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In this paper, we present one- and two-loop results for the renormalization of the gluon and quark gauge-
invariant operators which appear in the definition of the QCD energy-momentum tensor, in dimensional
regularization. To this end, we consider a variety of Green’s functions with different incoming momenta.
We identify the set of twist-2 symmetric traceless and flavor singlet operators which mix among themselves
and we calculate the corresponding mixing coefficients for the nondiagonal components. We also provide
results for some appropriate regularization-independent (RI0)-like schemes, which address this mixing, and
we discuss their application to nonperturbative studies via lattice simulations. Finally, we extract the one-
and two-loop expressions of the conversion factors between the proposed RI0 and the MS schemes. From
our results regarding the MS-renormalized Green’s functions, one can easily derive conversion factors
relating numerous variants of RI0-like schemes to MS. To make our results easily accessible, we also
provide them in the form of aMathematica input file and, also as Supplemental Material, an equivalent text
file.
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I. INTRODUCTION

An important open question in Hadronic Physics is the
hadron spin decomposition, i.e., the distribution of hadron
spin among its constituent particles. It is well known, by
recent experiments, that contributions to the hadron spin
arise not only from valence quarks, but also from polarized
gluons, as well as sea quarks. Therefore, it is understood
that the complete picture of the spin content of a hadron
requires taking into account its nonperturbative nature,
including gluon and quark disconnected contributions.
Useful quantities which give important input to the study
of hadron spin structure are the quark and gluon average
momentum fractions [1]. Their nonperturbative determi-
nation in nucleons is currently under investigation by a
number of research groups [2–4], and so far, the outcomes
are very promising for the correct extraction of the nucleon
spin decomposition. However, there are still many chal-
lenges that need to be faced, including the complete
renormalization of these quantities.

Recent progress in simulating QCD on the lattice has
allowed the first ab initio studies of more demanding
quantities in hadron structure, involving, e.g., gluon and
quark flavor singlet operators; these quantities suffer from
two issues: the increased statistical noise and the presence
of mixing with other operators. Vigorous efforts in address-
ing the former include optimized algorithms and increased
statistics. The latter issue has additional difficulties: the
operators which mix among themselves are typically
defined in perturbation theory and may involve gauge-
variant (GV) terms and ghost fields; thus, their nonpertur-
bative calculation, by compact lattice simulations, is not
feasible. There remains still a number of conceptual
questions to be resolved before a viable nonperturbative
evaluation of mixing effects can be implemented. Studying
the mixing pattern in higher orders of perturbation theory
can give important guidance for the corresponding elimi-
nation of operator mixing nonperturbatively.
In this work, we study the renormalization and mixing of

gluon and quark singlet gauge-invariant operators appear-
ing in the definition of the QCD energy-momentum tensor
(EMT). These operators are employed in the calculation of
the quark and gluon average momentum fractions in
hadrons. In terms of the gluon field Aa

μ and quark field
ψf, they are defined as [5]1
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1We will refer to O1μν and O2μν as the “gluon” and “quark”
EMT operators, respectively.
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O1μν ¼ Fa
μρFa

νρ −
1

d
δμνFa

ρσFa
ρσ; ð1Þ

O2μν ¼
X
f

�
1

2
ðψ̄fγμD

↔

νψf þ ψ̄fγνD
↔

μψfÞ

−
1

d
δμνðψ̄fγρD

↔

ρψfÞ
�
; ð2Þ

[Fa
μν ≡ ∂μAa

ν − ∂νAa
μ − gfabcAb

μAc
ν is the field strength ten-

sor and fabc are the SUðNcÞ structure constants; D
↔

μ ≡
ð1=2ÞðD⃗μ − D⃖μÞ is the symmetrized covariant derivative,

and D⃗μ ≡ ∂⃗μ þ igAμ, D⃖μ ≡ ∂⃖μ − igAμ are the left and right
covariant derivatives, respectively. The index f in Eq. (2) is
summed over Nf quark flavors, and d is the number of
Euclidean space-time dimensions. Greek indices (μ, ν, ρ, σ)
and Latin indices (a, b, c) refer to the Lorentz and SUðNcÞ
groups, respectively. A summation over repeated indices is
implied.]
Given that we will consider mass-independent renorm-

alization schemes, a mass term has been omitted from the
definition of O2μν. These operators can mix with GV
operators, which vanish when inserted in matrix elements
between physical states. However, the mixing with GV
operators cannot be neglected: the standard perturbative
procedure for the correct extraction of the mixing coef-
ficients entails calculating bare Green’s functions (GFs) of
GV operators with elementary external fields. The goal of
our study is twofold as follows:
(1) To identify the set of twist-2 symmetric operators

which mix with the gluon and quark EMT opera-
tors, and to provide an appropriate regularization-
independent (RI0)-like scheme, which correctly
addresses this mixing.

(2) To compute the conversion factors from the pro-
posed RI0-like schemes to the MS scheme.

We calculate a total of ten one-particle-irreducible (1PI)
amputated Green’s functions with operator insertions up to
two loops in dimensional regularization (DR). In order to
be able to extract the mixing coefficients in an unambigu-
ous way, we consider Green’s functions with different
incoming momenta.
The renormalization factors of gluon and quark EMT

operators can be extracted by studying either the diagonal
or the nondiagonal components of the operators. As the
EMT operators are traceless, it becomes difficult to disen-
tangle the signal of the diagonal part in lattice simulations
from the corresponding pure trace. The mixing pattern of
the nondiagonal components is simpler comparing to the
diagonal ones. For this reason, we choose to consider only
nondiagonal components.
We investigated possible ways of defining an appropriate

RI0-type scheme, which can be applied in the nonpertur-
bative studies on the lattice. Green’s functions of GV

operators are difficult to obtain nonperturbatively on
the lattice due to a number of obstacles: GV operators
[Becchi-Rouet-Stora-Tyutin (BRST) variations and oper-
ators which vanish by the equations of motion (EOM)] are
defined in a perturbative manner, including gauge-fixing
terms, which are not well defined in the Landau gauge (they
contain terms proportional to 1=α, where α is the gauge-
fixing parameter and α ¼ 0 in the Landau gauge) and ghost
fields. Such terms cannot be studied by compact lattice
simulations. In our study, we discuss some possible
approaches to overcome this issue.
A novel aspect of this calculation is the extraction of the

mixing matrix to two-loop order. A number of previous
perturbative and nonperturbative studies of EMT have been
carried out in both continuum and lattice regularizations.
A one-loop calculation of the mixing matrix in the
continuum is presented in Ref. [6]. Earlier studies of flavor
singlet operator renormalization in the continuum can be
found in Refs. [7,8]. Corresponding one-loop calculations
on the lattice are considered in Refs. [9–11]. A conserved
EMT for lattice gauge theories is constructed in Refs. [5,12]
to one-loop level. Recent nonperturbative studies of the
renormalization of gluon and quark EMT operators have
been performed in lattice QCD simulations [2–4,13,14].
A promising investigation for determining a conserved
EMT nonperturbatively on the lattice in a regularization
group invariant (RGI) scheme is given in Refs. [15,16].
The outline of this paper is as follows: in Sec. II, we

provide a theoretical analysis of the renormalization of
gluon and quark EMT operators based on the Joglekar-Lee
theorems and Ward identities (WIs) of BRST-invariant
operators and of conserved quantities. Section III contains
the calculation setup including details on the calculated
Green’s functions, description of the proposed renormal-
ization schemes, and the conversion to the MS scheme. Our
main results are presented in Sec. IV for the MS-renor-
malized Green’s functions, the renormalization functions,
and the conversion factors between the RI0 and the MS
schemes. In Sec. V, we discuss the application of the
proposed RI0 schemes in the nonperturbative studies on the
lattice, while in Sec. VI we conclude.

II. THEORETICAL ANALYSIS

According to the Joglekar-Lee theorems [17], a gauge-
invariant operatorO can mix with three classes of operators
which have the same transformations under global sym-
metries (e.g., Lorentz, or hypercubic on the lattice, global
SUðNcÞ transformations, etc.) and whose dimension is
lower or equal to that of O:
(1) Class G: Gauge-invariant operators
(2) Class A: BRST variations of some operator
(3) Class B: Operators which vanish by the EOM

Any other operators which respect the same global sym-
metries, but do not belong to the above classes, can at most
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have finite mixing with O [17]. In this respect and given
that gluon and quark EMToperators are two-index traceless
symmetric of dimension 4, the full set of twist-2 operators
which mix among themselves, compatibly with Euclidean
rotational symmetry, is the following [5]:

O1μν ¼ Fa
μρFa

νρ −
1

d
δμνFa

ρσFa
ρσ; ð3Þ

O2μν ¼
X
f

�
1

2
ðψ̄fγμD

↔

νψf þ ψ̄fγνD
↔

μψfÞ

−
1

d
δμνðψ̄fγρD

↔

ρψfÞ
�
; ð4Þ

O3μν¼
1

α

�
ð∂μAa

ν þ∂νAa
μÞ∂ρAa

ρ −
2

d
δμν∂ρAa

ρ∂σAa
σ

�

− ½c̄a∂μðDνcÞaþ c̄a∂νðDμcÞa−
2

d
δμνc̄a∂ρðDρcÞa�;

ð5Þ

O4μν ¼ −
1

α

�
ðAa

μ∂ν þ Aa
ν∂μÞð∂ρAa

ρÞ −
2

d
δμνAa

ρ∂ρ∂σAa
σ

�

þ ½∂μc̄aDνca þ ∂νc̄aDμca −
2

d
δμν∂ρc̄aDρca�;

