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Gravitational waves in metric-affine gravity theory
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We derive the exact gravitational wave solutions in a general class of quadratic metric-affine gauge

gravity models. The Lagrangian includes all possible linear and quadratic invariants constructed from the

torsion, nonmetricity and the curvature. The ansatz for the gravitational wave configuration and

the properties of the wave solutions are patterned following the corresponding ansatz and the properties

of the plane-fronted electromagnetic wave.
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I. INTRODUCTION

In contrast to Newton’s gravity with its absolute space
and time, the modern understanding of relativistic gravi-
tational phenomena is based on the idea that the structure
and the dynamics of the geometry of the spacetime
continuum is determined by the physical matter. As
Einstein wrote in [1]: “...The question whether this
continuum has a Euclidean, Riemannian, or any other
structure is a question of physics proper which must be
answered by experience, and not a question of a convention
to be chosen on grounds of mere expediency.” Classical
experimental tests in terrestrial laboratories and observa-
tions in the solar system demonstrate the validity of
Einstein’s general relativity (GR) theory on the macro-
scopic scales when the matter is characterised by its mass
and energy.

Such a satisfactory status of GR as a macroscopic theory
of gravity, however, is not a guarantee that it also correctly
describes the gravitational phenomena at extremely small
scales when one takes into account that matter is charac-
terized not only by the energy-momentum current but also
by other intrinsic properties known as microstructure (spin,
shear and dilaton current, in particular). In this respect, an
alternative viable description of the gravitational interaction
in the microworld (and at earliest stages of universe’s
evolution) is provided by the gauge approach to gravity
[2-5]. The gauge principle is one of the cornerstones of the
modern physics, which explains the nature of all physical
interactions in a consistent field-theoretic Yang-Mills-Higgs
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framework that is solidly substantiated by high-energy
experiments.

For gravity, the corresponding gauge-theoretic formal-
ism can be developed [6,7] along the same lines as for the
electroweak and strong interactions by replacing the under-
lying non-Abelian group of internal symmetries with a
group of spacetime symmetries, e.g., translational, Lorentz,
Poincaré, conformal, general linear, or affine one. In
particular, the metric-affine gravity (MAG) arises as a
gauge theory based on the general affine group
GA(4,R) = T4xGL(4,R), a semidirect product of the
translation group 7, times the general linear group
GL(4.R), when the matter is characterized by the three
Noether currents: the canonical energy-momentum current,
the canonical hypermomentum current, and the metric
energy-momentum current [2]. These matter sources are
minimally coupled to the corresponding gravitational field
potentials: the coframe, the linear connection and the
metric, respectively. It is worthwhile to mention that
Einstein’s GR can be consistently interpreted as a gauge
theory under the assumption of a nonminimal coupling of a
certain form [8].

In MAG, the geometrical structure of spacetime is
extended from the Riemannian geometry of Einstein’s
GR to include nontrivial post-Riemannian structures such
as the torsion and the nonmetricity. The resulting metric-
affine geometry is of interest, both mathematically and
physically, for a number of reasons [9-14]. A strong moti-
vation comes from the geometrical approach to the physics
of hadrons in terms of extended structures [2,15-17], and
from the efforts to construct a consistent quantum gravity
theory [18-21]. The theory of continuous media with
microstructure [22] gives rise to a realistic model of
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classical matter with hypermomentum [23] which is widely
used for the study of the early universe’s evolution, also
relating the post-Riemannian structures to the dark matter
problem [24-26]. It is worthwhile to mention that certain
special MAG models may arise as the effective theories in
the dilaton-axion-metric low-energy limit of the string
theory [27-30]. It is important to notice that it is possible
to detect the post-Riemannian spacetime geometry only
with the help of the matter with microstructure [31-34].

The study of the exact solutions of the MAG field
equations is important for understanding and development
of the physical aspects mentioned above, in order to fix the
structure of the basic Lagrangian of the theory, as well as
for the detailed analysis of possible new physical effects.
The derivation of new exact solutions for these models
would bring new insight to the understanding of gravita-
tional physics on microscopic scales, under an important
condition of consistency with Einstein’s GR at large
distances which should be recovered in a certain limit
[35-37]. The earlier results include the construction of the
spherically and axially symmetric solutions, including the
black hole configurations which can carry nontrivial shear
and dilaton charges, in addition to the mass [38-45].
Among other methods, the so-called triplet ansatz tech-
nique has proven to be an effective method of deriving
exact solutions in MAG [44].

Wave is a fundamental physical phenomenon, and the
gravitational wave research became a rapidly developing
subject after the recent experimental discovery of the first
gravitational wave signals [46,47]. The plane-fronted
gravitational waves represent an important class of exact
solutions which generalize the basic properties of electro-
magnetic waves in flat spacetime to the case of curved
spacetime geometry. In the framework of GR, the theo-
retical study of the gravitational waves has a long and rich
history [48-83]. A wide variety of exact gravitational plane
wave solutions was obtained in the Poincaré gauge gravity
[84-96], in teleparallel gravity [97-102], in a number of
modified gravity theories [103—106], as well as in super-
gravity [107-111] and in superstring theories [112-118].
The higher-dimensional generalizations of the gravitational
wave solutions were discussed in [119-123].

A critical analysis of the gravitational wave criteria [82]
was performed in the recent work [124], and an appropriate
extension was proposed for the metric-affine spacetimes.
The earlier studies [125—-133] had demonstrated the exist-
ence of the gravitational wave solutions in the metric-affine
theory of gravity with the propagating torsion and non-
metricity fields. In many cases, however, either the torsion
waves were revealed, or the wave field configurations were
found for a special class of the MAG Lagrangian by means
of the triplet technique [37,44] with a specific ansatz for
torsion and nonmetricity.

The aim of this paper is to describe the plane gravita-
tional waves for the general Yang-Mills type quadratic

MAG Lagrangian with nontrivial torsion and nonmetricity
configurations that do not belong to the triplet ansatz. The
motivations are as follows. Quite generally, the systematic
study of the space of solutions represents a significant
aspect of the development of any field-theoretic model. At
the same time, since the wave phenomena are of funda-
mental importance as such, the construction and compari-
son of the wave solutions in different models may help to
establish their physical contents and clarify the relations
between the microscopic and macroscopic gravitational
theories (in particular, general relativity, Poincaré gauge
gravity and MAG). Moreover, the analysis of the plane
wave solutions can provide a good understanding of the
particle spectrum for the general quadratic MAG models,
extending the earlier results [134-140].

The structure of the paper is as follows. In the next
Sec. II, we give a short overview of the general structure of
the MAG theory. Then in Sec. III we formulate the
corresponding ansatz for a gravitational plane wave in
MAG. The properties of the resulting curvature, torsion and
nonmetricity in terms of their irreducible parts are dis-
cussed in Sec. III A, and the explicit field equations are
derived in Sec. IV for the general quadratic MAG model
(4). Finally, in Sec. V we derive the exact solutions of the
MAG field equations for the proposed ansatz. The con-
clusions are outlined in Sec VI.

