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Detecting the pure triangle singularity effect through the
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In this work, the triangle singularity mechanism is investigated in the w(2S) — ppn/ppz° process. The
triangle loop composed by J/w, 1, and p has a singularity in the physical kinematic range for the y/(25) —

ppn/ ppa® process, and it would generate a very narrow peak in the invariant mass spectrum of py(7)
around 1.56387 GeV, which is far away from both the threshold and relative resonances. In these processes,
all the involved vertices are constrained by the experimental data. Thus, we can make a precise model

independent prediction here. It turns out that the peak in the pz invariant mass spectrum is visible, while it

is very small in the pz° invariant mass spectrum. We expect this effect shown in ppy final state can be
observed by the Beijing Spectrometer and Super Tau-Charm Facility in the future.

DOI: 10.1103/PhysRevD.103.016014

I. INTRODUCTION

The concept of triangle singularity is first proposed by
L.D. Landau in 1959 [1]. In the following decades, it has
been proved that it will play an important role in explaining
many anomalous experimental observations. For instance,
the isospin breaking process #(1405) — 7°£,(980)
observed by Beijing Spectrometer (BESIII) collaboration
in 2012 [2] was successfully explained in Refs. [3-7] by
considering the triangle singularity produced in the KKK*
loop. And, in 2015, Ref. [8] explained the nature of
a;(1420) with the K*KK loop. Especially in recent years,
with the discovery of exotic states, such as Z. [9—15] and
P, states [16,17], many researches on triangle singularity
have been carried out [3—8,18-55] (for a recent review, see
Ref. [56]). Very recently, a new exotic state X(2900) was
observed by LHCb collaboration [57,58], and, according to
Ref. [41], it can also be related to a triangle singularity.

The kinematics of triangle singularity can be briefly
described by Fig. 1. In the figure, particle A first decays into
two particles 1 and 2. In the center-of-mass frame of
particle A, these two particles move in opposite directions.
If my > my + m,, then this decay can really happen, which
means that particles 1 and 2 can be classical particles. Then
particle 1 further decays into particle B and particle 3, while
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particle 2 continues to move in its direction. When particles
2 and 3 move in the same direction and the velocity of
particle 3 is larger than that of particle 2, particle 3 will
catch up with particle 2. Eventually, particles 2 and 3 will
actually collide and produce the final state C. The whole
process above is named “triangle singularity,” which is the
basic content of Coleman-Norton theorem [54].

From Coleman-Norton theorem, we can easily see that
the triangle singularity is a pure kinematical effect. Thus,
such an effect from the triangle loop is model independent
and can be computed theoretically once all the vertices are
known. Obviously, the experimental detection of a pure
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FIG. 1. Kinematical mechanism of the production of a triangle
singularity.
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triangle singularity must be interesting and important. It
will not only help us understand the triangle singularity
itself, but also confirm the hadron loop mechanism.
Furthermore, it is useful to study the properties of hadrons,
such as X(3872) [42].

Unfortunately, although triangle singularities can be
used to explain many experimental phenomena, the triangle
singularity itself has not been fully confirmed by experi-
ments for various reasons. The first reason hindering the
discovery of triangle singularity is the threshold effect.
For example, Z.(3900) and Z_.(4025) are very close to the
threshold of DD* and D*D*, respectively, and the P,. state
around 4.45 GeV is just near the y.;p threshold. It is
indicated in Ref. [20] that when the threshold enhancement
falls into the kinematic region of the triangle singularity,
the distinctions between them would be very complicated.
Thus, a detectable pure triangle singularity shall be far
away from the threshold enhancement. In addition to the
thresholds, the widths of internal particles should also be
considered, i.e., the widths of internal particles should
not be too wide. Otherwise, the shape of the triangle
singularity will be a Breit-Wigner form, which might
probably cause misunderstandings [6,7]. Besides, if we
want to determine a pure triangle singularity, a quantitative
calculation should be necessary. However, we found that
among Refs. [3—-8,18-55], most of them can only give the
line shape since not all the involved vertices can be
determined. For example, although the exotic state
P.(4450) [16], which is observed by LHCb collaboration
in A, = J/wpK process in 2015, can be interpreted as a
triangle singularity effect caused by the y.; pA* loop [24],
there is no experimental data to constraint the A,y A*
vertex in this triangle loop diagram. Therefore, only a line
shape can be presented theoretically.

In this work, we propose to detect a pure triangle
singularity effect in the pn/pz° invariant mass spectrum
in the w(2S) — ppn/ppr° process with the triangle loop
composed by J/y, n, and p. This reaction can avoid the
three aspects mentioned above to confirm the triangle
singularity effect, the detailed explanations of these three
points are as follows:

1. Faraway from the threshold of the relative channel. By
applying Coleman-Norton theorem, we get the posi-
tion of triangle singularity in m,,,,) = 1.56387 GeV.
Itis about 80 MeV away from the p# threshold. It will
certainly not mix with the pn threshold effect as the
width of the peak is quite small.

