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The regularization of quantum electrodynamics in the space of functions y,(x), which depend on both
the position x and the scale a, is presented. The scale-dependent functions are defined in terms of the
continuous wavelet transform in R* Euclidean space, with the derivatives of Gaussian served as mother
wavelets. The vacuum polarization and the dependence of the effective coupling constant on the scale
parameters are calculated in one-loop approximation in the limit p? > 4m?.

DOI: 10.1103/PhysRevD.102.125021

I. INTRODUCTION

This paper was initially conceived as an erratum to the
paper [1], where we have found technical errors in the
evaluation of one-loop diagrams [Egs. (34) and (36)] in
wavelet-based quantum electrodynamics (QED). However,
it was found later that a simple model of wavelet-based
QED, briefly described in the aforementioned paper, can
shed some new light on the scale dependence of the
coupling constant on the observation scale in an Abelian
gauge theory—starting from completely finite quantum
field theory model with no need of renormalization.

In the previous papers [1,2], the possibility to construct a
finite theory of scale-dependent fields w,(x) was devel-
oped, where the field y,(x) describes the fluctuations of
typical size a. In this paper, we make a simplifying
assumption that all measurable quantities can be deter-
mined in terms of effective fields w(X) ~ D 4cicoo Wa(X)
(with the meaning of the sum clarified later in the text),
which are the sums of all fluctuations larger than the
observation scale A. This approach allows us to start with a
standard QED Lagrangian at large scales, with the “bare”
coupling constant understood as a physical electron charge
gz%. In this sense, our approach of integrating from
large scales to small scales is opposite to that used in
standard renormalization group (RG) calculations [3],
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where the bare charge is formally located at infinitely
small scales. The physical results at any finite observation
scale, of course, should not depend on the direction in
which we sum the fluctuations of different scales.

Wavelets have been entering different branches of
physics since the late 1980s as an efficient tool for data
processing. The main idea of wavelet transform is to unfold
a function, an image, or other types of data gradually, scale
by scale, from the coarsest scale to the finest details. In
some sense, the idea of wavelet transform is reverse to the
renormalization procedure, Kadanoff’s blocking, etc.
Renormalization gradually integrates out the details of
finer scales in order to obtain effective interaction at a
coarser scale. The wavelet representation gradually adds
the details of finer scales to reconstruct the detailed picture
starting from the coarsest snapshot. Both procedures are
essentially related to the idea of self-similarity, which can
be easily implemented in Euclidean space. That is why
most known applications of wavelets to quantum field
theory problems deal either with the lattice regularization or
with the Euclidean versions of quantum field theory (QFT)
models [4,5]. More recent applications of wavelets to lattice
theories are related to the so-called multiscale entanglement
renormalization [6]; some recent results can be found
in [7,8].

Naively, one could expect that the results obtained with
wavelets in Euclidean QFT models can be analytically
continued to the Minkowski space. This is not so straight-
forward, since the introduction of a new scale variable
implies the ordering of field operators in both the time and
the scale arguments. The construction of consistent theory
directly in Minkowski space still remains an open problem.
Most likely, the solution of this problem can be found using
the light-front coordinates, as suggested in [9-12]. The
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research in this direction is going on but is not a subject of
this paper. Since this is not done yet, we study quantum
field theory problems in Euclidean settings.

The remainder of this paper is organized as follows: In
Sec. II, we summarize the scale-dependent approach to
QED, described in the previous paper [1], and present the
results of one-loop calculations performed in Euclidean R*
space, with two different wavelets, viz. the first and the
second derivatives of the Gaussian. Section III accounts for
the role of gauge invariance and corresponding Ward-
Takahashi identities, which stem from this invariance. We
have shown by direct calculation that in the theory with
local gauge invariance, y(x) — e~**Wy/(x), defined for
local fields, the Ward identity 9,I1,, = 0 is violated for any
finite scale A > 0. In the Conclusions, we summarize the
reasons for violation of a locally defined gauge invariance
by finite-scale wavelet calculations and propose to sub-
stitute it by the scale-dependent gauge invariance, which
has been already considered by different authors [2,13].

II. WAVELET-BASED REGULARIZATION
IN QUANTUM ELECTRODYNAMICS

Quantum electrodynamics was the first quantum field
theory model to face the problem of deriving finite
observable quantities—physical charge and physical mass
of the electron—from formally divergent Feynman inte-
grals. A formal solution of this problem has been found in
terms of the renormalization group (RG) formalism
[14,15], which is physically related to the assumption of
self-similarity of underlying physical processes [16]. The
renormalization procedure consists of two steps. The first
step is the regularization—formal subtraction of the
divergent parts of Feynman integrals. The second step is
the multiplicative renormalization of the fields and the
model parameters so that the theory of new (renormalized)
fields becomes finite. Different technical means of regu-
larization have been proposed, see, e.g., [17,18]. Most of
them are essentially based on subtracting infinities from the
Green functions defined in a space of square-integrable
functions of either Minkowski or Euclidean coordinate.

However, there is an alternative point of view on the
divergences in quantum field theory [19]. An attempt to
measure any physical field sharp at a point x, with an
infinite resolution a — 0, inevitably demands an infinite
energy injection with a momentum of order %, which
would certainly destroy the system to be measured. This
makes the pointwise definition of fields physically
meaningless. As it concerns phenomenology, the initial
and the final states of particles in high-energy physics
experiments are usually determined in momentum space,
i.e., in the basis of plane waves. For this reason, the
results of measurements are considered as functions of
different form factors, dependent on squared momentum
transfer Q% [20]. Q2 partially plays the role of an

observation scale, but this approach cannot completely
reveal the spatial structure of interactions. This is because
the Fourier transform, being based on the group of
translations, is nonlocal, and the study of the 0?
dependence does not allow for revealing of local details.

There is a counterpart of such incompleteness in classical
physics. Suppose we have a system with two high-fre-
quency harmonics @, and w,, the difference between which
is a low-frequency harmonic: Aw = |w; — w,| < 5%,
Measuring the spectrum of such system we can observe a
low-frequency harmonic Aw, but we cannot be sure,
whether it originates from the existing large-scale struc-
tures, or it is just an artifact of beating between the two
high-frequency harmonics—unless we extend the fre-
quency measurements (@) to frequency-scale measure-
ments (w, a), and find out whether our observation
comes from large a or from small a values. This method
is often used in geophysics [21].

By analogy, we think a phenomenologically consistent
description of physical fields should incorporate both the
position (x) and the scale (a). The more parameters we have
the more detailed information we can get.

A technical way to the construction of quantum field
theory models for the fields y,(x) that depend on both the
coordinate and the scale (resolution) from the very begin-
ning is provided by continuous wavelet transform [1,19].
The scale-dependent Green functions (y,, (x1)...w, (x,))
are finite by construction.

The simplest way to construct a field theory for the scale-
dependent fields w,(x) is to express the fields w(x) €
L?(RY) in terms of their wavelet transform

1 1 x—>b dad?b
— — b 1
vi) ¢, A@Rd aﬂ( a )Wa( ) a W

in the original quantum field theory model built for the
fields y(x). Here y(x) is some well-localized function (see,
e.g, [22] for more details of the wavelet transform), usually
referred to as a mother wavelet, or a basic wavelet. C,, is the
normalization constant defined below. The coefficients

n®)= [ r(5 e @)

dda a

are known as wavelet coefficients of y with respect to the
mother wavelet y. In fact, the transform (1) is a particular
case of the partition of unity with respect to square-
integrable representation U(g), g € G of a Lie group G:

&

for the case of G being the affine group G:x' = ax + b,
a€R,_ ,bxe R4 [23]. Here we have simplified the matter
assuming the basic wavelet y to be isotropic, and exclude

9 dur (9)(w|U(g).
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SO(d) rotations from the left-invariant measure dy; (g) on
the Lie group G.