A. Notations

Our basic notation and conventions are consistent with
[2]. In particular, Greek indices «, 3, ... =0, ..., 3, denote
the anholonomic components (for example, of a coframe
9%), while the Latin indices i, j,... =0,...,3, label the
holonomic components (dx’, e.g.). The anholonomic vector
frame basis e, is dual to the coframe basis in the sense that

¢|9 = &), where | denotes the interior product. The
volume 4-form is denoted #, and the 5-basis in the space of
exterior forms is constructed with the help of the interior
products as g, q, =€, |...€q |7, p=1,....4. They are
related to the 6-basis via the Hodge dual operator *, for
example, 7,5 = *(9, A 95). We will mark the parity-odd
variables by the overline in order to distinguish them from
the parity-even objects (for example, T denotes the axial
trace 1-form of the torsion, whereas T is the torsion trace
1-form).

II. MAG: BRIEF OVERVIEW

The metric-affine gravity (MAG) is constructed as the
gauge theory for the general affine spacetime symmetry
group [2]. The gravitational field potentials are the metric
ap» the coframe 9% = e?dx® and connection I,/ = I, dx’
1-forms. The corresponding gauge field strengths are
identified with the nonmetricity 1-form, the torsion 2-form,
and the curvature 2-form, respectively:
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Qaﬂ = _Dgaﬂ = _dgaﬂ + zr(aﬂ)7 (1)
T% = D% = d9= +T* A &, 2)
RS =dl/ +T/ AT, (3)

As usual, the covariant differential is denoted D.
The gravitational Lagrangian 4-form

V= V(gaﬂ» ’-9a’ Qa/)’» Tav Raﬂ) (4)

is an arbitrary function of the gravitational field variables.
The MAG field equations are derived from the variational
derivatives with respect to the coframe and connection.
They read explicitly (with the canonical energy-momentum
%, and the hypermomentum A“; currents as the matter
sources):

oV
W:_DHa"—Ea:Zav (5)
1%

These are the 1st, and the 2nd MAG field equations [2]. We
do not write down the Oth field equation (which arises from
the variation with respect to the metric) because it is
identically satisfied in view of (5) and (6) and the
Noether identities (see Sec. 5.5 in [2]). Here the partial
derivatives of the Lagrangian with respect to the general-
ized “velocities”

2Kkc

ov
MY = -2 , 7
aQ{Jt[)’ ( )
ov
H,=——, 8
a 8Ta ( )
" ov
H B = _aTaﬁ 5 (9)
are identified as the gravitational field momenta, and
E, = eaJV + (eaJ Tﬂ) A Hﬂ + (eaJRﬂ}/) A Hﬁy
1
+5(ea) Qg )M, (10
E% = =9 N Hy — M. (11)

are the canonical gauge field currents of the gravitational
energy-momentum and hypermomentum, respectively.

A. Quadratic metric-affine gravity models

The 1-form of nonmetricity can be decomposed into 4
irreducible parts, the torsion 2-form can be decomposed
into the 3 irreducible parts, whereas the curvature 2-form
has 11 irreducible pieces. Their definition is presented in
Appendices A-C.

The general quadratic model is described by the
Lagrangian 4-form that contains all possible quadratic
invariants of the nonmetricity, the torsion and the curvature:

1 3 4
V=— {ao’?a/} A Raﬁ A Z al*((I)T(l) - Qa/} A Z bl*((I)Qaﬂ) - 2b5((3)Qay A 19(1) ™~ ((4)Qﬂ}’ A 19/)’)
=1

=1
3 1 6
_ * TP (1+1) — R A ¥
29% A* T /\IZI:CI Qaﬂ} 2/)Ra AN

I=1

5

D o We+ Y2z,
=1

5
+ 019, A (€,] OW7g) + 0,9, A (e PZ75) + Z v, A (e, ] <’>zrﬁ)] : (12)

I=3

We do not use topological invariants to simplify the
Lagrangian. In this relation it is worthwhile to notice that
the metric-affine Gauss-Bonnet term is not a boundary term
in the presence of nonmetricity [141], and hence it cannot
be used to eliminate quadratic curvature terms. For com-
pleteness, we included in (12) the dimensionless constant
ay. This allows for the special case a, = 0 of the purely
quadratic model without the Hilbert-Einstein linear term in
the Lagrangian. In the Einstein-Cartan model, one puts
aop = 1. Here we assume that the cosmological constant is
zero. The analysis of a possibly nonvanishing cosmological
term would require a different (more general) wave ansatz.

The structure of the quadratic part of the general
Lagrangian (12) is determined by 27 dimensionless coupling
constants: a;, a,, as, by, ..
1y ---925, V15 -
sion of an inverse action: [p] = [1]. It is worthwhile to notice

.,b5, Ci, Cp, C35, Wi, ..., Wg,
., v5. The coupling constant p has the dimen-

that this Lagrangian contains only parity-even invariants. For
the most general case (to be analysed elsewhere) one should
also take into account the parity-odd sector.

The contribution of the curvature square terms in the
Lagrangian (12) to the gravitational field dynamics in the
field equations is characterized by the parameter
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Since [/l)] = [A], this new coupling parameter has the
dimension of the area, [¢2] = [¢?].

III. GRAVITATIONAL WAVES IN MAG

Let us now describe the plane wave ansatz in metric-
affine gravity for the gravitational field potentials
(9ap- 9%, T,F). We will do it by extending the approach
[95,96,125] in which the gravitational waves are patterned
by the electromagnetic waves on a curved spacetime.

As a first step, we divide the local coordinates into two
groups: x' = (x%,x*), where x* = (x = ¢,x! = p) and
x4 = (x?, x*). Hereafter the indices from the beginning of
the Latin alphabet a,b,c... =0, 1, whereas the capital
Latin indices run A, B, C... =2, 3.

To begin with, we fix the metric as the Minkowski tensor

1 0O O 0
0 -1 0 0

Gap = 0 0 —1 0 (14)
0O 0 0 -1

This can always be done by making use of the local
general linear transformations of the coframe. Although it
is common to use the so-called null (or seminull)
Minkowski metric for the discussion of the gravitational
waves, however, throughout this paper we make use of the
standard diagonal metric (14).

As the next step, we have to specify the ansatz for the
coframe and the linear connection (9%, T',”). The coframe
1-form is chosen as

o1 1

80 =2 (U + 1)do + 5 dp. (15)

191—1(U—1)d +1g (16)
2 o

9 =dxt,  A=23. (17)

Here U = U(o,x*). As a result, the line element reads
ds? = gp9°9 = dodp + Udo* — S,pdx*dx®.  (18)
Following the analogy with the electromagnetism, we

now introduce a crucial object: the wave 1-form k. We
define the latter as

k=do =90 — 9l (19)

By construction, we have k A *k = 0. The wave cove-
ctor k,=e,|k then has (anholonomic) components

k,=(1,-1,0,0) and k* = (1,1,0,0). Hence, this is a
null vector field, k,k% = O.
For the local Lorentz connection 1-form, we assume

If = —k(k,VP + KPW,) + kkPu, (20)

where the two new vector variables are introduced:
W, = W,(o,x"), and V* = V%(,x*). The 1-form u =
Uuy(o,x1)9% is assumed to be orthogonal to the wave
covector,

kA*u=0, k%u, = 0. (21)

In addition, we assume the orthogonality

k,We=0,  k,V*=0. (22)

This is guaranteed if we choose

Wa_{W“—O, a=0,1, (23)
WA = WA(6.xB), A=23.
Here W2(6,x?) and W3(c,x®) are the two unknown
functions. The same applies to V*:

a=0,1,

Ve =0,
o _ 24
{VA:VA(O',xB), A =23, (24)

and to the components of u,:

{ua:O, a=0,1, -
u(l:
uy = uy(o,x8), A=2.3.