2. Narrow widths of all the intermediate particles in the
loop. J/w, n, and p all have a long life, so the peak
of triangle singularity caused by such loop diagram
must be very sharp, which means distinguishing it
from N* is very easy.

3. The well-known three vertices in the triangle loop.
w(2S) = J/yn, J/w — pp and pn — pn/pa’ all
can be constrained by the experimental data.

Thus, we can make a very precise prediction on the
significance of this triangle singularity theoretically. We
strongly recommend that experiments, especially BESIII
and Super Tau-Charm Facility (STCF) (in the future), do
precise analysis on the y(2S) — ppn/ppr° decay.

This paper is organized as follows. After the introduc-
tion, a detailed calculation of y(2S) — ppn/ppr° process
via J /ynp loop is given in Sec. II. Then the corresponding
numerical results are shown in Sec. IIl, and finally a
summary is presented.

II. THE TRIANGLE SINGULARITY
CAUSED BY THE J/yup LOOP

A. The main mechanisms of the
w(2S) — ppn/ppn’ process

The triangle loop diagram and tree diagram, which are
shown in Fig. 2, are both important for the w(2S) —
pbn/ppr° process. The triangle singularity we interested
exists in the former, hence the latter is named as back-
ground in this work. In the triangle loop diagram, y(2S)
first decays into J/y and 7, then J/y decays into a pp pair
and 7 just moves along. When p catches up with 7, they
interact and rescatter into the pn (px) final state, and this
case generates the triangle singularity. In Fig. 2(b), first
w(2S) decays into an antiproton p and an excited nucleon
N*, then N* decays into the final state py (pz). It should be
mentioned that in this work we ignore three diagrams:
i.e., the loop diagram where the exchanged particle changes
from p to p and also exchanges the positions of the proton
and antiproton in the final states, the tree diagrams
w(2S) = (n/2°)(J/w — pp) and w(25) - p(N* —
p(n/x°)). The relevant reasons will be discussed in detail
at the end of Sec. IIT A.

The tree diagram is obviously dominant in Fig. 2, thus,
our main target is to check whether the narrow peak caused
by the loop diagram is visible or not. We adopt the effective
Lagrangian approach to do the calculation and the general
forms of the amplitudes that describing the Feynman
diagrams in Fig. 2 are written as

MTree — Z TZT] (1)
p(p2) p(p2)
p(p3) p(p3)
n/m(ps) n/m(p4)

FIG. 2. The Feynman diagrams describing the process
w(2S) — ppn/ppr. (a) Loop diagram where triangle singularity
happens; (b) tree diagram that called “background.”
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Loop l./ d*q  L3F(ps+ ps—q.my, A,)
(27)* (p3 + pa — q)* = my +im, [,
LiF(py+q.myp.Nyypy)

(p2+q)* - mi/w +imyp, Uy,
LyF(q.mp,, Ap)
¢ —m3 +im,T,’

(2)

where T; and L; are the interactions of each vertices as
given in Fig. 2. We introduce a form factor F (g, m,A) =

42 e in Eq. (2) to describe the structure effects of

(qz—m/é)
interaction vertices and off shell effects of internal particles,
and avoid the ultraviolet divergence. When triangle singu-
larity happens, all the exchanged particles are on shell, so
we have F(q,m,A) = 1. It tells that the form factor will
not affect the height of the peak caused by the triangle
singularity. In our calculation, for convenience, we set
Njjynp = Myjynp + aAgep, Where a is a free parameter
and AQCD =0.22 GeV.

Then, all the invariant mass spectrums we need can be
obtained by

I — Z |MTree + ML00p|2
96(27)*m;,

dm3ydm3,, (3)
(25)

where ) denotes the summations over spins of related
particles, m3; = (py + p3)?, and m3, = (p3 + p4)*.

B. Effective Lagrangians depicting the interactions
of the three-particle vertices

Here we introduce the effective Lagrangians describing
the interactions of all the vertices in Fig. 2. For the
interaction between w(2S), J/y, and n, we adopt the
general coupling form of vector (V) and pesudoscalar (P)
mesons

Lyyp = goype™0,V,0,V4P. (4)

For the interactions between vector meson and nucleon
states, i.e., VN*N, the effective Lagrangians are [59—65]

Lyny = gony N7, VN, (5)
Lyp,x = —9vp, wNr VP11 + He, (6)
Lys,n = —gvs”NNVSVﬂV”Sn +H.c., (7)

LVD|3N = _gVDBIVNVyle?, + H.c., (8)

where Py, S11, D13 represent the fields of excited nucleons
with quantum numbers JP =1/2%, 1/27, and 3/27,
respectively. Finally, the interactions between N*, N, and

pesudoscalar meson P can be described by the effective
Lagrangians as follows [66],