For an isotropic wavelet y the sufficient condition to
ensure that the wavelet transform (2) is invertible and its
inverse (1) identically recovers the function y(x), is a finite
normalization of the basic wavelet y with respect to the
group of scale transformations, defined as

o da
c,= A Ak < oo 3)
Tilde means the Fourier transform: 7(k) = [ e*y(x)dx.
More details on continuous wavelet transform can be found
in many monographs, e.g., in [22,24].

In common quantum field theory models, say in the ¢*
model, the field function ¢(x) is a scalar product of the state
vector of the field |¢), and a state vector which corresponds
to localization at the point x: ¢(x) := (x|¢). Similarly, in
wavelet-based theory

wa(x) = (x, a xly),

where the lhs of the scalar product corresponds to the
settings of measurement, which can be potentially per-
formed on the field y by a device described by the aperture
function y—this is an interpretation borrowed from optics
[25]. The reason for the introduction of the parameters of
observation ()(, a) into the definition of fields is a potential
benefit of getting a field theory finite by construction.

Why should we use something else than the standard
basis of plane waves? The basis of plane waves is the
simplest basis used for analytical calculations in QED, and
it is phenomenologically adequate to the registration of
particles far from reaction domain. However, it is not the
ultimate one. Depending on the symmetry of the problem,
some other bases may be used to effectuate the calculations.
For the symmetry reason, considering the QED of an atom
near a curved metallic surface the calculations can be
performed in a basis of spherical functions [26].

In high-energy physics experiments the detectors are far
from the reaction center, and there is no need to look for
localized solutions to effectuate the calculations. On the
other hand, the calculations in the basis of plane waves
suffer from formal divergences, and for this reason, since
the restrictions on the basic wavelet y in (1) are very loose,
we can attempt to use a localized basis to find a better
solution than the standard one.

By analogy with optics, we can expect that the best basic
function would be the aperture function of measuring
device [25], but such functions are not feasible for
analytical calculations. For this reason, we have either to
use some simple function, which enables for analytical
calculations, and in some sense resembles the aperture, or
to do the calculations numerically.

Clearly, it still remains practically unfeasible to use a real
aperture function of a physical device in analytical calcu-
lations. For this reason, we have to use some simple

localized functions, satisfying the admissibility condition
(3), as a mother wavelet in our calculations. Alternatively,
the use of (discrete) wavelet transform in gauge theories has
been first proposed in the context of QCD [27], but has not
succeeded for a number of reasons. First, the wavelet
transform is a linear integral transform. Hence, it respects
the linearity of the gradient transform of gauge fields in the
Abelian gauge theory, but does not behave so for non-
Abelian (i.e., nonlinear) gauge theories. Second, the lin-
earity of wavelet transform imposes a question of whether
we can respect the local gauge invariance of the matter
fields: y(x) — ey (x). This question is partially dis-
cussed in [2]. Third, the introduction of the scale argument
into the definition of quantum fields imposes two types of
causality conditions: the standard (signal) causality, which
provides the time ordering in Minkowski space, and the
causality between the small and the large scales (the part—
the whole relations) [28-30]. Of course, this does not
preclude either to use discrete wavelet transform with the
summation over a discrete set of scales [4,31] or to combine
wavelet transform with light-front variables, which seems
better from the standpoint of causality [11,12].

The results obtained with different basic wavelets may be
different from each other—same as the pictures in optical
microscopy obtained with different apertures. The invari-
ants, such as the total current, should be the same. This is
rather similar to standard calculations, where we have to
integrate over the momentum range of the detector to
estimate the probability of particle detection. In the case of
wavelets, one should perform the integration in both the
momentum range and the scale range, which depend on the
chosen basic wavelet.

We skip these difficult questions now (but keep them for
future research), and will concentrate on the Euclidean
model, where the scale parameter, considered in Euclidean
space, is merely the best attainable resolution. In this way,
we assume that “physical” fields are sums of all scale
components up to the best resolution A:

v = [ (T

In this sense, wavelet-based regularization in quantum field
theory is similar to the momentum cutoff A, but has an
advantage of respecting translation invariance and the
momentum conservation of each vertex of the Feynman
diagrams.

We start with the (Euclidean) QED Lagrangian,

_ 1 1
Le = () (D +m)y(x) + 3 FuFuu 5 (044,
gauge fixing

where F,, =9,A, - 0,A,, D,=0,+1eA,, (5)

125021-3



MIKHAIL V. ALTAISKY and ROBIN RAJ

PHYS. REV. D 102, 125021 (2020)

and a is the gauge-fixing parameter, with the Euclidean
gamma matrices obeying the anticommutation relation

Yulv + Ywlu = _25;41/ (6)

in d = 4 dimensions. Slashed vectors mean the convolution
with the Dirac gamma matrices: B =y,D,. In this paper
we use Euclidean notation, so all indices are the sub-
scripts: ab = a,b,.

The generating functional of the quantum field theory
model

ZE[JJ/IJ_I]

= / DADyDyrexp [— / Lpdix
- / () A, (x) + 0 (x)n () + 2 () (x))d x| (7)

[where 7(x) and 7(x) are formal Grassman-valued source
fields, and J,,(x) is a formal vector source corresponding to
electromagnetic field] can be made into the generating
functional for the scale-dependent fields [A, ,(x),%,(x),
w,(x)] by the expression of the original fields in terms of
(1). This gives

ZW[Ja’ Mas 77](1]
= /DAaDl/_/aDWa
B dxda
X exp <_SW[Aa’ Yas l//u] - / Jy,a (x)Aa,ﬂ (X) ﬁ
X

~1 [ ) dC" —1 [ Ralewale) "Z‘l)
(3)

where the “action functional” Sy[A,, ¥, y,] is a nonlocal
functional obtained by substitution of (1) into Euclidean
action functional S, = f Lpd®x, see [1] for details.

This substitution takes the most simple form in Fourier
representation, where the convolutions become products. In
momentum space, the inverse wavelet transform (1) for any
field yw becomes

1/ooda/ LI
_ L [Taa ey
C,Jo al] (2n)

yra(k) = 7(ak) (k) (10)

is wavelet image of the field y written in Fourier repre-
sentation. The relations (9) and (10) provide a set of simple
rules for building Feynman diagrams for scale-dependent
fields [19]:

ak)pa(k), (9

where

(i) Each field (k) will be substituted by the “scale
component” (10): @ (k) — @, (k) = y(ak) (k).

(i) Each integration in momentum variable is accom-
panied by corresponding scale integration:

Ak d% da 1
Ak dk da 1
2z " (2n)a C,

(iii) Each interaction vertex is substituted by its wavelet
transform; for the Nth power local interaction vertex

this gives multiplication by factor [V, 7(ak;).
This means we have changed the coordinates x [or p] on the
translation group to the coordinates (x, a) [or (p, a)] on the
affine group and we go on with the integration over the left-
invariant measure on the affine group.

Since Eq. (9) contains the integration in a full range of
scales ”‘il“, providing an identity (1) by doing so, the
integration over all scale arguments in infinite limits would
certainly drive us back to the common divergent theory.

Here is a point to make some physical assumptions. If we
admit that our hypothetical equipment has the best reso-
lution scale . A—which corresponds to the minimal of all
scales of the external lines of a Feynman diagram of a
process we are going to measure—then the integration over
the scale arguments of all internal lines will be restricted to
the range [¢. This is an assumption that the modes of
scales smaller than the best resolution are not excited [32].
It makes all Feynman diagrams integrated in this way UV
finite.

