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We study both the CP-even and CP-odd effective chiral Lagrangians of a next-to-minimal composite
Higgs model, with a symmetry breaking pattern depicted by the coset SOð6Þ=SOð5Þ through the sigma/
omega decomposition, in which the Goldstone matrix of the coset is decomposed in terms of the standard
model Higgs doublet and an additional scalar singlet s at the electroweak scale. The effective Lagrangians
are described by the electroweak chiral operators up to p4 order, with a function dependence on the Higgs
boson and new scalar s, named Higgs function. This function in the effective Lagrangian incorporates the
Higgs nonlinearity or vacuum misalignment effects in the next-to-minimal composite Higgs model, leads
to various Higgs couplings deviated from the standard model ones, and also indicates the relations among
different Higgs couplings in the low energy. Matching to the Higgs effective field theory below the
electroweak scale, we obtain various low-energy observables such as the electroweak oblique parameters,
anomalous triple and quartic gauge couplings, anomalous couplings of Higgs to gauge bosons, in which the
Higgs nonlinearity effects are encoded in the ratio ξ≡ v2=f2 of the electroweak scale and the new physics
scale. As a by-product, we obtain a generalized Maurer-Cartan equation sourced by non-Abelian gauge
fields. The equation interprets the dynamical interplay between nonlinear realization of pseudo-Nambu-
Goldstone bosons (or Higgs) and the gauge fields, and provides a nonlinear generalization of the dynamical
electroweak symmetry breaking.
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I. INTRODUCTION

The standard model (SM) of elementary particle physics
provides a framework for all of the visible matters in
nature among the three known fundamental interactions
except gravity [1]. The model is described by the gauge
theory [2–4] with symmetry SUð3Þc × SUð2ÞL ×Uð1ÞY.
Theoretically the electroweak (EW) sector of the SM still

owns problems such as vacuum stability, too many free
parameters, and naturalness or hierarchy problem. Thus, it
is commonly believed that the SM is not a UV complete
theory at energy above a trillion electron volt (TeV) scale, at
where underlying dynamics is still unclear. To solve these
problems suffered by the SM, many models beyond the
SM are proposed, with different motivations emphasized.
Among them, the composite Higgs model (CHM) provides
a scenario [5–7], that might be related to a strong dynamics
in the high energy, to solve the electroweak hierarchy
problem. In the scenario, the Higgs-like particle arises as a
pseudo-Nambu-Goldstone boson (PNGB) [8–12] of a
global symmetry breaking at a higher energy scale f
higher than the EW scale measured by the Higgs vacuum
expectation value (vev) v ¼ 2mW=g ¼ ð ffiffiffi

2
p

GFÞ−1=2 or
equivalently the Fermi coupling constant GF, and is related
with strong dynamical scale Λs ≃ 4πf for an unbroken
symmetry as the subgroup of the global symmetry.
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There are many kinds of composite Higgs models in
literature; for review, see Refs. [13–16]. We could classify
different composite Higgs models based on the numbers
and EW representations of GBs in the setup. The most
economical and popular composite Higgs model is the
SOð5Þ=SOð4Þ minimal composite Higgs model (MCHM)
[16–20]. The symmetric coset SOð5Þ=SOð4Þ provides
only four GBs: three GBs eaten by the longitudinal
components of the W and Z bosons, and the Higgs boson
as the pseudo-Nambu-GB. The next-to-minimal model is
the SUð4Þ=Spð4Þ ≃ SOð6Þ=SOð5Þ next-to-minimal com-
posite Higgs model (NMCHM) [21–26], in which five GBs
are presented: four SM Higgs components and an addi-
tional singlet scalar. For a heavy singlet scalar GB, this
model recovers to the MCHM. Thus the NMCHM contains
the MCHM as the limiting case. On the other hand, if this
singlet scalar is not so heavy, it provides new low-energy
phenomenology, such as dark matter candidate [24,26],
electroweak phase transition, etc.
Further classification of the CHMs could be justified

using the custodial symmetry. The theory is invariant for
the three gauge bosons in the fundamental representation of
SOð3Þ or adjoint representation of SUð2Þc [7], and guar-
antees the ρ parameter, the ratio defined with both mass of
gauge bosons and the EW mixing angle as below,

ρ≡ m2
W

m2
Zc

2
θ

¼ 1; ð1:1Þ

at the tree level, although there could be a small correction
at the loop level. This custodial protection mechanism in
the SM is valid both before and after electroweak symmetry
breaking (EWSB), which entails a strong constraint for
model building beyond the SM; namely, whatever under-
lying dynamics as a possible UV completion beyond TeV
scale, its symmetry breaking pattern down to the EW scale,
always entails ρ ¼ 1 at tree level. The electroweak pre-
cision tests indicate that we should consider CHMs with
the custodial symmetry imposed. Both the MCHM and
NMCHM contain the SOð3Þ group as the subgroup and
thus the custodial symmetry is guaranteed.
On the other hand, given the experimental results at the

LHC, the lack of evidence of new physics and the precision
measurement of the Higgs property have already pushed the
new physics scale up to the TeV scale, unless the new
particles do not carry the electroweak charge. In CHMs, the
composite particles related to the strong dynamics scale f are
typically heavy [13]. If the additional GBs rather than the
pseudo-Goldstone Higgs exist, they should not be lighter
than the electroweak scale unless the GB is the electroweak
singlet. Although there are many kinds of composite Higgs
models with different symmetry breaking patterns depicted
by the coset G=H [14,15], after integrating out heavy
composite states, and heavy GBs, what is left should at
least be the SM contents: the matter fields, the SM gauge

fields, and the Higgs boson as the pseudo-GB. There could
be an additional pseudo-GB being the electroweak singlet.
Thus the effective Lagrangian description of the composite
Higgs models should contain at least SOð5Þ=SOð4Þ sym-
metry [19]. In this work, we consider a more general case in
which an additional light GB exists at the electroweak scale.
The typical example is the SOð6Þ=SOð5Þ symmetry at the
electroweak scale, containing one light scalar singlet GB.1 If
the scalar singlet GB becomes heavy, it recovers the
SOð5Þ=SOð4Þ symmetry at the electroweak scale.
From the bottom-up perspective, the low-energy effec-

tive field theory (EFT) approaches [27–57] with the
general principle of quantum field theory, such as
Lorentz invariance, unitary, causality, etc., have provided
a universal model-independent description for new
physics beyond the SM. There are usually two ways to
describe the low-energy effective field theory: the SM EFT
in the symmetric phase [37,42,43] and the EW chiral
Lagrangian in the broken phase [34,36,38]. For the case
that the Higgs boson as the pseudo-Nambu-GBs, the EW
chiral Lagrangian is usually adopted due to the Higgs
nonlinearity in the scalar manifold of the GB fields. In
the EW chiral Lagrangian, the Higgs field is nonlinearly
realized, e.g., in the coset construction of Callan-Coleman-
Wess-Zumino (CCWZ) approach [27,28].
It turns out that the phenomenological Lagrangian [27,28]

can be used not only to reproduce the soft pions, PNGBs of
chiral gauge interactions of SUð2ÞL × SUð2ÞR symmetry
results of current algebra [29,30], but also can be used to
justify the calculation of soft-pion matrix elements results
from the Feynman diagrams, with the advantage of not using
any operator algebra. The Lagrangians can be used to
calculate corrections to the leading soft pions to any desired
order in external momentum. In the spirit of writing down the
most general possible Lagrangian terms, it is possible to
calculates the most general possible S-matrix elements
consistent with the general principles of analyticity, pertur-
bative unitary, cluster decomposition, Lorentz invariance,
chirality, charge-parity-timesymmetry, and theother assumed
intrinsic symmetries of quantum field theory (QFT). It is
possible to include all possible terms by classifying the
relevant operator with the guide of a power-counting argu-
ment: the only physical observable quantities are based upon
the matrix elements, that must take the form

M ¼ EDfðE=μÞ; ð1:2Þ

where E ¼ ffiffiffi
s

p
is the energy scale related to the center-of-

mass energy s, μ is some arbitrary renormalization scale, of

1It is worth noticing that not only SOð5Þ but also
SOð4Þ × SOð2Þ is a subgroup of SOð6Þ. For the later case, the
symmetry breaking pattern is SOð6Þ=SOð4Þ × SOð2Þ and there
will be eight GBs, which serves as one of possible realizations of
the 2-Higgs-doublet model structure, with generators shown in
the Appendix. A 1.
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which, the matrix elements must be independent, fð…Þ is
an arbitrary dimensionless function, and D is the power
counting of the effective Lagrangian operator with the mass
dimension [29]

D ¼ 2þ
X
d

Vdðd − 2Þ þ 2L; ð1:3Þ

where Vd is the number of vertices formed from inter-
actions with d derivatives, L is the number of loops in
a Feynman diagram, which stands for L independent
momentum not fixed by the momentum conservation,
e.g., by cutting the L lines simultaneously, the diagram
is still connected. The equation can be obtained by using
the well-known Feynman-Euler formula for the number of
loops in a one-connected graph, which is general for both
planar or nonplanar topologies [32]

V − I þ L ¼ 1; ð1:4Þ

where V ¼Pd Vd is the total number of vertices, I is the
total number of internal lines, and L is the Feynman loops
number. The left-hand side of Eq. (1.4) means there are V
delta functions, of which I − L fix internal momentum, and
leaving V − 1þ L delta functions relating the momentum
of all incoming or outgoing particles. The right-hand side
of the equation implies that there is only a single delta
function in a one-connected graph. Thus, this equation
encodes the information of momentum conservation at each
vertex and implies that the number of vertices that can
actually be permitted are limited by the topology of the
(Feynman) diagrams. Therefore, according to Eq. (1.3), the
lowest possible number of derivatives of the Lagrangian is
determined given the spacetime dimensionD, and the types
of graphs, e.g., for tree-/one-loop/two-loop graphs, L ¼ 0,
1, 2, respectively. Given D is fixed, the power counting of
the operators are

(i) ED¼2: L ¼ 0, d ¼ 2.
(ii) ED¼4: L ¼ 0, d ¼ 4; L ¼ 1, d ¼ 2.

This power counting implies that at E2 order, there is only a
tree diagram contribution from effective operators with at
most two-derivatives terms; at E4 order, there are not only
tree diagrams contributions from effective operators with at
most four-derivatives, but also one-loop diagrams contri-
butions from those operator with at most two derivatives.
Similarly, at E6 order, in addition to diagrams from tree-
and one-loop diagrams, there are also two-loop diagrams
contributions. The leading graphs are those with the
smallest values of D. With the power-counting argument,
the phenomenological Lagrangians can be used to study
symmetry breaking in a systematic approach. The most
intuitive one is the “naive dimensional analysis” (NDA)
[30], which can provide a qualitative demo on the power-
counting approach. With ultraviolet cutoff at Λ ¼ 4πf, the
fundamental QFT energy scale can be estimated by the

strong dynamical symmetry breaking scale f,2 up to
which the EFT is valid. The coefficient consistent with
NDA is [30,33]

�
π

f

�
A
�

ψ

f
ffiffiffiffi
Λ

p
�

B
�
Āμ

Λ

�C�p
Λ

�
D
f2Λ2; ð1:5Þ

where we have neglected a universal factor ð2πÞ4δ4ðPi piÞ,
where δ4 is the δ function for momentum conservation at
the vertex, and p denotes the derivatives acting on either
the π or Āμ ¼ gAμ fields. D is the number of derivatives
acting on external lines. The coefficients are compatible
with gauge invariance Dμ ¼ ∂μ þ iĀμ, and this means each
derivative and gauge field gAμ are associated with coef-
ficients 1=Λ. The effective field theory based upon the
power-counting argument is only phenomenological, in
contrast to a fundamental QFT with all input parameters
fixed. When graphs involving higher and higher order in
PNGBs are calculated, in each successive order, one would
encounter more and more undetermined parameters. As a
result, practically, the Lagrangian is only calculated up to a
given finite order of perturbation theory.
On the other hand, the standard model effective field

theory (SMEFT) up to dimensional-six operators cannot
fully characterize the high-energy effective Lagrangian up
to the p4 order, since the operators at this order can also
obtain contributions from dimensional-eight operators of
SMEFT. Moreover, in the EW chiral Lagrangian, the global
SOð4Þ Higgs singlet h supplies a natural embedding of
the custodial symmetry SUð2ÞC ∼ SOð3Þ ⊂ SOð4Þ after the
EW symmetry is spontaneously broken

jhj2 → jφ⃗j2 þ ðvþ hÞ2; ð1:6Þ

where h⃗ ¼ ðh1; h2; h3; h4Þ, and φ⃗ ¼ ðφ1;φ2;φ3Þ consists
of the three would-be GBs for the EW symmetry. In the
CHM scenerario, again we will specifically focus on those
with the G=SOð4Þ symmetry breaking pattern. We will take
the custodial symmetric CHM as an example to study the
nonlinearity of Higgs as well as its possible mixing with a
light scalar.
In this work, we take the SUð4Þ=Spð4Þ ≃ SOð6Þ=SOð5Þ

next-to-minimal composite Higgs model [21–26] as an
extension of MCHM. In the NMCHM, after the explicit
breaking of the global symmetry f, the gauge symmetry
and the Yukawa terms induce the radiative potential for the
SM Higgs, which acquires dynamically a nonvanishing
vacuum expectation value

2The 4π factor originates from the one-loop factor ð4πÞ2 ≤
f2=Λ2 in four-dimensional QFT. The EFT is invalid at energies
higher than Λ. For composite models, the cutoff scale Λ ≈
4πf=

ffiffiffiffiffiffi
Nπ

p
is interpreted as the compositeness scale of GB ϕ,

where Nπ is the number of GBs, since the dynamics of the sigma
model is described by a scalar subject to a constraint ϕ2 ¼ f2.
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v ¼ f sin

�
vϕ
f

�
cos

�
vψ
f

�
; ð1:7Þ

where ϕ denote the quantum fluctuation field around the
vacuum with expectation value vϕ and vψ denoted as the
vacuum phase of an extra singlet s relative to the Higgs h.
In the f ≫ v limit, the nonlinear NMCHM should recover
the SM limit, in which the EWSB is linearly realized and
the Lagrangian is written in terms of the SM Higgs as an
SUð2ÞL doublet.
We connect the low-energy EW chiral Lagrangian to the

UV CHM valid up to an energy scale Λs ∼ 4πf. In the
CHMs, according to the CCWZ formalism, the kinetic term
of the Higgs boson should originate from [39,58–61]

L2 ¼ f2TrðdμdμÞ ⊃ gabðhÞ∂μπa∂μπ
a; ð1:8Þ

where the metric gabðhÞ parametrizes the curvature in the
scalar manifold. Given the nonflat metric, the degree of
nonlinearity of the theory can be quantified by the non-
linear parameter

ξ≡ v2

f2
; ð1:9Þ

which recovers the flat metric if f → ∞.
On the other hand, the Wilson coefficients of the

effective operators in the EW chiral Lagrangian can be
described by the Higgs functions (or radial functions) FH
[49,52,60], as

Lh ¼ cHFHðh; sÞLH þ…; ð1:10Þ

where LH is defined in Eq. (C9), … denote the higher
order terms, e.g., at the p4 order, including the CP-even
LC;T or CP-odd LT̃ defined in Eqs. (C10) and (C14) in
Appendix. C. The Higgs functions encode all the informa-
tion of the Higgs nonlinearity due to the nonflat metric of
pseudo-Nambu-GBs manifold of the CHM.
The Higgs functions provide the connection between the

low-energy EW EFT and the chiral Lagrangian for the
CHM. The effective Lagrangian of the model matches with
the EW chiral effective Lagrangian up to the p4 order. We
extract the Higgs functions of the model from the low-
energy EW chiral Lagrangian, which contains information
of not only the Higgs itself but also that of an additional
light scalar s. In a series expansion of h=v in the Higgs
effective field theory (HEFT) with the parameter ξ fixed,
we find the effectiveWilson coefficients associated with the
high-energy effective chiral Lagrangian in the NMCHM.
Observables such as the EW oblique parameters, anoma-
lous triple and quartic gauge couplings, and anomalous
couplings of Higgs to gauge bosons are obtained.
The structure of the paper is organized as follows: In

Sec. II, we study the building blocks for both Sigma and

Omega representation in the NMCHM and discuss its
symmetries. We also illuminate the significance of Higgs
nonlinearity. In Sec. III, we study high-energy chiral
effective Lagrangian of NMCHH up to the p4 order. In
Sec. IV, we match the chiral effective Lagrangian of the
NMCHM with low-energy effective EW chiral Lagrangian
(EWCL), and extract the Higgs functions. In Sec. V, we
study the Higgs function at EW scale. In Sec. VI, we study
the connection of effective field theory to the corresponding
physical observables. Conclusions are made in Sec. VII.

II. NEXT-TO-MINIMAL COMPOSITE
HIGGS MODEL

In generic composite Higgs (CH) scenery, a global
symmetry group G is spontaneously broken by some strong
dynamics mechanism at the scale f down to a subgroupH.
The coset G=H is assumed symmetric and entails that
dimðG=HÞ ≥ 4, e.g., the minimal version in terms of
minimal composite Higgs model (MCHM) [17]. Con-
sequently, there are (at least) four GBs that arise from
the nonlinear symmetry breaking mechanism of the global
symmetry G; one is identified with the light Higgs-like
scalar field h and three are identified with the longitudinal
components of the SM gauge bosons.
Following CCWZ in Appendix. B, we can introduce the

Goldstone field matrix Ω, which transform nonlinearly
under the group G. In the symmetric coset case, it is
equivalent to use either Ω or Σ parametrization in describ-
ing the GBs degrees of freedoms and its interactions. To
obtain gauge interactions by formally gauging the sym-
metry G, one has introduced the G gauge fields strength
tensor Āμ as introduced Eq. (B15) that satisfies the gauge
transformations in Eq. (B15). The EW gauge field W̄μ and
B̄μ are embedded as ðW̄μ; B̄μÞ ⊂ Āμ ∈ G with

W̄μ ≡Wa
μQa

L and B̄μ ≡ BμQY; ð2:1Þ

Qa
L and QY denote the embedding in G of the SUð2ÞL ×

Uð1ÞY generators. The G gauge field Āμ ∈ G can be
doubled into two copies W̄μ and B̄μ by taking account
of its automorphism field strength tensor [49,52].
To construct the nonlinear chiral Lagrangian, different

building blocks in the last section are utilized. The building
blocks for the Sigma parametrization in the NMCHM are

W̄μν; B̄μν; Σ; V̄μ; T̄; ð2:2Þ

where the corresponding gauge fields W̄μ and B̄μ are
defined in Eq. (2.1). For the gauged version of the nonlinear
sigma model, the chiral vector field V̄μ and the scalar chiral
field T̄ are defined in Eqs. (B34) and (B38), respectively.
For the next-to-minimal composite Higgs model with the

coset SOð6Þ=SOð5Þ, there is an additional new singlet
GB s, compared with those in the MCHM. For a symmetric
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coset, equivalently the Σ field could be introduced, trans-
forming linearly under the group G.Qa

L with a ¼ 1, 2, 3 and
QY are the SUð2ÞL ×Uð1ÞY generators embedded in SOð6Þ
as given in Appendix. A

Qa
L ≡ Ta

L; QY ≡ T3
R; ð2:3Þ

where we have identified the SUð2ÞL charge operator as Ta
L

and the hypercharge operator as T3
R as defined in Eq. (A14).

When fermions are taken into account, the realistic hyper-
charge operator is defined as Y ¼ T3

R þ X, where X is a
new nonvanishing charge under an additional Uð1ÞX, in
order to reproduce the correct hypercharges of fermions.

A. Goldstone boson field matrix

The GBs of the coset SOð6Þ=SOð5Þ in the fundamental
representation can be parametrized by3

ΦðhâÞ ¼ ΩΦ0; Φ0 ¼
�
05

1

�
; ð2:4Þ

where Φ0 is the vacuum expectation value in the funda-
mental representation of SOð6Þ as a six-dimensional unit
vector.

1. Omega parametrization

In the symmetric coset SOð6Þ=SOð5Þ, it is equivalent to
use the Ω or Σ to describe the Goldstone degree of freedom
(d.o.f.) as

Ω ¼ ei
ffiffi
2

p
f T

âhâ ≡ eiΠ; Σ ¼ Ω2 ¼ e2iΠ; ð2:5Þ

where Tâ are the generators in the coset SOð6Þ=SOð5Þ as
given in Eq. (A3) in Appendix. A, where â ¼ ðα̂; 5Þ with
α̂ ¼ 1, 2, 3, 4. T α̂ are the unbroken generators of SOð4Þ and
T 5̂ is that of SOð2Þ. The first four indices span a four-
parameter coset space and hα̂ is an SOð4Þ vector. Denoting
the GBs in an array

ϕ̂≡ ðĥα̂; ĥ5ÞT; with ϕ ¼
ffiffiffiffiffiffiffiffiffiffi
hâhâ

p
; ð2:6Þ

where ĥα̂ ≡ ðĥ1; ĥ2; ĥ3; ĥ4ÞT and we have ĥâ ≡ hâ=ϕ. The
Goldstone boson field matrix is expressed as

Π ¼ ϕ

f
Ξ; with Ξ ¼

ffiffiffi
2

p
Tâĥâ ¼ −i

�
05×5 ϕ̂

−ϕ̂T 0

�
:

ð2:7Þ

It is convenient to define the mixing angle ϕ at strong
dynamics breaking scale f as

sϕ ≡ sin

�
ϕ

f

�
; cϕ ≡ cos

�
ϕ

f

�
: ð2:8Þ

Thus, one can express the Goldstone matrix Ω as

Ω ¼
�
1 − ð1 − cϕÞϕ̂ϕ̂T sϕϕ̂

−sϕϕ̂T cϕ

�
; ð2:9Þ

where

ϕ̂ϕ̂T ¼
�

ĥĥT ĥ5ĥ

ĥ5ĥ
T ĥ25

�
; ð2:10Þ

and ϕ̂Tϕ̂ ¼ TrðĥĥTÞ þ ĥ25 ¼ 1.
After the electroweak symmetry is broken, in the unitary

gauge, i.e., ĥ1 ¼ ĥ2 ¼ ĥ3 ¼ 0, it is convenient to define
another angle as [25]

cψ ≡ cos

�
ψ

f

�
¼ h4ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

h24 þ h25

q ;

sψ ≡ sin
�
ψ

f

�
¼ h5ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

h24 þ h25

q ; ð2:11Þ

where ψ ¼ arctan ðh5=h4Þ is pseudoscalar under CP sym-
metry due to the relative phase between the h5 and h4.
In the unitary gauge, the amplitude ϕ reduces to

ϕ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h24 þ h25

q
and the ðh4; h5Þ can be expressed in terms

of ϕ and ψ as

h4 ¼ ϕcψ ; h5 ¼ ϕsψ ; ð2:12Þ

Thus, the GB matrix Ω in Eq. (2.9) can be reexpressed as

Ω ¼

0
BBB@

13 0 0 0

0 cϕc2ψ þ s2ψ ðcϕ − 1Þcψsψ cψsϕ

0 ðcϕ − 1Þcψsψ c2ψ þ cϕs2ψ sψsϕ
0 −cψsϕ −sϕsψ cϕ

1
CCCA:

ð2:13Þ

In the original Cartesian ðh4; h5Þ basis, one has

3We have introduced Φ0 to be dimensionless, so that the
kinetic terms should be defined as Lkin ¼ f2ð∂μΦÞTð∂μΦÞ=2.
Alternatively, one may define Φ0 ¼ ð05; fÞT with a dimensional
scale hfi; in this case, the kinetic terms should be defined as in
Eq. (5.8).
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Ω ¼

0
BBBBBBBB@

13 0 0

0
h2
4
cϕþh2

5

h2
4
þh2

5

h4h5ðcϕ−1Þ
h2
4
þh2

5

h4sϕffiffiffiffiffiffiffiffiffiffi
h2
4
þh2

5

p

0
h4h5ðcϕ−1Þ

h2
4
þh2

5

h2
5
cϕþh2

4

h2
4
þh2

5

h5sϕffiffiffiffiffiffiffiffiffiffi
h2
4
þh2

5

p

0 − h4sϕffiffiffiffiffiffiffiffiffiffi
h2
4
þh2

5

p − h5sϕffiffiffiffiffiffiffiffiffiffi
h2
4
þh2

5

p cϕ

1
CCCCCCCCA
: ð2:14Þ

For the latter convenience of relating the h4;5 to the SM
Higgs h, we introduce a new basis ðh; sÞ as

h
f
≡ h4ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

h24 þ h25

q sin

0
B@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h24 þ h25

q
f

1
CA ¼f→∞ h4

f
;

s
f
≡ h5ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

h24 þ h25

q sin

0
B@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h24 þ h25

q
f

1
CA ¼f→∞ h5

f
ð2:15Þ

in the weak coupling limit, i.e., f → ∞, ðh; sÞ just recovers
ðh4; h5Þ, respectively. One can check that

sin2

0
B@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h24 þ h25

q
f

1
CA ¼ h2 þ s2

f2
;

h4
h5

¼ h
s
; ð2:16Þ

and the phase ψ also represents the relative phase between
the singlet s and Higgs h as

tψ ¼ tan

�
s
h

�
: ð2:17Þ

With Eqs. (2.8) and (2.11), the ðh; sÞ fields can be
expressed in terms of ðϕ;ψÞ as

h ¼ fcψsϕ; s ¼ fsψsϕ: ð2:18Þ

The amplitude ϕ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2 þ s2

p
is a scalar and consists of h

and s. In the ðh; sÞ basis, the GBs matrix in Eq. (2.13) can
be expressed as

Ω ¼

0
BBBBBBBBBB@

13 0 0 0

0
h2

ffiffiffiffiffiffiffiffiffiffiffiffi
1−h2þs2

f2

q
þs2

h2þs2

hsð
ffiffiffiffiffiffiffiffiffiffiffiffi
1−h2þs2

f2

q
−1Þ

h2þs2
h
f

0
hsð

ffiffiffiffiffiffiffiffiffiffiffiffi
1−h2þs2

f2

q
−1Þ

h2þs2

s2
ffiffiffiffiffiffiffiffiffiffiffiffi
1−h2þs2

f2

q
þh2

h2þs2
s
f

0 − h
f − s

f

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − h2þs2

f2

q

1
CCCCCCCCCCA
:

ð2:19Þ

Finally let us consider the situation in the absence of a
CP-odd singlet, in which the NMCHM just recovers that of
MCHM, with

h
f
≡ sin

�
h4
f

�
¼f→∞ h4

f
; s ¼ 0: ð2:20Þ

In the ðϕ;ψÞ basis, with ψ ¼ 0, the GB matrix in Eq. (2.13)
recovers that for MCHM in SOð5Þ ⊂ SOð6Þ as

Ω ¼

0
BBB@

13 0 0 0

0 cϕ 0 sϕ
0 0 1 0

0 −sϕ 0 cϕ

1
CCCA: ð2:21Þ

Equivalently, in the original Cartesian ðh4; h5Þ basis with
h4 ≡ h, h5 ¼ 0, it is just recovered as

Ω ¼

0
BBBBB@

1 0 0 0

0 cos
�
h
f

�
0 sin

�
h
f

�
0 0 1 0

0 − sin
�
h
f

�
0 cos

�
h
f

�

1
CCCCCA: ð2:22Þ

While also equivalently, in the ðh; sÞ basis, with s ¼ 0, the
GBs matrix becomes

Ω ¼

0
BBBBB@

13 0 0 0

0
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − h2

f2

q
0 h

f

0 0 1 0

0 − h
f 0

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − h2

f2

q

1
CCCCCA; ð2:23Þ

which gives the exponential nonlinear parametrization of
SOð5Þ transformation on GBs in terms of unconstrained
coordinates ðh1; h2; h3; h4Þ ∈ SOð4Þ.

2. From Omega to Sigma parametrization

For symmetric coset, the GB matrix can be also para-
metrized as

Σ ¼ Ω2; ð2:24Þ

which can be obtained fromΩ in Eqs. (2.13), by making the
replacement as

f →
f
2
; ψ →

1

2
ψ ; ð2:25Þ

so that one needs to make the replacement as

cϕ → c2ϕ; sϕ → s2ϕ;

cψ → cψ ; sψ → sψ ; ð2:26Þ

and in the ðh; sÞ basis, equivalent to making the
replacement
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f →
f
2
; h → 2h; s → 2s: ð2:27Þ

In this case, according to Eq. (2.11), the singlets can be
reexpressed as

ðh; sÞ ¼ sin ðnfϕÞ
ðnfÞ

ðcψ ; sψ Þ; ¼f→∞ðh4; h5Þ; ð2:28Þ

from which, one can reexpress the phase ϕ and ψ ,
respectively, in terms of singlets h and s as

ϕ ¼ f
n
arcsin

�
n
f

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2 þ s2

p �
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h24 þ h25

q
;

ψ ¼ f arctan

�
s
h

�
¼ f arctan

�
h5
h4

�
; ð2:29Þ

where n ¼ 1 for Ω parametrization and n ¼ 2 for Σ
parametrization, respectively. This implies that for
Σ≡Ωn, one just makes the replacement

f →
f
n
; ψ →

ψ

n
; ð2:30Þ

so that the ratio s=h is unchanged. For the convenience of
later usage, we summarize the fields coordinate trans-
formation among ðϕ;ψÞ, ðh4; h5Þ, ðh; sÞ in Table. I.

B. Symmetries

1. Rotational symmetry

One may rotate the generators of unbroken SOð4Þ ⊂
SOð5Þ in Eqs. (A14) as well as the coset generator
SOð5Þ=SOð4Þ in Eq. (A3) by an angle θ in the SOð5Þ
inner space,

Tα ≡ ðTa
L; T

a
R; T

âÞ → Tα0 ≡ RðθÞTαR−1ðθÞ; ð2:31Þ

by a rotation matrix RðθÞ

RðθÞ ¼

0
BBB@

13
cos θ sin θ

1

− sin θ cos θ

1
CCCA; ð2:32Þ

where 1≡ 13×3. The angle θ parametrizes the misalign-
ment of SOð6Þ vacuum as we will discuss in the following
section. It turns out that the generators rotated become

Ta
LðθÞ ¼

1þ cθ
2

Ta
L þ 1 − cθ

2
Ta
R −

sθffiffiffi
2

p Tâ;

Ta
RðθÞ ¼

1 − cθ
2

Ta
L þ 1þ cθ

2
Ta
R þ sθffiffiffi

2
p Tâ;

TâðθÞ ¼ sθffiffiffi
2

p Ta
L −

sθffiffiffi
2

p Ta
R þ cθTâ; â ¼ 1; 2; 3;

T 4̂ðθÞ ¼ T 4̂; T 5̂ðθÞ ¼ cθT 5̂ − sθT4; ð2:33Þ

where sθ ≡ sin θ, and cθ ≡ cos θ, T 5̂ðθÞ is the generator of
SOð2Þ as defined in Eq. (A4) in Appendix. A.
It can be checked that all the generators are also

normalized as

Tr½Ta
LðθÞTb

LðθÞ� ¼ δab; Tr½Ta
RðθÞTb

RðθÞ� ¼ δab;

Tr½TâðθÞTb̂ðθÞ� ¼ δâ b̂ ¼ 2ðTâTb̂Þ66; ð2:34Þ

and one can also check that ðTa
L;RT

b̂Þ66 ¼ ðTâTb
L;RÞ66 ¼

ðTa
L;RT

b
L;RÞ66 ¼ ðTa

L;RT
b
R;LÞ66 ¼ 0. From the generator with

rotation angle θ, one can read that the components of the
external gauge fields are given by

Aa
μðθÞ∶ AaL

μ ðθÞ ¼ 1þ cθ
2

Wa
μ þ

1 − cθ
2

Bμδ
a3;

AaR
μ ðθÞ ¼ 1 − cθ

2
Wa

μ þ
1þ cθ

2
Bμδ

a3;

Aâ
μðθÞ∶ Aâ

μðθÞ ¼
sθffiffiffi
2

p ðWâ
μ − δâ3BμÞ; A4̂

μ ¼ 0; ð2:35Þ

where Wa
μ, Bμ are the EW SUð2ÞL × Uð1ÞY vector bosons.

TABLE I. Fields coordinate transformation among ðϕ;ψÞ, ðh4; h5Þ, and ðh; sÞ for Ω parametrization.

ðϕ;ψÞ ðh4; h5Þ ðh; sÞ
ðϕ;ψÞ � � � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

h24 þ h25

q
, f arctan ðh5=h4Þ f arcsin ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2 þ s2

p
=fÞ, f arctan ðs=hÞ

ðh4; h5Þ ϕcψ , ϕsψ � � � hf arccosð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−ðh2þs2Þ=f2

p
Þffiffiffiffiffiffiffiffiffi

h2þs2
p , sf arccosð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−ðh2þs2Þ=f2

p
Þffiffiffiffiffiffiffiffiffi

h2þs2
p

ðh; sÞ fcψsϕ, fsψsϕ h4f sin ð
ffiffiffiffiffiffiffiffiffiffi
h2
4
þh2

5

p
=fÞffiffiffiffiffiffiffiffiffiffi

h2
4
þh2

5

p ,
h5f sin ð

ffiffiffiffiffiffiffiffiffiffi
h2
4
þh2

5

p
=fÞffiffiffiffiffiffiffiffiffiffi

h2
4
þh2

5

p � � �
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2. Automorphism symmetry

Since the quotient space SOð6Þ=SOð5Þ is symmetric,
the symmetric coset has a automorphism or “grading”
symmetry that acts upon the generators of G as defined in
Eq. (B5) or (2.37); both lead to the same representation as

R∶
�
TaðθÞ → þTaðθÞ
TâðθÞ → −TâðθÞ:

ð2:36Þ

It is a linear transformation among the generators that
preserves the algebra. There is other automorphism given
by [23]

R2∶
�
TaðθÞ → −TT

aðθÞ
TâðθÞ → TT

âðθÞ:
ð2:37Þ

The two linear transformations preserve the Lie algebra
following from the fact that the SOð6Þ=SOð5Þ is symmetric
space. Both these two automorphisms lead to the same
representation as Eq. (2.38).
With the generators in Eq. (2.33), the automorphism

symmetry of SOð6Þ=SOð5Þ in Eq. (2.36) is

RðθÞ ¼

0
BBB@

13×3 0 0 0

0 cosð2θÞ 0 − sinð2θÞ
0 0 1 0

0 − sinð2θÞ 0 − cosð2θÞ

1
CCCA

¼θ¼0;π
diagð1; 1; 1; 1; 1;−1Þ; ð2:38Þ

which satisfies

RðθÞTa
L;RðθÞR−1ðθÞ ¼ Ta

L;RðθÞ;
RðθÞTâðθÞR−1ðθÞ ¼ −TâðθÞ; ð2:39Þ

where a ¼ 1, 2, 3 and â ¼ 1, 2, 3, 4, 5.
When the SUð2ÞL ×Uð1ÞY symmetry is turned on, the

grading symmetry R is explicitly broken to

θ ¼ 0; π: ð2:40Þ

Since R is an element of the unbroken SOð4Þ symmetry,
i.e., it is an internal automorphism of the algebra, it will be
an exact symmetry of the low-energy Lagrangian up to any
order in the absence of gauging the EW symmetry.
It is also interesting that when θ ¼ π=2, the automor-

phism corresponds to the Higgs parity as [62]

RðθÞ ¼θ¼π=2
diagð1; 1; 1;−1; 1; 1Þ≡ PH; ð2:41Þ

which transforms the generators as

TA ¼ fTa
L; T

a
R; T

â; T 4̂g → T 0A ¼ fTa
R; T

a
L; T

â;−T 4̂g;
ð2:42Þ

implying that the operator PH flips the direction of T 4̂

through

T 0A ¼ PHTAP−1
H : ð2:43Þ

3. Left-right parity symmetry

There is also a left-right parity symmetry PLR in the
NMCHM,

PLR ¼ diagð1; 1; 1;−1; 1;−1Þ; ð2:44Þ

which exchanges the generators of SUð2ÞL and SUð2ÞR
subgroup of SOð4Þ, and also changes the sign of the first
three broken generators Tâ as

PLRTa
L;RP

−1
LR ¼ Ta

R;L;

PLRTâP−1
LR ¼ −Tâ;

PLRT 4̂P−1
LR ¼ T 4̂; ð2:45Þ

with a ¼ 1, 2, 3 and â ¼ 1, 2, 3, 5. For the broken
generators, one should be rewritten as PLRTâP−1

LR ¼
−ηâTâ with ηâ ¼ ð1; 1; 1;−1ÞT . Since it is not an element
of SOð4Þ, one would expect it broken at p4 order, although
it is an accidental symmetry of GBs Lagrangian at ðp2Þ.
When the SM gauge symmetry SUð2ÞL ×Uð1Þ is turned
on, PLR is explicitly broken for a generic value of θ.