9PNP,, +~
Lpyp, = —WNI]NYSY,;(%PPU +H.c., )
LPNS“ = _gPNS“NPSU + H.C., (10)

9pPNDy; £
'CPND13 = —m—IZVBN}/57”aﬂ8UPle3 + H.C., (11)

with P being the pseudoscalar octet, i.e.,

\/%71’0 + \/%r/ t K+

P = V. —\/%ﬂ.'o + \/%71 K |. (12)
KO

K-
Therefore, the interaction between y(2S) and N*p, i.e.,

T, can be extracted from Egs. (6)—(8). Taking the N* being

N(1535) as an example, we use Eq. (7) and get

T, = _gy/(ZS)]':N(ISBS)ﬁ(p34)7/57//4€5,(25)U<p2)v (13)

where u, v are the spin wave functions of the particle and
antiparticle, respectively, and the notation is taken as
> _opin Uit = P+ m, also, e indicates the polarization vector
of the corresponding particle, and p34 = p3 + ps.

Similarly, the coupling between N* and p#/pz°, can be
got from Egs. (9)—(11). We also take N(1535) as an
example, and by using Eq. (10) we have

Ty = —gn(is3s)ppit(P3)u(p3s). (14)

At last, L; and L, can be extracted from Eqgs. (4)
and (5) as

L= gW(QS)y/pgﬂyaﬂplﬂey/(ZS)l/(pZ + Q>a€;/1/1/}’ (15)
L, = _gy/pﬁﬁ(Q)yﬂeljt/WU(pZ)‘ (16)

C. Describing pn — pn and py — pa° processes

We have written L, L,, T, and T, in Sec. II B, while the
specific expression of L5 in Eq. (2) is still unknown. In this
subsection we will present how to get L3 in detail.

For the p pn case, Ly represents the elastic scattering of
pn. The main contributions should come from the s-
channel contributions of excited nucleons N*. Since the
position of the triangle singularity is 1.56387 GeV, we find
that only N(1535) and N(1650) have considerable decay
rates to pn in RPP [67] around this energy. Therefore, we
can use effective Lagrangians given in Sec. II B to write
L; as
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TABLE I. The parameters we get by fitting the cross section of
n~ p — nn given in Ref. [68—73]. We should emphasize here that

in this table gy(1535) = gn(1535)rp X IN(1535)p A0 Gn(1650) =

IN(1650)p X IN(1650)mps ANA GN(1535)7 ps IN(1535)mps IN(1630)7 p>
gn(esoyp are extracted from the branching ratios of related

decays given in RPP [67].

Coupling constants Values

] 12.992 £+ 0.102 GeV~!
ag 10.814 +0.419 GeV—2
Zp 1.873 £0.003 GeV
Dn(1535) 0.00841 =+ 0.001
9IN(1535) 2.80 +0.72
Dn(1650) 0.921 £0.018
IN(1650) 1.525 £0.583

u(p3)(P3a + my(is3s))u(q)
34— m12v(1535) + imy(1s35)Un(1535)
it(p3) (P34 + my(1650)) u(q)
4~ mlz\/(1650) + imy(1650) Ui (1650) .
(17)

_ 2
L3 = 9y(1535)m m

+ 9In(1650 2
(1650)pn m}

Here, the phase angle between these two N™* states is
ignored. Actually, from the results shown in Sec. I D, we
find that the contribution of N(1650) is not important.
For the ppn® case, L5 represents the np — 7n°p scatter-
ing, we can extract it from the experimental data of
7~ p — nn. First, we fit the experimental data of 7~ p(gq) —
n(ps)n(ps3) process [68-73] with the following amplitude

gpit(q)u(ps)e=as(V (p3tpa)'=2s)?

N Z it 9N i(q)(P3 + Pa + my: )u(ps3)
(p3 +ps)? = mNZ +imy:Ly:
(18)

Mﬂ’ p—=nn =

where the first term represents the background, and the
second term is the contributions of various N* states

MTree — (gu,(gs)pzv(1535) X gN(1535)pi7)€”(2S)

and it is assumed to be dominant. We extract the coupling constants ( 9u(2 SP N (1535) X IN(1535)p

(2.2 40.35)

from the branching ratio B(y(2S) — pN(1535) - ppn) =
the loop diagram

5
LA
1
4 ] \\ e Experimental Data
1 \ —_Fit
o 1 \ --- Background
£, | ' -~ N(1535)
T I ++\ ---N(1650)
T I
|z' 2 ,' °
5 I
1
0
15 16 17 18 19 2.0 2.1
J; (GeV)
FIG. 3. The fitted results of the cross section of z~p — nn. The

blue points are the experimental data given in Refs. [68—73], the
red solid line is our fitted result, and the black, orange, and purple
dashed lines are the contributions of the background, N(1535)
and N(1650), respectively.

exchange. During the fit, we find that only the two N*
states, i.e., N(1535) and N(1650), are needed except for
the background. The parameters we get by fitting the cross
section of 77 p — nn are given in Table I and the fitted
results are presented in Fig. 3. By using isospin relation
naively, we can finally get

Ly =M pop (19)

1
V2

D. Amplitudes of y(2S) — ppn/ppr’ process

After all the preparations made above, we can write the
amplitudes of the w(2S) — ppn/ppr° process.