In Euclidean QED we have the following elements of
Feynman diagrams:

propagator of the spin-half fermion:

p o(p —m)

+:X( p) 2+ )Z( ap)a

photon propagator (taken in Feynman’s gauge):

p

—

= X(ap)

ANNANN

Opw
ZI:_QX(_ap)?

fermion-photon vertex:

3
= Y H lpz

Since each internal line in a Feynman diagram is connected
to two vertexes, from the left and from the right, the
integration in the left and the right scale arguments,
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according to the above imposed scale-limitation rule,
results in a multiplier

 |7(a k)|’ o |p(=agk)]>
/A aLCX dClL y aRCI dClR —fz(Ak), (11)
where
_ L [=2a)
0= [TE da (12)

is the wavelet cutoff function, which satisfies an evident
condition f(0) = 1. If we are not interested in how the
fields of different scales 7, (x), w, (x') and A,, ,» (x) interact
with each other but are interested only in the total effect of
all fluctuations of scales larger than a, we can merely insert
the wavelet cutoff factors in all internal lines of Feynman
diagrams.

In our calculations, we use different derivatives of the
Gaussian as mother wavelets. The admissibility condition
(3) is rather loose: practically any well-localized function
with the Fourier image vanishing at zero momentum
7(0) =0 obeys this requirement. As for the Gaussian
functions

d" e 5
1) = (-1 T

dx"\2x’

where x is a dimensionless argument, they are easy to
integrate in Feynman diagrams. The graphs of the first two
wavelets of the (13) family,

n>0, (13)

2 2
xe~T (1-x%)e™7
){l(x) \/2; s ){2()() \/E s

are shown in Fig. 1. Their Fourier images are

Zulk) = = (k) e, (14)

xX(x)

-0.3

4 2 0 2 4
X

FIG. 1. First two wavelets of the Gaussian wavelet family (13).

q+p/2

FIG. 2. Vacuum polarization diagram in scale-dependent QED.

q+p/2

a——D:;’\::\’)?—P)— a’

Fermion self-energy diagram in scale-dependent QED.

FIG. 3.

Respectively, the normalization constants and the wavelet
cutoff functions are

f)(,, (x) =

where T'(+) is the Euler gamma function, and I'(-,) is the
incomplete gamma function. For the first two wavelets the
wavelet cutoff functions are

2

[y (x) = e, fn(x)=(1+x2)e™.  (15)

We will now proceed to the calculation of one-loop
diagrams in wavelet-based Euclidean QED. These are the
vacuum polarization diagram and the fermion self-energy
diagram, shown in Figs. 2 and 3.

A. Vacuum polarization diagram

First we calculate the vacuum polarization diagram
shown in Fig. 2. For the convenience of calculations, we
symmetrize the loop momenta. The external lines of the
diagram are labeled by scale arguments a and d’. So,
according to the assumptions made above, the integration
in scale arguments in the fermion loop is limited from
below by the minimal scale .A = min(a, ). In contrast to
the paper [1], intended for calculation of the Green
functions of scale-dependent fields (y,, (x;)...w, (X)),
here we do not specify any propagators on external lines so
that the results can be taken as usual diagrams regularized
to a scale A. That is why the wavelet factors are omitted in
the definitions of 1PI diagrams. Doing so, we get the
expression for the vacuum polarization diagram:

125021-5
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19 () = e / Sp(rq +5 = m)r. (g~ §—m))

" [(g+572+m?][(g —5)?* + m?]
d4
x F4(p,q) 2n)°
— —4¢2 2qllqv B %pﬂpl/ + 5;41,([;‘2 q2 - mz)
- / [(q +5)>+m?|[(q = 5)* + m?]
4
X Fu(p.q) (;ZE) (16)

Here we use the function Sp() to denote the trace of the
Dirac gamma matrices. The wavelet cutoff function
F 4(p,q) is the product of wavelet cutoff functions of
the loop momenta:

cira = (W3- )(e(eo0)

Let us start the calculations with y; wavelet. In this case
[Eq. (15)],
Fu(p,q) = e Xr=44d,

and we have the integral

2.2
A e p © ” .
II/SD 1) = -3 e‘““zl’2 A a’yye_“““zl’zy2 A do sin%6

T
2)’,4}7,, 117;«1% + 5/“/( n%)
5 , (18)
l+ 2+m 41; 2+ 2

E yy 2 4 cos 6| —cos )

where we have introduced a dimensionless vector y in the
direction of loop momentum: g = |p|y, with 6 being the
angle between p and g. The integral (18) can be evaluated
analytically in relativistic limit p? > 4m?>. This gives

PuPy p pu
HW:IT<5 £ >+1L -
P’ P’
e2p?
Iy = 182 (452 =25 = 1)e™> + (1 + s — 4s%)e™
+ 453 (Ei; (s) — 2Ei; (29))],
P ;
I, = 62 B((s=1)e* + 1), (19)

A4
A (p) = _lez/(;lTy)ZlFA(p, [ply)

where s = A2 2 is a dimensionless scale argument,
Ei;(z) = X €—dx is an exponential integral of the first
type. The detalls of the calculations are presented in the
Appendix A. As we can see from Egs. (A10) and (Al1),
the longitudinal part of I, does not vanish in the limit of
s — 0. In this sense, the wavelet observation scale .4 plays
the role of inverse regularizing mass ﬁ of the Pauli-Villars
regularization [33]. In contrast to dimensional regulariza-
tion, where ¢g,q, and 24? terms cancel each other in the
sense of leading divergences, this does not happen in the
theory with a finite scale A and local gauge invariance.
There may be different reasons for that. First, the finite
terms, neglected by dimensional regularization turn into
the scale-dependent contributions, which cannot be
neglected in our case. Second, the scale A is a scale in
Euclidean space and we cannot match it exactly to what is
measured in Minkowski space. Third, changing the
coordinates from x to (x, a) we need to pay extra attention
to what is gauge invariance in scale-dependent settings
[2]—the consideration presented above ignored this com-
pletely by making the standard assumption of local gauge
invariance.

B. Fermion self-diagram

The loop integral of the fermion self-energy diagram,
shown in Fig. 3, has the form

d'q Fa(p. @)y, [5—q—mly,
(A) — —e ulz “
=(p) = et [ S @t +mErqf 20

As in the previous example, A is the minimal scale of all
external lines A = min(a, a’). We will calculate the dia-
gram (20) with the wavelet-cutoff functions F 4(p. q) for
both y; and y, wavelets (15).

Using the identities for Euclidean gamma matrices, and
assuming the relativistic limit p? > 4m? for simplicity of
calculations, we rewrite (20) in the form

(7 +4m =2|p|y)

y2+%—ycos9—';'—zz][y2+}—‘+ycose]’

(21)

where the term proportional to ¥ in the numerator can be ignored, if we make the denominator symmetric with respect to the
inversions by omitting the mass term in the fermion propagator. For the same reason of relativistic approximation
p* > 4m?, we can regard the mass term in the numerator as negligible in comparison to .
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Under the above-made assumptions, taking the wavelet cutoff function of the type y; [Eq. (15)], we can easily see that

A

where the integral J is given by (AS5). Thus we get

2
A e
5 (P) = =g

e’ pe™s / dyye_4syzsin29d6’ B 1e’e™s
(y+ 4ly)2 —cos?0  4n’

[2511 (25) — Eiy (s) —

I,

—2s

—S

e e

P (22)

N N

C. Fermion-photon vertex

The one-loop contribution to the fermion-photon vertex is shown in Fig. 4. Since the bare fermion-photon vertex is

we similarly normalize the vertex function:

d l Vul (IZ + m)yp (ll + m)

—1ey,,

A
el (2 p2) = e, + (10 [ 55

where f(x) is the wavelet-cutoff function given by (12). To
get rid of the angle dependence in the wavelet cutoff factors
we have symmetrized the loop momenta:

P3—D2

—P3
=1 ,
| =l+—F 3

Pl
L=1 ,
2 + 3

;=1
+ 3

To calculate the one-loop contribution to the vertex let us
consider the decay of a photon with momentum p; = p
into a fermion-antifermion pair. This corresponds to the
loop momenta

zlzl+§, L=1-2 =1 (4

[S1 S}

Considering the relativistic case p? > 4m? we can omit the
mass terms. This gives

Ay =7y (l—?)y,, <l+§)n
(12209
N

FIG. 4. One-loop contribution to the fermion-photon vertex in
QED. p; 4+ p> + p3; =0.