4. CP symmetry

The CP symmetry is a symmetry of the sigma model of
the Higgs sector in the SOð6Þ=SOð5Þ model [23]. The first
automorphism symmetry R in Eq. (2.36) makes the
vielbein V̄μ ¼ ðDμΣÞΣ−1 change the sign, so the Wess-
Zumino-Witten (WZW) term

LWZW ¼ ϵμνρστTr½V̄μV̄νV̄ρV̄σV̄τ� ð2:46Þ

changes the sign. While the second automorphism sym-
metry R2 in Eq. (2.37) does not make the vielbein V̄μ ¼
ðDμΣÞΣ−1 change the sign, so that it is a symmetry of the
WZW term.
The WZW term is unchanged under two conditions

RP0; R2; ð2:47Þ

where

P0∶x → −x ð2:48Þ
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is the spacetime parity. In the NMCHM, RR2P0 corre-
sponds to

h → h; s → −s; ð2:49Þ

which defines the CP symmetry of the Higgs sector,
including the WZW term. In this case, one can write down
a gauge invariant Lagrangian of the form

L ¼ s
ð4πÞ2 ðnBBμνB̃μν þ nWWμνW̃μν þ nGGμνG̃μνÞ;

ð2:50Þ

where B̃μν ¼ ϵμνρσBρσ=2 and nB;W;G are integers that
measure the strengths of the gauge anomalies, which are
fixed by the fermion content in the UV.

C. Vacuum misalignment

The electroweak symmetry should be broken at the
electroweak scale. It has been shown that the EW symmetry
breaking can be viewed as due to the misalignment angle θ
with respect to the vacuum of SOð6Þ. Even assuming there
is no misalignment at the tree level, a nonvanishing θ ¼
hhi=f is generated at the loop level after the GBs obtain a
vev hhi ¼ v, becoming PNGBs. There are two energy
scales f and v, and the EWSB can be described as a two-
step process: at first, SOð6Þ is spontaneously broken down
to SOð5Þ at the scale f, giving rise to an SUð2ÞL doublet
and a singlet of GBs [15]; second, the EW symmetry is
spontaneously broken from SOð4Þ down to SOð3Þ at the
EW scale, which is defined as below, leaving an approxi-
mate custodial symmetry as

v ¼ f sin

�hh4i
f

�
≡ f sin θ; ð2:51Þ

where in the last equality, the vev is related to the
misalignment of SOð6Þ vacuum, parametrized by the
rotation angle θ; this will become clear as shown in
Eq. (2.70). In general, when the singlet s in NMCHM
also obtains nonvanishing vevs vs ¼ hsi, the quality above
needs to be slightly modified and the exact formula
becomes Eq. (5.32).
Therefore, the vacuum misalignment parameter θ is

related to the nonlinear parameter as

ffiffiffi
ξ

p
¼ sin θ ≈

hhi≫f
θ: ð2:52Þ

1. Embedding of SOð4Þ symmetry

Here we study the correspondence between the SOð6Þ=
SOð5Þ ¼ S5 PNGBs in the NMCHM and the SM Higgs. It
it convenient to reparametrize the first three components ha
as the three massless SM GBs φa with a ¼ 1, 2, 3,

ĥa ≡ h
v
φa; ð2:53Þ

and define the mixing angle φ as

sφ ≡ sin

�jφj
v

�
; cφ ≡ cos

�jφj
v

�
; ð2:54Þ

with absolute value jφj ¼ ffiffiffiffiffiffiffiffiffiffi
φaφap

.
In the following, the first four elements of the GB scalar

with SOð4Þ symmetry are embedded into a six-dimensional
fundamental scalar in SOð6Þ. We can rewrite the first four
components as a 4-vector times a phase factor U as
embedding of U in Eq. (A37) into SOð6Þ as

U≡ exp

�
i
φa

v
taL

�
¼ cφ þ iφ̂ataLsφ; ð2:55Þ

where taL ¼ 2Ta
L with Ta

L are SOð6Þ embedding generators
of custodial symmetry SUð2ÞL ≃ SOð3Þ ⊂ SOð4Þ. One
may define the GBs as

πa ≡ vsφφ̂a; ð2:56Þ

so that the unitary matrix can be reexpressed in analogy to
Eq. (A54) as

U ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

π2

v2

s
þ i

πa

v
taL; ð2:57Þ

which defines the coordinate change.
In terms of the phase factor U, the GBs matrix of

NMCHM can also be reexpressed

Ω ¼ ei
jhj
2fΞ; ΣðxÞ ¼ ei

jhj
f Ξ; ð2:58Þ

where jhj is the scalar singlet field and Ξ is the would-be
GBs nonlinear field given by

Ξ ¼
ffiffiffi
2

p
Tâĥâ ¼ −i

ffiffiffi
2

p
TrðUσα̂ÞT α̂ þ

ffiffiffi
2

p
ĥ5T 5̂; ð2:59Þ

where â ¼ 1;…; 5, and we have matched it to Eq. (2.5), by
using Eq. (A49) and σα̂ ≡ ðσ1; σ2; σ3; i12Þ with ψ defined
in Eq. (2.17) and the definition of ĥa in the unitary gauge as

ĥa ¼ 0; ĥ4 ¼ cψ ; ĥ5 ¼ sψ : ð2:60Þ

In this case, Ξ reduces to
ffiffiffi
2

p ðT 4̂cψ þ T 5̂sψÞ.
In a general case, we can parametrize the six-

dimensional fundamental scalar in SOð6Þ as Eq. (2.4),
embedding with the four-component Higgs vector in the
fundamental representation of SOð4Þ as Eq. (12) in
Ref. [25] or Eq. (A.5) in Ref. [26] as
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Φâ ¼

0
B@

sϕĥα̂

sϕĥ5
cϕ

1
CA ¼

0
B@

sϕ 1
2
Tr½Uσα̂�
sϕĥ5
cϕ

1
CA; ð2:61Þ

where for hα̂ with α̂ ¼ 1, 2, 3, 4 and in the second equality,
we have used Eq. (A48). Thus, by using the definition of
Eq. (2.12), one can parametrize the SOð6Þ fundamental
scalar with the SM Higgs embedded as

Φâ ≡

0
BBB@

sϕcψðsφφ̂aÞ
sϕcψ ðcφÞ
sϕsψ
cϕ

1
CCCA ¼v≫1

0
BBB@

sϕcψ
φa
v

sϕcψ
sϕsψ
cϕ

1
CCCA: ð2:62Þ

It is convenient to reexpress the fundamental scalar in the
unitary gauge

Φâ¼

0
BBB@

03

cψsϕ
sψsϕ
cϕ

1
CCCA¼

0
BBBBB@

03
h4sϕffiffiffiffiffiffiffiffiffiffi
h2
4
þh2

5

p
h5sϕffiffiffiffiffiffiffiffiffiffi
h2
4
þh2

5

p
cϕ

1
CCCCCA¼

0
BBBBB@

03
h
f
s
fffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1−h2þs2

f2

q

1
CCCCCA; ð2:63Þ

where in the second equality, we change into ðh; sÞ basis by
using definitions in Eq. (2.18). This gives the square root
nonlinear parametrization of SOð6Þ in analogy to that of
SOð4Þ in Eq. (A53). In the absence of the singlet s, the
fundamental representation of the scalar recovers that of
MCHM in SOð5Þ=SOð4Þ as [13,17]

Φâ ¼

0
BBB@

shsφφ̂a

shcφ
0

ch

1
CCCA ¼φ→0

0
BBB@

0

sh
0

ch

1
CCCA: ð2:64Þ

2. Embedding with rotation θ

The vacuum can be associated with an angle θ, as
the rotation angle in an S5 unit sphere. The vacuum in
the fundamental representation in Eq. (2.4), i.e., a five-
dimensional unit vector Σ0, under the rotation RðθÞ in
Eq. (2.32), becomes

Φ0ðθÞ ¼ RðθÞΦ0 ¼

0
BBB@

03×1

sθ
0

cθ

1
CCCA; ð2:65Þ

where 03×1 ¼ ð0; 0; 0ÞT , and the angle θ parametrizes the
misalignment of the vacuum with respect to the original
vacuum.

The pseudo-Nambu goldstone boson in the fundamental
representation of SOð6Þ in Eq. (2.62) becomes

Φâ ¼

0
BBBBBBBB@

ðcθsϕ − 2ĥ4sθs2ϕ
2

Þ ˆh⃗T

ĥ4cθsϕ − 2ĥ24sθs2ϕ
2

þ sθ

ĥ5ðcθsϕ − 2ĥ4sθs2ϕ
2

Þ
cθcϕ − ĥ4sθsϕ

1
CCCCCCCCA

¼θ¼2nπ

0
BBBBBBBBBBBB@

ĥ1sϕ

ĥ2sϕ

ĥ3sϕ

ĥ4sϕ

ĥ5sϕ
cϕ

1
CCCCCCCCCCCCA
; ð2:66Þ

where ˆh⃗ ¼ ðĥ1; ĥ2; ĥ3Þ with ĥa ≡ ha=ϕ, a ¼ 1, 2, 3. The
SM Higgs doublet can be defined as through the first four
elements of the fundamental SOð6Þ scalar as Eq. (A33).
Having the ĥ5 d.o.f. decoupled, it reduces to

Φâ ¼ĥ5∼0

0
BBBBB@

sϕ
ˆh⃗
T

ĥ4cθsϕ þ cϕsθ
0

−ĥ4sϕsθ þ cϕcθ

1
CCCCCA; ð2:67Þ

where ˆh⃗ ¼ ðĥ1; ĥ2; ĥ3Þ. In the GB-less limit, i.e., φ → 0 by
redefining ĥ1;2;3 ¼ φ1;2;3=v, ĥ4 ¼ cψ and ĥ5 ¼ sψ , one has

ΦâðθÞ ¼ ΩðhÞΦ0ðθÞ ¼θ¼0

0
BBBBBBBBB@

φ1

v cψsϕ
φ2

v cψsϕ
φ3

v cψsϕ
cψsϕ
sψsϕ
cϕ

1
CCCCCCCCCA

¼f→∞Φ0ðθÞ: ð2:68Þ

When θ ¼ 0, the SM electroweak group is unbroken, and
is embedded into the global SOð4Þ symmetry, and the
3þ 1 ¼ 4 EW GBs form a complex doublet of SUð2ÞL.
When ψ ¼ 0 with a small θ, then

ΦðθÞ ¼θ∼0

0
BBBBBBBB@

sin
�
h
f þ θ

�
hφiT
v

sin
�
h
f þ θ

�
0

cos
�
h
f þ θ

�

1
CCCCCCCCA
: ð2:69Þ

When θ ≠ 0, the SM vector bosons gauge the
SOð6Þ=SOð5Þ broken generators Tâ. It triggers the sponta-
neous symmetry breaking, after which, the degrees of
freedom of the three EW GBs are transferred to the
longitudinal modes of the W� and Z, respectively, so that
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they obtain masses, while a fourth one is identified as the
Higgs boson. Therefore, the EWSB is due to the misalign-
ment θ, which can be generated at the loop level as long as
the GB 4-vector acquires a vev hhi ≠ 0, so that

θ≡ hhi
f

: ð2:70Þ

It can be checked that under the automorphism sym-
metry in Eq. (2.38), the vacuum is inverse to itself

RðθÞΦðθÞ ¼

0
BBBBBBBB@

2
v sin

�
h
2f

�
cos
�

h
2f þ θ

�
hφiT

sin
�
h
f − θ

�
0

− cos
�
h
f − θ

�

1
CCCCCCCCA

¼h¼0 −ΦðθÞ: ð2:71Þ
Thus, given a generic θ, the action of R is linear on the
SOð6Þ=SOð5Þ GBs at scale f, while it is nonlinear on the
Higgs field h as well as the SUð2ÞL GBs at scale v.
Thus, according to Eq. (2.69), the fundamental scalar in

SOð6Þ becomes

ΦðhâÞ ¼

0
BBBBBBBBBB@

sin
�
h
f þ θ

�
0
BBBBB@

φ̂1sφ

φ̂2sφ

φ̂3sφ
cφ

1
CCCCCA

0

cos
�
h
f þ θ

�

1
CCCCCCCCCCA
; ð2:72Þ

where h parametrizes the SOð4Þ invariant quantum fluc-
tuation around the vacuum hhi ¼ fθ.
Under the left-right parity symmetry in Eq. (2.45), the

GB changes sign, while the Higgs is invariant,

φâ → −φâ; h → h: ð2:73Þ
From the two definitions in Eqs. (2.67) and (2.72), one

can identify the relations between ĥ and ϕ̂ as

ĥasϕ ¼ sin

�
h
f
þ θ

�
πa

v
;

ĥ4sϕ ¼ cθ sin

�
h
f
þ θ

� ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

π2

v2

s
− sθ cos

�
h
f
þ θ

�
;

cϕ ¼ cθ cos

�
h
f
þ θ

�
þ sθ sin

�
h
f
þ θ

� ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

π2

v2

s
;

ð2:74Þ

which leads to a reparametrization between ĥa and ðϕ̂a; ĥ
4Þ

with a ¼ 1, 2, 3 in SOð4Þ. In the above, we rewrite the
linearly realized φ in terms of nonlinearly realized π by
using Eq. (2.56).

III. HIGH-ENERGY EFFECTIVE
CHIRAL LAGRANGIAN

A. Nonlinear chiral Lagrangian in Σ parametrization

1. CP-even sector

For the CP-even case, one has 13 independent operators
up to Oðp4Þ,

Lhigh ¼ Lp2

high þ Lp4

high; ð3:1Þ

where the high-energy effective chiral Lagrangian Lhigh

denotes

Lp2

high ¼ c̄CL̄C þ c̄TL̄T;

Lp4

high ¼ c̄BL̄B þ c̄WL̄W þ c̄BΣL̄BΣ þ c̄WΣL̄WΣ þ
X8
n¼1

cnL̄n;

ð3:2Þ

with [49]

L̄C ¼ −
f2

4
TrðV̄μV̄μÞ;

L̄T ¼ −
f2

4
½TrðV̄μT̄Þ�2;

L̄B ¼ −
1

4
g02TrðB̄μνB̄μνÞ;

L̄W ¼ −
1

4
g2TrðW̄μνW̄μνÞ;

L̄BΣ ¼ g02TrðΣB̄μνΣ−1B̄μνÞ;
L̄WΣ ¼ g2TrðΣW̄μνΣ−1W̄μνÞ;
L̄1 ¼ gg0TrðΣB̄μνΣ−1W̄μνÞ;
L̄2 ¼ ig0TrðB̄μν½V̄μ; V̄ν�Þ;
L̄3 ¼ igTrðW̄μν½V̄μ; V̄ν�Þ;
L̄4 ¼ TrðV̄μV̄μÞTrðV̄νV̄νÞ;
L̄5 ¼ TrðV̄μV̄νÞTrðV̄μV̄νÞ;
L̄6 ¼ TrððDμV̄μÞ2Þ;
L̄7 ¼ TrðV̄μV̄μV̄νV̄νÞ;
L̄8 ¼ TrðV̄μV̄νV̄μV̄νÞ; ð3:3Þ

where V̄μ ≡ ðDμΣÞΣ−1 as defined in Eq. (B34) and T̄≡
ΣQYΣ−1 as defined in Eq. (B38). Since V̄μ is the vector
chiral field transforming in the adjoint of the gauge field,
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the corresponding covariant derivative in the adjoint
representation is defined as

DμV̄ν ¼ ∂μV̄ν þ igA½Āμ; V̄ν�: ð3:4Þ

For the SM, the explicit expression gAĀμ ¼ gW̄μ þ g0B̄μ

is given in Eq. (B22). The gauging of the SM symmetry
represents an explicit breaking of global symmetry G

DμV̄μ ¼ ∂μV̄μ þ ig½W̄μ; V̄μ� þ ig0½B̄μ; V̄μ�: ð3:5Þ

The operators listed above consist of a complete set of
independent operators basis in the description of the
interactions among G gauge bosons and the GBs associated
to G=H in the Σ parametrization. When fermions are
introduced, all operators containing DμV̄μ can be changed
into those containing fermions via equations of motion.

2. CP-odd sector

For the CP-odd case, the EW high-energy chiral
Lagrangian, up to the fourth derivatives, has six indepen-
dent operators as

L̃high ¼ L̃p2

high þ L̃p4

high; ð3:6Þ
where

L̃p2

high ¼ c̄T̃L̄T̃ ;

L̃p4

high ¼ c̄W̃L̄W̃ þ c̄B̃ΣL̄B̃Σ þ c̄W̃ΣL̄W̃Σ

þ c̄1̃L̄1̃ þ c̄2̃L̄2̃ þ c̄3̃L̄3̃; ð3:7Þ
with cñ as the coefficients [52]

L̄T̃ ¼ i
f2

4
TrðT̄DμV̄μÞ;

L̄W̃ ¼ −
g2

4
Trð ˜̄WμνW̄μνÞ;

L̄B̃Σ ¼ g02Trð ˜̄BμνΣB̄μνΣ−1Þ;
L̄W̃Σ ¼ g2Trð ˜̄WμνΣW̄μνΣ−1Þ;
L̄1̃ ¼ gg0Trð ˜̄WμνΣB̄μνΣ−1Þ;
L̄2̃ ¼ ϵμνρσTrðT̄½V̄μ; V̄ν�ÞTrðT̄½V̄ρ; V̄σ�Þ;
L̄3̃ ¼ ϵμνρσTrðV̄μV̄νV̄ρV̄σÞ; ð3:8Þ

where T̄ is defined in Eq. (B38).
By substituting the explicit expressions of the building

blocks for the Sigma parametrization in Eq. (2.2), into the
CP-even or the CP-odd operators in the high-energy
effective Lagrangian basis L̄high of Eqs. (3.1) or (3.6),
respectively, one can produce the low-energy effective
chiral Lagrangian basis Llow in Eqs. (C11) or (C15) for
the NMCHM with SOð6Þ=SOð5Þ symmetry breaking

pattern, as functions of the SM gauge bosons, the SM
would-be GBs, and theCP-even scalar field h as well as the
CP-odd scalar singlet s.

B. Nonlinear chiral Lagrangian
in Ω parametrization

The building blocks in the Σ parametrization, namely,
ðV̄μ; F̄μν; T̄Þ, can be expressed as

V̄μ ¼ ΩvμΩ−1; F̄μν ¼ ΩfμνΩ−1; T̄ ¼ ΩχΩ−1; ð3:9Þ

where ðvμ; fμν; χÞ are building blocks defined in Ω para-
metrization, as defined in Eqs. (B40), where χ ≡ΩQYΩ−1

is a custodial breaking operator, in analogy to T̄ operator in
Eq. (B38) in Σ parametrization.
Thus, the CP-even operators in the Σ parametrization

can be expressed as those in the Ω parametrization, e.g.,

V̄μV̄ν ¼ ΩðvμvνÞΩ−1; TrðV̄μV̄μÞ ¼ TrðvμvνÞ;
F̄μνF̄μν ¼ ΩðfμνfμνÞΩ−1;

F̄μνΣF̄μνðRÞΣ−1 ¼ ΩðfμνfμνðRÞÞΩ−1;

F̄μν½V̄μ; V̄ν� ¼ Ωðfμν½vμ; vν�ÞΩ−1;

T̄½V̄μ; V̄ν� ¼ ΩχΩ−1½vμ; vν�Ω−1; ð3:10Þ
where (after taking trace) the operator in the second row is a
kinetic term of gauge boson Ā of the symmetry G. The
operators in the third and fourth rows contain interactions
of gauge-GBs and gauge-gauge, respectively. Similarly, for
the CP-odd case, we have

˜̄FμνF̄μν ¼ Ωðf̃μνfμνÞΩ−1;

˜̄FμνΣF̄μν;RΣ−1 ¼ Ωðf̃μνfμνðRÞÞΩ−1;

˜̄Fμν½V̄μ; V̄ν� ¼ Ωðf̃μν½vμ; vν�ÞΩ−1; ð3:11Þ

where, (after taking trace) the operator in the first line is the
topological θ phase term for the unbroken gauge group H.
The operator in the third line contains interactions between
gauge bosons and GBs.
The covariant adjoint derivative in Eq. (3.4) becomes

DμV̄ν ¼ Ω
�
∇μvν þ

1

2
½vμ; vν�

�
Ω−1

¼ 2iΩð∇μdν þ i½dμ; dν�ÞΩ−1; ð3:12Þ

where ∇μvν ¼ ∂μvν þ i½eμ; vν� ¼ Dμvν þ i½ēμ; vν� where
Dμvν ¼ ∂μvν þ igA½Āμ; vν� and vν ¼ 2idν. In the above
derivation, we have used the commutation relations that
½Āμ;Ω� ¼ ½Ω−1; Āμ� ¼ 0 due to the property of unbroken
generators in Āμ ¼ Āa

μTa as well as Eq. (B50). For gauge
fields under the SM gauge group, i.e., F̄ ¼ ðW̄; B̄Þ, it can be
written explicitly as
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W̄μν ¼ ΩwμνΩ−1; B̄μν ¼ ΩbμνΩ−1; ð3:13Þ

where we have used the new notations f−μν ¼ ðwμν; bμνÞ
which are defined in Eqs. (B53) and (B54).
In the end, all of the gauge fields fμν; ðwμν; bμνÞ can be

decomposed in the automorphism states, by using Eq. (B55).
On the other hand, we may use the new notations for vμ ¼
2idμ as denoted in Eq. (B48), to make replacement for all of
operators in the effective Lagrangians.

1. CP-even sector

In the Ω parametrization, the CP-even operators in
Eq. (3.3) can be simplified as

L̄C ¼ −
f2

16
TrðvμvμÞ; L̄2 ¼ ig0Trðbμν½vμ; vν�Þ;

L̄T ¼ −
f2

16
½TrðvμχÞ�2; L̄3 ¼ igTrðwμν½vμ; vν�Þ;

L̄B ¼ −
1

4
g02TrðbμνbμνÞ; L̄4 ¼ TrðvμvμÞTrðvνvνÞ;

L̄W ¼ −
1

4
g2TrðwμνwμνÞ; L̄5 ¼ TrðvμvνÞTrðvμvνÞ;

L̄BΣ ¼ g02TrðbðRÞ
μν bμνÞ; L̄6 ¼ Trðð∇μvμÞ2Þ;

L̄WΣ ¼ g2TrðwðRÞ
μν wμνÞ; L̄7 ¼ TrðvμvμvνvνÞ;

L̄1 ¼ gg0TrðbðRÞ
μν wμνÞ; L̄8 ¼ TrðvμvνvμvνÞ; ð3:14Þ

or, equivalently,

L̄C ¼ f2

4
TrðdμdμÞ;

L̄T ¼ f2

4
½TrðdμχÞ�2;

L̄B ¼ −
1

4
g02Tr½ðbþμν þ b−μνÞ2�;

L̄W ¼ −
1

4
g2Tr½ðwþ

μν þ w−
μνÞ2�;

L̄BΣ ¼ g02Tr½ðbþμνÞ2 − ðb−μνÞ2�;
L̄WΣ ¼ g2Tr½ðwþ

μνÞ2 − ðw−
μνÞ2�;

L̄1 ¼ gg0Tr½ðbþμν − b−μνÞwμν�;
L̄2 ¼ −4ig0Trððbþμν þ b−μνÞ½dμ; dν�Þ;
L̄3 ¼ −4igTrððwþ

μν þ w−
μνÞ½dμ; dν�Þ;

L̄4 ¼ 16TrðdμdμÞTrðdνdνÞ;
L̄5 ¼ 16TrðdμdνÞTrðdμdνÞ;
L̄6 ¼ −4Tr½ð∇μdμÞ2�;
L̄7 ¼ 16TrðdμdμdνdνÞ;
L̄8 ¼ 16TrðdμdνdμdνÞ; ð3:15Þ

where there is an addition factor 1=4 in front of L̄C by
imposing the rule in Eq. (2.25), since we are going from Σ
to Ω parametrization. w�

μν, b�μν can be expressed in terms of
CCWZ covariant building blocks dμ, eμν as explicitly
shown in Eq. (B66).

2. CP-odd sector

In the Ω parametrization, the CP-odd operators in
Eq. (3.8) can be simplified as

L̄T̃ ¼ i
f2

16
Tr½ð∇μvμÞχ�;

L̄W̃ ¼ −
1

4
g2Trðw̃μνwμνÞ;

L̄B̃Σ ¼ g02Trðb̃μνbðRÞμνÞ;
L̄W̃Σ ¼ g2Trðw̃μνwðRÞμνÞ;
L̄1̃ ¼ gg0Trðw̃μνbRμνÞ;
L̄2̃ ¼ ϵμνρσTrðχ½vμ; vν�ÞTrðχ½vρ; vσ�Þ;
L̄3̃ ¼ ϵμνρσTrðvμvνvρvσÞ; ð3:16Þ

or equivalently,

L̄T̃ ¼ −
f2

8
Tr½ð∇μdμÞχ�;

L̄W̃ ¼ −
1

4
g2Tr½ðw̃þ

μν þ w̃−
μνÞðwþμν þ w−μνÞ�;

L̄B̃Σ ¼ g02Tr½ðb̃þμν þ b̃−μνÞðbþμν − b−μνÞ�;
L̄W̃Σ ¼ g2Tr½ðw̃þ

μν þ w̃−
μνÞðwþμν − w−μνÞ�;

L̄1̃ ¼ −gg0Tr½ðw̃þ
μν þ w̃−

μνÞðbþμν − b−μνÞ�;
L̄2̃ ¼ 16ϵμνρσTrðχ½dμ; dν�ÞTrðχ½dρ; dσ�Þ;
L̄3̃ ¼ 16ϵμνρσTrðdμdνdρdσÞ: ð3:17Þ

Therefore, the building blocks for the Omega para-
metrization in the CCWZ formalism are all

dμ; eμν; fμν: ð3:18Þ

Since f�μν ¼ ðw�
μν; b�μνÞ are not independent of dμ and eμν,

one can make a choice as Eq. (B77).
With the building blocks shown above, we can obtain the

high-energy effective Lagrangian up to p4 order.
In the CCWZ approach, according to Eq. (B26), by

projecting upon the broken generators of the Maurer-Cartan
form, one obtains the elements of dμ and eμ fields, along
broken and unbroken generators, respectively as
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dâμ ¼ TrðωμTâÞ ¼ −iTr½ðΩ†∂μΩÞTâ�;
eaμ ¼ TrðωμTaÞ ¼ −iTr½ðΩ†∂μΩÞTa�; ð3:19Þ

where Ω is defined in Eq. (2.9), Ω† ¼ Ω−1.
In the NMCHM, the broken generators Tâ are given in

Eqs. (A5) and (A7), and can be expressed as

Tâ ¼ −i
1ffiffiffi
2

p
� 04 1â

−1Tâ 0

�
; ð3:20Þ

where 04 ¼ diagð0; 0; 0; 0Þ, 1â is a 4-vector with only
nonvanishing component 1 along the âth direction. The
factor in front is normalization of the generators
in Eq. (A1).
The ωμ ≡ −iΩ−1∂μΩ is defined as introduced in

Eq. (B26) in the vector formalism as

ωμ ¼ −i
�m11 m12

m21 m22

�
; ð3:21Þ

with the block components as

m11 ¼ −
1

2
s2ϕ½ð∂μϕ̂Þϕ̂T − ϕ̂ð∂μϕ̂

TÞ�; m22 ¼ sϕð∂μϕ̂Þ;

m12 ¼
1

f
ð∂μjϕjÞϕ̂þ sϕð∂μϕ̂Þ − ð1 − cϕÞsϕϕ̂ϕ̂Tð∂μϕ̂Þ;

m21 ¼ −
1

f
ð∂μjϕjÞϕ̂T þ sϕð1 − cϕÞð∂μϕ̂

TÞðϕ̂ϕ̂TÞ

− sϕð∂μϕ̂
TÞ; ð3:22Þ

where ϕ̂ϕ̂T ¼ 1 so that ϕ̂ϕ̂T ¼ ðϕ̂ϕ̂TÞ2 and ∂μðϕ̂Tϕ̂Þ ¼ 0

are used.
With the explicit expression of ωμ given in Eq. (3.22),

one can read

dâμ ¼
ffiffiffi
2

p �
1

f
ð∂μjϕjÞϕ̂â þ sϕcϕð∂μϕ̂

âÞ
�
: ð3:23Þ

By using the identities

∂μðϕ̂ϕ̂TÞ ¼ ∂μðϕϕTÞ
jϕj2 − 2

∂μjϕj
jϕj3 ðϕϕTÞ;

∂μϕ̂ ¼ 1

jϕj ∂μϕ −
∂μjϕj
jϕj2 ϕ; ð3:24Þ

dμ can be reexpressed as

dâμ ¼
ffiffiffi
2

p �
1

2

�
2sϕcϕ
jϕj −

1

f

�
ϕâ

jϕj2 ∂μjϕj2 −
2sϕcϕ
jϕj ∂μϕ

â

	
:

ð3:25Þ

The kinetic derivative ∂μ above can be generalized to be the
covariant derivative as that in Eq. (B20)

∂μ → Dμ ¼ ∂μ þ i½Aa
μTa;Σ� þ ifAâ

μTâ;Σg: ð3:26Þ
For the SM, fWa

μ; Bμg ∈ Aa
μ, we have

Dμ ¼ ∂μ þ i½Wa
μQa

L;Σ� þ i½BμQY;Σ�; ð3:27Þ
where the gauge couplings g, g0 are absorbed into the Wa

μ

and Bμ, respectively. The explicit expression of the covar-
iant derivative terms as well as the Omega parametrization
building blocks in the EW sector of NMCHM are shown in
Appendix 1 d.

IV. MATCHING TO EW CHIRAL
LAGRANGIAN

A. CP-even sector

1. p2 order in Σ parametrization

The leading-order high-energy effective Lagrangian up
to the two derivatives is

L̄C ¼ 1

2
ð∂μϕÞ2 þ 2sin2

�
ϕ

2f

�
ð∂μψÞ2

− f2cos2
�
ψ

f

�
sin2
�
ϕ

2f

�
TrðVμVμÞ

≡ FHLH þ F sLs þ FCLC;

L̄T ¼ −
1

ξ
cos4

�
ψ

f

�
sin4
�
ϕ

2f

�
LT

≡ F TLT; ð4:1Þ
where we have used Eq. (B34) in the Σ parametrization. The
first lines are kinetic terms for the field ϕ, in analogy to LH
defined in Eq. (C9). The leading-order operator LC;T is
associatedwith the two gauge bosons as defined in Eq. (C10)
or more explicitly shown in Eq. (C14) in Appendix. C.
In the absence of the singlet, i.e., ψ ¼ 0 (or s ¼ 0), the

leading-order high-energy effective Lagrangian in the
NMCHM just leads to those in the MCHM as [13,17]

L̄C ¼ 1

2
ð∂μhÞ2 − f2sin2

�
h
2f

�
TrðVμVμÞ;

L̄T ¼ −
1

ξ
sin4
�
h
2f

�
LT; ð4:2Þ

where the first two terms describe the low-energy projec-
tion of the custodial preserving two derivative operators.

2. p4 order in Σ parametrization

In the NMCHM, the operators in the high-energy
effective chiral Lagrangian in Eq. (3.3) are related to the
low-energy chiral EW Lagrangian in Eq. (C11)
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L̄B ¼ LB;

L̄W ¼ LW;

L̄BΣ ¼ −4
�
1 − cos2

�
ψ

f

�
sin2
�
ϕ

2f

�	
LB;

L̄WΣ ¼ −4
�
1 − cos2

�
ψ

f

�
sin2
�
ϕ

2f

�	
LW;

L̄1 ¼ cos2
�
ψ

f

�
sin2
�
ϕ

2f

�
L1;

L̄2 ¼ cos2
�
ψ

f

�
sin2
�
ϕ

2f

�
L2 þ cos2

�
ψ

f

�
sin

�
ϕ

f

�
LðϕÞ
4

− 2 sin

�
2ψ

f

�
sin2
�
ϕ

2f

�
LðψÞ
4 ;

L̄3 ¼ 2cos2
�
ψ

f

�
sin2
�
ϕ

2f

�
L3 − 2cos2

�
ψ

f

�
sin

�
ϕ

f

�
LðϕÞ
5

þ 4 sin

�
2ψ

f

�
sin2
�
ϕ

2f

�
LðψÞ
5 ;

L̄4 ¼ 4LDϕ þ 16cos4
�
ψ

f

�
sin4
�
ϕ

2f

�
L6

− 16cos2
�
ψ

f

�
sin2
�
ϕ

2f

�
LðϕÞ
20 þ 64sin4

�
ϕ

2f

�
LDψ

− 64cos2
�
ψ

f

�
sin4
�
ϕ

2f

�
LðψÞ
20 ;

L̄5 ¼ 4LDϕ þ 16cos4
�
ψ

f

�
sin4
�
ϕ

2f

�
L11

− 16cos2
�
ψ

f

�
sin2
�
ϕ

2f

�
LðϕÞ
8 þ 64sin4

�
ϕ

2f

�
LDψ

− 64cos2
�
ψ

f

�
sin4
�
ϕ

2f

�
LðψÞ
8 ;

L̄6 − 2cos2
�
ψ

f

�
sin2
�
ϕ

2f

��
1 − cos2

�
ψ

f

�
sin2
�
ϕ

2f

�	
L6

þ 4cos2
�
ψ

f

�
sin2
�
ϕ

2f

�
L9

− 2L□ϕ þ 4cos2
�
ψ

f

�
cos2

�
ϕ

2f

�
LðϕÞ
8

− 8sin2
�
ϕ

2f

�
L□ψ þ 16sin2

�
ψ

f

�
sin2
�
ϕ

2f

�
LðψÞ
8

− 2cos2
�
ψ

f

�
sin

�
ϕ

f

�
ðLðϕÞ

7 − 2LðϕÞ
10 Þ

þ 4 sin

�
2ψ

f

�
sin2
�
ϕ

2f

�
ðLðψÞ

7 − 2LðψÞ
10 Þ;

L̄7 ¼
1

4
ðL̄4 þ L̄5Þ;

L̄8 ¼
1

2
L̄5; ð4:3Þ

where LðϕÞ
n , LðψÞ

n are defined as Ln with the following
replacement rules:

h=v → ϕ=f; or; h=v → ψ=f; ð4:4Þ
respectively, and similarly for LDϕ and L□ϕ etc.
The L̄7;8 do not give independent contributions since

they can be expressed in linear combinations of other
operators. The traces of four V̄μ can be expressed as
products of traces of two V̄μ. Therefore, there are
2þ 6 ¼ 8 independent operators. The explicit expression
of the low-energy chiral Lagrangian in NMCHM are list in
Eq. (C14) in Appendix. C. in the absence of the CP-odd
singlet, ψ ¼ 0 (s ¼ 0, or h5 ¼ 0), the result just recovers
Eq. (4.18) in Ref. [49] in the MCHM.
The above are model-dependent relations relating the

d.o.f. of the high-energy sector to that of the low-energy
sector. These are still valid even after EWSB in which Higgs
obtains vev at EW scale v as will be discussed in Eq. (1.7).