In other words, the ansatz for the MAG gauge potentials—
coframe (15)—(17) and the linear connection (20)—is
described by 7 variables: U=U(c,x?), WA = WA(s, xB),
VA =VA(6,xB), and uy = uy(o,xB). These functions
determine wave’s profile and their explicit form should be
found from the gravitational field equations.

One immediately verifies that the wave 1-form is closed,
and the wave covector is constant:

dk =0, dk, = 0, Dk, = 0. (26)
Taking this into account, we straightforwardly compute
nonmetricity 1-form and the torsion and the curvature

2-forms:

() ()
Qa/)’ = _k(ka W/} + k/i Wa) + Zkakﬁuv (27)

T% = —k A kO, (28)

R =k A (k,dVP + KPAW,) + kkPdu,  (29)
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where we introduced

1
© =2 dU + W, 0" +u, (30)
)
W,=W, LV, (31)

The differential d acts in the transversal 2-space spanned by
= (3%, x%):

d:=98%e,|d = dx*0,, A=2,3. (32)
Although the geometry of the transversal 2-space spanned
by x4 = (x%,x?) is fairly simple, it is convenient to describe
it explicitly. It is a flat Euclidean space with the volume
2-form  n =3nupd* A 98 =dx* Adx}, where nup =
—npa 1s the 2-dimensional Levi-Civita tensor (with
73 = 1). The volume 4-form of the spacetime manifold
thenreads n = 9 A 91 A 92 A 83 = 1k A dp A n. For the
wave 1-form we find the remarkable relation

k= —k An. (33)
We will denote the geometrical objects on the transversal
2-space by underlining them; for example, a 1-form
¢ = ¢,9". The Hodge duality on this space is defined

as usual via %9, =n, = e,]n = n4p9”. With the help of
(33), we can verify

(kA P)=kAp. (34)

From (29) we immediately find

(=)
Wb — Rl — _k A kl2Q ﬂ], (35)

(+)
7% = R =k A kK QP) + k*kPdu, (36)
where we denoted

@) @)
Qr=dWw e (37)

The new objects (30) and (37) have the obvious properties:

() ()

kA"®@=0, kA" Q=0 kQ*=0. (38

()
In accordance with (23)—(25), we have explicitly: Q ¢ =0
(a=0,1) and

1 (£) ()
®:19A<28AU—5ABWB+MA>, QA:19363WA.

(39)

Applying the transversal differential to (30), and making
use of (37), we find

1 () (=)
L_i@zi(ga-l-ga)/\ﬁa-l-t_iu. (40)

In essence, this is equivalent to the Bianchi identity DT =
Rs* A 9 which is immediately checked by applying the
covariant differential D to (28) and using (29). It is
worthwhile to notice that
du=k A it+ du, it = (Oyuy)9%. (41)
Let us discuss the properties of the torsion and the
curvature for the wave ansatz (15)—(17) and (20). To begin
with, it is worthwhile to notice that the 2-forms of the
gravitational gauge field strengths (28) and (29) have the
same structure as the electromagnetic field strength of a
plane wave, when u# = 0. Indeed, we then have
T =k A a”%,

Qaﬁ = kqaﬂ’ Raﬂ =kA aaﬁ? (42)

(+) (+)

where g5 = —(k,W 5+ kW ), a* = —k*© and a,f =
k,dV? + kPdW, play the role of the gravitational “polari-
zation” 1-forms, in complete analogy to the polarization
I-form a in the electromagnetic plane wave field
F =k A a, which is orthogonal to the wave covector
k A *a = 0. Similarly, the polarization 1-forms satisfy
the orthogonality relations

kA *a® =0, kA *af =0, (43)
k”qaﬂ =0, k,a* =0, (44)
kya =0, k%a,f = 0. (45)

Clearly, the gravitational field strengths of a wave have the
properties

kA *Qup =0, k AFT* =0, kAR =0, (46)
k/\Qaﬁ:O, kAT*=0, k/\Raﬁ:(), (47)
Oup N "Qps =0, T A TP =0, RS AR, =0,

(48)

in complete analogy to the electromagnetic plane wave,
kANF=0,FAF=0.
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In addition, however, the gravitational field strengths
satisfy

k“R,f =0,
(49)

KQup =0, kJ%=0, kRS =0,

in view of (22) and (38).

A. Irreducible decomposition of gravitational
field strengths

It is straightforward to find the irreducible parts of the
nonmetricity, the torsion and the curvature.

Directly from (28), with an account of (22), we find
e,)T* = 0and 9, A T* = 0. Hence the second (trace) and
third (axial trace) irreducible parts of the torsion are trivial,
@7* =0 and ®T* = 0, and

W7o = T* = —k A k%@. (50)

In a similar way, we derive e*| o3 = 0and Q,“ =0
from (27) and (22). Hence the third and the fourth
irreducible parts of the nonmetricity are trivial, (3)Qaﬁ =
0 and (4)Q(,/,v =0, and we are left with

4 (+) 2 (+)

(1)Qaﬁ = —gkk(aW ) _gkakﬁW O
4 2
3 katty) + 5 kakg, (51)
2 () 2 ()
(Z)Qaﬂ = —gkk(aW /}) + gkak/}W },197
4 4
- gkk(auﬂ) + gkakﬂll (52)

Finally, the structure of the curvature R% = W 7%
is as follows. Five irreducible pieces are trivial,
Cwet — Oweh = Ow* =, and C)z# = )z =,
whereas for I = 1, 2, 4 we derive

DW= |k A (I)B[Gkﬁ], (53)

1 (+) 1 ()
(zaf — Ek A D Qh) +Zkakﬁ87 AQ7Y

1
+ -k A QP
2
1 1
+5kA k@eP) |du + Ek“k/’du, (54)
1 (+) 1 (+)
(2)zab — Ek A @ Qh) —Zk“kﬂt‘)y AQY7

1 1
—5kA k@eP) |du + 5k“kﬂdu, (55)

1 (+)
Hzab — 5k A G Qlah) (56)

These are constructed in terms of the irreducible parts

Qe g + /g« + 0q e, (57)
which read explicitly:
Qe % ((3) @ 9, Qry Me“JS;), (58)
@'\ Ga. % (%z) “— et S/i) (59)
@) (5)11 — %Saeﬁj (5)# (60)

The transversal components of these objects are symmetric
traceless part, skew-symmetric part and the trace of the
&)
2 x 2 matrix 9z W 4, respectively. Using (39), we derive
+ +
() (Q) 4= (Q) 4,98 with

1, @ ) (=)
(1>QAB:§<8BWA+8AWB—6’§8CWC), (61)

(£) 1 (£) (£)
(2>QAB:§(8BWA—8AWB), (62)
(£) 1 ()
B4, = iégacw c. (63)

One can demonstrate the following properties of these
1-forms:

9, A DQ* =0, 9, AT =9, A Q% (64)
I, AHQT =0,  e,]1Q% = —¢,|Q%,  (65)
eq) P =0, ) = 2¢,]Q7, (66)

1
k(VQT = = ke, |0 KGQT=0.  (67)

1
k,YQ = —ke,|Q?,

5 kA *PQr=0, (68)

1
00 = —k B = — ke, AR (69)

To make formulas more compact, we omit the (*) labels
because the above properties hold for both types of Q’s.

