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Holographic two-point functions in the pseudoconformal universe
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We holographically calculate two-point functions in the pseudoconformal universe, an early universe
alternative to inflation. The pseudoconformal universe can be modeled as a defect conformal field theory,
where the reheating surface is a codimension-1 spacelike defect that breaks the conformal algebra to a
de Sitter subalgebra. The dual spacetime geometries are domain walls with de Sitter symmetry in an
asymptotically anti—de Sitter spacetime. We compute two-point functions of scalars and stress tensors by

solving the linearized equations for scalar and tensor fluctuations about these backgrounds.
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I. INTRODUCTION

Alternatives to inflation often involve a pre-big
bang phase in which the universe is approximately flat.
Some well studied examples include the ekpyrotic scenario
[1,2] and genesis-type models [3.,4]. Another example,
which will be our primary interest, postulates that the early
universe is described by a conformal field theory (CFT) on
a nearly flat spacetime whose conformal algebra is sponta-
neously broken by a time-dependent vacuum expectation
value (VEV) of the form

(@) ~ 1/ (1), (1.1)

where ¢ is a dimension A scalar operator. This VEV
breaks the conformal symmetry down to a de Sitter (dS)
subalgebra,

30(4,2) - 80(4,1). (1.2)
This is the so-called pseudoconformal universe [4-11].

As t — 0 from below, the VEV (1.1) goes to infinity and
the universe must then reheat and transition to the standard
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big bang radiation dominated phase. The reheating
surface at + = 0 can be considered as a codimension 1
spacelike defect in the CFT. The presence of the defect
preserves a dS subgroup and is responsible for the
symmetry breaking (1.2).

Ideally one would have complete examples of CFTs
which possess states with the required VEVs to realize
the pseudoconformal mechanism. This issue has been
addressed in [12,13] where holographic constructions of
the pseudoconformal mechanism are found using the
AdS/CFT [14] correspondence. Another advantage of
the holographic approach is that it opens up the possibility
for a strongly coupled early universe scenario, in contrast to
standard scenarios such as inflation which are typically
weakly coupled.

The holographic dual to the four-dimensional pseudo-
conformal universe is a five-dimensional asymptotically
anti—de Sitter (AdS) space in which there is a domain wall
that is foliated by slices that are four-dimensional infla-
tionary-patch dS spaces. In [12], a spacetime background
satisfying these requirements was identified in the context
of pure Einstein gravity minimally coupled to a massless
scalar field, and one-point functions of the fields were
computed, verifying the existence of VEVs with the correct
symmetry breaking pattern.

In this paper we compute two-point functions. These are
the observables which are relevant for the computation
of power spectra in cosmology. In the AdS/CFT dictionary,
the one-point functions in the dual CFT are determined
by the background configurations of fields in the bulk,
whereas two-point functions are determined by linear
fluctuations on top of the bulk geometry. Thus, to obtain
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the two-point functions we must solve the linearized
equations for bulk fluctuations on top of the domain wall.
Our strategy will be to employ a coordinate system in
which the spatial slices, and the boundary geometry,
are dS, spaces. In this slicing, the required VEV (1.1)
which breaks conformal symmetry down to dS symmetry
becomes simply a constant (¢)4g ~ const. Once the corre-
lators on dS, are obtained, they can be Weyl transformed to
recover the original flat space correlators of interest.

II. HOLOGRAPHIC CFT CORRELATORS

We start by reviewing the formalism that relates CFT
correlation functions to bulk fields. The AdS/CFT corre-
spondence tells us that for every bulk field ¢ there is a
corresponding single-trace operator O of the large N CFT
which lives at the boundary. The standard AdS/CFT
prescription [15,16] tells us that the generating function
of the correlation functions of the operators O of the CFT
defined on the boundary dM of the bulk spacetime M,

Zeprl@g] = (& ™), (2.1)

is given at leading order in large N by the extrema of the
bulk gravitational action on M,

ZCFT [(DO] e e_Son—shell[cb()] . (22)

Here @ are the boundary values of the bulk fields ®, which
act as sources for the dual operators in the CFT. At tree
level, which corresponds to leading order in 1/N, the bulk
action is to be evaluated for the on-shell solution that
reduces to @, on the boundary.

More precisely, the bulk field @ satisfies the boundary
condition

Dy (x) = li_r%zA_“q)(x, 2), (2.3)

where A is the scaling dimension of O. In this expression,
we are using Fefferman-Graham coordinates [17] in which
the metric is written as

2

L o
ds? = Z—2 (de + gij(x, Z)dxldxj>7 z>0, (2'4)

covering the Poincaré patch in the AdS case for which
gij = n;; and L is the AdS radius. In these coordinates, the
boundary is located at z — 0.

We will be interested in a bulk theory corresponding to a
scalar field living in a curved background; that is, the bulk
fields are a graviton and a scalar. Near the boundary, these
fields have an asymptotic expansion of the form

gij(x7 Z) = 9(0),‘j<x) + Zzg(Z)ij(x) + Z4(h(0),‘j(x)

+ gy (x)logz+ )+, (2.5)
®(z,x) = Z4_A[¢(0) (x) + 22(15(2) (x) + z4¢(4) (x)+--]
+ ZA[§0(0) ()C) + Z2(0(2) (x) + 24(p<4) (x) + .. .],

A ¢ Integer, (2.6)

D(z,x) =220 (x) + 22y (x) + - + 22 CPoa—g) (x)
+ 22274 (@(0) (%) + P(2a—a)(x) Inz)
+ 22279 (¥) + da—zy(x) Inz) 4+,

A € Integer, (2.7)

where A = 2 + /4 + m?L? is the scaling dimension of the
dual CFT operator.

The 4D fields ¢ o) and ¢ o) can be considered as the two
independent boundary data for the 5D bulk equations of
motion. Using the bulk equations of motion, the ¢y, n > 2
are determined in terms of ¢, and the ¢(,), n > 2 are
determined in terms of ¢. The function ¢ is the
boundary value corresponding to the source for a scalar
operator in the dual CFT, and ¢ g turns out to correspond to
the VEV of that operator, with its value determined by
additional boundary conditions deep in the bulk.

