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Given a solution to 4D Einstein gravity with an isometry direction, it is known that the equations of
motion are identical to those of a 3D ¢ model with target space geometry SU(1,1)/U(1). Thus, any
transformation by SU(1,1) = SL(2,R) is a symmetry for the action and allows one to generate new

solutions in 4D. Here we clarify and extend recent work on electromagnetic (EM) duality in the context of
the classical double copy. In particular, for pure gravity, we identify an explicit map between the Maxwell
field of the single copy and the scalars in the target space, allowing us to identify the U(1) c SL(2,R)
symmetry dual to EM duality in the single copy. Moreover, we extend the analysis to Einstein-Maxwell
theory, where we highlight the role of Ehlers-Harrison transformations and, for spherically symmetric
charged black hole solutions, we interpret the equations of motion as a truncation of the putative single

copy for Einstein-Yang-Mills theory.

DOI: 10.1103/PhysRevD.102.126017

I. INTRODUCTION

The classical double copy is an intriguing connection
between gravity and gauge theory [1], which has been
motivated from a relationship between perturbative scat-
tering amplitudes in gauge theory and gravity [2-4]." In
its simplest form, the central observation is that solutions
to Einstein gravity, or “the double copy,” can be mapped
to solutions of Maxwell’s equations,2 or “the single
copy,” through a Kerr-Schild (KS) decomposition of
the spacetime. Interestingly, in contrast to Kaluza-Klein
dimensional reduction, the KS ansatz maintains dimen-
sionality. More concretely, one considers the spacetime
metric

9w = Muw + ¢kﬂkw (1 1)

where 7, denotes the metric of flat spacetime, ¢ is a
scalar and k is a null vector, k,k* =0, satisfying the
geodesic equation k”0,k, = 0. The Maxwell gauge field

'See the recent review [5] and references therein for a wider
perzspective on this.

Here Maxwell may be viewed as a linearization of the Yang-
Mills theory that features in perturbative statements at the level of
scattering amplitudes.
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A arises from the identification A = ¢pk. See [6-25] for
related work in this direction.

In this double copy formalism the Schwarzschild sol-
ution corresponds to a Maxwell field with an electric charge
[1], while the Taub-NUT solution possesses a magnetic
charge [26]. Subsequently, the single copy of the Eguchi-
Hanson instanton has been shown to map to a self-dual
Maxwell field [27]. With both electric and magnetic
charges present, this raises the question whether there is
a gravity analogue of electromagnetic (EM) duality, namely
a rotation of the field strength /' = dA into *F that honors
the Maxwell equations of motion. This was answered in the
affirmative in two recent papers. In the first a complex
transformation in the gravity is mapped to a complexified
BMS (Bondi-Metzner-Sachs) supertranslation [28], while
in the second [29] a class of real transformations due to
Ehlers [30] (also Geroch[31]) are exploited.

One goal of this work is to clarify comments in the
latter paper. As we explain in the following section, the
magic of Ehlers transformations is that given 4D pure
gravity with a U(1) isometry direction, the equations of
motion are identical to a 3D ¢ model with a target space
H?. Being maximally symmetric, the hyperbolic space
H? possesses an isometry group SU(1,1) = SL(2,R)
that rotates the scalars, but importantly leaves the 3D
effective action, and therefore the equations of motion,
invariant. Of these three SL(2,R) transformations, one
corresponds to a trivial shift that is pure gauge, a second
to a constant rescaling of the Killing vector of the U(1)
isometry direction, while it is the third “Ehlers
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transformation” that is nontrivial in 4D. In Sec. 11, we

identify a linear combination of these transformations as
the appropriate U(1) transformation that is EM duality in
the single copy. Our lower-dimensional approach here
should be contrasted with [29], where due to the fact that
one is working in 4D, the simplicity of the mapping
between the single and double copy is obscured. In short,
Ehlers is simpler in 3D.

Concretely, in Sec. II we rewrite the KS ansatz in a way
appropriate for dimensional reduction on a timelike direc-
tion. In essence, we are combining the classical double
copy in pure gravity with Kaluza-Klein reduction and the
beauty of this approach is that a manifest U(1) symmetry in
4D leads to an SL(2,R) symmetry in the lower-dimen-
sional theory. Through this process, we show how the
electric and magnetic Maxwell field strengths of the single
copy are related to the derivatives of the scalars of the 3D ¢
model in the double copy, thereby providing a succinct way
to understand observations made in [29]. This map between
the scalars parametrizing H?> and the Maxwell fluxes allows
us to define electric and magnetic Maxwell charges at the
level of the 3D effective theory, which transform accord-
ingly. Our construction can be extended to a double KS
ansatz, which makes us believe that it holds for all
stationary spacetimes admitting a KS decomposition.

The generalization from Ehlers transformation to Ehlers-
Harrison transformations [32] in 4D Einstein-Maxwell
theory is immediate. Given the richer field content in
4D, the symmetries of the target spacetime of the 3D o
model are enhanced from SU(1,1) —» SU(2,1) [33-36].
Nevertheless, the interpretation of these enlarged sym-
metries in the double copy is unclear. More precisely,
despite a host of perturbative results at the level of
scattering amplitudes [37-39] and radiation [40,41] sug-
gesting that Einstein-Yang-Mills can be formulated as the
double copy of pure Yang-Mills and Yang-Mills coupled to
a biadjoint scalar with cubic potential, it is currently not
known how to define the classical double copy for black
hole spacetimes where the metric, in particular the g,, term,
scales with the radial direction r as r™", n > 1.* This raises
an interesting puzzle concerning the single copy interpre-
tation of charged black holes, especially black holes that are
related to the Schwarzschild solution through Ehlers-
Harrison transformations. In the latter part of this work
(Sec. III), we identify the relevant equations of motions for
a class of spherically symmetric charged black holes and
show that similar equations may be found from a truncation
of the putative single copy.

3Replacing H? with AdS,, Ehlers is the analogue of a special
conformal transformation, while the shift is a translation and the
scale symmetry is dilatation.

See [24] for black hole solutions in Einstein-Maxwell-dilaton
theory and their interpretation in terms of the single copy. The
examples given are close cousins of the Schwarzschild solution in
the sense that the g,, term is linear in 1/7.