ð6Þ

O5μν ¼ Aa
μ
δS
δAa

ν
þ Aa

ν
δS
δAa

μ
−
2

d
δμνAa

ρ
δS
δAa

ρ
; ð7Þ

where a summation over repeated indices is implied; ca and
c̄a are the ghost and antighost fields, respectively, and S is
the QCD action,

S ¼
Z

ddx

�
1

4
Fa
ρσFa

ρσ þ ψ̄γρDρψ

þ 1

2α
∂ρAa

ρ∂σAa
σ − c̄a∂ρðDρcÞa

�
: ð8Þ

O1μν and O2μν are class G operators, O3μν and O4μν belong
to class A, and O5μν is a class B operator.
In the absence of quarks, operators O3μν, O4μν, O5μν are

the only operators that can mix with O1μν [5]. Upon
introducing quarks (and, therefore, also O2μν), one must
investigate whether any additional operators can mix. The
answer is negative as follows:

(i) The only other class G operator which is traceless
and symmetric,

X
f

�
1

4
½∂μðψ̄fγνψfÞ þ ∂νðψ̄fγμψfÞ�

−
1

2d
δμν∂ρðψ̄fγρψfÞ

�
; ð9Þ

being odd under charge conjugation, is excluded. By
the same token, operator O2μν with the symmetrized
covariant derivatives replaced by only right or left
covariant derivatives is not considered since it is not
a pure eigenstate of charge conjugation.

(ii) There are no operator candidates containing fer-
mions in class A, as any two-index operator with
fermion and antifermion fields will lead, under
BRST transformations, to an operator of dimension
at least 5.

(iii) The only potential class B operator stemming from
the fermion EOM is pure trace, and thus it is
excluded.

On the lattice, where Lorentz symmetry is replaced by
hypercubic symmetry, diagonal (μ ¼ ν) and nondiagonal
(μ ≠ ν) components of traceless symmetric operators
belong to different representations of the hypercubic group,
and thus, they renormalize differently. As we are interested
in constructing a renormalization scheme applicable to the
lattice, we must renormalize diagonal and nondiagonal
components separately. However, their corresponding
renormalized Green’s functions will be components of a
common multiplet in the continuum limit, as it happens in
continuum regularizations. In this study, we focus on the
renormalization of the nondiagonal components of the
EMT operators, because they give more accurate results
in lattice simulations when inserted in matrix elements
between physical states [3]. From now on, when we refer to
Oiμν, ði ¼ 1; 2;…; 5Þ, it is meant that μ ≠ ν.
Operators O1μν; O2μν;…; O5μν have some interesting

properties which give us an important input in the study
of their renormalization. Let us define the mixing matrix Z
as follows:

OY
i ¼

X5
j¼1

ZY;X
ij OX

j ; ði ¼ 1; 2; 3; 4; 5Þ; ð10Þ

where OX
i ðOY

i Þ is the bare (renormalized) operator Oiμν in
the X regularization (Y renormalization) scheme. Here,
to simplify the notation we omit the Lorentz indices μ, ν.
The sum ODR

1 þODR
2 þODR

4 in dimensional regularization
gives the nondiagonal Belinfante symmetrized EMT [18],
which is a conserved quantity.2 As a consequence, this
combination of operators has zero anomalous dimension
and thus, it is finite. This is also true for the class B operator
ODR

5 . This means that, in the MS scheme, we have

OMS
1 þOMS

2 þOMS
4 ¼ ODR

1 þODR
2 þODR

4 ; ð11Þ

OMS
5 ¼ ODR

5 : ð12Þ

2Note that a possible variant of a symmetrized EMT includes
an admixture of the operator ODR

5 , which is also a conserved
quantity.
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Replacing Eq. (10) into Eqs. (11), (12), the following
relations between the elements of the mixing matrix are
extracted [19]:

ZMS;DR
11 þ ZMS;DR

21 þ ZMS;DR
41 ¼ 1; ð13Þ

ZMS;DR
12 þ ZMS;DR

22 þ ZMS;DR
42 ¼ 1; ð14Þ

ZMS;DR
13 þ ZMS;DR

23 þ ZMS;DR
43 ¼ 0; ð15Þ

ZMS;DR
14 þ ZMS;DR

24 þ ZMS;DR
44 ¼ 1; ð16Þ

ZMS;DR
15 þ ZMS;DR

25 þ ZMS;DR
45 ¼ 0; ð17Þ

ZMS;DR
51 ¼ ZMS;DR

52 ¼ ZMS;DR
53 ¼ ZMS;DR

54 ¼ 0; ð18Þ

ZMS;DR
55 ¼ 1: ð19Þ

Furthermore, according to the Joglekar-Lee theorems
[17], the mixing matrix (at least) in DR and the MS scheme
is block triangular, i.e., class A operators cannot mix with
class G operators, and class B operators cannot mix with
class G and class A operators; thus,

ZMS;DR
31 ¼ ZMS;DR

32 ¼ ZMS;DR
41 ¼ ZMS;DR

42 ¼ 0; ð20Þ

ZMS;DR
51 ¼ ZMS;DR

52 ¼ ZMS;DR
53 ¼ ZMS;DR

54 ¼ 0: ð21Þ

Additional relations between the elements of the mixing
matrix can be extracted by studying WIs which contain
operators Oi. Let us consider the following WI:

δBRSTh∂ρAa
ρðxÞOX

i ðyÞc̄bðzÞi ¼ 0; ð22Þ

where δBRST is the BRST operator. Because of the BRST
invariance of both action and class G, A, and B operators
(modulo equations of motion), Eq. (22) takes the following
form:

1

α
h∂ρAa

ρðxÞOX
1 ðyÞ∂σAb

σðzÞi ¼ 0; ð23Þ

1

α
h∂ρAa

ρðxÞOX
2 ðyÞ∂σAb

σðzÞi ¼ 0; ð24Þ

1

α
h∂ρAa

ρðxÞðOX
4 ðyÞ −OX

5 ðyÞÞ∂σAb
σðzÞi ¼ 0: ð25Þ

In momentum space, they read

αpρqσhAa
ρðpÞOX

1 ð−p − qÞAb
σðqÞiamp ¼ 0; ∀p; q; α;

ð26Þ

αpρqσhAa
ρðpÞOX

2 ð−p − qÞAb
σðqÞiamp ¼ 0; ∀p; q; α;

ð27Þ

αpρqσhAa
ρðpÞðOX

4 ð−p − qÞ −OX
5 ð−p − qÞÞAb

σðqÞiamp ¼ 0;

∀p; q; α: ð28Þ

By replacing the bare operators with the renormalized ones,
the above relations also hold (at least) in the MS scheme.
This is proved by the following arguments. Let us consider,
e.g., the Green’s function of operator O1 in the Y renorm-
alization scheme: αpρqσhAa

ρðpÞOY
1 ð−p − qÞAb

σðqÞiamp.
Using Eqs. (10), (26), (27), (28), the Green’s function
takes the following form:

ZY;X
13 ðαpρqσhAa

ρðpÞOX
3 ð−p − qÞAb

σðqÞiampÞ
þ ðZY;X

14 þ ZY;X
15 ÞðαpρqσhAa

ρðpÞOX
4 ð−p − qÞAb

σðqÞiampÞ:
ð29Þ

Operators O3 and O4 differ by total derivative terms;
this gives rise to different Lorentz structures in the
Green’s function from each operator, when pþ q ≠ 0.
Thus, Eq. (29) is finite, when the poles from the O3 and O4

terms vanish separately, i.e., each one of the two summands
in Eq. (29) must be free of poles. However, as ZY;X

13 and
ZY;X
14 þ ZY;X

15 have no Oðg0Þ contributions, they must be
zero to all orders in perturbation theory, at least for Y ¼ MS
and X ¼ DR. By similar arguments, we extract the
following relations between the renormalization factors

ZMS;DR
ij :

ZMS;DR
13 ¼ ZMS;DR

23 ¼ 0; ð30Þ

ZMS;DR
43 − ZMS;DR

53 ¼ 0; ð31Þ

ZMS;DR
14 þ ZMS;DR

15 ¼ ZMS;DR
24 þ ZMS;DR

25 ¼ 0; ð32Þ

ZMS;DR
44 þ ZMS;DR

45 − ZMS;DR
54 − ZMS;DR

55 ¼ 0: ð33Þ

Combining Eqs. (31), (33) with (18), (19), we take

ZMS;DR
43 ¼ 0; ð34Þ

ZMS;DR
44 þ ZMS;DR

45 ¼ 1: ð35Þ

As we see, operators O1, O2, O4, and O5 do not mix with
O3 in (MS, DR). Also, operators O1 and O2 mix with the
combination O4–O5. However, in a different renormaliza-
tion scheme (e.g., RI0), these conclusions are not
mandatory.
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Further WIs are derived for 1PI Green’s functions with conserved quantities. For example, let us consider the following
relation:

X
μ

∂μT̃μν ≡X
μ

∂μ

�
ODR

1 μν þODR
2 μν þODR

4 μν −ODR
5 μν þ

2

d
δμν

�X
ρ;σ

∂ρðAa
ρ∂σAa

σÞ −
X
ρ

∂ρc̄aDρca
��

¼d→4 −
Sδ⃖
δca

∂νca − ∂νc̄a
δ⃗S
δc̄a

−
Sδ⃖
δψ

∂νψ − ∂νψ̄
δ⃗S
δψ̄

− ∂νAa
μ
δS
δAa

μ
− ∂μ

�
Aa
μ
δS
δAa

ν

�
þ 1

2
∂ν

�
Aa
μ
δS
δAa

μ

�

þ 3

8
∂ν

�
ψ̄
δ⃗S
δψ̄

þ Sδ⃖
δψ

ψ

�
−
1

4
∂μ

�
ψ̄σμν

δ⃗S
δψ̄

−
Sδ⃖
δψ

σμνψ

�
; ð36Þ

where diagonal components of ODR
i are also involved; σμν ≡ ½γμ; γν�=2. The quantity T̃μν is conserved in the limit d → 4.