Similarly, the Einstein equations will require two pieces
of boundary data. One of these is the boundary metric g(g);;,
and a near boundary expansion of the equations of motion
will determine the g();; for k > 2 in terms of g();;- The
other piece of boundary data is /), with the h); for
k > 2 determined in terms of g(g);; and hg);;. However, we
are not completely free to choose h),;; its trace and
divergence (with respect to g(g);;) will be determined, and
the rest of /(g);; will be set by boundary conditions other
than Dirichlet data at z = 0 (i.e., data at z = o0).

The on-shell action is generally divergent, and a proper
renormalization procedure must be used [18,19]. The
renormalized action is defined as

Sren [(I)O] = li_l;%(sreg [q)O; 6] + Sct[e])’ (28)

where Sy, is the on-shell action with the radial integration
domain restricted to z > ¢ and S is a counterterm action
consisting of purely local terms on the boundary, chosen to
cancel the divergent terms in the regularized action S,
as € = 0. The regularized action and the corresponding
counterterms that lead to the renormalized action for the
proposed dual of the pseudoconformal universe can be
found in [12]. After renormalizing the action, the resulting
one-point functions are
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1 oS
(O)), = en_
190)(x)] 90 (%)
(T 2 OSen . (2.9)

190) ()] %950 (¥)

where S, is the on-shell renormalized action and the
subscript s denotes the correlation functions in the presence
of sources. The higher point correlation functions can then
be obtained with further functional derivatives of the one-
point functions with respect to the sources.

In the CFT, there are Ward identities corresponding to
global symmetries. In AdS/CFT, there exists a correspon-
dence between gauge symmetries of the bulk (in our
case only diffeomorphisms) and global symmetries of
the boundary theory. We can understand the Ward identities
of the CFT correlators by performing shifts on the action
given by bulk diffeomorphisms. Consider the variation of
the renormalized action, which upon using (2.9) is given by

5. = ][d4 V/___(

(70,59 <>w)
(2.10)

The Ward identities correspond to diffeomorphisms that
leave the Fefferman-Graham form of the metric invariant.
The infinitesimal action of these symmetries on the sources
is given by

boundary diffeomorphisms:

59” = (Vi& +Vigh), Sy = EVipy.  (2.11)
boundary Weyl transformations :
dqhy = 2090 Sy = —(4 = Ao (2.12)

which correspond to diffeomorphisms transverse to the
radial coordinate and a subset of the 5D diffeomorphisms
that act as a Weyl transformation on the boundary metric.
These symmetries imply the Ward identities

—(0),Vid )
(Th)s = —(4 = A)p)(0), + A,

Vi(T,), = (2.13a)

(2.13b)

where A is the Weyl anomaly that arises because the
regularized action necessarily breaks the radial diffeomor-
phism symmetry that induces the Weyl transformation [20].

III. VEV DEFORMATIONS AND TWO-POINT
FUNCTIONS

We will be interested in the case of a CFT where the
scalar develops a VEV. In this case, the source field is zero

and the leading term in the asymptotic expansion is the z*
term. The VEV turns out to be proportional to ¢, and
since the VEV is nonzero, this will break conformal
invariance. For the pseudoconformal universe dual, we
require a time dependent VEV of the form (1.1), which
realizes the symmetry breaking pattern (1.2).

If we use Fefferman-Graham coordinates in which the
slices of constant radial coordinate are curved dS, slices,
then the VEV will appear to be coordinate independent
[12]. Our approach thus consists of first computing the
correlation functions for a CFT living in a curved slicing
with dS; metric y;; and afterwards performing a Weyl
transformation to obtain the correlation functions for the
dual CFT living in flat space. CFT correlation functions on
spaces of constant curvature have been studied previously;
see, e.g., [21,22] (see also [23] for other details on holo-
graphic CFTs on maximally symmetric spacetimes).

While the expressions for the one-point functions can be
obtained through a near-boundary analysis, higher order
correlators require taking into account the dynamics of
fluctuations inside the bulk. In most cases, an exact solution
of the nonlinear equations is not available. However, the
two-point functions only require the linear dependence on
the sources, and thus we can compute the two-point
functions by solving for the linearized fluctuations around
the background [19].

Consider an asymptotically AdS “domain wall” back-
ground of the form

Gudxtdx’ = n(p)*dp* + a(p)?y;dxidx’, ¢ =¢(p),

(3.1)

where p is some general radial coordinate of the bulk and
vij 1s a maximally symmetric domain wall metric with
curvature k normalized as

R(}’)ijkl =

In a cosmological setting, n would be the lapse function and
a the scale factor.

We define the perturbations of the metric and scalar field,
respectively, as h,, and ¢, i.e.,

k(?ik?’jl - 7jk7il)' (3-2)

b=9+o.

All the following expressions are y covariant; that is,
indices are raised and lowered by y;; and the covariant
derivatives and curvature tensors are those of the y metric.
Analogously to cosmological perturbation theory (see,
e.g., [24]), the metric perturbation can be decomposed as

gﬂb = gﬂlx + hﬂy» (33)

h,, = n*®,
h;, = na(V,;B + v;),
hi; = a*(p)(£6;; + ViVix + Viw; + Viw, + b1, (3.4)
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where

Viv,=0, Viw,=0, V"hZiT:O, yifthszo. (3.5)

We now insert this into the expression (2.10) for the
variation of the renormalized action, and keep terms only to
linear order in these perturbations. After using the Ward
identities, Eq. (2.13), and assuming that the background

VEV or the source is constant, we find'

1
08en = /d4x |7| (1 + 26:(0) + Evz)(@))

1 TTij _ 1
(=5 gy =3 ok

+

(O) (V10670 + <0>«s«p(o>). (3.6)

N[ =

Our next step is to transform to Fourier space. To do so,
we use a basis of eigenfunctions of the Laplacian of the
metric y. In flat space this basis simply corresponds to plane
waves, but here we need to consider the basis appropriate
for the symmetries of the curved slicing. We will not need
to be explicit about the basis—it will be enough to know
that it is complete and orthonormal. Define Y,(x) to be a
complete set of orthonormal eigenfunctions of the scalar
Laplacian with eigenvalues A,

—V2Y,(x) = AY,(x). (3.7)
The completeness and orthonormality relations are
/d4x\/|y Y,(x)Y(x) = 8,, (3.8)
SY@YE) =——&k-x).  (39)
1 V7l

Given this, any function F(x) can be expanded over the
basis Y, to yield an associated Fourier transform F (1), with
the Fourier transform pair given by

“S RO, F) = / dxy/ I F ()Y, ().

