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We focus on the geometrical reformulation of free higher spin supermultiplets in 4D, A/ =1 flat
superspace. We find that there is a de Wit-Freedman like hierarchy of superconnections with simple gauge
transformations. The requirement for sensible free equations of motion imposes constraints on the gauge
parameter superfields. Unlike the nonsupersymmetric case, we find several different constraints that can
decouple the higher superconnections. By lifting these constraints nongeometrically via compensators we
recover all known descriptions of arbitrary integer and half-integer gauge supermultiplets. In the
constrained formulation we find a new description of half-integer supermultiplets, generalizing the
new-minimal and virial formulations of linearized supergravity to higher spins. However this description
can be formulated using compensators. The various descriptions can be labeled as geometrical or
nongeometrical if the equations of motion can be expressed purely in terms of superconnections or not.
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I. INTRODUCTION

The study of higher spins plays a special role in the
search for underlying principles and symmetries of nature.
Depending on your viewpoint this statement can be under-
stood in two different ways. On the one hand, their
contribution to string theory is crucial [1-7] and higher
spin symmetry may control the UV completion of gravity
[8,9]. On the other hand, various no-go results [10-14]
under specific assumptions constrain the list of nontrivial
interactions among particles.

Most of the progress done in higher-spin theories
falls under two categories: (i) constructing consistent
interactions involving higher spin gauge fields and (ii)
the geometrical reformulation of free higher spins on
Minkowski and anti-de Sitter (AdS) backgrounds. The
correlation between these two directions is evident in
the case of gravity, where the geometrical formulation of
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the theory dictates its interactions. By analogy, under-
standing the underlying geometrical structure of higher
spin theory, assuming one exist, may provide a deeper
insight to higher spin interactions.

Nontrivial higher spin interactions have been constructed
employing a variety of techniques such as the Noether
method [15-21], BRST [22-29], light cone [30-33], and
framelike formulation [34-49]. The framelike description
has been the most successful and provides an economy of
ideas [50]. However, the metriclike approach offers an
economy of fields which makes the geometrical interpre-
tation of the theory more direct [51]. This was first
demonstrated by de Wit and Freedman in [54]. They found
that for a bosonic spin s, the object replacing the usual
connection of Riemannian geometry is a tower of s —1
connectionlike objects [55], each being the derivative of the
previous one. The top connection allowed the definition of
an invariant curvature tensor which is the s-th spacetime
derivative of the higher spin gauge field. Extracting
Frgnsdal’s second order equation of motion required
imposing a traceless constraint on the gauge parameter
in order to decouple the higher order connections [56], thus
reducing the symmetry group. Later an unconstrained,
geometrical but nonlocal description [59,60] was found
together with an unconstrained, local but nongeometrical
description [61,62].

Published by the American Physical Society
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Higher spin theories with manifest AV = 1 supersym-
metry were first formulated in [63-65] and later works
include [66-73]). Recently there has been some progress in
the direction of constructing consistent interactions [74—85]
for such theories. Nevertheless, no steps have been taken
towards the geometrical reformulation of these theories.
This paper is a first analysis in that direction.

We study the properties of a set of natural objects which
define the notion of generalized higher spin superconnec-
tion and the corresponding supercurvature superfield. We
find that these objects arrange into a hierarchy a la de Wit
and Freedman [54] in superspace. The top member of this
hierarchy is a proper superconnection in the sense that it
allows the definition of an invariant supercurvature super-
field. These supercurvatures match the known higher spin
superfield strengths. Demanding sensible superspace equa-
tions of motion for free theory, generates a variety of
nonequivalent constraints that one can impose on the gauge
parameter superfield. This is in contrast to nonsupersym-
metric theories, where there is a unique constraint, the
traceless condition of the parameter. In superspace, we find
that there is more than one ways one can decouple the
higher order superconnections and that gives rise to all
these different constraints. Breaking our geometrical
approach, we use the method of compensators to lift the
constraints and show that all known descriptions of higher
and lower spin supermultiplets correspond to one of such
constraints. However, for one of the constraints this can not
be done. For that case, the constrained formulation gives a
new description of the half integer superspin supermultiplet
(s+ 1,5+ 1/2). This new description is a higher spin
generalization of the known new-minimal and new-new-
minimal descriptions of linearized supergravity. Finally, we
find that in the constrained formulation some of the theories
have the property that their equation of motion can be
written purely in terms of superconnections. This property
gives a sense of geometrical origin for these theories.

