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Recently, a toy model was introduced to demonstrate that screening mechanisms in alternative theories
of gravitation can hide additional effects. In this model a scalar field is charged under a U(1) symmetry.
In sufficiently compact objects the scalar field spontaneously grows, i.e., the object scalarizes,
spontaneously breaking the U(1) symmetry. Exactly as in the U(1) Higgs mechanism this leads to the
emergence of a mass for the gauge field. The aim of this paper is to provide an example of the physical
consequences if we consider this toy model as a prototype of Weak Equivalence Principle (WEP)
violations. We model neutron stars with a dipolar magnetic field to compare the magnetic field behavior of
stars in Einstein-Maxwell theory on the one hand and in scalar-tensor theory with the, so-called,

gravitational Higgs mechanism on the other hand.
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I. INTRODUCTION

General Relativity (GR) has been tested many times
during the hundred years of its existence [1], including,
since September 2015, via direct gravitational wave obser-
vations. All of the observations made with the ground-
based laser interferometers LIGO and Virgo have so far
been in accordance with the predictions of GR [2-6].

Nevertheless, as Karl Popper has most famously stated in
[7], in empirical sciences it is never possible to verify a
theory. On the contrary, what makes a theory worth
studying is that it leads to hypotheses which, by experi-
ments, can be tested and falsified.

In other words, the number of tests passed by GR neither
makes it the true theory of gravitation nor removes the
necessity to perform more experiments and probe its
hypotheses.

Furthermore, there are questions which have not yet been
answered in a satisfactory way by GR: What exactly is dark
matter? Why does the cosmological constant have its
observed value? And, from a more holistic viewpoint on
physics, how can we find a theory of quantum gravity
which describes phenomena on all scales at all times?

In order to judge experimental outcomes and to design
new experiments, it is important to know which deviations
to expect. Stated differently, putting a theory to the test
becomes a lot easier if one has an alternative theory at hand
which makes some assumptions itself.
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One of the simplest alternatives is scalar-tensor theory
(STT), the first example of which was introduced in 1961 by
C. Brans and R. H. Dicke [8]. By introducing an additional
scalar field into the Einstein-Hilbert action, one can make
alternate predictions with a minimum of additional ingre-
dients. It further offers mechanisms to avoid deviations from
GR in the Solar system while still predicting large
differences for other regimes where less constraints exist
[9-12]. These are ‘““screening mechanisms”.

Introduced in [13,14], STT with a gravitational Higgs
mechanism provides a new perspective on this prominent
alternative theory of gravitation. It shows that a deviation
from GR need not only lead to changes in the laws of gravity,
but it might also trigger other effects, for example, in particle
physics. For demonstrative purposes the scalar field was
coupledtoa U(1) field in [13], which then through the Higgs
mechanism makes the gauge field massive.

The important fact here is that tests of the Weak
Equivalence Principle (WEP) in the solar system do not
automatically imply its validity in the strong gravity
regime. What makes this interesting is that there are
theoretical reasons to believe the WEP should not be
generally valid, either through effective field theory
arguments—the WEP is not a symmetry so any couplings
it forbids should be generated quantum mechanically—or
by noting its absence (or even complete incoherence) in
most quantum gravity candidates. There is, however, a
large issue if one decides to give up the WEP. The number
of allowed couplings would be enormous. Additionally
they would have to generically be introduced at the level of
the standard model of particle physics and getting from
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there to a neutron star model would be an even more
difficult task than it already is (see e.g., [15]).

The model introduced in [13] has several short-comings if
one wishes to interpret it as a serious theory of nature, but itis
more than sufficient as a toy model to demonstrate the
principle that the WEP in the strong and weak gravity
regimes can be decoupled. Our goal here is to use this model
to understand the size of some observable differences in
neutron stars for even very mild WEP violations, to motivate
study of the harder problem described above. To this end, we
first give a brief overview of the theoretical background
needed in Sec. II.

In Sec. IIl we then show that a nonvanishing photon
mass in STT with the gravitational Higgs mechanism leads
to changes in the magnetic fields of scalarized neutron
stars. Finally, we will summarize and discuss our results
in Sec. IV.