(3.10)

Using this, we can write the variation of the renormalized
action (3.6) in Fourier space as

'Notice that the one-point functions depend on the sources but
we have removed the subscript s for simplicity.

1 y
0Sten = Z <_§ (<Tij>B + <Tij>5)5h{0€l]
A

1 , A
—§(<Ti’>3 (T:")5)8 o) 5( )P 0)%X (0)
{00000+ 200) a0 ~ 5 1OV a0
(3.11)

where we have divided the scalar and tensor VEVs into
the background and perturbation contributions as (O) =
(O)p +(0)s and (T;) = (T};)p + (T;j)s Every term in
this expression depends on A but we have suppressed this
dependence. We have also omitted any terms that do not
contribute to the two-point functions in this expression, and
we will keep doing so for all other expressions that follow.
Using this result, we can write the nonvanishing two-point
functions as

_ 5%S B _5((’)>
(OWow) = 5p10)(M)op0) (1)  Sp) (3.12)
TT T, ) — 8(T;)
<T (/I)T ( )> =—4 5h(T0T)ij(/1)5h<TOT)k1(/1) - 25h(TOT)kl’
(3.13)
: B 5%S B 5(0)
(3.14)
v _ 58 _
(3.15)

Using the Ward identities and Eq. (3.14), we can see that

50)4) _ A
——==——(0)gd;s. 3.16
54«(0)(/1/) 2 < >B AN ( )
Now, transforming back to coordinate space, we find that
the position-space two-point functions are given by, e.g.,

(@ECIENED I ACHACH
A

The last step is to perform a Weyl transformation to
find the two-point functions of the flat space CFT. In
our case, since maximally symmetric spaces are confor-
mally flat, the flat boundary metric is related to y through
N (%) = Q*(x)y,,(x), with the Weyl factor Q > 0;
thus, we can obtain the correlation functions on the

(OWO'W).  (3.17)
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AdS boundary from the correlation functions computed in
the curved slicing as

(O1(xy) - OQ(Xn)>11

= Q2o (x1) - -QRo, (x) <<(9<x1) T O(xn)>7
0"S 4

"Hr&p ) o ol

)

(3.18)

where A, is the scaling dimension of O;. The term S 4 is a
contribution from the Weyl anomaly [20]; in general it is
theory dependent, but it is always local and so does not
contribute at separated points. We will not keep track of it in
what follows.

The desired CFT two-point functions are given by the
following:

(OO}, = -0 ) S V() 5 .
(3.19)
T,
=207 ()@ (W) )_Yi(x)Ya(x) ;(;T’ké . (3.20)

A

accompanied by two other expressions that are fixed by
Ward identities,

(Ti(x)O(),

— 0 () ><4—A><0>Bﬁ54<x—x/>,
(3.21)
Vfo<Tij<x>o<x'>>,,
= —Q 4 (x)Q A (x BZYA x)Y,(x

1
= Q4(xX)Q A (X V2 —&*(x—x 3.22
()24 () (O), (m ( >) (3.22)

where in both cases the second equality was obtained
by using Eq. (2.13). Notice that the correlators (3.21) and
(3.22) are manifestly local, which is consistent with the

conservation and tracelessness of the stress-energy tensor at
separate points.

IV. GAUGE INVARIANT PERTURBATIONS

We now turn to solving the bulk equations of motion of
the linearized perturbations. We first must isolate the bulk
gauge-invariant perturbations. The gauge freedom corre-
sponds to diffeomorphisms which at the linearized level act
on the perturbations as

ohy,, = v/tfu + vﬂfus o = gﬂaﬂd)’ (4.1)
with £, an arbitrary vector gauge parameter. These diffeo-
morphisms are a symmetry of the quadratic action for
the perturbations. Similar to our decomposition of the
perturbation in Eq. (3.4), we decompose the gauge

parameter &, as

& =Vied +¢f, $o = €, (4.2)

where
Viel‘/ =0. (4.3)

Expanding out the linearized gauge transformations (4.1)
we can find then the following gauge transformation rules
for the perturbations of the metric and scalar field

an
24d
64‘*_2_607
n-a
2
Sy =€,
= z¢
¢/
6 = — €y,
1 /
61)1:—<€’}/ 2261‘/>,
an
1
Sw;, = —¢€,
Wi =€
5hZiT:O, (4.4)

where a prime denotes a derivative with respect to the radial
coordinate p. Note that the transverse traceless tensor
modes h{ir are automatically gauge invariant. From these
expressions, we can construct gauge invariant variables for
the perturbations which are given by
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~ 24’
B = v — owl, ézs——“m“‘;x,
n n
2d 1d (d?
b= ®->"(aB) + (S ).
ndp ndp \ n

(4.5)

These are the analogs of the Bardeen variables [25] in
cosmology and will be the variables used to solve the
equations of motion.