The paper is organized as follows. In Sec. II, getting
inspiration from super Yang-Mills theory, we define the
notion of a generalized superconnection and its correspond-
ing supercurvature tensor. In Sec. III, we focus on the (s+1,
s+1/2) class of supermultiplets which are described by a
bosonic gauge superfield and show that there is a hierarchy
of (s 4+ 1) superconnection-like objects, which at compo-
nent level contains the known de Wit-Freedman connec-
tions. In Sec. IV, we present standard equations of motions
by constraining the gauge parameter. In Sec. V, we
introduce nongeometrical compensators in order to lift
constraints and compare with known results. In Sec. VI, the
analysis is repeated for the (s+ 1/2,s) class of super-
multiplets described by a fermionic gauge superfield. In
this case there are two independent hierarchies, with s and
s + 1 members respectively and use them to generate all
appropriate constraints in order to extract free equations
of motion.

II. SUPERCONNECTIONS

Gauge redundancy has been proven crucial in construct-
ing manifestly supersymmetric field theories for higher
spins and a particular set of their interactions. However, as
it stands the formulation used in these constructions is not
very geometrical. This is because the superspace actions
[63-65,67,68] for free integer and half-integer superspins
have been determined by hand, and there is no obvious way
of rewriting them in terms of higher spin superfield
strengths that involve higher derivatives. A step towards
a more geometrical description would require a generali-
zation of the notion of superconnection, in the context of
higher spins.

Following de Wit and Freedman [54], the signal of a
proper connection is its ability to allow the definition of a
gauge invariant tensor in terms of its derivatives. To identify
this signal in manifestly supersymmetric theories and set
the stage for later examinations, let us review the results
[86] regarding super Yang-Mills theory. For a U(1) gauge
group [87], the theory is described by a real scalar gauge
superfield V(z) with the following gauge transformation:
etV — eiAegve‘iAlg)éV =1(D’L +D?L) where L is the
propoetential of chiral superfield A and is unconstrained.
The covariant derivatives V, = {V,, V;, V,;} are consis-
tent with the gauge transformation of matter (chiral)
superfields that couple to V: V, — ¢AV, e™. A consis-
tent and convenient choice of covariant derivatives is the
following:
V,=e9D,e?,

V,; =D, Ve = =i{Va Vi }.
(1)

Their algebra [88] gives the corresponding super-
curvatures W, =D?(e7D,e?") and W;=e9" x

[D2(egVDde_gv)]egVU(zl)Dz(eQVDde‘gv). The superconnec-
tions ', are defined as the difference between the U(1)
covariant derivatives V, and the supersymmetry covariant
derivatives Dy: (V4 =Dy +Ty),

Fa = e_gV(Dae'qV)v Féz = O’ Fad = _iDime (2)
and the supercurvature can be written as W, = D’T’,. For
the linearized theory we get the following:

F(l = gDqu F('l = 07 F(l('l = _igD&DaV’ W{I = Dzra
(3)
6T, =D,D?L, oy =0, o[, =04DL, W, =0.

(4)

Projecting [90] the above to components we find
(iIl Wz gauge): 1—‘(Jt|W.Z:O’ F(')l| =0, Iﬂnz(3t|W.Z. = iA(l&
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(0A 4q = O4e€) which is exactly what is expected from field
theory.

In the above, we recognize the role of I', as a proper
connection. The properties that give it this characterization
are (i) its transformation has the structure D,D?L and (ii) it
allows the definition of an invariant field strength W, by
acting with D? on it. Getting inspiration from the above we
define a notion of a generalized superconnection in the
following way. In the context of a linearized theory we will
call a superfield to be a superconnection if it has a gauge
transformation of the form,

o,  =D,D*(...), (5)

and therefore it allows the definition of an invariant
supercurvature,

W, =D, , oW, . =0. (6)

ITII. HIERARCHY OF DE WIT-FREEDMAN
SUPERCONNECTIONS FOR HALF INTEGER
SUPERSPINS

Consider a supersymmetric, irreducible system of mass-
less higher spins, in 4D Minkowski spacetime. This system
will include a bosonic and a fermionic higher spin gauge
field, which are related by supersymmetry transformations;
hence their spin values must differ by 1/2. There are two
cases, either the fermion is at the bottom (s + 1,5 + 1/2)
[half-integer superspin supermultiplet] or the boson is at the
bottom (s + 1/2,s) [integer superspin supermultiplet].

In this section we focus on the half-integer supermul-
tiplet where the highest propagating spin is (s + 1). The
appropriate superfield for the description of such a super-
multiplet is a real bosonic (s,s)-superfield tensor [91]
H y(5)a(s)- Its highest rank component [92] field is a sym-
metric (s + 1)-rank spacetime tensor which will play
the role of the highest spin boson /i 1)a(s+1)

W [D(fl.m s D(&SH ]Ha(s))a(v)) | It is €asy to VCI‘ify that
the most general transformation of Hy(5)as) that
gives  hg(si1)as41) the correct gauge transformation

(5ha(s+l)fx(s+1) & a(%u (Gyp1 5“(3))
its reality is

a(s))) and is consistent with

1
H(s)as) = 5y Pta Lats-1)ats) = 7P Latwyats-1)- (7

Looking back to the super Yang-Mills example, the goal is
starting from H-superfield and by acting with spinorial
covariant derivatives, to construct a set of objects with
simple transformations under (7). Consider the following
quantities [94]:

Cpa(s)ats) = DpHa(s)as)» (8a)

1 _
- ; Cﬁ(as DzLa(s—l))il(S)

1
= 51PP Latsyits—1))»

O ga(s)a(s) =

r

saypits) = DpDpHa(s)its)- (9a)

or

L
pa(s)pals) = _Ecﬁ(a\.D/}D Lg(s-

1)es)
i _
(s 1) Op(pPa Latsyits-1))
1
(s 1)
1
(s 1)
s p—

+(s+l)!