It is worthwhile to notice that although some of the
irreducible parts (58)—(60) are not orthogonal to the wave
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covector, in view of (67) and (68), all irreducible parts of
the curvature and nonmetricity satisfy

k, DWW =0, k, Dz =0, NP =0, (70)

in full agreement with (49).

IV. EXPLICIT FIELD EQUATIONS

For the Lagrangian (12) from the definitions (7) and (8),
we find explicitly the gravitational field momenta

1
Ha :_ha’ (71)
KC KC

m? = Z b *((DQ)

+ bs [ma A el *Q—%g“ﬁ*(A+3Q)]

(6] +C2
3

— 9@ A TP 9@ A e | *T

2¢1 — Cr —
i A (72)

3 3
he =Y a;*(DT) +> e (9 A HDQ,,).  (73)

For the MAG wave ansatz, these are reduced to

mP = *[bl(l)

Qaﬂ + b2(2) Qa/} + Cle(aJ T/})]’ (74)

ha = >k[alTa - Cl(z)Qaﬂ A 8ﬂ] (75)

A direct computation from the definition (9) for the
Lagrangian (12) yields, by inserting the MAG wave ansatz:

)
h , 76
21<c 77 + “ ( )

Ha/} -
where hys = higp + hqp) explicitly read

hiap) = [WI(I)WH/} F WO Wy + s W

v Vy
+—19}, VAN €[aJ (Z)Zy/j] + ?19[0, VAN eMJ (4)ZJ/

2
(77)
h(aﬁ) Zl( )Zaﬁ + (ZZ - 1}2)( )Zaﬂ
+ (24 +200)VZos + =9, A €] DW7y)
V4
+ 719((1 A BMJ (4)W 8) (78)

Splitting the Lagrangian (12) into the linear Hilbert-
Ao

Einstein term and the purely quadratic part, V = 521,5 A
R + Ly we derive from (10)

Ea 2 naﬁ}' A R ﬂy + Q(z’ (79)

where we introduced

G = €| VD + (e, |TF) A hs + C3(eJR5") A P,
+ (eer Q[i}')m/}y' (80)

With an account of (71), (76), and (79), the MAG field
equations (5) and (6) in vacuum (assuming the vanishing
matter sources X, =0 and A%; = 0) are recast into the
following form:

do
El/laﬂy/\Rﬂy'f—Qa_Dha:O’ (81)

a
=Dy — —2Dh% =0. (82)

> 19“Ah,3—

2m0’/3
The first term in (82) is straightforwardly evaluated

D(g"n,5) = 0%, ATV + Q% A yp =20 A 3.

(83)

Di’]aﬂ =

In view of (70), we verify the orthogonality properties for
(71), (77) and (78):
k,m®* =0, k%,=0,

khiay =0,  k%h(ep =0.  (84)

As a result, for (80) we derive
qa=0 (85)
for the MAG wave field strengths (27)—(29). Moreover,

substituting (53)—(56) into (77) and (78), we recast the
latter into

(w)
h[a/}] = *(k A2 [a)k/j], (86)
* J 1 *
h((z/}) = (k A Z(Ut)k/}) + Zkak[)’ 2, (87)

where

()
“Bog 1 M@, 1+ Ze, ldu,  (88)
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(@) (+)

— +
=g TR T2

@
2 a
patzten Z‘;r 208 g
_ <2>(§2)H+% 0G,

2
A-ntn eqldu, (89)

2

+)
=9 A(z1 =220+ 12)Q , +1,Q ]
+ 421k A i+ 2(z1 4 20 — v2)du. (90)

In a similar way, substituting (28) and (51)—(52) into (74)
and (75), we recast the latter into

m® = *(k A u@kP) — kP, (91)

()
h(l: _k(l* |:k/\ (al®—ClWﬁ19ﬁ_2clu):|v (92)
where

4by +2b, (1) 4(b; — by)

Ho = CleaJE‘)—iWa‘i‘ium (93)
3 3

2b, —2b, () 2by +4b

ﬂ:=c1®+%wﬁ8ﬂ_¥u- (94)

3

In view of (34), the structure of the 2-forms (86), (87) and
(92) guarantees that

Faﬂ AN /’lﬂ =0 Faﬂ AN h[ﬁy] =0, Faﬁ AN h(/}},) =0,

(95)

for the connection (20), and therefore the covariant deriv-
atives are reduced to the ordinary ones:
Dh, = dh,, Dh®y = dh®p. (96)

With an account of (85), (83) and (96), we can recast the
MAG field equations (81) and (82) into the final form

a
Eonaﬂy A RPr — dh, =0, (97)
o
> gy AT+ Q1 A ty) = O A hyy = €5 gy =0,
(98)
- Q Allyipy = a A hgy = 2y — E3dhap = 0. (99)

After making use of (96), we have lowered the upper index
and split the resulting equation into the symmetric and
skew-symmetric equations to derive (98) and (99).

It thus remains to plug (86)—(94) into the field equa-
tions (97)—-(99) and solve the system of coupled equations.
It is worthwhile to notice the remarkable fact that the final
system is a set of linear differential equations for the

unknown functions U = U(c,xB), WA = W4(s,x5),
VA = VA(6,x), and uy = uy (o, xB).
A. First field equation
Making use of (35) we find
)
”{lﬂy A Rﬂ}’ = ’7{1/3;/ A Wﬂ}’ = ’7(1/3]/ ANk A Q ﬂk}/
=)
= ky "kep| Q7. (100)

On the other hand, we have, see (92), h, = —
with the transversal 1-form

+)
H:= Cll®—ClWﬁ19ﬂ—2C1M, (101)

and in view of (34), we evaluate the exterior differential

dh, = k.k A d*E. (102)

It is worthwhile to note that although = depends on o, we
have for the total differential

d*E = do A 0,(E) + d'E., (103)

and thus the first term drops out from (102) since
do =k, cf. (19).

Finally, by using the dual (33), we recast the first MAG
field equation (97) into

)
—k k A {%geﬂj Qr 4 4*5} —0.  (104)

B. Second field equation

Since 9, A hy = *(e,]*hy), a direct computation yields,
with the help of (27) and (28):

a
—Oi’]aﬂ}, ANTY = [Z%) *ke[aJ Gkﬁ]’

5 (105)

% O Ay — D A by = *(kvg)ky — kaks'v + @y *kkitg,
(106)

where

(+)

Vg = ale(1J® - <% + C1> w a 26’1 Ugs

(107)
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()
U:=a|®+<%—C1>Wﬂ8ﬂ—2clu. (108)

As a result, for the second MAG field equations (98) and
(99) we find

do
5 (apy ATV + Qi A ityp) = O A
= "k(ape] O + vy — agup,) kg, (109)
ao
5 Q" Ay = S A )
= *k(u(a + aou((,)kﬁ) — kokg*v. (110)
Finally, the differentials of (86) and (87) read
)
dh[aﬂ] =—-knd*X [akﬁ]v (111)
* @ 1 *
dhgp) = d*(k A Z kg + g kokpd “E. - (112)

where we used (34) once again. Note that in (112) we have
the full differential, unlike the transversal one in (111), and
evaluation of the latter is somewhat nontrivial.