A. The quadratic action

With gauge invariant perturbation variables in hand, we
turn to constructing the corresponding quadratic action.
As we have mentioned, our setup consists of a domain
wall spacetime sourced by a scalar field. The Lagrangian is
that of a canonical scalar with potential V(¢) minimally
coupled to gravity in five dimensions,

L=1~-g R——(3¢) V()] (4.6)

where the overall 5D Planck mass has been set to unity. The
equation of motion for the scalar is

O - V'(¢) =0, (4.7)
and the Einstein equations for the metric are
1
R/w - ERg/w \Y% vl/¢ g/u/(a(ﬁ) g;wv(¢) (48)

By considering the perturbations around an arbitrary back-
ground solution of these equations, as in Eq. (3.3), we find
the quadratic Lagrangian is given by

x/%_g L =— % Vo h, Ve + % V .h,, VY b
- %vﬂhvyhﬂ” + évﬂhvﬂh
+ % () (h"”hw - %iﬂ) + W0, 0,
S HOH¥ 9+ V(P)p)
2 [@0) + V(9)e?). (4.9

where everything here is covariant with respect to the
background metric g,,. This expression was obtained after
integrating by parts and using the background equations
of motion.

Now, we specialize to the case of a domain wall
background as in Eq. (3.1). With this ansatz, the two

independent equations of motion are the scalar equation of
motion, which becomes

¢+ (4% ) nz) ¢ —n?Vi(@) =0,  (410)

and the 00 component of the Einstein equation, which
becomes

” 2 1
6(‘;—2—k"—2> =S —nV(p).  (411)

a

We can further decompose the Lagrangian in terms of the
gauge invariant variables in Eq. (4.5). In the final expres-
sions the tensor, vector, and scalar sectors decouple and
their Lagrangians read

(i) tensor sector:

1
\/—r*ctensor
””4 T2, L oorr TTij
=5 zhu + 2th (Ap + 6k)h ,
(4.12)
(i) vector sector:
1 2
—9;(AL + 6k)D, (4.13)

Wﬁvector = 4

(iii) scalar sector:

Here, A, is the Lichnerowicz Laplacian, which acting on a
rank-s spatial tensor is

AL :Vlvl—ks(s+2) (415)
This is the natural Laplacian to use on a maximally
symmetric space, because it commutes with covariant
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derivatives and with traces. When obtaining the expressions

for the Lagrangians above, we have again made heavy b L; = na* _%El( A, + 4k)E
use of integration by parts, as well as the background l7] a*[12H* — ¢
equations (4.10) and (4.11). 342 )
Focusing on the scalar sector, we notice that the ® —mc/ Z: (A +4k)C
variable appears in the action without any time derivatives, s
and so we can eliminate it as an auxiliary variable, _ % 12[—129_ 7 2( A, + 4k)24 . (4.19)
~ 1 ~ ~
® =5 [12H{ +3(n/a)* (A, +4k)0 - 2¢'¢].
12H — ¢/
b L.z =na*¢’ L S 4
(416) /|7/| PC n2[12H2 _¢/2]
Substituting back in.to the.act%on, and considering t.he case + l @ (_iz +— 32 (A, +4 k)) g«] ’
of a constant potential which is the case of current interest, 2 n*  a’[12H* — ¢'’*]
we find (4.20)
Lcatar = Lo+ Lz + Lyg (4.17) and where, in analogy to cosmology, we have defined
—
where H=d]a. . .
Once we have our quadratic Lagrangians for the gauge
1 1 6H> invariant perturbations, we can obtain the linearized equa-
—— L, = na*| =oAL P #?|, (4.18) tions of motion by varying the actions with respect to the
4 2612 L n2[12H2 ¢/2] i
7 corresponding fields. For the scalar sector we have
|
1 1 H*a* ! 1 Ha*¢' .\
0=—ANop+—(— "% &) -6—(—"% ¥
a’ L(p+na4 (n[12H2 —45’2}('0) na* <n[12H2 _¢,2]C)
1 d 4 3 -
~snat i " { 2t g At 4k)] g}, (4.21)
HI’lClz l _ 3 » ¢/2 4 \' 9 I’l3 »
0=9(—s5—"s | (AL +4k)C —Zna®(A, + 4k 35— = A; + 4k)?
([12[_12 _ ¢/2]> ( L + )g 21’161 ( L + )§+ <l’l[12H2 _ ¢/2] ) 4 12H2 ¢/2 ( L + ) é’
Ha*¢' | 4 3
-6 ———¢' —na*¢' |-+ —5——5—5 (A, +4k) |G 4.22
(n[12H2 — 47 q’) Tanad [ 2t e g At )}"’ (422)

In analogy to cosmological perturbation theory, we can use
part of the gauge freedom to set w; = 0 so that the vector
equation of motion is simply

(A + 6k)vi =0, (4.23)

which is solved by a vanishing vector. Meanwhile, the
tensor sector is given by

4 I
(“ (h,-,-TT)’> +naX(Ap + 6T =0, (4.24)
o

V. PSEUDOCONFORMAL UNIVERSE DUAL

In [12], a solution of the form (3.1) which breaks the
conformal symmetries down to the 4D de Sitter symmetries

|
was considered and the one-point functions were com-
puted. This solution is sourced by a scalar with scaling
dimension A =4 with equation of motion
g _ . (5.1)
dp a(p)?!
when specializing to a vanishing potential. Here, ¢ is a
constant that determines the energy in the scalar field,
E¢ ~ C 2.

The explicit solution for the background metric is more
conveniently written in terms of a new radial coordinate u
defined by u = 1/a(p)* In terms of this coordinate, the
metric and scalar field satisfy

1
+ —yij(x)dx'dx!, (5.2)
u
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dp

c u
du 21+ u+ b2

In these equations, we have defined the dimensionless
parameter

(5.3)

(5.4)

where we have reinserted the appropriate factors of the
spatial de Sitter length ¢ and the higher dimensional Planck
mass Mp;. The explicit solutions were found in [12] in
flat Fefferman-Graham coordinates [Eq. (2.4)] by working
perturbatively in b, and read

g =1 +%2 <§>8 + O(@ 10), (5.5)
w5 () e
¢ = const—@ <§)4 1 O<<§>6> (5.7)

We can see that the scalar field at O(b) backreacts on the
metric at O(b?). This must be the case since, for a
vanishing potential, the stress tensor depends quadratically
on derivatives of ¢». From this solution, one can read off the
one-point functions which read

2V/3b

o

(O)p =4p) = — (Tij)g = 2h()i; = O,

(5.8)

where B indicates the background solution where all the
sources have been set to zero.