(3 +m?) (It +m*) 3

Tn (AL PAL) AL),  (23)

|
The one-loop contribution to the vertex then takes the form

A <_p ) p) - &' AFa(p.])
P\ 27 2 (2m)* (1=5)*(1+ 5)? P

(25)

The vertex wavelet cutoff factor is the product of three
wavelet cutoff functions:

Fa(p,1)=f? (A(l —g))fz (A(l +§)>f2(,41).
(26)
For the case of y; wavelet, see Eq. (15), we have
Fa(p.1) = exp (—A%p?

— 6A2P2).

The calculation of the integral (25) with this cutoff
function, presented in Appendix, gives

P P
Ap <_ 5 9 5 ) P)
ey, [, e>Ei; (%)
= 2 | ¢Fi, (35) - — 2
e o -2
3 e S5¢TEi(}) e et
_ + 1 ( ) - (27)
8 12s 16 365~ 36
In terms of the fine structure constant a(s) = %‘:) the one-

loop contribution to the QED vertex (27) can be cast in the
form
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|7 wavelet 1 — — wavelet 2 |

0.00735

0.00734

0.00733

afs)

0.00732

0.00731

0.00730

0.00729
T T T M| ol
1074 1073 10?2 107! 10°

FIG.5. Running coupling constant calculated for both wavelets
1 and y, according to the formula (28). The value of the fine
structure constant is a,, = 1/137.036.

als) = a[l + %aR(s)} y (28)

Y eEi (%) e
R(s) = e2Ei;(3s) ——1(2) _e

2 8s
e S5e~Ei(}) e e (29)
125 16 365>  36s°

The graph of the running coupling constant a(s), calculated
according to the formula (28), is shown in Fig. 5. Decom-
posing Eq. (27) in a series for small scales (s — 0)

3_9 13143

ln——%lns—ln3

- 2716 T 16—
A, ~y,e = O(s),
we get the logarithmic derivative
de(s) e’
=—— 30
Olns 1622 (30)

The calculations performed with y, wavelet, presented in
Appendix B, give similar results.

III. WARD IDENTITIES

Formally, the Ward-Takahashi identities follow from a
requirement that the Green function generating functional,
designed on an action S[¢g], should be invariant under the
same symmetry transformations ¢(x) — ¢(x) + 5¢(x) that
leave the action invariant. For the case of spinor electro-
dynamics, the infinitesimal gauge transformations d¢ take
the form

6A, = 0,A(x), Sy = —1eA(x)y, S = 1eA(x)y.

Since the Lagrangian is gauge invariant by construction, to
make the generation functional Z[J,7, 7| gauge invariant,

we need to ensure that the variations of the source terms and
the gauge-fixing terms compensate each other. This implies

/ DADG Dy e~ ] STt g3,

= [ DavyDye [t
where
1 o
Sy = / d*x [—582(8”Aﬂ) + 9,J, + e(in — y) | A(x).
(31)
Considering an infinitesimal transform we can approximate
e% ~ 1+ 68,, and hence, in view of arbitrariness of A(x),

the equality (5,) = 0 can be written in a form of variational
equation:

1
= 040uA,) + 0,0, + el =) | ZLJ.71.m) = O,

A —=—
on(x)”

where y(x) =1 w(x)=1

oi(x)’ 8J,(x)

(32)

The Ward-Takahashi identities can be obtained by taking an
appropriate number of functional derivatives of the equa-
tion (32). This is usually done by changing from the
generating functional Z to the generating functional for the
connected Green’s functions:

210, 7.n) = W),

and then applying the Legendre transform to get an
effective action functional:

LA, w. @] = W[J,ij,n) — JA — iijy — wpn.

The latter enables us to work with proper vertices and write
the Ward-Takahashi identities generating equation in the
form

0? or or oT
T oA+, O ) =0. (33
o Qe T ”5A,,+’e<‘”5y/ "’&,7) (33)

The first derivative of (33) with respect to A, gives the
Ward identity [34] that demands the transversality of the
vacuum polarization diagram:
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d,11,,

=0. (34)
The integrals in the vacuum polarization diagram will
satisfy the requirement (34) only in case they are invariant
under the shift of the loop momenta. This is not always true
when a regularization procedure is applied. In QED, the
condition (34) is observed by dimensional regularization,
but not by the momentum cutoff. That is why dimensional
regularization has become the most common regularization
method in QFT models [35].

To fulfill the Ward-Takahashi identities, a regulator is
usually assumed to satisfy the requirement of the type
[36,37]

/ d*l Lt, 5/w/ dal 1 (35)
Qo) (P+AP2 2 ) Q2P +A

(the integration over the Feynman x parameter used to get
rid of angle integrations is not shown here). This is
definitely true for dimensional regularization, but is not
true for momentum cutoff and is not true for the wavelet
regularization we consider in this paper. In our case of finite
theory we cannot use a relation like (35) as a “rule,” but
have to evaluate everything explicitly.

Regardless of the undoubted merits of dimensional
regularization, it deals only with the main singular parts
of Feynman diagrams, and cannot tackle the amplitudes at
finite scales. In this respect, the finite cutoff regularization
and the wavelet regularization has the potential advantage
of describing what happens at a finite observation scale
[19,38]. The goal of the wavelet-cutoff technique, provided
by continuous wavelet transform, is to get a capability of
calculations at finite observation scale. The respect to the
gauge invariance can be also imposed in a cutoff-momen-
tum regularization scheme by assuming the gauge trans-
formations to act below the momentum cutoff A [13]:
a,(k) = a,(k) —ik,A(k), with A(|k] > A) =0. (36)
In the case of continuous wavelet transform regularization,
there is an alternative—to consider gauge transformations
which directly depend on the scale argument a:

Wa(x) = ey, (x). (37)
Doing so, we get a theory that is gauge invariant separately
at each given scale [2].

We do not consider scale-dependent modifications of
gauge invariance in this paper, leaving this subject for
future studies. Instead, the above considered wavelet cutoff
factors of Gaussian type are rather similar to already
proposed exponential modifications of the momentum
cutoff [39], based on the Schwinger proper time method
[40]. Using wavelet regularization, in the case of small
scales s <1, when in the final limit of s — O the

integration over all scales [® ‘2—“ would definitely restore
the symmetries of the original theory, we can use the
approximation formulas that follow from Ward identities of
the full (nonregularized) theory.

Technically, the Ward identities follow from the obser-
vation that a proper vertex of the fermion-photon inter-
action can be associated with the fermion self-energy
diagram by inserting a photon line in the internal fermion
line of the latter. Ward noticed that for the bare inverse
electron propagator

ST (p) = 1l + m).

the derivative with respect to the momentum p, gives the
fermion-photon interaction vertex:

84 = l]/ﬂ.
He proved the same for the inverse full propagator:

9G)\(p)

=
op,

J/Al

(38)

where —iey, and —iel’, are the bare and the full vertex of
the fermion-photon interaction. (Here we use the Euclidean
notation, in contrast to the original paper of Ward [34],
written in Minkowski space.)

More generally, the Ward-Takahashi [41] identity in
spinor electrodynamics, written in integral form, relates the
vertex function to the difference of fermion propagators:

aL(p.-r=9.9) =G (p+q) -G '(p). (39)
Here G(p) is the full fermion propagator. The identity (39)
is a helpful constraint which ensures the gauge invariance
of the renormalized QED in any order of perturbation
theory [34,41]. The constraint (39) makes the perturbation
expansion gauge invariant at the presence of the gauge
fixing terms in the QED generating functional.