B. CP-odd sector

1. p2 order: Topological θ phase

The leading-order operator with at most two derivative in
terms of p2 order reads as

L̄T̃ ¼ −
1

ξ
cos2

�
ψ

f

�
sin2
�
ϕ

2f

�
LT̃ : ð4:5Þ

2. p4 order: Higgs couplings to gauge bosons

For the NMCHM, the dimension four operators in the
high-energy effective Lagrangian in Eq. (3.8) are related to
the low-energy EW chiral Lagrangian in Eq. (C15) as

L̄B̃ ¼ 0;

L̄W̃ ¼ LW̃;

L̄B̃Σ ¼ −4
�
1 − cos2

�
ψ

f

�
sin2
�
ϕ

2f

�	
LB̃;

L̄W̃Σ ¼ −4
�
1 − cos2

�
ψ

f

�
sin2
�
ϕ

2f

�	
LW̃;

L̄1̃ ¼
1

2
cos2

�
ψ

f

�
sin2
�
ϕ

2f

�
L1̃;

L̄2̃ ¼ 4cos4
�
ψ

f

�
sin4
�
ϕ

2f

�
ðLB̃ − LW̃Þ

þ 2cos4
�
ψ

f

�
cos

�
ϕ

2f

�
sin3
�
ϕ

2f

�
ðLðϕÞ

2̃
þ 2LðϕÞ

3̃
Þ;

L̄3̃ ¼ 0; ð4:6Þ
where we list the explicit expressions of CP-odd low-
energy chiral effective Lagrangian in Eqs. 482. The first
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two are topological θ phase terms for non-Abelian gauge
symmetry and analogous to the QCD θ term. Namely,
in principle, one has the EW θ term as a free parameter

in the SM. For LðϕÞ
2̃;3̃
, we also used the rules setup in

Eq. (4.4). In the last equality, we have used that L̄3̃ ¼
ϵμνρσTrðV̄μV̄νÞTrðV̄ρV̄σÞ for SOð6Þ=SOð5Þ. It is interesting
to observe that, at p4 order, which can be due to
contributions from one loops, the low-energy chiral
Lagrangian of the L̄B̃;W̃Σ would lead to a nonvanishing
topological θ phase. In the absence of the CP-odd singlet,
i.e, ψ ¼ 0 or s ¼ 0, the results just recover Eq. (4.6) in
Ref. [52] for MCHM. We also make a comparison with a
set of high-energy effective operators defined in literature
as explicitly calculated in Appendix. B 7.

V. HIGGS FUNCTIONS

In this section, we express the Higgs functions in the
low-energy chiral Lagrangian in terms of the Higgs
dependence on a high-energy Lagrangian.
The low-energy EW chiral Lagrangian that describes the

gauge-Goldstone and the gauge-scalar interactions up to
the four derivatives can be written as

Llow ¼ Lp2

low þ Lp4

low; ð5:1Þ

which is explicitly described in Appendix C. To match the
Wilson coefficients of the low-energy effective operators to
the high-energy Higgs-dependent function, we need to
match the different degrees of freedom above and below the
EW scale.

A. Higgs kinetic terms below EW scale

1. The ðϕ;ψÞ basis: Polar coordinates
The CP-even p2 order high-energy effective Lagrangian

with at most two derivatives is a custodial preserving one as
given inEq. (4.1) forNMCHM, in theΩ parametrization [26]

L̄C ¼ Lϕ þ sin2
�
ϕ

f

�
Lψ

−
f2

4
cos2

�
ψ

f

�
sin2
�
ϕ

f

�
TrðVμVμÞ;

L̄T ¼ −
1

4ξ
cos4

�
ψ

f

�
sin4
�
ϕ

f

�
LT; ð5:2Þ

whereLC is the custodial preserving two derivative operators
as defined in Eqs. (C10) with explicit expression given in
Eq. (C14). The first line describes the kinetic terms and the
second line describes the scalar gauge boson couplings.Lϕ;ψ

is defined in analogy toLH inEq. (C9),which are canonically
normalized kinetic terms for the field ϕ and the phase ψ . To
be explicit, the kinetic term is

Lkin ¼
1

2
ð∂μϕÞð∂μϕÞ þ 1

2
sin2
�
ϕ

f

�
ð∂μψÞð∂μψÞ; ð5:3Þ

which just recovers Eq. (5.18) in the Cartesian ðh; sÞ basis.
This result is consistent with that in Eq. (A.34) for MCHM
in Ref. [49].
After EWSB, the scalars obtain vevs

ϕ → ϕ̂þ hϕi; ψ → ψ̂ þ hψi: ð5:4Þ

The SM gauge bosonsW and Z, obtain masses from the last
term in Eq. (5.2),

Lmass ¼ −
f2

4
cos2

�
vψ
f

�
sin2
�
vϕ
f

�
TrðVμVμÞ

≡ 1

2
m2

W ½ððW1
μÞ2 þ ðW2

μÞ2Þ þ � � ��; ð5:5Þ

where the W gauge boson mass by definition should be
consistent with the definition of the EW scale v. To be
consistent with the definition of the EW scale v, defined by
the W mass m2

W ≡ g2v2=4, it is entailed to impose that

v2 ≡ sin2
�hϕi

f

�
cos2

�hψi
f

�
; ð5:6Þ

which just reproduces Eq. (1.7) with vϕ ≡ hϕi and
vψ ≡ hψi. It is convenient to define the ratio between
the EW scale and the symmetry breaking scale f:

ξ≡ hhi2
f2

¼ sin2
�hϕi

f

�
cos2

�hψi
f

�
; ð5:7Þ

where ξ is the parameter quantifying the d.o.f. of the
nonlinearity of the Higgs dynamics as defined in (1.7).
Equivalently, from linear representation of the funda-

mental scalar of SOð6Þ in Eq. (2.63), one can also write
down the kinetic terms of both a scalar ϕ and a pseudo-
scalar ψ, which corresponds to a sphere with standard
metric as [25]

Lkin ¼
1

2
∂μΦT∂μΦ ¼ 1

2f2
½ð∂μϕÞ2 þ s2ϕð∂μψÞ2�; ð5:8Þ

which is consistent with the leading p2 order of the
nonlinearly realized effective chiral Lagrangian from the
NMCHM, as shown in Eq. (5.2).

2. The ðh;sÞ basis
In the projection of the ðh; sÞ parametrization, the kinetic

terms in Eq. (5.8) become
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Lkin ¼
1

2f2

�
ð∂μhÞ2 þ ð∂μsÞ2 þ

ðh∂μhþ s∂μsÞ2
f2 − h2 − s2

�

þ 1

8
h2½g2ððW1

μÞ2 þ ðW2
μÞ2Þ þ ðgW3

μ − g0BμÞ2�:
ð5:9Þ

By making a rescaling of ðh; sÞ → ðfh; fsÞ, so that
the dimensionful ðh; sÞ becomes dimensionless, the
Lagrangian Lkin reads as

Lkin ¼
1

2

�
ð∂μhÞ2 þ ð∂μsÞ2 þ

ðh∂μhþ s∂μsÞ2
1 − h2 − s2

�

þ 1

4
g2f2h2

�
WþμW−

μ þ 1

2c2W
ZμZμ

�
; ð5:10Þ

where cW ≡ cos θW ¼ g=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ g02

p
is by definition of the

Weinberg angle θW . This just recovers Eq. (11) in Ref. [23]
or Eq. (A.5) in Ref. [24] for the NMCHM.
In the absence of s, this leads to the kinetic term of the

Higgs singlet as well as the gauge boson mass term as

Lh ¼
1

2

�
∂μh∂μhþ

�
h
v
þ 1

�
2

ð2m2
WW

þ
μ Wμ− þm2

ZZμZμÞ
	
;

ð5:11Þ

where the charged weak gauge bosons are defined as
W�

μ ≡ ðW1
μ ∓ iW2

μÞ=
ffiffiffi
2

p
, the neutral weak gauge boson

is Zμ ¼ gW3
μ − g0Bμ and after EWSB, i.e., h → ĥþ hhi, the

bosons W�
μ and Zμ obtains mass

m2
W ¼ 1

4
g2v2; m2

Z ¼ 1

4
ðg2 þ g02Þv2: ð5:12Þ

We have the parameter ξ≡ v2=f2 ¼ v2h=f
2 with vh ≡ hhi.

In the presence of singlet s, i.e., s → ŝþ hsi, the vevs
ðvϕ; vψÞ can be expressed in terms of ðvh; vsÞ as

vψ ¼ f arctan

�
vs
vh

�
;

vϕ ¼ f arcsin

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2h þ v2s

p
f

�
; ð5:13Þ

where vs ≡ hsi. In the EWSB vacuum identified as vψ ¼ 0

(or vs ¼ 0), one has

vϕ ¼ f arcsin
ffiffiffi
ξ

p
: ð5:14Þ

In this case, the nonlinearity exactly recovers that in the
MCHM as

ξ ¼ sin ðvϕ=fÞ: ð5:15Þ

Consider the physical Higgs excitation h around v, one
has

tan

�
hþ v
f

�
¼

ffiffiffiffiffiffiffiffiffiffi
1 − ξ

p
sh þ

ffiffiffi
ξ

p
chffiffiffiffiffiffiffiffiffiffi

1 − ξ
p

ch þ
ffiffiffi
ξ

p
sh

; ð5:16Þ

where sh ¼ sin ðh=fÞ and ch ¼ cos ðh=fÞ.
In the NMCHM, one can also change from the polar

coordinate ðϕ;ψÞ to the Cartesian ðh; sÞ coordinate with
replacement rules:

Lϕ →
1

1 − ξ
LH; Lψ →

1

ξ
LS; ð5:17Þ

where LS ≡ ð∂μsÞ2=2 and we have used Eq. (2.29).
It turns out that, in the ðh; sÞ field basis, the custodial

preserving terms in the high-energy effective Lagrangian in
Eq. (5.2) becomes

L̄CðΣÞ ¼
1

2

�
ð∂μhÞ2 þ ð∂μsÞ2 þ

ðh∂μhþ s∂μsÞ2
f2 − h2 − s2

�
þ…;

ð5:18Þ

where the first terms are kinetic terms and are not
canonically normalized yet as

Lðh;sÞ
kin ¼ ð∂μh; ∂μsÞKðh; sÞð∂μh; ∂μsÞT; ð5:19Þ

where Kðh; sÞ is the matrix of kinetic terms with non-
diagonal mixing terms of ∂μh∂μs,

Kðh; sÞ ¼ 1

2

0
B@

f2−s2
f2−h2−s2

hs
f2−h2−s2

hs
f2−h2−s2

f2−h2
f2−h2−s2

1
CA: ð5:20Þ

After EWSB, vs ¼ hsi ≠ 0 and vh ¼ hhi, it can cause
mixing and the eigenvalue matrix is [63]

Lðh;sÞ
kin ¼ ∂μðh; sÞ

�
F11 F12

F21 F22

�
∂μ

�
h

s

�

→ λþð∂μhÞ2 þ λ−ð∂μsÞ2; ð5:21Þ

where

F11 ¼
1

2

�
1þ v2h

f2 − v2h − v2s

�
;

F12 ¼ F21 ¼
1

2

vhvs
f2 − v2h − v2s

;

F22 ¼
1

2

�
1þ v2s

f2 − v2h − v2s

�
: ð5:22Þ
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The kinetic matrix can be diagonalized where the eigen-
values are

λþ ¼ 1

2

1

1 − v2hþv2s
f2

¼ 1

2c2hϕi
; λ− ¼ 1

2
: ð5:23Þ

In the SM case, s ¼ hsi ¼ vs ¼ 0,

shϕi ¼
ffiffiffi
ξ

p
; chϕi ¼

ffiffiffiffiffiffiffiffiffiffi
1 − ξ

p
; ð5:24Þ

one has [26]

λþ ¼ 1

2ð1 − ξÞ ; λ− ¼ 1

2
: ð5:25Þ

Then after rescaling, the physical singlets can be
expressed as

h →
vh

hffiffiffiffiffiffi
2λþ

p − vs
sffiffiffiffiffiffi
2λ−

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2h þ v2s

p ¼ vhhchϕi − vssffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2h þ v2s

p ¼vs¼0
h
ffiffiffiffiffiffiffiffiffiffi
1 − ξ

p
;

s →
vh

sffiffiffiffiffiffi
2λ−

p þ vs
hffiffiffiffiffiffi
2λþ

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2h þ v2s

p ¼ vhsþ vshchϕiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2h þ v2s

p ¼vs¼0
s: ð5:26Þ

In the following, to simplify our physical results, we use
this eigenbasis from the Σ parametrization to deduce the
physical observables, such as the anomalous couplings of
the Higgs boson to two gauge bosons, etc. In the EW
vacuum, one needs to impose the

h → vþ
ffiffiffiffiffiffiffiffiffiffi
1 − ξ

p
h; s → s: ð5:27Þ

After redefinition, the kinetic terms are canonically nor-
malized as

Lðh;sÞ
kin → Lh þ Ls ¼

1

2
½ð∂μhÞ2 þ ð∂μsÞ2�; ð5:28Þ

where the kinetic mixing terms are vanishing.

3. The ðh4;h5Þ basis: Cartesian coordinates

When going back to the original (h4, h5) basis instead of
the (h, s) and (ϕ;ψ) basis, according to Eq. (2.15), refer to
Table. I, the kinetic term in Eqs. (5.8) or (5.18) can be
expressed more explicitly as

Lðh4;h5Þ
kin ¼ ðh4∂μh4 þ h5∂μh5Þ2

2ðh24 þ h25Þ

þ ðh5∂μh4 − h4∂μh5Þ2
2ðh24 þ h25Þ2

f2sin2

0
B@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h24 þ h25

q
f

1
CA

¼ ð∂μh4; ∂μh5ÞKðh4; h5Þð∂μh4; ∂μh5ÞT; ð5:29Þ

where Kðh4; h5Þ is the kinetic matrix with a nondiagonal
mixing term of ∂μh4∂μh5 as

Kðh4; h5Þ ¼
1

2

�
K11 K12

K21 K22

�
; ð5:30Þ

with

K11 ¼
h24

h24 þ h25
þ
h25f

2sin2
� ffiffiffiffiffiffiffiffiffiffi

h2
4
þh2

5

p
f

�
ðh24 þ h25Þ2

;

K12 ¼ K21 ¼
h4h5

h24 þ h25
−
h4h5f2sin2

� ffiffiffiffiffiffiffiffiffiffi
h2
4
þh2

5

p
f

�
ðh24 þ h25Þ2

;

K22 ¼
h25

h24 þ h25
þ
h24f

2sin2
� ffiffiffiffiffiffiffiffiffiffi

h2
4
þh2

5

p
f

�
ðh24 þ h25Þ2

: ð5:31Þ

One can also transfer the vev from the ðϕ;ψÞ basis to the
ðh4; h5Þ basis,

v
f
¼

ffiffiffi
ξ

p
¼ v4ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v24 þ v25

q sin

0
B@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v24 þ v25

q
f

1
CA ¼ vh

f
; ð5:32Þ

where v4 ≡ hh4i and v5 ≡ hh5i are vevs of h4 and h5,
respectively.
In the absence of h5, the kinetic term just recovers that of

MCHM in the leading p2 order effective Lagrangian of
MCHM inΩ parametrization in Eq. (5.3). One can promote
the h4 to be the SOð4Þ global invariants as

jHj2 ¼ h21 þ h22 þ h23 þ h24 ¼ ðhþ vÞ2; ð5:33Þ

and relabel the singlet h5 ¼ η. In this case, the kinetic terms
in Eq. (5.29) are promoted to be more generic ones with

LðH;ηÞ
kin ¼ f2sin2ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jHj2 þ η2

p
=fÞ

2ðjHj2 þ η2Þ ½ð∂μHÞ†ð∂μHÞ þ ∂μη∂μη�

þ ½∂μðjHj2 þ η2Þ�2
8ðjHj2 þ η2Þ

�
1−

f2sin2ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jHj2 þ η2

p
=fÞ

jHj2 þ η2

�
:

ð5:34Þ

It is also interesting to observe that the metric in front of the
Higgs kinetic terms L ¼ gab∂μha∂hb=2, can be expressed
with a metric

gab ¼
f2 sin2 ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jHj2 þ η2

p
=fÞ

2ðjHj2 þ η2Þ δab: ð5:35Þ

In the weak coupling limit f → ∞, the second term
disappears, while the first term just recovers the kinetic
terms of the SM Higgs doublet and η

LðH;ηÞ
kin ¼f→∞ 1

2
½ð∂μHÞ†∂μH þ ∂μη∂μη�: ð5:36Þ
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By gauging the theory with replacing ∂μ → Dμ, after
EWSB, in the f → ∞ limit, one would expect to obtain
the Lagrangian of the SM effective field theory as a series
of expansions. In the unitary gauge, H†H¼jHj2¼ðvþhÞ2
and ∂μðH†HÞ ¼ 2ðvþ hÞ∂μh.

B. Higgs function in ðϕ;ψÞ basis
1. CP-even case

For CP-even operators at Oðp2Þ order, i.e., with at most
two derivatives,

Lp2

low ¼ cCLCFC þ cTLTF T þ cHLHFH; ð5:37Þ
where LT;C are the leading-order low-energy CP-even
chiral effective Lagrangians introduced in Eq. (C11) and
LH is the canonically normalized Higgs singlet kinetic term
defined in Eq. (C9). For briefness, henceforth we have
neglect the explicit h dependence expression for F ðhÞ,
instead by making the abbreviation F . The multiplicative
terms F n in terms of the Higgs functions, are the generic
polynomial functions of h. For the composite Higgs model,
F n is the trigonometric functions of h=f. For the NMCHM,
the Higgs functions can be read directly from Eq. (4.1)
through the matching below as

c̄CL̄C ≡ FHcHLH þ F ScSLS þ FCcCLC;

c̄TL̄T ≡ F TcTLT; ð5:38Þ

where

FHcH ¼ c̄C; F ScS ¼ sin2
�
ϕ

f

�
c̄C;

FCcC ¼ 4

ξ
sin2
�
ϕ

2f

�
cos2

�
ψ

f

�
c̄C;

F TcT ¼ −
1

ξ
cos4

�
ψ

f

�
sin4
�
ϕ

2f

�
c̄T : ð5:39Þ

Assume that v and vs are the expectation values of Higgs h
and singlet s as

v≡ 2f arcsin

� ffiffiffi
ξ

p
2

sec
vs
f

�
¼vs¼0

2f arcsin

� ffiffiffi
ξ

p
2

�
: ð5:40Þ

The Higgs function after expansion gives coefficients as

FHcH ¼ c̄H;

FCcC ¼ c̄C

�
1þ 2aC

h
v
þ bC

h2

v2
þ…

�
;

F TcT ¼ −
ξ

16
c̄T

�
1þ 2aT

h
v
þ bT

h2

v2
þ…

�
; ð5:41Þ

where FH ¼ 1 when cH ¼ c̄H and

aC ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2s −

1

4
ξ

r
¼vs¼0

ffiffiffiffiffiffiffiffiffiffiffi
1 −

ξ

4

r
≈ 1 −

ξ

8
;

bC ¼ c2s −
1

2
ξ ¼vs¼0

1 −
1

2
ξ;

aT ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4c2s − ξ

q
¼vs¼0 ffiffiffiffiffiffiffiffiffiffi

4 − ξ
p

≈ 4 −
ξ

2
;

bT ¼ 6c2s − 2ξ ¼vs¼0
6 − 2ξ; ð5:42Þ

where we have defined cs ¼ cos ðvs=fÞ. These result for
FH in the Ω parametrization after Σ decomposition, which
just recovers exactly Eq. (7.4) in Ref. [49].
For the CP-even operators at p4 order,

Lp4

low ¼ cBLBFB þ cWLWFW þ
X26
n¼1

cnLnF n

þ c□HL□HF□H þ cΔHLΔHFΔH

þ cDHLDHFDH: ð5:43Þ
The low-energy CP-even chiral effective Lagrangian
LB;W;n is introduced in Eq. (C11) and L□H;△H;DH is the
higher order operator denoted in Eq. (C9).
From NMCHM, we find the Higgs functions as

cBFB ¼ c̄B − 4c̄BΣ

�
1 − cos2

�
ψ

f

�
sin2
�
ϕ

2f

�	
;

cWFW ¼ c̄W − 4c̄WΣ

�
1 − cos2

�
ψ

f

�
sin2
�
ϕ

2f

�	
;

cDHF
ðϕÞ
DH ¼ 4ξ2ðc̄4 þ c̄5Þ;

cDHF
ðψÞ
DH ¼ 64ξ2ðc̄4 þ c̄5Þsin4

�
ϕ

2f

�
;

c□HF
ðϕÞ
□H ¼ −2ξc̄6;

c□HF
ðψÞ
□H ¼ −8c̄6ξsin2

�
ϕ

2f

�
;

c1F 1 ¼ c̄1cos2
�
ψ

f

�
sin2
�
ϕ

2f

�
;

c2F 2 ¼ c̄2cos2
�
ψ

f

�
sin2
�
ϕ

2f

�
;

c3F 3 ¼ 2c̄3cos2
�
ψ

f

�
sin2
�
ϕ

2f

�
;

c4F
ðϕÞ
4 ¼ c̄2

ffiffiffi
ξ

p
cos2

�
ψ

f

�
sin

�
ϕ

f

�
;

c4F
ðψÞ
4 ¼ −2c̄2

ffiffiffi
ξ

p
sin

�
2ψ

f

�
sin2
�
ϕ

2f

�
;

c5F
ðϕÞ
5 ¼ −2c̄3

ffiffiffi
ξ

p
cos2

�
ψ

f

�
sin

�
ϕ

f

�
;

c5F
ðψÞ
5 ¼ 4c̄3

ffiffiffi
ξ

p
sin

�
2ψ

f

�
sin2
�
ϕ

2f

�
;
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c6F 6 ¼ 16c̄4cos4
�
ψ

f

�
sin4
�
ϕ

2f

�

− 2c̄6cos2
�
ψ

f

�
sin2
�
ϕ

2f

�

×

�
1 − cos2

�
ψ

f

�
sin2
�
ϕ

2f

�	
;

c7F
ðϕÞ
7 ¼ −2c̄6

ffiffiffi
ξ

p
cos2

�
ψ

f

�
sin

�
ϕ

f

�
;

c7F
ðψÞ
7 ¼ 4c̄6

ffiffiffi
ξ

p
sin

�
2ψ

f

�
sin2
�
ϕ

2f

�
;

c8F
ðϕÞ
8 ¼ −16c̄5ξcos2

�
ψ

f

�
sin2
�
ϕ

2f

�

þ 4c̄6ξcos2
�
ψ

f

�
cos2

�
ϕ

2f

�
;

c8F
ðψÞ
8 ¼ −64c̄5ξcos2

�
ψ

f

�
sin4
�
ϕ

2f

�

þ 16c̄6ξsin2
�
ψ

f

�
sin2
�
ϕ

2f

�
;

c9F 9 ¼ 4c̄6cos2
�
ψ

f

�
sin2
�
ϕ

2f

�
;

c10F
ðϕÞ
10 ¼ 4c̄6

ffiffiffi
ξ

p
cos2

�
ψ

f

�
sin

�
ϕ

f

�
;

c10F
ðψÞ
10 ¼ −8c̄6

ffiffiffi
ξ

p
sin

�
2ψ

f

�
sin2
�
ϕ

2f

�
;

c11F 11 ¼ 16c̄5cos4
�
ψ

f

�
sin4
�
ϕ

2f

�
;

c20F
ðϕÞ
20 ¼ −16c̄4ξcos2

�
ψ

f

�
sin2
�
ϕ

2f

�
;

c20F
ðψÞ
20 ¼ −64c̄4ξcos2

�
ψ

f

�
sin4
�
ϕ

2f

�
: ð5:44Þ

In the absence of the singlet s (or ψ ¼ 0), the results
recover the expression for cnF n custodial preserving
operators for the MCHM in Table 1 in Ref. [49].

2. CP-odd case

The low-energy EW chiral Lagrangian that describes the
CP-odd gauge-Goldstone and the gauge-scalar interactions
can be written as

L̃low ¼ L̃p2

low þ L̃p4

low; ð5:45Þ
where

L̃p2

low ¼ cT̃LT̃F T̃ ;

L̃p4

low ¼ LB̃F B̃ þ LW̃F W̃ þ
X16
n¼1

cñLñF ñ; ð5:46Þ

where F ñ encoded a generic dependence on h but without
derivative of h. The low-energy CP-odd chiral effective
Lagrangian LT̃;B̃;W̃;ñ are introduced in Eq. (C15) or more
explicitly shown in Eq. 482 in Appendix. C.
From the above relations, we read the Higgs functions as

cT̃F T̃ ¼ −
1

ξ
cos2

�
ψ

f

�
sin2
�
ϕ

2f

�
c̄T̃ ;

cB̃F B̃ ¼ −4c̄B̃Σ

�
1 − cos2

�
ψ

f

�
sin2
�
ϕ

2f

�	

þ 4c̄2̃cos
4

�
ψ

f

�
sin4
�
ϕ

2f

�
;

cW̃F W̃ ¼ c̄W̃ − 4c̄W̃Σ

�
1 − cos2

�
ψ

f

�
sin2
�
ϕ

2f

�	

− 4c̄2̃cos
4

�
ψ

f

�
sin4
�
ϕ

2f

�
;

c1̃F 1̃ ¼
1

2
c̄1̃cos

2

�
ψ

f

�
sin2
�
ϕ

2f

�
;

c2̃F 2̃ ¼ 2c̄2̃
ffiffiffi
ξ

p
cos4

�
ψ

f

�
cos

�
ϕ

2f

�
sin3
�
ϕ

2f

�
;

c3̃F 3̃ ¼ 4c̄2̃
ffiffiffi
ξ

p
cos4

�
ψ

f

�
cos

�
ϕ

2f

�
sin3
�
ϕ

2f

�
: ð5:47Þ

When the CP-odd singlet (s or h5) is absent, i.e., ψ ¼ 0,
this just recovers the results in Table 1 in Ref. [52].

C. Higgs function in ðh;sÞ basis
1. CP-even case

From above equations in Eq. (5.2), or with the aid of
Eq. (5.39), we can transform them from the Ω to Σ
parametrization, by making the redefinition f → f=2 (or
ξ → 4ξ) and ψ → ψ=2 as in Eq. (2.25). In NMCHM, the
Higgs functions can be read directly from Eq. (4.1) through
the matching below as

c̄CL̄C ≡ FHcHLH þ F ScSLS þ FCcCLC;

c̄TL̄T ≡ F TcTLT; ð5:48Þ

from which, we can read the Higgs functions corresponding
to the Lagrangians, respectively, as

FHcH ¼ c̄C; F ScS ¼
1

4
sin2
�
2ϕ

f

�
c̄C;

FCcC ¼ 1

ξ
sin2
�
ϕ

f

�
cos2

�
ψ

f

�
c̄C;

F TcT ¼ −
1

4ξ
cos4

�
ψ

f

�
sin4
�
ϕ

f

�
c̄T ; ð5:49Þ

where LH is defined in Eq. (C9).
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Assume that v and vs are the expectation values of Higgs
ϕ → hþ v and singlet ψ → sþ vs as

vh ≡ f arcsin

� ffiffiffi
ξ

p
sec

vs
f

�
¼vs¼0

f arcsinð
ffiffiffi
ξ

p
Þ: ð5:50Þ

The Higgs function after expansion in the series up to the
order ðh=vÞ2 gives expansion coefficients as

FHcH ¼ c̄H;

FCcC ¼ c̄C

�
1þ 2aC

h
v
þ bC

h2

v2
þ…

�
;

F TcT ¼ −
ξ

4
c̄T

�
1þ 2aT

h
v
þ bT

h2

v2
þ…

�
; ð5:51Þ

where FH ¼ 1 when cH ¼ c̄H and

aC ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
c2s − ξ

q
¼vs¼0 ffiffiffiffiffiffiffiffiffiffi

1 − ξ
p

≈ 1 −
ξ

2
;

bC ¼ c2s − 2ξ ¼vs¼0
1 − 2ξ;

aT ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffi
c2s − ξ

q
¼vs¼0

2
ffiffiffiffiffiffiffiffiffiffi
1 − ξ

p
≈ 2 − ξ;

bT ¼ 6c2s − 8ξ ¼vs¼0
6 − 8ξ; ð5:52Þ

where we have defined cs ≡ cos ðvs=fÞ. These result for
FH in Σ parametrization, in the absence of the singlet s,
i.e., vs ¼ 0, just exactly recovers those in the MCHM
[19,49]. For F T, cT is related to the EW oblique T
parameter as denoted in Eq. (6.11) after EWSB hhi ¼ v.
Due to the −ξ=4 factor in front of the Higgs function F T is
suppressed at leading Oðp2Þ order.
For the Higgs functions associated with CP-even oper-

ators at the order ðp4Þ, one has

cBFB≈ c̄B−4c̄BΣ

�
1−ξ2

�
1þh

v

�
−ξð1−ξÞ

�
1þh

v

�
2
	
;

cWFW≈ c̄W−4c̄WΣ

�
1−ξ2

�
1þh

v

�
−ξð1−ξÞ

�
1þh

v

�
2
	
;

cDHF
ðϕÞ
DH≈64ξ2ðc̄4þ c̄5Þ;

cDHF
ðψÞ
DH≈1024ðc̄4þ c̄5Þξ4

��
1þh

v

�
4

þ2

�
1þh

v

�
2 s2

v2

	
;

c□HF
ðϕÞ
□H≈−8c̄6ξ;

c□HF
ðψÞ
□H≈−8c̄6ξ

�
ξ

�
1þh

v

�
þð1−ξÞ

�
1þh

v

�
2

þ s2

v2

	
;

c1;2F 1;2≈ c̄1;2ξ

�
ξ

�
1þh

v

�
þð1−ξÞ

�
1þh

v

�
2
	
;

c3F 3≈2c̄3ξ

�
ξ

�
1þh

v

�
þð1−ξÞ

�
1þh

v

�
2
	
;

c4F
ðϕÞ
4 ≈ 2c̄2ξ

�
ξþ ð2 − ξÞ

�
1þ h

v

�
− ξ

�
1þ h

v

�
3
	
;

c4F
ðψÞ
4 ≈ −8c̄2ξ3=2

�
1þ h

v

�
s
v
;

c5F
ðϕÞ
5 ≈ −4c̄3ξ

�
ξþ ð2 − ξÞ

�
1þ h

v

�
− ξ

�
1þ h

v

�
3
	
;

c4F
ðψÞ
4 ≈ 16c̄3ξ3=2

�
1þ h

v

�
s
v
;

c6F 6 ≈ 16c̄4ξ2
�
1þ h

v

�
4

− 2c̄6ξ

�
1þ h

v

�

×

�
ξþ ð1 − ξÞ

�
1þ h

v

�
− ξ

�
1þ h

v

�
3
	
;

c7F
ðϕÞ
7 ≈ −4c̄6ξ

�
ξþ ð2 − ξÞ

�
1þ h

v

�
− ξ

�
1þ h

v

�
3
	
;

c7F
ðψÞ
7 ≈ 16c̄6ξ3=2

�
1þ h

v

�
s
v
;

c8F
ðϕÞ
8 ≈ −64c̄5ξ2

�
ξ

�
1þ h

v

�
þ ð1 − ξÞ

�
1þ h

v

�
2
	

þ 16c̄6ξ

�
1 − ξ2

�
1þ h

v

�
− ξð1 − ξÞ

�
1þ h

v

�
2
	
;

c8F
ðψÞ
8 ≈ −64c̄5ξ3

�
1þ h

v

�
4

þ 16c̄6ξ2
s2

v2
;

c9F 9 ≈ 4c̄6ξ

�
ξ

�
1þ h

v

�
þ ð1 − ξÞ

�
1þ h

v

�
2
	
;

c10F
ðϕÞ
10 ≈ 8c̄6ξ

�
ξþ ð2 − ξÞ

�
1þ h

v

�
− ξ

�
1þ h

v

�
3
	
;

c10F
ðψÞ
10 ≈ −32c̄6ξ3=2

s
v
;

c11F 11 ≈ 16c̄5ξ2
�
1þ h

v

�
4

;

c20F
ðϕÞ
20 ≈ −16c̄4ξ2

�
1þ h

v

�
2

;

c20F
ðψÞ
20 ≈ −64c̄4ξ3

�
1þ h

v

�
2 s2

v2
− 64c̄4ξ3

�
1þ h

v

�
4

:

ð5:53Þ

The CP-even anomalous couplings for HEFT from
NMCHM can be obtained from expanding the Higgs
functions as in the series up to order ðh=vÞ2 as [45]

F n ¼ 1þ 2
ân
cn

h
v
þ b̂n

cn

h2

v2
þ � � � ; ð5:54Þ

where cn are the global operator coefficients, ân ≡ ancn
and b̂n ≡ bncn. cn is independent of the Higgs functions
F n while an and bn are related to anomalous couplings
beyond the SM, which are related to a three- or four-point
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function, respectively, e.g., a single or double Higgs scalar,
couplings to two gauge bosons.
For the NMCHM, we find the explicit expression of all

nonvanishing coefficients as

cB ¼ c̄B − 4ð1 − ξÞc̄BΣ;