For the purposes of this paper, it is more convenient to
work with the de Sitter slicing in the u coordinates of
Eq. (5.2) instead of the flat Fefferman-Graham coordinates.
In this case, the asymptotic expansion of the fields is

gij (X, u) = Goyij + ug()ij
+M2(fl(o),]+f](2)”10gu+) + e (59)
p(x.u) = oy + udry + 1 (Do) + P12y logu) + - -
(5.10)

Near the boundary we have u ~ z2/1* + z*/1* which can be
used in the results above to relate the asymptotic expan-
sions in the u# and z coordinates. The one-point functions
in this slicing can be obtained by using Eq. (3.18) with
Q = 1/, yielding

0), = 4t* ) = 4(d) + P(0))-

v (
<Tij>y = 2t4h(0)ij = 2(g(1)ij + ho)ij)s (5.11)

and the background values are

<<O>}’)B = —2/3b, <<Tij>y)B =0.

(5.12)
In the following, we focus on finding the solutions to the
linearized perturbed equations and explicit expressions for
the two-point correlators.

A. Perturbations and two-point correlators

The two-point functions of a CFT where the conformal
symmetries are spontaneously broken due to a VEV down
to 80(1,4) are obtained by solving the linearized equations
of motion for the perturbations around the solution in
Egs. (5.2) and (5.3). These are given by

11 5(0),

(OWOW)), = D LAWY L), (5.13)
i
11 5(T),

(I ()T (), = 2t—4t,—4;Y/1(x)Y/l(xl) ST (4),

(5.14)

where the VEVs are given by Eq. (5.11).

In Appendix B we determine the extent to which the
breaking pattern (1.2) determines the forms of these corre-
lators in the pseudoconformal universe. Note that any
function of the form >, Y,(x)Y,;(x')F(A) is invariant under
the dS, invariant distance between the points x and x’. On
flat space this becomes precisely the cross ratio (B32). Thus
the form of the scalar-scalar correlator will have the correct
form (B34) for a scalar of dimension A = 4.

We now find the solutions to the linearized equations of
motion for the perturbations around the domain wall
background reviewed above. We start by taking the
following ansatz for the perturbations:

Plx.u) = @)Y (x), (5.15)
A
Lxou) =Y L (w)Ya(x), (5.16)
A
R (e u) = ;> _Fa(u)Y,(x). (5.17)
A

which is just an expansion over the basis Y. Here, ¢;; is the
polarization tensor of the graviton. Note that we only
Fourier transform the CFT coordinates and leave the radial
coordinate untouched. The equations of motion for the
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perturbations in the u# coordinates can be obtained from
Egs. (4.21), (4.22), and (4.24) by setting

c u
k=1, ¢=-S—"2
2V1+u+ bu

" = : 2=1 N

4> (14 u + b*u*)’ u’ 2u

For the coupled scalar sector they read

o) 2 (St o)

2u2\/G( “Nu(b? = G(u))
-29, <%) +4V3b¢ (u)
+\/§au<§ w5 —Arl +4>) =0 (5.19)

()<fW—Gw>
i VG(u) 3
( /1+4)C(u)<98"<12u3(G( ) bz)) T G(u)>
(—2+4)%¢w)  2v/3bG(u)g" (u)
32u5\/Gu)(b? — G(u))  u(b* = G(u))

— 4\/3bg! (u) (L + 4>

PN 432 —Gu))
JC@C () G\
+%8<w26w9”%mQW—amQ‘Q

(5.20)
|

where G(u) =1+ u + b*u*. Similarly, for the tensor
sector we have

41+ u+ D) (uf (u) (24 A)f2(u) = 0.

(5.21)

— fiu)) +

The vector equation of motion is easily solved for an
arbitrary A by a vanishing »/, which is similar to the
situation in cosmological perturbation theory. Therefore, in
the following, we focus on solving the tensor and scalar
sectors and can ignore the vectors.

We will solve for @,(u),Z;(u), and f,(u) by finding
a solution as a series expansion in the small parameter b.
The ansatz for expansions of the fields are

P=q'b+ b’ + (5.22)
(=00 + 8 + (5.23)
=120+ fp + (5.24)

which is motivated by the fact that a scalar field of order b
backreacts on the metric at order b2, which in turn back-
reacts on the scalar at order b°. This trend is followed to all
higher orders in b. By solving the equations of motion
order by order in b, we find that the leading order solutions
are given by

1 1 1
— —bg(p Pa/4 + Pa(u+ 1) csc <§m/4 + m) JF, (-5 V4 + Pis VA + P 2u + 1), (5.25)
3274 u + 1((—=3(PA +4) + 2922 + 2642 — 16228 — 162%)¢' (u) — 2224 (2 + 22)@" (u)) (5.26)

E-p

V3A(PA+ 4)(=13(PA + 4) + 241072 + 24147

—817° — 82%)

V3
=t g+

where we have required that the solutions remain finite
inside the bulk. The boundary conditions imposed on these
solutions were found by looking at the gauge invariant
combination

.9 ¢’

G55l =0—55% (5.28)
Note that terms involving ¢, will first appear at order b°.
More details can be found in Appendix A. Similarly, for the

1
NP4+ 2)V/=PA + 2,F, <——\/ Pi+2,- \/ i+ 2;2; u+1) csc <§m/—m+2), (5.27)

|
metric perturbation we have f(z = 0) = f,,. The solutions
above are complex—we take the real part to obtain a
real solution.”

In order to compute the two point functions we can look
at the asymptotic expansion of the perturbations. More
specifically, we seek the linear terms in the sources of the

The imaginary part will have no dependence on the source,
and thus is not considered here since it makes no contribution to
the correlators.
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u and u? coefficients. Here, we will only show the final
results and leave the details of this computation for
Appendix A. The two-point functions at leading order in
b read

u+4)

(O(x)O(x')) t4 = ZYA Y) 12
xRe <H1_%\/4+m + H1+%\/4+m>

+ local terms, (5.29)

(4 —1*2?)