Concretely, we show through a generalized KS decom-
position [42] that the equations of motion for the Maxwell
fields reduce to the same equations of motion evaluated on
flat spacetime. Somewhat surprisingly, this implies that the
Maxwell field strength with a KS ansatz is always a
harmonic two-form on flat spacetime. Second, we observe
that the Harrison transformation, which turns on electric
and/or magnetic charges in black holes, is new to the
double copy literature. It should be noted that Harrison
transformations generate 7~ terms in the metric from r~!
expressions, thereby taking one outside of the current
classical double copy prescription.5 Third, we observe that
the same KS decomposition allows us to interpret an
additional equation as that of a truncation of the biadjoint
scalar equation [44], itself the expected single copy for
Yang-Mills theory. This provides potentially the first hint of
the biadjoint scalar equation beyond linear order in the
classical double copy approach. Finally, we illustrate how
the Ehlers transformation once again plays the counterpart
of EM duality in this extended setting.

II. EHLERS AND DOUBLE COPY

Here we follow the treatment described in the Appendix
of [45] for pure gravity in 4D, which serves as a warm-up
for the later extension to Einstein-Maxwell theory.
Consider a 4D spacetime with a Killing vector d,, which
we will assume is in the temporal direction. The most
general metric consistent with this U(1) symmetry is

ds? = =V(dt + A)? + V71y,,,dx"dx", (2.1)
where V is a scalar and A is a vector on the transverse 3D
space with metric y,,,, m, n = 1, 2, 3. We have rescaled the
internal space judiciously so as to arrive later in Einstein
frame in 3D. Now, let us demand that this is a vacuum
solution to Einstein gravity, so that it satisfies the equation

R, = 0.

(2.2)

The joy of this setup is that the equation mixing the
temporal and spatial directions reduces to

d(V?x3 F) =0, (2.3)
where F is the field strength corresponding to the vector
field, 7 = dA. Now comes the magic. Locally, one can
replace the above equation with

V2 iy F = dy, (2.4)

>We note that all 4D black holes at order G and charge e* can
be obtained from minimal coupling via tree-level and one-loop
triangle leading singularities [43]. Interestingly, the Harrison
transformation is a classical transformation that appears to rotate
tree-level and one-loop triangle diagrams into each other.
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where we have taken the opportunity to introduce a second
scalar. The fact that we can do this is essentially down to
dimensionality: in 3D vectors are dual to scalars. Gathering
the remaining equations of motion together, it can be shown
that the equations of motion follow from varying the
following 3D action:

19, VOV + 8,0"
ﬁ:\/;7<R—§ 7 Z4 X) (2.5)

From the action it is evident that there is a hyperbolic target
space H?. Being maximally symmetric, it permits 3 Killing
directions. To make these symmetries manifest, it is best to
switch to the complex scalar

t=y+iV, (2.6)

which allows us to rewrite the metric on the hyperbolic
space as

dV2 +dy?  dedz
12 ~ Im(7)?

ds2(H?) = (2.7)

It is now an easy task to confirm that the 2D metric, and
thus the 3D action, is invariant under the SL(2, R) trans-
formation

, ad—bc=1, a,b,c,deR. (2.8)

We believe that this is the simplest and most elegant way to
present the class of transformations attributable to Ehlers/
Geroch [30,31].° In Appendix A we provide a coset
description for the same transformation.

Just so we are all on the same page, some comments are
in order. First, the SL(2, R) clearly rotates the scalars in the
action, but does not affect the 3D Ricci scalar. For this
reason, the 3D space with metric y,,, is indeed invariant.
Second, although we appear to have three free parameters,
the freedom to rescale the Killing vector by a constant and
the freedom to shift y by a constant removes two of these
parameters. In effect, if one is interested in generating new
inequivalent solutions in 4D, one has only one parameter to
play with. To see this explicitly, it is worth observing that
the following matrix corresponds to transformations that
are either pure gauge or can be removed by rescaling [31]:

®The reader is welcome to compare with Secs. 3 and 5 of the
recent paper [29], where the same transformation is discussed in
4D and the underlying simplicity is lost. It is helpful to note that
T = io.

(g a’fl) C SL(2,R). (2.9)

Interestingly, as explicitly highlighted in [45], the same
SL(2,R) symmetry is at the heart of Lunin and
Maldacena’s T-duality, shift, and T-duality transformations
46]], and there one finds only one parameter, in line with
expectations. We explicitly check in Appendix B that the
most general SL(2,R) transformation applied to the
Schwarzschild solution leads to the Taub-NUT solution,
i.e., in addition to the mass, only one additional charge is
generated. This further confirms that there is only one
relevant parameter.

A. Kerr-Schild

Now comes a key point of this work. To fully understand
the Ehlers transformation in terms of the double copy, one
should start with the KS ansatz and identify the scalar V
and vector field A in terms of ¢ and the null vector k. The
only problem is that nowhere in the KS ansatz is a Killing
direction specified, so we will have to put one in by hand.
Luckily for us, for stationary spacetimes, the most general
null vector k can be decomposed as

k=dt+k, (2.10)
where X is a spatial vector with unit norm k,, k" = 1. Once
this is done, one can easily identify the electric and
magnetic part of the Maxwell field,

Felee = d¢ A dt, Fmag = d(¢7é)’

(2.11)
where we have opted to use differential forms. Translated
into the language of the earlier dimensional reduction, one
finds

V=(1-4) A:%%,

Vondx"dx" = (1 — ¢)dx? + pk>. (2.12)
With this mapping, it is easy to identify the electric
Maxwell flux in terms of the derivative of the scalar V:

Fuee = —dV A dt. (2.13)

The magnetic Maxwell flux requires a little more work,
but in the end takes a simple form. Using the condition
k"0,k, =0, it is a straightforward calculation (Appendix C)
to show that

V2 *3 .7: = *3Fmag, (214)

where the Hodge duality on the lhs is with respect to the
metric y,,,, whereas on the rhs the metric is 9,,,. Since the
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Maxwell field is assumed to live in flat spacetime, this is in
line with expectations. Now, returning to the key point in
the Ehlers transformation, where the vector is replaced by a
scalar, we can write

3 F pae = dy. (2.15)

Together (2.13) and (2.15) define an explicit mapping
between the Maxwell field strengths in the single copy
and the scalars of the 3D effective description of pure
gravity, namely the double copy. Note, this is a general
statement that holds for stationary spacetimes admitting
a KS description. This is one of our main results,
which generalizes statements in [29] beyond explicit
solutions.