Inserting the above equation under the functional integral of the effective action Γ, a master equation is extracted which is
suitable for generating WIs,

X
μ

∂μT̃μν ¼d→4 −
Γδ⃖
δca

∂νca − ∂νc̄a
δ⃗Γ
δc̄a

−
Γδ⃖
δψ

∂νψ − ∂νψ̄
δ⃗Γ
δψ̄

− ∂νAa
μ
δΓ
δAa

μ
− ∂μ

�
Aa
μ
δΓ
δAa

ν

�
þ 1

2
∂ν

�
Aa
μ
δΓ
δAa

μ

�

þ 3

8
∂ν

�
ψ̄
δ⃗Γ
δψ̄

þ Γδ⃖
δψ

ψ

�
−
1

4
∂μ

�
ψ̄σμν

δ⃗Γ
δψ̄

−
Γδ⃖
δψ

σμνψ

�
: ð37Þ

After some operations, two useful WIs are produced for zero momentum transfer which are as follows3:

hAa
ρðqÞ½ODR

1 μνð0Þ þODR
2 μνð0Þ þODR

4 μνð0Þ −ODR
5 μνð0Þ�Ab

σð−qÞiamp

¼ −
1

2
ðδμρðD−1ðqÞÞabνσ þ δνρðD−1ðqÞÞabμσ þ δμσðD−1ðqÞÞabνρ þ δνσðD−1ðqÞÞabμρÞ þ

1

2

�
qμ

∂
∂qν þ qν

∂
∂qμ

�
ðD−1ðqÞÞabρσ ; ð38Þ

hψðqÞ½ODR
1 μνð0Þ þODR

2 μνð0Þ þODR
4 μνð0Þ −ODR

5 μνð0Þ�ψ̄ðqÞiamp
¼ 1

2

�
qμ

∂
∂qν þ qν

∂
∂qμ

�
S−1ðqÞ; ð39Þ

where ðD−1ðqÞÞabμν and S−1ðqÞ are the inverse gluon and
quark propagators, respectively. Note that in Eqs. (38),
(39), indices μ and ν are taken to be different. The above
relations can be useful for the construction of the non-
diagonal elements of EMT on the lattice.

III. CALCULATION SETUP

In this section, we briefly introduce the setup of our
calculation. We provide details on the calculated Green’s
functions, on the renormalization prescriptions that we use
in the presence of operator mixing, and on the conversion
factors.

A. Green’s functions

In order to study the renormalization of the five operators
defined in Eqs. (3)–(7), we must consider a variety of GFs
with different external elementary fields and different
incoming momenta. We consider a total of five GFs with

external gluon fields for two different choices of incoming
momenta and five GFs with external fermion fields for one
choice of incoming momenta. Based on the different
Lorentz and Dirac structures of the pole terms appearing
in each GF, this is the minimum number of GFs, which
enable us to extract 25 renormalization conditions for the
full determination of the mixing matrix. In particular, the
GFs that we consider are as follows4:
(1) Amputated GFs with two external gluon fields and

zero-momentum operator insertion,

Ggiðq;−qÞ≡ hAa
ρðqÞOiμνð0ÞAb

σð−qÞiamp;

ði ¼ 1;…; 5Þ: ð40Þ

(2) Amputated GFs with two external gluon fields and
nonzero-momentum operator insertion. For simplic-
ity, we may set to zero the momentum of one of the
two external gluons,

3For more details about the derivation of these WIs, we refer
to [12].

4For simplicity of notation, we drop Lorentz and color indices
from the GFs; we will reinsert them where needed in the sequel.
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Ggiðq; 0Þ≡ hAa
ρðqÞOiμνð−qÞAb

σð0Þiamp;

ði ¼ 1;…; 5Þ: ð41Þ

These GFs are needed to disentangle operator O3

from O4 as they only differ by a total derivative.
(3) Amputated GFs with a pair of external quark and

antiquark fields and zero-momentum operator in-
sertion,

Gqiðq; qÞ≡ hψafðqÞOiμνð0Þψ̄bfðqÞiamp;

ði ¼ 1;…; 5Þ; ð42Þ

where af, bf are color indices in the fundamental
representation. These GFs are needed to disentangle
the fermion operator O2 from the remaining gluon
operators.

Clearly, the above choices of GFs are not unique; e.g., one
can choose to consider GFs with external ghost fields.
However, such a choice is not optimal for studying these
operators in compact lattice simulations.5

As we are interested in calculating GFs with external
gluon and quark fields, we also need to compute the
renormalization functions of the external fields. To this
end, the gluon and quark propagators must also be
calculated up to two loops,

GgðqÞ≡ hAa
ρðqÞAb

σð−qÞi; ð43Þ

GqðqÞ≡ hψafðqÞψ̄bfðqÞi: ð44Þ

Explicit results for these GFs can be found in the literature
up to four loops [22]. Also, five-loop results for the
renormalization functions of the gluon and quark fields
are presented in Ref. [23]. For completeness, we calculate

these GFs up to two loops and we make the crosscheck. A
difference between these studies and our work is that we
present the conversion factors of the gluon and quark fields
between RI0 and MS schemes using independent momen-
tum scales.
There are 1 one-loop and 7 two-loop Feynman diagrams

contributing to GqðqÞ, shown in Figs. 1, 2, and 4 one-loop
and 23 two-loop Feynman diagrams contributing to GgðqÞ,
shown in Figs. 3 and 4. The diagrams contributing to
Gqiðq; qÞ can be produced by inserting the operator Oi in
the vertices or in the propagators of the diagrams of Figs. 1
and 2. Similarly, the diagrams of Ggiðq;−qÞ and Ggiðq; 0Þ
can be produced from the diagrams of Figs. 3 and 4 using
the same procedure. There is a total of 132, 382, 421
diagrams contributing to Gqiðq; qÞ, Ggiðq;−qÞ, Ggiðq; 0Þ,
respectively. Note that a number of duplicate diagrams may
arise and must not be double-counted. As is standard
practice, we apply the integration by parts method to
reduce two-loop integrals into nested one-loop master
integrals, which are evaluated by a well-known one-loop
formula (see Ref. [24]). The most difficult part of this
calculation regards the nonscalar integrands stemming from
the “diamond”-type diagrams (2–3 of Fig. 2 and 5–11 of
Fig. 4); we apply an extension of the scalar recursion
formula of Ref. [24], including tensor structures,

ðdþ n − α1 − α2 − 2α3ÞInðα1;α2; α3;α4; α5Þ −
Xn
i¼1

Jn−1;iðα1; α2; α3; α4; α5Þ

þ α1½Inðα1 þ 1; α2; α3; α4 − 1; α5Þ − Inðα1 þ 1; α2; α3 − 1;α4; α5Þ�
þ α2½Inðα1; α2 þ 1; α3; α4; α5 − 1Þ − Inðα1;α2 þ 1; α3 − 1;α4; α5Þ� ¼ 0;

ðα3 ∈ Zþ; α4 ∈ Zþ; α5 ∈ Zþ; n ∈ ZþÞ; ð45Þ

where

Inðα1; α2; α3; α4; α5Þ≡
Z

ddp
ð2πÞd

Z
ddk
ð2πÞd

fðkÞpμ1…pμn

p2α1ðp − qÞ2α2ðp − kÞ2α3k2α4ðk − qÞ2α5 ; ð46Þ

Jn−1;iðα1; α2; α3; α4; α5Þ≡
Z

ddp
ð2πÞd

Z
ddk
ð2πÞd

fðkÞpμ1…pμn · ðkμi=pμiÞ
p2α1ðp − qÞ2α2ðp − kÞ2α3k2α4ðk − qÞ2α5 ; ð47Þ

FIG. 1. One-loop Feynman diagram contributing to the quark
propagator GqðqÞ. The straight (wavy) lines represent fermions
(gluons).

5See, however, Refs. [20,21] and references therein for an attempt to address such GFs in lattice simulations.
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fðkÞ is a function of k, and q is an external momentum d-vector. For n ¼ 0, Eq. (45) reduces to the following scalar formula:

ðd − α1 − α2 − 2α3ÞI0ðα1; α2; α3; α4; α5Þ
þ α1½I0ðα1 þ 1;α2; α3;α4 − 1; α5Þ − I0ðα1 þ 1; α2; α3 − 1; α4; α5Þ�
þ α2½I0ðα1; α2 þ 1; α3;α4; α5 − 1Þ − I0ðα1; α2 þ 1; α3 − 1; α4; α5Þ� ¼ 0;

ðα3 ∈ Zþ; α4 ∈ Zþ;α5 ∈ ZþÞ; ð48Þ

where

I0ðα1; α2; α3; α4;α5Þ≡
Z

ddp
ð2πÞd

Z
ddk
ð2πÞd

fðkÞ
p2α1ðp − qÞ2α2ðp − kÞ2α3k2α4ðk − qÞ2α5 : ð49Þ

Another possibility is to express all integrals in terms of
scalar functions of the external momentum by multiplying
each integral with the appropriate projectors.