G, Bl D/}D La(s Ja(s—1))
 Cote, D"DpLasjacs-1)

Ci(a, D'DpDe,_, La(s)piats-2)

(9b)

r = DyDﬁDﬁHa(s)d(s)v (1021)

vha(s)Ba(s)

8DL

vha(s)pals) — BlaZyp —1))a(s)

(H)a #D7Da La(sjats-1)

1 —_

* m Cﬁ(dx C?’ﬂDzDzLa(s)a(s_l))
s—1
(s+1)!
1

(s+1)!

+ Cya. D,D'DpDy_ La(o)iias—2))

Cj(a.DyD*DyLags)is-1))-  (10b)

By imposing various (anti)symmetrizations of indices we
can simplify the above transformations. Also notice that the
last term in (10a) has the characteristic structure of the
transformation of a superconnection (5). So let us consider
the following quantity:

1 .
Fa(s+2)d(s—l) = mD(aMaam ‘Ha(s))o'z(s)’
i
5Fa(s+2)a'z(s—l) = _MD(%HDZD%HL a(s))a(s—1)
s—1 _ :
"Gt Dl (10,1 La(s))lila(s-2))

Because of the second term in the above equation,
La(s+2)a(s—1) 1S nOt quite yet a superconnection. However,
for the special case of s =1 [linearized supergravity:

125018-3



BUCHBINDER, GATES, and KOUTROLIKOS

PHYS. REV. D 102, 125018 (2020)

(2,3/2)-supermultiplet] this term drops and I, =
%D(GGMHN is the superconnection for linearized super-
gravity. One can confirm that its @-component is the
linearized Christoffel symbol DIy, |y 7 a(af’hﬁmo-,.
As expected by (6), it defines a supercurvature tensor
W, = DTy, « D’D(,047H,);; which is exactly the
|

apy

1

(1)
r -
(s+r+1)

a(s+t+1)a(s—t)

N 1

7) -
6ra(s+t+l)o't(s—t) -

s—1 1

o aas+/

sy

- D D
lS(S—i—l‘—l—l)' (ax+1+l

s (s+r+1D)I(s—0)!

This is a hierarchy of (s + 1) superconnectionlike objects
a la de Wit and Freedman [54], parametrized by the values
oft(t=0,1,2,...,s). Each of which is defined in terms of
superspace derivatives of the previous one, via the recursive
relation,

1—*(’) 1

_ 7 (=1
a(s+i+1)a(s—1) — (s +141)! D(“JHHDy T

a(s+1))ya(s—1)"
(12)

Only the top one (¢ = s) is a proper superconnection in the
sense that

i

(2s + 1)!

X D(a, ,, D™ Do, D, - -aq, 7' La(i(s-1)s
(13)

()
5Fa(2s+1)

X541

and as such it defines the higher spin supercurvature,

W”(ZSJFI) = DZF((IS()ZSJrl)' (14)
This is the exactly the invariant higher spin superfield
strength constructed in [63] and later found in [67] by
studying the transition from irreducible, massive higher
superspin representation to irreducible, massless higher
superspin representations.

Therefore, there actually exist a geometrical structure
for higher spin gauge superfields which naturally extends
the known super Yang-Mills and Supergravity cases. This
hierarchy of higher spin superconnections provides the
supersymmetric extension of the bosonic and fermionic
de Wit-Freedman higher spin connections. One can check

that they correspond to the 6 and #*> components of

(1)

s+ 1)i(s—1) respectively,

known supergravity superfield strength [95,96], which
includes the bosonic and fermionic linearized curvature
tensors.