B. EM duality

At this juncture it should be clear that any transformation
of the scalars under SL(2,R) is mapped into a trans-
formation in the Maxwell fields. The task remains to
identify the precise linear combination of SL(2,R) gen-
erators corresponding to EM duality, or more concretely,
the following transformation:

G — &¥PG, G=F+ixF, (2.16)

where f is a constant parameter, which ensures the
equations dF = d x4 F = 0 hold.

The search for this constant parameter is made easy by
the fact that, as explained earlier, there is only one relevant
parameter, so the most general SL(2,R) transformation
may be expressed as

a b B cosfp sinp
(c d)_<—sinﬁ cosﬂ)'

Expanding this transformation for small /3, we see that it is
generated by a combination of Ehlers/shift and gives rise to
a rescaling, but as explained, the nontrivial solution
generating element is coming from the Ehlers transforma-
tion. We have opted for this form of transformation as it
preserves V — 1 asymptotically, which is a necessary
condition for the spacetime to be asymptotically flat.
Then, bearing in mind that y can be shifted by a constant,
asymptotically one has V=1+M/r+--- and
¥ =N/r+---, where M, N denote constant charges
(see Appendix B for the relevant expressions for the
Schwarzschild spacetime). The requirement that V =1
asymptotically is enough to fix ¢? + d*> = 1 and the form
(2.17) follows from the constraint ad — bc = 1. Ultimately,
this guarantees that the charges rotate in the expected

(2.17)

manner in line with (2.16). Therefore, the asymptotic
condition V =1 is enough to fix (2.17) uniquely.7

Returning to the above transformation (2.17), we can
now comment on some special cases. The choice f =7
generates the pure Newman-Unti-Tamburino (NUT) space,
while = 7 executes the Buchdahl reciprocal transforma-
tion [47]. In contrast to [29], there is no need to rescale to
the Schwarzschild metric® or treat the Buchdahl trans-
formation separately: everything naturally fits into
SL(2,R). It is worth noting that above we have assumed
a KS ansatz, but it turns out that the above relations (2.13)
and (2.15) are robust. In Appendix C we show that if one
replaces a single KS ansatz with the double KS ansatz,’
then the same relations hold. In essence, provided the
spacetime admits a (double) KS description, which we
should recall is the key assumption in the classical double
copy narrative, then we can relate the electric and magnetic
fluxes in the single copy to scalars in a 3D ¢ model through
(2.13) and (2.15). It is worth stressing again that (2.15) only
holds for KS spacetimes.

Nevertheless, there is an important caveat to our treatment
here. It is not guaranteed that Ehlers transformations
preserve the KS description and the classification of such
solutions is an open problem. In fact, even an Ehlers
transformation applied to the Schwarzschild solution does
not preserve the single KS description, but the resulting
Taub-NUT spacetime admits a more general double KS
description [26]. For this reason, solutions preserving
a strict KS description are expected to be constrained:
Schwarzschild is precluded. Of course, if the transformed
geometry is not KS, then the classical double copy narrative
fails to apply. Thus, only for spacetimes where the Ehlers
transformation honors the KS descriptionlo can one interpret
Ehlers in the double copy as EM duality in the single copy.
It should be noted that related statements on EM duality
in the single copy are very much solution dependent
(Schwarzschild — Taub-NUT) [28,29], so our analysis here
is in principle more general, albeit the classification of

"Now, the astute reader will note that Ehlers is inherently a
nonlinear transformation, which is expected in gravity. This then
implies that the Maxwell fields defined in (2.13) and (2.15) are
also transformed nonlinearly under (2.17). Nevertheless, as can
be shown for explicit solutions (see Sec. III C, Appendix B or
[29]), such nonlinearity can be removed by coordinate trans-
formation. For this reason, we expect that (2.17) recovers (2.16)
up to a coordinate transformation and that this can be checked on
a case-by-case basis.

$This rescaling can be viewed as yet another SL(2, R) trans-
formation where d = 1/a. To make comparison with the Taub-
NUT geometry presented in [48], and reproduced in Sec. 3 of

. C2
[29], note that sin” § = e

The Plebanski-Demianski family of metrics [49] admits a
double KS ansatz once the coordinates are complexified, so this is
in Porinciple a large class.

It can be single or double KS.
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Ehlers-invariant KS spacetimes is an open problem we do
not address.

Setting this important caveat aside, provided one is
careful about the asymptotics, it is possible to define
electric and magnetic Maxwell charges in the usual
manner:

1 1
0. ZEAZ #3dV, On :EAz xady.  (2.18)

To the extent of our knowledge these charges are new in the
double copy literature, but are not new in general [see for
example [50], Eq. (2.9)]. This constitutes our second key
result. We can motivate the charges both physically and
mathematically. Physically, the Maxwell fields strengths of
the single copy are defined in flat spacetime and we have
seen that they are related to the scalars through (2.13) and
(2.15). Moreover, we have removed the temporal direction,
so this means we are restricted to the 3D flat metric
ds? = dr? + r*ds?(S?). Thus, this motivates the integrals
on purely physical grounds.

However, we can also rigorously define the asymptotics
mathematically. To do so, let us momentarily redefine the
scalar V — ¢?, so that the scalar equations of motion
become

d(x3dp — 272y x5 dy) = 0,

d(e™® %3 dy) = 0. (2.19)
Being conserved quantities, the two-forms in the brackets
are suitable for defining charges and can be integrated over
a closed 2D submanifold. Clearly if V — 1 (¢ — 0) and
y — 0 asymptotically as r — oo, then we recover the
charges defined above. As is clear from the 4D metric
(3.14), V. =1 is a necessary condition for the metric to be
asymptotically flat, whereas y = 0 can be easily imposed
by exploiting the translational (gauge) symmetry.

Let us return the example considered in [29] to which we
will apply our general one-parameter rotation (2.17). The
data describing the Schwarzschild solution is

2M
oo (122,
:

and y is a constant, so there is no vector field A in the
gravity. Translated into the single copy Maxwell field, the
Schwarzschild solution has only an electric flux. In this
case we have

(2.20)

Q. =2M, (2.21)

Performing the SL(2, R) transformation, we generate new
scalars and from there we read off the transformed charges,

Q, = 2M cos 2p, Q,, = —2M sin 2. (2.22)

As a further simple example, it is easy to convince
oneself that the Buchdahl reciprocal transformation [47]
flips the sign of electric charge.