Throughout the article, unless stated otherwise, we use
units defined by ¢ = G = 1 and py = 4.

II. THEORETICAL BACKGROUND

A. Scalar-tensor theory

As the name suggests, STT is a theory of gravity with a
metric and a scalar field. In the standard formulation of
STT, the scalar field ¢ couples nonminimally to the Ricci
scalar [16-18]:

1= 1o | 4ok = 2009, - V(o))

+ Slgu-wl. (1)

Here, (@) determines the coupling of the scalar field to
curvature and V(@) is the potential of the scalar field.
After a conformal transformation to the so-called Einstein
frame (,,. ), with g,, = g, = A™*($)g,.. and where ¢

is defined implicitly through A(¢) = ¢~'/2, the action is

given by:
St = 1arg | HXVTAR 209,09, - V(@)
E™ 162G A TV,
+ SulA% (@), . ()

Note that in this frame, the scalar field does not couple
nonminimally to the curvature, but instead it appears in the
matter action. The field equations found by varying the
action (2) are:

~ 1.
_28 ¢a ¢ g;w (¢)+8”G <pr_2Tg;w> ’ (321)

1dU
O;¢ = —4nGa(p)T + i (3b)

where the stress-energy tensor is given by T# :=
—2(=5)7"/25S,,/8,,- The function a(p) = dInA(p)/d¢
gives a measure of the strength of the coupling between
matter and the scalar field.

Note that the stress-energy tensor is no longer cova-
riantly conserved, Vﬂ TH =+ 0. However, this does not mean
that in this frame suddenly the WEP is no longer valid. To
paraphrase [19], the WEP requires only that there is
universal free-fall for test particles, not that the existence
of this universality is immediately obvious by looking at
the action. In particular, everything found to be physically
valid in the Jordan frame must remain valid when we move
to the Einstein frame [18].

B. Spontaneous scalarization

The prototypical screening mechanism is spontaneous
scalarization [9,10]. An intuitive understanding of the
physics involved can be gained from the following
approach, the basis of which is again in [9].

First of all, to obtain GR solutions with a constant scalar
field, ¢, one can see, from Egs. (3a) and (3b), that a(¢y) =

‘Sj—g b = 0 must be imposed. Now consider an expansion of
0

¢ around this value to first order, ¢ = ¢po + eg?J. Inserting
this into the field equation (3b), we have:

1d%U da| 74
cp =e [4 P, — 4nGTS } }. (4)
Thus the perturbation has a mass, mi }13;'{ " We also
adopt the standard notation g—; | P = f3, and so,
0

0f = (m = 4aGTIP)(+0(€)) = ~*, ()
where p is the effective mass of g;b

As a heuristic, consider a homogeneous ball of dust in
flat space such that 4zGT|f| > mé then, after a Fourier

transform, Eq. (5) gives:

o = (i—”) 3 (6)

where o is the frequency of the variation of g?b with time, 4 is
its wavelength and y is real. Hence, for large enough 4, the
frequency is imaginary and thus there is a fachyonic
instability of the scalar field. However, this instability will
only be effective if the smallest unstable wavelength fits
inside the matter distribution. When the stress energy tensor
is proportional to the density, as is true for this heuristic

my = 0 is determined by the stellar compactness C,
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This is just a consequence of the facts that the threshold is
for A =R, and that y> < p x M, /R3.

For static neutron stars with masses of about 1.4 M,
scalarization only occurs if f < —4 and is stronger the
smaller f is, as shown in [9]. When the scalar field grows,
the stability is finally restored due to backreaction.

The most stringent bound stemming from binary
pulsar experiments is that f = —4.3 [20]. Furthermore,
as discussed e.g., in [21], to be consistent with cosmo-
logical observations one would need extreme fine-
tuning to allow for massless scalars and spontaneous
scalarization.

One way out of these strong constraints is provided by
adding a mass my to the scalar field [22,23]. Within the
limits 107'° eV < m,, <107 eV, spontaneously scalariz-
ing neutron stars would still be viable.