B. Renormalization schemes and conversion factors

In our study, we adopt two different renormalization
schemes: the MS scheme, which is typically used in
phenomenology for the analysis of experimental data,
and a RI0 scheme, which is more immediate for a lattice
regularized theory. The latter scheme is appropriate for
renormalizing nonperturbative data taken by lattice simu-
lations. Given that MS is defined in a perturbative manner,
the best theoretical approach for taking nonperturbative
results in MS is to make use of an intermediate scheme,
which is applicable in both perturbative and nonperturba-
tive regularizations, and to match the nonperturbative

results from this scheme to MS; RI0 is an example of such
an intermediate scheme. RI0-renormalized quantities, calcu-
lated on the lattice nonperturbatively, can be converted to the
MS counterparts through perturbative “conversion” factors
between RI0 and MS schemes; the conversion factors are
regularization independent and thus, calculable in DR.
Below, we provide our conventions for the definition of

the renormalization functions, which relate bare to renor-
malized fields and parameters of the theory,

AY
μ ≡ ðZY;X

A Þ−1=2AX
μ ; ð50Þ

ψY
f ≡ ðZY;X

ψ Þ−1=2ψX
f ; ð51Þ

gY ≡ μðD−4Þ=2ðZY;X
g Þ−1gX; ð52Þ

FIG. 2. Two-loop Feynman diagrams contributing to the quark propagatorGqðqÞ. The straight (wavy, dashed) lines represent fermions
(gluons, ghosts).

FIG. 3. One-loop Feynman diagrams contributing to the gluon propagatorGgðqÞ. The straight (wavy, dashed) lines represent fermions
(gluons, ghosts).
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αY ≡ ZY;X
α ðZY;X

A Þ−1αX; ð53Þ

where Aμ is the gluon field, ψf is the quark field of flavor f,
g is the coupling constant, α is the gauge-fixing parameter
(α ¼ 0 in the Landau gauge), and μ is a momentum scale.
The index X denotes bare quantities in the X regularization,
and the index Y denotes renormalized quantities in the Y
renormalization scheme. The MS renormalization scale μ̄ is
defined in terms of μ,

μ̄≡ μ

�
4π

eγE

�
1=2

; ð54Þ

where γE is Euler’s gamma. The renormalization functions
for the operators under study have been already defined in

Eq. (10) in a 5 × 5 matrix form. The renormalized Green’s
functions of operators and fields, which are defined in the
previous subsection, are given by

GY
g ¼ ðZY;X

A Þ−1GX
g ; ð55Þ

GY
q ¼ ðZY;X

ψ Þ−1GX
q ; ð56Þ

GY
gi ¼ ZY;X

A

X5
j¼1

ZY;X
ij GX

gi; ði ¼ 1;…; 5Þ; ð57Þ

GY
qi ¼ ZY;X

ψ

X5
j¼1

ZY;X
ij GX

qi; ði ¼ 1;…; 5Þ: ð58Þ

FIG. 4. Two-loop Feynman diagrams contributing to the gluon propagator GgðqÞ. The straight (wavy, dashed) lines represent fermions
(gluons, ghosts).
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In the MS scheme, the renormalization condition is
defined (in DR) by imposing that the renormalized Green’s
functions are finite, when the renormalization functions
include only negative powers of ε≡ ð4 − dÞ=2. In a RI0-
like scheme, there is, a priori, wide flexibility in defining
normalization conditions in Green’s functions, especially
when operator mixing is present. The possible variants
differ only by finite terms. Therefore, it is natural to adopt a
minimal prescription, which involves the smallest possible
set of operators which can mix; this is usually the mixing
set found in MS. Of course, the conditions must be
regularization independent and thus, they must also include
any possible additional finite or power-divergent mixing,
which is present, e.g., in the lattice regularization.
Examples of operators with additional mixing on the lattice
are the scalar glueball operator, the scalar quark-antiquark
operator, as well as the nonlocal quark bilinears [25–27]
studied in a chiral-symmetry breaking action. In the present
case, such admixtures on the lattice are excluded by
hypercubic invariance.
A choice of definition for a RI0-like scheme, compatibly

with MS, is to consider a 5 × 5 mixing matrix. The
elements of the mixing matrix are obtained by imposing
5 × 5 ¼ 25 conditions on Green’s functions. This can be
done by isolating different Lorentz and Dirac structures of
each Green’s function. Given that the operators under study
are two-index ðμ; νÞ symmetric, the possible structures for
the Green’s functions under study with external gluon fields

AρðqÞ, Aσð−qÞ [or AρðqÞ; Aσð0Þ, cf. Eqs. (40), (41)] are
(for μ ≠ ν),

δρσqμqν; q2ðδρμδσν þ δρνδσμÞ; ðqρqμδσν þ qρqνδσμÞ;
ð59Þ

ðqσqμδρν þ qσqνδρμÞ; qμqνqρqσ=q2: ð60Þ

Similarly, the possible structures for the fermionic Green’s
functions under study are (for μ ≠ ν) as follows:

ðγμqν þ γνqμÞ; =qqμqν=q2: ð61Þ

We isolate some of these structures, including those with
poles, by selecting specific values for the external momen-
tum and/or the Lorentz components of the external fields;
for these specific values, we impose that

Tr½Ggi� ¼ Tr½Gtree
gi �; ð62Þ

and similarly

Tr½Gqi · q� ¼ Tr½Gtree
qi · q�: ð63Þ

The proposed renormalization conditions for this variant of
RI0, dubbed RI01, are [cf. Eqs. (40)–(42)]

Tr½GRI0
1

gi ðq;−qÞ�
N2

c − 1

���� ρ ¼ σ;
ρ ≠ ðμ; νÞ;
qρ ¼ 0;
qτ ¼ q̄τ; ∀ τ ≠ ρ

¼ Tr½Gtree
gi ðq;−qÞ�
N2

c − 1

���� ρ ¼ σ;
ρ ≠ ðμ; νÞ;
qρ ¼ 0;
qτ ¼ q̄τ; ∀ τ ≠ ρ

¼
�
2q̄μq̄ν; i ¼ 1

0; i ¼ 2; 3; 4; 5;
ð64Þ

Tr½GRI0
1

gi ðq;−qÞ�
N2

c − 1

���� ρ ¼ μ;
σ ¼ ν;
qρ ¼ qσ ¼ 0;
qτ ¼ q̄τ; ∀ τ ≠ ðρ; σÞ

¼ Tr½Gtree
gi ðq;−qÞ�
N2

c − 1

���� ρ ¼ μ;
σ ¼ ν;
qρ ¼ qσ ¼ 0;
qτ ¼ q̄τ; ∀ τ ≠ ðρ; σÞ

¼
8<
:

q̄2; i ¼ 1

0; i ¼ 2; 3; 4
2q̄2; i ¼ 5;

ð65Þ

Tr½GRI0
1

gi ðq;−qÞ�
N2

c − 1

���� ρ ≠ ðμ; νÞ;
σ ¼ ν;
qσ ¼ 0;
qτ ¼ q̄τ; ∀ τ ≠ σ

¼ Tr½Gtree
gi ðq;−qÞ�
N2

c − 1

���� ρ ≠ ðμ; νÞ;
σ ¼ ν;
qσ ¼ 0;
qτ ¼ q̄τ; ∀ τ ≠ σ

¼

8>><
>>:

−q̄μq̄ρ; i ¼ 1

0; i ¼ 2

q̄μq̄ρ=αRI
0
; i ¼ 3; 4

q̄μq̄ρð1=αRI0 − 1Þ; i ¼ 5;

ð66Þ
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Tr½GRI0
1

gi ðq; 0Þ�
N2

c − 1

���� ρ ≠ ðμ; νÞ;
σ ¼ ν;
qσ ¼ 0;
qτ ¼ q̄τ; ∀ τ ≠ σ

¼ Tr½Gtree
gi ðq; 0Þ�

N2
c − 1

���� ρ ≠ ðμ; νÞ;
σ ¼ ν;
qσ ¼ 0;
qτ ¼ q̄τ; ∀ τ ≠ σ

¼
8<
:

0; i ¼ 1; 2; 3
q̄μq̄ρ=αRI

0
; i ¼ 4

q̄μq̄ρð1=αRI0 − 1Þ; i ¼ 5;
ð67Þ

1

4Nc
Tr½GRI0

1

qi ðq; qÞ · =q�
����
qτ ¼ q̄τ; ∀ τ

¼ 1

4Nc
Tr½Gtree

qi ðq; qÞ · =q�
����
qτ ¼ q̄τ; ∀ τ

¼
�
0; i ¼ 1; 3; 4; 5
iq̄μq̄ν; i ¼ 2; ð68Þ

where the trace in Eqs. (64)–(67) is taken over color space
(in the adjoint representation), and the trace in Eq. (68) is
taken over Dirac and color spaces (in the fundamental
representation); the four-vector q̄ is the RI0 renormalization
scale.
The above prescription is not a minimal one. From our

two-loop results, one can observe that the mixing pattern
in the MS scheme reduces to a set of three operators:

fO1; O2; O6 ≡O4 −O5g. This was expected from the
theoretical analysis presented in Sec. II. Thus, a second
choice of definition for a RI0-like scheme is to consider a
3 × 3mixing matrix. Now, we only need nine conditions to
identify the renormalization factors. The first two and
the last condition of the RI01 scheme (Eqs. (64), (65),
(68) taken for the three operators fO1; O2; O6g can be also
the conditions for the RI02 scheme,