III. EHLERS-HARRISON AND DOUBLE COPY

Admittedly, the presentation in the last section has been
to the point, but probably a bit quick—we did not provide
any details of the dimensional reduction—and some subtle-
ties may still require teasing out. So, in this section we
extend the analysis to the Einstein-Maxwell theory in 4D
and work with explicit solutions. The motivation comes
from the observation that charged black holes permit a
generalized KS descn'ption,11 a feature we will explain in
due course. But before going there, let us explain how the
assumption that solutions to Einstein-Maxwell theory in 4D
admit a single U(1) Killing vector leads to a hidden
SU(2,1) symmetry in 3D. See [51] for seminal work in
this direction.

Let us start with the 4D action

L, = ,/_—g<R - %FaﬁFaﬂ) (3.1)

where F = dA is the field strength for a Maxwell gauge

field A. Now, consider the following ansatz for the
spacetime metric and one-form:

ds3 = =V(dt + A)? + Vly,,dx"dx",
A=f(dt+A)+B=F=df A (dt+A) + fF +H,
(3.2)

where we have further defined 7 = d. A and H = dB. Up to
the inclusion of the scalar f and vector B, this is the same
ansatz as before. Now performing the dimensional reduc-
tion at the level of the action by simply inserting the ansatz,
while leaving a demonstration of the consistency to
Appendix D, we arrive at the 3D action:

1 1

1 1
—4V(f.7-"+H)2—|—2V(8f)2). (3.3)

Varying this action with respect to the vectors .A and 53, one
gets the following equations of motion:

d(Vs (fF+H)) =0, (3.4)

"This possibility has already been noticed in [11] within the
context of the classical double copy.
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d(V?« F) = Vdf A x(fF +H) = 0. (3.5)
It is worth noting at this point that the exterior derivative of
the second equation is consistent with the first equation and
that truncating f = B = 0 we recover the equation (2.3).
With the equations of motion at hand, we are now in a
position to dualize the vectors through the following
redefinitions:

Vs (fF+H)=do (3.6)

V2 *3}":d)(+%(fda)—wdf), (3.7)
where the reader should note that the equations of motion
still hold, so once again everything is consistent. Care
should be taken with the sign of the kinetic terms since in
3D spacetime *3%3 = —1, so we eventually end up with a
scalar manifold of signature (+, +, —, —). At this point we
are in a position to import various existing older results in
the literature [33-36] (see [52] for an overview) through
simple field redefinitions. Concretely, we can redefine as
follows:

V = e,

fz\ﬁv, o =V2u

to bring the target spacetime manifold to the form [36]:

(3.8)

1
ds? = 5 [d&% + e7%(dy + vdu — udv)?] — e~¢(dv? + du?).
(3.9)

Once again, we recover the analysis of the previous section
when v = u =0.

With the target spacetime identified, we can now
enumerate the symmetries. The most trivial correspond
to the three shift symmetries

X —=xtec,
v—>0v+c, X =) —cu,
u—u+ec, X - x+co, (3.10)

where c is a constant. In addition, we have a pretty obvious
rotational symmetry in the (u, v) plane, which is the usual
EM duality exchanging electric and magnetic fluxes in the
Einstein-Maxwell theory. Although a little less obvious
from the 4D perspective, we have the rescaling symmetry,

Eséde, u—éu, v-ev, y—ey. (3.11)
The remaining three transformations fleshing out the
SU(2, 1) symmetry of the target spacetime are less obvious,
but as explained in [36] are best described through the

introduction of (complex) Ernst potentials:

1
® =—(v+iu),

V2

Then to read off the transformed target spacetime, one
simply has to unravel a complex Harrison transformation

E=e+iy—od*. (3.12)

O+ AE £
- e 3.13
1 -2 ®—|A2E 1 -2 ®—|A*E (3.13)
and a real Ehlers transformation,
[} &
e pat— ! = . 3.14
1+ iy€ 1+ iy€ (3.14)

into constituent components.

A. Maxwell fields in KS spacetimes

We begin our analysis by discussing the implications of a
KS decomposition for the equations of motion of the
Maxwell field strength. Note that the equations of motion
following from the action (3.1) are

1

1
dxF=0, R\y,=3FF/ -8 F.  (3.15)

First, let us observe that the Hodge dual in KS spacetimes
may be explicitly written in terms of coordinates as

1
(*F);w = T@Eﬂvpagplg“Fle
1
=75 VHE€upo(FP7 — PkTkEF? . — DK’k F,°),

1
=5 VN€upe 77 (3.16)
where in the second line we have used the fact the inverse of
the metric (1.1) is linear in ¢ and det(g) = det(rn). We have
also raised and lowered indices using the metric 77,,,.. In the
third line we have used the result k*F,, o k,' to convince
ourselves that the ¢-dependent terms must cancel. Thus,
the Hodge dual of a two-form on a KS spacetime is
equivalent to the Hodge dual on flat spacetime. This means
that the Maxwell field strength is a harmonic two-form on
flat spacetime and this is a generic feature for all KS
spacetimes. We expect similar conclusions to hold for
differential forms of different dimensionality.

Next let us turn our focus to the rhs of the Einstein
equation. Using arguments similar to above, which essen-
tially follow from the fact that k is null, one can show that
the rhs reduces to the same expression but evaluated once
again on flat spacetime, i.e.,

"?One can show this by recalling A = ¢k and using the null
condition k,k* =0 and the geodesic equation k*J,k, =0 to
show that k*F,, = (k*0,¢)k,.
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1 1
Rt = <§ FU,F,P — §5/‘sz> | y=n- (3.17)

In summary, provided a KS description exists, the Maxwell
equations of motion are reduced to those of flat spacetime.
This constitutes a remarkable simplification.