C. Gravitational Higgs mechanism

Using a toy model, it has been shown in [13,14] that
spontaneous scalarization in neutron stars can lead to
violations of the WEP in neutron star interiors. The model
used to demonstrate this is a combination of a scalar-tensor
Lagrangian in the FEinstein frame and the Lagrangian
of a U(l) field, A,, which we shall take to be the
electromagnetic field (in this section we use units defined
byc=G=nr=1)

1 R 1
SGH:E/d4x\/__9{Z_§gﬂbDﬂ¢Dy¢}
—}1 / d*x/=gF ,, F*" + 8, [A%($0) 9,3 A, PA]. (8)

where D,¢p = 0,¢ —ieA,¢ is the gauge covariant deriva-
tive, e is the charge, F,, =V,A, —V, A, is the usual
field strength tensor and ¥* stands for all other matter
fields. For compatibility with the gauge symmetry the
conformal coupling depends only on the magnitude of ¢,
ie., A =A(¢¢) and we take exp (3 S¢¢) with constant f.
The field equations obtained by varying the action (8)
are [13,14]:

(O - e?A,A¥ = 2ieA*D, — eV A*)p = —4xTpp.  (9a)
VEE,, =T, + 1 + m2(dg)A,, (9b)

G

= ST, T+ T T, %)

where the following definitions have been used:

1 6§
_ L %m 1
Jﬂ /—_g SAH ’ ( Oa)
¥ = 1 (0,40,6 - L gg70,00 10b
poo = E y¢ y¢ _Eg;wg/1 /14) (7¢ ’ ( )
ie - -
(4) _ P Ao
TIW - F/MFL/ - Zg/u/F/lO'F
- 1
+ m}z' (¢¢> <A;4Av - zgyugldA/lAa) ’ (lOd)
1
7YY =2 (J,S"’)AU ~ 3% gﬂﬂjﬁ"”A(,) : (10e)

As stated the action (8) is invariant under the U(1)
transformation:

¢ - ¢_eie/1’

Ay = A, + D,

(11a)
(11b)

Once a neutron star scalarizes, this symmetry is sponta-
neously broken which, through the Higgs mechanism,
generates a photon mass, my((fﬁqﬁ)  e%¢¢. That this neces-
sarily leads to WEP violations is shown in the Appendix A.

In [14] it has been shown that for spherically symmetric,
static cases, scalarized stars can be electrically neutral but
still have a nonvanishing photon mass at the center. Even
for a coupling charge as small as e = 1073¢ C, a photon
mass of the order of several GeV is generated. It is maximal
in the center of the scalarized star and approaches zero in
the outer region. Thus, by introducing a coupling of the
scalar field to the electromagnetic potential, a clear
deviation from the standard model of particle physics
arises in a neutron star’s interior.

As we have mentioned before, within this model, the weak
equivalence principle is violated. Through the action (8), the
scalar field does not only couple via the conformal factor in
the Einstein frame. There does not exist a transformation
which leads to a decoupling of ¢ from all the matter fields
simultaneously. Hence, there is a fifth force.

III. IMPACT OF A GRAVITATIONAL
HIGGS MECHANISM ON NEUTRON
STAR’S MAGNETIC FIELDS

In this section we study the impact of the scalar-Maxwell
coupling on the magnetic fields of neutron stars. We will
use the rather standard approximation of the magnetic
field as a test field. This can be justified by comparing the
energy contained by the test field to the other source fields
and the gravitational binding energy of the nonmagnetic
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background (see e.g., Sec. 3 of [24]). It is also worth
noting at this stage that, strictly speaking, we should also
include the effect of the modified electrodynamics on the
equation of state for the neutron star. Note however that,
generically, including these effects would make the results
less like GR and so only work towards the aim of this paper,
to demonstrate that the effects are large, even for small
couplings.

Note that, as the universe is not static, the dynamics of
the scalar field and the electromagnetic potential are also
worth investigation.

A. Approach

To compare the magnetic field of a neutron star in
Einstein-Maxwell theory with that in the toy model, we first
need to choose certain stellar properties which help us
speak of comparable objects.

We use stars with equal Arnowitt-Dessert-Misner
(ADM) mass and equal values of the radial component
of the magnetic field at the stellar radius, as these are two of
the main observables of magnetized neutron stars.