For the w(2S) — ppn process, one can see that for
w(2S) the main contribution to ppy channel is y(2S) —
pN(1535) — ppn [67]. Thus, at tree diagram level, we
only need to consider the contribution from N(1535) and
have

u(p3)(Paa + my(1535))7s7,0(P2)

2 - ; (20)
m3y — My1535) T iMn(1535) U isss)

,) = 0.0013769 £ 0.0000673
3. And using Eq. (17) we have the amplitude of
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d4q 912\/(1535> (ﬁ34 + mN(1535))
Mbeer — i/—g 28197 1w pp € P1u€yas)k L_l(P3)< e -
(271)4 w(2S)ymIJ/wpp uCy(28)Ka m§4—m,2v(1535) +lmN<1535)FN(1535>

gjz\l(lﬁs())pn(ﬁfm + My(1650)) F(ps + pa—q.my,, A,)

p3+pa—q)* —mi+im,T,

. (4 +my)ypv(pa)
M3y = My g50) + ’mN(1650>FN<1650>> I

X f(p2+q7m]/y/’AJ/l//) f(%””p,/\p) )
(P2 +a)? =mjy, + imyy, Uypy 4 = mi, +im, T,

(21)

All the involved coupling constants are extracted from relevant branching ratios [67] and the values are listed in Table II.
We apply the similar method to the y(2S) — ppa° process. In this case, N(1535), N(1650), N(1440), and N(1520) will
give contributions to ppz® channel [67]. Thus, the tree-level amplitude can be written as

u(p3)(Pss + my(is3s))1s7,0(P2)
MTree = (Gy(2s)pn(1535) X 9 )€ ; £
VSIS NPt By 25) m§4 - m12V(1535) + imy 15350 n(1535)

+ (gy/(2S)[7N(1650) X 9N(1650)pn0)€/;,(gs)

o i(p3)(Psa + my(1650))757u0(P2) . i(gl,/(zs)pzv(mo) X Gn(1440) pr)

mi, — m12\/0650) + imy(1650) w(1650) 2my (1440) v(2s)
y ﬁ(f3)75li4(ﬂ34 + My (1440)) 7,0 (P2) 3 (9y(25)pN(1520) X IN(1520)p2°) o
M34 = My 1440) T M (1440) T (1440) m12V(1520) ves)
y 1_4(1732)75Ff4(2ﬂ34 + m1\-1(1520>)6;w1757)(l72) ’ (22)
M3y = My 550) T M (1520) U nv(1520)
where G, = —g,, + 4"+ 7"<p3”+1;4,:111 _(:szwﬂ’ w) 4 2p 3“2’;:‘%3](:: ;”er ) [66], and the relevant coupling constants are listed in

Table III. It should be noticed that here all the phase angles between any N* are also ignored, and we will prove that this
treatment does not conflict with the present experimental results later. Using Egs. (18)—(19), the amplitude of loop diagram
writes

ei¢N2
V2

.7:(173 +p4 _q’mqvAn)
(p3 + pa—q)* —m; + im, T,

[ d'q _ 9B —ar (/oD 5,)?
MR = ’/Wgl//(ZS)wr/gJ/v/ppgwaﬁPluew(zs)uklau(m)<TB§€ a(V/P2En) +zk:

9n;
x (e ) )+ ()
P34 — mi; + imy.Ty, ¢ e
F(p2+q.myp.Nyyy,) F(g.m,, A,)
(P2 +q)? =m3 ), + imyp, sy, q* = my, + im, T,

(23)

TABLE III. The values of the coupling constants involved in

Eq. (22).
TABLE II. The values of the coupling constants involved in g @2
Eq. 2D). Intermediate Branching Coupling constants
N* tio [67 - .
Coupling constant Branching ratio Value ratio [67] Ju@s)pN" X IN" pr°
+17 s +0.10 3
25y (337+£005) x 102 0218+0003  V(1440) (7:3.5) x 107 (2:39249) x 107
91w (2121 £0.029) x 103 0.0016 £0.0002  N(1520) (6:4175) x 10 (1.62%957) x 10~
IN(1535)pn 30%-51% 2.59 +0.62 N(1535) (2.5+1.0) x 1075 (7.48 +£0.401) x 107
9N(1650) py 11%-31% 1.24 +£0.31 N(1650) (3.8%)7) x 107 (94410%;) x 107
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III. NUMERICAL RESULTS
A. Triangle singularity in y(2S) — ppn process

After all the preparations in Sec. II, we can calculate
these two processes and their numerical results are given.
First of all, we need to prove our previous arguments that
the form factor (g, m, A) and N(1650) in ppn channel
will not affect the height of triangle singularity too much.
The m,, invariant mass spectrum of M is given in
Fig. 4. In Fig. 4, we consider different values of the
parameter « in the form factor, and the cases whether
N(1650) is included. It is clear that the peak caused by
triangle singularity is very sharp and its width is only about
1 MeV. In addition, we can see that the peak around where
triangle singularity happens does change little when o
changes from 1 to 2, and the contribution of N(1650) is
negligible.