B. A puzzle with the single copy

Having spelled out the implications for the Maxwell
field, we turn our attention to what we will refer to as
a generalized KS description [42], where we use ‘“‘gener-
alized” in the sense that the scalar in the pure gravity KS
ansatz picks up a component that depends on the Maxwell
fields. Here, we quickly confirm that any black hole
solution with purely diagonal metric components g, =
g" = f(r) can be brought to a KS form. We follow the
treatment in [29]. Consider the redefinition

dr

dl =dr+ , 3.18
70 (18)

so that the metric becomes
ds? = —f(r)dl2 + 2dldr + r2ds2(52). (3.19)

Then further redefining / = 7 4 r, we can bring the metric
to the generalized KS form:

ds? = —d7* + dr? + r2ds?(S?) + (1 = f(r))(d7 + dr)>.
(3.20)

Let us now be more specific and consider the Reissner-
Nordstrom (RN) black hole where

(3.21)

As we show in Appendix E this solution, as well
as its dyonic generalization, can be generated from
Schwarzschild by employing a Harrison transformation.
In some sense, the Schwarzschild solution and the RN
solution are no longer independent, they are related by a
rotation in the effective 3D target manifold.

From the perspective of scattering amplitudes this is an
interesting result. Let us explain why. In [43] it is shown
that to recover the Schwarzschild and RN black hole
solutions at leading order in G and e? through minimal
coupling one requires respectively tree-level and one-loop
triangle leading singularities. In effect, the existence of a
simple rotation from Schwarzschild to the RN solution
suggests that some hint of the same symmetry should exist
perturbatively at the level of scattering amplitudes. Thus,
the existence of Harrison transformations also has impli-
cations for amplitudes.

Now this brings us to an interesting observation. As
noted in [11], we are in a position to split the scalar ¢ into a
purely gravitational part ¢, and a part that is electromag-
netic in origin ¢,,,, ¢ = P, + ., where ¢, ~r~" and
Gem ~ 2. As we have already shown the Maxwell field
strength is a harmonic two-form on flat spacetime, which
means that the rhs of the Einstein equation scales as
F? ~ r~*. This term is canceled by the ¢,, term as we
now explicitly demonstrate.

Recall that once a spacetime is written in KS format, the
lhs of the Einstein equation becomes [1]

1
. Lo 90l — 8 (i
Rig = = 0,0/ (/) — & (ph")]

. 1 . ) .
R = S 0,0 (hK) + 0,(dk'K) = D (Qhik)].  (3.22)

Explicitly for the RN solution and the first Einstein
equation, we find the equationB:

1 1 2N 1 1 (0%)
V2%, V) = Fy — o Fr = -
2V <r2> 20 7% 8 o

(3.23)

where similar expressions exist for the remaining equa-
tions. Since the Laplace operator is defined with respect to
flat spacetime, it is clear that the Einstein equation is
satisfied through two different equations that are schemati-
cally of the form

Vi, ~0, V2w ~ P2 (3.24)
While the first equation is just the expected term from the
classical double copy for pure gravity [1], where it is
interpreted as the Maxwell equation, the second equation is
intriguing. Although we have focused on the RN solution,
essentially for illustrative purposes, it should be stressed
that our observations here extend to dyonic black holes
with spherical symmetry. Moreover, when the electric and
magnetic charges agree, the corresponding solution is not
only a solution to Einstein-Maxwell theory, but also
Einstein-Maxwell-dilaton theory.

Let us try to interpret these equations in terms of the
putative single copy. To do so, we recall that at the
perturbative level Einstein-Yang-Mills should be the double
copy of Yang-Mills and a biadjoint scalar field with a cubic
potential [37-39]. Let us start from the single copy action
presented in Eq. (4.5) of [37]:

“In our conventions the field strength is F = Z%dt Adr.
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1o v 1 a\a
L= _ZF;;DFZ +§(D;4¢ ) (Dﬂgbh)&éub

+ -%_-d' (ifaéé)Fabc¢aa¢l;b¢6C’

(3.25)
where we have defined Yang-Mills field strengths and
covariant derivatives

Fi, = 0,A% — 0,A% + gf%; LALAL,

(D, ") = 0,™ + gf*; ,Abp™. (3.26)
Following [41], we have dropped an O(g?) quartic scalar
term in the action on the grounds that it is not needed for the
double copy. One should note that ¢ is arbitrary and
dimensionful, while g and f?;, denote the coupling and
structure constants for the gauge group. The rank-three
tensor F,,. has entries that are given by the structure
constants of a subgroup of SO(n). We refer the reader
to [37] for further details.

The corresponding equations of motion for the action
(3.25) may be expressed as

0= ~0,(D'¢ha)s + 9 oA (D o)

99 . bb gec )
+§lfaEaFabc¢ ¢ s (3 7)

0=0,F" = gf 5, ApF e + gf"acd™ (D da),. (3.28)
Let us now put these equations in context. First, one can
consistently truncate out the scalars through ¢% =0
and one arrives at Yang-Mills theory through (3.28), which
is the expected single copy for pure gravity, at least in the
classical double copy prescription. 4 Alternatively, one
could try to truncate out the gauge fields. Doing so, one
recovers the biadjoint scalar equation from (3.27),

ggl . A Py
f&iyeFabcqﬁbbd)“’

2 _
Vi =r i (3.29)

but unfortunately the consistency of this truncation is
spoiled by the final term in (3.28) and one is left with a

constraint on ¢, f*;:¢%8¢;, =0. Modulo this con-
straint, one recovers the biadjoint scalar equation on the
nose, which it should be stressed is the expected single
copy for Yang-Mills theory. The key point we wish to stress
here is that one can almost disentangle the equations into
the single copy for gravity and the single copy for
Yang-Mills.

MStrictly speaking, one would expect the bosonic sector of
supergravity, i.e., g,,,B,, and ¢, as in the perturbative double
copy, but B and ¢ are not relevant in our example.

Now, let us recall that in the original classical double
copy formulation [1], one interprets the zeroth copy, or the
V2¢ = 0 equation, as simply a linearisation of the biadjoint
scalar equation (3.29). It is valid to ask if one can go further.
Here, we can follow the analysis of [44] and adopt a
spherical ansatz for the scalar ¢ = §%¢, while at the
same time identifying the structure constants f,;, and
iF ., which for simplicity could be identified with the
structure constants of the Lie algebra ¢ = 8u(2)."” This
condition is enough to solve the constraint remaining from
(3.28), so that (3.27) reduces to the required additional
equation on the right-hand side of (3.24).