The most direct application of Ward’s finding is the
calculation of the full fermion-photon vertex in the limit of
zero photon momentum. In this case,

L, (p.=p.0) =7, +A(p,~p.0). (40)
As it follows from the Dyson equation, the inverse full
propagator is equal to

(41)

where X(p) is the electron self-energy. Taking the deriv-
atives of both sides of (41) by % we get
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9%(p)
op,

"

Au(p.—p.0) =1 (42)

Formula (42) can now be applied to our wavelet-
regularized calculations of one-loop diagrams. Since we
are interested only in the contributions to the vertex,
proportional to —ey,,, it is sufficient to differentiate only

the last multiplier in (22): g—;/ =Yy

loop equation for the fermion-photon vertex regularized at
scale A:

This gives the one-

2
A e ]
_ler)(flal)l(p) = ey, |:1 + @R{ (s)] 4+
e—2s e—s
s N

Since whole dependence on the scale in our model is
contained in function R;(s), we can now calculate the
dependence on the scale of the effective charge. The
wavelet regularization scheme includes the integration over
all scale components from observation scale A to infinity.
Equation (43) thus gives the value of the effective charge
e (s), i.e., the effective charge measured at scale A, in
terms of physical electron charge measured at infinity
ep = e(o0). It is convenient to rewrite it in terms of the
fine structure constant

the physical value of which is a=1/137.036 [42,43].
Then, the scale dependence of the effective charge, given in
one-loop approximation by the equation (43), is

als) = a(l +%R1(s)>2. (44)

Since we use the coordinate scale a as the scale argument
the sign will be opposite to that in dimensional regulari-
zation § % — —u? 0%2' The scaling equation for the effective

charge—we do not call it RG equation, since there is no
field renormalization in our model—takes the form

S@eeff _ egff saRl(S>

Os 1622~ 0Os
OR|(s) et
Sy = (e 1). (45)

The scaling equation (45) can be integrated in a usual RG-
like form:

deyr ds e™*

- = 1), 46
egff 167272 s2 (6 ) ( )

0.00738

wavelet 1 — — wavelet 2 |

0.00737
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S

FIG. 6. Scale dependence of the fine structure constant

a(s) = egj{—f:). Two curves correspond to the one-loop approxi-

mation (47), performed with y, and y, wavelet cutoff, respec-
tively.

The solution of the equation (46) is given by
2
e
edp(s) = ———.
1- 8_7;)2 Rl (S)

which can be cast in terms of the fine structure constant:

a

a(s) = TR (s “ER()

(47)

Similar results can be obtained using other wavelets. In this
way using y, wavelet cutoff, see Eq. (B3) in Appendix B,
we get

. . e (s+5
R (p) = 2Ei (25) — Biy ) - 01
e (5% + 1852 + 134s + 640)
+ 5565 . (48)

The scale dependences of a(s), calculated for both cases of
(15) wavelet cutoff functions, are shown in Fig. 6. Since the
value of « is small, the value of a(s) given by Eq. (47) is
practically indistinguishable from that given by (43). The
Landau singularity in Eq. (47) matters only when s ~ es,
so that

2 3
AR (s)=1-y-2In2—1In s+55+0(). (49)
a

with y = 0.5772 being the Euler-Mascheroni constant.
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IV. CONCLUSIONS

The basic symmetries of quantum electrodynamics are
the relativistic invariance and the gauge invariance. In the
standard approach to QED, which assumes the quantum
fields to be local square-integrable functions, the calcu-
lations of observable quantities may violate both the
Lorentz symmetry and the gauge symmetry due to the
formal infinities of the calculated Green functions.
Different regularization schemes have been used to get
rid of divergences. The momentum cutoff regularization
was historically the first. In low-energy effective theories
there is a natural cutoff momentum A, above which the
theory loses its validity. However, this cannot be applied
considering a fundamental theory rather than effective
theory. The dimensional regularization has become the
most common, utmost a standard way of regularization,
because it does not violate the gauge symmetry; although it
is not ubiquitous being incapable of treating supersym-
metric theories [44].

Wavelet regularization is different from all above-
mentioned regularizations. It changes the space of functions
from the space of square-integrable functions to the space
of functions y,(x), depending on both the coordinate x,
and the scale a. The former is dynamical—it enters the
dynamical equations, the latter describes only the settings
of observations and does not enter any dynamical equa-
tions. In this sense, we extend the description of observed
physical fields by incorporating the conditions of obser-
vation (a, y) in the field definition. A physical field per se is
then a collection of all physical fields that can be potenti-
ally observed: ¥ = {y,(x,)},, . It cannot keep the
perturbation expansion locally gauge invariant. Since
the scale-dependent fields are defined not in a sharp point
x, but in a region of typical size a, there is no need of
infinite momentum injection to measure such fields, and
there are no physical reasons for the appearing of UV
divergences.

The key issue of the theory of scale-dependent fields is
the problem of how the physical particles interact with each
other. The description of physical interactions is deter-
mined by the symmetry of the problem. In this way, the
symmetry with respect to local U(1) transformations
determines electromagnetic interaction, the symmetry with
respect to SU(3) gauge transformations determines the
strong interactions, and so on. In the present paper, we have
followed exactly the same way: electrodynamics is under-
stood as a theory with U(1) gauge group, acting on the
space of square-integrable local functions. This definition
immediately implies that the physically observed fields
w,(x) are merely projections of square-integrable fields
w(x) performed with the help of a mother wavelet y. This is
a rather strong restriction: it states that gauge interactions
take place in the space of local square-integrable functions
and inverse wavelet transform is used to reconstruct the
local fields from a set of their projections; the interaction

then takes place between the reconstructed fields. In this
sense, wavelet regularization is similar to momentum cutoff
regularization and gives the dependence of physical param-
eters on the observation scale.

Having performed the calculations, presented in this
paper, we have found out that wavelet regularization can
give a qualitatively adequate description of the QED
running coupling constant (in one-loop approximation),
which increases with the logarithm of the inverse obser-
vation scale. The advantage of wavelet regularization, if
compared to dimensional regularization and other methods,
is that it does not need any external tools, such as
renormalization, which is always demanded by dimen-
sional regularization to get physically interpretable results.
The reason is that the wavelet transform itself is already
based on the group of scale transformations, similar to the
renormalization group. That is why instead of the renorm-
alization group equations we have just a logarithmic
derivative of the effective charge with respect to the
dimensionless scale argument s. This s = (Ap)? is similar
to the normalization scale 1/y? in dimensional regulariza-
tion but has a physical interpretation in terms of the
measurement scale. The crucial difference from standard
renormalization group approach is that we face no diver-
gences to get rid of and we have no field renormalization.
The latter is due to the fact that by extending the space of
fields w(x) to the space of scale-dependent fields v, (x) we
already get the collections of all scales rather than a poor
man collection of two scales only. At the same time, our
calculations show that known results such as Landau pole
of the form ﬁ also take place in a wavelet theory finite by
construction, but in the latter case they have a more mild
form of 1 + aX, where aX is small and there is no threat of
a pole.