When writing down the field equations, we have to
specialize to the subsets of the indices: @ = (a,A), with
lower case Latin indices a = 0, 1 and the upper case indices
A=2,3.

As a preliminary step, we recall that

ky =0, (113)
and notice that

() 1 ()

WQa=—_9%, Q7 (114)
()

@¢Qae—0, (115)

® ()
@ Q a zimeﬂjgﬂ, (116)

(£)
whereas () Q 4 are purely transversal for all 7 = 1, 2, 4.

(w)
As aresult, from (88) and (89) we conclude that X 4 and

(2)
X 4 are purely transversal, while

) 1w (@) 1 (2
Y,=-8,¢0, X,=-8,0, 117
a=7%9 199 (117)

where

(w)

=) (+)
@ =2(wy—wy)ep| QP +v4e5] QP (118)

(2) (+) (=)
¢ =(24 — 21+ 204)e5] QP + v4e5] QP (119)

Then, for (86) we find

hiap) =0, hiag =0, (120)
1 (w) 1 (w)
h[Ab] = 5 *(k A Z A)kb = Ek A EZ Akb' (121)
The structure of (87) is more nontrivial:
* <Z) 1 *
hap) = “(k A Z (a)kp) +Zkakb z
1
:Zkakb{*z—((f)’g}, (122)
1, (@) 1 )
h(Ab) = E (k AN ZA)kb = Ek A EX Akb‘ (123)
Here we used (117) and
kNS, =e,] k= —kn. (125)

After these preparations, we are in a position to write
down the second MAG field equations. The skew-sym-
metric part (98) has only “[Ab]” nontrivial component
which reads explicitly

o
kA {Q(aoeAJG + g —aguy) — £2d X A}k,, —0. (126)

However, the symmetric part (99) encompasses two non-
trivial components, “(ab)” and “(Ab)”, respectively:

f2
kakb{ “u-v)-Ld(E- (é@} —0,  (127)

@
kA {Q(UA —2/,tA+a0uA)—f%4fZ A}kh =0. (128)

C. Explicit MAG field equations in components

To begin with, let us fix the notation. Namely, we choose
the original position of indices for the vector objects as
upper position for W* and V“, and lower position for u,,. In
other words, the basic variables will be chosen as

wA, VA, Uy. (129)
Then we denote these objects with the indices moved to a
different position as

024018-9



ALEJANDRO JIMENEZ-CANO and YURI N. OBUKHOV

PHYS. REV. D 103, 024018 (2021)

Wy=8s5WP, Vy=645VE, ut=5"ug.  (130)
In addition, we denote the differential operator
O = 54805. (131)

This convention is extremely important when we recast the
4-dimensional expressions in the formulas of the sections
above into the 2-dimensional transversal ones. In particular,
one should be always careful with 0%, W,, V,, and u?%,
when we specialize to @ = A, since then

M==04 Wy=-Wy,,

Vi==V,, ur=-u. (132)

As a preliminary step, we observe the Hodge duals

=0 A0 p=8" A8 A 2p,  (133)

x = (21— 22+ 200" B0, Wy + (2 — 20)n*B0a V5 + 2(z) + 20 — v2)* B0 up.

where the latter is true for any transversal 1-form ¢. It is
also worthwhile to notice that 90 A 91 = %do- A dp and

thus the exterior differential vanishes: d(9° A 91) = 0.
Let us analyze (127). Since from (90) we have

T=m+kAng (134)

then by making use of (133) and (34) we obtain for the
Hodge dual *T = y8° A 8! +k A %&, and thus
d* =0 A9 Ady—k A d2E (135)

Comparing (134) with (90), we explicitly have for the

As a result, with the help of (133) and (135) we recast (127) into

A 2
90 A A {Ziy— iy—:g’x}

Therefore, in components this yields two equations:

2C] —aj

8AU—|— ag + 2611 _ 4bl —4b2:|

3 3C1—

2

174
+ L nap0P((z) — 22 + 200 POWp + (21 — 22)1POcVp + 2(21 + 20 — v2)nPcup| =0,

4

60{(Z4 — 21 + 3U4)8AWA + (Z4 — 21 + U4)8AVA —4Z18A£A] =0.

In addition, the two more field equations (126) and (128) read in components:

a0+a1
2

2
2

fZ

- IPWABQB[(_2W2 + 0)nPOWp + 2wy + 02)nPOcV p — 20, POcup) = 0,

ap — 2C1
2

8b, + 4b,
3

2

8AU+[@—a1—|—3cl— 2

2

4

2
p

— L nap0®(=21 — 22 + 202)1POWp — (21 + 22)1P OV p — 2(21 — 22 + v2)PDcup) = 0.

4

2
aAU+ [Cl _M}EA‘F |:

:|EA+ |:@+C1—

4
- Iﬂ [2w1AEA - 2W1AKA + (2W4 + ’U4)8A83WB + (—2W4 + 7)4)8A83VB]

%
- Zp 22/ AW, +22/AV 4 + (21 + 24 + 304)0405WE + (21 + 24 + v4) 04,05V E]

Finally, to make the system complete, we write explicitly the first MAG field equation (104):

2 2

YAy + {@—cl +a1}3AWA _ [

transversal 1-form & = 4z,11, and
(136)
% ,
+Z’)1m {gafq) +4i§} =0. (137)
4b, — 4b 4b, + 8b
P d Uente.c VSN /P Bk )
3 3
(138)
(139)
ao
_+C1 KA + [Cll —2C1}MA
(140)
8by +4b 8b, — 8b
%]KA + |:Cl0+a1 —4C1 —% Uy
(141)
@+C1:|8AVA—[GI —2c1]5AgA =0. (142)
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The total number of equations (138), (140)—(142) is 7
which is equal to the number unknown variables
U, WA, VA u,, so we expect that one can find the latter
as functions of transversal coordinates x*. An additional
equation (139) does not make the system over-determined,
since it merely fixes the dependence on o.

V. SOLVING FIELD EQUATIONS

We are now in a position to solve the field equations. The
system (138)—(142) always admits a nontrivial solution for
the arbitrary quadratic MAG model with any choice of
coupling constants. There are some interesting special
cases.

A. Riemannian gravitational waves

The nonmetricity (27) and the torsion (28) vanish when

(+)
u=0, W*=20, and ® = 0 which is realized for

1
WA = —VA = _ 5489, U.

5 (143)

Substituting this into (138)—(142), we find that (138)
is identically satisfied, the first MAG equation (142)
reduces to

%AU —0, (144)
whereas (139)-(141) reduce to
v,0,AU = 0, (145)
fz
—2(wy +wy) Z”GAAU =0, (146)
52

Accordingly, we conclude that the well-known plane wave
solution of GR with the function U satisfying the Laplace
equation is an exact solution of the generic quadratic MAG
model. This is consistent with our earlier results on the
torsion-free solutions in Poincaré gauge theory [142—-144].