Then we consider the interference between M and
M 10 see whether this peak is visible in the experiments
or not. The pn invariant mass distribution of the y(25) —
ppn process is given by the black solid line in Fig. 5. The
Breit-Wigner shape of N(1535) from the tree diagram is
quite clear and we can see that there exists a visible
enhancement, which is caused purely by triangle singu-
larity, on the right shoulder of this peak. We also amplify
the enhancement part and draw it in detail in Fig. 5. The
width of this structure is about 5 MeV. According to our
calculation, the enhancement of the peak comparing to
the background is about 10%. It implies that if we have
4 billion y(2S5) events, the number of events from this peak
is about 120. During the discussions [74], the experimen-
talists tell us that if the resolution of experiments can reach

T T T
a=1, N(1535)+N(1650) -

7107
: - - - - =2, N(1535)+N(1650)
10
L e a=1,N(1535)only 7|
5x107 | oy ' ' ' 1 A
L 6x10™° -
£ 410" sxi0| -
kel
% A 4x10™°t
10 | i
3x10 3x10™ L
2107 | 2a0”r .
L 1x10™
1)(10'10 L 1.555 1,5‘60 1.5‘65 1,5‘70 1.575_|
ok ST _
1 1 1 1

FIG. 4. The py invariant mass spectrum of M, The green
solid line represents that « in the form factor is 1 and that both
N(1535) and N(1650) are included. The blue dashed line
represents that « is 2 and that both N(1535) and N(1650) are
included. The red dash-dot line represents that « is 1 and that only
N(1535) is considered.

T T T T T T T
4.0x10° 34x10°}

32x10”\f\ _

3.0x10°

3.5x10° |

3.0x10° -

s,
28x10°F ~o i ~e
< -

2.5x10° |- ) ~_ 1

Pn

2.6x10°

1.565 1.570 1.5754

1.555 1.560

dI'/dm

2.0x10° i i
1.5x10°® i
1.0x10°® i
5.0x10° i

0.0 - B

m_(GeV)

P

FIG. 5. The pn invariant mass distributions of the w(2S) —
ppn process. For black solid line, we consider the interface
between M and MT¢ with the relative phase angle being 0,
and here both N(1535) and N(1650) exchange are included and a
is set to 1. For the red dash-dot line, there includes one more tree
diagram y(2S) — n(J/w — pp) with the relative phase angle
being 0 and having a m,,; < 3.067 GeV cut following Ref. [75].

2-3 MeV, this structure will be visible experimentally.
However, the highest resolution of BESIII detector is
around 4.3 MeV at present, then such enhancement will
be absorbed and is hard to distinguish. Therefore, we
expect that the future experiments such as STCF could have
higher resolution.

We have to emphasize that the prediction of 10%
enhancement above is based on the assumption that the
phase angle in the interference between the tree and loop
diagrams is 0. Although it is the only assumption in our
calculation, once this phase angle has a specific value, this
enhancement might become invisible.

Since the vertex L3 in the ppn-loop case represents
the elastic scattering pny — pn, according to the Schmid
theorem [76,77], the triangle singularity from Fig. 2(a) will
become negligible after considering the y(2S) — 5(J/y —
pp) process of tree diagram. However, the realistic
w(2S) — ppn reaction is too complicated to apply the
Schmid theorem directly. At least, the contribution of
triangle singularity is still visible for the following three
reasons.

First, Schmid theorem tells that if the pn — pn process,
i.e., the L5 in Fig. 2(a), is purely elastic, then the triangle
singularity caused by the loop diagram will be negligible.
This is because the contribution of the loop diagram only
affects the tree diagram y(2S) — n(J/y — pp) though a
phase factor exp(2i8)"). Nevertheless, we should empha-
size here that the pn — pn process can not be recognized as
a purely elastic process, because another channel pzx
definitely couples with it. In other words, the pure scatter-
ing amplitude of the § matrix §,,_,,, cannot satisfy the

unitary by itself, that is, |S oy p,7|2 < 1. At least we need to
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include the pz channel to extend it to a 2 x 2 matrix to have
IS|>=1. And in our calculation, py — pn process is
mainly described by the s-channel N* states exchange,
where the ps contribution has already been included
effectively in the imaginary parts of the N* propagators.
There are similar discussions in Ref. [77]. As a result, we
cannot directly apply the Schmid theorem here.