It is now straightforward to define generalized higher
spin superconnections by recursive application of super-
space derivatives,

7O, Ha(s))i (o)1) (11a)

OO, Lag(s))i 1= 1)it(s-1)

(G- aasﬂ

e Oay " Lafs)li o) a(s-1-1)). (11b)

(@tem1

a

B (t) a 1+1 .
D/}F Sl ‘a(l,y+2 - ha(s+l))/}(l(s) ’

a(s+1+1 )d(s—t)| o 9

Ast1+1

DZF(’) ( —t)| (68 8(

als+t+1)i(s O, T W51 yas)

o
Xy pr+1

IV. EXTRACTING FREE EQUATIONS
OF MOTION

Ordinary free field theory requires a second (first) order
equation for bosons (fermions) which translates to four
(two) spinorial superspace derivatives. However, the
previous geometrical approach to higher spin supermul-
tiplets indicates that the only gauge invariant quantities
involve higher derivatives. Therefore, it is not clear how
one can obtain reasonable free superfield equations. The
answer [97] is that only if appropriate constraints are
imposed on the gauge parameter this can be achieved.
This behavior is homologous to nonsupersymmetric
higher spins where a traceless condition must be imposed
and the fields are restricted to SO(D) irreducible tensors
instead of GL(D) tensors and thus forcing the constrained
formulation.

Motivated from (14), one can define its #-generalization,

(1) _ per@
Wa(s+t+1)éz(s—t) =D I—‘ot(s-‘rt+1)éz(s—t)‘ (15)

This is an interesting, secondary hierarchy because its top is
the invariant superfield strength, but the members of it are
not superconnectionlike objects because their gauge trans-
formation is

(5= 1)
S ) . _ i(s
als+1+1)a(s—1) s(s+1+1)(s—1)!
x Dza(asﬂﬂ (d'.s—/ as+/};l A 2N f
X Lg(s)) 3(0)lis—i-1)) (16)
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In [67] a deep relationship between the invariant superfield strength and the on shell equations of motion was discovered. It
was shown that the quantity D' W5, ) is expressed as the sum of higher derivative operators acting on the free

equations of motion. It is natural to attempt this for the entire secondary hierarchy. One can show that
0 -1 3 ; 5
st ito-) = (5 g g 1)1 Ot D8 + 14+ DDDIDgH ) e
32
+ 5D DD Hgia(s-1)) )t }
. t
-1 (S + 1+ 1)' D(ax+raax+r—1

D%s+e1 W

71 O, "DPD?DY H o ) 1) 5-1) (17)

The answer is similar; we get the sum of higher derivative operators acting on terms that have the correct characteristics
(engineering dimensions and index structures) to appear in the equations of motions. The ¢ = 0 level seems appropriate in
order not to have higher derivatives. Under the gauge transformation we get

- YD (Cht ) I SO
D™ Wetosrinit-n) = 5513 1) (o 5 010 = 01 DD D07+ Oa " Lo is—1-1)
(s =)t 1 P . .
SGriA)GEe=m> PP Nay i Oay s Oy, " L) (1) a(s—1-1))
s—t 1 _ _ ; .
St 1(sHn)l(s - z)szDwJ_,D” D207+ 0 Liplats—1)) ) ats—1-1): (18)
|
and for # = 0 it simplifies which are both gauge invariant due to (20). Later we will
show that (22) and (20) generate the known nonminimal
av (0 - = description of (s + 1,s 4+ 1/2) supermultiplets.
(D™ Wiy 1)aqs) = 57 Pt D*D*Latyats-1)) ( )
s 1 _ _ .. .
- 1ﬁD(asD(&SDﬁDZLVﬂa(S—l))d(s—l))' (19) B. Minimal constraints

Transformation (19) can be written in a different way
by realizing that (7) allows the decomposition of it to the
sum of §H-dependent terms and the remainder. The 6H-
terms can then be absorbed to the left-hand side of the
Based on the above transformation law, the quantity  equation. By isolating as many as possible H-terms, the

A. Nonminimal constraints

pasa ¥ atsy 1S invariant if we constraint the gauge remainder will provide an alternative structure of softer
als+1)a(s) . constraints. Specifically, the first term of (19) can be
parameter L (y)4(s—1) as follows: .
written as

D2L o 5)a(s-1) + D* 1 Agss 1)is—1) = 0, (20)

1 - _
— Dy, D*D?L 15—
where Ay (s 1)a(s—1) is an arbitrary superfield consistent with ! (@ a(s)als=1))

the condition DyD%*1 Ay(si1)4(5—1) = 0. It is evident that, ~ _ s(s+1) lle D 6H g s )
under this constraint, the gauge invariant equation, 2s4+1 st ™ ’
s2 1 - .
= + —— D4 Do D’D?SH 15— 115l s—
Eutwits) o DUIDTL o) = 0. (21) 25+ 1sls! (& (@ lpla(s=1)pla(s=1)
21 - _
can play the role of free equation of motion for the _MWD((}SD((szsz Lipla(s-1))a(s-1))

(s 4+ 1,5 + 1/2) supermultiplet. This equation is geomet-
rical in nature because it involves only superconnection
r'®, Using (17), Eq. (21) can be decomposed to the
following two equations: (23)

s(s—1) 1 - - e
25+ 1 W (g ((ll?D(.ll‘,]D/D/L‘/)‘(l(S—l))l/‘)I(]{(S—Z))'

N2 _ N2 _
DPD?DyHy(iis) = 0. DD’ Hpoisonja) =0, (22)  Similarly the second term,
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1 _ _
—— Do, D (s, DD2L pia(s-1))a(s—1))

sls!
s 1 Py
+ 501 51 D@D D S H a1ty
s(ts+1) 1 _ .
T 1 st P D, D'D6H jpja(s-1)) pla(s-1)
s(s+1) 1 -
" s 1 iyt D@ P@D D Latnplats-1)

@+ Dstst PP P DD Lpjago-zyjacs-)-

(24)

Therefore, by considering the quantity,

21

2 p.
25 + 1sls! (@

0l y(s)a(s) = —

+2s+1s!s!