(T ()T (x)), = — T ZHUkIYﬂ x)Y,(x )T
X Re <Hl—%\/18—12/1 + Hl+%\/18—12/1)

+ local terms, (5.30)

where H,, is the nth harmonic number defined as H, =

", 1 and can be expressed analytically as

Mn+1)

H =y+¥Yn+1)=y4+—01" "
n=y+¥n+1) %+Nn+U

(5.31)

where y is the Euler constant, ¥(n) is the digamma
function, and I'(n) is the gamma function. We have also
defined the transverse-traceless projector IT71 ki S

TT o &T)ij 1 1
I = 5%{)1{1 =5 (mamjy + 7y ) — 3 %ij %l (5.32)

in terms of the projection operator z;; =

5, — V.V, / V2.

VI. CONCLUSIONS

We have shown how to holographically compute two-
point correlators for a CFT in which the conformal
symmetries are spontaneously broken down to a de
Sitter 80(4, 1) algebra by a spacelike defect. This models
the pseudoconformal universe, an alternative to inflation.
This is one of three ways of breaking conformal symmetry
down to a subgroup corresponding to isometries of a
maximally symmetric space of the same dimension as
the CFT. The others are breaking to the Poincaré group
i80(3, 1) or to the anti—de Sitter group 80(3, 2). The case of
symmetry breaking down to Poincaré occurs when a scalar
gets a constant VEV, and has been widely analyzed in the
holographic context, for example in [26,27]. The breaking
down to anti-de Sitter corresponds to a CFT with a
codimension-1 timelike defect. Some examples analyzing
this breaking can be found in [28] (see also [29] for a
computation of scalar two-point functions for conformal
interfaces in the D1/D5 CFT).

The advantage of this holographic approach, as opposed
to the direct approach of [7] is that it can model a strongly
coupled scenario. Generally, inflation and other early
universe scenarios are taken to be weakly coupled so that
they remain calculable. The pseudoconformal scenario, by
contrast, is built on a CFT, which can be strongly coupled,
and thus accessible through AdS/CFT. Another interesting
direction would be to adapt the conformal bootstrap
[30-32] to the pseudoconformal case, in order to directly
explore strongly coupled possibilities. The defect con-
formal bootstrap has already seen much development
[33—41], and adapting this to the pseudoconformal case
would presumably put constraints on the possible CFTs and
operators that could realize the scenario.

We do not necessarily expect the scalar two-point
function we computed to correspond directly to the power
spectrum that is observed in the CMB. As discussed in [7],
the observed scale-invariant two-point function should
instead come from some A = 0 spectator field, whose
perturbations must then be imprinted on the CMB [42].
It would be interesting to extend the calculation to include
such spectators and create a more realistic model, perhaps
in a setup similar to [43,44].
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APPENDIX A: SERIES EXPANSIONS AND
SCALAR TWO-POINT FUNCTION

In order to find a solution to the linearized equations
of motion for small fluctuations about the domain wall
background, we consider series expansions in the small
parameter b defined in (5.4), so that the fields read

p=¢'b+ @b + -, (A1)
=80+ + -, (A2)
p=¢'b+ @b  + -, (A3)
C=0P + 0+ (A4)
[=0+ 0+ (A5)

The leading order power in b is justified by solving
the equations of motion and by the behavior of the
background solution. Besides the expansion in b, we
also perform an expansion in # to find the boundary
conditions and two-point functions. We will specifically
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look at the near-boundary expansion of the gauge invariant
combination

P ¢
¢_ﬁ§_¢_ﬁ€' (A6)

a. Order u® This order sets the boundary conditions for
the gauge invariant fields. To find this, we expand

3
14 u+ b*u?

2H
around # = 0. It is easy to see that at leading order in b
we have

(A7)

o) = Ploy (A8)

where the index (n) labels the coefficient of the order u”

term in the series expansion and the upper index m labels

the coefficient of the order 5™ term. Terms containing {
will appear at order 5> and lead to

Doy = 9oy = V3bLCTy. (49)

where we have used the fact that in our perturbative

solution Z%o) = 0. Similarly, at order " we have

Plo) = Plo) \/g(C?(;)l - 5’(10_)1) (A10)

In order to make the dependence on b explicit, the

derivatives with respect to the sources will now be
written as

1) | ) 1 6
= +—= + e (A11)
opo) b 5(p%0> b 5(p?0>

b. Order u At this order we have

_ 2 1 .
\/gme =@q)—¢q) + \@bﬁfm + 5\/319(5(0) - {0))-

(A12)
From this we see that at leading order in b
J3b ¢ _ 5((P?1) - @(31))) n 5((P€1) - @(51))) n
% 0) 5 e
(A13)
J3b o) _ 5((10?1) - @?1))) " 5(fﬂ(1) - 60?1)))
% (0) 250 250
+---+%\5b. (A14)

Note that any contribution from ¢ is higher order since
we know from solving the equations of motion order by
order that " = Zj”((p’(’()‘)l,(p?()‘)3, C’(’O‘)z, ...). Also, at lead-
ing order in b the relation in Eq. (Al2) becomes
o)~ Pl = 0.

c. Order u* This order determines the two-point func-
tions and reads

. . . \V/3b . 3 5
P@) = Pl + @b  + - + V3b(l) = L)) — - Cay—<Cmy) + g\@b(C(O) —£(0))- (A15)
At leading order in b we find
Sp) _ 0Py 005 1 (30l —9) | Sely —9) | (AL6)
el S0 2 5¢3 5¢> '
o) O O ?0) P0)
Spa)  [0hy W%y 1 (e —@h)) Sl —a) 1A
= |2 s+ =5 ; + : +o) + V3B, (A17)
w0 1% % %%0) 0 8

where we have used the expansions at lower orders in u to simplify these expressions. We have also used the fact that
oy~ (T?) and the Ward identity, Eq. (2.13b). We have omitted any terms that are not linear in the sources, since these
would not contribute to the two-point function. In principle, such terms arise from the conformal anomaly contribution in
Eq. (2.13b).