We assume that the matter inside of the neutron star
behaves like a perfect fluid and thus the stress-energy
tensor is given by:

T’;? = (p+ P)u*u* + Pg", (12)
with the pressure P, the density p and the 4-velocity of fluid
elements u.

The equation of state (EoS) that we use for both
theories is

P=K-p, (13)

with K =100, ' =2 and [p] = [P] = km™? (so we set
¢ =G =1). This is a simple, classic model which still
gives realistic solutions for neutron stars.

For the function A(¢), which describes the coupling of
the scalar field to matter, we use the quadratic model as
detailed in Sec. II:

A(@) = exp (5. (14)

For generating comparable neutron star solutions, the first
step is to choose a value for the central density of the
neutron star in STT which is high enough to ensure
scalarization. Next we determine a scalar field value, ¢,
at the stellar center which leads to a vanishing scalar field at
infinity, ¢y — 0. This is a choice we make to underline the
possibility of large deviations inside the neutron star while
still restoring GR far from the star.

We consider the Tolman-Oppenheimer-Volkoff (TOV)
metric, i.e., the neutron stars we compute here are spheri-
cally symmetric and nonrotating:

ds? = —e?®)d? + M dr? + 72 (d6* +sin6*dg?).  (15)

The standard equations we use to compute the behavior
of the scalar field ¢(r), the TOV functions ®(r) and A(r)
and the pressure P(r) inside the neutron star can, for
instance, be found in [9].

With the relations u(r) =2®(r) and pu(r) =
2[1 — exp[=2A(7)]], ¢y can then be computed from values
at the stellar surface (index s) [9]:

.
Ys 2arctanh

VS + 4y

One can also find the ADM mass my from the surface
values with:

o=, + o

E2 [

s R

RV |2
my = -
AT2 R
v A/ I/?, + 41//%
xexp |— = —arctanh | Y———— | |. (17)

2
Ve A Ytk

When we have found a neutron star in scalar-tensor theory
corresponding to a chosen central density p,. with a certain
ADM mass, we search for a star in GR which with a
different value for p,. reaches the same total mass. The
gravitational field of the star is in this case computed by
solving the TOV equations with ¢(r) = % =0 Vr

Next, we study the magnetic fields of the computed stars.
For this, we use the classical Maxwell theory in the GR case
and consider a Proca-like theory where the photon mass
varies with the scalar field for the scalarized star. Following
[25], we now introduce (in both theories) an electric current
J,, and the vector potential A, of the form:

J,=1(0,0,0,Jy), and A, =(0,0,0,A,). (18)
Thus, we have a vanishing electric field, E, = 0, due to
the assumption that ideal magnetohydrodynamics are
valid here.

As in [25], we now assume that the current is given by a
dipole, J,(r,0) = —j;(r)sin(f)*, and make the ansatz
Ay(r,0) = —ay(r)sin(#)* for the potential.

For the external field of the star in Einstein-Maxwell
theory there exists an analytic solution describing the
behavior of a; in the stellar exterior as a function of the
magnetic dipole moment y; observed at infinity [25,26]:

) 3 2M\ | 2M  2M?
Cll ——Wr2|:ln<1—7>+7+7 . (19)

As in [27], we calculate a,, @), B, and By in units of the
mean magnetic field strength, u,/R>.
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In the interior of the neutron star in GR we have to solve
the following differential equation (which is Maxwell’s
equation with the definitions for A, and J, inserted):

—4nji(r) = _2(1;—2(}’)

+e Mgy (n[@'(r) = ()] (20)

+ e 200 gl (r)

For the current function we use (see e.g., [27]):

it = for(p + P). (21)

Here the constant f, has to be found by setting the values of
a;(r = R) and d| (r = R) equal to the ones we get from the
analytic exterior solution (19) and by requiring that the
vector potential and its first derivative vanish at the stellar
center.

As mentioned at the beginning of this section, our aim is
to find equally massive neutron stars which have the same
surface values for the radial component of the magnetic
field both in STT and in GR. The relation between the
vector potential and the radial component of the magnetic
field at @ = 0 is' [27]:

B, ==1 (22)

Hence, if we want to have BSR(r=Rgr) =
BS™(r = Rgrr), we have to set the vector potential at
the boundary of the STT star to

RZ
ay(r = Rgrr) = a\™ (r = Rgg) - RszTT, (23)
GR

where the superscripts P and MW stand for Proca and
Maxwell, respectively.