Gauge invariance is achieved if we constrained the gauge
parameter L y)4(s—1) in the following way:

s> 1:

_. s —.
DD Lyos-1ypats-2) T -7 DD Lyats-vyiats-2)

S —

+ (s—1)! (@2 a(s-1)a(s-3)) = 0, (27a)
S = 1: DszL}/ — 0, (27b)
where J,(;_1)a(s—3) i an arbitrary superfield. These are

weaker constraints that will be later shown to generate the
known minimal description of the half-integer superspin
supermultiplet. In this constraint formulation the gauge
invariant equation,

ga(x)fl(x) & Ia(s)('l(s) =0, (28)

should be considered the free equations of motion. This
equation of motion yields the following two equations:

DﬂDzDﬂHa(s)éz(x)
s(s+1) 1 _
2s+1 s! [D<"»‘D D7 H\ga(s-1))a(s) + c.c.]
52 o
- m [D(a"‘D(drDYDYHWI!I(.?—I))\}}\{l(s_l)) + C.C.]
> 1: DJ-/D},D/}H}/(I(A‘—I);}/)&(S_z) — 0 or (30&)
s=1: D'D'DHy; =0. (30b)

D, [Dszst—l))a(s—l))

s21 ;
1Pt Di, DD Lo(-1)jilats—1)) —

a0
= D%+ W(z(s+1)(l(s)

s(s+1)1 2 _ .
21 1P D Hapiats-1)

$3

4+
CESNEENE
52 1 = N
=35 1 1 sts1 @R DD Hppje()
—52 1 D PV
=35 1 st Dl PaD D Hppjeg)

La(s)a(s) =

1
~ D, D*D7H pja(s-1))i(s)

)pla(s—1))

Jlpla(s—1))>

(25)

we get the following transformation law:

a1

(s—1 ))J’/&(S-Z))}

s —

1
Dy, D'DY Ly a(s-2))#la(s— 1>>} (26)

[

An interesting observation is that this minimally constraint
formulation, unlike the previous nonminimally constraint
formulation, does not have a geometrical origin, in the
sense that the equation of motion (28) can not be written
purely in terms of the superconnection Fl(x(z)s Fals) but
additional terms depending on the gauge superfield had
to be added.

C. More minimal constraints

There is yet another way of constraining the gauge
parameter in order to find sensible equations. Using the
approach of extracting SH-terms, we can rewrite (19)
alternatively as follows:

a (0)
6(D e Wa(s+1)d(s))

*

s sc 1 5
Ts+ls(c 1) +1s 510t DD 6H pja(s-1)is

) 1 _ .
TS ) 1 PP D i)
s 1 )
oD
s(e+ 1)+ Lslst @
—cD’D L\ma(s—ma(s—l))]
s 1
s(c* + 1)+ 1s!s!
= DD Ly(m1piats—1)- (31)

D, [DPD2L o 1)) plis-1))

ag

D((l“.D((II\. [D/}D2L|/)\a(x—1))('1(s—1))

for arbitrary complex number c¢. However if ¢ is chosen to
be a phase [98], then we can impose the constraint,
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D’D2L (s 1)a(s-1) £ DPD*Los_ippags—1) = 0. (32)
Under the assumption of this constraint, we conclude that
the equation,

— s w'®
Ea(syats) = D W o (Cihacs)

s sc 1 _
- —D,, D*D*H .
s+1s(c+1)+1s! (a5 pla(s=1))a(s)
s 1 -
+s(c+1)+1s! (d

=0, (33)

DD’ H () p/i(s-1))

with ¢ = —1, 1 is suitable to play the role of the equation of
motion. As in the previous case, this is not a geometrical
equation because of the explicit H-terms. Unlike the
previous cases, the above equation yields only one gauge
invariant equation of motion for H,

0= D/}DZD/}HG(S)(Z(Y)

s 1 -,
e g 152D P Hirats-mac)
s 1

-
e r D 715 DeD D ety (34)

The s = 1 case is special. For s = 1, constraint (32) has a
solution in superspace,

for ¢ = -1

, 35
for ¢ = +1 (35)

a

B { iDL + DA ;.
~ | D,L +D4A,,,

where L is an arbitrary real scalar (L = L) and A, is an
arbitrary vector superfield. Therefore, the s = 1 version of
(34) remains valid for the unconstrained gauge trans-
formation,

%a(z()L + % (DZA(I('I + DZA{I&)? c=-1
o0H,, =

5[Dg, DeJL + 5 (D* Ay + D*Agg), ¢ =1
(36)

The first one corresponds to the new-minimal [99-102]
description of linearized supergravity supermultiplet and
the second one to the new-new-minimal (or virial) [103—
105] description of linearized supergravity. However, for
general s, Eq. (34) is only valid under the assumption of the
constraint (32) and corresponds to the higher spin version
of the new minimal and new-new minimal descriptions.