Note, throughout the above discussion we omitted the
gauge fields, but these can be reintroduced and truncated
through the choice A = A = F* = F. This would seem to
interfere with the biadjoint scalar equation (3.27), but for
the choice of configurations we consider, namely spheri-
cally symmetric charged black holes in Einstein-Maxwell
theory, one can confirm that 9,A* = A#0,¢ = 0 is always
true. To appreciate this fact, note that ¢ is a function of the
radial direction, whereas A is the Maxwell field inferred
from the metric, which for any charged black hole related to
Schwarzschild through a Harrison-Ehlers transformation
will only possess A, and Aj components.

Let us summarize our discussions here. We observed
that any spherically symmetric solution to FEinstein-
Maxwell theory could be put in a generalized KS form.
Doing so, one observes that the mass and the charges
have to cancel separately through two distinct equations.
One of these is the original equation from the classical
double copy and this suffices to explain metrics with r~!
scaling. We have argued that the additional equation can
be recovered from the equations of motion of the putative
single copy to Einstein-Yang-Mills via a well-defined
truncation procedure. In particular, this truncation allows
one to avoid the usual linearization of the biadjoint scalar
equation [1].

C. Ehlers transformation

Our goal in this subsection is to show how the nontrivial
Ehlers transformation (3.14) is EM duality in the extended
setting of Einstein-Maxwell theory. This should be con-
trasted with the trivial form of EM duality where one
exploits the rotational symmetry in the (v, u) directions of
the target spacetime. Concretely, let us start with the dyonic
solution (E10) and generate a new geometry with electric,
magnetic and NUT charge. After performing an Ehlers
transformation (3.14) and a rescaling, the final data
becomes

">As noted in [44], the more general choice ¢ = y&7 leads
to a vanishing of the cubic term and a resulting free field
theory.
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B (r? —=2Mr + Q* + P?)e¢
r*+y3(r-2M)? ’
B y(r—2M)2e¢
P+ (r=2M)*
V2(Qr +yP(r —2M))es
r?+y3(r-2M)?
V2(Pr—yQ(r —2M))es

= — . 3.30
" >+ (r—2M)>? (3.30)

e

X:

’

Translating from the 3D target spacetime to the 4D solution
to Einstein-Maxwell, we arrive at the following solution:
ds? = —es(dt + A)? + e75(dr? + r2f(r)ds*(S?)).

A=V2u(di+ A)+ B (3.31)

where we have defined

A = 4Me=¢y cos Odep, B = -2¢73(P —yQ) cos 6de.

(3.32)
By performing the following transformations [29],
_ 2yM
=117
1—92
1+7%

eC:1+72, N

M =M

r—Ny=p, (3.33)

we can bring it to the form:

PP =2Mp-N*+ Q"+ P

+ rEN dp?
p> —2M'p — N*> + Q%> + P?

+ (P + N?)ds?(8?),

_,[P@+yP) - N(P-yQ)

ds? = (df + 2N cos 0d¢h)?

A=

x (dt + 2N cos0d¢p) + (P —yQ)cosOdp|, (3.34)

where we have performed the following further redefini-
tions:

Q+J’P_) P-y0

/1+7/2 /1+72

so that we recover the RN-Taub-NUT solution of [53] with
g =0 (see also [54] for the purely electric solution).

At this point we are again in a position to comment on
the Maxwell charges in the double copy. However, there are
some small differences, which we now outline, otherwise

— P, (335)

the basic idea is the same. In our earlier section we showed
that (2.15) held in the absence of a Maxwell field. As
explained above, the Maxwell field in the double copy
formalism is essentially a Maxwell field inferred from the
metric, which sources a scalar potential ¢, in a generalized
KS description. Since this is purely a quantity we define at
the level of the metric, the Maxwell fields in Einstein-
Maxwell do not affect this definition. For this reason, (2.15)
is generalized to

#3F mag = V2 %3 F = dy + vdu — udv,  (3.36)
where as before Hodge duality is performed on different
spaces. It is worth noting that in the original dyonic solution
(E10) this term is not sourced, so the Maxwell field in the
double copy is purely electric. However, once we perform
an Ehlers transformation, as we have seen above, y, u and v
become nonzero, so this term makes a contribution. Taking
into account the rescaling, we find that the electric and
magnetic flux are

1
Qe = / *de — 2M/a
viys s2
1
0 - L / #3(dy + vdu — udv) = 2N, (3.37)
¥ S2

where it can checked that u, v have the correct asymptotic
form, ie., u,v - 0 as r — oo, thus ensuring that our
definition of the charges is once again consistent with
the scalar equations of motion. Note, these charges are
purely gravitational and should not be confused with P, Q,
which are electromagnetic in nature.

It is worth noting that since N> + M> = M?, or alter-
natively since the NUT charge N combines with the new
mass M’ to recover the original mass of the black hole M,
both the electric and magnetic Maxwell charges have been
transformed from the original Schwarzschild geometry.
Finally, following the arguments similar to [55], where a
class of solutions to Einstein-Maxwell in Plebanski for-
malism [56] are studied, one can convince oneself that the
above metric can be brought to a generalized double KS
description.

IV. CONCLUSIONS

In the earlier part of this work we married the KS ansatz
of pure gravity with a natural 4D to 3D dimensional
reduction, which allowed us to identify the Maxwell field
strengths of the double copy formalism directly in terms of
the scalars parametrizing a hyperbolic coset geometry in
3D. As we have argued, this can be done for generic
spacetime geometries and it is the rotation of the scalars
under a U(1) C SL(2,R) that is mapped to EM duality in
the Maxwell fluxes of the double copy formalism. We
believe our work clarifies and generalizes to stationary
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spacetimes admitting a (double) KS form, the findings
presented earlier in [29].

In the latter part of this work, we extended our findings
to Einstein-Maxwell theory in 4D. To do so, we identified
the 3D ¢ model with SU(2,1) symmetry, and tried to
interpret the equations of motion of Einstein-Maxwell
theory, at least in the context of spherically symmetric
charged black holes, in terms of the equations of motion of
the putative single copy. In particular, starting from the
putative single copy for Einstein-Yang-Mills [37,41], we
showed that a truncation exists whereby one not only
recovers the usual classical double copy prescription that
allows for r~!-terms in the metric, but also an additional
equation that corresponds to the r~2-terms. As we
explained, the latter is a truncation of the biadjoint scalar
equation constituting the expected single copy for Yang-
Mills theory, thus generalizing the zeroth copy of Ref. [1].
That being said, it should be stressed here that we are not
claiming that Einstein-Maxwell has a single copy descrip-
tion, only that one can find an interpretation of the
equations of motion for spherically symmetric charged
black holes in Einstein-Maxwell within the putative single
copy for Einstein-Yang-Mills theory. This is simply a
statement about the existence of a truncation, but whether
or not it is coincidental requires further investigation.