To find the derivative of @ at the stellar surface, it is
necessary to know what asymptotic flatness would require
of the magnetic field. Due to the mass arising from a scalar
field which is not constant, one cannot simply use the
standard results. Comparing the stress-energy tensor to the
Einstein tensor one finds

y . 1
m2(ph)AA, x pPpA,A, ~ = (24)

Going back to our neutron star model, we thus find
a¥ (r = Rgrr) by requiring that a,(r) — 0 at least as fast
as 1/4/r for large r, because ¢(r > R) o 1/r [9]. This also
ensures that the stellar magnetic field approaches zero at
high distances from the star.

"Note that, as in [27], we use here the tetrad components of the
magnetic field.

Now having determined the boundary values for our
electromagnetic potential in the STT-Higgs case, all that is
left to do is to determine the constant f, such that af
vanishes at the stellar center and a; solves the Proca-like
equations inside the star,

2
—4rj, =e M a] —a| (N -D)]-a, (P—&—ebq’ﬁ). (25)

Here, the constant ¢, is given by

402 2
HoC e e

= _— = _— s 26

@ {4”(;7’2}31 {hz}NGU (26)

where the subscript NGU points to the system of natural
geometric units defined by ¢ = G = 1 and p, = 4x.

The code with which the described steps are taken is
written in Python. We use a fourth order Runge-Kutta
method to solve the differential equations and a bisection
method for root-finding.

B. Results

We have modeled the magnetic fields and electromag-
netic potentials for three different setups:
(1) A neutron star in Einstein-Maxwell theory with the
EoS given in Eq. (13).
(2) A neutron star in STT without a photon mass

with f = —6.
(3) A neutron star in STT with a gravitational Higgs
mechanism, where f# = —6 and the constant ¢, takes

the three values 0.1, 1 and 10.

The point that we want to make, that an alternative theory
of gravity could have drastic consequences also on matter
physics, is not strongly influenced by the precise choices of
the scalar-tensor theory. For our demonstrative purposes we
thus find it justified to assume a massless ¢ and to use an
already ruled out value for f.
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FIG. 1. Ratio (B3™" — BSR)/BSR at r = 0.01R
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FIG. 3. Mass and radius for a star in GR and in STT with the

EoS given above.

Note that the photon mass is given by m,~
3.5177 x 1074, /e, kg so, even for the highest value
of ¢, plotted in Figs. 1 and 2, the photon mass would be
only of order 107*? kg, which is less than 1 eV. Higher
values have not been considered to avoid a loss of
numerical precision. See Table I for the charge and the
photon mass corresponding to the three chosen e;,.

As scalarized stars allow for higher masses and larger
radii than those with the same equation of state in GR, we
have only been able to compare the behavior of the
magnetic field for a certain range of values for ¢. The
mass-radius curve for the stars considered here is shown in
Fig. 3. Additionally, we have listed the central values of the
scalar field ¢, and the central densities p. in GR and STT
corresponding to the various ADM masses in Table II.

To evaluate the results of our code, we have plotted in
Figs. 1 and 2 the deviations of the radial magnetic field
component B, from the Einstein-Maxwell case for the various
masses, divided by the respective value BR. All values are
given in units of y, /R?, where R is the radius of the GR star.

TABLE L. Values used for ¢, and the corresponding values for e
and m,/¢ in SI units and in units of electron charges e,.

ep e[C] ele.] m,/¢ kgl m,/¢ [eV]
0.1 959%x107%* 598 x 1073 1.11x10™ 6.23x1078
1.0 3.03x1075% 1.89x 1073 3.52x10% 1.97 x 1077
10.0 959 x 1073 598 x 1073* 1.11 x 107 6.23 x 1077