We proceed to simplify the scalar two-point function result by using the Ward identities. Combining Eq. (3.16) and
Eq. (A17) we find

0% 0y 1 (5(3"’?1) o) G +t) ) - (A18)
LSORSO 2 250 250 8
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Now, we can use the fact that the sources will appear only
in the combination on the right-hand side of Eq. (A10) to
write

5(7)_?2)%“# 5(34031)+¢§1>))+5(3¢?1>+¢?1>))+...
5 3 ) 5 3 1) >
P (o) HC o
7
o (A19)

This allows us to write the two-point function at leading
order in b as

(A20)

Notice that this final expression only requires us to find the
leading order solution of the perturbed equations, unlike
in Eq. (A16).

APPENDIX B: PSEUDOCONFORMAL
CORRELATORS FROM EMBEDDING SPACE

Correlation functions of the type we are interested in
are heavily constrained by the symmetry breaking pattern
(1.2). Here we present a method to find the form of
correlators that satisfy these constraints, directly from
symmetry considerations. This relies on the embedding
space approach for finding conformally covariant correla-
tors [45—47], extended to allow for spontaneous symmetry
breaking [36,38,48,49]. (For other earlier work on CFT
correlators near a boundary see [33,34,50,51]).

We consider an ambient six-dimensional Lorentzian
space, with Cartesian coordinates

XA = {x71, X0 x+}, (B1)

and metric

NMap = diag(_L L, ’1;11/)3 (Bz)
so that X~! is a “time” dimension and u labels the four
dimensions of the CFT.

Now consider the light cone, centered at the origin,

napX*X? = —(X71)? + (X°)? + 1, X*X* = 0. (B3)
The space of rays of the light cone, the equivalence classes
of points on the light cone under the identification

XA ~ XA, AER, (B4)

is the conformal sphere, the space on which the CFT lives.
Flat space is given by choosing the ray representative of
each point of the conformal sphere which is given by the
intersection with the plane

X+ x0=1. (B5)
(This misses one point on the conformal sphere, the ray at
the south pole, X~! = —X, X# = 0. This will be the point
at infinity.) The surface on which the CFT lives is thus
embedded as

X71(x) :%(1 +x%), Xx) :%(1 —x%),  XH(x)=x",

(B6)
and the induced metric is the usual flat metric,

ayXAaL/XB’/IAB = Ny~ (B7)
Lorentz transformations in the ambient space become
precisely the conformal transformations in the embedded
flat space.

It is convenient to use light cone coordinates in embed-
ding space:

Xt=Xx"1+£Xx° Xx'= %(X+ +X7),
X0 = %(}ﬁ -X7). (B8)
The embedding space metric iS now
ds? = —dX*tdX~ + N dx"dX", (B9)
the light cone condition (B3) becomes
-X*X" +n,X'X" =0, (B10)
and the flat slice condition (B5) becomes
Xt =1. (B11)

The embedding (B6) becomes X*(x) =1, X~ (x) = x?,
XF(x) =¥, ie.,

XA(x) = (1,x2,x4). (B12)

There is a bijective map between symmetric tensor fields
ty -, (x) Of rank s in the CFT and symmetric tensor fields
Ty, .., (X) of rank s in the ambient space that satisfies the
following conditions:

defined on the null cone X? = 0, (B13)

homogeneity: (X404 + A)Ty .q =0 Ty, .4 (1X)
— I p (X),
(B14)

tangentiality: X417, 4 (X) =0, (B15)
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where A is some fixed real number, the homogeneity
degree. Equations (B14) and (B15) serve to define the
tensor everywhere on the cone, given that they are defined
on the flat section. The fact that 74 ..., (X) is defined on the
null cone means that its value off the cone is unimportant,
which translates to requiring the gauge symmetrylike
identification

Tppon,(X) ~Typpon, (X) + X4, Unyon) + X2Vy s
(B16)

for any symmetric Uy, ..a_,» Va,..a,-
The relation between the tensors is given by the pullback,

A A,
by, (X) = €4l - €Ty g (X(x)),

(B17)
where the tangent vectors to the embedding surface are

ox
ox*

A -
e, = (0.2x,,6",). (B13)
Under conformal transformations, i.e., Lorentz rotations
in the ambient space, 1, .., (x) transforms as a conformal
primary of dimension A.

It is generally convenient to package symmetric traceless
tensor operators using polarizations z¥,

HX,2) =ty T - T (B19)

The polarizations satisfy z> = 0, which ensures traceless-
ness of the operator. Ambient space operators are con-
tractions with 6D polarizations Z4,

T(X.Z) =Ty..nZ% - Z%. (B20)
The relation between the two is
74 =(0,2x - z,7"). (B21)

This satisfies the conditions Z2 =0, Z-X =0, which

ensure tracelessness and the transversality condition.
Given two points 1 and 2, the following relations are

useful when reducing from ambient space to CFT space:

1
Xl'XZZ_E(xl_)Q)z’ Zy-Zy =121 2o,

Xi1-Zy=(x1 —x) - 20. (B22)

In an unbroken CFT, the correlators must be transverse
functions of two embedding space fields with the correct
scaling. This fixes all the one-point functions to vanish
(there is no nonvanishing transverse structure that can be
made from a single point), and fixes the two-point functions
to be diagonal,

HS

(T(X,2,)T (X5, 2,)) NW-

(B23)

Here s is the spin of the two operators and A is their scaling
dimension (the correlator must vanish if the spins or scaling
dimensions of the two operators are different);

Xy 2,X5- 2y

HEZ]'ZZ— XI-X2

(B24)

is the unique transverse, scale-invariant structure of two
points. Upon using (B22) the correlator projects to

21 - 2062 = 2(x - 21) (x - 20)]°
x2(A+s) '

((x,21)1(0, 22)) = (B25)