Tr½GRI0
2

gi ðq;−qÞ�
N2

c − 1

���� ρ ¼ σ;
ρ ≠ ðμ; νÞ;
qρ ¼ 0;
qτ ¼ q̄τ; ∀ τ ≠ ρ

¼ Tr½Gtree
gi ðq;−qÞ�
N2

c − 1

���� ρ ¼ σ;
ρ ≠ ðμ; νÞ;
qρ ¼ 0;
qτ ¼ q̄τ; ∀ τ ≠ ρ

¼
�
2q̄μq̄ν; i ¼ 1

0; i ¼ 2; 6;
ð69Þ

Tr½GRI0
2

gi ðq;−qÞ�
N2

c − 1

���� ρ ¼ μ;
σ ¼ ν;
qρ ¼ qσ ¼ 0;
qτ ¼ q̄τ; ∀ τ ≠ ðρ; σÞ

¼ Tr½Gtree
gi ðq;−qÞ�
N2

c − 1

���� ρ ¼ μ;
σ ¼ ν;
qρ ¼ qσ ¼ 0;
qτ ¼ q̄τ; ∀ τ ≠ ðρ; σÞ

¼
8<
:

q̄2; i ¼ 1

0; i ¼ 2

−2q̄2; i ¼ 6

ð70Þ

1

4Nc
Tr½GRI0

2

qi ðq; qÞ · =q�
����
qτ ¼ q̄τ; ∀ τ

¼ 1

4Nc
Tr½Gtree

qi ðq; qÞ · =q�
����
qτ ¼ q̄τ; ∀ τ

¼
�
0; i ¼ 1; 6
iq̄μq̄ν; i ¼ 2: ð71Þ

This scheme has the advantage of not involving GFs with
nonzero momentum operator insertions.
A third choice for defining a RI0-like scheme is to impose

that the EMT, which is constructed by O1, O2, O4, and/or
O5, is still a conserved quantity after its renormalization in
RI0 scheme. In DR, the conservation gives ORI0

1 þORI0
2 þ

ORI0
4 ¼ ODR

1 þODR
2 þODR

4 and Eqs. (13)–(17) will also
hold to this version of RI0. As we insert five new conditions,
we must exclude five conditions from the previous defi-
nition of RI01 scheme. For example, we exclude the operator
O4 from each condition [Eqs. (64)–(68)]. Similarly, we can
define the “conserved” version of the RI02 scheme. On the

lattice, the construction of a conserved EMT is more
complex due to the presence of discretization effects,
which violate translational invariance. A discussion about
the possible ways of applying the conservation properties
of EMT on the lattice is given in Sec. V.
The above variants of RI0 involve operator Green’s

functions of exceptional momentum configurations in the
sense of having one out of three external momenta set to
zero and, thus, it is important to make sure that no infrared
(IR) divergences arise as a consequence; at the perturbative
level, we have verified in all our two-loop calculations that
no such divergence is present in any diagram. Nevertheless,
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such Green’s functions have IR issues on the lattice in the
chiral (massless) limit. Thus, it is a challenge to choose
a range of low momenta in the nonperturbative studies,
which leads to reliable results in that limit. IR issues
attached to the chiral limit are under better control when
studying Green’s functions with nonexceptional momen-
tum configurations (see, e.g., [28]). A potential variant of
RI0, including nonexceptional momenta, is the RI=SMOM
scheme (regularization-independent symmetric momen-
tum-subtraction scheme; for an application, see, e.g.,
[29]). The computation of conversion factors between this
scheme andMS proceeds in an analogous fashion to what is
presented in Sec. IV C, but it is beyond the scope of
this work.
To complete the renormalization prescription, we also

provide the conditions for the RI0 renormalization factors of
gluon and fermion fields,

1

N2
c − 1

1

d− 1

X
ρ;σ

Tr½ðGRI0
g ðqÞÞρσ · ðq2δρσ −qρqσÞ�jq2¼q̄2 ¼ 1;

ð72Þ
1

4Nc
Tr½GRI0

q ðqÞ · ðiqÞ�jq2¼q̄2 ¼ 1; ð73Þ

where the trace in Eq. (72) is taken over color space (in the
adjoint representation), and the trace in Eq. (73) is
taken over Dirac and color spaces (in the fundamental
representation).
Finally, the passage to the MS scheme can be achieved

by using the conversion factors between the different
versions of RI0 and the MS scheme, defined as

CMS;RI0
ij ≡X

k

ZMS;LR
ik ½ðZRI0;LRÞ−1�kj

¼
X
k

ZMS;DR
ik ½ðZRI0;DRÞ−1�kj; ð74Þ

CMS;RI0
A ≡ ZMS;LR

A =ZRI0;LR
A ¼ ZMS;DR

A =ZRI0;DR
A ; ð75Þ

CMS;RI0
ψ ≡ ZMS;LR

ψ =ZRI0;LR
ψ ¼ ZMS;DR

ψ =ZRI0;DR
ψ ð76Þ

for the set of mixing operators, the gluon and the quark
field, respectively. Note that in Eq. (74), i, j, k ¼ 1, 2, 3, 4,
5 for RI10, and i, j, k ¼ 1, 2, 6 for RI20 ; also, the superscript
LR means Lattice regularization.

IV. RESULTS

In this section, we present our one- and two-loop results
for the MS-renormalized Green’s functions of the operators
under study, the renormalization factors, and the conversion
factors between the different RI0 versions and the MS
scheme, which are all described in the previous section.
To facilitate the use of all these results, we provide them

also as Supplemental Material [30], in the form of two
equivalent files: a Mathematica input file: “Greens_
Functions_and_Conversion_Factors.m” and a text version
of the same file: “Greens_Functions_and_Conversion_
Factors.txt”.

A. MS-renormalized Green’s functions

Here, we provide our resulting expressions for the
MS-renormalized Green’s functions of operators Oi,
ði ¼ 1; 2;…; 5Þ in terms of the following combinations
of Lorentz and Dirac structures6:

G1 ≡Gtree
g1 ðq;−qÞ ¼ δabð2qμqνδρσ þ q2ðδρμδσν þ δρνδσμÞ

− ðqρqμδσν þ qρqνδσμÞ − ðqσqμδρν þ qσqνδρμÞÞ;
ð77Þ

G2 ≡Gtree
g3 ðq;−qÞ ¼ Gtree

g4 ðq;−qÞ

¼ δab
1

αMS

ððqρqμδσν þ qρqνδσμÞ

þ ðqσqμδρν þ qσqνδρμÞÞ; ð78Þ

G3 ≡Gtree
g5 ðq;−qÞ ¼ δab

�
2q2ðδρμδσν þ δρνδσμÞ

þ
�

1

αMS

− 1

�
ððqρqμδσν þ qρqνδσμÞ

þ ðqσqμδρν þ qσqνδρμÞÞ
�
; ð79Þ

G4 ≡ δabqμqνqρqσ=q2; ð80Þ

G5 ≡Gtree
g4 ðq; 0Þ ¼ δab

1

αMS

ðqρqμδσν þ qρqνδσμÞ; ð81Þ

G6 ≡Gtree
g5 ðq; 0Þ ¼ δab

�
q2ðδρμδσν þ δρνδσμÞ

þ
�

1

αMS

− 1

�
ðqρqμδσν þ qρqνδσμÞ

�
; ð82Þ

G7 ≡ δab
1

αMS

ðqσqμδρν þ qσqνδρμÞ; ð83Þ

G8 ≡Gtree
q2 ðq; qÞ ¼ δafbf

i
2
ðγμqν þ γνqμÞ; ð84Þ

G9 ≡ δafbf i
qqμqν
q2

: ð85Þ

In what follows, CF ≡ ðN2
c − 1Þ=ð2NcÞ is the Casimir

operator in the fundamental representation and ζðnÞ is
the Riemann zeta function.

6For notation, see Sec. III.
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The expressions for the Green’s functions with two external gluon fields and zero-momentum operator insertion

(GMS
gi ðq;−qÞ) are as follows:

GMS
g1 ðq;−qÞ ¼ G1

�
1þ

g2
MS

16π2
Nc

�
−
41

18
− 2αMS −

1

2
α2
MS

þ
�
13

6
−
1

2
αMS

�
ln

�
q2

μ̄2

��

þ
g4
MS

ð16π2Þ2
�
N2

c

�
−
46987

1440
−
2347

1440
αMS þ

1703

720
α2
MS

þ 5

8
α3
MS

þ 3

16
α4
MS

þ
�
119

12
−
149

72
αMS þ

5

24
α2
MS

þ 3

4
α3
MS

�
ln

�
q2

μ̄2

�
þ
�
−
13

8
−
17

24
αMS þ

1

4
α2
MS

�
ln2

�
q2

μ̄2

�

þ
�
99

10
−
3

5
αMS −

1

5
α2
MS

�
ζð3Þ

�
þ Nf

Nc

�
−
311

324
þ 2

9
ln

�
q2

μ̄2

�
−
4

9
ln2

�
q2

μ̄2

��

þ NfNc

�
73

8
−
5

9
α2
MS

þ
�
−
53

18
þ 1

3
α2
MS

�
ln

�
q2

μ̄2

�
þ 7

6
ln2

�
q2

μ̄2

�
− 6ζð3Þ

��
þO

	
g6
MS


�

þG2

� g2
MS

16π2
Nc

�
5

6
−
1

6
αMS −

1

2
α2
MS

−
1

2
ln
�
q2

μ̄2

��

þ
g4
MS

ð16π2Þ2
�
N2

c

�
29

30
−
1733

720
αMS −

859

1440
α2
MS

þ 3

5
α3
MS

þ 1

4
α4
MS

þ
�
−
23

18
−
41

24
αMS þ

1

2
α3
MS

�
ln

�
q2

μ̄2

�
þ
�
−

7

24
þ 1

4
αMS

�
ln2

�
q2

μ̄2

�

þ
�
47

20
þ 123

40
αMS þ

17

40
α2
MS

−
1

20
α3
MS

�
ζð3Þ

�
þ Nf

Nc

�
−
2

9
−
2

9
αMS þ

�
−
4

9
−
4

9
αMS

�
ln

�
q2

μ̄2

��

þ NfNc

�
−
157

108
þ 11

18
αMS þ

�
11

9
þ 2

3
αMS

�
ln

�
q2

μ̄2

�
þ ð−2 − 2αMSÞζð3Þ

��
þO

	
g6
MS


�

þG3

� g2
MS

16π2
Nc

�
−
5

6
þ 1

2
αMS þ

1

2
ln

�
q2

μ̄2

��
þ

g4
MS
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The expressions for the Green’s functions with two external gluon fields and nonzero-momentum operator insertion
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gi ðq; 0Þ) are as follows:
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GMS
g5 ðq; 0Þ ¼ G6f1þOðg6

MS
Þg þ ðG5 − G6Þ
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The expressions for the Green’s functions with a pair of external quark and antiquark fields and zero-momentum operator

insertion (GMS
qi ðq; qÞ) are as follows:
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q1 ðq; qÞ ¼ G8
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GMS
q2 ðq; qÞ ¼ G8
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GMS
q3 ðq; qÞ ¼ GMS

q4 ðq; qÞ ¼ G8
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GMS
q5 ðq; qÞ ¼ 0: ð98Þ

B. Renormalization factors in the MS scheme

Here, we provide our results for the renormalization factors of operators Oi, ði ¼ 1; 2;…; 5Þ in (DR, MS), as a Laurent
series in ε≡ ð4 − dÞ=2,

ZMS;DR
ij ¼ δij þ ½zMS;DR

1;−1 �ij
g2
MS

16π2ε
þ ½zMS;DR

2;−2 �ij
g4
MS

ð16π2Þ2ε2 þ ½zMS;DR
2;−1 �ij

g4
MS

ð16π2Þ2εþOðg6
MS

Þ; ð99Þ

where

zMS;DR
1;−1 ¼

0
BBBBB@

a1 b1 0 c1 −c1
−a1 −b1 0 0 0

0 0 0 −c1 c1
0 0 0 −c1 c1
0 0 0 0 0

1
CCCCCA
; ð100Þ

zMS;DR
2;−2 ¼

0
BBBBB@

a2 b2 0 c2 −c2
−a2 −b2 0 d2 −d2

0 0 0 e2 −e2
0 0 0 e2 −e2
0 0 0 0 0

1
CCCCCA
; zMS;DR

2;−1 ¼

0
BBBBB@

a3 b3 0 c3 −c3
−a3 −b3 0 d3 −d3

0 0 0 e3 −e3
0 0 0 e3 −e3
0 0 0 0 0

1
CCCCCA
; ð101Þ

and

a1 ¼
2Nf

3
; b1 ¼ −

8CF

3
; c1 ¼ −

Nc

2
; ð102Þ

a2 ¼ −
Nf

9

�
4

Nc
þ 7Nc − 4Nf

�
; b2 ¼

4CF

9

�
4

Nc
þ 7Nc − 4Nf

�
; ð103Þ

c2 ¼
Nc

24
ð19Nc − 8NfÞ; d2 ¼

NfNc

6
; e2 ¼ −

Nc

24
ð19Nc − 4NfÞ; ð104Þ

a3 ¼ −
Nf

54

�
37

Nc
− 72Nc

�
; b3 ¼ −

4CF

27

�
7

Nc
þ 40Nc − 13Nf

�
; ð105Þ

c3 ¼ −
Nc

144
½15ð6þ αMSÞNc − 56Nf�; d3 ¼ −2

NfNc

9
; ð106Þ

e3 ¼
Nc

48
½5ð6þ αMSÞNc − 8Nf�: ð107Þ

As was expected, the mixing matrix is block triangular.
Also, there is no mixing between Oi (i ≠ 3) and O3;
the third column has zero elements except from the
diagonal element (i ¼ 3) which equals one. Further-
more, operators O1, O2, O3 mix with the linear com-
bination O4–O5 and not with O4 and O5 separately. This
becomes apparent when one replaces, e.g., O4 with
O4–O5 in constructing the mixing matrix [see Eq. (10)].

Moreover, Eqs. (13)–(21) are automatically fulfilled. In
conclusion, our results agree with the theoretical analy-
sis given in Sec. II.

C. Conversion factors

Here, we present our results for the conversion factors

CMS;RI0
ij between the different versions of RI0 and MS
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scheme. For the sake of brevity, we provide only our
resulting expressions for the RI02 scheme and its “con-
served” version, RI0cons2 , while the conversion factors for
RI01 can be extracted from Eqs. (86)–(98). Our results
depend on two renormalization scales: the RI0 scale q̄ and
the MS scale μ̄; we have chosen to keep these two scales

distinct, for wider applicability. Note that, whereas the

matrix ZMS;DR is necessarily block triangular, no such

condition applies to the matrix CMS;RI0 .

The expressions for the conversion factors C
MS;RI0

2

ij

ði; j ¼ 1; 2; 6Þ between RI02 and MS are as follows:

C
MS;RI0

2

11 ¼ 1þ
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ln

�
q̄2

μ̄2

�
− 4ζð3Þ

�
þ Nf

�
−
20

9
þ 4

3
ln

�
q̄2

μ̄2

���
þOðg6

MS
Þ; ð115Þ
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C
MS;RI0

2

66 ¼ 1þ
g2
MS

16π2
Nc

�
1

4
þ 1

4
αMS þ

1

2
ln

�
q̄2

μ̄2

��

þ
g4
MS

ð16π2Þ2Nc

�
Nc

�
3899

720
þ 841

480
αMS −

4

15
α2
MS

þ
�
11

24
−

1

24
αMS −

1

8
α2
MS

�
ln

�
q̄2

μ̄2

�

−
19

24
ln2

�
q̄2

μ̄2

�
þ
�
−
47

20
−
3

5
αMS þ

1

20
α2
MS

�
ζð3Þ

�

þ Nf

�
−
101

180
−
1

2
αMS −

1

6
ln

�
q̄2

μ̄2

�
þ 1

6
ln2

�
q̄2

μ̄2

�
−
2

5
ζð3Þ

��
þOðg6

MS
Þ: ð116Þ

The expression for the conversion factors C
MS;RI0cons

2

ij ði; j ¼ 1; 2; 6Þ between RI0cons2 and MS is as follows:

C
MS;RI0cons

2

ij ¼ C
MS;RI0

2

ij þ δCij; ð117Þ
where

δC11 ¼
g4
MS

ð16π2Þ2Nc

�
Nc

�
−
65

36
þ 3

2
αMS −

1

4
α2
MS

þ
�
13

12
−
1

4
αMS

�
ln

�
q̄2

μ̄2

��

þ Nf

�
5

9
−
1

3
αMS −

1

3
ln

�
q̄2

μ̄2

���
þOðg6

MS
Þ; ð118Þ

δC12 ¼
g4
MS

ð16π2Þ2 CF

�
1

Nc

�
−
8

3
αMS ln

�
q̄2

μ̄2

��
þ Nc

�
5

3
αMS − α2

MS
þ 5

3
αMS ln

�
q̄2

μ̄2

��

þ CF

�
−
16

3
αMS ln

�
q̄2

μ̄2

���
þOðg6

MS
Þ; ð119Þ

δC21 ¼
g4
MS

ð16π2Þ2Nf

�
Nc

�
13

18
−
1

6
αMS

�
þ Nf

�
−
2

9

��
þOðg6

MS
Þ; ð120Þ

δC22 ¼
g4
MS

ð16π2Þ2 CFNf

�
−
2

3
αMS

�
þOðg6

MS
Þ; ð121Þ

δC61 ¼
g2
MS

16π2

�
Nc

�
−
13

6
þ 1

2
αMS

�
þ Nf

2

3

�
þ

g4
MS

ð16π2Þ2
�
N2

c

�
−
3337

216
−
7

8
αMS þ

5

12
α2
MS

−
1

4
α3
MS

þ
�
247

36
−
1

2
αMS −

1

4
α2
MS

�
ln

�
q̄2

μ̄2

��
þ Nf

Nc
ð−1Þ þ NfNc

�
437

54
þ 1

2
αMS −

1

6
α2
MS

−
32

9
ln

�
q̄2

μ̄2

��

þ N2
f

�
−
14

27
þ 4

9
ln

�
q̄2

μ̄2

���
þO

	
g6
MS



; ð122Þ

δC62 ¼
g2
MS

16π2
CF2αMS þ

g4
MS

ð16π2Þ2 CF

�
1

Nc

�
3

2

�

þ Nc

�
11þ 16

3
αMS þ

5

2
α2
MS

þ ð−2αMS − α2
MS

Þ ln
�
q̄2

μ̄2

��
þ Nf

�
−2þ 2

3
αMS

��
þOðg6

MS
Þ; ð123Þ

δCi6 ¼
1

2
δCi1; ði ¼ 1; 2; 6Þ: ð124Þ
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For completeness, we also provide the conversion factors of the gluon and fermion fields, in terms of arbitrary RI0 and MS
scales. These factors are in agreement with the well-known (in the literature) results for the case q̄ ¼ μ̄ (see, e.g., [31]).