âB ¼ 4ξ
ffiffiffiffiffiffiffiffiffiffiffiffi
c2s − ξ

q
c̄BΣ ≈ 2ξð2 − ξÞc̄BΣ;

b̂B ¼ 4ξðc2s − 2ξÞc̄BΣ ≈ 4ξð1 − 2ξÞc̄BΣ;
cW ¼ c̄W − 4ð1 − ξÞc̄WΣ;

âW ¼ 4ξ
ffiffiffiffiffiffiffiffiffiffiffiffi
c2s − ξ

q
c̄WΣ ≈ 2ξð2 − ξÞc̄WΣ;

b̂W ¼ 4ξðc2s − 2ξÞc̄WΣ ≈ 4ξð1 − 2ξÞc̄WΣ;

cDH ¼ 64ξ2ðc̄4 þ c̄5Þ; âDH ¼ 0; b̂DH ¼ 0;

c□H ¼ −8ξc̄6; â□H ¼ 0; b̂□H ¼ 0;

c□S ¼ −8ξ
1

c2s
c̄6 ≈ −8ξc̄6;

â□S ¼ −8ξ
1

c2s

ffiffiffiffiffiffiffiffiffiffiffiffi
c2s − ξ

q
c̄6 ≈ −4ξð2 − ξÞc̄6;

b̂□S ¼ −8ξ
�
1 − 2ξ

1

c2s

�
c̄6 ≈ −8ξð1 − 2ξÞc̄6;

c1;2 ¼ ξc̄1;2;

â1;2 ¼ ξ
ffiffiffiffiffiffiffiffiffiffiffiffi
c2s − ξ

q
c̄1;2 ≈ ξð2 − ξÞ=2c̄1;2;

b̂1;2 ¼ ξðc2s − 2ξÞc̄1;2 ≈ ξð1 − 2ξÞc̄1;2;
c3 ¼ 2ξc̄3;

â3 ¼ 2ξ
ffiffiffiffiffiffiffiffiffiffiffiffi
c2s − ξ

q
c̄3 ≈ ξð2 − ξÞc̄3;

b̂3 ¼ 2ξðc2s − 2ξÞc̄3 ≈ 2ξð1 − 2ξÞc̄3;

c4 ¼ 4ξ
ffiffiffiffiffiffiffiffiffiffiffiffi
c2s − ξ

q
c̄2 ≈ 2ξð2 − ξÞc̄2;

â4 ¼ 2ξðc2s − 2ξÞc̄2 ≈ 2ξð1 − 2ξÞc̄2;

b̂4 ¼ −8ξ
ffiffiffiffiffiffiffiffiffiffiffiffi
c2s − ξ

q
c̄2 ≈ −8ξ2c̄2;

c5 ¼ −8ξ
ffiffiffiffiffiffiffiffiffiffiffiffi
c2s − ξ

q
c̄3 ≈ −4ξð2 − ξÞc̄3;

â5 ¼ −4ξðc2s − 2ξÞc̄3 ≈ −4ξð1 − 2ξÞc̄3;

b̂5 ¼ 16ξ2
ffiffiffiffiffiffiffiffiffiffiffiffi
c2s − ξ

q
c̄3 ≈ 16ξ2c̄3;

c6 ¼ 16ξ2c̄4 − 2ξð1 − ξÞc̄6;

â6 ¼ 32ξ2
ffiffiffiffiffiffiffiffiffiffiffiffi
c2s − ξ

q
c̄4 − 2ξð1 − 2ξÞ

ffiffiffiffiffiffiffiffiffiffiffiffi
c2s − ξ

q
c̄6

≈ 32ξ2c̄4 − ξð2 − 5ξÞc̄6;
b̂6 ¼ 32ξ2ð3c2s − 4ξÞc̄4 þ 2ξ½2ξð1 − 4ξÞ − ð1 − 6ξÞc2s �c̄6

≈ 96ξ2c̄4 − 2ξð1 − 8ξÞc̄6;

c7 ¼ −8ξ
ffiffiffiffiffiffiffiffiffiffiffiffi
c2s − ξ

q
c̄6 ≈ −4ξð2 − ξÞc̄6;

â7 ¼ −4ξðc2s − 2ξÞc̄6 ≈−4ξð1− 2ξÞc̄6;

b̂7 ¼ 16ξ2
ffiffiffiffiffiffiffiffiffiffiffiffi
c2s − ξ

q
c̄6 ≈ 16ξ2c̄6;

c8 ¼ −64ξ2c̄5 þ 16ξðc2s − ξÞc̄6 ≈−64ξ2c̄5 þ 16ξð1− ξÞc̄6;

â8 ¼ −64ξ2
ffiffiffiffiffiffiffiffiffiffiffiffi
c2s − ξ

q
c̄5 − 16ξ2

ffiffiffiffiffiffiffiffiffiffiffiffi
c2s − ξ

q
c̄6

≈−32ð2− ξÞξ2c̄5 − 8ð2− ξÞξ2c̄6;
b̂8 ¼ −64ξ2ðc2s − 2ξÞc̄5 − 16ξ2ðc2s − 2ξÞc̄6

≈−64ð1− 2ξÞξ2c̄5 − 16ð1− 2ξÞξ2c̄6;
c9 ¼ 4ξc̄6;

â9 ¼ 4ξ
ffiffiffiffiffiffiffiffiffiffiffiffi
c2s − ξ

q
c̄6 ≈ 2ξð2− ξÞc̄6;

b̂9 ¼ 4ξðc2s − 2ξÞc̄6 ≈ 4ξð1− 2ξÞc̄6;

c10 ¼ 16ξ
ffiffiffiffiffiffiffiffiffiffiffiffi
c2s − ξ

q
c̄6 ≈ 8ξð2− ξÞc̄6;

â10 ¼ 8ξðc2s − 2ξÞc̄6 ≈ 8ξð1− 2ξÞc̄6;

b̂10 ¼ −32ξ2
ffiffiffiffiffiffiffiffiffiffiffiffi
c2s − ξ

q
c̄6 ≈−32ξ2c̄6;

c11 ¼ 16ξ2c̄5;

â11 ¼ 32ξ2
ffiffiffiffiffiffiffiffiffiffiffiffi
c2s − ξ

q
c̄5 ≈ 32ξ2c̄5;

b̂11 ¼ 32ξ2ð3c2s − 4ξÞc̄5 ≈ 96ξ2c̄5;

c20 ¼ −64ξ2c̄4;

â20 ¼ −64ξ2
ffiffiffiffiffiffiffiffiffiffiffiffi
c2s − ξ

q
c̄4 ≈−64ξ2c̄4;

b̂20 ¼ −64ξ2ðc2s − 2ξÞc̄4 ≈−64ξ2c̄4; ð5:55Þ
where we have denoted cs ≡ cos ðvs=fÞ, and ≈ means all
terms at an order higher than Oðξ2Þ are dropped.

2. CP-odd case

We can transform Eq. (5.47) from the Ω to the Σ,
parametrization, by making the redefinition f → f=2 (or
ξ → 4ξ) and ψ → ψ=2 as in Eq. (2.25). In the canonically
normalized basis of h, s, after EWSB, i.e., by making
replacement for h and s as h →

ffiffiffiffiffiffiffiffiffiffi
1 − ξ

p
hþ vh and s → s,

expanding ξ and s up to second order, the Higgs functions
associated with CP-odd operators at the order (p4) become

cT̃F T̃ ≈ −
1

4
c̄T̃

�
1þ 2

ffiffiffiffiffiffiffiffiffiffi
1 − ξ

p h2

v2
þ ð1 − 2ξÞ h

4

v4

	
;

cB̃F B̃ ≈ −4c̄B̃

�
1 − ξ2

�
1þ h

v

�
− ð1 − ξÞξ

�
1þ h

v

�
2
	

þ 4c̄2̃ξ
2

�
1þ h

v

�
4

;

cW̃F W̃ ≈ c̄W̃ − 4c̄W̃

�
1 − ξ2

�
1þ h

v

�

− ð1 − ξÞξ
�
1þ h

v

�
2
	
þ 4c̄2̃ξ

2

�
1þ h

v

�
4

;
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c1F 1̃ ≈
1

2
c1̃ξ

�
1þ h

v

��
ξþ ð1 − ξÞ

�
1þ h

v

�	
;

c2F 2̃ ≈ 4c2̃ξ
2

�
1þ h

v

���
1þ h

v

�
2

−
1

2

s2

v2

	
;

c3F 3̃ ≈ 8c2̃ξ
2

�
1þ h

v

���
1þ h

v

�
2

−
1

2

s2

v2

	
: ð5:56Þ

The CP-odd anomalous couplings for the NMCHM can
be obtained from expanding the CP-odd Higgs functions in
Eq. (5.57) by

F ñ ¼ 1þ 2
âñ
cñ

h
v
þ b̂ñ

cñ

h2

v2
þ � � � ; ð5:57Þ

where âñ ≡ añcñ, and b̂ñ ≡ bñcñ. We find the nonvanish-
ing coefficients âñ from NMCHM to be

ĉT̃ ¼ −
1

4
c̄T̃ ;

aT̃ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
c2s − ξ

q
¼vs¼0 ffiffiffiffiffiffiffiffiffiffi

1 − ξ
p

≈ 1 −
1

2
ξ;

bT̃ ¼ c2s − 2ξ ¼vs¼0
1 − 2ξ;

cB̃ ¼ 4½−ð1 − ξÞc̄B̃Σ þ ξ2c̄2̃�;

âB̃ ¼ 4ξ
ffiffiffiffiffiffiffiffiffiffiffiffi
c2s − ξ

q
c̄B̃Σ þ 8ξ2

ffiffiffiffiffiffiffiffiffiffiffiffi
c2s − ξ

q
c̄2̃

≈ 2ξ½ð2 − ξÞc̄B̃Σ þ 4ξc̄2̃�;
b̂B̃ ¼ 4ξðc2s − 2ξÞc̄B̃Σ þ 8ξ2ð3c2s − 4ξÞc̄2̃

≈ 4ξ½ð1 − 2ξÞc̄B̃Σ þ 6ξc̄2̃�;
cW̃ ¼ c̄W̃ þ 4½−ð1 − ξÞc̄W̃Σ þ ξ2c̄2̃�;

âW̃ ¼ 4ξ
ffiffiffiffiffiffiffiffiffiffiffiffi
c2s − ξ

q
c̄W̃Σ þ 8ξ2

ffiffiffiffiffiffiffiffiffiffiffiffi
c2s − ξ

q
c̄2̃

≈ 2ξ½ð2 − ξÞc̄W̃Σ þ 4ξc̄2̃�;
b̂W̃ ¼ 4ξðc2s − 2ξÞc̄W̃Σ þ 8ξ2ð3c2s − 4ξÞc̄2̃

≈ 4ξ½ð1 − 2ξÞc̄W̃Σ þ 6ξc̄2̃�;

c1̃ ¼
1

2
ξc̄1̃;

â1̃ ¼
1

2
ξ
ffiffiffiffiffiffiffiffiffiffiffiffi
c2s − ξ

q
c̄1̃ ≈

1

4
ξð2 − ξÞc̄1̃;

b̂1̃ ¼
1

2
ξðc2s − 2ξÞc̄1̃ ≈

1

2
ξð1 − 2ξÞc̄1̃;

c2̃ ¼ 4ξ2
ffiffiffiffiffiffiffiffiffiffiffiffi
c2s − ξ

q
c̄2̃ ≈ 4ξ2c̄2̃;

â2̃ ¼ 2ð3c2s − 4ξÞξ2c̄2̃ ≈ 6ξ2c̄2̃;

b̂2̃ ¼ 4ξ2ð3c2s − 8ξÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
c2s − ξ

q
c̄2̃ ≈ 12ξ2c̄2̃;

c3̃ ¼ 8ξ2
ffiffiffiffiffiffiffiffiffiffiffiffi
c2s − ξ

q
c̄2̃ ≈ 8ξ2c̄2̃;

â3̃ ¼ 4ξ2ð3c2s − 4ξÞc̄2̃ ≈ 12ξ2c̄2̃;

b̂3̃ ¼ 8ξ2
ffiffiffiffiffiffiffiffiffiffiffiffi
c2s − ξ

q
ð3c2s − 8ξÞc̄2̃ ≈ 24ξ2c̄2̃; ð5:58Þ

where we have defined cs ≡ cos ðvs=fÞ, and dropped all
terms at orders higher than Oðξ2Þ in the approximation.

D. Higgs functions in curved field space

In the above section, we have obtained the Higgs
functions from Σ decomposition of a high-energy effective
Lagrangian. One founds that in the ðh4; h5Þ basis, such as
Eq. (5.34), the kinetic term of the Higgs is not canonically
normalized, unless in the f → ∞ limit. This motives us to
consider the physical meaning and origins for the Higgs
function, which is an intriguing problem. We want to
address the connection between the Higgs function and the
intrinsic coset spacetime, which shows exactly how the
Higgs functions are emergent due to the hierarchy between
EW scale v and strong symmetry breaking scale f. Inspired
by the geometric viewpoint on the PNGB effective field
theory in Ref. [39], we are reproducing, extending, and
discussing the results in Ref. [58–60]. We consider not only
fundamental but also adjoint representations for PNGBs in
NMCHM. Moreover, we invest not only intrinsic but also
extrinsic curvature as well as torsion in the coset
SOð6Þ=SOð5Þ space. The torsion is a two-form coupled
to the internal d.o.f. of the coset field space, due to the
nonvanishing structure constants of the global symmetry
group G ¼ SOð6Þ. We find that the dynamical exchange
between the PNGBs and gauge fields is interpreted by a
generalized Maurer-Cartan equation sourced by the matter
in the SM or beyond, as a fundamental equation in the
(EW) effective field theory. The torsion contributes to the
non-Abelian dynamics of the PNGBs, which plays a
significant role in understanding the nonlinear dynamical
(EW) symmetry breaking mechanism.

1. Curvature of SOð6Þ=SOð5Þ coset space
In the ðh4; h5Þ basis,

φâ ≡ hâ
h
sh; h ¼

ffiffiffiffiffiffiffiffiffiffi
hâhâ

p
∈ SOð5Þ; ð5:59Þ

with â ¼ 1, 2, 3, 4, 5 and sh ≡ sin ðh=fÞ. Then the scalar
field becomes

Φ ¼ sin

�
h
f

��
h1
h
;
h2
h
;
h3
h
;
h4
h
;
h5
h
; cot

h
f

�
T
; ð5:60Þ

where h ¼ ffiffiffiffiffiffiffiffiffiffi
hâhâ

p
is SOð5Þ invariant if h2 ¼ f2 or ĥ ¼ 1.

TheΦ is SOð6Þ invariant sinceΦTΦ ¼ 1. In the absence of
the SM GBs, i.e., ha ¼ 0, it just recovers
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Φ ¼

0
B@0; 0; 0;

h4shffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h24 þ h25

q ;
h5shffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h24 þ h25

q ; ch

1
CA

T

; ð5:61Þ

where h ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h24 þ h25

q
. Then, the metric of the fundamental

scalar field space is [39,58]

gâ b̂ðhÞ≡ ∂Φ
∂hâ ·

∂Φ
∂hb̂

¼ 1

f2

�
f2

h2
s2hδâ b̂ þ

hâhb̂
h2

�
1 −

f2

h2
s2h

�	
; ð5:62Þ

where â ¼ 1;…; 5. In the second line, the first terms are the
diagonal, while the second terms include nondiagonal ones.
In the strong couplings limit, the metric just becomes flat,
i.e., δâ b̂, in the f → ∞ limit. In the ðϕ;ψÞ basis, when SM
GBs are present, φa ∼ ha ≠ 0 with a ¼ 1, 2, 3, the SOð6Þ
invariant scalar can be parametrized as

Φ ¼ sh

0
B@h1

h
;
h2
h
;
h3
h
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h24 þ h25

q
h

cψ ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h24 þ h25

q
h

sψ ; cot
h
f

1
CA

T

;

ð5:63Þ
where h ¼ ffiffiffiffiffiffiffiffiffiffi

hâhâ
p

is SOð5Þ invariant if h2 ¼ f2 or ĥ ¼ 1.
When the GBs are vanishing, i.e., ha ¼ 0, it just recovers
that in Eq. (2.63) in the ðϕ;ψÞ basis. Then, the metric of the
scalar field space manifold is

gâ b̂ ¼
1

f2

�
f2

h2
s2hδαβ þ

ϕ2

h2
s2hδψψ þ hαhβ

h2

�
1 −

f2

h2
s2h

�	
;

ð5:64Þ

where α ¼ ða;ϕÞ; β ¼ ðb;ϕÞ and hϕ ≡ ϕ.
In the ðh; sÞ basis, when the SM GBs are restored, i.e.,

φa ≡ ha ≠ 0 with a ¼ 1, 2, 3, the scalar becomes

Φ ¼ 1

f

�
h1; h2; h3; h4; h5;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f2 − hâhâ

q �
; ð5:65Þ

with â ¼ ða; 4; 5Þ and h4 ≡ h and h5 ≡ s. In the absence of
the GBs, i.e., ha ¼ 0, it just recovers that in Eq. (2.63) in
h − s basis. Then, the metric of the scalar field space is

gâ b̂ðhÞ ¼
1

f2

�
δâ b̂ þ

hâhb̂
f2 − hĉhĉ

�
; ð5:66Þ

where â ¼ 1;…; 5. The metric is the nonlinear trans-
formation of the SOð5Þ invariant metric on the GB coset
space SOð6Þ=SOð5Þ ≃ S5. This metric is more convenient
for our purpose of studying the intrinsic curvature of the
scalar space manifold. The determinant and inverse of the
metric are

gðhÞ≡ det ½gâ b̂ðhÞ� ¼
1

f2×5

�
f2

f2 − hâhâ

�
;

g−1
â b̂
ðhÞ≡ gâ b̂ðhÞ ¼ f2

�
δâ b̂ −

hâhb̂

f2

�
: ð5:67Þ

Once the metric is obtained, the kinetic terms of the
scalars can be expressed as [39,58–60]

L ¼ 1

2
gâ b̂∂μΦâ∂μΦb̂; ð5:68Þ

where â; b̂ ¼ 1;…; 5. The Lagrangian is manifestly invari-
ant under an SOð5Þ of linearly realized isospin trans-
formation hâ, by eliminating the h6 in the linear SOð6Þ
transformation. The triplet φa ¼ ha with a ¼ 1, 2, 3 are
identified as the d.o.f. of SM Goldstone bosons. Taking the
last metric above as an example, the nonvanishing Levi-
Civita connection or Christoffel symboles are

Γâ
b̂ ĉ

¼ 1

2
gâ d̂ð∂ b̂gĉ d̂ þ ∂ ĉgb̂ d̂ − ∂ d̂gb̂ ĉÞ ¼ hâgb̂ ĉðhÞ

¼ 1

f2

�
hâδb̂ ĉ þ

hâhb̂hĉ
f2 − hâhâ

�
: ð5:69Þ

To be explicit, in the Christoffel symbols of the second
kind,

Γâ
b̂ ĉ

¼ hâhb̂hĉ
f2ðf2 − h2Þ ; b̂ ≠ ĉ;

Γâ
b̂ b̂

¼ hâðf2 − h2 þ h2
b̂
Þ

f2ðf2 − h2Þ ¼ hâ

f2
þ hâh2

b̂

f2ðf2 − h2Þ : ð5:70Þ

The Riemann curvature are

Râ b̂ ĉ d̂ ¼ gâ êð∂ ĉΓê
d̂ b̂ − ∂ d̂Γê

ĉ b̂ þ Γf̂
d̂ b̂Γê

ĉ f̂ − Γf̂
ĉ b̂Γê

d̂ f̂Þ

¼ 1

f2
ðgâ ĉgb̂ d̂ − gâ d̂gb̂ ĉÞ

¼ 1

f2

�
δâ ĉδb̂ d̂ þ

δâ ĉhb̂hd̂ þ δb̂ d̂hâhĉ
f2 − hêhê

− ðĉ ↔ d̂Þ
�
:

ð5:71Þ

The Ricci tensors are

Râ b̂ ¼
4hâhb̂

f2ðf2 − h2Þ ¼
4

f2
gâ b̂; â ≠ b̂;

Rb̂ b̂ ¼
4ðf2 − h2 þ h2

b̂
Þ

f2ðf2 − h2Þ ¼ 4

f2
þ 4h2

b̂

f2ðf2 − h2Þ : ð5:72Þ

The extrinsic curvature of the manifold with normal vector
nĉ along ĉ direction is
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Kâ
b̂ ¼

hĉffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f2 − h2ĉ

p δâb̂: ð5:73Þ

Thus, the extrinsic curvature is flat along the arbitrary ĉ
direction. The intrinsic Ricci curvature of the GBs scalar
coset time is G=H ¼ SOð6Þ=SOð5Þ ≃ S5

R ¼ 20

f2
> 0; ð5:74Þ

where the number 20 ¼ 5 × 4 takes account of the degrees
of freedom of the five independent scalars. This positive
sign of R indicates that the scalar under the symmetry of
compact group SOð6Þ is in a curved spacetime in analogy
to the de Sitter spacetime with a positive cosmological
constant. The results in Eqs. (5.72) and (5.74) just recover
the specific values of the more general result for the
SOðN þ 1Þ=SOðNÞ case in Ref. [59], which gives Râ b̂ ¼
ðNφ − 1Þ=f2gâ b̂ and R ¼ NφðNφ − 1Þ=f2, where Nφ ¼
dimðG=HÞ ¼ N is the number of broken generators.

2. Torsion of SOð6Þ=SOð5Þ coset space
It is worth noticing that

Trðωμω
μÞ ¼ Tr½ðdμ þ eμÞðdμ þ eμÞ� ¼ Trðdμdμ þ eμeμÞ

¼ −TrðΩ†∂μΩΩ†∂μΩÞ ¼ Trð∂μΩ†∂μΩÞ
¼ Trð∂ âΩ†∂ b̂ΩÞ∂μϕ

â∂μϕb̂

≡ gâ b̂ðϕÞ∂μϕ
â∂μϕb̂; ð5:75Þ

where we have used the property that Ω is a unitary matrix
and ∂μΩ ¼ ∂μϕa∂aΩðϕÞ where ϕâ is an SOð6Þ invariant
scalar with â ¼ 1;…5. gâ b̂ðϕÞ is the metric on the coset
SOð6Þ=SOð5Þ ¼ S5 manifold defined as

gâ b̂ðϕÞ≡ Trð∂ âΩ†∂ b̂ΩÞ: ð5:76Þ

To be explicit, one has

gâ b̂ðϕÞ ¼
4

f2

0
B@ δâ b̂ −

ϕâϕb̂
jϕj2

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − jϕj2

f2

q þ 1

2

f2

f2 − jϕj2
ϕâϕb̂

jϕj2

1
CA:

ð5:77Þ

From the definition of the metric in Eq. (5.76), one can
define the vielbeins of the coset space as

Eâ ≡ EA
âT

A ¼ −iΩ†∂ âΩ; ð5:78Þ

where TA ¼ fTa; Tâg are the generators of SOð6Þ as
defined in Appendix A 1.
The nonvanishing vielbeins EA

â those are related to hðxÞ
and sðxÞ turns out to be

Eα̂¼4
â¼4 ¼ −

ffiffiffi
2

p
s

f2
1

1 −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − h2þs2

f2

q ;

Eα̂¼4
â¼5 ¼

ffiffiffi
2

p
h

f2
1

1 −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − h2þs2

f2

q ;

Eâ¼4
â¼4 ¼

ffiffiffi
2

p

f

s2 þ h2ffiffiffiffiffiffiffiffiffiffiffiffi
1−h2þs2

f2

q
h2 þ s2

; Eâ¼5
â¼5 ¼

ffiffiffi
2

p

f

h2 þ s2ffiffiffiffiffiffiffiffiffiffiffiffi
1−h2þs2

f2

q
h2 þ s2

;

Eâ¼5
â¼4 ¼ Eâ¼4

â¼5 ¼ −
ffiffiffi
2

p
hs
f

1

h2 þ s2 − f2
�
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − h2þs2

f2

q � :
ð5:79Þ

Thus, on can check that the bilinear form of the
vielbein consists of the metric for the coset manifold as
TrðEâ b̂Þ ¼ TrðEâEb̂Þ ¼ gâ b̂ðϕÞ, where we have defined

Eâ b̂ ≡ EâEb̂ ¼ ∂ âΩ†∂ b̂Ω ¼ EA
âE

A
b̂

¼ E½â b̂� þ Eðâ b̂Þ ¼ ∂ ½âΩ†∂ b̂�Ωþ ∂ðâΩ†∂ b̂ÞΩ

¼ 1

2
EA
âE

B
b̂
ðifABCTC þ fTA; TBgÞ; ð5:80Þ

where fABC is the (totally antisymmetric4) structure con-
stant, and dABC is the (totally symmetric) group constant,
respectively. Thus, Tr½Eâ b̂T

C�≡ EA
âE

B
b̂
TrðTATBTCÞ ¼

EA
âE

B
b̂
ðifABC þ dABCÞ=2. Taking trace of the symmetric

part just corresponds to the metric of the NL-σ model in
Eq. (5.76) as gâ b̂ ≡ TrðEâ b̂Þ ¼ EA

âE
B
b̂
TrðfTA; TBgÞ=2 ¼

kEA
âE

B
b̂
δAB=2, where we have used Eq. (A2). According

to Eq. (5.78), one has

∂ ½b̂Eâ� ¼ −i∂ ½b̂Ω†∂ â�Ω ¼ −iE½b̂ â�: ð5:81Þ

With the vielbein, one can define the torsion as a totally
antisymmetrized product of vielbines as

Tâ b̂ ĉ ≡ −iTr½½Eâ; Eb̂�Eĉ� ¼ fABCEA
âE

B
b̂
EC
ĉ

¼ Tr½Ω†∂ ½âΩΩ†∂ b̂ΩΩ†∂ ĉ�Ω�; ð5:82Þ

where in the last equality, we have used Eq. (5.88). It is
obvious that the torsion tensor is proportional to the
structure constant. Since the structure constants satisfy
the Jacobi identity as fA½BCfD�EA ¼ 0, so does the torsion.
According to Eq. (5.78), the vielbein field strength EA

â ¼
−iTr½Ω†∂ âΩTA� satisfies the Maurer-Cartan equation as

4Due to cyclic property of the trace.
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∂ ½âEA
b̂� ¼ −iTr½ð∂ ½âΩ†∂ b̂�ΩÞTA� ¼ −iTrðE½âEb̂�T

AÞ

¼ 1

2
fABCEC

âE
B
b̂
: ð5:83Þ

The symmetrized part of the covariant derivative of the
vielbein vanishes. The torsion can be reexpressed as

Tâ b̂ ĉ ¼ −2iTr½E½â; Eb̂�Eĉ� ¼ 2Tr½E½â b̂�Eĉ�
¼ 2∂ ½âEb̂�CE

C
ĉ ¼ −2iTr½E½â b̂�T

C�EC
ĉ : ð5:84Þ

3. Generalized Maurer-Cartan equation

It is worth noticing that the vielbeins of the coset group
are related to the Maurer-Cartan one-form in Eq. (B26) as

ωμ ≡ −iΩ†∂μΩ ¼ Eâ∂μϕ
â: ð5:85Þ

Also note that in the vacuum without matter, i.e., in the
absence of an external source, i.e., the field strength tensor
F̄μν ¼ 0, fμν ¼ 0. Then, the MC one-form ω satisfies the
well-known two-form MC equation as

dωþ i
2
½ω;ω� ¼ 0; ð5:86Þ

where ω is the Cartan connection of G. Note that the MC
one-form ω is related to the vielbeins of the coset manifold
through Eq. (5.85) in differential form as

ω ¼ Eâdϕâ ≡ Eâθ
â; ð5:87Þ

where Eâ is a frame, and dϕâ ≡ θâ is a coframe. Assume
that the vielbein frame satisfies the Lie algebra in a
nonsymmetric coset, as

½Eâ; Eb̂� ¼ ifâ b̂
ĉEĉ; ð5:88Þ

where fâ b̂
ĉ are the structure constants of the Lie algebra.

Therefore, in the intrinsic group space, it equivalently
becomes the Maurer-Cartan equation in coset manifold
space as

dθâ −
1

2
fb̂ ĉ

ĉθb̂ ∧ θĉ ¼ 0; ð5:89Þ

where fabc is the structure constant of the Lie algebra. This
means in the global symmetry without explicit symmetry
breaking, i.e., F̄ ¼ 0, or equivalently in the f → ∞ limit,
the manifold of the Lie group G ¼ SOð6Þ is curvatureless.
In the presence of external sources from the matter, the

global symmetry is explicitly breaking. From they dynami-
cal MC equation in Eq. (B70), we obtain a generalized
Maurer-Cartan (GMC) equation sourced by matter in the
SM or beyond as

dθâ −
1

2
fb̂ ĉ

âθb̂ ∧ θĉ ¼ TrðEâfÞ; ð5:90Þ

where on the right-hand side of the equation, Eâ is the
inverse of the vielbein Eâ, and f ¼ fμνdxμdxν=2 is the two-
form gauge field strength defined in Eq. (B62). The left-
hand side of the equation interprets the dynamics of PNGBs
in the intrinsic coset space, with nonlinear contributions
from the torsion part, while the right-hand side of the
equation interprets that of the gauge field. In other words,
the GMC gives a dynamical description between the PNGB
θa and the non-Abelian gauge fields fμν ¼ fAμνTA. By using
Eq. (5.82), the GMC can also be reexpressed as

dωA −
1

2
fBCAωB ∧ ωC ¼ fA; ð5:91Þ

where ωA ≡ Tr½ωTA� is the one-form MC form.

4. Higgs function in NMCHM

For NMCHM, the kinetic terms of the Higgs sector in
Eq. (A63) will be

L ¼ 1

2
FðhÞ2gab∂μπ

a∂μπb þ 1

2
∂μh∂μh; ð5:92Þ

where the Higgs function F will not be that for the SM as in
Eq. (A70). For NMCHM, the coset space
SOð6Þ=SOð5Þ ≃ S5, the scalar in Eq. (5.63) becomes

Φ ¼ f sin
h
f

�
ĥ1; ĥ2; ĥ3; ĥ4; ĥ5; cot

h
f

�
T
; ð5:93Þ

where h≡ ffiffiffiffiffiffiffiffiffiffi
hâhâ

p
with â ¼ 1;…; 5. The vacuum of SOð5Þ

is hΦi ¼ ð0; 0; 0; 0; 0; fÞT . The kinetic action is

L ¼ f2

2
sin2
�
h
f

�
∂μhâ∂μhâ þ 1

2
∂μh∂μh: ð5:94Þ

By setting set h5 ¼ 0, the scalar above recovers those in
coset space SOð5Þ=SOð4Þ ≃ S4 as [59,60],

Φ ¼ f sin
h
f

�
ĥ1; ĥ2; ĥ3; ĥ4; 0; cot

h
f

�
T
; ð5:95Þ

where h≡ ffiffiffiffiffiffiffiffiffiffi
hαhα

p
with α ¼ 1, 2, 3, 4. The kinetic term

becomes

L ¼ f2

2
sin2
�
h
f

�
∂μĥ

α∂μĥα þ 1

2
∂μh∂μh: ð5:96Þ

By comparing with the kinetic terms of Higgs and GBs
with those in Eq. (A63), one obtains the identity that
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FðhÞ2 ¼ f2

v2
sin2
�
h4
f

�
; ð5:97Þ

where h4 ¼ hþ v4 in the f ≫ 1 limit and h is the quantum
fluctuations of Higgs. After EWSB, the scalars obtain vevs

h4 → ĥ4 þ hh4i; h → ĥþ hhi; ð5:98Þ

and one obtains

v4
f

¼ arcsin

�
v
f

�
; ð5:99Þ

where v4 ¼ hh4i and v ¼ vh ¼ hhi. One can reexpress the
Higgs function and expand it as

FðhÞ ¼ cos

�
h
f

�
þ f

v

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

v2

f2

s
sin

�
h
f

�

≈ 1þ h
v

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

v2

f2

s
−

h2

2f2
−

h3

6f2v

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

v2

f2

s
þ � � � ;

ð5:100Þ

which in the weak coupling limit f → ∞, the scalar
manifold tends to be flat, the result above just reduces
to the SM Higgs function in Eq. (A70). By substituting
back into the curvature scalar in Eq. (A67), one just obtains

R ¼ 0; ð5:101Þ

as expected. In contrast, in the presence of a strong
dynamical symmetry breaking scale f, by substituting
the Higgs function in Eq. (5.100) back into the curvature
function in Eq. (A67), one obtains the curvature scalar as

R ¼ 12

f2
> 0: ð5:102Þ

The positive sign of the constant curvature indicates that the
coset manifold is a sphere S4 ¼ SOð5Þ=SOð4Þ spacetime
with the strong dynamics breaking scale f as the radius of
the sphere. In contrast, for the coset manifold in hyperbolic
space H4 ¼ SOð4; 1Þ=SOð4Þ spacetime, the curvature sca-
lar becomes

R ¼ −
12

f2
< 0; ð5:103Þ

which is a constant negative curvature set by strong
dynamical symmetry breaking scale f and the correspond-
ing Higgs function is of the form

FðhÞ ¼ cosh
�
h
f

�
þ f

v

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v2

f2

s
sinh

�
h
f

�

≈ 1þ h
v

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v2

f2

s
þ h2

2f2
þ h3

6f2v

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v2

f2

s
þ � � � :

ð5:104Þ

In summary, matching the high-energy effective
Lagrangian of the model to the low-energy effective EW
chiral Lagrangian, leads to the Higgs functions in L,
encoding the information of Higgs nonlinearity.
It noteworthy that the Ricci scalar R can be negative, if

the global symmetry group is a noncompact one, but the
subgroup to be gauged is a compact one, e.g., if the scalar
manifold is a hyperbolic space with constant negative
curvature [59]. For our case, this means that the SOð6Þ
global symmetry can be changed into a noncompact group,
e.g., SOð1; 5Þ, then after gauging the unbroken SOð5Þ, the
coset manifold is a five-dimensional hyperbolic space,
i.e., H5 ¼ SOð1; 5Þ=SOð5Þ. Equivalently, one may obtain
the corresponding effective Lagrangian for noncompact
global symmetry by choosing an imaginary decay constant
f → if [64]. In the future, it would also be interesting to
consider the case of strongly coupled gauge field theory,
e.g., a four-dimensional conformal field theory CFT4 with a
noncompact group manifold SOð2; 4Þ, which is isomorphic
to a five-dimensional anti–de Sitter (AdS) space, i.e.,
AdS5 ¼ SOð2; 4Þ=SOð1; 4Þ, a space with constant negative
curvature.

VI. CONNECTION TO PHYSICAL
OBSERVABLES

In this section, in order to comment our results to the
physical observables, we adopt to the following procedure:
First, we need to change the GB matrix in Eq. (4.1) in the

Ω parametrization to those in the Σ parametrization. This
can be realized by making the shift f → f=2 (or ξ → 4ξ)
and ψ → ψ=2 as Eq. (2.25).
Second, for the NMCHM, since the kinetic terms of h, s

are not canonically normalized at the stage, we need to
make eigenstate basis transformation as in Eq. (5.26), in
order to obtain the canonically normalized kinetic terms of
Higgs h and s.
Third, in order to relate our results to the physical

observables below the TeV scale, we need to consider the
EW vacuum expectation value v after EWSB. Therefore,
we make h → vþ ffiffiffiffiffiffiffiffiffiffi

1 − ξ
p

h and s → s, and expand up to
second order of ξ.