Second, in the w(2S) — ppn reaction, the tree diagram
process w(2S) = p(N* — pn) definitely plays an impor-
tant role. Compared to the conclusion of the Schmid

: : tree loop |2 __ | tree 15 2 __ |q4tree
theorem, which is |ff5e + to.qi |7 = [77 e®> = [1] /w

the additional term of tree diagram exchanglng N* tj'{,‘ie,
will modify the total amplitude as |f77 + £looP t“ee ,

s

where #1°P includes more than telaqnc as discussed above.
Thus, some terms must exist to reflect the interferences
between #°°P and t}{,‘ie, and it would lead to a weak signal of
triangle singularity in the p#x invariant mass spectrum as
shown in Fig. 5.

The third and the most important reason is that when
analyzing the experimental data of the w(2S) — ppn
process, a cut m,, < my, is always applied to eliminate
the influence of the background, which corresponds to the
w(2S) = X+ J/y(J/w — pp) decay. m,; < 3.077 GeV
is taken by CLEO [78], and for BESIII, they choose m ,;, <
3.067 GeV [75]. Then, in the theoretical side, we can
introduce the same cut to exclude the contribution of
w(2S) - n(J/w — pp). In Fig. 5, we also give the result
with the dash-dot red line, which includes not only the two
diagrams in Fig. 2, but also the tree diagram w(2S) —
n(J/w — pp) with the m,; < 3.067 GeV cut. It can be
seen that only the strength of the distribution becomes
smaller than that in the solid black line, in which only the
two diagrams in Fig. 2 are considered without any cuts, and
the behaviors of these two lines are almost the same. Thus,
we can claim that the tree diagram y(2S) — n(J/y — pp)
could not affect our conclusion after applying the cut to
m; and it is equivalent to the statement that the Schmid
theorem does not play a role on the dash-dot red line. And
our conclusion that there exists a visible enhancement
purely caused by triangle singularity on the right shoulder
of the peak structure of N(1535) is still valid.

At last, we present a Dalitz plot in Fig. 6 to explain why
the three diagrams mentioned in the beginning of Sec. II
can be neglected. In Fig. 6, the vertical band comes entirely
from the loop diagram, the horizontal band is generated by
the tree diagram y(2S) — p(N* — pn), and the contribu-
tion of the tree diagram y(2S) — 5(J/w — pp) is the very
thin band just below the dashed red line, which denotes the
mp; < 3.067 GeV cut. In general, the contribution of the
loop diagram exchanging p will appear in the same region
as the N* tree diagram. From the Daliz plot, it is clear that
the contributions of the N* tree diagram and the loop
diagram exchanging p would not influence the triangle
singularity point on the p#x invariant mass spectrum.

N\
16 18 20 22 24 26
mp p (GeV)

FIG. 6. The Dalitz plot of the w(2S) — ppn process after
considering the contribution of Fig. 2(a) (the vertical band), the
tree diagrams w(2S) — n(J/w — pp) (the very thin band lies on
the lower left corner) and y(2S) — p(N* — pn) (the horizontal
band). For the triangle diagram, only N(1535) exchange is
included and « is set to 1. Here, the red dashed line denotes
the m,; < 3.067 GeV cut as given in Ref. [75]. To make all the
bands visible, we increase the strength of triangle diagram by a
factor 10* and the N(1535) tree diagram by a factor 102

Besides, the contribution of the tree diagram y(2S) —
n(J/w — pp) will be eliminated after applying the cut of
m,; as discussed above. In a word, these three diagrams are
not necessary in our calculations.

B. Triangle singularity in y(2S) — ppn® process
Similar to our treatment on the w(2S) — ppn process,
we first prove our statement in Sec. II D that at tree level the

ignorance of the phase angles between the contributions of
each N* will not conflict with the present experimental

1.2x107

1.x107

8.x1078

6.x1078

dridm,

4.x107°

2.x1078

my . (GeV)

FIG. 7. The tree diagram of w(2S) — ppa°, where the con-
tributions of N(1440), N(1520), N(1535), and N(1650) are
included, and all the involved phase angles are 0.
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FIG. 8. The a dependence of the triangle singularity caused by

the J/ynp loop.

results. In Fig. 7 we give the m,,,o distribution of the tree
diagram.

After integrating m o, we get Brye (w(2S) — ppa’) =
1.68 x 107*, and the experimental measurement at present
is B(y(2S) = ppa°) = (1.65 £+ 0.03) x 10~* [79]. It tells
that our treatment on the phase angles is acceptable.

Then we give the o dependence of loop diagram in
Fig. 8, from which we can easily see that a peak caused by
the triangle singularity does appear, whose width is only
about 300 keV, and it does not rely on a too much. And
after considering the interference between the tree and loop
diagrams, the pz° invariant mass distribution is shown
in Fig. 9.