TABLE II.  Stellar properties for the ADM masses used here.
my [Mo)] b P [kgkm™? PR [kgkm™]
0.9400 0.1891 2.0 x 10%7 1.33 x 10%7
1.0464 0.2335 2.5 x 1077 1.67 x 107
1.0723 0.2410 2.6 x 107 1.77 x 10%7
1.0996 0.2481 2.7 x 107 1.88 x 1077
1.1284 0.2548 2.8 x 10%7 2.01 x 1077
1.1588 0.2610 2.9 x 10%7 2.17 x 10%7
1.1905 0.2669 3.0 x 10%7 2.36 x 1077
1.2237 0.2723 3.1 x 10%7 2.60 x 10?7
1.2582 0.2774 3.2 x 1077 2.92 x 1077

As can be seen in Fig. 4, for large r > R the radial
magnetic field approaches zero, as we have required it to.

Also, the higher the photon mass, the more the radial
magnetic field differs from the Einstein-Maxwell and the
standard STT case in the vicinity of the star. This might be
seen in a change of particle movement in the accretion disc
and thus cause a variation in the emission spectrum of the
neutron star. When electrons move in a magnetic field, they
are forced on a circular orbit and, due to the acceleration
they feel, emit synchrotron radiation. The energy quanta
emitted are

B, (27)

where e, is the electron charge, m, its mass and B the
magnetic field in which it moves [28].

-+ GR-MW

er =0, ¢ = 0.2774
—mm ey =0.1, ¢, = 0.2774
g —m ey =1, ¢. = 0.2774
90 £ P ep = 10, o = 0.2774

25 1

154

10 1

Bu(r) in i/ (Rp)

0.0 05 10 15 20 25 30
Radial coordinate r in R

FIG. 4. B,(r) for a neutron star with m, = 1.2582 M.
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8 1001
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FIG. 5. B$'T/BSR for a neutron star with m, = 1.2582 M.

So the ratio of energies in the case of two different
magnetic fields, B, and B, is equal to the ratio of the field
E, _ B,
values, =B
Thus, as in our models for stars with ¢, # 0 we find that
(BSTT/BSR) < 1 in the vicinity of the star, we expect a shift

to lower frequencies in the synchrotron emission spectrum.

IV. DISCUSSION

In this paper, we have compared the magnetic fields of
neutron stars in Einstein-Maxwell theory and in STT with
the gravitational Higgs mechanism. To do so, we chose
neutron stars with equal ADM masses and equal surface
values of the magnetic field’s radial component. Our results
show that a change of the photon’s mass due to scalariza-
tion would indeed have a significant impact on magnetic
fields. Even for photon masses of the order of 107> kg we
expect an increase of the central magnetic field by up to
70%. In the vicinity of the neutron star, the radial
component of the magnetic field would be up to 80%
lower than what is expected from GR predictions.

If the gravitational Higgs mechanism was in effect, we
would thus expect a high discrepancy between the mea-
sured values of internal and external magnetic fields of
neutron stars. The results gained using various observa-
tional methods would lead to seemingly contradictory
assumptions on the magnetic field strength for the same star.

If predictions are made based solely on observations of
the external field in the interior of, especially, a strongly
magnetized neutron star (magnetar) there would be sig-
nificant deviations which will affect the interpretation of the
quasiperiodic oscillation (QPO) spectra [29,30] of both
global magneto-elastic [31-33] and/or localized crust
oscillations [34] associated with the geometry and dynam-
ics of the magnetic field. During the last two decades, the
modeling of the observed QPOs led to significant progress
in associating the QPOs with the equation of state (EoS)
and the strength and geometry of the magnetic field. These
theoretical developments were based in classical general

relativistic and sometime Newtonian estimations. A new
magnetar hyper-flare [35] e.g., observed by NuSTAR hyper
flare will be the ultimate test of the various approaches but
also of the classical approach to the intensity and geometry
of their interior magnetic field.

In the exterior of neutron stars the magnetic field is the
main reason for being observed and its speculated intensity
and geometry is constraining their parameters. This means
that, for example, issues such as the dipole spin braking, the
interpretation of the X-ray spectra and even the accretion
models [36,37] can be affected by the presence of the
gravitational Higgs mechanism. Actually, a number of
modern instruments are aiming in performing tests on the
aforementioned potential issues [38]. As an example, we
refer to one of the main goals of NuSTAR related to accretion
powered pulsars [37,39]. That is the cyclotron resonance
scattering that is associated with quantum mechanical
effects causing photons at specific energies to scatter away
from the line of sight and in this way producing dips in the
X-ray spectra. These energies are associated with the
magnetic field strength and the knowledge of these values
is directly linked with the associated accretion progress.