Moreover, the Riemannian wave (143)—(144) represents
a general solution for the purely torsion + nonmetricity
quadratic class of MAG models, since this is the only
configuration admitted by the system (138)-(142) for
w; =0, z; =0, v; = 0. This is true generically when the
curvature square terms are absent, with an exception of a
special choice of the coupling constants [44]:

)
—a; =—==2a3 =2c; = —cy) = —C3 = dy,

5 (148)

8b,

4b1 = 2b2 = —8b3 = T = 2b5 = a. (149)

B. Teleparallel gravitational waves

Quite generally, the space of distant parallelism (or the
teleparallel space) is defined by the condition of zero
curvature, R,/ = 0. In the framework of MAG, the two
other gravitational field strengths, torsion and nonmetricity,
are nontrivial, and therefore the general teleparallel gravi-
tational waves are characterized by the superposition of
propagating torsion and nonmetricity waves, provided the
curvature is trivial.

The curvature (29) vanishes when dW* =0 and
dv* =0, ie., both W*=W*(s) and V* = V%) are
independent of the transversal coordinates, and in addition
du = 0. The latter means that the components of # do not
depend on o, and

1
is a gradient of a potential U = U(x*).

Then (139) is identically fulfilled, and the three equa-
tions (138), (140), and (141) after a long but straightfor-
ward derivation are recast into an equivalent algebraic
system

(ag —4b,)D4 = 0. (151)
3(ag+2¢1)0, +2(ag +2b,)¥, =0,  (152)
2(ap +a,)04 + (ag +2¢;)¥4 =0, (153)
where we denoted

@A:eAJ®:%8AU—EA+uA, (154)
Dy =Wy + Vy +uy, (155)
Wyi= Wy + Va4 —2uy. (156)

In addition, the Eq. (142) is reduced to
aAU + (a; —2c;)AU = 0. (157)

Writing the system (151)—(153) in the matrix form,

0 (ap — 4by) 0 0,
2(ag + ay) 0 (ag +2¢y) @, | =0,

3(ag +2¢y) 0 2(ag + 2b,) ¥,
(158)

we conclude that a nontrivial solution exists when the
determinant is zero:
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(ag —4by)[3(ag + 2¢1)* = 4(ag + ay)(ag + 2b,)] = 0.
(159)

This imposes the restriction on the coupling constants of
the general Lagrangian (12) and determines the class of
MAG models which admit the teleparallel gravita-
tional waves.

The explanation of the condition (159) is as follows. If the
determinant is not zero, then the system (151)—(153) yields a
trivial solution ®, = ®, = ¥, = 0 which means that all
the gravitational field strengths are zero: the curvature
R, =0, the nonmetricity Qs =0, and the torsion
T* = 0. Therefore such a solution describes the flat
Minkowski spacetime.

C. Standard teleparallel waves: No nonmetricity

+

The nonmetricity (27) vanishes when #=0 and (W) *=0,
ie., W* = —V* This means that ®, = ¥, = 0, and the
system (151)—(153) is greatly simplified. As a result, such a
solution only exists in a class of quadratic models restricted
by the conditions on the coupling constants

ap+a; =0, cl—l—%:O. (160)
The system (138)—(142) then reduces to
%AU —0, (161)

Accordingly, the metric structure turns out to be the same
for the Riemannian (no torsion and nonmetricity) and for
the teleparallel gravitational wave solutions.

D. Symmetric teleparallel waves: No torsion

Symmetric teleparallel geometry is characterized by the
vanishing curvature and torsion, along with a nontrivial
nonmetricity [98-100,145-148]. This case arises when
du = 0 and both W* = W%(¢) and V* = V*(o) are inde-
pendent of the transversal coordinates, whereas ® = (. The
latter means that, by making use of (154) and (150), we
have

As a result, the algebraic system (151)—(153) is simpli-
fied to

(ag —4b; )@, =0,
(ap +2¢1)¥4 =0,

(ag +2by)¥4 =0,
(163)

whereas (142) reduces to

—c1AU = 0. (164)

Consequently, nontrivial symmetric teleparallel wave
solutions exist for the class of MAG models restricted
by the conditions on the coupling constants

ao—4b, =0,  ay+2by =0, c1+%:0. (165)

Otherwise, solutions reduce to the flat Minkowski space-
time. The conditions (165) allow for the general solution
with both ¥, and ®, nonvanishing. Special symmetric
teleparallel wave solutions with &, =0 or ¥, = 0 exist
under the milder conditions when one drops one of the
restriction in (165).

E. General MAG gravitational waves

The torsion-free ansatz (143) can be generalized to

1

WA :E(éABQBW—i—qAB@BV_V), (166)
1 _
VA = 5 (5AB(93V + HABaBV>, (167)
1 _
Ua =5 (04U + nxp0°U), (168)

Physically, six new variables W, V, U and W, V,U are
analogs of the well-known Hertz potentials in classical
electrodynamics. The overline denotes the three parity-odd

variables W, V, U to distinguish them from the parity-even
variables U, W, V, U.

OA(U+U) =2W, = 0. (162) Substituting this into (138)~(142), we derive
|
2 4b, — 4b b, — 4b b, + 8b
(2e; —a)U + |72 3. T80y, b T,y g ST g (169)
2 3 2 3 3
ap + 2a 4b, —4by] - [a 4b, — 4by] - 4b, + 8b,] -
f2

4

Pl(z1 = 224+ 20) AW + (21 = 22) AV + 2(z) + 25 — v2) AU] = 0,

(170)
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(9”[(24 —-Z;+ 3U4)AW + (Z4 -2Z;+ 114)AV — 4ZlAU} =0,

ap+2a,
2

(a0+a1)U+|:C1— )

2

2

(171)

2

12
:|W+ {%Jrcl} V+|a —2c1]Z/{—ZP[(2w1 + 2wy + vg) AW — (2w 42w, — v4)AV] =0,

(172)

. Tay _ e ] ] ]
———— W+ |+ | V+a =2, U - v [2w + 2w,y — 1)) AW — (2w + 2w, + 1) AV + 20, AU] = 0,

(173)
a 8b, +4b a 8by +4b
(ay=2e)U+ |2 —a; +3¢c; - L2 g | o - 22L T2y
2 3 2 3
8b, — 8b £
+ |:ao + ap — 4C1 - %} - Z/ [(3Z1 + 24 + 3114)AW + <3Z1 + 24 + U4)AV] = O, (174)
8b, +4by| - 8b, +4b,| - 8b; — 8b, | -
PP PO i1 Y, PO L PR e s BN PRl k3
2 3 2 3 3
2 - _ _
- Zp (321 + 22 = 203) AW + (321 + 22) AV + 2(z1 — 25 + 12) AU = 0, (175)
—a,AU + ["20 —e+ al} AW — {"20 n cl] AV - [ay - 2¢,]AU = 0. (176)
|
The analysis of this system is considerably simplified by 1 1
a convenient choice of variables. The key to this is U= 2 Xo+ X+ 2 s, (184)
discovered when we substitute (166)—(168) into (154)—
(156), which yields 1 1 1
1 _
O, :E(aAXl + 402 X)), (177)
1 1 1
1 V:—§X0+§X2+6X3, (186)
D, = 5 (D45 +1pp0° ), (178)
1 1
1 _ U=-Xx,—--Xx;, (187)
¥, = 5 (0aX3 + 1n4p0° X3). (179) 3 3
where and similarly we find
_ — _ _ _ _ 1_
X, =W+V+U, X,=W+V+U, (181) | )
_ _ _ _ V:XI—F—XZ—F—/_YB, (189)
Xy=W+V-2, X;=W+V-20. (182 3 3
We choose (180)—(182) as the new set of variables, to -ty 13z (190)
which we add one more: 37237