In the presence of a spacelike defect (the + = 0 boundary
of our pseudoconformal universe) there is a preferred
direction in the CFT—the direction normal to the defect.
This can be represented as a unit-normalized vector field
v* =(1,0,0,0) in the CFT. We can extend this to an
embedding space vector field

VA =(0,0,1,0,0,0), (B26)
which can now be used as an ingredient in constructing the
invariants for correlators; see Fig. 1. On the hypersurface
we have

X -V=x-v=(-1),

Z-V=z-v=-7. (B27)

1. One-point functions

In an unbroken vacuum the one-point functions vanish
because no invariants can be constructed from a single X
or Z. However, in the broken vacuum we can now use V,
and there is a single scalar invariant that can be constructed
from a single X4 and V4, namely X - V. Considering a
scalar one-point function (®(X)) ~ (X-V)?, for some
power p, the scaling requirement (Bl14), ®(1X) =
A~A®(X), tells us that A = —p. Thus, the scalar one-point
function is

1

(@(X)) NW-

(B28)

Restricting to the flat hypersurface using (B27), this is

1
(#(x)) ~ TR

the correct form (1.1) for the pseudoconformal universe
symmetry breaking VEV.

Higher spin operators (s > 0) are unable to develop
VEVs because the numerator would need to have a factor

(B29)
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Dirac cone <]

ambient defect plane

FIG. 1.

CFT defect plane

plane X' X0 =

Embedding space for the pseudoconformal correlators. The vector field V4 is normal to the ambient defect plane X° = 0,

whose intersection with the CFT surface is the defect plane at r = 0.

(V- Z)* which is not transverse, and so the one-point
functions vanish,
(bu, ., (x)) =0,

s> 1. (B30)

2. Scalar-scalar two-point functions

There are three scalar invariants that can be made from
the two points,
X - Xs, X,-V, X, V. (B31)
The two-point function should be a function of
these, (®;(X)D2(X3)) ~ (X1 - Xp)P (X - V)P2(Xp - V)P,
and the scaling requirements ®,(1X,) = A"%1®,(X,),
D, (AX,) = 270D, (X,) give py+pa=—Ay, pi+ps3=
—A,. This is a rank 2 system for the three p’s, so there is
one undetermined invariant (cross ratio) which is not fixed.
We may choose the particular solution p, = —A;, p3 =
—A,, and the homogenous solution, p; = (1,—1,—1), cor-
responding to the cross ratio

1 XX, 1 (g —x)?

X VG V) A ) (o)

(B32)

The correlation function may contain an arbitrary function F
of this cross ratio, and thus takes the form

F(¢)

D (X)D,(X5)) ~ , B33
< 1( 1) 2( 2>> (Xl . V)Al(Xz . V)AZ ( )
which, after reducing to the flat hypersurface, gives
F&
(1 ()2 () = (B34)

This matches the form computed in special cases in [7,8].

Note that the conformal weights of the two scalars may
be different. This is unlike the unbroken case where two-
point functions of fields with different conformal weights
must vanish at separated points.3

3. Scalar-tensor two-point functions

In the unbroken case, correlators of primaries with
differing spin must vanish at separated points. However,
in the broken case there are allowed nonvanishing struc-
tures. In the scalar-tensor case there is one such structure

(Zy- VX, - Xo =X, - VX, - Z,)?
(Xl . V)A|+2(X2 . V)A2+2

(P(X\)T(X5,2Z,)) ~ F(§).

(B35)

3They may, however, have contact terms at coincident points in
certain cases [52].
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This is the unique transverse structure with the correct
scalings for both points. Restricting to the CFT surface
using (B22) and (B27) this becomes

(v 2+ x0- vxpy - 2p)?
(- 0)M 72 (x, - 0)Bai2

(P(x1)t(x2, 22)) ~

F(¢),
(B36)

where x/, = ¥ — xj. Stripping the auxiliary z# coordinates
and using v* = (1,0,0,0) we obtain

(p(x))t (x2))
Aehol'el) 4 (—)eoxs8)) 4 () )
(_tl)A1+2<_t2>Az+2

(&),
(B37)

where (); means to take the symmetric traceless combi-
nation of the enclosed indices.

There are additional restrictions if #* is conserved.
Setting the derivative to zero, d,{¢(x,)#"*(x,)) =0, and
then equating powers of ¢,, yields an equation that forces
the dimension of #* to be the correct value for the stress
tensor,

(B38)

and equating powers of #; provides a differential equation
for F,

6(25 - 1)F(&) +2(¢-1)¢F'(§) =0, (B39)

whose solution is

F(&) ~(5(¢-1))7. (B40)
Thus, for the stress tensor, the form of the scalar-vector
two-point function is completely fixed up to an overall
constant. Note that F has singularities on the light cone
£ =0 and on the surface £ = 1. This possible transverse

and traceless structure at separated points does not get
realized in our holographic calculation.

4. Tensor-tensor two-point functions

The tensor-tensor two-point function takes the form

Fi(§H? + F,(§)HQ + F5(£) 0
(X1 - V)2M(Xy - V)& ’

(T(X1,Z))T(X3,Z,)) ~

(B41)
where
X, -Z-X, - Z
H=Z,-7,--1 2222 21 (B42)
X, X,
X, VX, Z, X, VX, -Z,
= (2L "2 M 7y (22 AL gy
¢ ( Xx, >< X x, 2

are two transverse, symmetric, scale-invariant structures,
and there are three undetermined functions Fy, F,, F3 of
the cross ratio £. Pulling back to the CFT surface using
(B22) and (B27), this becomes

F\ (&I + F5(&)hq + F5(&)q*
(=11)21 (1) ’

<t(xl7 Zl)t(x27 Z2)> ~

(B44)
where
hEZl'Zz—zw’ (B45)
12
g= (2 (=ti)xi 21 o 2 (—h)xin-z2
X1 : Xt ?
(B46)

Imposing conservation fixes A; = A, =4 and also gives
two equations that relate F';, F,, and F’5, fixing two of them
in terms of a third, so that there is only an independent
function of &.
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