At the same time, we have to admit that our persistence
on keeping the standard definition of gauge invariance in
the space of local field does not allow to preserve the
transversality of the vacuum polarization operator at the
one-loop level: p,IT1,,(p) # 0. This has long been known
for the momentum cutoff and other regularization schemes
and is quite expected for the wavelet regularization of a
locally defined gauge theory: having declared the scale-
dependent fields to be the physically observed fields we
still insist that gauge interaction acts on local fields. It
might be more reasonable do define the interaction directly
in the space of scale-dependent fields, as is proposed in [2]
in the context of QCD, but this is planned for future
research.
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APPENDIX A: CALCULATIONS WITH y,
WAVELET
1. Vacuum polarization diagram
Substituting  the  integration measure d*q =
4rq’dqsin®0do into the integral (16) and dividing both
the numerator and the denominator by p?¢> we arrive at
Eq. (18):

2.2
e (o]
H/(;j-)(l) __ ﬂg e_Azpz / dyy€_4“42p2)2
0

z 2y v, — 1PuPv + 5 (l _ y2 _ mz)
x/ dosing— 2r 4 T pl
0 T

5 ”_'z—i—cose} [4 yy 2 —COSQ}
(18)

The angle part of integral (18) can be evaluated explic-
itly. The corresponding integrals have the form

sinZ0cos?*@

1)) = [ " a0

Lp(y)] = z(1 —1/1-572),

hIB) = =5 + FLlp. (A1)

where in our case # depends on y. To make the calculations
analytically feasible, we simplify the matter by considering
the relativistic limit p? > 4m?>. In this limit

py) =y +41y (A2)

In this approximation the vacuum polarization integral
takes the form

2.2
e 0 K
H}(t,;l,;(]) __ ]Z e_Azpz A dyye_4A2p2}2

7 2y,y, —
x / dOsin20—"
0

lpypp + 5"“/( 2)
ﬁz( ) — cos?6

There are two basic integrals here: the scalar integrals,
which do not contain y,y,, and the tensor integrals, which
contain these terms. The scalar integral has the form

/= A " dyye 0 Lo[B(y)). (A3)

As it follows from Egs. (A1) and (A2),

871322 0 < y < %
14y ==
L[B(y)] = ) ’ 1 ’
T > 1
+4y> Y22
2my?, 0<y< %
no = { . (A)
T >1
8 V<=2
and hence
J_g / Ldyyde™” s /00 dyye=’
=8z | ——+2x —
o 1+4y? L 144y?
-
= % |:2Ei1(2S>€s —Eil (s)es —eT+;:| . (AS)
The other scalar integral is a derivative of J:
Ig = A dyy Io[B(y)]e ™
ol
4ds
e’ —1 e*-1
= 16 2Ei; (2s)e® — Eij(s)e® — . + 2

The terms of the integral, which contain y,y,, and which do
not, can be evaluated separately. Since our problem has
only one preferable direction—the direction of vector p, we
can evaluate the tensor integral

Yudu

(y +45)7 —cos’@

19, = / ydysin?0dfe=** (A6)

by substituting y,y, — By*3,, + Cy*~ “p * in the integrand,

where B and C are the constants to be determined.
The integral to be evaluated takes the form

, . BY?*8,, + Cy* Pz
1, = / ydy sin*0dfe=* £ (A7)

(y+ ﬁ)z —cos?6’

The constants B and C are determined from a system of
two linear equations,

TrISIi)U = TI'I Il(]%t)upppv = Iﬂl/pﬂpl/ 4B+ C=1,
1} = (B+C)I°
where
00 , T e’
1= [Ty de i) = 5 e s -1l
0

Hence we can determine the constants B and C in terms of
1

— 9 .
= -
Iq
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1—n 4n -1
B=——, C=——+—,

3 3

1 I+s—e*

T 2532 (2Ei, (25) — Eiy(5)) + s(s = 1) (e’ = 1)

n

and now can evaluate the vacuum polarization diagram:

2,2

ep PuPy

Hﬂyz—?e_‘v(1q+lp+],)E]Téﬂy+lp7, (Ag)
1 PuPy S
Ii=5 <5W - ;2 >J, 1, = —f],
I, =212 - 5,10 = [%(23 1)+ ch"’;”] L,
p
e’p? s J
e’p? J
After simple algebra, we get the final expressions:
2 p?
Ir = 1825 (452 =25 = 1)e™ + (1 + s — ds*)e™
+ 45 (Bi; (s) — 2Ei; (25))] (A10)
2p?
Ip=—S—5[(-4s* + 25 +4)e > +2(2s* + 5 - 2)e*
487
— 45 (Ei; (s) — 2Ei; (25))],
ep
IL:IT+IP:T5 S((S—l)er‘i—l) (Al])
1675

We can represent the vacuum polarization diagram in a
standard form:

PuPy pup
n, =I; (5 - ) +1; .
H w2 P2

2. One-loop corrections to the QED vertex
calculated with y; wavelet cutoff

To evaluate the integral (25) we take the tensor structure
in the form

1
Ap = zlypl_ Eﬁyﬂﬂ’

omitting the terms linear in / and using the massless limit.
Thus the whole integral in (25) takes the form

; / d'y e 2p2y ¥ — L py,p)
A p—

PR O+ ) o
PVl

1., Al2
2]72 C ( )

= 2ya7,7plly —

A 1 / dOsin?0dyye =AYy, y,

PB4 (y+ %)2 —cos?d y* '’
1 [ d6sindyye 04 Py |
IC:F/ o g (A13)
n (y +3;)" —cos’0 y
where we have wused dimensionless momentum:
I = |p|y, and have changed to the integration in spherical
coordinates.

First, we evaluate the scalar integral /. Integrating over
the angle variable 6, we get

1 ® ydy 20
— 1[5 —6A*p )
Cc — 47_[3 0 yz 0 (y)]e

Since 1[f(y)] is a piecewise defined function (A4), we get
1 [lde™ 1 [ dre™
dz* Jo 1+t 4z )1 (1 +1)

1 . 3 3s . 3s
= P |:E11 (;) (1 + 67> — 2E11 (35)67:| s

where we have changed to a new variable ¢ = 4y” and used
dimensionless scale argument s = A2 p?.

Next, we evaluate the tensor integral. Since we have only
one preferable direction—that of p—we can find the
integral / fﬂ in the form

/ dOsin20dyye AP y v,
(y+ 4%,)2 —cos?6  y?

« dOsin®Odyye= 4P’
pp”)/ e . (A14)

— (Bs,, +C
( ¢ p? (y+ %)2 — cos’0

where B and C are unknown constants to be determined.
Tracing both sides of equality (A14) gives the constraint
4B 4+ C = 1. Taking the convolution of both sides of (A14)

with %, we get another constraint:

B+C =1/l

dOcos?0sin?0dyye 04y’
L= 132 _ 2
(v +4)? — cos?0

dOsin?0dyye 647’
02/ sin“Odyye (Al5)

(y+ 4ly)2 — cos%0

The integral /; in Eq. (A15) coincides with the integral J,
given by (A5) up to the change of scale s — 3 5. This gives

7l . woo (35 n 2077 2
IO = Z [2E11(3s)e32 —Ell <?> egz - 35 +§:| . (A16)

After the angle integration in [;, we get [; =

J§° ydye S 1 [(y)], with I;[B(y)] given by Eq. (A4),
from where we get
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3t _3s _3s
b3 3 T [ et V3 3s 4 4e72 Qe
I, =— dtt 2 — dt—— = — |Eiy | — —_—— = , Al7
' 6 ez+16z t {"( )* } (A17)

where ¢ = 4y°.
We can rewrite (A12) in the form

Iy 1294 Y44 ﬁ 7P CI
In= 2yaypyﬂ4 3<Bc5aﬂ+C P ﬂ) 2; c= (2 3(ZB+C)—?> +—p< c— 30> (A18)

where the last term is not proportional to y, and will be ignored. Now we can substitute the found constants:

3

1 1 1
—s _ 2, 0 1 C
( p/2 _p/2 p)_eo IA—eoe [@‘FF—T]YP
2 5Fi, (35 -3 s s 3s —s _3s
eirp [ e eEi|(3) e e 5¢7Eij (&) e e
=55 |¢@EL(3s) —————- A19
322 {62 135) - 8s ' 125 16 3652 3652 (A19)

APPENDIX B: CALCULATIONS WITH y, WAVELET

1. Electron self-energy diagram

Similarly to the case of the y; wavelet, we make the one-loop calculation with the y, wavelet by symmetrizing the loop
momenta (5 4 g, % — ¢) for both the vacuum polarization and the electron self-energy diagrams. Thus, the wavelet cutoff

factor in this diagrams is
can- (53 (a(5+4)

with f(x) for y, given by (15):

1

1 2 2
Fa(p.q) = A% Kq +=— P + > - pzqzcosze] e AP AL = homs Ky o
y

1\2 2,
ye + ) - coszé’] e~ 'yt (BI1)
Now we can substitute F 4(p, | p|y) into the equation for the electron self-energy (21). We omit the term 4m — 2| p|¥ in the
numerator, since m is small in comparison to y in our approximation, and ¥ does not contribute for symmetry reasons. This
gives

T (p) = 1’ pste /ﬂ 2—4sy? [y + 4Ly + %)2 — cos?0)?
’ Cn)* (v +4) —cos?