Xo=W=V. (183)

For the inverse relations we derive

Substituting (184)—(187) into the field equations, we
recast (169), (172), (174), (176), (171), respectively,
into
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1 2
(2¢; —a))X, +§(ao —4b)) X, + {—%— C +§(ao +2b2)} X3 =0, (191)
a % 2 1
(ao + al)/’\,’l + (50 + C1>X3 —Zp |:2(W1 + W4>AX0 +§’U4AX2 +§1}4AX3:| = 0, (192)

2 a 2
((11 —2C1)X1 +§(Cl0 —4b1>X2 + |:_0+C1 —g(ﬂlo +2b2):| X3

2
4 2 1
- Z ’U4AXO + §(3Z1 + Z4 + 2U4)AX2 + §(3Z1 + Z4 + 2’[)4)AX3 = 0, (193)
%AXO — @ AX, — | AX; =0, (194)
2 1
86{1]4AX0 + § (24 - 321 + 21]4)AX2 + g (24 + 321 + 21}4)AX3} = 0 (195)

Similarly, substituting (188)—(190) into the field equations, we recast (170), (173), and (175), respectively, into

= 1 = a 2 -
(2C1 —al)Xl +§(Clo —41)1).)(2 + |:_—0— Cq +§(a0 +2b2):| X3

2
% 4o ]
- Z —2’[}2AX1 + gzlAXZ - g (Z1 + 3Z2>AX3 = 0, (196)
- - 72 - -
(ap +ap)X, + <a20+ 01>X3 —Zp[—4(wl +wy)AX| = (2w + 2w, + 17)Ak3] =0, (197)

5 2 = a 2 N 5, 8 = 1 -
(Cll —2C1)X1 +§(a0 —41’)1)-)(2 + |:20+ Cq —g(ao +2b2):| X3 —Zp |:2U2AX1 +§Z1AX2 +§(Z1 +3Z2)AX3 =0.

(198)

It is remarkable that the parity-even (191)—(195) and the parity-odd (196)—(198) sectors are completely decoupled.
Both are second order differential systems with constant coefficients, for which solutions are sought in the form

X=XV e 1=0,1,23, X, =200, J=1223, (199)

where g, and g, are not necessarily equal.
Parity-even sector. Substituting the ansatz (199) into (191)-(194) we obtain the algebraic system for the amplitudes X’ §0>.

In matrix form, the latter reads as

— g a; 0 ¢ X
0 2c)—ay 3(ag —4by) —%—ci+3(ag+2by) || &V 0 (200)
2wy +wy)Q ag+a $0,Q° P4 +304Q° /'\,’50) o
Q2 Vy 0 ag — 4b1 + % Q2A0 % QzAO X'g())

Here we denoted Q2 := %Zq g8, and A, == 3z, + z4 + 2v,. Nontrivial solutions exist when the determinant of the
4 x 4 matrix in (200) vanishes. Interestingly, despite being 4 x 4, the matrix has a very special structure that yields just a
quadratic equation for Q% This equation determines the eigenvalues of the two propagating massive wave modes.

It is worthwhile to notice the existence of a special solution of (191)-(195): X, = 0 and X3 = 0. This means that i/ = 0
and VW = —V. The remaining system for X, and X’; can be recast into
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U4AXO :O,
(2¢1 —a)) X, =0,

do
—SAXO‘I—CIIAXI :0,

2

4
(ag + ar) Xy == (wy +wy)AX, = 0.

5 (201)

Recalling the definitions (180)—(183), and assuming v4 # 0
and a; #2c¢;, we find AX;=0=24&, and the four
equations (201) are automatically fulfilled. We thus con-
clude that this solution describes the massless graviton
mode, for which the 4 potentials satisfy

2

AU=0, W=-V=U, U=0  (202)

Parity-odd sector. A peculiar property of the system
(196)—(198) is that the variable X, is decoupled from the
pair Xy, X5. Indeed, the sum of (196) and (198) yields an
equation for X,

(ag — 4b) Xy — £22/AX, =0, (203)

whereas by taking the sum of (196) and (197) we derive

= 2 = Z, = 1 =
(Clo + 2C1)X1 —+ 5 (ao —+ 2b2)X3 — Z —2[2W1 + 2W2 + UQ]AXI — 2W1 + 2W2 + Uy + g(Zl + 3Z2) AX3 = O, (204)

which in combination with (197) determines X, and X’;.

Substituting the ansatz (199) into (203), (204), and (197), we obtain the algebraic system for the amplitudes X ;0)‘ In

matrix form, the latter reads as

0 a0—4b1—|—4z1Q2
ao+2C1—2Q2A2 0
a0+a1—Q2A1 0

Here we denoted Q2 := %ZE]AQB5AB, and A = 4(w; +wy),
Ay = 2(wy 4+ wy) + v, Ay =1 (21 + 322).
The system (205) shows that there are three propagating
parity-odd modes which are determined by
ag—4b, +47,02=0, AQ*+BO?+C=0, (206)
where we denoted the combinations of the coupling
constants

A=2A2 + A (A + Ay), (207)
Bi= _4<%+ c1>A2 + (ag + a;)(Ay + A3)
2
—5((10 +2b2)/\1, (208)
2 2
C:= 2<%+C1> —§<Clo+2b2)(ao+al)- (209)

The parity-odd amplitudes )_(g()) = /?50)(6), J=1,2,3,
are arbitrary functions of o. However, the field equa-
tion (195) imposes a relation between the three parity-
even amplitudes,

0 X\
$(ag +2by) = Q*(Ay + As) i,go) =0 (205)

Lt - Q% X0

I
2
1)48,,)((()0) + 5 (Z4 - 3Z] + 204)66X<20)
1

5 (et 32+ 20,)0,&Y) =0, (210)

(0)

whereas X" = & 50)(0') depends arbitrarily on o.

F. “Pseudoinstanton’ solutions

Vassiliev [129] considered the class of models in which the
Lagrangian depends only on the curvature (with a; =
ar=ay=0,b,=---=bs=0,c¢c,=c,=c3=0)" and
defined “pseudo-instantons” as metric-compatible gravita-
tional field configurations with an irreducible curvature,
which solve the vacuum MAG field equations. The former
condition means that the nonmetricity is trivial Q5 =0
which for our wave ansatz means that u = 0 and W4 = —VA,
In terms of potentials this is translated into

W= -V, W=-V, (211)

or equivalently

'To be precise, Vassiliev’s Lagrangian [129] did not include
the curvature quadratic terms with nontrivial v;.
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XOZZW, XIZU—W, X2:X3:0, (212)

/‘_Y] :—W, ‘5(2:.5(‘3 :O (213)
In the pure quadratic model, a, = 0, whereas wy, z;, and vg
are nonvanishing. Under the conditions (211), the field
equations (169)—(176) then reduce to

AW =0, AW = 0. (214)
By making use of (166), we thus find 9,W4 =0 and
B0, Wy =0, and consequently from (61)—(63) and
(211) we conclude that

(215)

In other words, the curvature is indeed irreducible (i.e.,
represented by just one irreducible part)

RS = W/, (216)
and we thus recover the pseudoinstanton solution in the sense
of [129]. It should be noted that the resulting gravitational

waves are different from the “torsion wave” configurations
described by Vassiliev.