In Fig. 9, we find a very small twist at the position of the
triangle singularity. After amplifying it in detail, we find a

1.2x107

7.84x10°

; 7.80x10°
1.0x10" -
7.76x10°

8.0x10° |

7.72x10° -

pr

7.68x10°

1.5640 1.5645

6.0x10° |

dl'/m

4.0x10° |-

2.0x10° |-

1.0 1.2 1.4 1.6 18 20 22 24 26 28
m,_ (GeV)

FIG. 9. The pz° invariant mass distribution of the w(2S) —
ppr° process after considering the interface between M™°P and
MTree (the phase angle is 0), where a is set to 1.

small valley structure whose width is less than 1 MeV. The
detraction caused by this valley is only about 1% from the
calculation. If there exist 4 billion y/(2S) events, the event
corresponding to this effect is only 10, which implies that it
would be impossible to observe experimentally.

It is understandable that the triangle singularity effect in
the ppx° case is much smaller than that in the p py case. As
shown in Figs. 4 and 8, the strength of the sharp peak from
the pure triangle singularity in the py case is much higher
than that in the pz case and the difference between them is
about 20 times. The reason is that the branching ratio of
N(1535) to the pn final state is larger than that to the pz°
final state with a factor of 6 including the isospin factor.
Furthermore, the interference between the background
including N(1650) and N(1535) for px channel would
weaken the contribution of N(1535) as shown in Fig. 3. As
a result, the pure triangle singularity effect is suppressed in
the ppr° process.

C. Further discussions on how to strengthen
the triangle singularity effect

We have mentioned that the smaller the widths of the
intermediate exchange particles are, then the sharper the
peak of triangular singularity is. However, through a
detailed calculation, we find that if the widths of the
intermediate particles in the loop are too small, some other
problems may arise. In the cases of this work, where the
internal particles are J/w, n and p, whose widths are 92.9,
1.31 keV, and 0, respectively [67]. The result given above
tells that the width of the pure triangle singularity is only
about 1 MeV and it is enlarged to 5 MeV after including the
interference with the tree diagram,. From the parameters of
BESIII [80], we can know that the resolution of BESIII
experiment is about 4.3 MeV. Hence it is almost impossible
to observe this structure from the BESIII detection cur-
rently, unless BESIII or other experiments, such as STCF,
can improve their resolutions to 2-3 MeV in the future [74].

In addition to the experimental observation problems,
another problem caused by the small widths is that the
intensity of the peak will be weakened. We still consider the
J/wnp loop case as an example. As claimed previously,
when the triangle singularity happens, all the involved
particles are on mass shell, so the coupling constants of
interaction vertices can be extracted from the corresponding
decay processes, for example, g/, ,5 is computed from the
partial decay width of J/w to pp. Then we assume the
branching ratio of J/y to pp is fixed and increase the total
width of J/y from 92.9 to 929 keV. The peaks caused by
the pure triangle singularity with these two different
assumptions of the width of J/y is presented in Fig. 10.

From Fig. 10 we can see that, when we enlarge the width
of J/y, the peak of the triangle singularity not only
becomes wider, but it also becomes higher. The reason
for broadening this peak is discussed in Ref. [7]. Here we
try to figure out why the strength of triangle singularity is
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FIG. 10. The peaks caused by the triangle singularity with
different assumptions of the width of J/y.

also related with the widths of internal particles. Let us
consider the simplest loop integral which only involves
the participated coupling constant, form factors, and the
propagators of internal particles as an example,

IEQ/ dlq _ F(ps+pa=g.m. )
(27)* (ps + pa — q)* = my + im, T,
F(p2+q.myp. Nyyy)

(p2+q)* =m3,, +imy, L,
F(vap’Ap)
q* —m3 +im,T,’

(24)

with g being the constant that scales the coupling constant
91 /ypp> Since B(J/y — pp) is fixed in our assumption.
Actually, the triangle singularity is divergent if all the
widths of the exchanged particles are zero. There is a very
sharp structure when cos @ = —1, where 6 is the relative
angle between the momentums of internal J/y and out-
going p. Then, we can define a function /, which changes
along with cos @, as

I:I:/dcosel. (25)

The dependence behaviors of I on cos@ for different
values of T'; ,, are given in Fig. 11. Here we set (ps3 +p4)*=
1.563872 GeV? to make it being just the triangle singularity
point. We draw the result around cos@ = —1, since we
only interested in the region around the triangle singularity.
When the width of J/y changes from 92.9 to 929 keV,
the coupling constant g;,,,, will certainly become larger,

and in this case the scale factor g goes from 1 to v/10. First

of all, we can see that there is a 2 times difference in the
value of I for these two cases at cos@ = —1. Since |g| is