A. Phenomenology of scalar sector

In addition to the Higgs boson h ∼ h4 itself, the new
scalar s ∼ h5 is also a PNGB singlet with no EW charge,
which could be light. At low energy, the phenomenology of
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a scalar sector of the model is very similar to that of the
singlet extended standard model. The singlet scalar s could
be a dark matter candidate, if it satisfies a Z2 symmetry in
the Lagrangian below.

1. Higgs kinetics and self-interactions

The kinetic terms of the h and s, as well as the mass term
of the gauge boson, can be obtained from p2 order
Lagrangian in Eq. (5.9). These kinetic terms are consistent
with Eq. (11) in Ref. [23] or Eq. (A.5) in Ref. [24] for
NMCHM as shown in Eq. (5.10). After EWSB, by trans-
forming ðh; sÞ into the canonically normalized eigenstate
with the aid of Eq. (5.26), one obtains

Leign ¼
1

2
ð∂μhÞð∂μhÞ

�
1þ 2ahh

h
v
þ bhh

h2

v2
þ bhs

s2

v2
þ � � �

�

þ 1

2
ð∂μsÞð∂μsÞ

�
1þ 2ash

h
v
þ bsh

h2

v2
þ bss

s2

v2
þ � � �

�

þ ∂μh∂μs

�
cs

s
v
þ dhs

hs
v2

þ � � �
�
−Veffðh; sÞ

þ
�
1þ 2aVh

h
v
þ bVh

h2

v2
þ bVs

s2

v2
þ bVhs

hs
v2

þ � � �
�

×

�
m2

WM
þ
μ W−μ þ 1

2
m2

ZZμZμ

�
; ð6:1Þ

where Veffðh; sÞ is the effective Higgs potential given in
Eq. (6.4), and � � � denotes higher dimensional terms. From
the above expansion, one can read the terms

ahh ¼
ξffiffiffiffiffiffiffiffiffiffi
1 − ξ

p ; bhh ¼
ξð1þ 3ξÞ
1 − ξ

; bhs ¼
ξ2

1 − ξ
;

ash ¼ 0; bsh ¼ 0; bss ¼
ξ

1 − ξ
;

cs ¼
ξffiffiffiffiffiffiffiffiffiffi
1 − ξ

p ; dhs ¼
ξð1þ ξÞ
1 − ξ

;

aVh ¼
ffiffiffiffiffiffiffiffiffiffi
1 − ξ

p
; bVh ¼ 1 − ξ; bVs ¼ 0; bVhs ¼ 0;

ð6:2Þ

which are consistent with those listed in Table 1 in
Ref. [26]. Since bVhs ¼ 0, the above action has a Z2

symmetry for the singlet scalar s.

2. Higgs potential

Once an effective Higgs portential Veffðh; sÞ is dynami-
cally generated, e.g., through the Coleman-Weinberg
effective potential approach, the Higgs potential can be
parametrized as

Veffðh; sÞ ¼
μ2h
2
h2 þ λh

4
h4 þ μ2s

2
s2 þ λs

4
s4 þ λ

2
h2s2: ð6:3Þ

By making shift ðh; sÞ → fðh; sÞ so that the ðh; sÞ are
dimensionless, the parametrization just recovers Eq. (A.8)
in Ref. [24] where η≡ s. After transforming to eigenstates,
by using h → vþ ffiffiffiffiffiffiffiffiffiffi

1 − ξ
p

h and s → s, one has

Veff ¼
m2

h

2
h2 þ λh3

2
h3 þ λh4

4
h4 þm2

s

2
s2

þ λhs2

2
hs2 þ λs4

4
s4 þ λh2s2

2
h2s2; ð6:4Þ

where

m2
h¼ðμ2hþ3v2λhÞð1−ξÞ¼2v2λhð1−ξÞ; m2

s ¼μ2sþλv2;

λh3 ¼2vλhð1−ξÞ3=2; λh4 ¼ λhð1−ξÞ2; λs4 ¼ λs;

λhs2 ¼2vλ
ffiffiffiffiffiffiffiffiffi
1−ξ

p
; λh2s2 ¼ λð1−ξÞ; ð6:5Þ

where we have used that μ2h ¼ −vλh from the minimization
condition in Eq. (6.9). The PNGB interactions between
ðh; sÞ just recover the Feynman rules in Table 2 in Ref. [24].
By using the model-dependent relations as those in
Eq. (2.11), the effective Higgs portal in the NMCHM up
to quartic order can be parametrized as [26]

Veff ¼ −γcos2
�
ψ

f

�
sin2
�
ϕ

f

�
þ βcos4

�
ψ

f

�
sin4
�
ϕ

f

�

þ δsin2
�
ϕ

f

�
þ σcos2

�
ψ

f

�
sin4
�
ϕ

f

�
þ χsin4

�
ϕ

f

�

¼ψ¼0 − γ̄sin2
�
ϕ

f

�
þ β̄sin4

�
ϕ

f

�
; ð6:6Þ

where γ̄ ≡ γ − δ, and β̄≡ β þ σ þ χ with

γ ¼ −
f2

2
ðμ2h − μ2sÞ; β ¼ f4

4
ðλh þ λs − 2λÞ;

δ ¼ f2

2
μ2s ; σ ¼ f4

2
ðλ − λsÞ; χ ¼ f4

4
λs: ð6:7Þ

The parameters can also reexpress the free parameters of
the Higgs potential as

μ2h ¼ −
2

f2
γ̄; μ2s ¼

2δ

f2
;

λh ¼
4β̄

f4
; λ ¼ 2ðσ þ 2χÞ

f4
; λs ¼

4χ

f4
: ð6:8Þ

By minimizing the Higgs potential after EWSB, one
obtains an EW vev,

v2 ¼ −
μ2h
λh

; ξ ¼ γ̄

2β̄
: ð6:9Þ

Thus, by making the transformation to the mass eigenstate,
one can read the physical Higgs h and the singlet s mass as
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m2
h ¼ 2λhv2ð1 − ξÞ ¼ 8β̄

v2
ð1 − ξÞξ2;

m2
s ¼ μ2s þ λv2 ¼ 2

v2
½δþ ðσ þ 2χÞξ�ξ; ð6:10Þ

and there is no mixing term, i.e., mhs ¼ 0. The results
recover the physical masses of PNGB in Eq. (A.9) in
Ref. [24].

B. Low-energy EWPT oblique parameters

TheWilson coefficients cn (or cñ for the CP-odd case) in
the low-energy effective chiral Lagrangian are related to the
most significant EWoblique parameters from EWPT due to
two-point functions, i.e., the S and T parameter [65], which
parametrize new physics contributions to electroweak
radiative corrections. For example, the EW oblique param-
eters S and T are related to c1 and cT , respectively, as
[66,67]

αemΔS ¼ −8e2c1; αemΔT ¼ 2cT; ð6:11Þ

where αem ¼ e2=ð4πÞ. In the NMCHM, we have

c1 ¼ ξc̄1; cT ¼ −
ξ

4
c̄T ð6:12Þ

at tree level. The S parameter obtains corrections from
the operator at p4 order, and the T parameter obtains
corrections from the custodial breaking operator at p2

order.5

C. Triple anomalous gauge-boson couplings

1. CP-even case

The triple gauge-boson couplings in the pure weak boson
sector [47,68,69] can be parametrized as

LWWV
eff;CP ¼ −igWWV ½κVWþ

μ W−
ν Vμν

þ gV1 ðWþ
μνW−μVν −Wþ

μ VνW−μνÞ
− igV5 ϵ

μνρσðWþ
μ ∂ρW−

ν −W−
ν ∂ρWþ

μ ÞVσ

þ gV6 ð∂μWþμW−ν − ∂μW−μWþνÞVν�; ð6:13Þ

where V ≡ fγ; Zg and

gWWγ ¼ gsθ ≡ e; gWWZ ¼ gcθ; ð6:14Þ

where e is the electric charge. The chiral Lagrangian
contributes to the anomalous cubic couplings as [69]

Δκγ ¼ −2
e2

s2θ
ðc̄1 − c̄2 − c̄3Þξ;

ΔκZ ¼ 2e2
�

2

c2θ
c̄1 −

1

c2θ
c̄2 þ

1

s2θ
c̄3

�
ξ;

ΔgZ1 ¼ 2e2

s2θ

1

c2θ

�
s2θ
c2θ

c̄1 þ c̄3

�
ξ;

ΔgZ5 ¼ 0;

Δgγ6 ¼ −4
e2

s2θ
c̄6ξ;

ΔgZ6 ¼ 4
e2

c2θ
c̄6ξ: ð6:15Þ

It is obvious that, from the high-energy view point, the
anomalous triple gauge couplings of the SM comes from
L̄1;2;3;6 for NMCHM.

2. CP-odd case

The CP-odd triple gauge boson couplings can be para-
metrized as [48,70]

LWWV
eff;CP ¼ gWWV ½−iκ̃VW†

μWνṼμν

þ gV4W
†
μWνð∂μVν þ ∂νVμÞ

þ g̃V6 ðW†
ν∂μWμ þWν∂μW†μÞVν

þ g̃V7W
†
μWμ∂νVν�;

LZZZ
eff;CP ¼ g̃3ZZμZμ∂νZν; ð6:16Þ

where [48]

Δκ̃γ ¼ −
2e2

s2θ
c̄1̃ξ; Δκ̃Z ¼ 2e2

c2θ
c̄1̃ξ;

Δgγ4 ¼ 0; ΔgZ4 ¼ 0;

Δg̃γ6 ¼ 0; Δg̃Z6 ¼ 0;

Δg̃γ7 ¼ 0; Δg̃Z7 ¼ 0;

Δg̃3Z ¼ 0: ð6:17Þ

It is obvious that, from the high-energy viewpoint, the
CP-violating anomalous triple gauge couplings come only
from L̄1̃ for NMCHM.

D. Quartic anomalous gauge-boson couplings

The effective Lagrangian of quartic gauge bosons can be
parametrized as [47,69]

5Note that, in the presence of heavy resonances, either scalar,
vector bosons, or heavy fermions at the one-loop level will
contribute radiative corrections to the oblique T parameter, too.
By integrating out these heavy resonances, the oblique T
parameter may also obtain nonvanishing correction from effective
operators at p4 order.
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LV4

eff ¼ g2½gð1ÞZZðZμZμÞ2 þ gð1ÞWWW
þ
μ WþμW−

νW−ν

− gð2ÞWWðWþ
μ W−μÞ2

þ gð3ÞVV 0WþμW−νðVμV 0
ν þ V 0

μVνÞ
− gð4ÞVV 0Wþ

μ W−μVνV 0
ν þ igð5ÞVV 0eμνρσWþ

μ W−
ν VρV 0

σ�;
ð6:18Þ

where nonvanishing couplings at the tree level in the SM
are

gð1ÞSMWW ¼ 1

2
; gð2ÞSMWW ¼ 1

2
;

gð3ÞSMZZ ¼ c2θ
2
; gð3ÞSMγγ ¼ s2θ

2

gð3ÞSMZγ ¼ s2θ
2

; gð4ÞSMZZ ¼ c2θ;

gð4ÞSMγγ ¼ s2θ; gð4ÞSMZγ ¼ s2θ: ð6:19Þ

The chiral Lagrangian contributes to the anomalous quartic
couplings as [47,69]

Δgð1ÞWW ¼ e2

4s2θ

��
8

�
s2θ
c2θ

c̄1 þ c̄3

�	
ξþ 32c̄5ξ2

	
;

Δgð2ÞWW ¼ e2

4s2θ

��
8s2θ
c2θ

c̄1 þ 8c̄3 þ 12c̄6

�
ξ

− 8ð8c̄4 þ 4c̄5 þ c̄6Þξ2
	
;

Δgð1ÞZZ ¼ e2

4s2θ

1

c4θ
½−3c̄6ξþ 2ð8ðc̄4 þ c̄5Þ þ c̄6Þξ2�;

Δgð3ÞZZ ¼ e2

4s2θ

1

c2θ

��
2s22θ
c2θ

c̄1 þ 8c2θc̄3 − 8s4θc̄6Þξþ 32c̄5ξ2
	
;

Δgð4ÞZZ ¼ e2

4s2θ

1

c2θ

��
4

�
s22θ
c2θ

c̄1 þ 4c2θc̄3 þ 3c̄6

�	
ξ

− 8ð8c̄4 þ c̄6Þξ2
	
;

Δgð3Þγγ ¼ e2

4s2θ
s2θð−8c̄6Þξ;

Δgð3ÞγZ ¼ 2e2

s2θ

sθ
cθ

�
s2θ
c2θ

c̄1 þ 2s2θc̄6 þ c̄3

�
ξ;

Δgð4ÞγZ ¼ 4e2

s2θ

sθ
cθ

�
s2θ
c2θ

c̄1 þ c̄3

�
ξ;

Δgð5ÞγZ ¼ 0: ð6:20Þ

From the high-energy viewpoint, the anomalous triple
gauge couplings of the SM comes from L̄1;2;3;4;5;6 for
NMCHM.

E. HVV anomalous couplings

1. CP-even case

The anomalous couplings of the Higgs bosons can be
parametrized as [40,47,54,69]

LHVV
eff;CP ¼ gHγγAμνAμνhþ gð1ÞHZγAμνZμ∂νhþ gð2ÞHZγAμνZμνh

þ gð1ÞHZZZμνZμ∂νhþ gð2ÞHZZZμνZμνh

þ gð3ÞHZZZμZμhþ gð4ÞHZZZμZμ□h

þ gð5ÞHZZ∂μZμZν∂νhþ gð6ÞHZZð∂μZμÞ2h
þ gð1ÞHWWðWþ

μνW−μ∂νhþH:c:Þ þ gð2ÞHWWW
þ
μνW−μνh

þ gð3ÞHWWW
þ
μ W−μhþ gð4ÞHWWW

þ
μ W−μ□h

þ gð5ÞHWWð∂μWþμW−
ν ∂νhþH:c:Þ

þ gð6ÞHWW∂μWþμ∂νW−νh; ð6:21Þ

where the contribution of the anomalous couplings are
separated from that of the SM one as

gðiÞHVV ≈ gðiÞSMHVV þ ΔgðiÞHVV; ð6:22Þ

where V ¼ fγ; Z;W�g. All the tree-level SM couplings
above vanish, except the following:

gð3ÞSMHZZ ¼ e2

4v
m2

Z

e2
ð−2cHÞ ¼ −

m2
Z

2v
;

gð3ÞSMHWW ¼ e2

4v
m2

Zc
2
θ

e2
½−4ðcH þ cCÞ� ¼ −2

m2
W

v
: ð6:23Þ

The anomalous coefficients are related to the coefficients of
low-energy effective chiral Lagrangians as [40,47,69,71]

ΔgHγγ ¼
e2

4v
½−8ðc̄BΣ þ c̄WΣ − c̄1Þξ

þ 4ðc̄BΣ þ c̄WΣ − c̄1Þξ2�;

Δgð1ÞHZγ ¼
e2

4v
1

s2θ
½−32ðc̄2 − c̄3Þξþ 64ðc̄2 − c̄3Þξ2�;

Δgð2ÞHZγ ¼
e2

4v
cθ
sθ

�
8

c2θ
ð2s2θc̄BΣ − 2c2θc̄WΣ þ c2θc̄1Þξ

−
4

c2θ
ð2s2θc̄BΣ − 2c2θc̄WΣ þ c2θc̄1Þξ2

	
;

Δgð1ÞHZZ ¼ e2

4v
1

c2θ

�
16

�
c̄2 þ

c2θ
s2θ

c̄3

�
ξ − 32

�
c̄2 þ

c2θ
s2θ

c̄3

�
ξ2
	
;

Δgð2ÞHZZ ¼ −
e2

4v
c2θ
s2θ

�
8

�
s4θ
c4θ

c̄BΣ þ c̄WΣ þ s2θ
c2θ

c̄1

�
ξ

− 4

�
s4θ
c4θ

c̄BΣ þ c̄WΣ þ s2θ
c2θ

c̄1

�
ξ2
	
;
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Δgð3ÞHZZ ¼ −
e2

4v
m2

Z

e2
c̄Tξ;

Δgð4ÞHZZ ¼ −
e2

4v
1

s22θ
ð−64c̄6ξþ 128c̄6ξ2Þ;

Δgð5ÞHZZ ¼ −
e2

4v
1

s22θ
ð128c̄6ξ − 256c̄6ξ2Þ;

Δgð6ÞHZZ ¼ −
e2

4v
1

s22θ
ð64c̄6ξ − 32c̄6ξ2Þ;

Δgð1ÞHWW ¼ e2

4v
1

s2θ
ð64c̄3ξ − 32c̄3ξ2Þ;

Δgð2ÞHWW ¼ e2

4v
1

s2θ
ð−16c̄WΣξþ 8c̄WΣξ

2Þ;

Δgð3ÞHWW ¼ e2

4v
m2

Zc
2
θ

e2

�
32e2

c2θ
c̄1 −

4c2θ
c2θ

c̄T

�
ξ;

Δgð4ÞHWW ¼ −
e2

4v
1

s2θ
ð−32c̄6ξþ 64c̄6ξ2Þ;

Δgð5ÞHWW ¼ −
e2

4v
1

s2θ
ð32c̄6ξ − 64c̄6ξ2Þ;

Δgð6ÞHWW ¼ −
e2

4v
1

s2θ
ð32c̄6ξ − 16c̄6ξ2Þ: ð6:24Þ

It is obvious that, the CP-even anomalous couplings

Δgð1;2;3ÞHVV of the SM comes from operators L̄BΣ;WΣ;1;2;3,

while the additionalΔgð4;5;6ÞHVV all attribute to one operator L̄6

in the high energy.

2. CP-odd case

The anomalous couplings of the CP-odd interactions
involving the Higgs to two gauge bosons can be para-
metrized as [48,70]

LHVV
eff;CP ¼ g̃HγγhAμνÃ

μν þ g̃HZγhAμνZ̃μν

þ g̃ð2ÞHZZhZμνZ̃μν þ g̃ð2ÞHWWhW
þ
μνW̃−μν

þ ½g̃ð1ÞHWWðWþ
μνW−μ∂νhÞ þ H:c:�

þ ½g̃ð5ÞHWWð∂μWþμW−
ν ∂νhÞ þ H:c:�; ð6:25Þ

where the anomalous CP-odd HVV couplings at the tree
level are [48]

g̃Hγγ ¼
4e2

v

�
1

2
ð−2c̄B̃Σ− c̄W̃Σþ c̄1̃Þξ

þ1

4
ð2c̄B̃Σþ c̄W̃Σ− c̄1̃−24c̄2̃Þξ2

	
;

g̃HZγ ¼ −
8e2sθ
vcθ

�
−

1

4s2θ
ð4s2θc̄B̃Σ − 2c2θc̄W̃Σ þ c2θc̄1̃Þξ

þ 1

8s2θ
ð4s2θc̄B̃Σ − 2c2θc̄W̃Σ þ c2θc̄1̃

þ 8c̄2̃ð6c2θ − 1ÞÞξ2
	
;

g̃ð2ÞHZZ ¼ 4e2s2θ
vc2θ

�
−

1

2s4θ
ð2s4θc̄B̃Σ þ c4θc̄W̃Σ þ c2θs

2
θc̄1̃Þξ

þ 1

4s4θ
ð2s4θc̄B̃Σ þ c4θc̄W̃Σ þ c2θs

2
θc̄1̃

þ ½−8c2θ − 3ðc4θ þ 3Þ�c̄2̃Þξ2�;
g̃ð1ÞHWW ¼ 0;

g̃ð2ÞHWW ¼ −
2e2

vs2θ
ð2c̄W̃Σξþ ð20c̄2̃ − c̄W̃ΣÞξ2Þ;

g̃ð5ÞHWW ¼ 0: ð6:26Þ

From the high-energy viewpoint, the CP-odd anomalous

couplings Δgð1;2;3ÞHVV of the SM comes from operators
L̄B̃Σ;W̃Σ;1̃;2̃;3̃ for the NMCHM.

3. HVVV anomalous couplings

The anomalous couplings of the Higgs to the gauge
bosons, i.e., HVVV can be parametrized as [69]

LHVVV
eff;CP ¼ gð1ÞHWWZ½ið∂μW−μÞðZνWþνÞhþ H:c:�

þ gð1ÞHWWA½ið∂μW−μÞðAνWþνÞhþ H:c:�
þ gð2ÞHWWZ½iðZμWþμÞðW−

ν ∂νhÞ þ H:c:�
þ gð2ÞHWWA½iðAμWþμÞðW−

ν ∂νhÞ þ H:c:�; ð6:27Þ

where the anomalous couplings gHVVV [69]

Δgð1ÞHWWZ ¼ e2g2

c2θ

�
8

v
c̄6ξ −

4

v
c̄6ξ2

�
;

Δgð1ÞHWWA ¼ −eg2
�
8

v
c̄6ξ −

4

v
c̄6ξ2

�
;

Δgð2ÞHWWZ ¼ −
e2g
2cθ

�
16

v
c̄6ξ −

32

v
c̄6ξ2

�
;

Δgð2ÞHWWA ¼ eg2

2

�
16

v
c̄6ξ −

32

v
c̄6ξ2

�
: ð6:28Þ

All of the HVVV anomalous couplings originate from one
singlet operator L̄6 from a high-energy viewpoint, instead
of depending upon different EWCL operators, such as
L9;10, respectively.
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4. HHVV anomalous couplings

The anomalous couplings of the two Higgs to two gauge
bosons, i.e., HHVV can be parametrized as [69]

LHHVV
eff;CP ¼ gð1ÞHHWWW

þ
μ W−μh2 þ gð2ÞHHWWW

þ
μ W−μ□ðh2Þ

þ gð3ÞHHWWW
þ
μ W−

ν ∂μh∂νh

þ gð4ÞHHWWð∂μWþμÞð∂νW−νÞh2

þ gð5ÞHHWW ½ð∂μWþμÞðW−
ν ∂νhÞhþ H:c:�

þ gð1ÞHHZZZμZμh2 þ gð2ÞHHZZZμZμ□h2

þ gð3ÞHHZZðZμ∂μhÞ2 þ gð4ÞHHZZð∂μZμÞ2h2

þ gð5ÞHHZZð∂μZμÞðZν∂νhÞh2; ð6:29Þ

where the only nonvanishing couplings at the tree level in
the SM are

gð1ÞSMHHWW ¼ g2

4
; gð1ÞSMHHZZ ¼ g2

8c2θ
: ð6:30Þ

The anomalous couplings of gHHVV turns out to be [69]

Δgð1ÞHHWW ¼ 10g2m2
hc̄6ξ;

Δgð2ÞHHWW ¼ −
12g2

v2
c̄6ξ2;

Δgð3ÞHHWW ¼ 0;

Δgð4ÞHHWW ¼ −
4g2

v2
c̄6ξþ

4g2

v2
c̄6ξ2;

Δgð5ÞHHWW ¼ 24g2

v2
c̄6ξ2;

Δgð1ÞHHZZ ¼ 5g2m2
h

c2θ
c̄6ξ;

Δgð2ÞHHZZ ¼ −
6g2

v2c2θ
c̄6ξ2;

Δgð3ÞHHZZ ¼ 0;

Δgð4ÞHHZZ ¼ −
2g2

v2c2θ
c̄6ξþ

2g2

v2c2θ
c̄6ξ2;

Δgð5ÞHHZZ ¼ 24g2

v2c2θ
c̄6ξ2: ð6:31Þ

It is intriguing to observe that all of the HHVV anomalous
couplings also originate from one singlet operator L̄6 from
a high-energy viewpoint, even though they may obtain
contributions from different EWCL operators, such as
L□H;7;8;9;10.

VII. CONCLUSIONS

In summary, we have studied the effective field theory
in the minimal composite Higgs model based upon the
SOð6Þ=SOð5Þ symmetry breaking pattern up to the p4

order in the CCWZ formalism. The vacuum misalignment
is parametrized by a rotation angle in the coset space in
the effective Lagrangian framework. In order to match
with the electroweak chiral Lagrangian, we reparame-
trize the pseudo-Goldstone boson fields as ðh; sÞ, and
obtain the connection between the high-energy effective
Lagrangian and the low-energy effective electroweak
chiral Lagrangian with the Higgs function dependences.
By expanding in v=f, in the weak coupling limit
(f → ∞), one would expect to recover the linearly
realized SM Higgs theory.
Regarding the connection between the high-energy

effective Lagrangian for the NMCHM and the low-energy
effective chiral Lagrangian, several main results are in
order:

(i) Both CP-even and CP-odd operators, and both the
Omega and Sigma parametrizations are considered,
and exact relations between definitions of polar,
Cartesian, and mixing coordinates of fields are
provided.

(ii) All the exact Higgs functions in the electroweak
chiral Lagrangian are presented, which exactly
recover the Higgs function in the SOð5Þ=SOð4Þ
composite Higgs model, in the absence of singlet s.

(iii) The Higgs functions in the effective Lagrangian
incorporate the Higgs nonlinearity/vacuum mis-
alignment effects in the next-to-minimal composite
Higgs model.

(iv) Higgs self couplings, anomalous triple and quartic
gauge couplings, anomalous couplings of Higgs to
gauge bosons are given as criteria for detecting the
physics beyond the SM.

(v) Higgs functions provide relations among different
Wilson coefficients in the low-energy chiral Lagran-
gian. These relations may provide analysis direc-
tions for future experimental measurements.

(vi) The singlet can be light and plays a role as a dark
matter candidate, in the singlet extended standard
model with an additional Z2 symmetry in scalar
sector.

In the Higgs effective theory, we could obtain the Wilson
coefficients derived from the corresponding Higgs func-
tions. At the p2 order, the corresponding expansion
coefficients are related to the EW oblique parameter T
constrained by the EWPT. While at the p4 order, they are
related to not only the EWoblique parameter S (and also T
if heavy fermions are present) parameter but also the
anomalous couplings of triple or quartic gauge bosons,
the anomalous couplings coefficients of Higgs to gauge
bosons, etc. Some of these couplings are constrained by the
precision measurements of the Higgs self couplings at the
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LHC. The future colliders will also be able to explore some
of these couplings, such as VVH and VVHH couplings. We
will leave this study to future work. Finally the phenom-
enology of the scalar singlet could be quite interesting, such
as the collider searches for such scalar, and its cosmological
implications, etc.
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APPENDIX A: SO(N) GENERATORS AND
HIGGS REPRESENTATION

1. Generators of the SOð6Þ group
In the SO(6), there are 15 generators TA ¼ fTa; Tâg

denoted with 10 generators of the unbroken SOð5Þ as Ta ¼
fTa

L=R; T
αgwitha ¼ 1, 2, 3,α ¼ 1, 2, 3, 4 and5generators of

coset SOð6Þ=SOð5Þ as Tâ ¼ fT α̂; T 5̂g with α̂ ¼ 1, 2, 3, 4.
Among these generators, fTa

L=Rg belongs to the SUð2ÞL×
SUð2ÞR ≃ SOð4Þ ⊂ SOð5Þ, and fTαg belong to the coset
SOð5Þ=SOð4Þ. T 5̂ belongs to the SOð2Þ ⊂ SOð6Þ. These
generators satisfy the normalization conditions as

Tr½TaTb� ¼ δab; Tr½TâTb̂� ¼ δâ b̂: ðA1Þ

Note, in general, the SOð6Þ generators satisfy the following
commutation relations and trace properties as

½TA; TB� ¼ ifABCTC; fTA; TBg ¼ kδAB þ dABCTC;

Tr½TA� ¼ 0; Tr½TATB� ¼ δAB;

Tr½TATBTC� ¼ ifABC þ dABC; ðA2Þ

where k is a normalization constant to be determined, and
fABC and dABC are totally antisymmetric (symmetric) struc-
ture constants, respectively.

The 5 generators of the coset SOð6Þ=SOð5Þ can be
written in a compact form as [26,72]

ðTâÞij ≡ 1ffiffiffi
2

p ðTâ6Þij ¼
iffiffiffi
2

p ðδ6i δâj − δ6jδ
â
i Þ; ðA3Þ

where â ¼ 1;…; 5, i; j ¼ 1;…6. It can also be expressed
as 5 ¼ 4þ 1S ∈ SOð4Þ ⊕ SOð2Þ as

ðT α̂Þij ≡ 1ffiffiffi
2

p ðT α̂6Þij ¼
iffiffiffi
2

p ðδ6i δα̂j − δ6jδ
α̂
i Þ; α̂ ¼ 1; 2; 3; 4;

ðT 5̂Þij ≡ 1ffiffiffi
2

p ðT 5̂ 6̂Þij ¼
iffiffiffi
2

p ðδ6i δ5̂j − δ6jδ
5̂
i Þ; ðA4Þ

where T 5̂ ≡ TS is the generator of SOð2Þ, where subscript S
denotes singlet. If the unbroken symmetry is SOð4Þ ×
SUð2Þ with 9 generators or SOð4Þ × SOð2Þ with 7 gen-
erators instead of SOð5Þ with 10 generators, then there are
6, 8 instead of 5 GBs that will be present in the end. If one
breaks SOð6Þ down to instead SOð5Þ but SOð4Þ × SOð2Þ,
the symmetry breaking pattern SOð6Þ=SOð4Þ × SOð2Þ
leads to 4þ 4 consisting of the elements of a composite
2-Higgs-doublet model [14]. In this case, T α̂ become the
unbroken generators.
The 5 generators of the coset SOð6Þ=SOð5Þ in a 6 × 6

matrix includes 3 ∈ SUð2Þα ⊂ SOð4Þ as

T 1̂ ¼ iffiffiffi
2

p

0
BBB@

02 02 −e1
02 02

0

eT1 0

1
CCCA;

T 2̂ ¼ iffiffiffi
2

p

0
BBB@

02 02 −e2
02 02

0

eT2 0

1
CCCA;

T 3̂ ¼ iffiffiffi
2

p

0
BBB@

02 02

02 02 −e1
0

eT1 0

1
CCCA; ðA5Þ

where 02 ≡ diagð0; 0Þ, and e1;2 are eigenvectors of a Pauli
matrix as

e1 ¼ ð1; 0ÞT; e2 ¼ ð0; 1ÞT: ðA6Þ

The broken generator along the EW symmetry breaking
direction is denoted as T 4̂ as a 6 × 6 matrix as
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T 4̂ ¼ iffiffiffi
2

p

0
BBB@

02 02

02 02 −e2
0

eT2 0

1
CCCA;

T 5̂ ¼ iffiffiffi
2

p

0
BBB@

02 02

02 02

0 −1
1 0

1
CCCA; ðA7Þ

where T 5̂ is the generator of SOð2Þ and 02 ≡ diagð0; 0Þ.
It can be checked that all generators are normalized as

Tr½Ta
LT

b
L� ¼ δab; Tr½Ta

RT
b
R� ¼ δab; Tr½TâTb̂� ¼ δâ b̂;

ðA8Þ

and they satisfy the commutation relations as below:

½Ta
L;T

b
R�¼0; ½Ta

L;T
b
L�¼ iϵabcTc

L; ½Ta
R;T

b
R�¼ iϵabcTc

R;

½Tâ;T 4̂�¼ i
2
δâbðTb

L−Tb
RÞ; ½Tâ;Tb̂�¼ i

2
ϵâ b̂cðTc

LþTc
RÞ;

½Tâ;Tb
L;R�¼

i
2
ðϵâbĉTĉ∓δâbT 4̂Þ; ½T 4̂;Ta

L;R�¼� i
2
δab̂Tb̂:

ðA9Þ

It is obvious that in the SOð6Þ=SOð5Þ case, the unbroken
generators transform as the reducible representations
ð3; 1Þ þ ð1; 3Þ ∈ SOð4Þ ∼ SUð2ÞL × SUð2ÞR, respectively.
Under the unitary transformation P as will be dis-

cussed in Eq. (A20), the 5 generator of coset SOð6Þ=
SOð5Þ in Eqs. (A5) and (A7) can be expressed expli-
citly as

t1̂ ¼ −
1

2

0
BBB@

02 02 e2
02 02 e1

0

eT2 eT1 0

1
CCCA;

t2̂ ¼ i
2

0
BBB@

02 02 −e2
02 02 e1

0

eT2 −eT1 0

1
CCCA;

t3̂ ¼ 1

2

0
BBB@

02 02 −e1
02 02 e2

0

−eT1 eT2 0

1
CCCA;

t4̂ ¼ i
2

0
BBB@

02 02 e1
02 02 e2

0

−eT1 −eT2 0

1
CCCA;

t5̂ ¼ i
2

0
BBB@

02 02

02 02

0
ffiffiffi
2

p

−
ffiffiffi
2

p
0

1
CCCA; ðA10Þ

where T 5̂ is the generator of SOð2Þ and 02 ≡ diagð0; 0Þ.
In the unitary of NMCHM, h1;2;3 ¼ 0, the Higgs PNGBs
can be expressed explicitly as

U¼exp

�
i

ffiffiffi
2

p

f
ðh4t4̂þh5t5̂Þ

�

¼

0
BBBBBBBBBBBB@

cϕþ1

2
c2ψ þs2ψ 0 0

cϕ−1
2

c2ψ −ð1−cϕÞcψ sψffiffi
2

p −cψ sϕffiffi
2

p

0 1 0 0 0 0

0 0 1 0 0 0
cϕ−1
2

c2ψ 0 0
cϕþ1

2
c2ψ þs2ψ −ð1−cϕÞcψ sψffiffi

2
p −cψ sϕffiffi

2
p

−ð1−cϕÞcψ sψffiffi
2

p 0 0 −ð1−cϕÞcψ sψffiffi
2

p c2ψþcϕs2ψ −sϕsψ
cψ sϕffiffi

2
p 0 0

cψ sϕffiffi
2

p sϕsψ cϕ

1
CCCCCCCCCCCCA
;

ðA11Þ

where cϕ ¼ cosðϕ=fÞ, sϕ ¼ sinðϕ=fÞ, with ϕ ¼ h24 þ h25
and ĥ4 ¼ cψ , ĥ5 ¼ sψ . In the absence of the singlet
h5 ¼ 0, ψ ¼ 0, ϕ ¼ h4 ¼ h, or h4 ¼ 0, ϕ ¼ h5 ¼ s, then

UðhÞ ¼

0
BBBBBBBBBB@

1
2
ðch þ 1Þ 0 0 1

2
ðch − 1Þ 0 − shffiffi

2
p

0 1 0 0 0 0

0 0 1 0 0 0

1
2
ðch − 1Þ 0 0 1

2
ðch þ 1Þ 0 − shffiffi

2
p

0 0 0 0 1 0
shffiffi
2

p 0 0 shffiffi
2

p 0 ch

1
CCCCCCCCCCA
;

UðsÞ ¼

0
BBB@

14 0 0

0 cs −ss
0 ss cs

1
CCCA; ðA12Þ

where 14 ¼ diagð1; 1; 1; 1Þ. They just recover the GBs
matrix for the coset SOð6Þ=SOð4Þ or SOð6Þ=SOð2Þ,
respectively.
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2. Generators of the SOð5Þ group
There are 10 unbroken generators of SOð5Þ ⊂ SOð6Þ,

ðTa
L=RÞij ¼ −

i
2

�
1

2
ϵabcðδbi δcj − δbjδ

c
i Þ � ðδai δ4j − δajδ

4
i Þ
�
;

ðTαÞij ≡ 1ffiffiffi
2

p ðTα5Þij ¼ −
iffiffiffi
2

p ðδ5jδαi − δ5i δ
α
j Þ; ðA13Þ

where a ¼ 1, 2, 3, α ¼ 1, 2, 3, 4 and i; j ¼ 1;…; 6.
These give the coset space SOð5Þ=SOð4Þ for MCHM
[13,17,18,20].
To be explicit, the 6 generators that span the representa-

tion 6 ¼ ð3; 1Þ þ ð1; 3Þ ∈ SUð2ÞL × SUð2ÞR ≃ SOð4Þ ⊂
SOð5Þ ⊂ SOð6Þ can be chosen as

T1
L ¼ i

2

0
B@

0 −σ1
σ1 0

02

1
CA; T2

L ¼ i
2

0
B@

0 σ3

−σ3 0

02

1
CA;

T3
L ¼ i

2

0
B@

−iσ2 0

0 −iσ2
02

1
CA;

T1
R ¼ i

2

0
B@

0 iσ2
iσ2 0

02

1
CA; T2

R ¼ i
2

0
B@

0 12

−12 0

02

1
CA;

T3
R ¼ i

2

0
B@

−iσ2 0

0 iσ2
02

1
CA; ðA14Þ

where 02 ≡ daigð0; 0Þ, 12 ≡ daigð1; 1Þ, and it can be
checked that they satisfy the commutation relations as

½TL
a ; TR

b � ¼ 0; TL;R
a TL;R

b ¼ 1

4
δab þ

i
2
εabcT

L;R
c : ðA15Þ

Four residue unbroken generators that span the repre-
sentation ð2; 2Þ ∈ SUð2ÞL × SUð2ÞR ≃ SOð4Þ are

T1
α ¼

iffiffiffi
2

p

0
BBB@

02 02 −e1
02 02

eT1 0

0

1
CCCA;

T2
α ¼

iffiffiffi
2

p

0
BBB@

02 02 −e2
02 02

eT2 0

0

1
CCCA;

T3
α ¼

iffiffiffi
2

p

0
BBB@

02 02

02 02 −e1
eT1 0

0

1
CCCA;

T4
α ¼

iffiffiffi
2

p

0
BBB@

02 02

02 02 −e2
eT2 0

0

1
CCCA; ðA16Þ

where 02 ≡ diagð0; 0Þ.