CMS;RI0
A ¼ 1þ

g2
MS

16π2

�
Nc

�
−
97

36
−
1

2
αMS −

1

4
α2
MS

þ
�
13

6
−
1

2
αMS

�
ln

�
q̄2

μ̄2

��
þ Nf

�
10

9
−
2

3
ln

�
q̄2

μ̄2

���

þ
g4
MS

ð16π2Þ2
�
N2

c

�
−
2381

96
þ 463

288
αMS þ

95

144
α2
MS

−
1

16
α3
MS

þ 1

16
α4
MS

þ
�
137

12
−
13

36
αMS −

11

24
α2
MS

þ 3

8
α3
MS

�
ln

�
q̄2

μ̄2

�
þ
�
−
13

8
−
17

24
αMS þ

1

4
α2
MS

�
ln2

�
q̄2

μ̄2

�

þ ð3 − 2αMSÞζð3Þ
�
þ Nf

Nc

�
−
55

12
þ ln

�
q̄2

μ̄2

�
þ 4ζð3Þ

�

þ NfNc

�
287

24
−
5

9
αMS −

5

9
α2
MS

þ
�
−
31

6
−
2

9
αMS þ

1

3
α2
MS

�
ln

�
q̄2

μ̄2

�

þ
�
1

2
þ 1

3
αMS

�
ln2

�
q̄2

μ̄2

���
þO

	
g6
MS



; ð125Þ

CMS;RI0
ψ ¼ 1þ

g2
MS

16π2
CF

�
αMS − αMS ln

�
q̄2

μ̄2

��
þ

g4
MS

ð16π2Þ2 CF

�
Nc

�
41

4
þ 13

2
αMS þ

9

8
α2
MS

þ
�
−
25

4
−
7

2
αMS −

3

4
α2
MS

�
ln

�
q̄2

μ̄2

�
þ
�
3

4
αMS þ

1

4
α2
MS

�
ln2

�
q̄2

μ̄2

�

þ ð−3 − 3αMSÞζð3Þ
�
þ Nf

�
−
7

4
þ ln

�
q̄2

μ̄2

��

þ CF

�
−
5

8
þ
�
3

2
− α2

MS

�
ln

�
q̄2

μ̄2

�
þ 1

2
α2
MS

ln2
�
q̄2

μ̄2

���
þO

	
g6
MS



: ð126Þ

V. NONPERTURBATIVE RENORMALIZATION

The construction of a complete nonperturbative renorm-
alization program, which can eliminate operator-mixing
effects, is a difficult task; some well-known complications
involve power-divergent mixing of lower-dimensional
operators, as well as additional, finite mixing contributions
associated with the reduction of rotational to hypercubic
invariance.
Additional complications arise when gauge-variant oper-

ators (BRST variations and EOM operators) are included in
the set of operators which mix. Such operators, typically,
contain ghost fields and/or gauge-fixing terms, which are
defined in perturbation theory, and their study is not
obvious in a nonperturbative context.
There are various approaches, used in the literature, for

the study of operator mixing on the lattice. The first one is
the perturbative approach, where the renormalization fac-
tors are extracted by lattice perturbation theory (see, e.g.,
[9,10] for previous application to the EMT operators and
[32] for a general setup). In this approach, an intermediate
scheme between lattice and MS is not needed; the deriva-
tion of the renormalization factors can be obtained directly
in the MS scheme by comparing the lattice bare Green’s

functions with the correspondingMS-renormalized Green’s
functions calculated in DR. This approach can give reliable
results only when higher-loop terms are negligible. The
technical complexity of this approach effectively limits the
applicability to one-loop order in most cases. A second
approach regards the nonperturbative calculation of the
mixing matrix by neglecting gauge-variant operators.
These operators do not contribute to the calculation of
physical quantities. However, they contribute to the correct
extraction of operator renormalization factors from Green’s
functions with elementary external fields. This approach
can give reliable results only when mixing effects by
gauge-variant operators are small enough. A third approach
is the combination of approaches 1 and 2 (e.g., [3,33]),
where some elements of the mixing matrix are calculated
nonperturbatively (e.g., the diagonal elements, or those
related to lower-dimensional operators) while the remain-
ing elements are calculated in perturbation theory. The
mixing with gauge-variant operators is also omitted.
In order to address the effects of gauge-variant operators,

we propose an extension of the above approaches, includ-
ing a semi-nonperturbative determination of the gauge-
variant operators’ contributions to the renormalization
factors: The gluonic and fermionic parts of the gauge-
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variant operators can be calculated by lattice simulations,
while the ghost part and/or the gauge-fixing terms can be
obtained by lattice perturbation theory.
Our proposed method can be applied in the present study

of EMT operators and the nonperturbative calculation of
their mixing matrix. The RI01 scheme, defined in Eqs. (64)–
(68), is not the optimal one, as it contains three operators
with ghost and gauge-fixing terms and it entails the
nonperturbative calculation of GFs with nonzero momen-
tum transfer. Such calculation requires the use of two

distinct momentum scales for the two external fields and
the extrapolation of one momentum to zero, before calcu-
lating any renormalization factor. On the contrary, the RI02
scheme, defined in Eqs. (69)–(71), is suitable for applying
the proposed method. It entails calculating GFs of only
three operators at zero momentum transfer. The first two
operators O1, O2 are gauge invariant and, thus, their GFs
are calculable by lattice simulations. The remaining oper-
atorO6 does not involve any gauge-fixing term; however, a
ghost term is present. Writing, explicitly, O6,

O6μν ≡O4μν −O5μν ¼
�
Aa
μðDρFρνÞa þ Aa

νðDρFρμÞa −
2

d
δμνAa

ρðDσFσρÞa
�

− ig

�
Aa
μψ̄γνTaψ þ Aa

ν ψ̄γμTaψ −
2

d
δμνAa

ρψ̄γρTaψ

�

þ
�
∂μc̄a∂νca þ ∂νc̄a∂μca −

2

d
δμν∂ρc̄a∂ρca

�
; ð127Þ

(where Ta are the generators of the suðNcÞ algebra), the
first two terms can be investigated nonperturbatively by
lattice simulations, while for the last term we content
ourselves with its perturbative study.
We note that the conditions of the RI02 scheme make use

of amputated GFs. This may cause worry for the calculation
of the gluonic GFs, where the inverse gluon propagator is
needed in the process of the amputation; the lattice
simulations commonly employ the Landau gauge, in which
the gluon propagator is not invertible. However, setting to
zero those components of the renormalization scale, which
are parallel to the directions of the two external gluons, the
amputation can be performed without inverting the whole
gluon propagator.
To explain in more detail the previous argument about

the amputation of gluonic GFs in the Landau gauge, we
consider the following amputated Green’s function of the
generic operator Oμν:

hAρðqÞOμνAσð−qÞiamp

¼
X
κ;λ

ðD−1ÞρκhAκðqÞOμνAλð−qÞiðD−1Þλσ; ð128Þ

where

Dρσ ≡ hAρðqÞAσð−qÞi ¼
1

q2

�
δρσ −

qρqσ
q2

�
ΠTðq2Þ

þ α
qρqσ
ðq2Þ2 ΠLðq2Þ ð129Þ

is the gluon propagator in a general gauge [ΠTðq2Þ;ΠLðq2Þ
are scalar functions of q2]. In the Landau gauge (α ¼ 0), the

propagator is not invertible; however, if two components of
the momentum q are zero, e.g., q1 ¼ q2 ¼ 0, then the first
and second rows and columns of the propagator matrix take
the values: D1κ ¼ Dκ1 ¼ ð1=q2Þδκ1ΠTðq2Þ, D2κ ¼ Dκ2 ¼
ð1=q2Þδκ2ΠTðq2Þ, respectively (κ ¼ 1, 2, 3, 4). Of course,
this is not true for the remaining rows and columns. Thus,
the propagator takes a block-diagonal form