It is important to emphasize that all the different con-
strained formulations presented above based on minimal or
nonminimal constraints describe the same physical degrees
of freedom, on shell. All of them have the same invariant
superfield strength W5, 1), and their equations of motion
are such that when substituted in (17) give the same on shell
condition D*C+DW (1) = 0.

V. NONGEOMETRICAL UNCONSTRAINED
FORMULATION: COMPENSATORS

It would be desirable if we could have unconstrained
formulations, for the above descriptions. An easy method
of doing that is via the introduction of so-called compen-
sator superfields. Unfortunately, this approach is not
geometrical because the compensators are unrelated to
the superconnections or the supercurvatures. The way it
works is that we lift the various constraints by introducing
appropriate compensators and assigning them transforma-
tions laws proportional to the constraints. The compensa-
tors will modify the right-hand size of the proposed
equations of motion accordingly such that the gauge
invariance of the equation is maintained under the full,
unconstrained transformation.

In particular, one can lift constraint (20) by introducing a
fermionic compensator y 4(,)4(s—1) €quipped with the trans-
formation law,

N a(s)ats—1) % D> Le(s)a(s—1) + D Ag(sinya(s—1)-  (37)

This compensator will modify the right-hand side of
Egs. (22) according to (19) so they remain invariant for
arbitrary gauge parameter L, (s)4(s—1)- This process will give
the known nonminimal description of (s + 1,5+ 1/2)
supermultiplet [63,67]. Likewise for (27), introduce com-
pensators y,(s—1)a(s—2) for s > 1 and chiral ® for s = 1 with
transformations,

X afs—1)i(s—2) % D'DY Loy 13 a(s-2)

s—1 D7
* D' Lya(s-1)7a(s-2)
1 =
+ (S - 2)1 D(d;_QJ(l(S—])d(s—fi)), (383)
60 o« D’D'L,, (38b)

which will modify Egs. (29), (30a) according to (26).
The result will be identical to the minimal description of
(s + 1,5+ 1/2) supermultiplet [63,67] and for the s = 1
case this will give the old-minimal description of linearized
supergravity. Finally, constraint (32) requires the introduc-
tion of a real (imaginary) linear compensator U g(s_1)4(s-1)
with the following transformation law:

5Ua(s—l)('1(s—l) = DpDsza(s—l)ix(s—])
+ D/)Dzl_‘(x(s—l)j) a(s—1)» (39)

however such a transformation completely eliminates the
compensator [106] itself, forcing back on us the constraint
(32). Therefore, the nongeometrical method of compensa-
tors can not provide an unconstrained formulation for this
case. However at the constrained formulation, this is a new
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and consistent description of the (s + 1,5+ 1/2) super-
multiplet which generalizes the s = 1 limit of new-minimal
and virial linearized supergravity. Of course, as we pre-
viously mentioned, for s = 1 the constraint can be explic-
itly solved in superspace introducing new unconstrained
gauge parameters and thus effectively making the formu-
lation unconstrained without the need of introducing a
compensator.

1
6‘}’(1(3')('1(.3‘— 1) — s

The highest rank component of this superfield is a sym-
metric  rank s Spinor ensor Yeu(s i 1)a(s) ocm X
[D(a,., Da,]Pa(s))a(s—1))|» and the transformation law (40)
is the most general which will give the proper gauge
transformation to the above gauge field (S (sq1)a(s)
Day., (i, Sals))a(s-1)))-

Immediately, one can observe a very important qualita-
tive difference with the half-integer case. There are two
independent symmetries. One is parametrized by gauge
parameter K(,_1)4(;—1) and the other by gauge para-
meter Ay g)q(s—2)- For the half integer superspin case, the
reality condition of superfield H ()5 forced a relation
between the two parameters by complex conjugation
and thus collapsed the two symmetries into one. The
implications of this are that we can construct two
types of superconnections: K-superconnections and A-
superconnections. Each type will have it’s own hierarchy,
and supercurvatures.
|

i 1
: D
EESICETE It

s—t—1 1
+

1)
5Fa(s+t+1)('z(s—t—1)

o D(ax Ka(s—l))&(x—l) + Si

D’D

LA

VI. DOUBLE HIERARCHY OF DE
WIT-FREEDMAN SUPERCONNECTIONS
FOR INTEGER SUPERSPINS

Now let us consider integer superspin supermultiplets
(s +1/2,s) where the highest propagating spin is a
fermion. The appropriate superfield for the description of
this supermultiplet is a fermionic (s, s — 1)-superfield
tensor W )4(;—1) With a transformation [107],

