

B ≔ −4
�
a0
2
þ c1

�
Λ2 þ ða0 þ a1ÞðΛ2 þ Λ3Þ

−
2

3
ða0 þ 2b2ÞΛ1; ð208Þ

C ≔ 2

�
a0
2
þ c1

�
2

−
2

3
ða0 þ 2b2Þða0 þ a1Þ: ð209Þ

The parity-odd amplitudes X̄ ð0Þ
I ¼ X̄ ð0Þ

I ðσÞ, J ¼ 1, 2, 3,
are arbitrary functions of σ. However, the field equa-
tion (195) imposes a relation between the three parity-
even amplitudes,

v4∂σX
ð0Þ
0 þ 2

3
ðz4 − 3z1 þ 2v4Þ∂σX

ð0Þ
2

þ 1

3
ðz4 þ 3z1 þ 2v4Þ∂σX

ð0Þ
3 ¼ 0; ð210Þ

whereas X ð0Þ
1 ¼ X ð0Þ

1 ðσÞ depends arbitrarily on σ.

F. “Pseudoinstanton” solutions

Vassiliev [129] considered the class ofmodels in which the
Lagrangian depends only on the curvature (with a1 ¼
a2 ¼ a3 ¼ 0, b1 ¼ � � � ¼ b5 ¼ 0, c1 ¼ c2 ¼ c3 ¼ 0)1 and
defined “pseudo-instantons” as metric-compatible gravita-
tional field configurations with an irreducible curvature,
which solve the vacuum MAG field equations. The former
condition means that the nonmetricity is trivial Qαβ ¼ 0

which for ourwave ansatzmeans that u ¼ 0 andWA ¼ −VA.
In terms of potentials this is translated into

U ¼ Ū ¼ 0; W ¼ −V; W̄ ¼ −V̄; ð211Þ

or equivalently

1To be precise, Vassiliev’s Lagrangian [129] did not include
the curvature quadratic terms with nontrivial vI .
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X0 ¼ 2W; X1 ¼ U −W; X2 ¼ X3 ¼ 0; ð212Þ

X̄ 1 ¼ −W̄; X̄2 ¼ X̄3 ¼ 0: ð213Þ

In the pure quadratic model, a0 ¼ 0, whereas wI , zJ, and vK
are nonvanishing. Under the conditions (211), the field
equations (169)–(176) then reduce to

ΔW ¼ 0; ΔW̄ ¼ 0: ð214Þ

By making use of (166), we thus find ∂AWA ¼ 0 and
ηAB∂AWB ¼ 0, and consequently from (61)–(63) and
(211) we conclude that

ð2ÞΩ
ð−Þ

α ¼ 0; ð4ÞΩ
ð−Þ

α ¼ 0; ðIÞ Ω
ðþÞ

α ¼ 0: ð215Þ

In other words, the curvature is indeed irreducible (i.e.,
represented by just one irreducible part)

Rα
β ¼ ð1ÞWα

β; ð216Þ

andwe thus recover the pseudoinstanton solution in the sense
of [129]. It should be noted that the resulting gravitational
waves are different from the “torsion wave” configurations
described by Vassiliev.

VI. DISCUSSION AND CONCLUSIONS

In this paper we have studied the gravitational waves in
the framework of the metric-affine theory for the class of
models with the most general Lagrangian constructed from
all possible parity-even quadratic invariants of the curva-
ture, torsion and nonmetricity (12). We have derived exact
solutions with the help of the pp-wave type ansatz for the
coframe (15)–(17) and the linear connection (20). This
ansatz gives rise to a very special structure for the
curvature, torsion and nonmetricity which was clarified
in Sec. III A.
We have solved the MAG field equations (5) and (6)

in vacuum, i.e., under the assumption that the energy-
momentum Σα ¼ 0 and the hypermomentum Δα

β ¼ 0

matter currents are both vanishing.
It was shown that the plane-fronted wave solutions of

GR and also of the teleparallel gravity arise as special cases
of our solutions. For the latter theory, the resulting wave
geometries are of the general type (with the vanishing
curvature) and they encompass the two special subcases
either with zero nonmetricity or with zero torsion (the
standard teleparallel and the so-called symmetric telepar-
allel case, respectively).
The general gravitational wave solution in the class of

quadratic MAG models is described by the fundamental
transversal vectors WA, VA and uA, or equivalently, by the
corresponding six scalar potentials W, V, U and W̄; V̄; Ū.
Together with the function U from the pp-wave metric

ansatz, they constitute seven unknown functions which
satisfy the system of eight equations (169)–(176). Quite
remarkably, the structure of the field equations demon-
strates the complete decoupling of the parity-even and the
parity-odd variables which satisfy the two separate sets of
equations. In fact, this decoupling is explained by the
absence of the parity-odd sector in the theory (no parity-
odd coupling constants enter the Lagrangian (4) of the
MAG model under consideration). Let us recall, in this
relation, that there is no decoupling in the general quadratic
Poincaré gauge gravity models with both the parity-even
and the parity-odd sectors included [95,96]. Furthermore,
one of the field equations, (139) (equivalently (171) in
terms of the potentials), fixes the dependence on the
coordinate σ, whereas the remaining system of seven
Helmholtz or screened Laplace equations determines the
seven unknown potentials as the functions of transversal
coordinates xA.
This system can be solved by making a standard