800

_— g=1
R— g:\/ 10
600
]
< 400
200
0
-1.0000 -0.9995 -0.9990 -0.9985 -0.9980
cosé
FIG. 11. The dependence behavior of / on cos 8 for different
values of g.

integrated, the off shell effect of J/y will influence the
value of I even at the point of cos@ = —1. It leads to the
fact that although the decrease factor 2 is close, it is still

less than the factor \/ﬁ, which is the precise value for
the on shell case, i.e., the ratios of (g/I";/,) in two cases
of J/y’s widths. Once cos @ is greater than —1, particle
J/w is totally off shell, which makes (p; + ¢)* —m7,,

become dominant in the denominate of J/y’s propaga-
tor. And here the ratio between red and blue line will be

close to /10, which is from purely the change of g.
Obviously, the value of 7 gets larger after increasing the
width of J/w. Finally, after we integrate cos#, we can
get 7 =0.154 and 0.360 for I';,, = 92.9 and 929 keV,
respectively. In other words, when the width of J/y
increases, the loop function is enhanced, which leads to
the enhancement of the contribution of pure singularity.
On the other hand, although the absolute value at the
peak of the triangle singularity increases, the width of
this peak is also increasing, and it is even worse that the
difference between the peak value and the background
value becomes smaller as shown in Fig. 10. That is, the
significance of the triangle singularity decreases just as
the statement in the introduction.

In short, the widths of the intermediate particles
should not be too small to observe this pure triangle
singularity effect easily in experiment. Actually, there
exists a balance for the widths of the internal particles.
When the widths are too large, the peak becomes very
wide and insignificant, and it might be mixed with the
threshold and resonance states, so it is difficult to
distinguish the pure contributions. On the contrary, when
the widths are very small, the structure is very narrow
and the intensity is very weak, which makes it difficult to
observe experimentally. Therefore, it is necessary to find
processes whose intermediate particles have appropriate
widths to help experiments to search for the pure triangle
singularity effect. And we will focus on this idea in our
further research.
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IV. SUMMARY

The triangle singularity proposed by L.D. Landau [1]
might be very important in explaining many experimental
results [2,9—17]. However, up to now, an effect purely
caused by the triangle singularity is still absent, which
means that the triangle singularity itself has not been
confirmed by experimental observations. There are three
main reasons for this. First, the triangle singularity is
always mixed with the threshold [20], second, the widths
of the intermediate particles are large [6,7], and, finally, it is
due to the lack of information of each vertex. Thus, aiming
to observe a pure triangle singularity effect, the position of
the triangle singularity should be away from the threshold
and the widths of the particles that composed the loop
should be as small as possible, which leads the peak to be
sharp enough so that it can be distinguished, furthermore, it
would be much better if all the vertices can be constrained
precisely.

Guided by these ideas, in this work we propose to
observe a pure triangle singularity effect in the y(2S) —
ppn/ppr° processes, where the triangle loop is composed
by J/y, 1, and p. After applying Coleman-Norton theorem,
we get the position of triangle singularity in pn(z°)
invariant mass spectrum is 1.56387 GeV, which is about
80 MeV away from the p# threshold. In addition, since all
the widths of these particles are very small, the peak caused
by the triangle singularity must be very sharp. Moreover, all
the involved vertices can be extracted from experimental
data precisely. Therefore, the triangle singularity in the
w(28) — ppn/ppr° processes will not mix up with the py
threshold and it can be distinguished easily from N*
resonances since their widths are around 100 MeV [67],
meanwhile, it can be predicted precisely in theory.

From our numerical results, there exists a 10% enhance-
ment around 1.56387 GeV compared with the background
in the invariant mass spectrum of p# for the w(2S) — ppn

process, and the width of this peak is about 5 MeV. There
will be about 120 events for this enhancement when there
are 4 billion y(2S5) events. The only assumption we made is
that the interference phase angle between the tree and loop
diagrams is zero, and the significance of the peak would
change along with this phase angle. While for the ppz°
case, the significance of the triangle singularity is very
small and could be negligible experimentally. At last, after
the discussion with experimentalists [74] we find that to
distinguish such a narrow triangle singularity peak needs a
high resolution around 2-3 MeV. While unfortunately, the
BESIII detection cannot satisfy this requirement currently.
We expect the future facilities such as STCF can make
significant improvements on the resolution.

Since triangle singularity is a pure kinematical effect, it is
not dependent on the dynamics of particles; i.e., triangle
singularity is a model independent effect. It tells that our
prediction is very precise and can be compared with the
experimental data directly. Therefore, we suggest experi-
ments such as BESIII and STCF to make a precise analysis
on the pn invariant mass spectrum of the w(2S) — ppn
process. If this small narrow peak is observed, it will be the
first time that a pure triangle singularity effect is observed,
which will not only help us understand the triangle
singularity itself, but also be a real discovery of hadron
loop mechanism.
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