D((),\_] A(t(x)('l(s—Z)) . (40)

A. A-superconnections

Gauge parameter Ay()a(5—2) appears in (40) exactly the
same way as L(y)a(,—1) appears in (7). Therefore, we can
immediately inherit the results of Sec. III. There is a

hierarchy of s A-superconnection-like objects parametrized
byt (t=0,1,2,...,5s = 1),

0) 1
Fa(s+l+ La(s—t—1)

(s+r+1)
X D, Do, "+ Wats) 0ats—1-1):
(41)
which satisfy the recursive relation,
f 37,1
Fa(s+t+1)o'c(s—t—l) & D<ay+t+]Dy Fa(s+t))}'f,0't(s—f—l)’ (42)

and have the following gauge transformation law:

Oag, 7O T A 1=V s—1-1)

s (sHt+D)(s—r—1)!

The top member FS&;)) is a proper superconnection and

defines an invariant supercurvature,

— pri=b
Wa(Zs) - D2Fa(2s) : (44)

This is identical to the invariant superfield strength con-
structed in [64] and later in [67].

B. K-superconnections

Gauge parameter K 1)q(;—1) appears in (40) exactly

the same way as Lg(_1)as) In (7). Hence, if we use
Li)a(s—l)d(s) instead of W, )4(,—1) in the construction of

D, O,/ Ou T Na i a2, (43)

(Asr41

|
superconnections we can also use the results of Sec. III.
There is a hierarchy of (s 4 1) K-superconnection like
objects,

A(f) _ 1
a(s+t)a(s—t) (S + l)'
X

Dia,.,Out " +-0a/ Wats-1)pitoyits—)»
(45)
which is not related to the hierarchy in (41) by complex

conjugation and must be studied independently. Their
gauge transformation is
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t i
-—D, D
s(s+1)! (s
s—t 1
s (s+10)!(s—1)!

SAY

t
a(s+t)a(s—t)

The top member of this hierarchy, A(()(S()Zs) is a super-
connection, and it defines the following supercurvature:

— H2AG)
Za(25) - DzAa(Zs)' (47)

C. Free equations of motion

Again, the invariant tensors involve higher derivatives.
Hence, the extraction of proper equations of motion for
the (s + 1/2, s) supermultiplet must relay on constraining
the gauge parameters, to decouple the higher order mem-
bers in at least one of the two hierarchies. The relevant

quantities to investigate are D%A((z(zl)d(s)’ ]3&35221 () and
DT agory For, s > 1, we find
5(D#AY) . ) =—D, DK
(DA 4()) = = 57P@ D Kas-1)ats-1)
1 = _
_ED Do, Ka(s-1))a(s—1)
S DL DR
57 Dt Dia D K1) pa(s-2)-
~a A0y sHITo,
5(D ‘Aa(s)d(s)) - s ;D D((ISK(Z<S—1))(.I(S—1>,
g (0) 7S<S+2> 21
S(D* L ofs 4 1)i(s-1)) = s+ 1)!D Dia,_, Aa(s)as-2))-

By constraining gauge parameter Ky(_jjq(;—1) In the

following way:

Kos—1)ats—1) £ Ka(s—1)i(s—1) = 0.

DPK (s-2)i(s-1) = 0 = Ko(s—1)ia(s—1) = D Le(s)a(s-1)-
(48)

|

5@ 1 Lpaz© L pspo
5<DQA(1& + EDaAafl + gDﬂFﬁa

Under the constraints,

iL, for+

52a
L, for — (522)

I_(iK:0:>K:{

and

D°Dy,, Qa0 T Kasm1))i(-1yi(s 1)

Dia,, Dia, ,Oa,., ., -0a," Kats—1)li0)is—-1))- (46)

|
we get the following gauge invariant equation of motion:

s+1 (0
s Aa(s)d(s)

Ea(s)i(s-1) & DU < a(s)o't(s))' (49)

The equation of motion is expressed purely in terms of
superconnection A(”) and in the constrained formulation it
produces the following two gauge invariant equations for
superfield W (5)4(5-1):

1. - _
FDa“D((zslPa(s—l)iz(\) + Dzlpa(s)('l(s—l) =0, (503)

D% qu]a(s‘)(’l(‘v—l) + D{l“Dzli’a(.\'—l)&(s) =0. (SOb)
Constraint (48) is lifted via a real (imaginary) bosonic
compensator V(,_1)4(s—1)» With transformation,

8V a(s-1)is—1) % D® Lo(g)a(s—1) £ D5 Los_yars)-  (51)

The compensator will modify the right-hand side of (50)
accordingly so they remain invariant under the full sym-
metry without constraint (48). This unconstrained formu-
lation gives precisely the integer superspin description
of [64,67].