0
BBB@

ΠTðq2Þ=q2 0 0 0

0 ΠTðq2Þ=q2 0 0

0 0 D33 D34

0 0 D43 D44

1
CCCA: ð130Þ

The propagator is still not invertible. However, the upper
block is invertible and can be inverted separately from the
lower block. The latter can be inverted only in a general
gauge α ≠ 0.
Now, going back to Eq. (128) we observe that we do not

need to calculate all the matrix elements of the inverse
gluon propagator but only the ρth row [for the calculation
of ðD−1Þρκ, κ ¼ 1, 2, 3, 4] and the σth column [for the
calculation of ðD−1Þλσ, λ ¼ 1, 2, 3, 4]. Thus, we do not
need to invert the whole propagator matrix, but only the
block containing ρ, σ components if the propagator
matrix is block diagonal. Choosing qρ ¼ qσ ¼ 0, the
propagator is indeed block diagonal, and thus, the ampu-
tation can be done successfully without inverting the whole
gluon propagator. It follows that the Green’s function
hAρðqÞOμνAσð−qÞijq¼q̄ in a momentum scale q̄ with two
vanishing components, e.g., q̄1 ¼ q̄2 ¼ 0, cannot be gen-
erally amputated in the Landau gauge; it can be amputated
only in the case of (ρ ¼ 1 or ρ ¼ 2) and (σ ¼ 1 or σ ¼ 2).
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Similarly, hAρðqÞOμνAσð−qÞijq¼q̄ with only one vanishing
component, e.g., q̄1 ¼ 0 can be amputated in the Landau
gauge only when (ρ ¼ σ ¼ 1). Also, a “democratic”
momentum renormalization scale cannot be applied in this
case as the amputation cannot be implemented in the
Landau gauge for this specific choice.
An alternative choice, “RI03,” is to consider nonampu-

tated instead of amputated Green’s functions,

Ĝgiðq;−qÞ≡ hAa
ρðqÞOiμνð0ÞAb

σð−qÞinonamp; ði¼ 1;2;6Þ;
ð131Þ

Ĝqiðq; qÞ≡hψðqÞOiμνð0Þψ̄ðqÞinonamp; ði ¼ 1; 2; 6Þ:
ð132Þ

Then the conditions of Eqs. (69)–(71) are replaced by

Tr½ĜRI0
3

gi ðq;−qÞ�
N2

c − 1

���� ρ ¼ σ;
ρ ≠ ðμ; νÞ;
qρ ¼ 0;
qτ ¼ q̄τ; ∀ τ ≠ ρ

¼ Tr½Ĝtree
gi ðq;−qÞ�
N2

c − 1

���� ρ ¼ σ;
ρ ≠ ðμ; νÞ;
qρ ¼ 0;
qτ ¼ q̄τ; ∀ τ ≠ ρ

¼
�
2q̄μq̄ν=ðq̄2Þ2; i ¼ 1

0; i ¼ 2; 6;
ð133Þ

Tr½ĜRI0
3

gi ðq;−qÞ�
N2

c − 1

���� ρ ¼ μ;
σ ¼ ν;
qρ ¼ qσ ¼ 0;
qτ ¼ q̄τ; ∀ τ ≠ ðρ; σÞ

¼ Tr½Ĝtree
gi ðq;−qÞ�
N2

c − 1

���� ρ ¼ μ;
σ ¼ ν;
qρ ¼ qσ ¼ 0;
qτ ¼ q̄τ; ∀ τ ≠ ðρ; σÞ

¼
8<
:

1=q̄2; i ¼ 1

0; i ¼ 2

−2=q̄2; i ¼ 6;
ð134Þ

1

4Nc
Tr½ĜRI0

3

qi ðq; qÞ · =q�
����
qτ ¼ q̄τ; ∀ τ

¼ 1

4Nc
Tr½Ĝtree

qi ðq; qÞ · =q�
����
qτ ¼ q̄τ; ∀ τ

¼
�
0; i ¼ 1; 6
−iq̄μq̄ν=q̄2; i ¼ 2: ð135Þ

The second condition Eq. (134) can be alternatively replaced by

Tr½ĜRI0
3

gi ðq;−qÞ�
N2

c − 1

���� ρ ≠ ðμ; νÞ;
σ ¼ ν;
qσ ¼ 0;
qτ ¼ q̄τ; ∀ τ ≠ σ

¼ Tr½Ĝtree
gi ðq;−qÞ�
N2

c − 1

���� ρ ≠ ðμ; νÞ;
σ ¼ ν;
qσ ¼ 0;
qτ ¼ q̄τ; ∀ τ ≠ σ

¼
8<
:

−q̄μq̄ρ=ðq̄2Þ2; i ¼ 1

0; i ¼ 2

ð1 − αRI0 Þ q̄μq̄ρ
ðq̄2Þ2 ; i ¼ 6;

ð136Þ

where the renormalization four-vector scale has one (in-
stead of two) zero component. The third condition
Eq. (135) employing fermionic GFs could also involve
amputated GFs, as they have no issues in the amputation
process. The conversion factors from RI03 to the MS scheme
coincide with those from RI02 to the MS scheme. For
any other variant of RI0 scheme [e.g., Eq. (136)], the
conversion factors can be easily extracted from our ex-
pressions of the MS-renormalized amputated GFs given in
Eqs. (86)–(98).
Another possibility is to modify the RI02 renormalization

scheme in a way that the sumO1 þO2 þO6 is a conserved
quantity. In DR, the sum of the bare operators is conserved.
However, this is not true on the lattice, where discretization

effects violate translational invariance. A proper definition
of the RI0 renormalization scheme can lead to a conserved
sum of the renormalized operators even on the lattice. In the
continuum, this is simple, as we explained in previous
section; it requires the sum of RI0-renormalized operators to
be equal to the sum of the bare operators. The correspond-
ing lattice condition can be obtained by considering the
WIs given in Eqs. (38), (39). These WIs are extracted in
DR; however, we can impose their validity also to the RI0-
renormalized operators on the lattice. To avoid any issues
regarding Landau-gauge fixing, these relations will give us
three conditions by studying the specific choices of Lorentz
and Dirac structures, obtained by the conditions of
Eqs. (69)–(71), i.e.,
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Tr½Pi¼1;2;6G
RI0cons

2

gi ðq;−qÞ�
N2

c − 1

���� ρ ¼ σ;

ρ ≠ ðμ; νÞ;
qρ ¼ 0;

qτ ¼ q̄τ; ∀ τ ≠ ρ

¼
Tr½1

2
ðqμ ∂

∂qν þ qν
∂
∂qμÞðD−1ðqÞÞabρρ �

N2
c − 1

���� ρ ≠ ðμ; νÞ;
qρ ¼ 0;

qτ ¼ q̄τ; ∀ τ ≠ ρ

;

ð137Þ

Tr½Pi¼1;2;6G
RI0cons

2

gi ðq;−qÞ�
N2

c − 1

���� ρ ¼ μ;
σ ¼ ν;
qρ ¼ qσ ¼ 0;
qτ ¼ q̄τ; ∀ τ ≠ ðρ; σÞ

¼ Tr½− 1
2
ððD−1ðqÞÞabρρ þ ðD−1ðqÞÞabσσÞ

N2
c − 1

���� qρ ¼ qσ ¼ 0;
qτ ¼ q̄τ; ∀ τ ≠ ðρ; σÞ ;

ð138Þ

1

4Nc
Tr

� X
i¼1;2;6

G
RI0cons

2

qi ðq;−qÞ · =q
�����

qτ ¼ q̄τ; ∀ τ
¼ 1

4Nc
Tr

�
=q ·

1

2

�
qμ

∂
∂qν þ qν

∂
∂qμ

�
S−1ðqÞ

�����
qτ ¼ q̄τ; ∀ τ:

ð139Þ

In these conditions, the nonperturbative calculation of the
discretized derivatives of gluon and quark propagators with
respect to external momentum is needed. As we insert three
new conditions, we must exclude three conditions from the
previous definition of RI02 scheme. For example, we
exclude the operator O6 from each condition [Eqs. (69)–
(71)]. In this version of RI0, an operator with ghost fields is
still involved and thus, a combination of perturbative and
nonperturbative results is also needed.
The proposed approach does not completely overcome

the mixing effects stemming from gauge-variant opera-
tors. There are, in the literature, alternative methods for
addressing this mixing. One method entails nonperturba-
tive studies of BRST transformations and GFs with ghost
fields implemented in the lattice simulations (see
Refs. [20,21] and references therein). Another method
investigates the nonperturbative renormalization of EMT
on the lattice in a gauge-invariant way (Ref. [16]); in this
method, WIs stemming from the conserved properties of
the EMTare used in the framework of thermal QCD with a
nonzero imaginary chemical potential. Finally, a gauge-
invariant renormalization scheme, such as the X-space
scheme [34], which considers gauge-invariant GFs in
coordinate space, can be applied without the need of
involving any gauge-variant operator. This scheme has not
been applied before in the calculation of the mixing matrix
of EMT operators. At the perturbative level, there is a
work in progress by our group [35] in this direction. In this
case, the gauge-invariant GFs are constructed using only
the gluon and quark EMT operators O1 and O2.
Complications arise in this method. In order to calculate
the 2 × 2 mixing matrix for the renormalization of O1 and
O2, we need a total of four conditions. Three conditions
can be obtained by studying two-point GFs between the
two mixing operators (between themselves and between

each other). However, a complete solution needs a fourth
condition which cannot be obtained by any other two-
point function. More details can be found in our forth-
coming paper [35].

VI. SUMMARY

In this paper, we study the two-loop renormalization and
mixing of the gluon and quark EMT operators in dimen-
sional regularization. To this end, we compute a set of two-
point Green’s functions, renormalized in MS; from our
results, one may directly deduce the conversion factors
between MS and a large variety of RI0-like schemes which
are appropriate for a nonperturbative extraction of renorm-
alization functions through lattice simulations. We provide
the conversion factors relating a number of specific
versions of the RI0 scheme to MS.
We discuss in detail the application of our proposed

schemes on the lattice and the construction of a non-
perturbative renormalization program for the elimination of
the operator-mixing effects. In particular, we propose a
semi-nonperturbative approach, where perturbative and
nonperturbative results are combined; the gluonic and
fermionic contributions of gauge-variant operators, which
mix with the gauge-invariant EMT operators, can be
calculated nonperturbatively, while contributions from
the ghost parts can be evaluated by lattice perturbation
theory. Also, a different version of RI0 scheme is proposed,
which leads to the determination of a conserved RI0-
renormalized EMT on the lattice. Our approach, along
with the results produced in this paper, can be applied in
lattice simulations with the expectation of giving more
reliable estimates. A complete elimination of mixing effects
is currently under investigation by our group using the
X-space renormalization scheme.
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