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This is a brief analysis of the basic formula from Durand and Ha. Some inconsistency has been
identified.
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In a recent paper [1], there was exhibited quite a
thorough analysis of the data on proton-proton elastic
scattering with an emphasis on the estimate of
the nuclear phase parameter ρðs; q2Þ ¼ RefNðs; q2Þ=
ImfNðs; q2Þ with fNðs; q2Þ as the strong interaction scat-
tering amplitude. Besides the “practical” importance of
the parameter ρ (e.g., for the total cross sections retrieval)
the conceptual importance of the q2 dependence of the
strong interaction phase has been explained in Ref. [2] (see
also [3]).
In the framework of the eikonal scheme with an eikonal

additive in electromagnetic and strong interactions, the
authors of Ref. [1] brought the total amplitude of proton-
proton scattering fðs; q2Þ to the form [see Eq. (31) in [1] ]

fðs; q2Þ ¼ fBC þ eiΦtotðs;q2ÞfNðs; q2Þ ð1Þ
where fBC ∼ αF2

Qðq2Þ=q2 is the Coulomb Born amplitude
[F2

Qðq2Þ is the proton charge form factor],

fNðs; q2Þ ¼ jfNðs; q2ÞjeiΦNðs;q2Þ

is the pure strong interaction (“nuclear”) scattering ampli-
tude while the phase Φtotðs; q2Þ reflects the joint contri-
butions of the strong and electromagnetic interactions.
In spite of quite different arguments when deriving the

phase Φtotðs; q2Þ in Ref. [1] the form of the full scattering
amplitude (1) is functionally equivalent to the form first
proposed by Bethe in Ref. [4]

fðs; q2Þ ¼ fBC þ eiαΦBetheðs;q2ÞfNðs; q2Þ ð2Þ
because the phase Φtotðs; q2Þ ∼ α.

In fact, when we switch off electromagnetic interaction
we should get

lim
α→0

fðs; q2Þ ¼ fNðs; q2Þ:

It was noticed long ago (see the first item in [2]) that the
Bethe form (1) [(2)] of the full amplitude necessarily
requires that the phase of the nuclear amplitude
ΦNðs; q2Þ does not depend on q2. Actually, it was already
evident much earlier from the expression for the inter-
ference phase obtained in [5].
However, it was assumed in Ref. [1], for reasons of a

better description of the data, that

ρðs; q2Þ ¼ RefNðs; q2Þ=ImfNðs; q2Þ ≈ ρðsÞ 1 − q2=q2R
1 − q2=q2I

:

This formula, in turn, implies that

ΦNðs; q2Þ ¼ arctan

�
1

ρðsÞ
1 − q2=q2I
1 − q2=q2R

�
: ð3Þ

However, such an evident q2 dependence of the nuclear
phase is not compatible, as was shown in Refs. [2,6,7], with
a Bethe-like form (1) of the full amplitude fðs; q2Þ.
This statement is not quite evident; therefore, we believe

it is appropriate to give its simple proof.
To this end let us compare the values of the moduli

squared of the full amplitude as in Eq. (1) and that which
follows from the additive eikonal scheme. Equation (1)
gives

jfðs; q2Þj2 ¼ jfNðs; q2Þj2 þ jfBCj2
þ 2fBCjfNðs; q2Þj cosðΦNðs; q2Þ
þΦtotðs; q2ÞÞ: ð4Þ

Let us now take Eq. (4) up to the first order in α (take note
that fBC ∼ α):
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jfðs; q2Þj2 ¼ jfNðs; q2Þj2 þ 2fBCjfNðs; q2Þj cosðΦNðs; q2ÞÞ
þOðα2Þ: ð5Þ

It is not difficult to show that in the additive eikonal scheme
(which was claimed to be the case in [1]) the following
general expression for jfðs; q2Þj2 holds:

jfðs; q2Þj2
¼ jfNðs; q2Þj2 þ 2fBCjfNðs;q2Þj cosðΦNðs;q2ÞÞ

−
α

π

Z
d2k
k2

F2
Qðk2ÞIm½fNðs; q2Þf�Nðs; ðq− kÞ2Þ� þOðα2Þ:

ð6Þ
Hence it follows from Eqs. (5) and (6) that

Z
d2k
k2

F2
Qðk2ÞIm½fNðs; q2Þf�Nðs; ðq − kÞ2Þ� ¼ 0 ð7Þ

and then
Z

d2k
k2

F2
Qðk2ÞIm½fNðs; ðq− kÞ2Þ½ρðq2Þ− ρððk−qÞ2�Þ ¼ 0:

ð8Þ
As Eq. (8) holds at arbitrary q2 and, evidently,

F2
Qðk2ÞIm½fNðs; ðq − kÞ2Þ

k2
≠ δðkÞ;

this leaves no other choice as independence of ρ on the
momentum transfer which does not comply with Eq. (3).
Comparison of Oðα2Þ terms yields the expression for

Φtotðs; q2Þ in terms of fNðs; q2Þ and fBC. It should be noted
that it was shown long ago in the first of references [2] that
reality of the resulting expression for Φtot leads again to
independence of ΦN from q2.
Comparison of higher powers in α would lead to an

infinite number of constraints on fN whose feasibility is
hardly possible.
Our conclusion is as follows: Equation (3) [Eq. (37) in

the paper by Durand and Ha [1] ] contradicts the basic
premises (eikonal additivity and a Bethe-like parametriza-
tion of the full amplitude) of the model suggested in [1].
We believe that in view of the popularity of the para-

metrization of the Coulomb-nuclear interference in a form
that goes back to Bethe [see Eqs. (1) or (2)], it is necessary to
clearly understand when using it that in this case the
additivity of the eikonal with respect to strong and electro-
magnetic interactions and nontrivial dependence of the
nuclear phase on momentum transfer (ρðq2Þ ≠ constÞ are
incompatible. Anymodel which ignores this circumstance is
self-contradictory although at first glance it may look quite
decent phenomenologically (good chi-square, etc.) This is
exactly the case of the Durand-Ha model [1].

I am grateful to Prof. L. Durand for stimulating corre-
spondence concerning this issue.
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