Using the notation # =y + 3 and the integration measure d*y = 4zsin®0d6y*dy, we get

e e” ﬁ sin20dOdyyes’

p? — cos?0

A (p) = - / (B — cos?0)%s*y* + 4B(B* — cos?0)s3y® + 2(3% — cos0)s?y? + 4fsy + 1]

We perform the angle integration first:
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€2€_Sﬁ

-A) = -
(p) P

/  dyyetsr’ / " d6sin26 {(ﬂ2 — cos20)s*y* + 4ps’y’
0 0

28 4 |

A 1) 4 syt ]

2 2,2 S
T\ g cos’0 p? — cos?0

_ e ﬁ / dyye=” { [( 2 )s4y4 +4s3y> + 252y | + Lo|p(4s*y*B* + 4Psy + 1)}- (B2)

Since the angle integral I,[f(y)], given by Eq. (A1), is defined piecewise (A4), we split =) (p) into a sum of two integrals:

Z(A)(p) E‘]l +J27

1/2

with the second one, which depends on y[$(y)], to be split as [§° = + J%,- The integrals are

Ze™ e 1 1 2 ,—s 2 18 70
Jy = e {34)’4 (4)’2 +F+ 1) + 16s%y3 (y +4—> + 8s2y2} e ydy = e s los ’
0 y y

3277 327? 128
ey [ 222 _4sy?
h=ms ) L[p(y)](4s?B°y* + 4Bsy + 1)e™ ydy
- 6246”;11{ A - 1 iy:yz (452287 + 4fsy + 1)e™ydy + / - (452282 + 4dpsy + l)e“‘”’zydy}
62 —sg 1 ¢t 5 ) st i
= e {A DT As( 4+ 1) + dt+/ S2(t+1)2+4s(t+ 1) + 4)e™"dt
ele Sy

10
—1 ™ <4eS(2Ei1(2s) —Ei(s)) + T(1 —e )1 - 26_‘Y>,
The final result is

tezp
167°

A)

s+5 s34+ 18s% 4 134s + 640
= (p) = - e + B

2s 256s

[251, (2s) — Ei; (s) — (B3)

2. Vacuum polarization diagram

Calculation of vacuum polarization diagram for the case of the y, wavelet cutoff function (15) is completely analogous to
that performed with the y, wavelet cutoff. To simplify analytical calculation here we also assume relativistic limit p> > 4m?>
and omit appropriate terms. In this way, Eq. (16) becomes

S,

Zyyyy - 5;4uy2 +%(5/w - %) - %

P*(y) = cos?0

2.2
A . e p 0 V3 .
2% (p) = - A dyy A dOsin*0F 4(p. q)

The wavelet cutoff function F 4(p, ¢) is given by Eq. (B1). In dimensionless variables (s, y) it has the form

Fu(y) = e shyd Kﬂ(y) + %) T 00829} 2.

So, the integral to be evaluated is

1)

v

2.2,-5 oo . ’ ) _5 2+1(5 _pm)__
(A)r2 epe —45y? 2.4 4 1 2 Yuv vy 2 \Yuv P? 4
I1 = — d Y dfsin-0 +—] —cos-6d .
0 (p) - / yye / sty [(ﬁ(y) Sy) } o) —eod

Similar to the evaluation of the self-energy diagram, we expand the polynomial part of the wavelet cutoff function and get
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2.2 —s 0 T
H}(l':)»lz(p) — _e p”3€ A dyye—étsyZA d95in26 |:S4y4(/)>2 _ 00529) +4ﬂs3y3
2> 4Bsy + 1 1 Pul )
222 =+ 1) + | X [2y0, =80 + = (6, — 57 ) — 22| B4
+ 257y —Cos29+ ) +ﬂ2 — o520 X A&V = Oy +2 w2 4 (B4)

To calculate the vacuum polarization diagram, Eq. (B4), we need two integrals: the scalar integral, and the tensor integral
dependent on y,y,. They are

o z 242 4 1
J= A dyye™s" A dfsin’6 [s4y4(ﬁ2 — c0820) + 4853y + 2s52y? % + 1) + M] ,  (B5)

— cos’6 p* — cos?0

2
2 _ [* _as? [T 2p 4psy + 1
Ly = /o dyye™* /0 d6sin’6 {s“y“(ﬂ2 —c0s%0) + 4ps3y® + 25%y? (ﬁiz gt 1> +ﬂ72 e A (B6)

The integral J is identical to that calculated for electron self-energy diagram in Eq. (B2). Its value is

m[s+18s* + 1345 +640 e (s+5) . . .
J= 1 { 5565 - + ¢*(2Ei; (2s) — Ell(s))]. (B7)

The integral (B6) is evaluated by changing y,y, — Byzéﬂ,, + Cy? %z

L, = /oo dyye™’ /” d@sin®6 [s“y4 (B — cos?0) + 45>y’
0

4psy + 1

0
2p3?
2622 —— 1 s -
T oo T )+ﬁ2—00529

:| |:By25’w + Cy2 p;fv] )

The unknown constants B and C are determined from the equality / ,(ﬁ,)b = I, exactly in the same way as for the | wavelet.

Taking the trace of both sides we get the constraint 48 + C = 1. The other constraint is obtained by convolution of both
sides of 'y = I, with fue. This gives I§(B + C) = I, where

o0 a2 [T 23 4fBsy + 1
12 = A dyy3e 4sy A dbsin’6 |:S4y4(ﬂ2 - 00829) + 4ﬁs3y3 + 2S2y2 (ﬂz—coszﬁ + 1> + m

= / " dyye E (BPsty* + 4psPy? + 25%y%) — gS“y“ + Ly [B(y)|(4B%s%y* + 4psy + 1),
0

oo T 2/ 4psy + 1
1 _ 3 ,—4sy? 200020 | Avd (32 2 3.3 2.2
1, —A dyy’ e A dfsin“fcos 9{5 V(P = cos’0) +4ps’y’ + 25°y* | — —00529+ 1) +ﬂ2 ~eod

= [T ayyes [g (%82 + 48757 + 25%5%) = 25y 4 1 [BO) (4557 + 4fsy + 1)] .
0

The part of the integral, which depends on piecewise-defined functions Iy[f(y)], I [#(y)], given by Eq. (A4), is integrated in

01 24 f1°72 limits, accordingly. This gives

o 9n(l—e*) Tn  me™* 3me™* 197 s we’

I _re 2% (2Ei (25) - Ei B
q 327 3135 32 325 To04s T 20as 16 (PEu(29) —EL(s)), (B8)
Tz(1—e™*) 5z 397 197e™ Sme™ me™ ;s z
I = - - - . B9
g 3250 64y 20485 64s? 325 32 8192 512 (B9)