Our work raises a number of interesting future directions.
First, it is clear that EM duality in the double copy can be
realised in terms of BMS symmetries [28] and our analysis
shows EM duality is also related to Ehlers transformations
(see also [29]), so the task remains to connect Ehlers
transformations to BMS symmetries directly in pure
gravity, before potentially extending to Einstein-Maxwell
theory or equivalent. On that note, an interesting recent
paper [57] discusses dualities in linearized gravity and it is
conceivable that this is the Ehlers transformation at the
nonlinear level once a Killing direction is assumed.
Moreover, the connection in Sec. III.2 is intriguing and
we should endeavor to extend it to Einstein-Maxwell-
dilaton theory, a setting where the (classical) double copy is
expected to be on firmer footing.

It would be interesting to extend the results presented
here to asymptotically (anti)-de Sitter spacetimes. That
being said, the simplest generalization of introducing a
cosmological constant does not work. To see why, let us
return to (2.5) and observe that the inclusion of a cosmo-
logical constant in 4D leads to a 3D cosmological constant
dressed by a V~! factor. As observed in [58] (see also [59]),
demanding that the 3D action is invariant forces one to
consider SL(2,R) transformations that are pure gauge
(2.9). Nevertheless, extensions to different dimensions
appear pretty immediate. Indeed, there are numerous
examples of supergravity theories—where the classical
double copy story is being actively studied [23-25]—that
can be truncated to scalar sectors and similar sym-
metries arise.
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APPENDIX A: SYMMETRIES
OF THE COSET SL(2,R)/U(1)

In this section, we illustrate how the symmetries are
manifest at the level of the coset SL(2,R)/U(1). Consider
the matrices

S ) N 9 A

which generate the Lie algebra 81(2):

[to, 4] =2t,, [to.t_]=-2t_, [t .t_]=ty. (A2)

Exponentiating these matrices, we get elements of the Lie
group SL(2,R),

e"”O—(ea 0 ), eﬁ’+—<1 ﬂ), e”—(l 0).
0 e« 01 v 1

(A3)

Note, these are clearly all of the form
a b
< ) € SL(2,R), ad—bc=1. (A4)
c d
From the matrix,

1ol
Y = et elnVVio — (Vz v 21)
0 Vv

we can define the current J = V~-'dV, from where we
can further define the target space metric through
ds? = Tr(P?), where P denotes the symmetric part of J,
P=1(J+J"). The finite transformations come from

M = gMg", (A6)
where g € SL(2,R) and we have defined M = V7.
Concretely, we have
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V’+X—?%_ab VAL I\ (a ¢ A7
’ - . ( )
X 1 c d £ 1 b d

vV oV

v v
One can check that this is equivalent to

, ar+b
T = ,
ct+d

t=y+iV. (A8)
This provides a realization of the symmetries of the
hyperbolic space H? starting from the coset description.
Here, it is clear that £, is generating scale transformations,
t, corresponds to pure gauge transformations, while it is 7_
that is generating the nontrivial Ehlers transformations.

APPENDIX B: GENERAL SL(2,R)
TRANSFORMATION

In this section we comment on the general SL(2,R)
transformation applied to Schwarzschild with a goal to
convince ourselves that of the three unconstrained SL(2, R)
parameters, only one is relevant after various redefinitions.
Recall the most general form of a SL(2, R) transformation
is given by (2.8). For the Schwarzschild solution we have

2M
V=1-——,

- (B1)

x =0,

so under the SL(2,R) transformation we get following
expressions for V’ and y':

. r(r—2M) ,ac(r—2M)?+ bdr?
7C2(r—2M)2—|—J2r2’ 7cz(r—2M)2—|—J2r2'
(B2)
Using (2.4) the two-form F takes following form:
F = 4dcMvol(S?). (B3)
Finally the 4D metric can be written as
ds? Mr=2M) 4y 4 aMde cos 0dg)?
§° = — C
A(r—2M)? + d*r? ¢
A(r—2M)?* + d*r?
ds? B4
r(r—2M) %3 (B4)
where we have defined,
ds3 = dr? + r(r —2M)(d6” + sin® 0dg?).  (BS)

In above metric only two of independent parameters of
SL(2,R) appear. Indeed one can show that one of these
parameters can be also eliminated by a shift and a rescaling
of both the radial and time coordinates. If we define two
positive parameters r. by

2Mc? 2Md? (B6)
r. = , -
Ve r R A+ d
After a shift and scaling
r+rg t
ro —, = —— B7
Ve + d? Vi +d? (B7)
metric (B4) takes following form:
ds? = —f(r)(dt — 2,/r; 7 cos Odg)?
b P dtS). (BY)
r ror_)as .
() '
where function f is defined by
r+ro)(r—r_
piry = =) (B9)

rP+rr

This is the metric of the Taub-NUT space time.

APPENDIX C: DOUBLE KS

In this section we provide some details to support the
identity (2.15). We work with a double KS ansatz for
greater generality. Consider the double KS ansatz:

9w = Muw + ¢kﬂkv + l//lylw (Cl)
where k, and [, satisfy following equations:
’/Iﬂykyky = g’wkuky =0, ﬂ”"lﬂly = g’wly ly =0,
vk, =g¢"k,1,=0, k,0'k,=0, 1,0',=0. (C2)

Assuming 0, is a Killing direction, we can always write

k=dt+k, [=dt+1. (C3)

Rewriting everything in terms of the earlier ansatz (3.14)
gives

V=l-¢p-—y., A=-Vpk+yl) (C4)

and the 3D metric ds3 becomes

ds% = }/mndxmdx” = V(dxzz + 477{2 + V/Zz) + ((bi{ + l//7)2
(cs)

To find the Hodge dual, first we need to invert the above
metric. It is easy to show that the inverse metric is
ym = (1= ¢ —y)~ (5™ — pk"k" —yI™T"),  (C6)

where we defined k" and I by
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k= smnk,, m =& . (C7)
Now, using (C4) and (C2) we get
(V2 *3 f)p = _2am(¢l~€n + Wzn)emnp (CS)

which can be further rewritten as (2.15). Although we have
not performed the calculation, there is nothing that suggests
the same analysis will not work for a KS ansatz with three
null vectors.