3. Generators of the SOð4Þ group
The generator of SUð2ÞL×SUð2ÞR≃SOð4Þ in Eq. (A13)

can also be expressed as

ðTa
L=RÞij ¼

1

2
½ðJaÞij � ðKaÞij�; ðA17Þ

where the generators Ja and Ka correspond to the angular
momentum and boosts as

ðJaÞij ≡ 1

2
ϵabcðTbcÞij ¼ −i

1

2
ϵabcðδbi δcj − δbjδ

c
i Þ;

ðKaÞij ≡ ðTa4Þij ¼ −iðδai δ4j − δajδ
4
i Þ: ðA18Þ

To be explicit,

J1 ¼ i

0
BBB@
0 0 0

0 0 −1
0 1 0

03

1
CCCA; J2 ¼ i

0
BBB@

0 0 1

0 0 0

−1 0 0

03

1
CCCA;

J3 ¼ i

0
BBB@
0 −1 0

1 0 0

0 0 0

03

1
CCCA;

K1 ¼ i

0
BBBBB@

0 0 0 −1
0 0 0 0

0 0 0 0

1 0 0 0

02

1
CCCCCA; K2 ¼ i

0
BBBBB@

0 0 0 0

0 0 0 −1
0 0 0 0

0 1 0 0

02

1
CCCCCA;

K3 ¼ i

0
BBBBB@

0 0 0 0

0 0 0 0

0 0 0 −1
0 0 1 0

02

1
CCCCCA; ðA19Þ

where 03 ≡ diagð0; 0; 0Þ and 02 ≡ diagð0; 0Þ.
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The representation in Eq. (A14) can be transformed to
those one is more familiar with through a similar trans-
formation with a unitary matrix P,

taL;R ¼ PTa
L;RP

−1;

P ¼ 1ffiffiffi
2

p

0
BBBBBBBB@

0 0 i 1 0 0

i −1 0 0 0 0

i 1 0 0 0 0

0 0 −i 1 0 0

0 0 0 0
ffiffiffi
2

p
0

0 0 0 0 0 −
ffiffiffi
2

p

1
CCCCCCCCA
: ðA20Þ

To be explicit, we have

t1L ¼ 1

2

0
B@

σ1

σ1

02

1
CA; t2L ¼ 1

2

0
B@

σ2

σ2

02

1
CA;

t3L ¼ 1

2

0
B@

σ3

σ3

02

1
CA;

t1R ¼ −
1

2

0
B@

12

12

02

1
CA; t2R ¼ i

2

0
B@

−12
12

02

1
CA;

t3R ¼ 1

2

0
B@

−12
12

02

1
CA; ðA21Þ

where 12 ≡ diagð1; 1Þ and 02 ≡ diagð0; 0Þ. Under the
above unitary transformation P in Eq. (A20), the funda-
mental representation of the scalar in SOð5Þ ⊂ SOð6Þ
becomes

ϕ ¼

0
BBBBBBBB@

h1
h2
h3
h4
s

0

1
CCCCCCCCA
!P 1ffiffiffi

2
p

0
BBBBBBBB@

h4 þ ih3
iðh1 þ ih2Þ
h2 þ ih1
h4 − ih3ffiffiffi

2
p

s

0

1
CCCCCCCCA

¼

0
BBBBBBBB@

h0⋆

−h−

hþ

h0

s

0

1
CCCCCCCCA
; ðA22Þ

which consists of the Higgs bi-doublet as denoted in
Eq. (A47) as

1ffiffiffi
2

p H ¼ 1ffiffiffi
2

p ðHc;HÞ ¼
�
h0⋆ hþ

h− h0

�
; ðA23Þ

whereH and Hc are the SM Higgs doublet and its complex
conjugate with notation defined in Eqs. (A33) and (A46),
respectively.
Under the above unitary transformation P in Eq. (A20),

the 4 generators in the coset SOð5Þ=SOð4Þ in Eq. (A24) can
be expressed more explicitly as

t1α ¼
1

2

0
BBB@

02 02 e2
02 02 e1
eT2 eT1 0

0

1
CCCA;

t2α ¼
i
2

0
BBB@

02 02 e2
02 02 −e1
−eT2 eT1 0

0

1
CCCA;

t3α ¼
1

2

0
BBB@

02 02 e1
02 02 −e2
eT1 −eT2 0

0

1
CCCA;

t4α ¼
i
2

0
BBB@

02 02 −e1
02 02 −e2
eT1 eT2 0

0

1
CCCA; ðA24Þ

where 02 ≡ diagð0; 0Þ. In the unitary of MCHM, h1;2;3 ¼ 0,
h4 ¼ h, the Higgs PNGBs can be expressed explicitly as

U ¼ exp

�
i

ffiffiffi
2

p

f
ht4α

�

¼

0
BBBBBBBBBB@

1
2
ðch þ 1Þ 0 0 1

2
ðch − 1Þ shffiffi

2
p 0

0 1 0 0 0 0

0 0 1 0 0 0

1
2
ðch − 1Þ 0 0 1

2
ðch þ 1Þ shffiffi

2
p 0

− shffiffi
2

p 0 0 − shffiffi
2

p ch 0

0 0 0 0 0 1

1
CCCCCCCCCCA
; ðA25Þ

where ch ¼ cosðh=fÞ and sh ¼ sinðh=fÞ.
Under the unitary transformation P in Eq. (A20), the 3

generators of angular momentum and boost in Eq. (A19)
can be reexpressed as
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J1¼1

2

0
BBBBB@

0 1 −1 0

1 0 0 −1
−1 0 0 1

0 −1 1 0

02

1
CCCCCA;

J2¼ i
2

0
BBBBB@

0 −1 −1 0

1 0 0 −1
1 0 0 −1
0 1 1 0

02

1
CCCCCA; J3¼

0
BBBBB@

0 0 0 0

0 −1 0 0

0 0 1 0

0 0 0 0

02

1
CCCCCA;

K1¼1

2

0
BBBBB@

0 1 1 0

1 0 0 1

1 0 0 1

0 1 1 0

02

1
CCCCCA; K2¼ i

2

0
BBBBB@

0 −1 1 0

1 0 0 1

−1 0 0 −1
0 −1 1 0

02

1
CCCCCA;

K3¼

0
BBBBB@

1 0 0 0

0 0 0 0

0 0 0 0

0 0 0 −1
02

1
CCCCCA; ðA26Þ

where 02 ≡ diagð0; 0Þ.

4. Representations of Higgs

a. Custodial symmetry SOð3Þ ⊂ SOð4Þ
As we will show in the following, the unbroken

H ¼ SOð3Þ ≃ SUð2ÞV symmetry after EW symmetry
breaking originates from an enlarged G ¼ SOð4Þ ≃
SUð2ÞL × SUð2ÞR global symmetry.
It is interesting to observe that the Higgs doublet is an

SOð4Þ invariant as

H†H ¼ h21 þ h22 þ h23 þ h24 ¼ hTh; ðA27Þ

with h ¼ ðh1; h2; h3; h4ÞT is 4 ∈ SOð4Þ. Thus the SM
Higgs action can also be reexpressed as an SOð4Þ ⊂
SOð5Þ invariant form as

Lh ¼
1

2
ðDμhTÞðDμhÞ þ

1

2
μ2ðhThÞ − 1

4
λðhThÞ2; ðA28Þ

with h ¼ ðh1; h2; h3; h4ÞT transforming linearly as the four-
dimensional vector representation 4 of global symmetry
group SOð4Þ, it is obvious that the Higgs potential is also
invariant under SOð4Þ symmetry. The Higgs potential can
be reexpressed as

Vh ¼ −
λ

4
ðhTh − v2Þ2; ðA29Þ

which has a minimum as the three sphere S3 with radius v

hhThi ¼ v2: ðA30Þ

It is convenient to choose the vacuum expectation value of
h in vector representation 4 of SOð4Þ as

hhi ¼

0
BBB@

0

0

0

v

1
CCCA: ðA31Þ

Considering the shift field v → vþ h and nonshifted fields
as ha with a ¼ 1, 2, 3, then

h ¼

0
BBB@

h1
h2
h3

vþ h

1
CCCA; ðA32Þ

where v is the vacuum expectation value of the Higgs
singlet h4 and h≡ h̃4 is the quantum fluctuation around the
v. Thus, the SOð4Þ symmetry acts linearly on the Cartesian
coordinates in terms of field ha.
The vacuum hhi simultaneously breaks the global SOð4Þ

symmetry down to the unbroken Oð3Þ global symmetry,
under which, the GBs φa with a ¼ 1, 2, 3 transforms
linearly as a triplet 3 under Oð3Þ, while the Higgs h
transforms as a singlet 1 ∈ Oð3Þ. The four-real component
of the Higgs vector representation can be reorganized as the
usual SM Higgs complex doublet with two complex scalar
fields hþ and h0 as

Φ ¼ 1ffiffiffi
2

p
�
h2 þ ih1
h4 − ih3

�
≡
�
hþ

h0

�
¼ 1ffiffiffi

2
p H

¼φ¼0 1ffiffiffi
2

p
�

0

hþ v

�
; ðA33Þ

where H is related to Φ ¼ H=
ffiffiffi
2

p
, due to the kinetic term,

and in the last equality, we have adopted to the uni-
tary gauge.
After EWSB, the SOð4Þ breaks down to a SOð3Þ ≃

SUð2ÞV symmetry, in terms of custodial symmetry, which
is invariant for the three goldstone bosons, or as equivalent
physical degree of freedom, the three gauge bosons Wa

μ in
3, the fundamental representation of SOð3Þ or adjoint
representation of SUð2ÞV . The unbroken global symmetry
SOð3Þ leads to the well-known gauge boson mass relation
that mW ¼ mZ cos θW as the prediction of the SM, which
can also be expressed through the ratio
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ρ≡ m2
W

m2
Zc

2
θ

; ðA34Þ

when g0 ≠ 0, where cθ ¼ cos θW is the Weinberg mixing
angle. The gauge boson mass relation implies that custodial
is an approximate symmetry of the SM, which is exact at
least at tree level. Thus, the custodial symmetry ensures
ρ ¼ 1 at tree level, and also ensures small corrections to ρ at
the quantum level in Eq. (1.1). It also guarantees that
m2

W=m
2
Z ¼ 1 in the absence of Uð1ÞY , i.e., g0 → 0.

To be brief, the unbroken SOð3Þ symmetry of the SM
vacuum can be originated from an SOð4Þ invariant fixed
point.

b. From Cartesian to polar

It is worthy of observing a fact that after the h4 obtains
vev, the SM Higgs doublet with Cartesian coordinate field
ha in Eq. (A33) can be reexpressed as below [40,46,60]

Φ ¼ 1ffiffiffi
2

p
�

h2 þ ih1
hþ v − ih3

�

¼
�
12 þ

h12 þ iσaha
v

��
0

vffiffi
2

p

�

≈
v≫1 vffiffiffi

2
p exp

�
h12 þ iσaha

v

��
0

1

�

≈
h≪v

exp

�
iσaha
v

�
1ffiffiffi
2

p
�

0

vþ h

�
; ðA35Þ

where e2 ¼ ð0; 1ÞT is one of two eigenvectors of the Pauli
matrix σ3 for a spin-down state as denoted in Eq. (A6) and
in the last equality, we have made the identification that
φa ≈ hâ with â ¼ 1, 2, 3, which are exact in the limit
v → ∞, i.e., the unitary gauge. Thus, one can map the
Higgs doublet in Eq. (A33) to that in the polar decom-
position, or angular coordinate φa as

Φ≡ 1ffiffiffi
2

p h4Ue2; ðA36Þ

where h4 ¼ hþ v is the magnitude of Ψ where h denotes
the radial coordinate, while U ∈ S3 is a four-dimensional
unit vector, denoting the SM Goldstone bosons matrix in
SUð2Þ as defined in Eq. (C2)

U≡ exp

�
i
σaφa

v

�
¼ cφ þ iσaφ̂asφ

¼

0
B@ cφ þ isφ

jφj φ3
sφ
jφj ðiφ1 þ φ2Þ

isφ
jφj ðφ1 þ iφ2Þ cφ −

isφ
jφj φ3

1
CA

¼v≫1

 
1þ iφ3

v
iφ1þφ2

v
iφ1−φ2

v 1 − iφ3

v

!
¼φ¼0

12; ðA37Þ

where φ̂a ≡ φa=jφj are the three dimensionless angular
coordinates and we have made the notation sφ and cφ
defined in Eq. (2.54). In the last equality, it is shown that the
unitary matrix just reduces to be unity in the unitary gauge,
as expected.
The metric of the coset space is SOð4Þ=SOð3Þ ≃ S3 as

gâ b̂ ≡ Trð∂ âU†∂ b̂UÞ

¼ 2

v2

�
ϕaϕb

jϕj2 þ
�
δab −

ϕaϕb

jϕj2
�

v2

jϕj2 sin
2

�jϕj
v

�	
;

ðA38Þ

which gives the determinant as

det ½gðϕÞ� ¼ 4

v2jϕj4 sin
4

�jϕj
v

�
: ðA39Þ

From which, one can define the vielbein from Eq. (5.78) as

EA
a ¼ −iTr½Ω†∂ âΩTA�

¼ 2ϕaϕ
A

vjϕj2 þ
�
δAa −

ϕaϕ
A

jϕj2
�

1

jϕj sin
�
2jϕj
v

�

þ 2ϵAba
ϕb

jϕj2 sin
2

�jϕj
v

�
: ðA40Þ

According to Eq. (5.82), the torsion contribution is

TABC ¼ 4

vjϕj2 sin
2

�jϕj
v

�
¼ 4ϵABC

ffiffiffi
g

p
: ðA41Þ

With the h in doublet H in Eq. (A33), according to
Eqs. (A36) and (A37), one can read the one-to-one
correspondence as

ha ¼
h4
v
φa; a ¼ 1; 2; 3; ðA42Þ

where h4 ¼ hþ v with h ¼ h̃4 as the quantum fluctuation
of the Higgs field. In this case, there is a relation between
the GBs in Cartesian and polar coordinates as

jhj2 ¼ haha ¼
h24ðv2 þ jφj2Þ

v2
¼φ→0 ðhþ vÞ2; ðA43Þ

which originates from the constraint of the polar coordi-
nate. Therefore,

h ¼ h4 − vþ h4
φ2

2v2
− h4

φ4

8v4
þ � � � : ðA44Þ

Thus, the Higgs filed h is SOð4Þ invariant, while only three
of the components of Φðha; h4Þ are independent due to the
constraint above.
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In the polar coordinate, the SM Lagrangian can be
reexpressed as

Lh ¼
1

2
ðvþ hÞ2ð∂μU†∂μUÞ

þ 1

2
ð∂μhÞ2 −

λ

4
ððhþ vÞ2 − v2Þ2; ðA45Þ

where the Higgs scalar potential depends only upon the
radial coordinate h, while the three GB fields φ only
appears in the kinetic terms, either gauged or not. In this
case, it is obvious that the interactions of h with φa

becomes nonlinear, compared to that between ha and h4
in the Cartesian coordinate. Nevertheless, by the Lehmann-
Symanzik-Zimmermann reduction formula, h and h4 give
the same S-matrix, so that the change of coordinates does
not affect S-matrix elements [60].

c. Higgs bi-doublet in SOð4Þ
Since SOð4Þ is isomorphic to SUð2ÞL × SUð2ÞR, one

can relate the SOð4Þ vector to H≡ ðHc;HÞ a complex
SUð2ÞR × SUð2ÞL bi-doublet ð2̄; 2Þ ∈ SUð2ÞL × SUð2ÞR,
with the complex conjugate of H in Eq. (A33) as

Hc ≡ iσ2H⋆ ¼
�

h4 þ ih3
−ðh2 − ih1Þ

�
¼
�
h0�

h−

�
; ðA46Þ

where h− ¼ ðhþÞ�. More explicitly, the polar decomposi-
tion of H into h and the SUð2Þ matrix U as

H ¼
�

h4 þ ih3 h2 þ ih1
−h2 þ ih1 h4 − ih3

�
¼ hα̂σ̄α̂ ≡ jhjU; ðA47Þ

with σ̄α̂ ¼ ðiσ⃗; 12Þ with α̂ ¼ ða; 4Þ; a ¼ 1, 2, 3.
From Eq. (A47), it can be found that

hα̂
jhj≡ ĥα̂ ¼

1

2
Tr½Uσα̂�; ðA48Þ

where σα̂ ≡ ð−iσ⃗; 12Þ is the complex conjugate of σ̄α̂.
To be explicit, ĥα̂ can also be expressed as, respectively,

ĥa ¼ −
i
2
Tr½Uσa�; ĥ4 ¼ cφ: ðA49Þ

Combing Eqs. (A37), the ha in the vector representation
can be expressed as

ĥα̂ ¼ ðφ̂asφ; cφÞ ¼v→∞
�
φa

v
; 1

�
; ðA50Þ

where φ̂a ≡ φa=jφj and cφ, sφ as defined in Eq. (2.54).
Therefore, the fundamental scalar hT can be reexpressed as

ϕ ¼ v

�
sφφ⃗

cφ

�
; ðA51Þ

where φ⃗≡ ðφ̂1; φ̂2; φ̂3Þ is a three-dimensional unit vector,
which transforms linearly as the three-dimensional repre-
sentation under the unbroken Oð3Þ symmetry. The angle φ
together with the φ⃗ have 4 degrees of freedom.

d. Nonlinear transformation of SOð4Þ
Since there are three independent components in the

polar coordinate with the constraint in Eq. (A43), one can
make a redefinition of the GBs as below,

πa ≡ vsφφ̂a; ðA52Þ

so that the fourth nonindependent component can be
expressed as a nonlinear function of these unconstrained
fields πa. In this case, the linear parametrization in
Eq. (A51) can be reexpressed in a square-root parametri-
zation as

ϕ ¼
�

π⃗ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 − π⃗ · π⃗

p
�
; ðA53Þ

where π⃗ has three components. Thus, the unitary GB matrix
U can also be rewritten in the nonlinear form as

U ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

π2

v2

s
þ iσa

πa
v
; ðA54Þ

which implies that the fourth component cφ is a nonlinear
function of the independent three components πa with
a ¼ 1, 2, 3. The constraint of polar coordinate in Eq. (A43)
turns the SOð4Þ linear transformation uponΦðha; h4Þ into a
nonlinear SOð4Þ transformation when written only in terms
of unconstrained fields π1;2;3 ∈ SOð3Þ.
Thus, the SOð4Þ symmetry acts nonlinearly on the

angular coordinates in terms of field πa reads as

U ≈ 1þ i
π

v
−

π2

2v2
þO

�
π4

v4

�
; ðA55Þ

where π ≡ σaπa.
In this definition, the kinetic terms of the nonlinear sigma

model can be rewritten as

Lkin ¼
v2

2
Tr½ð∂μU†Þð∂μUÞ�

¼ 1

2
ð∂μπ

aÞ2 þ v2

2
sφð∂μφÞ2; ðA56Þ

where the second term denotes the nonlinear kinetic terms
of πa fields, since
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LðφÞ
kin ¼ v2

2
sφð∂μφÞ2 ¼

1

2

ðπa∂μπ
aÞ2

v2 − π2
: ðA57Þ

Together, the kinetic term of πa becomes in curved space
S3 ≃ SOð4Þ=SOð3Þ as

Lkin ¼
1

2
gab∂μπ

a∂μπb; ðA58Þ

with a nonflat metric in PNGB field space

gab ¼ δab þ
πaπb

v2 − π2
; ðA59Þ

and the Ricci scalar curvature of the coset space is

R ¼ 6

v2
> 0; ðA60Þ

where the number 6 takes account of the degrees of
freedom of the number of unconstrained πa fields.
Therefore, the PNGB, or Higgs nonlinearity originates
from the scalar S3 manifold curvature. At the scale v → ∞,
the physics at scale f gives nonlinear interactions due to the
metric

gab ¼ δab þ
πaπb
v2

þ π2

v4
πaπb þO

�
π6δab
v6

�
: ðA61Þ

The kinetic term of the nonlinear sigma model can be
expressed in a series of expansions as

LðφÞ
kin ¼ 1

2
∂μπ⃗ · ∂μπ⃗ þ 1

2v2
ðπ⃗ · ∂μπ⃗Þ2

þ 1

2v4
π⃗ · π⃗ðπ⃗ · ∂μπ⃗Þ2 þ…; ðA62Þ

where … denotes higher order derivatives coupled inter-
action terms no less than 1=v6 order. The Lagrangian has
only three scalar degrees of freedom.

e. Higgs function in coset SOð4Þ=SOð3Þ
Similarly, if the SM GBs are introduced in the coset

SOð4Þ=SOð3Þ with the nonlinear realization, as parame-
trized in Eq. (A54), the same story above would happen,
namely the GBs also originate from the nonflat metric
induced by the EW scale v as shown in Eq. (A60).
The kinetic energy term of the Higgs can be proposed

from that in the coset as Eq. (A58) to the SOð4Þ manifold,
by introducing additional Higgs in fundamental SOð4Þ H
as the quantum fluctuations along the radial field direction
[39,58–60],

L≡ 1

2
gαβðhÞ∂μϕ

α∂μϕβ; ðA63Þ

where ϕα ¼ ðπa; hÞ and gαβðhÞ is a general metric on
SOð4Þ,

gαβ ¼ diagðFðhÞ2gab; ghhÞ; ðA64Þ

where FðhÞ is an arbitrary function of radial coordinate
filed h canonically normalized so that allows one to set
Fð0Þ ¼ 1 and ghh ¼ 1. gab is the SOð4Þ invariant metric on
the scalar coset manifold SOð4Þ=SOð3Þ ¼ S3 in Eq. (A59).
In this case, the Riemann tensors Rαβγδ are

Ra
bcd ∝ ð1 − v2F02Þðgacgbd − gadgbcÞ;

Ra
hbh ∝ FF00gab; ðA65Þ

where F0 ≡ ∂F=∂h, F00 ≡ ∂2F=∂h2 etc. are derivatives of
F with respect to h. The Ricci tensors Rαβ are

Rab ∝
1

F2

�
2

v2
− 2F02 − FF00

�
gab;

Rhh ∝
F00

F
; ðA66Þ

and the intrinsic Ricci scalar curvature R turns out to be

R ¼ 6

v2

�
1

F2
−
v2

F2
ðF02 þ FF00Þ

�
: ðA67Þ

The exterior curvature with a normal vector along the radial
coordinate direction gives

Ka
bðncÞ ¼

πc

F
δab; ðA68Þ

where δab are diagonal components of the induced metric.
Thus, the extrinsic curvature is flat as before. While the
minimization of the extrinsic curvature along radial direc-
tion will entail that F ≠ 0. The Einstein equations Gab ¼ 0
and Ghh ¼ 0 impose the constraints, respectively, as

2FF00 þ F02 ¼ 1

v2
; F0 ¼ 1

v
; ðA69Þ

where the second one originates from the vanishing of the
Riemann tensor curvature Ra

bcd in Eq. (A65) above. These
equations together give the solution to FðhÞ for the Higgs
kinetic energy term

FSMðvÞ ¼ Cþ h
v
; ðA70Þ

where integral constant C ¼ 1 is determined by imposing
Fð0Þ ¼ 1. This just reproduces the Higgs function in front
of the kinetic terms of the SM would-be Goldstone bosons
in Eq. (5.11), where the degrees of freedom of GBs are
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transferred to the gauge boson masses after EWSB due to
Higgs mechanism.
When expanding the nonflat metric of SM GBs in

Eq. (A63) in power series of 1=v, we just obtain the

L ¼ 1

2
ð∂μhÞð∂μhÞ þ 1

2

�
1þ h

v

�
2∂μπ⃗ · ∂μπ⃗

þ 1

v2

�
1þ h

v

�
2

ðπ⃗ · ∂μπ⃗Þ2 þ…; ðA71Þ

where … denotes the higher order multi-interaction terms.
It is worthy of noticing that the GBs are derivatively
coupled.

APPENDIX B: CCWZ AND CHIRAL
LAGRANGIAN

1. Nambu-Goldstone boson matrix

a. Ω parametrization

Assuming the Lagrangian is invariant under global G,
with an unbroken symmetry H ⊂ G, which is a linearly
realized subgroup of G. The Nambu-Goldstone bosons
due to the global spontaneous symmetry breaking pattern
G → H can be described by the Ω field defined as

Ω≡ ei
φ
2fΞ ≡ eiΠ; ðB1Þ

where in the last equality, we have absorbed the decay
constant f intoΠ so that it is a dimensionless field. TheΩ is
under the action of an element of global symmetry g ∈ G
and an element of local symmetry h ∈ H as [27,28]

gΩðΞÞ ¼ ΩðgðΞÞÞhðΞ; gÞ; ðB2Þ

which transforms in a linear representation for H. While it
is a nonlinear one for the other elements under the global
symmetry G as

Ω → gΩh−1ðΞ; gÞ; ðB3Þ

which defines the nonlinear transformation of the NGBs
fields as Ξ denoted as

Ξ ¼ ΞâTâ; ðB4Þ

where Tâ are the broken generators in the coset G=H, with
â ¼ 1;…; dimðG=HÞ. To be brief, the Nambu-Goldstone
boson fields are associated with the coset or quotient space.
The quotient space G=H is said to be symmetric if there
exists an automorphism of the grading,R, under which the
broken generators change sign.

b. Symmetric coset and automorphism

For symmetric coset, there exists an automorphism or
“grading” symmetry R that acts upon the generators of G,
which changes the sign of the broken generators as

R∶
�
Ta → þTa

Tâ → −Tâ
ðB5Þ

where Ta with a ¼ 1; 2;…; dimðHÞ are the generators ofH
and Tâ where â ¼ 1; 2;…; dimðG=HÞ are the generators of
the coset G=H. The ðTa; TâÞ form an orthonormal basis of
G, and they satisfy

½Ta; Tb� ∝ Tc; ½Ta; Tb̂� ∝ Tĉ; ½Tâ; Tb̂� ∝ Tc;

ðB6Þ

where the first condition follows from that H is closed, the
second condition is due to the fact that the structure
constants are completely antisymmetric for compact
groups, while the last condition is one for a symmetric
coset. These generators together consist of those for global
symmetry G with the commutations relations and trace
conditions in Eq. (A2).
To be explicit, the commutation relations for the unbro-

ken and broken generators of a group G with TA ¼
fTa; Tâg are

½Ta; Tb� ¼ ifabcTc;

½Ta; Tb̂� ¼ ifab̂
ĉTĉ þ ifab̂

cTc;

½Tâ; Tb̂� ¼ ifâ b̂
cTc þ ifâ b̂

ĉTĉ; ðB7Þ

where the structure constants fabĉ ¼ 0 since the unbroken
generators fTag forms a subgroupH ⊂ G. For noncompact
group G, e.g., SOð5; 1Þ, the structure constants fABC ¼
−fBAC are antisymmetric in their first two indices. For
compact groups, e.g., SOð6Þ, the structure constants in all
three indices are totally antisymmetric. Thus, the structure
constant fab̂

c ¼ 0. The second commutation relation
reduces to

½Ta; Tb̂� ¼ ifab̂
ĉTĉ: ðB8Þ

The antisymmetric constant can be expressed in terms of
matrix elements of unbroken generators in the adjoint
representation as fabc ¼ −iðtaÞcb. For the symmetric coset
case, the broken generator Tâ changes its sign. As a result,
not only the structure constant fab̂

c ¼ 0 vanishes, but also
fâ b̂

ĉ ¼ 0. The third commutation relation reduces to

½Tâ; Tb̂� ¼ ifâ b̂
cTc: ðB9Þ

Under the discrete automorphism symmetry R in
Eq. (B5), the GB fields transforms as
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R∶ Ω → Ω−1: ðB10Þ

In the symmetric coset, the nonlinear field transforma-
tion of Ω can be read as below by acting on Eq. (B3) with
the grading R and taking the Hermitian conjugate

Ω → hΩg−1R : ðB11Þ

c. Σ parametrization

From Eqs. (B11) and (B3), one can define a new
nonlinear field Σ as square of Ω

Σ≡ Ω2 ¼ ei
φ
fΞ ¼ e2iΠ; ðB12Þ

which transforms linearly under the global symmetry
g ∈ G as

Σ → gΣg−1R ; ðB13Þ

where gR is a global element of G, obtained by acting on g
with R, which is independent of the GBs field Π. Hence Σ
transforms linearly under G. This shows explicitly that the
transformation on Π is a realization of G and that it is linear
when restricted to H. Under the grading symmetry, the GB
fields transform as

R∶ Σ → Σ−1: ðB14Þ

The transformation also implies that the covariant deriva-
tive of the nonlinear Σ is defined as

DμΣ ¼ ∂μΣþ igAðĀμΣ − ΣĀðRÞ
μ Þ; ðB15Þ

where Āμ is the G gauge field and its automorphism field is
ĀR

μ ≡RðĀμÞ. Under the gauge transformation, it is
straightforward to have

Āμ → gĀμg−1 −
i
gA

gð∂μg−1Þ;

ĀR
μ → gRĀR

μ g−1R −
i
gA

gRð∂μg−1R Þ; ðB16Þ

with gA denoting the associated gauge coupling constant.
For external gauge field gAĀμ ¼ Aμ, where the gauge

coupling gA are absorbed into the gauge fields. Con-
sequently, the covariant derivative of Σ in Eq. (B15)
transformed under local G transformation are defined as

DμΣ ¼ ∂μΣþ iAμΣ − iΣAðRÞ
μ ; ðB17Þ

where Aμ ¼ Aa
μTa þ Aâ

μTâ is the external gauge field and

AðRÞ
μ is obtained by acting on Aμ with the “grading” R as

AðRÞ
μ ¼ RðAμÞ ¼ Aa

μTa − Aâ
μTâ; ðB18Þ

where Tâ and Ta are the broken and unbroken generators,
respectively and normalized as TrðTATBÞ ¼ δAB. In gaug-
ing the standard model group, i.e., Aâ

μ ¼ 0. The external
gauge field Aμ transforms under the local H symmetry as

Aμ → gAμg−1 − ig∂μg−1;

AðRÞ
μ → gðRÞAμg−1ðRÞ − igðRÞ∂μg−1ðRÞ: ðB19Þ

Therefore, the covariant term of Σ above can be
expressed as

DμΣ ¼ ∂μΣþ i½Aa
μTa;Σ� þ ifAâ

μTâ;Σg: ðB20Þ

d. Explicit expression of covariant derivative

The most general high-energy effective Lagrangian for
describing the electroweak interactions of the gauge
group G and of the GBs of a nonlinear realization of
the symmetric G=H basis, up to four-derivative bosonic
interactions, can be obtained by gauging only the EW
symmetry of the SM gauge group, while keeping the group
G ¼ SOð6Þ global.
The gauge covariant derivative as defined in Eq. (B20)

becomes

DμΣ ¼ ∂μΣþ i½Wa
μQa

L þ B3
μQY;Σ�; ðB21Þ

where the external gauge field as gAĀμ ¼ gW̄μ þ g0B̄μ by
using the embedding representations in the SM as
Eqs. (2.1) and (2.3), we find the explicit expression of
the gauge invariant fields strength as

gAĀμ ¼
1

2

0
BBB@

σ2Aμ −iσ1gW1
μþ iσ3gW2

μ

iσ1gW1
μ− iσ3gW2

μ σ2Zμ

02

1
CCCA;

ðB22Þ

whereAμ≡gW3
μþg0Bμ,Zμ≡gW3

μ−g0Bμ, and 02¼daigð0;0Þ.
Then,we can obtain the field stress tensor of the SM gAF̄μν ≡
ðgW̄μν; g0B̄μνÞ in a similar expression.
The SOð6Þ=SOð5Þ explicit expression of the building

block with the SM gauge group is

V̄μðΩÞ ¼
 

03 V̄ðW;BÞ
μ

−V̄ðW;BÞT
μ V̄ðϕ;ψÞ

μ

!
; ðB23Þ

where 03 ¼ diagð0; 0; 0Þ, and V̄ðW;BÞ
μ and V̄ðϕ;ψÞ

μ are both
3 × 3 matrixes those can be expressed, respectively, as
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V̄ðW;BÞ
μ ¼ 1