exponential substitution (199) for the seven variables,
which recasts the system into an algebraic form for the
wave amplitudes. At this point, the parity-odd sector admits
a more straightforward general analysis, whereas for the
parity-even sector we have focused on certain particular
physically interesting solutions to demonstrate the structure
of the corresponding mode spectrum. Of special interest is
the class of Yang-Mills type models in which the
Lagrangian is constructed only from the curvature invar-
iants, whereas the quadratic in torsion and nonmetricity
terms are set to zero. Then the gravitational wave solutions
represent the MAG “pseudoinstantons” in the sense of
[129]. It is worthwhile to stress that most of our results were
obtained without or under very mild restrictions imposed
on the parameters (coupling constants) of the action, so that
the resulting geometries are exact solutions for large
families of MAG models and not for specific sets of
parameters.
Finally, it is important to remark that in our analysis we

assumed the vanishing cosmological constant, the inclusion
of which would require a serious modification of the plane
wave ansatz for the coframe (along the lines of [123] and
[96]), and the parity-odd sector in the gravitational action
was not included here, despite the fact that possible
violation of parity is widely discussed in the current
literature [149–158]. These issues remain open at the
present stage of our research. We also have to postpone
for the future the study of (possibly, simplified) models
with a realistic matter distributions such as an in-falling
dust or collapsing spheres of relativistic particles, e.g.
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APPENDIX A: IRREDUCIBLE DECOMPOSITION
OF THE TORSION

The torsion 2-form can be decomposed into the three
irreducible pieces, Tα ¼ ð1ÞTα þ ð2ÞTα þ ð3ÞTα:

ð1ÞTα ≔ Tα − ð2ÞTα − ð3ÞTα; ðA1Þ

ð2ÞTα ≔
1

3
ϑα ∧ T; ðA2Þ

ð3ÞTα ≔ −
1

3
�ðϑα ∧ T̄Þ; ðA3Þ

where the 1-forms of the torsion trace and axial trace are
defined as

T ≔ eνcTν; T̄ ≔ �ðTν ∧ ϑνÞ: ðA4Þ

APPENDIX B: IRREDUCIBLE DECOMPOSITION
OF THE NONMETRICITY

The nonmetricity 1-form can be decomposed into the
four irreducible pieces,

ð2ÞQαβ ≔
2

3
�ðϑðα ∧ Λ̄ βÞÞ; ðB1Þ

ð3ÞQαβ ≔
4

9

�
ϑðαeβÞcΛ −

1

4
gαβΛ

�
; ðB2Þ

ð4ÞQαβ ≔ gαβQ; ðB3Þ
ð1ÞQαβ ≔ Qαβ − ð2ÞQαβ − ð3ÞQαβ − ð4ÞQαβ: ðB4Þ

Here the Weyl covector 1-form is Q ≔ 1
4
gαβQαβ, whereas

is the traceless piece of the nonme-
tricity; and we denoted

ðB5Þ

ðB6Þ

It seems worthwhile to notice that the 2-form Λ̄α which
describes ð2ÞQαβ, has precisely the same symmetry proper-
ties as the 2-form ð1ÞTα.

APPENDIX C: IRREDUCIBLE DECOMPOSITION
OF THE CURVATURE

We start by splitting the general curvature 2-form as
Rαβ ¼ Wαβ þ Zαβ into the skew-symmetric Wαβ ≔ R½αβ�

and symmetric Zαβ ≔ RðαβÞ parts, and then we decompose
the latter separately. The skew-symmetric piece is decom-
posed Wαβ ¼ P

6
I¼1

ðIÞWαβ into the 6 irreducible parts:

ð2ÞWαβ ≔ − �ðϑ½α ∧ Ψ̄ β�Þ; ðC1Þ

ð3ÞWαβ ≔ −
1

12
�ðX̄ϑα ∧ ϑβÞ; ðC2Þ

ð4ÞWαβ ≔ −ϑ½α ∧ Ψβ�; ðC3Þ

ð5ÞWαβ ≔ −
1

2
ϑ½α ∧ eβ�cðϑγ ∧ XγÞ; ðC4Þ

ð6ÞWαβ ≔ −
1

12
Xϑα ∧ ϑβ; ðC5Þ

ð1ÞWαβ ≔ Wαβ −
X6
I¼2

ðIÞWαβ; ðC6Þ

where we denoted

Xα ≔ eβcWαβ; X ≔ eαcXα; ðC7Þ
X̄ α ≔ �ðWβα ∧ ϑβÞ; X̄ ≔ eαcX̄ α; ðC8Þ

Ψα ≔ Xα −
1

4
ϑαX −

1

2
eαcðϑβ ∧ XβÞ; ðC9Þ

Ψ̄α ≔ X̄α −
1

4
ϑαX̄ −

1

2
eαcðϑβ ∧ X̄βÞ: ðC10Þ

For the symmetric curvature, at first we split it into the
trace Z ¼ Zα

α and the traceless piece .
As a result, we obtain five irreducible parts

ð2ÞZαβ ≔ −
1

2
�ðϑðα ∧ Φ̄ βÞÞ; ðC11Þ

ð3ÞZαβ ≔
1

3
ϑðα ∧ eβÞcðϑγ ∧ YγÞ −

1

6
gαβðϑγ ∧ YγÞ; ðC12Þ

ð4ÞZαβ ≔
1

2
ϑðα ∧ ΦβÞ; ðC13Þ

ð5ÞZαβ ≔
1

4
Zgαβ; ðC14Þ

ð1ÞZαβ ≔ Zαβ −
X5
I¼2

ðIÞZαβ; ðC15Þ

where

ðC16Þ
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ðC17Þ

and

Φα ≔ Yα −
1

2
eαcðϑβ ∧ YβÞ; ðC18Þ

Φ̄α ≔ Ȳα −
1

2
eαcðϑβ ∧ ȲβÞ: ðC19Þ

An important notice: the notations used here are different
from [2] in that ð4ÞZαβ and ð5ÞZαβ are exchanged, however,
the components of irreducible parts match in a consis-
tent way.
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