However, for the special case of s =1 there is an
alternative constraint that one can impose. In that case,
we find

_ S S

s(DA)) = ~5DD#6¥; + 5 D?D'D, A, ~ D2D,K,
_ . _ 3 _

S(D'A))) = —2D°D,K,  8(DIT))) = S DDA,

Therefore, we get

| 1o _
) = —5D,D%6¥; ~ D’D,{K + K} + 7 {D?D'D, A, + D’DA,}.

L _ D,A,
D?D?D,A; + DDA, =0 = A, = { ¢

iD,A.,

for +
for —°
(52b)

where L, A are arbitrary real scalar superfields, we get the
following equation of motion:
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Sa A (0) = a A (0) 1 /31"(0> 1 YA
g(l( s)a(s—1) ad ) ad 3 pa ) a a

(53)

This gives an alternative to Eq. (50) for ¥,
o . | I 1,
DD, ¥, + D°Y, + EDaD"“Pd + §D ¥Y,=0. (54)

Constraints (52), as indicated, are solved explicitly in
superspace in terms of new unconstrained parameters L,
A thus making this description automatically unconstrained
without requiring a compensator. This equation of motion
for superfield ¥, corresponds to the description in [108].

VII. CONCLUSIONS AND DISCUSSION

The description of free, manifestly supersymmetric,
higher spin supermultiplets and some of their interactions
found in literature have no geometrical interpretation. The
corresponding superspace actions or equations of motion
have been determined on the base of some ansatz and gauge
invariance had to be checked. Rewriting them in terms of
geometrical objects like connections and curvatures is not
obvious and far from trivial if it can be done.

In this work we focus towards a more geometrical
formulation of free higher superspins as described in
[63,64] and later in [67]. Starting from generic trans-
formations of bosonic and fermionic higher spin gauge
superfields, we find an underlying geometrical structure
based on the notion of higher spin superconnections. These
superconnections are seated on top of a hierarchy of
superconnectionlike objects which are recursively defined
by the action of supersymmetric covariant derivatives. At
the component level they include the de Wit-Freedman
connections. Specifically, for half-integer superspin super-
multiplets, we find an (s + 1)-hierarchy and for integer
superspin supermultiplets we find two independent hier-
archies with s and s 4+ 1 members respectively.

The top superconnections define corresponding higher
spin supercurvatures which involve higher derivatives and
match the known higher spin superfield strengths. These
are the only gauge invariant objects, which makes the
identification of proper superspace equations of motion
unclear. An answer is reducing the symmetry group by
imposing constraints on the gauge parameters such that the
higher derivative members of the hierarchy decouple. In
contrast to nonsupersymmetric higher spins, we find
several different ways of decoupling which lead to different
classes of constraints. All of these constraints, with one
exception, generate all known descriptions of higher and
lower gauge supermultiplets. This was demonstrated non-
geometrically by introducing compensators and compering

with known theories. For the exception, the constrained
formulation provides a new description of the half-
integer supermultiplet which mimics the new-minimal
[99-102] and wvirial [103—-105] description of linearized
supergravities.

Furthermore, in the constrained formulation we find that
for a few cases the equations of motion are expressed
purely in terms of the superconnections and thus having
directly a geometrical interpretation. Whereas for the rest
this is not possible because terms that depend on the gauge
superfield had to be added. In this sense we label theories as
geometrical and nongeometrical. Out of all possible
descriptions of (s + 1,5+ 1/2) supermultiplet only one
of them is geometrical, and the same holds true for
(s + 1,5+ 1/2) supermultiplet.

We hope that this geometrical structure suggested by free
higher spin supermultiplets can play a role in describing
consistent and nontrivial interactions in superspace. For
nonsupersymmetric theories this has been demonstrated in
the framelike formulation, where the de Wit-Freedman
connections are related to extra, auxiliary higher spin
connections appearing in the theory. At the free field level
these extra auxiliary fields can be decoupled [57] precisely
offering second order field equations; however they are
required for the construction of several types of nontrivial
interactions [38,49,58,109]. Furthermore in [110] it was
demonstrated that the construction of a covariant theory for
the higher spin algebra requires the presence of additional
higher spin connections which can be expressed in terms of
the de Wit-Freedman connections.

Additionally we would like to investigate whether
alternative methods of lifting the various constraints can
exist in superspace that preserve the geometrical character
of the approach presented here. For nonsupersymmetric
theories such unconstrained formulations have been found
by relaxing locality [59,60] or exploiting generalized
versions of the Poincaré lemma [111-113]. It would also
be interesting to investigate whether this geometrical
structure holds in AdS superspace. In standard field theory
this has been demonstrated in [114].
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