APPENDIX D: CONSISTENCY OF
DIMENSIONAL REDUCTION

In this section, we show that the dimensional reduction
of 4D Einstein-Maxwell theory on a temporal direction
leads to the four-dimensional target spacetime in the text.
We will perform this reduction at the level of the action and
equations of motion (EOMs), thereby demonstrating con-
sistency. The EOMs of the action (3.1) are

1

1
w3 <FM,F,/’ - ng,Fz) =dx F=0. (DI1)

R

Now, we can reduce to 3D through the ansatz'®:

ds3 = —e?(dt + A)? + ds3,
A=fdt+ A +B=

F=df A (dt+A) + fF +H, (D2)

where we have further defined F = dA and 'H = dB.
For the reduction to 3D, we have the Ricci tensor,

- 1
Raﬂ = Raﬂ - VﬂVaV - 8aV8ﬂV + Eezvfayfﬁy
1

R(IO = 56—2Vvy(63vf7(1)’

1
ROO = VyVVV + 8yV87V + Zezvfaﬁfaﬁ_ (D3)

Doing the reduction directly at the level of the action
(3.1), we get

-1 1
£,3 = g3€V (R +Z€2V.7:2 —Z(ff+H)2
_|_

e—2V<af>2). (D4)

N =

Note that this action is not in Einstein frame, but perform-
ing the conformal transformation g5 — e~2"y brings it to

'“This is the same as the ansatz in the text up to the
replacement 2V — V.

the form quoted in the text once V is redefined. It turns out
that the truncation is consistent as we now demonstrate.

First, observe that 4D Maxwell EOM leads to the two
equations in 3D:

d(e" % (fF+H)) =0, (D5)

d(e™Vx3df) +e" %3 (fF+H)AF=0. (D6)
These equations follow from the action (D4) upon varying with
respect to B and f, respectively, so the action passes the first test.

Note, the first equation will allow us introduce a scalar.
The remaining Einstein equation becomes

1 1
V2V—|—(8V)2+Zezv.7-'2—ze‘2v(8f)2

—%(f]-“+H)2:0, (D7)

SN (AVFL) b5 0, f(F 4 H) 7 =0, (DY)

- 1 1
Rop = VpVaV = 0.VORY +5 eV 0ufOpf + 5 € F oy Fy
1
- E (ff. + H)ay(ff + H)ay =0. (Dg)

One can check that (D7) follows from the action (D4) by
varying V, while (D8) follows from (D4) by varying with
respect to A. Finally, it can be checked that the Einstein
equation follows from the action. This demonstrates the
consistency of the reduction, which is modulo a conformal
transformation the same as the action (3.3) quoted in
the text.

APPENDIX E: HARRISON TRANSFORMATION

Since these transformations may look new to a hep-th
readership, let us get oriented by describing an explicit
example. To begin, let us first assume & # 0, which is
enough to describe a Schwarzschild solution, and generate
a dyonic solution through a complex Harrison transforma-
tion. To preserve asymptotic flatness, as we did previously
for the Ehlers transformation in pure gravity, we will also
perform a scale transformation. More concretely, we will
consider

A = ke'™. (El)

After the transformation, the solution is

Kk cos an/2es0 eb K sin an/2e%0 eb
== - —_
1 — kZeo 1 — x2ebo
o pC
e e E2
€ = k]
(1 —x2e%)? (E2)
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where c¢ is a scaling parameter we have introduced and &,
denotes the original data, in this case the Schwarzschild
solution

2M
e =1-"—. (E3)
r
The first thing to note is that this transformation is a
symmetry of the target spacetime and one can check that

1 1
Edéz —e¢(dv? + du?) = Edf%. (E4)

Since the 3D effective action is invariant, this guarantees a
new solution in 4D and the task remains to identify the
explicit form of the final solution. Evaluating all expres-
sions, and performing Hodge dualities where necessary to
identify the vector fields, we find that the final solution may
be expressed as
‘r(r—2M
de ==
(r(1—x*)+2Mx*)
(r(1=x%)+2Mx?)?
e‘r(r—2M)
2e5kcosal(r—2M)

A= =) - 2 dt— e sksinadM cosOd¢p.  (ES)

[dr? + r(r—2M)ds?(S?)],

This is still rather unsightly and to bring it to a more
appealing form, one should consider the following change
in the radial coordinate and accompanying judicious choice
for the rescaling,

eF = r(1 — k%) + 2M«?, e =(1-x2)2.  (E6)
With these substitutions, we can simply drop tildes on the
radial coordinate and recast the solution as

1
ds? = —f(r)df* + ——dr* + r’ds*(S?),
(e 4 ()
2M
A =2kcosa|l ————|dt
r(1 —x%)
- a fK2>sin adM cos 0de, (E7)

where we have further defined

4M2 2
r?(1—«*)?"

2M(1 +&2)
r(1 —x?)

flr)=1- (E8)

Observe that the rescaling was instrumental to recover flat
asymptotics and that the final solution can be brought to a
more familiar form through the redefinitions,

M,_M(1+1<2) Q_KcosaZM P_KsinaZM
(1-&%) (1-x%) " (1-x%) "
(E9)

so that we arrive at the final expression:

1
fr)

2 2M
A:——th—2P00s9d¢, fr)=1—-——+
r r

ds? = —f(r)d> + dr? +r2ds?(S?),
Q2 +P2

r2

(E10)

Note, we have dropped a prime on M and also a constant in
the electric component of A that was pure gauge.

On the whole, this is more or less as we may have been
expected. We have seen that when pure Einstein gravity is
coupled to Maxwell theory in 4D, we have a larger class of
hidden symmetries upon dimensional reduction on a U(1)
Killing direction. Within this class, one finds the class of
transformations originally identified by Harrison [32],
which provides a means to generate charged black hole
solutions from the Schwarzschild solution. Here, we have
opted for a complex transformation, so that the resulting
geometry is dyonic, but a real Harrison transformation in
tandem with a rotation in the (u,v) plane of the target
spacetime achieves the same result. We emphasise once
again the role of a rescaling transformation in maintaining
the asymptotics.
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