Using the expression (A9) we get the equation for the vacuum polarization diagram in the form
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2,—s 2 ,—s
(A _ Puby _ e*p’e 1 2 J B e’pe™ [2 J
0" = 118, + 1p ; Ir=-——3 [ 512 §Uz+ o = 3(41},—12)—5 .
This gives
e’p? 1 .
Iy = 7 12(2E11(2S) Ei, (s))
s?e™* 17se™s 427e~5 Te™ Te™* 29e‘s e e e
- - - Teat T8y 242 485 |’ (B10)
4096 4096 48s 4852 485 1024  48s  24s 48s
e?p? 1 s?e™ 9se™ 13e™ e Te™* 17e™ e 29¢7%  Te7*
Ip = 2Ei; (2 Ei - - ——+—
P 1 BB ) —BUO)) 4 et 00r T asy a8y 12 T 256 24y T asy 12s3]
(B11)

3. One-loop corrections to the QED vertex calculated with y, wavelet cutoff

In complete analogy to the calculations performed with y; wavelet, we can express the wavelet cutoff function
corresponding to the diagram shown Fig. 4 in the relativistic limit p? > 4m?, in the form

2 1 1?2 2
Fo(p.1) = e e syt Ky oo ) - cosze] (1+sy?)?,  where [ = y|p|. (B12)
y sy

The one-loop contribution to the fermion-photon vertex calculated with this cutoff is

M/r/

by 2y =55 1 1\2 2

p p 24 s d’y 4 —6sy? 2 2 2 4
A2 -2 - ) — 4+ =) —cos?9| (1 = In.
( 2" 2 ”) /<2n>4<y+4y> T K” +sy> ]( = el

(B13)

The integral (B13) is a sum of two integrals: I, = 27/(,]//,7//,1@3 pre I ¢, where

I / 4y > K T 1)2 29]2(1+ ?)
= —+— ) —cos 5y%)?,
¢ (27)* (y +45)* — cos’0 YTy Ty Y

d4 " e—ésyz 1 1\2 2
I{fl}:/( Y _ Ya¥p K +—+ ) —cosze] (14 sy?)2.
s

27)* (v +45)* — cos’6 4y

The evaluation of these integrals is identical to the case of the y; wavelet, described by Eqs. (A13) and (A12). Using the
variable (y) =y + -, we get

dty e 26, 1]
Ioe e 2 29 - _
¢ /(2n)4ﬂ2—cos (9( o)’ { e +sy+s2y2]
1 . 1 i ’ By
_ 4_3/dyd9y3sin2¢9€_6sy (1 —|—sy2)2(ﬂ2 _ 00529) +F/dyd9y3sln2€e—6sy (1 + sy ) < 'B 5 2>
T g >

1 [ dydfy’sin®0e 5" (1 +5y2)2 (28 1 \?2
473 p? — cos?6

sy s2y2

1ofeo 1ofo e 2% 1
=2 dyy3e”(+sy)<2 ) 42A dyy3e“2(1+sy2)2<—+ﬁ)

- 87272 0 sy Ty
1 1/2 25 1 \2 SJTy2 1 Zﬂ 1 \2 2z
d —6sy 1 2\2 / d —6sy 2\2 ,
+ 4JT3A yy'e (I+5y7) sy + s2y? ) 1+ 4y? 47z yy'e (1+5y%) s y2 1+ 4y?

where we have used the angle integration rule (A4). After the change of variable ¢ = 4y?, the final result is
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I 25 n 211 n 469 n 161 e 1 n 7 . 161
€ 276487%s | 13824n2s% | 5184x2s3 | 4327254 288 965 43242
3 . 3
e’ 3 . 11 1 Ei;Gs) /1 1 1
E —2Fi, (3 —— 2 (-4 . Bl4
+422(1‘<2> ll(s)><l6 2 s >+4ﬂ2s2 it e (B14)

The tensor integral /2, can be decomposed with respect to two basic tensors 8,5 and Z<22:
aff af p

1 [ dydOsin20y3 05" 1)2 2

- 1 2\2 . _ 29

473 / p* — cos’6 (T+sy5)7 A+ sy COSTEN Yalp
1 [ dyd6sin®0y’ e~
s p? — cos?6

A
Ia/} -

1)2 a
(1+sy?)? [(ﬂ + 5) - 00529} [By25a/ + Cy? pppﬂ (B15)

where B and C are unknown constants to be determined. Tracing of both sides of Eq. (B15) gives the constraint
4B + C = 1. The other constraint is identical to (A15):

Iy = (B+ C)ly,
where
dyd@sin?0y’ e=0%" 1\2 2
Iy = / 7~ o0 (1+sy)?|(p+ o) " cos?d| , (B16)
dyd@sin*0cos*0y’ =65 1\2 2
I, = / ey, (1+sy?)? || B+ o) cos?d| . (B17)

The remaining calculations are analogs to previous integrals:

2 1
Iy = / dyd6sin?0y’ e~ (1 + sy?)2 (2 — cos20) + 2 / dyd6sin?0y’e=0 (1 + sy?)? <—ﬂ + ﬂ>

Sy Sy
dydesin29y5e‘6sy2 1+ sy2 2 2 1 2

p* — cos?0 sy | s2y?

[ 16y* +4y> + 1 o , 4y’s + 5 +2
= 5/ dyyse_myz(l + syz)z—y 6 )2) +7T/ dyyse_myz(l + sy2)2 Y PN)
0 y 0 257y

1/2 8my? 2 4y%s + 5 +2\? o 2r 2 4y?s + 5 +2\?
d 5 —6sy° (] 2)\2 / d 5 —6sy° (] 2)\2
+A el (1+sy*) < 255y + o T (1+s5y°) 255y

3s s 5 . 3
_ e <14976s 1705652 — 64896¢% + 43253 — 137655 — 304852¢% + 64896 — 15552¢% 52, <§>

124416s°

3s 3s
+ 311043 sEi, ( 3 ) + 1944¢% s3Ei, ( 5 ) 62208se>*Ei; (3s)

— 3888s3¢*Ei; (3s) + 31104s%¢*Ei; (3s) — 99s3e375> ,
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2 1
I, = / dyd0sin®0cos20y e~ (1 4 sy2)2(f? — cos26) + 2 / dyd0sin?0cos20y’ e~ (1 4 s5y2)? (5 + W)

. /ddesin2900s29y5e‘6”’2(1+sy2)2 <2ﬁ+ 1 )2

p* — cos?0 sy 3?2
P4 16y*+1 7 [ 2 4y’s 4+ s+ 2
= d 5—6\\’1 2\2 _/ d 5—6‘\y1 2\2
SA yy e o ( +sy)7]6y2 +2 | dyye ( +sy)72s2y2
1/2 5 4y%s + 5 +2\? o n ) 4y%s + 5 +2\?
d 52 2 ,—6sy 1 2\2 / d 5 —6sy 1 2\2
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where we have used the angle integration rules (A4). Substituting these integrals into the final equation (B13), and
comparing it to (A19), we get

.(_P _P vua 5| lo L Ic
i <—2,—2,p>—eos4e [6 3T

2 _5s
Ypepe 2 kR 3
= —m <59856s €2 +319104s — 126720s> — 12096s> + 262848s%¢> — 176640s¢>

3s 3s 3s
— 94976¢7 + 38880s*¢2Ei, ( 2) + 15552053 ¢2Ei, ( 2) + 248832¢35°Ei; ( 5 >

3 S . 3
— 124416€% s’Ei, <2> + 24883253 ¢*Ei, (3s) — 497664s%¢*Ei, (3s) + 15552052¢2Ei, <ZS>

+ 94976 + 67555 ¢> + 11097s*¢* + 155523 s*Ei, (35) - 31104s4e33E11(3s)). (B13)
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