2

0
BB@

gc2ψð1 − cϕÞW1
μ gð1 − cϕÞsψcψW1

μ gcψsϕW1
μ

gc2ψð1 − cϕÞW2
μ gð1 − cϕÞsψcψW2

μ gcψsϕW2
μ

c2ψð1 − cϕÞZμ ð1 − cϕÞsψcψZμ cψsϕZμ

1
CCA;

V̄ðϕ;ψÞ
μ ¼ 1

f

0
BB@

0 0 cψ
0 0 sψ

−cψ −sψ 0

1
CCAϕμ þ

0
BB@

0 cϕ − 1 −sϕsψ
1 − cϕ 0 cψsϕ
sϕcψ −cψsϕ 0

1
CCAψμ; ðB24Þ

where ϕμ ¼ ∂μϕ and ψμ ¼ ∂μψ . The scalar chiral field T̄ in Eq. (B38) becomes

T̄ ¼ −
i
2

0
BBBBBBBBB@

0 1 0 0 0 0

−1 0 0 0 0 0

0 0 0 −1þ c2ψ ð1 − cϕÞ ð1 − cϕÞsψcψ cψsϕ

0 0 1 − c2ψ ð1 − cϕÞ 0 0 0

0 0 −ð1 − cϕÞsψcψ 0 0 0

0 0 −cψsϕ 0 0 0

1
CCCCCCCCCA
: ðB25Þ

2. Ω decomposition

In the CCWZ’s general approach, one can redefine the
GB fields as dμ and eμ through the Maurer-Cartan (MC)
one-form ω, which is decomposed along the broken and
unbroken directions, respectively,

ωμ ≡ −iΩ†∂μΩ ¼ dâμTâ þ eaμTa ≡ dμ þ eμ; ðB26Þ
whereΩ is defined in Eq. (B3) as defined in Eq. (2.5) and the
kinetic term can be generalized to be a covariant derivative
term. Tâ ∈ G=H while Ta ∈ H are respectively the broken
and unbroken generators normalized as TrðTATBÞ ¼ δAB. In
the group space manifold, ðdâμ; eaμÞ can be viewed as the
vielbeins of G, where eaμ are the vielbeins of H, and dâμ are
those of the coset G=H vacuum manifold.
Since ΩðΠ; gÞ is transformed under global symmetry G

as Eq. (B3),

− iΩ−1∂μΩ → −ihΩ−1g−1∂μðgΩh−1Þ
¼ −ihΩ−1∂μðΩh−1Þ
¼ −ihΩ−1ð∂μΩÞh−1 − ihð∂μh−1Þ
¼ hωμh−1 − ihð∂μh−1Þ; ðB27Þ

where hωμh† ∈ G, while the shift term ih∂μh† ∈ H.
From the above transformation, together with Eq. (B26),

one deduces that under any element g ∈ G, dμ and eμ
transform as

dμ → hðΠ; gÞdμh−1ðΠ; gÞ;
eμ → hðΠ; gÞeμh−1ðΠ; gÞ − ihðΠ; gÞ∂μh−1ðΠ; gÞ: ðB28Þ

Thus, dμ transforms linearly under local symmetryH as the
NGBs, while eμ transforms nonlinearly as a gauge field
with gauge symmetry H.
It is obvious that the covariant field eμ transforms like a

gauge field underH, i.e., transforms as a connection, and it
will be more obvious by defining a field strength

eμν ≡ ∂μeν − ∂νeμ þ i½eμ; eν�; ðB29Þ

where eμ can be viewed as a nonlinear relation of the gauge
field with gauge symmetryH. eμν transforms linearly under
the local symmetry H again, like that of dμ as

eμν → hðΠ; gÞeμνh−1ðΠ; gÞ: ðB30Þ

Therefore, dμðΠÞ and eμνðΠÞ are covariant variables, and
together with those by acting upon the covariant derivative
∇μ consist of the building blocks of the low-energy
effective Lagrangian.
Except the covariant derivative∇ν for local symmetryH,

one might be interested in gauging an external local
symmetry H0 ⊂ G, e.g., a subgroup SUð2ÞL × Uð1ÞY ,
which plays the role of the SM electroweak group. In this
case, one can replace the kinetic derivative with the a
covariant derivative of the external gauge field Aμ as

Dμ ¼ ∂μ þ iAμ; ðB31Þ

where the gauge couplings gA are absorbed into the gauge
fields.
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3. Building blocks in CCWZ

a. Building blocks for Σ
The global vector chiral field (if the interactions are not

gauged) is defined as

V̄μ ¼ ð∂μΣÞΣ−1; ðB32Þ

and it transforms in the adjoint representation of G as

V̄μ → gV̄μg−1: ðB33Þ

The effective Lagrangian describing the GB interactions in
the context of the nonlinearly realized G breaking mecha-
nism, with symmetric coset G=H can be constructed from
V̄μ. Then the gauged version of the chiral vector field of the
nonlinear sigma model can be defined as through the
formally gauging of the full group as

V̄μ ¼ ðDμΣÞΣ−1: ðB34Þ

The Cartan form for G of the above

ðΣ−1dΣÞâ; ðB35Þ

after projecting onto the subspace of broken generators,
gives a vielbein corresponding to the metric on G=H. As
will be seen, the leading-order terms with at most two
derivatives are built out of two vielbein. TheWess-Zumino-
Witten term is a five-form, which can be built out of five
vielbein [23].
The building blocks for the effective chiral gauge theory

includes a G invariant vector chiral field V̄μ and the gauge
field strength F̄μν ¼ ðW̄μν; B̄μνÞ which transform in the
adjoint of G.
The building blocks are

V̄μ; F̄μν; ΣF̄ðRÞ
μν Σ−1: ðB36Þ

with the automorphism symmetry in the symmetric coset,
one can introduce the graded vector chiral fields

V̄ðRÞ
μ ≡RðV̄μÞ ¼ ðDμΣÞ−1Σ ¼ −Σ−1V̄μΣ: ðB37Þ

One additional custodial symmetry breaking source besides
the SM ones, in analogy to the scalar chiral field T in the
high energy can be embedded in G of the hypercharge
generators QY as

T̄≡ ΣQYΣ−1: ðB38Þ

To be brief, the building block of the high-energy
effective Lagrangian for a UV complete model, i.e., a
symmetric CHM are

V̄μ; F̄μν; ΣF̄ðRÞ
μν Σ−1; T̄: ðB39Þ

Based upon these, we can construct the gauge covariant
operators in the following.

b. Building blocks for Ω
In the Ω parametrization, the building blocks V̄μ and F̄μν

under the adjoint of G, should be transformed in the adjoint
of the preserved subgroup H as

vμ ≡Ω−1V̄μΩ ¼ Ω−1DμΩ −ΩDμΩ−1;

vðRÞ
μ ≡ΩV̄ðRÞ

μ Ω−1 ¼ ΩDμΩ−1 −Ω−1DμΩ ¼ −vμ;

fμν ≡Ω−1F̄μνΩ; fðRÞ
μν ≡ ΩF̄ðRÞ

μν Ω−1;

χ ≡Ω−1T̄Ω ¼ ΩQYΩ−1; ðB40Þ

where R denotes the automorphism (aut) symmetry
and for the custodial breaking chiral scalar χ, we have
used the definition of T̄ in Eq. (B38) as well as Eq. (2.24).

Since vðRÞμ ¼ −vμ is not independent of vμ, there are three
building blocks in the Ω parametrization as fvμ; fμν; fRμνg.
By defining the aut-even and aut-odd components of
vμ as

v�μ ≡ 1

2
ðvμ � vðRÞ

μ Þ; ðB41Þ

from which, we can deduce that vμ always belongs to the
coset sector, i.e., it runs only over the broken generators but
does not sum over the unbroken ones at all, as expected

vþμ ¼ 0 ∈ H; v−μ ¼ vμ ¼ vâμTâ ∈ G=H: ðB42Þ

Therefore, in the Σ parametrization, there are four building

block in the Ω parametrization as fvμ; fμν; fðRÞ
μν ; χg. It is

useful to make the notations as below

Ω−1DμΩ≡ vμ
2
þ ieμ ¼

1

2
vâμTâ þ ieaμTa;

¼ iωμ ¼ iðdμ þ eμÞ; ðB43Þ

where the factor 1=2 is due to the fact that vμ ¼
2Ω−1∂μΩþ � � � where … represents those due to the
covariant derivative. Thus, the MC one-form can be
expressed as

ωμ ¼ eμ −
i
2
vμ; ωðRÞ

μ ¼ eμ þ
i
2
vμ; ðB44Þ

which gives
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eμ ≡ 1

2
ðωμ þ ωðRÞ

μ Þ ¼ eðRÞ
μ ;

vμ ≡ iðωμ − ωðRÞ
μ Þ ¼ −vðRÞ

μ : ðB45Þ

Therefore, one has

dμ ¼ −i
1

2
vμ ¼

1

2
ðωμ − ωðRÞ

μ Þ: ðB46Þ

Similar to Eq. (B42), one has

dþμ ¼ 0 ∈ H; d−μ ¼ dμ ¼ dâμTâ ∈ G=H;

eþμ ¼ eμ ¼ eaμTa ∈ H; e−μ ¼ 0 ∈ G=H: ðB47Þ

Therefore, eðRÞμ ¼ eμ is not independent of eμ. In the last
equality in Eq. (B43), we have also used the notations in
Eq. (B97) with

vμ ¼ 2idμ; eμ ¼ ēμ þ Āμ; ðB48Þ

and ēμ transforms under the unbroken symmetry H as

vμ → hvμh−1; ēμ → hðēμ − i∂μÞh−1: ðB49Þ

Thus, ēμ transforms as a connection and it is possible to
define the extended covariant derivative of vμ as

∇μvν ¼ Dμvν þ i½ēμ; vν� ¼ ∂μvν þ i½eμ; vν�; ðB50Þ

where

Dμvν ¼ Dμvν þ i½Āμ; vν�: ðB51Þ

Equation (B50) is consistent with Eq. (B63) by considering
that vν ¼ 2idν, thus,

∇μdν ¼ ∂μdν þ i½eμ; dν� ¼ Dμdν þ i½ēμ; dν�: ðB52Þ

For the gauge field strength F̄μν ¼ ðW̄μν; B̄μνÞ under the
SM gauge group, as a subgroup of invariant gauge
symmetry H, according to Eq. (B40), it is convenient to
make the new notations more explicitly for the gauge field

strength fμν ¼ ðwμν; bμνÞ and fðRÞ
μν ¼ ðwðRÞ

μν ; bðRÞ
μν Þ as

wμν ≡Ω−1W̄μνΩ; bμν ≡Ω−1B̄μνΩ;

wðRÞ
μν ≡Ω−1W̄ðRÞ

μν Ω; bðRÞ
μν ≡ Ω−1B̄ðRÞ

μν Ω; ðB53Þ

and more over, they can be expressed in terms of aut-even
and aut-odd gauge fields as

wμν ¼ wþ
μν þ w−

μν; wðRÞ
μν ¼ wþ

μν − w−
μν;

bμν ¼ bþμν þ b−μν; bðRÞ
μν ¼ bþμν − b−μν: ðB54Þ

Therefore, for the SM gauge group as a subgroup

of unbroken symmetry group H, we have fðRÞ
μν ¼

ðwðRÞ
μν ; bðRÞ

μν Þ.
With the field strength of the gauge field F̄μν, in the

symmetric coset case, under the grading/automorphism

(aut) R as fðRÞ
μν ≡RðfμνÞ, one can also redefine the gauge

field as a new covariant structure variables f�μν as

fμν ≡ f−μν þ fþμν; fðRÞ
μν ≡ −f−μν þ fþμν: ðB55Þ

where f� are the aut-even and aut-odd components of fμν,
and can be viewed as the gauge fields under the H and
G=H, respectively as

f�μν ¼
1

2
ðfμν � fðRÞ

μν Þ; ðB56Þ

which can be expressed in terms of CCWZ covariant
building blocks dμ; eμν as explicitly shown in Eq. (B66).
The automorphism of these components of fμν satisfies

R½f�μν� ¼ �f�μν; ðB57Þ

which also implies that the gauge field f�μν carries even and
odd R parity.
For the symmetry breaking pattern G=SOð4Þ¼SUð2ÞL×

SUð2ÞR, one can decompose the gauge fields as [19]

10 ¼ ð3; 1Þ þ ð1; 3Þ þ 4∶ fþμν ¼ fLμν þ fRμν þ fðαÞμν ;

5 ¼ 4þ 1∶ f−μν ¼ fðâÞμν þ fðα̂Þμν ; ðB58Þ

where f−μν ¼ f−âμν Tâ ∈ G=H, fþμν ¼ fþa
μν Ta ∈ H, fL=Rμν ¼

fL=Raμν TL=R
a , and fðαÞμν ¼ fðαÞαμν Tα with TL;R

a are the six
generators of SUð2ÞL;R, those embedded into the unbroken
generators Ta.
The new covariant structure variable f�μν and its auto-

morphism partner transforms as gauge covariants under the
local symmetry h ∈ H

f�μν → hðΠ; gÞf�μνh−1ðΠ; gÞ;
fðRÞ�μν → hðΠ; gÞfðRÞ�μν h−1ðΠ; gÞ: ðB59Þ

According to Eq. (B55), with the aid of the trace
property, one finds that the gauge invariant field
Lagrangian can be decomposed as

TrðF̄μνF̄μνÞ ¼ TrðfþμνfþμνÞ þ Trðf−μνf−μνÞ: ðB60Þ

Thus, one obtains a building block as below
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Trðf−μνf−μνÞ; TrðfþμνfþμνÞ: ðB61Þ

From the gauged version of Eq. (B26), i.e., (B97), one
expand the G invariant strength tensor as below:

fμν ¼ Ω†F̄μνΩ ¼ −iΩ†½Dμ;Dν�Ω
¼ Ω†DμðΩωνÞ −Ω†DνðΩωμÞ
¼ i½ωμ;ων� þ ∂μων − ∂νωμ ≡ ωμν

¼ ∇μdν −∇νdμ þ i½dμ; dν� þ eμν

≡ dμν þ eμν; ðB62Þ
where Ω† ¼ Ω−1 and we have used the factor that
½Dμ;Dν� ¼ iF̄μν, and made the notations as below

ωμν ≡ ∂μων − ∂νωμ þ i½ωμ;ων�;
dμν ≡∇μdν −∇νdμ þ i½dμ; dν�;
eμν ≡ ∂μeν − ∂νeμ þ i½eμ; eν�;

∇μdν ≡ ∂μdν þ i½eμ; dν�;
∇νdμ ≡ ∂νdμ þ i½eν; dμ�; ðB63Þ

where ωμ, eμ are the Cartan connection of G and H,
respectively.ωμν and eμν are the corresponding field strength
or curvature of theωμ and eμ, respectively. Note that there is
an exchange symmetry between dμ and eν in the above
definition of fμν, originating from ωμ ¼ dμ þ eν so that we
have

fμν ¼ eμν þ dμν − i½dν; eμ� þ i½dμ; eν�
¼ ∇μeν −∇νeμ þ i½eμ; eν� þ dμν; ðB64Þ

where

∇μeν ≡ ∂μeν þ i½dμ; eν�;
∇νeμ ≡ ∂νeμ þ i½dν; eμ�: ðB65Þ

By comparing the identities in Eq. (B62) with the
decomposition of the gauge field in Eq. (B55), we find
the relations between the gauge fields with the eμν and dμ as
below

fþμν ≡ i½dμ; dν� þ eμν; f−μν ≡ 2∇½μdν�; ðB66Þ

where ∇½μdν� ¼ ð∇μdν −∇νdμÞ=2. By imposing the auto-
morphism symmetry upon both side of the first equation one
has

fþμν ¼ i½dμ; dν� þ eðRÞ
μν : ðB67Þ

Then one concludes that eðRÞ
μν ¼ eμν. By substituting

Eq. (B46) back into Eq. (B66), and by using Eqs. (B29)
and (B52), the gauge fields can be reexpressed as

fþμν ¼ i½dμ; dν� þ 2∂ ½μeν� þ i½eμ; eν�

¼ 1

2
ðωμν þ ωðRÞ

μν Þ ¼ eμν þ
1

2
ðdμν þ dðRÞ

μν Þ;
f−μν ¼ 2∂ ½μdν� þ 2i½e½μ; dν��

¼ 1

2
ðωμν − ωðRÞ

μν Þ ¼ 1

2
ðdμν − dðRÞ

μν Þ; ðB68Þ

where we have defined the field strength of MC one-form
with aut parity even and aut partity odd as

ωμν ≡ 2∂ ½μων� þ i½ωμ;ων�;
ωðRÞ
μν ≡ 2∂ ½μω

ðRÞ
ν� þ i½ωðRÞ

μ ;ωðRÞ
ν �: ðB69Þ

These are nothing but the two-form gauge fields in the
dynamical Maurer-Cartan equation as

fω ¼ dωþ 1

2
i½ω;ω� ¼ fþ þ f−;

fðRÞ
ω ¼ dωðRÞ þ i

2
½ωðRÞ;ωðRÞ� ¼ fþ − f−: ðB70Þ

Thus, in differential form, the two-form f� becomes

f� ¼ 1

2
ðfω � fðRÞ

ω Þ; ðB71Þ

where fþ is aut-even while f− is aut-odd. Therefore, as
expected, one has two independent building blocks as

i½dμ; dν� ¼
1

2
ðdμν þ dðRÞ

μν Þ≡ dþμν;

2∂ ½μ∇ν� ¼
1

2
ðdμν − dðRÞ

μν Þ≡ d−μν: ðB72Þ

By substituting back into Eq. (B55), one has

fμν ¼ i½dμ; dν� þ eμν þ 2∇½μdν�;

fðRÞ
μν ¼ i½dμ; dν� þ eμν − 2∇½μdν�; ðB73Þ

which can be reorganized as

fμν − eμν ¼ 2∇½μdν� þ i½dμ; dν�;
fðRÞ
μν − eμν ¼ −2∇½μdν� þ i½dμ; dν�: ðB74Þ

To be brief, the CCWZ covariant building blocks

dμ; eμν; ðB75Þ

can be reexpressed in terms of Σ, which is manifestly
invariant under global G
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dμ ¼ −
i
2
Ω−1ðDμΣÞΩ−1 ¼ i

2
ΩðDμΣÞ−1Ω;

eμν ¼ −
i
4
Ω−1ðDμΣDνΣ−1 −DνΣDμΣ†ÞΩ

þ 1

2
ðΩ−1F̄μνΩþ ΩF̄ðRÞ

μν Ω−1Þ; ðB76Þ

where in a symmetric coset G=H. Thus eμν and it is related
to the unbroken sector field strength fþμν and the commu-
tator of the dμ field.
Therefore, in the end we have a set of covariant building

blocks as

fdμ; f�μνg or fdμ; f−μν; eμνg: ðB77Þ

In summary, we have three independent building blocks of
the effective Lagrangian in the CCWZ formalism as dμ, eμν,
and ∇μ, since they are covariant variables, which satisfies
the local transformation under H,

dμ → hdμh−1; eμν → heμνh†; f�μν → h∇μh†:

ðB78Þ

For the SOð6Þ=SOð5Þ case, one has

eμν ¼ eaLμν TaL þ eaRμν TaR þ eαμνTα;

fμν ¼ faLμν TaL þ faRμν TaR þ fαμνTα; ðB79Þ

where two independent gauge invariant field strength
tensors can be defined as

eL;Raμν ¼ ∂μe
L;Ra
ν − ∂νe

L;Ra
μ þ i½eμ; eν�L;Ra;

eαμν ¼ ∂μeαν − ∂νeαμ þ i½eμ; eν�α: ðB80Þ

Under the automorphism symmetry R in Eq. (B5), its
representation in the coset SOð6Þ=SOð5Þ is shown in
Eq. (2.38). Because the broken generators Tâ change sign,
while the unbroken ones Ta do not, thus one has

hâ → −hâ; dâμ → −dâμ; f−âμν → −f−âμν ;

eaμν → eaμν; fþa
μν → fþa

μν : ðB81Þ

If eαμν and fαμν are absent, i.e., 6 ¼ ð3; 1Þ þ ð1; 3Þ ∈
SUð2ÞL × SUð2ÞR ⊂ SOð4Þ, then under left-right parity
symmetry PLR in Eq. (2.44), one has

Tâ∶ hâ → −ηâhâ; dâμ → −ηâdâμ; f−âμν → −ηâf−âμν ;

Ta∶ eL=Raμν → eR=Laμν ; fþL=Ra
μν → fþR=La

μν ; ðB82Þ

where ηâ ¼ ð1; 1; 1;−1ÞT .

4. External gauge symmetry: SM or beyond

Once an external gauge symmetry H0 ⊂ G is turned on,
e.g., the SM electroweak group H0 ¼ GSM ¼ SUð2ÞW×
Uð1ÞY , the ordinary derivative ∂μ is promoted to be the
covariant derivative Dμ ≡ ∂μ þ iAμ, where the external
gauge fields Aμ ¼ Aâ

μTâ þ Aa
μTa ∈ G, i.e., still a general

element of G, transform under the local H0 transformation,
namely

Aμ → gðAμ − i∂μÞg†; Fμν → gFμνg†; ðB83Þ

where Fμν ≡ ∂μAν − ∂νAμ þ i½Aμ; Aν� is the field strength
of external gauge field Aμ. Some of the above external
gauge field source will become dynamical while the
others will be turned off, i.e., by setting the others to
zero. Explicitly, the dynamical part of Aμ will be those
transforming under the local H0 ¼ GEW ¼ SUð2ÞW×
Uð1ÞY ⊂ H,

Aμ ¼
gffiffiffi
2

p Wþ
μ T

þ
L þ gffiffiffi

2
p W−

μT−
L þ gW3

μT3
L þ g0BμY; ðB84Þ

where T�
L ¼ T1

L � iT2
L. The charged weak boson fields are

defined as

W�
μ ¼ 1ffiffiffi

2
p ðW1

μ ∓ iW2
μÞ: ðB85Þ

For SM, Aμ ¼ gðW1
μσ

1 þW2
μσ

2 þW3
μσ

2Þ=2þ g0BμY with
Y ¼ 1=2, g, g0 are the SUð2ÞL and Uð1Þ gauge coupling,
respectively. The neutral gauge boson fields are

gW3
μT3

L þ g0BμY ¼ gZðT3 − s2WQÞZμ þ eQγμ;�
W3

μ

Bμ

�
¼
�

cW sW
−sW cW

��
Zμ

γμ

�
; ðB86Þ

where cW ¼ cos θW ≡ g=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ g02

p
, sW ¼ sin θW ≡

g0=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ g02

p
denote the cosine and the since of the weak

mixing angle, and tan θW ¼ g0=g and g, g0 are the gauge
couplings of SUð2ÞL and Uð1ÞY in the SM. The commu-
tator of the gauge field strength is

½Dμ;Dν� ¼ igWμν þ ig0
1

2
Bμν: ðB87Þ

Similarly, if one want to turn on the residual H invariant
gauge source, e.g., SUð2ÞR ⊂ H, then one can include an
additional term at a high-energy scale f ≠ v.

Aμ ¼
gRffiffiffi
2

p Wþ
RμT

þ
R þ gRffiffiffi

2
p W−

RμT
−
R þ gRZRμT3

R; ðB88Þ

where T�
R ¼ T1

R � iT2
R and generally, gR ≠ gL ¼ g. One

may also denote respectively W�
R ; ZR as W0�; Z0. While in
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the effective Lagrangian description, one may integrate out
these heavy particle fields.
For mater field Φ which transforms as Φ → hðΠ; gÞΦ,

the covariant derivative is

∇μΦ ¼ ð∂μ þ ieaμTaÞΦ: ðB89Þ

Therefore, ordinary derivative ∂μ can be promoted to be
covariant derivative

∇μ ≡ ∂μ þ ieμ; ðB90Þ

which is gauge invariant under H.
One may also introduce the vector resonances ρ�. The

strength of the external gauge fields transforms under the
local symmetry H, F�

μνðΠÞ → hðΠ; gÞF�
μνðΠÞh−1ðΠ; gÞ.

F�
μν ≡ ρ�μν, which takes even and oddR-parity respectively,

i.e., Fþ
μν ≡ ρþa

μν Ta ∈ adjðHÞ, F−
μν ≡ ρ−âμν Tâ ∈ G=H and

transform under G. Then kinetic and mass terms of the
gauge field are

LF ¼ 1

2
Tr½∇μF�

μσ∇νF�νσ� þ 1

4
m2

�Tr½F�
μνF�μν�; ðB91Þ

where

∇μAν ¼ ∂μAν þ i½eμ; Aν�: ðB92Þ

One may also introduce the next order effective
Lagrangian, by coupling the external gauge symmetry with
the building blocks as

L ¼ cgþTrðFþ
μν½dμ; dν�Þ þ cfþTrðFþ

μνfþμνÞ
þ cf−TrðF−

μνf−μνÞ; ðB93Þ

which is relevant to the S parameter.

5. Nonlinear chiral Lagrangian

It is worth noticing that the GBs field Π in Eq. (B1)
enters in the effective Lagrangian only through its deriv-
atives. The derivative of the Ω field can be expanded
through the one-form ωμ as

ωμ ¼
X∞
n¼1

ð−iÞn−1
n!

½Π; ½Π;…; ½Π; ∂μΠ�…��

¼ ∂μΠ −
i
2
½Π; ∂μΠ� −

1

6
½Π; ½Π; ∂μΠ��

þ i
24

½Π; ½Π; ½Π; ∂μΠ��� þ � � � ; ðB94Þ

where ½Π; ∂μΠ� ¼ Π∂↔μΠ. In this case, the leading-order
terms expanding the filed dμ and eμ are

dμ ¼ ∂μΠ −
1

6
½Π; ½Π; ∂μΠ�� þOðΠ5Þ;

eμ ¼ −
i
2
½Π; ∂μΠ� þ

i
24

½Π; ½Π; ½Π; ∂μΠ��� þOðΠ6Þ:
ðB95Þ

When external gauge interactions F̄μν ¼ Fa
μνTa, Āμ ¼

Aa
μTa are turned on, i.e., ∂μ → Dμ ¼ ∂μ þ iAa

μTa, the
Higgs will be interacting with gauge bosons too. Then,
the covariant derivative of the Π field is

DμΠâ ¼ ð∂μ þ iAa
μTaÞΠâ ¼ ∂μΠâ þ iAa

μðTaÞâ
b̂
Πb̂; ðB96Þ

where for simplicity, one may restrict attention to the case
in which Aμ belongs to H0 ⊂ H is given by Eq. (B84),

ωμ ≡ −iΩ†DμΩ ¼ −iΩ†∂μΩþΩ†AμΩ

¼ d̄μ þ ēμ þ Aμ: ðB97Þ

Thus, for the gauged version, one can redefine eμ in a way
as

ēμ ¼ eμ − Aμ; d̄μ ¼ dμ: ðB98Þ

and the gauge field strength is

ēμν ¼ −Fμν þ eμν: ðB99Þ

Under the automorphism symmetryR in Eq. (B5), we have

RðdâμÞ → −dâμ; RðeaμÞ → eaμ: ðB100Þ

By using the building blocks dâμ, the lowest order
Lagrangian can be written as

Lð2Þ
dd ¼ f2

2
dâμdâμ ¼

f2

2

�
∂μΠ∂μΠþ1

3
ðΠ∂↔μ

ΠÞðΠ∂↔μΠÞþ �� �
�

¼ 1

2
ð∂μπÞ2þ

1

3f2
ðπ∂↔μ

πÞâðπ∂↔μπÞâþOðπ6Þ; ðB101Þ

where Π∂↔μΠ ¼ ½Π; ∂μΠ� and in the last equality we make
the notation as Π≡ π=f and π ¼ hΞ=2. In this case,
phenomenologically, π has an extra derivative self-
interactions, and interactions with Higgs h. In the presence
of the external gauge field Aμ, the gauge interactions are
introduced with ∂μ → Dμ, and the second term involves
interactions of two-derivative invariant operators with four
Higgs doublet.
The next-to-leading-order Lagrangian with derivative

up to the four-derivative for the gauge field eμν can be
written as
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Lð4Þ
ee ¼ Tr½eμνeμν� ¼ eaμνeaμν ¼ ð∂μeν − ∂νeμ þ i½eμ; eν�Þ2

¼ −
1

4
ð∂μð½Π; ∂νΠ�Þ − ∂νð½Π; ∂μΠ�Þ

þ i½½Π; ∂μΠ�; ½Π; ∂νΠ��Þ2

¼ −
1

4
ð2½∂μΠ; ∂νΠ� þ i½½Π; ∂μΠ�; ½Π; ∂νΠ��Þ2

¼ −
1

f4
½∂μπ; ∂νπ�2 þOðπ6Þ

¼ −ðfabefcdeÞ 1

f4
∂μπ

a∂νπ
b∂μπc∂νπd þ � � � : ðB102Þ

The interactions are suppressed by f−4, while when the
gauge interactions are turned on, the external gauge field Aμ

is present, the first term involves interactions of four-
derivative invariant operators with four Higgs doublet,
which are enhanced with g4.
Another next-to-leading-order Lagrangian with mixing

between eμ and dμ fields are

Lð4Þ
de ¼ Tr½½dμ; dν�eμν� ¼ fabcdâμdb̂νecμν

¼ −
i
2
fabcð∂μΠa þ � � �Þð∂νΠb þ � � �Þ

× ð2½∂μΠ; ∂νΠ�c þ � � �Þ

¼ −
i
f4

fabcfdec∂μπ
a∂νπ

a∂μπd∂νπe þ � � � : ðB103Þ

Thus, these lowest order Lagrangians relating to the gauge
field will appear at least at an order higher than p4=f4.
When the gauge interactions are turned on, one must make
the replacement for eμν → eμν − Fμν while keeping dμ the
same, then the interactions involving two Nambu-
Goldstone bosons and two gauge fields will appear.

6. Explicit expression of CCWZ

a. dμ field

In the NMCHM, the explicit expression of dμ fields in
the coset sector SOð6Þ=SOð5Þ are

d1;2μ ¼ gW1;2
μffiffiffi
2

p cos

�
ψ

f

�
sin

�
ϕ

f

�
;

d3μ ¼
gW3

μ − g0Bμffiffiffi
2

p cos

�
ψ

f

�
sin

�
ϕ

f

�
;

d4μ ¼
ffiffiffi
2

p

f

�
∂μϕ cos

�
ψ

f

�
− ∂μψ sin

�
ψ

f

�
sin

�
ϕ

f

�	
;

d5μ ¼
ffiffiffi
2

p

f

�
∂μϕ sin

�
ψ

f

�
þ ∂μψ cos

�
ψ

f

�
sin

�
ϕ

f

�	
:

ðB104Þ

b. dμ;ν field

From the dμ fields above, one can obtain their anti-
commutators as

daμ;ν ≡ ½dμ; dν�a: ðB105Þ

The explicit expressions of daμ;ν in ð1; 3Þ þ ð3; 1Þ are given in

iðdL;1μ;ν þ dR;1μ;ν Þ ¼ 1

2
gcos2

�
ψ

f

�
sin2
�
ϕ

f

�
ðW2

νZμ −W2
μZνÞ;

iðdL;1μ;ν − dR;1μ;ν Þ ¼ 1

f
gcos2

�
ψ

f

�
sin

�
ϕ

f

��
ðϕμW1

ν − ϕνW1
μÞ

þ tan

�
ψ

f

�
sin

�
ϕ

f

�
ðψνW1

μ − ψμW1
νÞ
�
;

iðdL;2μ;ν þ dR;2μ;ν Þ ¼ −
1

2
gcos2

�
ψ

f

�
sin2
�
ϕ

f

�
ðW1

νZμ −W1
μZνÞ;

iðdL;2μ;ν − dR;2μ;ν Þ ¼ 1

f
gcos2

�
ψ

f

�
sin

�
ϕ

f

��
ðϕμW2

ν − ϕνW2
μÞ

þ tan

�
ψ

f

�
sin

�
ϕ

f

�
ðψνW2

μ − ψμW2
νÞ
�
;

iðdL;3μ;ν þ dR;3μ;ν Þ ¼ 1

2
g2cos2

�
ψ

f

�
sin2
�
ϕ

f

�
ðW2

μW1
ν −W1

μW2
νÞ;

iðdL;3μ;ν − dR;3μ;ν Þ ¼ 1

f
cos

�
ψ

f

�
sin

�
ϕ

f

��
ðϕνZμ − ϕμZνÞ

þ tan

�
ψ

f

�
sin

�
ϕ

f

�
ðψμZν − ψνZμÞ

�
:

ðB106Þ

From the above, it is obvious that the chiral sector is relatively
suppressed with an order 1=f comparing to the vector sector.
For those in ð2; 2Þ due to Tα, we have

id1μ;ν ¼
1ffiffiffi
2

p
f
g cos

�
ψ

f

�
sin

�
ϕ

f

��
sin

�
ψ

f

�
ðϕμWν − ϕνWμÞ

þ cos

�
ψ

f

�
sin

�
ϕ

f

�
ðψμWν − ψνWμÞ

�
;

id2μ;ν ¼
1ffiffiffi
2

p
f
g cos

�
ψ

f

�
sin

�
ϕ

f

��
sin

�
ψ

f

�
ðϕμW2

ν − ϕνW2
μÞ

þ cos

�
ψ

f

�
sin

�
ϕ

f

�
ðψμW2

ν − ψνW2
μÞ
�
;

id3μ;ν ¼
1ffiffiffi
2

p
f
cos

�
ψ

f

�
sin

�
ϕ

f

��
sin

�
ψ

f

�
ðϕμZν − ϕνZμÞ;

þ cos

�
ψ

f

�
sin

�
ϕ

f

�
ðψμZν − ψνZμÞ

�

id4μ;ν ¼
ffiffiffi
2

p

f2
sin

�
ϕ

f

�
ðψμϕν − ϕμψνÞ: ðB107Þ
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Comparing to the leading order, the first three d1;2;3μ;ν are
suppressed by 1=f, while the fourth d4μ;ν is suppressed
by 1=f2.

c. eμ field

The eμ fields in the unbroken SOð5Þ sector, have 10
components, which can be decomposed into 10 ¼ ð3; 1Þ þ
ð1; 3Þ þ ð2; 2Þ ∈ SUð2ÞL × SUð2ÞR ≃ SOð4Þ components.
The ð3; 1Þ þ ð1; 3Þ due to the generators Ta

L;R gives

e1;2Lμ ¼ gW1;2
Lμ − gW1;2

Lμcos
2

�
ψ

f

�
sin2
�
ϕ

2f

�
;

e3Lμ ¼ gW3
Lμ − cos2

�
ψ

f

�
sin2
�
ϕ

2f

�
ðgW3

Lμ − g0BμÞ;

e1;2Rμ ¼ gW1;2
Lμcos

2

�
ψ

f

�
sin2
�
ϕ

2f

�
;

e3Rμ ¼ cos2
�
ψ

f

�
sin2
�
ϕ

2f

�
ðgW3

Lμ − g0BμÞ; ðB108Þ

where hence and forth, we have made the abbreviation of
the subscript L for theW bosons field, i.e.,Wμ ¼ WLμ. The
ð2; 2Þ due to Tα gives

e1;2μ ¼ −
gW1;2

μffiffiffi
2

p sin

�
2ψ

f

�
sin2
�
ϕ

2f

�
;

e3μ ¼ −
1ffiffiffi
2

p ðgW3
μ − g0BμÞ sin

�
2ψ

f

�
sin2
�
ϕ

2f

�
;

e4μ ¼
ffiffiffi
2

p

f
∂μψ

�
1 − cos

�
ϕ

f

�	
: ðB109Þ

d. f�μν field

In the Omega representation, the building blocks of the
gauge field are not Fμν, but f�μν as we will give the explicit
expressions in the following.
According to the definitions in Eq. (B56), we have

the gauge field fþμν ¼ ðfL;aμν ; fR;aμν ; fþ;α
μν Þ in the unbroken

sector as

fL;1;2μν ¼ gW1;2
μν

�
1 − cos2

�
ψ

f

�
sin2
�
ϕ

2f

�	
;

fL;3μν ¼ gW3
μν − cos2

�
ψ

f

�
sin2
�
ϕ

2f

�
ðgW3

μν − g0BμνÞ;

fR;1;2μν ¼ gW1;2
μν cos2

�
ψ

f

�
sin2
�
ϕ

2f

�
;

fR;3μν ¼ g0Bμν þ cos2
�
ψ

f

�
sin2
�
ϕ

2f

�
ðgW3

μν − g0BμνÞ;

ðB110Þ

which leads to an equivalent linear-independent combina-
tion as

fL;1;2μν þ fR;1;2μν ¼ gW1;2
μν ;

fL;1;2μν − fR;1;2μν ¼ gW1;2
μν

�
1 − 2cos2

�
ψ

f

�
sin2
�
ϕ

2f

�	
;

fL;3μν þ fR;3μν ¼ gW3
μν þ g0Bμν ≡ Aμν;

fL;3μν − fR;3μν ¼ Zμν

�
1 − 2cos2

�
ψ

f

�
sin2
�
ϕ

2f

�	
; ðB111Þ

where Zμν ≡ gW3
μν − g0Bμν. It is obvious that the vector

fL;3μν þ fR;3μν is nothing but the gauge stress tensor for photon
fields in the SM. The components in the ð2; 2Þ are

fþ;1
μν ¼ −

gffiffiffi
2

p W1
μν sin

�
2ψ

f

�
sin2
�
ϕ

2f

�
;

fþ;2
μν ¼ −

gffiffiffi
2

p W2
μν sin

�
2ψ

f

�
sin2
�
ϕ

2f

�
;

fþ;3
μν ¼ −

1ffiffiffi
2

p ðgW3
μν − g0BμνÞ sin

�
2ψ

f

�
sin2
�
ϕ

2f

�
;

fþ;4
μν ¼ 0: ðB112Þ

For the gauge field f−μν in the coset SOð6Þ=SOð5Þ sector,

f−;1μν ¼ gffiffiffi
2

p W1
μν cos

�
ψ

f

�
sin

�
ϕ

f

�
;

f−;2μν ¼ gffiffiffi
2

p W2
μν cos

�
ψ

f

�
sin

�
ϕ

f

�
;

f−;3μν ¼ 1ffiffiffi
2

p ðgW3
μν − Bμνg0Þ cos

�
ψ

f

�
sin

�
ϕ

f

�
;

f−;4μν ¼ 0; f−5μν ¼ 0; ðB113Þ

where Wa
μν and Bμν are the gauge field stress tensors for

SUð2ÞL and Uð1ÞL symmetry

Wa
μν ¼ ∂μWa

ν − ∂νWb
μ − gϵabcWb

μWc
ν;

Bμν ¼ ∂μBν − ∂νBμ; ðB114Þ

since we have defined Fμν ¼ ∂μAν − ∂νAμ þ i½Aμ; Aν�.

e. eμν field

In NMCHM, the gauge field stress tensor in Eq. (B29)
becomes

eμν ¼ eLμν þ eRμν þ eðαÞμν ; ðB115Þ

where eL=Rμν ¼ eL=R;aμν TL=R
a and eðαÞμν ¼ eðαÞαμν Tα.