VI. DISCUSSION AND CONCLUSIONS

In this paper we have studied the gravitational waves in
the framework of the metric-affine theory for the class of
models with the most general Lagrangian constructed from
all possible parity-even quadratic invariants of the curva-
ture, torsion and nonmetricity (12). We have derived exact
solutions with the help of the p p-wave type ansatz for the
coframe (15)—(17) and the linear connection (20). This
ansatz gives rise to a very special structure for the
curvature, torsion and nonmetricity which was clarified
in Sec. Il A.

We have solved the MAG field equations (5) and (6)
in vacuum, i.e., under the assumption that the energy-
momentum ¥, =0 and the hypermomentum A%; =0
matter currents are both vanishing.

It was shown that the plane-fronted wave solutions of
GR and also of the teleparallel gravity arise as special cases
of our solutions. For the latter theory, the resulting wave
geometries are of the general type (with the vanishing
curvature) and they encompass the two special subcases
either with zero nonmetricity or with zero torsion (the
standard teleparallel and the so-called symmetric telepar-
allel case, respectively).

The general gravitational wave solution in the class of
quadratic MAG models is described by the fundamental
transversal vectors W4, V4 and u?, or equivalently, by the
corresponding six scalar potentials W, V, U and W, V,U.
Together with the function U from the pp-wave metric

ansatz, they constitute seven unknown functions which
satisfy the system of eight equations (169)—(176). Quite
remarkably, the structure of the field equations demon-
strates the complete decoupling of the parity-even and the
parity-odd variables which satisfy the two separate sets of
equations. In fact, this decoupling is explained by the
absence of the parity-odd sector in the theory (no parity-
odd coupling constants enter the Lagrangian (4) of the
MAG model under consideration). Let us recall, in this
relation, that there is no decoupling in the general quadratic
Poincaré gauge gravity models with both the parity-even
and the parity-odd sectors included [95,96]. Furthermore,
one of the field equations, (139) (equivalently (171) in
terms of the potentials), fixes the dependence on the
coordinate o, whereas the remaining system of seven
Helmholtz or screened Laplace equations determines the
seven unknown potentials as the functions of transversal
coordinates x*.

This system can be solved by making a standard
exponential substitution (199) for the seven variables,
which recasts the system into an algebraic form for the
wave amplitudes. At this point, the parity-odd sector admits
a more straightforward general analysis, whereas for the
parity-even sector we have focused on certain particular
physically interesting solutions to demonstrate the structure
of the corresponding mode spectrum. Of special interest is
the class of Yang-Mills type models in which the
Lagrangian is constructed only from the curvature invar-
iants, whereas the quadratic in torsion and nonmetricity
terms are set to zero. Then the gravitational wave solutions
represent the MAG “pseudoinstantons” in the sense of
[129]. It is worthwhile to stress that most of our results were
obtained without or under very mild restrictions imposed
on the parameters (coupling constants) of the action, so that
the resulting geometries are exact solutions for large
families of MAG models and not for specific sets of
parameters.

Finally, it is important to remark that in our analysis we
assumed the vanishing cosmological constant, the inclusion
of which would require a serious modification of the plane
wave ansatz for the coframe (along the lines of [123] and
[96]), and the parity-odd sector in the gravitational action
was not included here, despite the fact that possible
violation of parity is widely discussed in the current
literature [149-158]. These issues remain open at the
present stage of our research. We also have to postpone
for the future the study of (possibly, simplified) models
with a realistic matter distributions such as an in-falling
dust or collapsing spheres of relativistic particles, e.g.
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APPENDIX A: IRREDUCIBLE DECOMPOSITION
OF THE TORSION

The torsion 2-form can be decomposed into the three
irreducible pieces, 7% = (VT* + @A7e 4 G)T7:!

(e = 7o — Qe _ Gy, (A1)
2)a 1
@77 = F0AT, (A2)
1 _
G = -3 (9 A T), (A3)

where the 1-forms of the torsion frace and axial trace are
defined as
T:=e,|T",

Ti=*(T" A 9,). (A4)

APPENDIX B: IRREDUCIBLE DECOMPOSITION
OF THE NONMETRICITY

The nonmetricity 1-form can be decomposed into the
four irreducible pieces,

2 _
(Z)Qa/j =3 *(19((1 A A/j)), (B1)
4
0, = ) ('9(a€ﬁ)JA - ZgaﬂA>’ (B2)
<4>Qa/} = gaﬁQv (B3)
W0y = Qs — P05 — B0ps — D0y (B4)

Here the Weyl covector 1-form is Q := % e Qqp, Whereas
WDop = Qap—QYap is the traceless piece of the nonme-
tricity; and we denoted

Ay = eﬁJ Qaﬁa A= Aaﬁa-, (BS)

Ay =" <Qaﬁ AP — %19,1 A A) . (B6)

It seems worthwhile to notice that the 2-form A, which
describes <2)Qaﬂ, has precisely the same symmetry proper-
ties as the 2-form (V7%

APPENDIX C: IRREDUCIBLE DECOMPOSITION
OF THE CURVATURE

We start by splitting the general curvature 2-form as
R = W 1 7% into the skew-symmetric W := Rl
and symmetric Z% := R() parts, and then we decompose
the latter separately. The skew-symmetric piece is decom-
posed W = "¢ (DOW* into the 6 irreducible parts:

QWb = — = (9la A PA), (C1)
1 _
G)wyab = —33 (X8 A ). (C2)
(4>W“/j = —19[0 A lPﬂ], (C3)
1
WD = 28 A (I A X, (C4)
1
O)Wb = -5 X9 A 9P, (Cs)
6
b .= wab - N Dyyas, (Co)
where we denoted
X = eﬂJ Waﬂ, X = eaJXa, (C7)
X = f(WH A 9y), X :=e,|X*, (C8)
1
‘“Pa = X{l - Zlgax - EeaJ (19/)‘ A Xﬂ)’ (C9)
_ _ 1 - 1 -
lPa = Xa—ZgaX—EeaJ(gﬂ/\Xﬂ). (CIO)

For the symmetric curvature, at first we split it into the
trace Z = Z,” and the traceless piece 2% = 70 — 1 Z gap,
As a result, we obtain five irreducible parts

1 _
Dz = =29 A BI), (C11)
Giget = Lo A P (97 A V)= LB AV (CL2
=200 n D (I AY) =g A Y, (C12)
1
4)zap .- EW A DF), (C13)
(5)7ap Zg?, (C14)
5
(zeh = zo# " (Dzp, (C15)
where
Y :=eg] 27, Y i=eq|[Y* =0, (C16)
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Yo =2 ANdp),
and

1
cDa = Ya —EeaJ (19ﬁ A Yﬂ)’ (Clg)

_ 1 _
q)a = Ya - Eeaj (19ﬁ AN Yﬁ) (Clg)

An important notice: the notations used here are different
from [2] in that “WZ% and 5)Z% are exchanged, however,
the components of irreducible parts match in a consis-
tent way.
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