We thus emphasize that if the WEP was violated in the
strong gravity regime, great care would be in order when
interpreting observations of the interior or exterior mag-
netic fields of neutron stars.

As the model discussed here can only be considered as a
toy model for demonstrative purposes, future research is
needed to study in detail possible effects of alternative
theories of gravitation beyond changing the laws of gravity.
Furthermore, it is not within the realm of the present paper
to propose concrete experiments and predict specific
observations that would unambiguously point to the pres-
ence of a STT with a gravitational Higgs mechanism. By
contrast, we aimed at providing a proof of principle
revealing new promising directions of research in the field
of alternative gravitational theories.
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APPENDIX A: DEMONSTRATION OF WEP
VIOLATION IN THE GRAVITATIONAL
HIGGS MODEL

Here we demonstrate that the motion of test particles in
the gravitational Higgs model is not universal. In particular,
photons follow different paths than the rest of matter. To do
so we first note that the rest of matter follows the geodesics
on the, would be, Jordan metric,
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1"V i = 0, (A1)
where V is the connection associated to the metric
A%(¢ph)g,,- We use the U(1) gauge freedom to set ¢ real
and use the conformal factor A = exp (f¢*/2), the basic
conclusion is independent of these choices. Using the
standard relations for conformal transformations we can
rewrite Eq. (A1) as

uNoul = —pp(V o) (g7 + uul). (A2)
We now compare this to the geometric optics limit of the
equation for the U(1) field, following the notation of
Sec. 22.5 of [40]. Note that naive application of this
formalism for massive particles also takes the ultrarelativ-
istic limit, as we are interested in the effects of the mass

term one needs to be careful. To investigate the limit we are
interested in we take

0
A, =Re|(a, +eb, + O(e?)) CXP% , (A3)

where € is a book-keeping parameter, and we must treat ¢
as of order 1/e. Taking the divergence of Eq. (9b) with the
above ansatz we find, to lowest order,

a'V,0 = a'k, =0, (A4)

i.e., in this gauge the photon has transverse polarization.
Using this one can show that Eq. (9b) reduces to

k= —e* P = —m2, (A5)

So the wave vector is indeed timelike, as one would
expect for a massive field. If we call the unit timelike
vector in the same direction Z, then one can show (setting
€= 1),

N P = —(V,log ¢) (g% + ¢7¢P), (A6)

which is not equivalent to the equation for other particles
(A2).2 Therefore the WEP is violated. As a final note, the
logarithm should not cause concern for the behavior of
photons in the ¢ — 0 limit of the theory as arriving at
Eq. (A6) requires assuming ¢ is non-negligible and was
calculated in the “Proca gauge”, which is known to behave
badly as m, — 0.

*One can make them equivalent by choosing the conformal
factor A = c¢, with ¢ a constant.
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FIG. 6. B,(r) for a neutron star with m,/R = 0.18.
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FIG. 7. BSTT/BSR for a neutron star with m,/R = 0.18.

APPENDIX B: COMPARING RADIAL
MAGNETIC FIELDS OF STARS WITH
EQUAL COMPACTNESS

In Sec. Il B we have compared radial magnetic fields of
neutron stars with equal ADM mass. A different plausible
approach for observing the effect of STT with a gravita-
tional Higgs mechanism on the magnetic field strengths
would be to compare instead stars with equal compactness,
ie., (M/R)SR = (M/R)S™. To see whether a fixed com-
pactness changes the main results presented in Sec. III B,
we recreated the plots 4 and 5 in Figs. 67 for two stars
with (M/R)SR = (M/R)S™" ~ 0.18. As can be seen, the
observations discussed in the main text of this paper stay
valid also for this exemplary case, allowing us to assume
that the chosen approach does not lead to unintended
misinterpretations.
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