The eμν can be computed through separating into the two
sector as
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eμν ¼ 2∂ ½μeν�;−ieμ;ν; ðB116Þ

where the Abelian sector of the fields is

∂μeν − ∂νeμ ≡ 2∂ ½μeν�; ðB117Þ

while the non-Abelian sector is

eμ;ν ≡ ½eμ; eν�: ðB118Þ

The explicit expression in the NMCHM turns out to be

iðeL;1μ;ν þ eR;1μ;ν Þ ¼ 2gcos2
�
ψ

f

�
sin4
�
ϕ

2f

�
ðW2

νZμ −W2
μZνÞ;

iðeL;1μ;ν − eR;1μ;ν Þ ¼ 2g
f
sin

�
2ψ

f

�
sin4
�
ϕ

2f

�
ðψνW1

μ − ψμW1
νÞ;

iðeL;2μ;ν þ eR;2μ;ν Þ ¼ 2gcos2
�
ψ

f

�
sin4
�
ϕ

2f

�
ðW1

μZν −W1
νZμÞ;

iðeL;2μ;ν − eR;2μ;ν Þ ¼ 2g
f
sin

�
2ψ

f

�
sin4
�
ϕ

2f

�
ðψνW2

μ − ψμW2
νÞ;

iðeL;3μ;ν þ eR;3μ;ν Þ ¼ 2g2cos2
�
ψ

f

�
sin4
�
ϕ

2f

�
ðW2

μW1
ν −W1

μW2
νÞ;

iðeL;3μ;ν − eR;3μ;ν Þ ¼ 2

f
sin

�
2ψ

f

�
sin4
�
ϕ

2f

�
ðψνZμ − ψμZνÞ:

ðB119Þ

The situation is similar to what has happened in dμ;ν, the
vector contribution is larger than the chiral contribution.
For eμ;ν in ð2; 2Þ, they are

ie1μ;ν ¼
2
ffiffiffi
2

p

f
gcos2

�
ψ

f

�
sin4
�
ϕ

2f

�
ðψμW1

ν − ψνW1
μÞ;

ie2μ;ν ¼
2
ffiffiffi
2

p

f
gcos2

�
ψ

f

�
sin4
�
ϕ

2f

�
ðψμW2

ν − ψνW2
μÞ;

ie3μ;ν ¼
2
ffiffiffi
2

p

f
cos2

�
ψ

f

�
sin4
�
ϕ

2f

�
ðψμZν − ψνZμÞ;

e4μ;ν ¼ 0: ðB120Þ

We have also calculated all of the commutative parts of
eμν in Eq. (B117),

∂ ½μe
A;1;2
ν� ¼ gcos2

�
ψ

f

�
sin2
�
ϕ

2f

�
ð∂νW

1;2
μ − ∂μW

1;2
ν Þ

þ 1

2f
g

�
cos2

�
ψ

f

�
sin

�
ϕ

f

�
ðϕνW

1;2
μ − ϕμW

1;2
ν Þ

þ 2 sin

�
2ψ

f

�
sin2
�
ϕ

2f

�
ðψμW

1;2
ν − ψνW

1;2
μ Þ
�
;

∂ ½μe
A;3
ν� ¼ cos2

�
ψ

f

�
sin2
�
ϕ

2f

�
ð∂νZμ − ∂μZνÞ

þ 1

2f

�
cos2

�
ψ

f

�
sin

�
ϕ

f

�
ðϕνZμ − ϕμZνÞ

þ 2 sin

�
2ψ

f

�
sin2
�
ϕ

2f

�
ðψμZν − ψνZμÞ

�
;

∂ ½μe
V;1;2;3
ν� ¼ 0; ðB121Þ

where we have made the recombination ∂ ½μe
V=A;a
ν� ≡

∂ ½μe
L;a
ν� � ∂ ½μeRaν� with a ¼ 1, 2, 3.

For the ð2; 2Þ, one has

∂ ½μe
1;2
ν� ¼ g

2
ffiffiffi
2

p sin

�
2ψ

f

�
sin2
�
ϕ

2f

�
ð∂νW

1;2
μ − ∂μW

1;2
ν Þ

þ 1

2
ffiffiffi
2

p
f
g

�
1

2
sin

�
2ψ

f

�
sin

�
ϕ

f

�
ðϕνW

1;2
μ −ϕμW

1;2
ν Þ

þ 2 cos

�
2ψ

f

�
sin2
�
ϕ

2f

�
ðψνW

1;2
μ − ψμW

1;2
ν Þ
�
;

∂ ½μe3ν� ¼
1

2
ffiffiffi
2

p sin

�
2ψ

f

�
sin2
�
ϕ

2f

�
ð∂νZμ − ∂μZνÞ

þ 1

2
ffiffiffi
2

p
f

�
1

2
sin

�
2ψ

f

�
sin

�
ϕ

f

�
ðϕνZμ −ϕμZνÞ

þ 2 cos

�
2ψ

f

�
sin2
�
ϕ

2f

�
ðψνZμ − ψμZνÞ

�
;

∂ ½μe4ν� ¼
1ffiffiffi
2

p
f2

sin
�
ϕ

f

�
ðϕμψν − ψμϕνÞ: ðB122Þ

According to Eq. (B66), the field strength eμν is also
related to the unbroken sector fþμν and dμ field through an
identity

eμν ¼ fþμν − i½dμ; dν� ¼ fþμν − idμ;ν: ðB123Þ

Thus, they are not linear independent of fþμν. Thus, we can
either use eμν or fþμν as the building block. The easiest but
nontrivial check to determine the sign is through α ¼ 4
components, which leads to

e4μν ¼ ∂μe4ν − ∂νe4μ ¼ 2∂ ½μe4ν� ¼ −id4μ;ν; ðB124Þ

since fþ;4
μν ¼ 0.
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7. High-energy effective operators in literature

In literature [19,49,50,73], there are a set of high-energy
effective operators defined in studying MCHM. In this
section, we compute them explicitly in the NMCHM and
also we make comparison with our results in Sec. IV.
At p2 order, there are two CP-even operators, either

keeping or breaking the custodial symmetry, and one
CP-odd operator can be defined, respectively, as

OC ¼ f2TrðdμdμÞ ∝ L̄C;

OT ¼ f2½TrðdμχÞ�2 ∝ L̄T;

OT̄ ¼ f2Tr½ð∇μdμÞχ� ∝ L̄T̃ ; ðB125Þ
where the factor 1=4 in front of LC is chosen for the
canonical normalization of the kinetic term of the scalar in
the Ω parametrization, as will be clear in Eq. (5.3). Both
operators OT;T̃ are the custodial breaking terms that can
contribute to the T parameter.
At p4 order there are seven CP-even operators con-

structed from the building blocks as below [19,49,50],

O1 ¼ ½TrðdμdμÞ�2 ∝ L̄4;

O2 ¼ TrðdμdνÞTrðdμdνÞ ∝ L̄5;

O3 ¼ Tr½ðeLμνÞ2 − ðeRμνÞ2�;
O�

4 ¼ Tr½ðfLμν � fRμνÞi½dμ; dν��;
Oþ

5 ¼ Tr½ðf−μνÞ2� ∝ L̄f − L̄fΣ;

O−
5 ¼ Tr½ðfLμνÞ2 − ðfRμνÞ2�; ðB126Þ

where we have used Eq. (B66) and used the fact that

dðRÞ
μ ¼ −dμ, which is not independent of dμ. Therefore,O�

4

can be viewed as a linear combination of L̄2;3 with its own
automorphism partner, and O�

5 is a linear combination of
L̄f and L̄fΣ. Note that f ¼ ðw; bÞ, O�

4 ðfÞ includes a set of
four operators, so does O�

5 ðfÞ. Later on, as neglected in
Eq. 459, we have also calculated O3 and find the exact
relation as below O3 ¼ O−

5 − 2O−
4 . Thus, O3 is not a

linearly independent operator.
The first seven p4 operators defined in Eq. (B126) can be

expressed in an EW chiral Lagrangian as

Ok ¼ −4LW − 4LB;

O1 ¼ cos4
�
ψ

f

�
sin4
�
ϕ

f

�
L6 − 4cos2

�
ψ

f

�
sin2
�
ϕ

f

�
LðϕÞ
20

þ 4LDϕ − 4cos2
�
ψ

f

�
sin4
�
ϕ

f

�
LðψÞ
20 þ 4sin4

�
ϕ

f

�
LDψ ;

O2 ¼ cos4
�
ψ

f

�
sin4
�
ϕ

f

�
L11 − 4cos2

�
ψ

f

�
sin2
�
ϕ

f

�
LðϕÞ
8

þ 4LDϕ − 4cos2
�
ψ

f

�
sin4
�
ϕ

f

�
LðψÞ
8 þ 4sin4

�
ϕ

f

�
LDψ ;

Oþ
4 ¼ −

1

4
cos2

�
ψ

f

�
sin2
�
ϕ

f

�
ðL2 þ 2L3Þ

þ cos2
�
ψ

f

�
sin

�
ϕ

f

�

×
�
1 − 2cos2

�
ψ

f

�
sin2
�
ϕ

2f

��
ðLðϕÞ

4 − 2LðϕÞ
5 Þ

− sin

�
ψ

f

�
cos

�
ψ

f

�
sin2
�
ϕ

f

�

×

�
1 − 2cos2

�
ψ

f

�
sin2
�
ϕ

2f

��
ðLðψÞ

4 − 2LðψÞ
5 Þ;

O−
4 ¼ 1

4
cos2

�
ψ

f

�
sin2
�
ϕ

f

��
1 − 2cos2

�
ψ

f

�
sin2
�
ϕ

2f

��

× ðL2 − 2L3Þ − cos2
�
ψ

f

�
sin

�
ϕ

f

�
ðLðϕÞ

4 þ 2LðϕÞ
5 Þ

þ 1

2
sin

�
2ψ

f

�
sin2
�
ϕ

f

�
ðLðψÞ

4 þ 2LðψÞ
5 Þ;

Oþ
5 ¼ −cos2

�
ψ

f

�
sin2
�
ϕ

f

�
ðL1 þ 2LB þ 2LWÞ;

O−
5 ¼ 4

�
1 − 2cos2

�
ψ

f

�
sin2
�
ϕ

2f

��
ðLB − LWÞ; ðB127Þ

where the low-energy effective Lagrangian Ln is defined

in Eq. (C11), and LðϕÞ
n etc. follows the replacing rules in

Eq. (4.4). The results are consistent with Eq. (A.34) in
Ref. [49], after combining the known matching results
in Eq. (4.3).
It is also worth noticing that the first two operators can

also be reexpressed without expanding the square as

O1 ¼
16

f4

�
Lϕ þ sin2

�
ϕ

f

�
Lψ þ 1

ξ
cos2

�
ψ

f

�
sin2
�
ϕ

f

�
LC

	
2

;

O2 ¼
16

f4

�
1

2
∂μϕ∂νϕþ sin2

�
ϕ

f

�
1

2
∂μψ∂νψ þ f2

8
sin2
�
ψ

f

�

× cos2
�
ψ

f

�
½g2ðW1

μW1
ν þW2

μW2
νÞ þ ZμZν�

	
2

:

ðB128Þ
Thus, when ψ ¼ 0, it is also consistent with Eq. (30) in
Ref. [50], by substituting back the EW chiral Lagrangian in
Eq. (C11) and keeping the implicit form.
Similarly, five of the next-to-leading-order CP-odd oper-

ators can also be constructed from those as below [19,73]

O�
6 ¼ 2Tr½ðf̃Lμν � f̃RμνÞi½dμ; dν�� ∝ Õ�

4 ;

Oþ
7 ¼ 2Trðf−μνf̃μν−Þ ∝ L̄f̃ − L̄f̃Σ;

O−
7 ¼ 2TrðfLμνf̃Lμν − fRμνf̃

RμνÞ;
Oþ

3 ¼ Tr½ðeLμνÞ2 þ ðeRμνÞ2�; ðB129Þ

YONG-HUI QI, JIANG-HAO YU, and SHOU-HUA ZHU PHYS. REV. D 103, 015013 (2021)

015013-52



where f̃�μν ¼ ϵμνρσfρσ�=2 is a dual antisymmetric tensor. The
Oþ

3 can contributes to theS parameter. Thiswill become clear
by transforming the basis into the SMEFTup to dimensional-
six operators.
To match with part of our basis in the Ω parametrization

in Eqs. (3.15) and (3.17), with the building block f�μν, we
speculate that the more natural definitions of the seven
effective CP-even and five CP-odd operators such as O3

etc. in Eq. (B126) and (B129), might be defined as below,

O1 ¼ ½TrðdμdμÞ�2 ∝ L̄4;

O2 ¼ TrðdμdνÞTrðdμdνÞ ∝ L̄5;

O3 ≡ TrðdþμνdþμνÞ ∝ L̄7;8;

O�
4 ≡ Trðdþμνf�μνÞ ∝ L̄2;3 � L̄ðRÞ

2;3 ;

O∓
5 ≡ Trðf�μνfμν−Þ ∝ L̄f � L̄fΣ;

O�
6 ≡ Trðdþμνf̃�μνÞ ∝ L̃2;3 � L̃ðRÞ

2;3 ;

O∓
7 ≡ Trðf�μνf̃μν−Þ ∝ L̄f̃ � L̄f̃Σ;

Oþ
3 ¼ Trðdþμνd̃μνþÞ ∝ L̄3̃; ðB130Þ

where we have used Eq. (B66) so that dþμν ¼ fþμν − eμν, and
d−μν ¼ f−μν. It is worth noticing that eμν and d−μν is not
linearly independent of fþμν and f−μν, respectively. From this,
one finds that O−

5 − 2O−
4 ¼ 4Trðf−μνeμνÞ ≠ O3.

APPENDIX C: EW CHIRAL LAGRANGIAN
AND OPERATORS

1. Building blocks of low-energy EW chiral Lagrangian

The (pseudo-)scalar T and vector chiral fields Vμ are
defined as [34,49,50]

T≡ Uσ3U†; Vμ ≡ ðDμUÞU†; ðC1Þ
where U is the three Goldstone bosons (GBs) in the coset
SUð2ÞL × SUð2ÞR=SUð2ÞC and are parametrized as the
longitudinal components of the SM gauge bosons by a
nonlinear σ model as a dimensionless unitary matrix U at
low energies as

U ¼ exp

�
i
1

v
σaφa

�
; ðC2Þ

where v is the scale associated with the SMGBs, and σa are
the usual Pauli matrices. The dimensionless unitary SMGB
matrix transforms as a bi-doublet under the global
SUð2ÞL × SUð2ÞR symmetry as

U → gLUg
†
R: ðC3Þ

After EWSB, the global SUð2ÞL × SUð2ÞR symmetry is
spontaneously broken down to the diagonal SUð2ÞC in
terms of custodial symmetry, and explicitly broken by
gauging the Uð1ÞY hypercharge and by the fermion mass
splittings.

The covariant derivatives are6

DμU≡ ∂μUþ igWμU − ig0BμUσ3=2; ðC4Þ
where Wμ ≡Wa

μσa=2 with Wa
μ and Bμ denote the SUð2ÞL

and Uð1ÞY gauge bosons, respectively, and g, g0 are the
corresponding gauge coupling. Both T and Vμ transform in
the adjoint symmetry representation of SUð2ÞL as

T → gLTg
†
L; Vμ → gLVμg

†
L; ðC5Þ

while the chiral scalar field T breaks explicitly the SUð2ÞR
symmetry and is not invariant under SUð2ÞC. Thus, it can be
considered as a custodial symmetry breaking term. Thus, the
covariant derivative Dμ denotes that in the adjoint represen-
tation of SUð2ÞL, i.e., when acting upon Vμ, is given by

DμVν ≡ ∂μVν þ ig½Wμ;Vν�; ðC6Þ
and satisfies a useful identity ðDμUÞ† ¼ −U−1ðDμUÞU†. In
this case, one obtains frequently useful equalities as [34]

Vμν ≡DμVν − DνVμ ¼ igWμν − i
g0

2
BμνTþ ½Vμ;Vν�;

DμT ¼ ½Vμ;T�; ½Dμ;Dν�O ¼ ig½Wμν;O�; ðC7Þ
where O is a generic operator covariant under SUð2ÞL and
invariant under Uð1ÞY.
It is worth noticing that it is concise to use the building

block Vμ, comparing to use the explicit expression of U as

TrðVμVμÞ ¼ Tr½U†ðDμUÞU†ðDμUÞ�; ðC8Þ
where in the last equality, we have used the Hermitian
condition for the Lagrangian up to kinetic terms.

2. Low-energy EW chiral Lagrangian

a. Higgs singlet

The physical Higgs h is an iso-singlet of the SM gauge
symmetry with vacuum expectation value at EW scale
v ≈ 246 GeV. In the low-energy effective Lagrangian, there
are four pureHiggsoperators.One is thatwith twoderivatives,
and the other three are those with four derivatives as [47]

LH ¼ 1

2
ð∂μhÞð∂μhÞ

L□H ¼ 1

v2
ð□hÞ2

LΔH ¼ 1

v3
ð∂μhÞð∂μhÞ□h

LDH ¼ 1

v4
½ð∂μhÞð∂μhÞ�2; ðC9Þ

where □ ¼ ∂μ∂μ.

6The bold of the characters implies that we have adopt
abbreviations for SUð2ÞL generators.
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b. CP-even case

Operators with two derivatives are [35]

LC ¼ −
v2

4
TrðVμVμÞ;

LT ¼ v2

4
TrðTVμÞTrðTVμÞ; ðC10Þ

where C and T indicates the custodial preserving and
custodial breaking, respectively.
For operators with four derivatives one has7 [34,36,38,

45,45,47,49,53]

LB ¼ −
g02

4
BμνBμν;

LW ¼ −
g2

2
TrðWμνWμνÞ;

L1 ¼ gg0BμνTrðTWμνÞ;
L2 ¼ ig0BμνTrðT½Vμ;Vν�Þ;
L3 ¼ igTrðWμν½Vμ;Vν�Þ;
L4 ¼ ig0BμνTrðTVμÞ∂νðh=vÞ;
L5 ¼ igTrðWμνVμÞ∂νðh=vÞ;
L6 ¼ ½TrðVμVμÞ�2;
L7 ¼ TrðVμVμÞ∂ν∂νðh=vÞ;
L8 ¼ TrðVμVνÞ∂μðh=vÞ∂νðh=vÞ;
L9 ¼ Tr½ðDμVμÞ2�;
L10 ¼ TrðVνDμVμÞ∂νðh=vÞ;
L11 ¼ ½TrðVμVνÞ�2;
L12 ¼ g2½TrðTWμνÞ�2;
L13 ¼ igTrðTWμνÞTrðT½Vμ;Vν�Þ;
L14 ¼ gϵμνρλTrðTVμÞTrðVνWρλÞ;
L15 ¼ TrðTDμVμÞTrðTDνVνÞ;
L16 ¼ Trð½T;Vν�DμVμÞTrðTVνÞ;
L17 ¼ igTrðTWμνÞTrðTVμÞ∂νðh=vÞ;
L18 ¼ TrðT½Vμ;Vν�ÞTrðTVμÞ∂νðh=vÞ;

L19 ¼ TrðTDμVμÞTrðTVνÞ∂νðh=vÞ;
L20 ¼ TrðVμVμÞ∂νðh=vÞ∂νðh=vÞ;
L21 ¼ ½TrðTVμÞ�2∂νðh=vÞ∂νðh=vÞ;
L22 ¼ TrðTVμÞTrðTVνÞ∂μðh=vÞ∂νðh=vÞ;
L23 ¼ TrðVμVμÞ½TrðTVνÞ�2;
L24 ¼ TrðVμVνÞTrðTVμÞTrðTVνÞ;
L25 ¼ ½TrðTVμÞ�½TrðTVμÞ�∂ν∂νðh=vÞ;
L26 ¼ ½TrðTVμÞTrðTVνÞ�2; ðC11Þ

where the first 13 Lagrangians LB;W;1;…;13 correspond to
the custodial preserving ones, while the residue corre-
sponds to the custodial breaking ones, which describes tree-
level effects of custodial breaking sources beyond the SM
ones. Since the gauging of the SM symmetry breaks
explicitly the custodial symmetries, these custodial sym-
metry breaking operators are generated due to the quantum
corrections induced by the SM interactions. The covariant
derivatives of Vμ are defined as [34]

DμVν ≡ ∂μVν þ ig½Wμ;Vν�: ðC12Þ
In the absence of a light CP-even Higgs-like scalar singlet
h in the low-energy spectrum, the 12 operators containing
derivatives of Higgs are absent. Thus, there are a complete
18 (independent) CP-even operators: those preserving
SUð2ÞL ×Uð1ÞY symmetry.
Among the operators, two SUð2ÞC custodial symmetry

preserving and three custodial violating operators
L6;11;23;24;26 exhibit quartic vector-boson interactions,
which leads to new anomalous quartic couplings [74] such
as ZμZνZμZν, Wþ

μ W−
ν ZμZν, and Wþ

μ W−
νWþμW−ν.

TheCP-even low-energyeffectiveLagrangian inEq. (C11)
can be expressed more explicitly in the unitary gauge as

LC ¼ 1

8
v2½g2½ðW1

μÞ2 þ ðW2
μÞ2� þ ðgW3

μ − g0BμÞ2�;

LT ¼ −
1

4
v2ðgW3

μ − g0BμÞ2;

LB ¼ −
g02

4
BμνBμν;

LW ¼ −
g2

4
Wa

μνWaμν;

L1 ¼ gg0BμνW3μν;

L2 ¼ g2g0BμνðW1
μW2

ν −W2
μW1

νÞ;
L4 ¼ g0Bμνðg0Bμ − gW3

μÞ∂νh=v;

L3 ¼
g2

2
½gW3μνðW1

μW2
ν −W2

μW1
νÞ

þ ðgW3
ν − g0BνÞðW1μνW2

μ −W1
μW2μνÞ

− ðgW3
μ − g0BμÞðW1μνW2

ν −W1
νW2μνÞ�;

7These 26 p4 operators in the EW chiral Lagrangian are
redundant if the fermion sector is included [46]. Thus, we only
need to focus on the NMCHM setup with only composite vector
boson states included.
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L5 ¼ −
g
2
½gðW1

μW1μν þW2
μW2μνÞ

þ ðgW3
μ − g0BμÞW3μν�∂νh=v;

L6 ¼
1

4
½g2ðW1

μÞ2 þ g2ðW2
μÞ2 þ ðgW3

μ − g0BμÞ2�2;

L7 ¼ −
1

2v
½g2ððW1

μÞ2 þ ðW2
μÞ2Þ þ ðgW3

μ − g0BμÞ2�□h;

L8 ¼ −
1

2v2
½g2ðW1

μW1
ν þW2

μW2
νÞ

þ ðgW3
μ − g0BμÞðgW3

ν − g0BνÞ�∂μh∂νh;

L9 ¼ −
1

2
½g2ð∂μW1μ þ g0BμW2μÞ2

þ g2ð∂μW2μ − g0BμW1μÞ2
þ ðg∂μW3μ − g0∂μBμÞ2�;

L10 ¼ −
1

2v
½g2ðW1

μ∂νW1ν þW2
μ∂νW2νÞ

þ ðgW3
μ − g0BμÞ∂νðgW3

ν − g0B3
νÞ�∂μh;

L11 ¼
1

4
½g2ðW1

μW1
ν þW2

μW2
νÞ

þ ðgW3
μ − g0BμÞðgW3

ν − g0BνÞ�2;
L12 ¼ g2W3μνW3

μν;

L13 ¼ g3W3μνðW1
μW2

ν −W1
νW2

μÞ;
L14 ¼ gðgW3μ − g0BμÞ½gðW1νW̃1

μν þW2νW̃2
μνÞ

þ ðgW3ν − g0BνÞW̃3
μν�;

L15 ¼ −ðg∂μW3μ − g0∂μBμÞ2;
L16 ¼ −g2ðgW3ν − g0BνÞ½ðW2

ν∂μW1μ −W1
ν∂μW2μÞ

þ g0BμðW1
μW1

ν þW2
μW2

νÞ�;

L17 ¼ −
1

v
gðgW3

μ − g0BμÞW3μν∂νh;

L18 ¼
1

v
g2ðgW3μ − g0BμÞðW1

μW2
ν −W2

μW1
νÞ∂νh;

L19 ¼ −
1

v
ðgW3ν − g0BνÞðg∂μW3μ − g0∂μBμÞ∂νh;

L20 ¼ −
1

2v2
½g2ððW1

μÞ2 þ ðW2
μÞ2Þ þ ðgW3

μ − g0BμÞ2�ð∂νhÞ2;

L21 ¼ −
1

v2
ðgW3μ − g0BμÞ2∂νh∂νh;

L22 ¼ −
1

v2
ðgW3μ − g0BμÞðgW3ν − g0BνÞ∂μh∂νh;

L23 ¼
1

2
ðgW3ν − g0BνÞ2½g2ðW1μW1

μ þW2νW2
νÞ

þ ðgW3μ − g0BμÞ2�;

L24 ¼
1

2
ðgW3μ − g0BμÞðgW3ν − g0BνÞ×

½g2ðW1
μW1

ν þW2
μW2

νÞ þ ðgW3
μ − g0BμÞðgW3

ν − g0BνÞ�;

L25 ¼ −
1

v
ðgW3μ − g0BμÞ2□h;

L26 ¼ ðgW3μ − g0BμÞ2ðgW3ν − g0BνÞ2; ðC13Þ

where W̃aμν ¼ ϵμνρσWa
ρσ=2. Note that in the weak coupling

limit, i.e., f → ∞ or ξ → 0, L4 just recovers that in the

low-energy effectiveLagrangian,whileLðsÞ
4 just decoupled. It

is worth noticing that for NMCHM with symmetry breaking
pattern as SOð6Þ=SOð5Þ, the custodial violating operator
LT ¼ −2LC þ � � � is not independent of LC.

c. CP-odd case

For operators with two derivatives one has

LC̃ ¼ 0;

LT̃ ¼ i
v2

4
TrðTDμVμÞ; ðC14Þ

where C̃ and T̃ indicates the custodial preserving and
custodial breaking, respectively.
For operators with four derivatives one has [48,52,53]

LB̃ ¼ −
g02

4
B̃μνBμν;

LW̃ ¼ −
g2

2
TrðW̃μνWμνÞ;

L1̃ ¼ 2gg0BμνTrðTW̃μνÞ;
L2̃ ¼ 2ig0B̃μνTrðTVμÞ∂νðh=vÞ;
L3̃ ¼ 2igTrðW̃μνVμÞ∂νðh=vÞ;
L4̃ ¼ gTrðWμνVμÞTrðTVνÞ;
L5̃ ¼ iTrðVμVνÞTrðTVμÞ∂νðh=vÞ;
L6̃ ¼ iTrðVμVμÞTrðTVνÞ∂νðh=vÞ;
L7̃ ¼ gTrðT½Wμν;Vμ�Þ∂νðh=vÞ;
L8̃ ¼ 2g2TrðTW̃μνÞTrðTWμνÞ;
L9̃ ¼ 2igTrðTW̃μνÞTrðTVμÞ∂νðh=vÞ;
L1̃0 ¼ iTrðVμDνVνÞTrðTVμÞ;
L1̃1 ¼ iTrðTDμVμÞTrðVνVνÞ;
L1̃2 ¼ iTrð½Vμ;T�DνVνÞ∂μðh=vÞ;
L1̃3 ¼ iTrðTDμVμÞ∂ν∂νðh=vÞ;
L1̃4 ¼ iTrðTDμVμÞ∂νðh=vÞ∂νðh=vÞ;
L1̃5 ¼ iTrðTVμÞðTrðTVνÞÞ2∂μðh=vÞ;
L1̃6 ¼ iTrðTDμVμÞðTrðTVνÞÞ2; ðC15Þ

where the first five Lagrangians LB̃;W̃;1̃;2̃;3̃ correspond to the
custodial preserving ones, while the residue operators
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correspond to (tree-level) custodial breaking ones. In the
custodial breaking class, the presence of the scalar chiral
field T implies that the custodial symmetry is violating.
The dual tensors are defined by B̃μν ≡ ϵμνρσBρσ and
W̃μν ≡ ϵμνρσWρσ . The covariant derivative of V is defined
in Eq. (C6). In the absence of a light Higgs-like, i.e.,
CP-odd scalar singlet h in the low-energy spectrum, the 10
operators containing derivatives of Higgs are absent. Thus,
there are a complete nine (independent) CP-even operators,
those preserving SUð2ÞL ×Uð1ÞY symmetry.
The CP-odd low-energy effective Lagrangian in

Eq. (C15) can be expressed more explicitly in the unitary
gauge as

LC̃ ¼ 0;

LT̃ ¼ −
i
4
v2½∂μðgW3μ − g0BμÞ�2;

LW̃ ¼ −
1

4
g02W̃a

μνWaμν;

LB̃ ¼ −
1

4
g02B̃μνBμν;

L1̃ ¼ 2gg0BμνW̃3μν;

L2̃ ¼ −
2

v
g0B̃μνðgW3

μ − g0BμÞ∂νh;

L3̃ ¼ −
1

v
½g2ðW1

μW̃1μν þW2
μW̃2μνÞ

þ gW̃3μνðgW3
μ − g0BμÞ�∂νh;

L4̃ ¼ −
1

2
½g2ðW1

μW1μν þW2
μW2μνÞ

þ gðgW3
μ − g0BμÞW3μνÞ�ðgW3

ν − g0BνÞ;

L5̃ ¼
1

2v
ðgW3

μ − g0BμÞ½g2ðW1μW1ν þW2μW2νÞ
þ ðgW3μ − g0BμÞðgW3ν − g0BνÞ�∂νh;

L6̃ ¼
1

2v
ðgW3ν − g0BνÞ½ðgW1

μ þ gW2
μÞ2

þ ðgW3
μ − g0BμÞ2�∂νh;

L7̃ ¼
1

v
g2ðW1

μW2μν −W2
μW1μνÞ∂νh;

L8̃ ¼ 2g2W3
μνW̃3μν;

L9̃ ¼ −
2g
v
ðgW3

μ − g0BμÞW̃3μν∂νh;

L1̃0 ¼
1

2
ðgW3

μ − g0BμÞ½g2ðW1μ∂νW1ν þW2μ∂νW2νÞ
þ ðgW3μ − g0BμÞðg∂νW3ν − g0∂νBνÞ
þ g2g0BνðW1μW2

ν −W2μW1
νÞ�;

L1̃1 ¼
1

2
½g2ðW1

νW1ν þW2
νW2νÞ þ ðgW3

ν − g0BνÞ2�
× ðg∂μW3μ − g0∂μBμÞ;

L1̃2 ¼
g2

v
½g0BνðW1μW1ν þW2μW2νÞ

þ ðW2μ∂νW1ν −W1μ∂νW2νÞ�∂μh;

L1̃3 ¼ −
1

v
ðg∂μW3μ − g0∂μBμÞ□h;

L1̃4 ¼ −
1

v2
ðg∂μW3μ − g0∂μBμÞð∂νhÞ2;

L1̃5 ¼
1

v
ðgW3ν − g0BνÞ2ðgW3μ − g0BμÞ∂μh;

L1̃6 ¼ ðgW3ν − g0BνÞ2ðg∂μW3μ − g0∂μBμÞ: ðC16Þ
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